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Abstract. We present three g-supercongruences modulo the fifth power of a cyclotomic
polynomial by using Jackson’s g¢7 summation and Watson’s g¢p7 transformation, together
with the creative microscoping method introduced in [Adv. Math. 346 (2019), 329-358].
As conclusions, we give a partial g-analogue of a supercongruence of Barman and Saikia,
and a complete ¢g-analogue of the supercongruence:

(p—1)/4 ( 5 5p
(16k + 1)-82247F = ———T,(D)°T,(H)"™  (mod p°),

k=0

where p =5 (mod 8) is a prime, () is the Pochhammer symbol, and I',(x) is the p-adic
Gamma function.
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1. Introduction

For any complex number x, the Pochhammer symbol is defined by (z)g = 1 and (z); =
x(x+1)---(x+k—1) for k > 1. It is well known that (z), = I'(z + k)/T'(z), where I'(x)
denotes the classical Gamma function. For any odd prime p, let Z, be the ring of p-adic
integers. The p-adic Gamma function I'y is defined as I',(0) = 1 and

oo = [ *

0<k<n; ptk

This function can be uniquely extended to a continuous function I'y: Z, — Z;. For any
x € Zy, and = # 0, we define
Iy(z) = lim [y(z,),

Tp—T

where x,, ranges over any sequence of positive integers that p-adically approximate x.

*Corresponding author.



In 1997, Van Hamme [12, (D.2)] observed the following supercongruence: for any prime
p=1 (mod 6),

(»—1)/3 (1)2
> (6k+ 1) = —pLy(3)° (mod p'), (1.1)
k=0 )

p—1 (%)2 —pr(%)g (mod p%), ifp=1 (mod 6),
k=0 ! —32p'T(3)? (mod p°), ifp=5 (mod 6),

thus confirming Van Hamme’s supercongruence (1.1). Recently, some authors have given
different generalizations of (1.2) (see [5,8,14,16,17]). In particular, by making use of
Jackson’s g7 summation formula, the method of “creative microscoping” devised by the
first author and Zudilin [7], and the Chinese remainder theorem for polynomials, Wei [16]
gave a g-analogue of the second part in (1.2): for any positive integer n = 2 (mod 3),

-« )k 3k (qz, 3>?2n 1)/3 5
k:o ) (4% q )(2%1)/3

Meanwhile, he also gave a g-analogue of a weaker form of the first part in (1.2), where
the modulus p® is replaced by p®. At the moment being, we need to recall the standard
g-notation. The g-shifted factorial is defined as (a;q)o = 1 and (a;q), = (1 —a)(1 —
aq) - -+ (1—ag"') for all positive integers n, the g-integer is defined by [n] = (1—¢")/(1—
q). For convenience, we shall also adopt the abbreviated notation for products of g¢-
shifted factorials: (ay, ..., am;@)n = (@1;9)n - - - (@m; q)n. Moreover, let ®,,(q) be the n-th
cyclotomic polynomial, which can be factorized as

()= [ (@—¢")
1<k<n
ged(k,n)=1
where ¢ denotes an nth primitive root of unity. It is clear that ®,(q) = [p] for any prime
p. For more recent results on g-congruences, see [3,4,11,13,15].
In 2020, motivated by Long and Ramakrishna’s work, Barman and Saikia [1, Theorem
1.4] proved that, for any prime p = 1 (mod 8),

7(p—1)/8
- (%)k(i)z _ 7\6 3110 6
> (16k+1) W = —pl(DT,($)  (mod pf). (1.4)
k=0 \8/k

Note that we may truncate the left-hand side of (1.4) at k = (p — 1)/4, since the p-adic
order of (é)k(i)Z/(k'(g)Z) is6for (p—1)/4<k<T7(p—1)/8.

Inspired by Wei’s work [16], we shall establish the following g-supercongruence, which
is a g-analogue of (1.4) modulo p°.



Theorem 1.1. Let n =1 (mod 8) be a positive integer. Then, modulo ®,(q)°,

(n—1)/4

16k 1 1 (@)% %)} s
— (475 ¢*)3 (% ¢®)n

(n—1)/4 8j—3

(qg; q8)(n71)/4(q5; q8)?n71)/4 1+ [271]2(2 B QQ”) Z ( q B q8j*1 >
(4% @*) (n—1)/4(a": )11y 4 = \Bi-3P (8 -1

(1.5)

Letting n = p” be a prime power with p =1 (mod 8) and taking the limits as ¢ — 1
n (1.5), we obtain the following conclusion.

Corollary 1.2. Let p=1 (mod 8) be a prime and r a positive integer. Then

e (2R
(16k + 1)-3—-4
pe k(53
(%)(Pr_l)/‘l(g)?;ﬂ”—l)/él W 1 1
= 1+ 4p* ( , - — ) (mod p°).
(Der-1/aE)r 1y ; (87 —3)* (8 —1)

(1.6)

Combining the supercongruence (1.4) modulo p® and the r = 1 case of (1.6), we are
led to the following corollary.

Corollary 1.3. Let p =1 (mod 8) be a prime. Then, modulo p°,

Glovielonin ]y | 40 piM( : ) = —pl,(1)0T,(3)10
%)(p—l)/4(§)?p_1)/4 = (85 — 3)2 (8j —1)2 p\g/) +p\g

It should be pointed out that the g-supercongruence (1.5) is also true for n = 5
(mod 8). However, in this case the result can be simplified as follows.

Theorem 1.4. Let n =5 (mod 8) be a positive integer. Then

(n—1)/4
4 (6 (@ 0 g _ (500400 )y 5
E [16k + 1 a4 =5 s (mod ®,(¢)°). (1.7)
pa q ¢*)7(a% ¢®)x (@3 @®)n-1)a(05 %)} 1) 4

From the above result we shall deduce the following conclusion.

Corollary 1.5. Let p =5 (mod 8) be a prime. Then

—TI,(5)°T,(H)"  (mod p°). (1.8)



Not like (1.4), numerical computations imply that the supercongruence (1.8) does not
hold modulo p° in general.
We shall also give the following companion of (1.5), which seems a little complicated.

Theorem 1.6. Let n =3 (mod 4) be an integer with n > 3. Then, modulo ®,(q)°,
(n+1)/4 ]\ 5

(@SR o
16k — 1 q
; | ] (4% ¢*)R(a% ¢*)x

(n+1)/4 -
g 2@ 078 S (@5 @50 s
(

(@075 %) a0 (65077 6*)n(e% 6%}

X {1— 2n]2(2 — ¢* i( 38:(()) [838i]2)}. (1.9)

J=1

It is not difficult to see that the left-hand side of (1.7) is congruent to 0 modulo ®,,(¢)?.
From Theorem 1.6 we can derive a similar result as follows.

Corollary 1.7. Let n = 3 (mod 8) be an integer with n > 3. Then
(n+1)/4

3" 16k — 1] ((-quf Zgi’;ggs ;;—’)k)kqm =0 (mod ®,(q)?). (1.10)
k=0 A

The paper is organized as follows. In the next section, we shall first give a para-
metric version of Theorems 1.1 and 1.4 by employing the creative microscoping method
introduced in [7], together with the Chinese remainder theorem for polynomials; then we
deduce Theorems 1.1 and 1.4 from this parametric version. We shall prove Corollary 1.5
in Section 3 by utilizing some basic properties of the p-adic Gamma function. The proof
of Theorem 1.6 will be presented in Section 4. Finally, in Section 5, we will give a proof
of Corollary 1.7. Note that Jackson’s g¢; summation and Watson’s g¢; transformation
will also play important roles in this paper.

2. Proof of Theorems 1.1 and 1.4

Recall that the basic hypergeometric ,.1¢, series (see [2]) is defined by

[e.e]
1,02, ..., Qi1 (ag,an, ..., ar; Q) 4
I 8} = Z.
”1@[ biy..oib, D7 } Zko (01, -, by Q)i

Then Jackson’s g¢7 summation [2, Appendix (I1.22)] can be stated as follows:

¢ a, qa%7 —qaz, b7 C, d7 €, qin .
T a3, —ab, aq/b, ag/e, aq/d, agfe, agtt T
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_ (aq,aq/bc,aq/bd, aq/cd; q)y, 2.1)
~ (ag/b,aq/c,aq/d, aq/bcd; q),,’ '

where a%q = bedeq™.
In order to prove Theorem 1.1, we need to give the following identity.

Lemma 2.1. Let n =1 (mod 4) be a positive integer with n > 1. Then

(n—1)/4 _ _ _
L— ¢ (ag®,¢*/a,bg®, % /b, 4" ", 7" ")

,; L—g'=" (¢ "/a,aq"",q"~"/b,bg" ", ¢ ", ¢% ¢®)s

¢ =0. (2.2)

Proof. Letting ¢ — ¢®, and taking a = ¢*™™, b = a¢?, ¢ = ¢*/a, d = bg?, e = ¢*/b and
n— (n—1)/4 in (2.1), we see that the left-hand side of (2.2) is equal to

(@™, ¢, " /ab, ag® " /b; ¢®) (n—1)/4

= 0.
(" a,aq™", 7" /b, > /b; ¢%) (n—1) 4

The is because (¢°~",¢°™™; ¢®)(n—1)/4 in the numerator vanishes, while the denominator is
not equal to 0. O

With the help of Lemma 2.1, we can give a parametric version of Theorems 1.1 and
1.4.

Lemma 2.2. Let n = 1 (mod 4) be a positive integer. Let a and b be indeterminates.
Then, modulo ®,,(¢)(1 — ag*)(a — ¢*")(1 — bg*) (b — ¢*"),
(n—1)/4
Z [16]{' + 1] (CLqQ, q2/a7 bq2? q2/b7 q27 q; q8)k sk
— (q"/a,aq",q7 /0,097, 47, 4% ¢® )&

(1 =bP) (b= ) (=1 —a® +ag®™) (b8, /b, %, 4% ¢®) (n-1)

B (a—b)(1—ab) (q7 /6,697, 47, 4% ¢®) (n—1) /4
(1-— aq2")(a — q2n)(_1 — b+ bq2") (aq5, C]5/a, 7. ¢ qs)(nf1)/4 (2.3)
(b—a)(1—ba) (q"/a,aq", 47, ¢% ¢%) (n-1)/a

Proof. Since ¢" =1 (mod ®,(q)), the identity (2.2) immediately leads to

(n—1)/4

(aq® ¢°/a,b¢% ¢° /b, 4% 4 ) s
16k + 1 =0 (mod ®,(q)).
= | ](q7/a7 aq’,q" /b, 4", 47, 4% ¢° )i ( @)
Moreover, the right-hand side of (2.3) is also congruent to 0 because (¢°,¢”; ¢*)n—1)/4 in
the numerator contains the factor 1 — ¢, while the denominator is coprime with ®,,(q).
This implies that the g-congruence (2.3) holds modulo ®,(q).



For a = ¢~%" or a = ¢*", the left-hand side of (2.3) can be written as

(n—1)/4 " "
Zl6k+1(22’2+2 bq q2/bq QQ)k ]k
T2 g2 g7 /0,047, 47, 6% 4Bk

k=0

17 n —2n
gz, —qz, ¢*, bg*, /b, ¢FT, ¢

8 8
, s TENAE (2:4)
¢z, —qz, ', q'/b, bg', g, g
By Jackson’s summation (2.1), the right-hand side of (2.4) is equal to

(qu’ q5/b7 q57 q9) q8>(n—1)/4
(@7/b.647, 47, 4% ¢%) (n-1) 4

Since the polynomial 1 — ag®® is coprime with the polynomial a — ¢*", we immediately

obtain the following g-congruence: modulo (1 — ag**)(a — ¢*"),
(n—1)/4 2 o 2 2, 2 8 5 5/n 5 9. 8
S 16k + 1 (ag®, ¢*/a,bg*, ¢*/b. 4%, 4 ¢° )i = (b¢”,¢° /b, ¢, 4”5 4°) (n-1)/4 2.5)
k=0 (qY/av aq77 q7/b7 bq77 q77 q8; qs)k (q7/b, bq77 q77 q3§ qs)(n—l)/zl

Noting that the left-hand side of (2.5) is symmetric in @ and b, we deduce from (2.5) that,
modulo (1 — bg®)(b — ¢*"),

Z 16k + an q2/a qu q2/b q2 q; qg)k Sk (CLq5, q5/a’7 q57 qu q8)(n—1)/4

— . (2.6)
Pt (¢"/a,aq™.q7/b,bq". 47, q% ¢®)x, (¢"/a,aq". 4", 4% ¢*) -1y

It is obvious that ®,(q), (1—aq®")(a—¢*"), and (1—bg*")(b—¢*") are pairwise coprime
polynomials in ¢q. Furthermore, we have the following relation

(1 =0bg*")(b—¢*") (=1 — a® + ag®™)
(a —b)(1 — ab)

=1 (mod (1 —ag®)(a— ¢*")). (2.7)

By making use of the Chinese remainder theorem for polynomials, from (2.5), (2.6), (2.7)
and its dual form (a < b), we are led to the g-congruence (2.3). O

We are now able to prove Theorems 1.1 and 1.4.

Proof of Theorem 1.1. Since 1 — ¢*" contains the factor ®,,(q), letting b = 1 in (2.3), we
have the following g-congruence: modulo ®,,(¢)*(1 — a¢**)(a — ¢*")

)

16k + 1 (ag®,¢°/a, ¢ ¢, ¢, ¢ )k s

prd (q"/a,aq", 47,47, 47, 4% ¢®)x

(1—¢>)2(1+ a® — ag®) (0% 0°){n1)/4(4"5 @) (n-1)/4
(1 - CL)2 ((]7§ qg)?n_l)/4(q3; qs)(nfl)/4
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(1 =ag®)(a =2 = ¢") (ad’,0°/a,q°, 4" ¢°) (n-1)/4

(1 - &)2 ( 7/& aq77 q7> qg; q8)(n71)/4

(q5 q )(n 1/4(q 1 0%) 1)/
q°)

(475 4%) 0 1)/a (0% 4®)

=(1—¢")

N a(l —¢®)2(2 — ¢*) (g 7q8)?n 1 /4((] 10" (n-1)/4
(1—a)? (@73 4%) 014 (0% @) (n-1)/4

(
_ (L—ag™)(a—¢")(2—¢*) (04, 4°/0, 4. ¢ ") n-1)2.
(1 - CL)2 ( 7/aaa’q 7q 7q y 4 )(n—l)/4

(2.8)

By L’Hopital’s rule, we get

w2 (5 o3)2 n o ,
lim {a(l — )2 (@5 ) ys (1= ag®™)(a—¢™) (aq5,q5/a7q8)(n1)/4}
a1 | (1=a)® (¢":6%)7, 14 (I —a)? (q"/a,aq™; ¢%)(n-1)/4
. (n—1)/4 . .
_ (q5,q8)%n_1)/4{q2n+ 2n]? Z < R )}

Therefore, taking a — 1in (2.8) and applying the above limit, we obtain the g-supercongruence
(1.5). O

Proof of Theorem 1.4. In the proof of Theorem 1.1, we see that (1.5) is true for n = 1
(mod 4). Now, for n =5 (mod 8), we have (¢°;¢*)(n—1),2a =0 (mod @,(g)) and

2 ; (n—1)/4 ¢ g1
L+ 22— ¢™) D <[8j—3]2 - [81‘—1]2)

j=1

— 1+ 202 — qZ")% =5 (mod &,(g)°).

This completes the proof. O

3. Proof of Corollary 1.5

Let p be an odd prime. We first give some fundamental properties of the p-adic Gamma
function. By the definition of p-adic Gamma function, it is easy to see that

r 1 -, P11,
Lot _ T (3.1)
Iy(z) -1, plez
Furthermore, for any = € Z,, we have
Ly(@)Tp(1 = ) = (1)~ (3.2)

7



where (z), represents the least nonnegative residue of z modulo p, and for any a,m € Z,,
I'y(a+mp) =Ty(a) + F;(a)mp (mod p?) (3.3)
(see, for example, [10, Theorem 14]).

Proof of Corollary 1.5. Letting n = p and taking the limits as ¢ — 1 in (1.7), we get

(p—1)/4 1\ (135 9 5
($)k(5)2 <8)(P—1)/4(8>( —1)/4
§ (16k + 1) Zu(zis = 5<§) D i (mod p°). (3.4)
k=0 \8/k 8/(p—1)/4\8 ) (p—1)/4

(D o-1/a3) 1) _ DT (T ()T (357)°
(%)(P—l)/4<%)(p—l)/4 r %ﬂﬂ(%)r g)q‘(zpf:g))i&
P T, (1), (20 55)
8 Ty )Tp(T ()T ()P
Since p =5 (mod 8), in light of (3.2) and (3.3), we obtain
r (2p+7)
Fp<2p§-1) (— 1)@/ (T22)D (120 = (—1)3HD/SD (1)2 (mod p?), (3.6)
r\ 73
I, (2 342 32
. (2p8+5) (=)L, (FED,(352) = (=1)PFT,(5)°  (mod p?). (3.7)
r\ 73

Substituting (3.6) and (3.7) into (3.5) and using the identities 1/T',(3) = —8/T,(3) =
— (1)@ /880, (1) and 1/T,(2) = (—1)PH3)/8T,(2), we deduce that

(o048 -nm _ 1 (T, (3)  (mod p?) (3.8)
= D P : ’
Do-/aE)lpnys 64708
The proof then follows from (3.4) and (3.8). -

4. Proof of Theorem 1.6

The proof is similar to that of Theorem 1.1. We first give the following g-identity.
Lemma 4.1. Let n =3 (mod 4) be an integer with n > 3. Then

(n+1)/4 Aen (-2 — —o “1-n _—2-92n
3 1—g'% =1 (ag™2,¢72/a,bg™ 2,72 /b, " g7 B o
~ 1—q " (" a,aq”", ¢ /b, b O 6% 4Pk

~0. (4.1)



Proof. Recall that Watson’s g¢7 transformation (see [2, Appendix (II1.18)]) can be written
as follows:

¢ a, qaév _qaéa ba C, d> €, qin . a2qn+2
o a¥, —a¥, aq/b, agle, aq/d, agle, ag™' T Tbede

((ZQ> CLQ/CZ€7 q>n aq/bc d. e q—n
) a/c, d ' : 4.2
(CLQ/d> GQ/(E; q)n ¢ aq/b, aq/c, deqfn/a, 4, q ( )

Letting ¢ — ¢®, and taking a = ¢ ™™, b = aq™2, ¢ = ¢ %/a, d = bg™2, ¢ = ¢"?/b and
n+— (n+1)/4in (4.2), we obtain

(n+1)/4 e o Ly Cen —om
> 1— "% (ag™2,¢72/a, b2, 72 /b ®)e( ™ 22 )k oun
— 1—q ' (¢ /a,aq", ¢ /b, b7 qB)e(a*T, 6% 6Pk
-n —n. (n+1)/4 -n — - —2n—
(@™ "™ %) ng1y ("™ 072,72 /b, % %)k gk
> . (4.3)

(b0 )y = (6840 a4, TR,

It is easy to see that the right-hand side of (4.3) vanishes, because of the factor

(¢ " ¢" ™ q )(n+1)/4 in the numerator. 0

On the basis of Lemma 4.1, we can present a parametric version of Theorem 1.6.

Lemma 4.2. Let n =3 (mod 4) be an integer with n > 3. Let a and b be indeterminates.
Then, modulo ®,,(¢)(1 — ag*)(a — ¢*")(1 — bg**) (b — ¢*"),

(n+1)/4 o 9 b—2 —2b 5 1 8
> [16k—1](aq 0/ bg /007 0k e

(¢°/a,aq®,¢°/b,b¢°, ¢°, 4% ¢®)

k=0

(n—1)/2 (q7, q’; q8>(n+1)/4

=—q
(q9, q=3; q8)(n+1)/4
" +1)/4 _ _
o {0 =bg*)(b—)(=1 — a? + ag™ Z Y a % q?/a,aq 2;q8)kq8k
(a—b)(1—ab) (¢%,4°/b,b9°, 7% ¢®)y,

k=

n+1)/4
N (1—an”)(a—qQ”)(—l—62+bq2”)( +1)/ (qn’q q 2/b bq qs)quk} (4 4)
(b - CL)(]_ - ba) k=0 (q87 q9/a7 aq » q 5a S)k

Proof. Since ¢" =1 (mod ®,(q)), the identity (4.1) indicates that

(nt1)/4 ~2 =2 /0 ba-2. a-2/b. a2 g~ o8
Z [16]€ . 1] (aq 79q /a79 qg ,q g{ 7;] 87q8 4 )kq24k =0 (mod (I)n<q))
prt (¢°/a,aq®, ¢ /b,bq°, ¢°, 4% ).

Moreover, the right-hand side of (4.4) is also congruent to 0 because (¢7, ¢ % ¢%)(n+1)/4
has the factor 1 — ¢", while the denominator is coprime with ®,(¢). This means that the
g-congruence (4.4) holds modulo ®,,(q).



For a = ¢~2" or a = ¢*", the left-hand side of (4.4) may be written as

(nt1)/4 S P
3 [16k_1](q 272 g2 bg ™ g b, 7 Pk ok
— ¢+, ¢7=2m, 7 /b, 0%, ¢°, ¢%; ¢®)x
15 13 - - - — n —a—zn
I S A e E e By L A e AN L5
- 807 -1 -1 9 9 9 o9-on  gsan (10T (4.5)
q a2, —=q2,¢/b bg’, ¢, ¢ ¢

By Watson’s transformation (4.2), the right-hand side of (4.5) is equal to

7 11-2n. (nt1)/4 11 9 _o49
(¢",q 2 g

. (q »q 7q8)(n+1)/4 Z

q(q°, 6% %) (ny1) /4

—2—2n. 8
»q nvq )k 8k

(¢%,¢°/b,b¢°, 47, %)k

(n+1)/4 . e
(" a2, a2 727 ) g

e @078 ey 3 " (4.6)
(@ 0% ) = (656°/0:0¢%,47%¢%)k

k=0

Since the polynomial 1 — ag®® is coprime with a — ¢**, the above identity yields the
following g-congruence: modulo (1 — a¢®")(a — ¢*"),

(n+1)/4 _ . _ _ _ _
Z [16]{)—1] (CLq 27q 2/a7bq 27q 2/b7q 17q 2;q8>kq24k;
= (¢°/a,aq®,4°/b,b¢°, ¢°, ¢%; ¢* )i
_ (n+1)/4 o ~
o112 (@706 1y ¢ a2 a7 a,aq? Py
= D2 GRS ( / Jk s (47)

(@ 0% )iy = (@%0°/0,0¢°, 475 6%

Exchanging the indeterminates a and b in (4.7) leads to another g-congruence: modulo
(1 —bg*) (b —¢™),

(n+1)/4 _ _ B 3 B B
Z [16k_ 1] (aq 27q 2/&, bq 27q 2/b7q 17q 2;q8)kq24k
— (¢°/a,aq”,q°/b,b¢°, ¢°, ¢%; ¢* )i

. (n+1)/4 o .
12 (@707 %) nanya 3 (¢"', g% q7%/b,bq 2;q8)kq8k'

(@ )iy = (660,00, 4755 6%

. (43)

Applying the Chinese remainder theorem for polynomials, from (4.7), (4.8), (2.7) and its
dual form, we arrive at the desired g-congruence (4.4). a

Proof of Theorem 1.4. Letting b =1 in (4.4), and using the identity

2= )
— CL)2 ’

(1 —¢")*(1 +a® — ag™)
(1—a)?

=gyt

(1

10



we get the following g-congruence: modulo ®,(q)*(1 — a¢**)(a — ¢*"),

(n+1)/4 _ _ B 3 B B
Z [16k—1] (aq 27q Q/G,bq 2,(] z/baq 17q 2;q8)kq24k
— (¢°/a,aq®,4°/b,b¢%, ¢°, ¢%; ¢* )&

(n—1)/2 (q"

_ (n+1)/4 Ly _
B 4% 4% (1) 4 2 (¢™ a2 ¢ % a,a07 % %)k g
=—q L=g") >

(4%, 4% ¢%) (n41)/4 — (a7 k(e )}
(n+1)/4

a(l —¢*)*(2 —¢*") Z (¢, q” ,q’z/a,aqu;qg)kqgk

(1—a)? (4%, 47 ¢*)n(a% ®);

+
k=0

on on 2ny (nt+1)/4 11. .8\ (2. 8\3
(A —ag®)(a—¢")(2— ¢ 3 (q(q ;0% )k(g aQ))QSk}' (4.9)

(1—a)? 5,47%q°/a, aq”; ¢°

k=0

By the L’Hopital rule, we have

lim

a—1

ny2 (n+1)/4 P _
{(l(]_ - q2 )2 Z (qll’q 27q 2/a7aq 2;q8)kq8k
1-a)? = (¢* ¢ %))}

2n) (n+1)/4

(1 —ag®™)(a—g¢ Z (¢ (@ d%) 8k}
( I

(1—a)? —~ (¢*,¢7°,¢/a,aq”; ¢®)x
(n+1)/4 _ k .
=S (4" ¢%)ula % ¢%)i q8k{ QZ( g¥ gt )}
— (% a7 q* )l *): — \[8 — 10 TS
ence, taking a — 1 1n (4.4) and using the above limit, we get (1.9).
H king 1in (4.4 d using the ab limi get (1.5 O

5. Proof of Corollary 1.7

We first establish the following identity.

Lemma 5.1. Let n =3 (mod 8) be an integer with n > 3. Then

(n+1)/4 9 oron 9 on
(@ a2 a7 e g

Z 8 ,9-—n ,94+n ,—5.,8 q =0. (51)

—~ (TP

Proof. When b = ¢", the left-hand side of (4.5) is equal to

(n+1)/4 (q~272n, g~ 22 g 2n

-2-n -1 —2. 8
»q »q » q »qd 4 ;Q)k 24k
—q E [16k — 1] — — q
pr (q9+2n’ q9 2n7 q9 n q9+n’ q9’ (]87 q8>k
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— 15 15 — n — —2—n — n —z—zNn
¢[q1aq2a_q2aq2+vq2vq2 aq2+27q22 g q]
— 87 -1 -1 —-n n —2n n 1 '
¢, —q2 ¢ ¢ ¢t ¢, @t
— 15 15 — n — —2—n — n —z—Nn
= lim 8¢7|: q 17 q 21’ —q 21’ rq 2t »q 2,(] 2 /{E,i[f2q e 4 o /-TQ .q8 q 4:| (5 2)
w1 R N N

In view of Watson’s g¢ transformation (4.2), the above limit is equal to
lim (¢", ¢" "/ 4%) (1) 4
w—1 (xg?*", ¢~ /1% q%) (n11) )4
(nt+1)/4 —n —2—n — n ,—2—2n
(@, 72 o, a2 2 22 g8

poe (¢% ¢ /2, %, > 2, 4%

X

(5.3)

Since the limit of (¢"'™"/x;¢®)(n41)/a as @ — 1 has the factor 1 — ¢°, one sees that (5.3)

vanishes. Namely, the left-hand side of (5.2) is equal to 0. The proof of (5.1) then follows

from (4.6) with b = ¢" and the fact that (¢", ¢ ¢*)nr1)/4/(¢°, 472 ¢®) (nr1y4 # 0. O
We also need a g-congruence modulo ®@,,(q)?, which was already utilized in [6].

Lemma 5.2. Let o and r be integers and n a positive integer. Then, for k > 0,

r—an _r4+oan,

(@ ¢ ¢ = (¢" 9% (mod @,(g)*).

Proof of Corollary 1.7. Since n =3 (mod 8) and n > 3, we have (¢7°;¢*) (14 = [2n] =
0 (mod @,(q)). Furthermore, for 1 < k < (n+ 1)/4, the denominators in

k 510 ¢t
Z( 85 — 10]2 [8j+1]2>

Jj=1

are coprime with @,,(q). It follows that, modulo ®,(q)3,

(n+1)/4 _ _
Z [16k — 1] (@5 a*)e(@% @) oan
par (4% ¢*)3(a® ¢®)x
(n+1)/4

(@) ()4 ) e(a% %)
g0/ (n+1)/ 3 ( ) ( )i st

5.4
(@ a7 ¢ mavys = (63077 6)(@% 6); 54)

By firstly applying Lemma 5.2 twice and then applying Lemma 5.1, we have

(n41)/4 B (n+1)/4 o oion .
3 (" )l % ¢%)3 M=y (¢" g2, g2 g )kqgk
= (a7 (% )k (ST T

=0 (mod ®,(q)%).

Substituting the above g-congruence into (5.4) and noticing (¢~°; ¢*)n11)4 = 0 (mod @,,(q))
again, we complete the proof of the corollary. O
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