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Abstract. We study different g-analogues and generalizations of the ex-conjectures of
Rodriguez-Villegas. For example, for any odd prime p, we show that the known congruence

S0 () ot

i 10 p

where (5) is the Legendre symbol, has the following two nice g-analogues:
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where (a;q), = (1—a)(1—aq)--- (1 —aq"™ ') and ¢ = 1. Several related conjectures are
also proposed.
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1. Introduction

Rodriguez-Villegas [14] discovered numerically some remarkable supercongruences be-
tween a truncated hypergeometric function associated to a Calabi-Yau manifold at a
prime p and the number of its [F,-points. In particular, Rodriguez-Villegas recorded four
such supercongruences associated to elliptic curves. Following a strategy developed by
Ahlgren and Ono [1], by using the Gross-Koblitz formula to write the Gaussian hypergeo-
metric series in terms of the p-adic I'-function, Mortenson [11,12] first proved the following
four conjectured supercongruences of Rodriguez-Villegas [14, (36)].



Theorem 1.1 (Rodriguez-Villegas-Mortenson). Let p > 5 be a prime.
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where () denotes the Legendre symbol modulo p.

Then

(1.1)

(1.2)

(1.3)

(1.4)

Elementary proof of Theorem 1.1 has been given by Z.-H. Sun [18]. See also [7,17,22,23]
for several simple proofs of (1.1). A generalization of (1.1) to the modulus p* case was
obtained by Z.-W. Sun [19]. Note that van Hamme [26] and McCarthy and Osburn [10]

have studied some related interesting supercongruences.
Recall that the g-shifted factorials are defined by (a;q)o = 1 and

(a;Q)n=(1—a)1—aq) - (1—ag" ') forn=1,2,..

*

and the g-integer is defined as [p] = 1+ ¢ + -+ + ¢°~!. The starting point of this paper

is the observation of the following striking ¢g-analogue of Theorem 1.1.

Conjecture 1.2. Let p > 5 be a prime and let (=) be the Legendre symbol modulo p.

p

Then
2 <q;q(?6k;(;ﬁ5);if>k - (%) ¢ (mod [p?)

Congruences modulo [p] or [p]*> (even [p]*) have been studied by different authors
(see [5,13,15,16,24]). Throughout the paper we will tacitly use the fact that when

p is a prime the g¢-integer [p] is an irreducible polynomial in Q[g].

Therefore Q[q]/[p]
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is a field. Furthermore, rational functions t(q)/s(q) are well defined modulo [p] or [p]
(r > 1) provided that s(q) is relatively prime to [p]. For any two polynomials A(x,q) =
S ar(q)z® and B(x,q) = Y. _,bk(q)z* in x with coefficients being rational functions
t(q)/s(q) such that s(q) is relatively prime to [p], we use the convention that

A(z,q) = B(z,q) (mod [p|") <= ar(q) = br(q) (mod [p]") for k=0,1,...,n.

There are several generalizations and variations of (1.1)—(1.4) in the literature, but no
g-analogues seem to be investigated hitherto. Indeed, Tauraso [22] proved the following
generalization of (1.1).

Theorem 1.3 (Tauraso [22]). Let p be an odd prime. Then

(2:) e = Z (7?)2(—@%(1 —a) 57 (mod p). =

Recently, Z.-H. Sun [18] introduced the generalized Legendre polynomials
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and proved many supercongruences related to P,_1(a,z). In particular, he obtained the
following result.

Theorem 1.4 (Z.-H. Sun [18]). Let p be an odd prime and let a be a p-adic integer. Then
Pps(a,2) = (—1) P, 1(a,~2) (mod ) (17)

and so

k=0
where (a), denotes the least nonnegative residue of a modulo p.

It is easy to see that the Rodriguez-Villegas-Mortenson congruences (1.1)—(1.4) imme-
diately follows from the congruence (1.8) by taking x = 1 and a = —%, —%, —i, —%. Note
that the congruence (1.8) with a = —%, —;11, —% was first established by Z.-W. Sun [21].
The aim of this paper is to give g-analogues of (1.5)—(1.8). It turns out that a complete
g-analogue of (1.5) is easily given. However, for a general p-adic integer a, we can only
give g-analogues of (1.7) and (1.8) in the modulus p case. On the other hand, for a = —3,
we shall give complete g-analogues of them. Thus, the first congruence in Conjecture 1.2
is proved, while the other three congruences are still open. Some further related unsolved

problems will also be presented in this paper.



2. Results, I: supercongruences modulo [p]’
Recall that the g-binomial coefficients m are defined by

(" q)i

m:m B R if0<k<n,

0, otherwise.

We first give a g-analogue of Tauraso’s congruence (1.5).

Theorem 2.1. Let p be an odd prime. Then

p—1
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letting ¢ — 1 in (2.1), we obtain (1.5). Moreover, setting = 1 in (2.1) yields the
following g-analogue of (1.1).

Corollary 2.2. Let p be an odd prime. Then

3 (;)qf (mod [pP). 2.2)

k:O
Remark. Corollary 2.2 confirms the first congruence in Conjecture 1.2.
Our second result is another generalization of (2.2).
Theorem 2.3. Let p be an odd prime. Then
p—1

— @GP} s 1p? k o ,
(%@ ( ) ZO ¢ )k (mod [p). (23)

k=0

It is clear that, when x = 1, the congruence (2.3) reduces to (2.2). On the other hand,
setting x = 0 in (2.3), we obtain the following dual form of (2.2).

Corollary 2.4. Let p be an odd prime. Then

i —1 2_1
gl = (2H) S moa b
k:o % q p
Our third result is a g-analogue of the a = —1 case of (1.7).
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Theorem 2.5. Let p be an odd prime. Then

q’q2( >'“q ( >Z q’2 il (mod [p?).  (2.4)
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Letting x = —1 in (2.4), and noticing that (( q12qq )) = HQq%, we are led to another

g-analogue of (1.1).

Corollary 2.6. Let p be an odd prime. Then

> 12:2%) <_—1) (mod [p]*). (2.5)

k:O p
If (’71) = —1 and = = 0, then we immediately deduce that both sides of (2.4) are
congruent to 0 modulo [p]?, which may be restated as follows.
Corollary 2.7. Let p be a prime of the form 4k + 3. Then
p—1 )22k

Z =0 (mod [p]?). (2.6)

— ( QQ)

Note that, when ¢ = 1, the congruence (2.6) can be written as

=0 (modp?) for p=3 (mod 4),
which was conjecture by Z.-W. Sun [20] and proved by Tauraso [22] and Z.-H. Sun [17,18].

3. Results, II: congruences modulo [p]

In this section, we first give g-analogues of (1.2)—(1.4). Actually we shall prove the
following more general results.

Theorem 3.1. Let p be an odd prime and m, r two positive integers with p{m. Then

bS]
—

(" ¢")k(g™ "5 g™ )p®
pord (a™;q™);
o (=), = m(—2) ;v( )p+l) i (q”;qm)k(qm*’";qm)k(ﬂﬁ; qm)kqu
= (—1)mhg ) (mod [p]).  (3.1)
e 7" g



In particular, if p = +1 (mod m), then
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Note that, for p > 5, we have

1

S
|
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Tl (DT =—1, ifp=2 (mod3) \p /)’
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Letting x = 1,7 =1, m = 3,4,6 in (3.2) with p > 5, we obtain the following result.
Corollary 3.2. Let p > 5 be a prime. Then

(@Al _ (3 12
> MG = (Z2) 5 (mod 1),

k=0 p
— (44" )e(g% ¢*)s —2\ 02
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k=0 )
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Remark. The congruences in Corollary 3.2 confirm the remaining three congruences in
Conjecture 1.2 modulo [p].

In the same vein, letting x = 0, » = 1, and m = 3,4,6 in (3.1), we obtain

Corollary 3.3. Let p > 5 be a prime. Then

H

p—

(4@ @k o _ (=3 2
—~ (%) - < D )q (mod [p)),
S (@ ) i _ (72 se-u
kZ:O (@) LT < D )q (mod [p]),
< (q’ q6)k(q57 qﬁ)k 6k — —_1 5(p12;1) o
= (% - < P )q (mod [p])



It seems that we have the following stronger result (see Conjecture 7.2 for a further
generalization).

Conjecture 3.4. The congruences in Corollary 3.3 hold modulo [p]*.

Theorem 3.5. Let p be an odd prime and m, r two positive integers with p{m. Then

("5 q™)w(g™ "5 g™ i

-y [(—mp}qmqw—mm—mp(_gj)k(x;qm)<_;>p_k (mod [p).

Next, we give g-analogues of (1.7)—(1.8) in the modulus p case. For this end, we
introduce the following polynomial

zn: (@ q™)(q™ " )i (@ ¢™)rg

par (@™ q™ )i (=q™s q™ )

mk

Pn,m,r(qa JZ) =

Note that P, ,,,(1,x) is the generalized Legendre polynomial P,(a,z) in (1.6) with a =

r

m’

Theorem 3.6. Let p be an odd prime and m, r two positive integers with p{m. Then
Pp—l,m,T(QaI) = (_1)(—#)1) p—l,m,r(Q7 —J/’) (IHOd [p]) (33)
Letting = 0 in (3.3), we obtain

Corollary 3.7. Let p be an odd prime and m,r two integers with ptm and (—r/m), =1
(mod 2). Then

bS]
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(q"5 ¢™)k(g™ "5 ¢™) g™

< (@™ ™) (=g )k =0 (mod [p]). (3.4)

T

Taking (m,r) = (3,1),(4,1),(6,1) in (3.4), we get the following congruences.
Corollary 3.8. Let p be an odd prime. Then

o (6 )la% g™ _ _

2 PRy = Wod B for p=2 (mod3) (3.5)
= (@09 g™ =0 (mod [p]), for p=57 (mod8) (3.6)
(a4 a)i (=" ¢ ! ) :

— (43 6")(@%; ¢°)rg®™ =0 (mod [p]), for p=3 (mod4). (3.7)

(4% ¢°)(—4% ¢%)k

o

=0



Letting x = —1 in (3.3), we obtain
Pytn(@: —1) = (=1)Tml (mod [p]).
Taking (m,r) = (3,1),(4,1),(6,1), we get the following result.

Corollary 3.9. Let p > 5 be a prime. Then

(¢; Cre _ (3Y
(q 1+q5’“) _(p) (mod {p]).
2(q; q @eg™ _ =2\
2 (¢%q 1+q4’“) _(p) (mod {p]).
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4. Proofs of Theorems 2.1 and 2.3

Recall that the little ¢-Legendre polynomials are defined by
"] n+k] sen
Pn — —5—=-nk(__ k.
(z]q) ;;o M { L }q 2 " (—x)

They can also be written as (see [25])

Pl = a2 S [ [ T 0t

k=0
We now give a new expansion for the little ¢-Legendre polynomials.

Lemma 4.1. Let n be a nonnegative integer. Then

Puel) = 3 [1] 8o

k=0
Proof. By the ¢-binomial theorem (see [4, p. 36, Theorem 3.3]):

N

(@ q)n = [ﬂ (—a)%q" T,

k=0

(3.8)

(3.9)

(3.10)

(3.11)

(4.1)

(4.2)



one sees that, for 0 < m < n, the coefficient of 2™ in the right-hand side of (4.3) is given
by

m k1) n—k i (m=k)(m—k+1)
ZH RV [
=0

_(_1\m n . min (m—k)(n—k)—mn-{—im(ryl)
Y [m]Z[ka]q

k=0

nat |

where the last step follows from the ¢g-Chu-Vandermonde formula (see [4, p. 37, Theorem
3.4]). This completes the proof. O

We also need the following result.

Lemma 4.2. Let p be an odd prime and 0 < k <p—1. Then

<(qq2;;f2)>%z = (1" b] . [_Z k] q (mod [p]?). (4.5)

Proof. Observing that
(1= )+ (1= g1 = ¥ g 1P = (1 - ¢¥)?¢¥ 1P,
we have
(1= P =—-(1—¢ A= ¢ g7 (mod [p]?).
It follows that
(q;QQ)i _ ﬁ (1 _ q2j—1>2 _ (_1)kﬁ (1 _ qp—2j+1)(1
(%) 1 (1—g¥)? ! (1—q%)2

= (-1 [ﬂ e oy

— qp+2j—1)q2j—1—p

as desired. |
Proof of Theorem 2.1. Letting n = 25X, replacing ¢ and z by ¢? and zq~? respectively in
(4.1) and (4.3), and then applying (4 5) we obtain (2.1). O

Proof of Theorem 2.3. The proof is similar to that of Theorem 2.1 by just comparing (4.1)
and (4.2). O



5. Proof of Theorem 2.5

We fist establish two lemmas.

Lemma 5.1. Let n be a positive integer and 0 < j < n. Then

n . k(k+1)
Z(_l)krﬂ—k} {n—j]q 3 k
— ke Jlk =3l (=6ak
. (n—j)(n—j+2) _j(G—1)
4 2

wei (@ ¢%); q
[n] B , ifn=j=0 (mod 2),

> (Gl %),
(n*j)(:lt*jJr?)_J'(j;l) (51)
ifn=j=1 (mod 2),

(1) {n—l} (@" ¢ iz g | |
e CGOaa(@5 %)

2

0, otherwise.
Proof. Replacing k by k + j, we can write the left-hand side of (5.1) as

(_1)k+j{n+k+j] {n;j}q

n—j (k+j)(72€+j+1)_n(k+j)

— n (=& Qi+

3
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7T
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. _ . j(G+1)
(G D (TS QR Qw2
(1)

(@ Dol 0); (@ ODr(@ Dr(=a5 @) 5 (= @)

_nj
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where we have used the relation

4 q)n—j e E(2n=2j—k+1)
(; q)>n ,jk = (=" (¢ q)rq 2
y4)n—j5—

Taking a = ¢"™* and b = ¢~ in Andrews’ g-analogue of Gauss’ F;(—1) sum
(see [2,3] or [8, Appendix (IL.11)]):

k(k+1)

i(a(;Q)k(b§Q)kq 2 (0¢%)oo (045 4o (53)
k=

“ ()r(abg; ) (¢:6%)o(abg; ¢*) oo’
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where (75 q) o = lim, . (; q),, we have

n—j (g™ <q n-i-j’q)qu(k;l) (@ )T )

Pt k(0272 ¢%)1 (@ @) D)
<q—n+j+1; QQ)%

=4 (7%¢%)u
0, otherwise.

ifn=j (mod 2),

Replacing ¢ by ¢~* in (5.4) and noticing that (¢7™; ¢ ) = (=1)F¢™ ~ =2 (¢™; @), we
get
(q—n+j+1; qQ)%j q(n+j+1)(n—j)

(G725 6%) s ’

N CAART ) UL o ifn=j (mod2),

— (G Op(@ )

0, otherwise.
(5.5)
Substituting (5.5) into (5.2) and making some simplifications, we obtain the desired iden-
tity (5.1). O
Lemma 5.2. Let n be a positive integer and
n k(kt1)
n+k|(z;qkg 2 "
Fo(z,q) = —1’“{” ] : 5.6
o =3 (5.6)
Then
F.(x,q) = (-1)"F,(—x,q). (5.7)

Proof. By the g-binomial theorem (4.4), the coefficient of 27 (0 < j < n) in the right-hand
side of (5.6) is given by

=

k=j J
n . k(k+1)—nk
iG=v [n itk n—7]q >
SR e
u kzj( ) koL Lk=3] (=aak
which, by Lemma 5.1, is equal to 0 if n —j = 1 (mod 2). This proves (5.7). O

Proof of Theorem 2.5. Note that, for k > 251, there holds (¢;¢*)? = 0 (mod [p]?). By

Lemma 4.2, we have
-1 et _ — 2 _
SO oS 7] [F] SO oa
(PR = klel kb Jp (=%

The proof then follows from Lemma 5.2. O

Remark. Another application of Andrews’s g-analogue of Gauss’s oF;(—1) sum (5.3) to
g-congruences can be found in [9].
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6. Proofs of Theorems 3.1, 3.5 and 3.6

Proof of Theorems 3.1. Since ¢" = ¢" P (mod [p]), we may assume that 1 < r < p. When
m = 1, we have

-1 r —r r—1
pz (q ;Q)lz(ql )2; q)pz" _ {T ; 1} {7” - ]1€+ k} (_x)kq@fk(rfl)’
— 4;9) _
k=0 k=0
and
p*1 r—1
Z il (q Q) N Z [T k 1] [T ) llfJr k] (—1)*(@;qpg 7 O,
=0

=0
The proof then follows from (4.1) and (4.2) with P,(z|q) replaced by P._1(zq t|q).
When m > 2, let

m(—y)p +r
s = )
p
Then s is a positive integer, m|ps — r, and so
(" 4™k (q H (1—g™ )1 —qg™™m)
(g™ q™ i (1—qmi)?
k s+mj—r s—mj—r+m\ , mj+r—m
_ kH(l_qur O A
DA =g
k,{ 7’:| |:ps r _'_]1 qu(’;*l)—&-kr
qm
— k _% > + k %—k(ps—r) d
=) [T (mod [p]).
(6.1)
It follows that
-1
pz (a7 a™)kla™ " )
m. ,m)2
(=)
E —L -, +k mk(k—1) _
= [< ;;Jp] |:< m;fp :| (—a:)kq k(—)p (HlOd [ ])
k=0 qm qm
and
p—1 r. m m—r. ,m m mk
Z( S q™)k(@" T k(54 kg
m. m)2
(=)
m _r _r _|_ l{; m mk(k+1) —mk(—T
= [< i;n>p] F m;’p 1 (=D (@i q™eg = " (mod [p]).
k=0 qm qm

12



The proof of (3.1) then follows from the two expressions (4.1) and (4.2) for P - (zg™™"[q™).

Moreover, if p = +1 (mod m), then W is an integer and

_m<_%>p(<_%>p +1) _r(m—r)(1 - pQ)

5 = 5 (mod p).
This proves (3.2). O
Proof of Theorems 3.5. Apply (4.3) to Pi_ - (zg~™|q™). O
Proof of Theorems 3.6. Similarly as before, we have
Po1m T(Qa z)
—Z (4"; q g™k g e ™
o )k(_q aqm)k
_ <m>p<—1>'€ P‘,?”} (Tt quﬁ)?m” (mod 7).
k=0 qr ar ’

The proof then follows directly from Lemma 5.2. O

7. Concluding remarks and open problems

We have the following two stronger conjectural results for Theorems 3.1.

Conjecture 7.1. Let p be an odd prime and m, r two positive integers with p t+ m and
m{r. Then there exists a unique integer fym,, such that

p—1 m m r7qm)kxk
— (q 1q™);
p—1 m mk
q x;q q
= (—1) gl S AT (0 ).

p (@™ qm)7;

Furthermore, the numbers f,, , satisfy the following recurrence relation:

_fPJn,Ta Zf?“ =0 (HlOd p>7
fp,m mtr —

fpmyr — 1, otherwise.

Here are some values of f,

Jroa=—12, fro3=—13, fra5=—16, fro7=—-21, fr20=21, fr211 =12, fr213=1,
froas = =12, fro17 = =27, fro10 = —44, fr201 = —63, fro23 =63, fr225 = 40,
J351==5, fas2=-3, fas6=—6, fa357=-5, fa358=3, f350=-9,

Jrs1=-29, frs52=-19, fr56=-30, fr57=—-21, fr58=—22, fr50=—33,

fii,7,1 = =86, fi1,72=—103, fi173 =51, fii,rs = =87, fi1,7,0 = —105, f11,7,10 = —54.
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Conjecture 7.2. Let p be an odd prime and m,r two positive integers with r < m and
p==+1 (mod m). Then

r(m—r)(1-p?
2m ’

fp,m,r =

Note that Conjecture 7.1 is a g-analogue of (1.8) while Theorem 3.6 is a partial ¢-
analogue of (1.7), of which we speculate the following complete g-analogue.

Conjecture 7.3. Let p be an odd prime and m, r two positive integers with p{ m. Then
Pp—l,m,r(q,x) = (_1)(—%);; p—l,m,r<Q7 _J;) (mOd [p]2)‘

There are some similar congruences in the literature. For example, van Hamme [26]
proved the following variant of a conjecture of Beukers [6]:

=0 (modp?), for p=3 (mod 4). (7.1)

Recently, the authors have obtained a nice g-analogue of (7.1), which will appear in a
forthcoming paper.
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