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Abstract. We give some new q-supercongruences modulo the third, fourth and fifth
powers of a cyclotomic polynomial, respectively. Two of them are partial q-analogues
of supercongruences of Deines et al., and another one is a q-analogue of the following
supercongruence due to Pan, Tauraso and Wang: for primes p ≡ 2 (mod 5),

p−1∑

k=0

(−1)k

(− 2
5

k

)5

≡ p

10
Γp( 1

5 )5Γp( 2
5 )5 (mod p5),

where Γp(x) denotes the p-adic Gamma function. Our proof is mainly based on Jackson’s
8φ7 summation and the method of “creative microscoping” developed in [Adv. Math.
346 (2019), 329–358].

1. Introduction

In 2016, Deines et al. [2] defined the higher dimensional analogues of Legendre curves
as follows:

Cn,λ : yn = (x1x2 · · ·xn−1)
n−1(1− x1) · · · (1− xn−1)(x1 − λx2 · · ·xn−1).

Note that the curves C2,λ are the classical Legendre curves. Differing by at most a scalar
multiple, the hypergeometric series

nFn−1

[
j
n
, j

n
, . . . , j

n

1, . . . , 1
; λ

]

for any j in the range 1 6 j 6 n−1 may be regarded as a period of Cn,λ on condition that
it is convergent. Deines et al. [2, Theorem 2] proved that the number of rational points on
Cn,λ over finite fields Fq can be given by employing Gaussian hypergeometric functions.
They are also interested in disclosing how to employ truncated hypergeometric series to
get information about the Galois representations and thereby local zeta functions of Cn,λ.
Define the truncated hypergeometric series as follows:

r+1Fr

[
a1, a2, . . . , ar+1

b1, . . . , br

; z

]

m

:=
m∑

k=0

(a1)k(a2)k · · · (ar+1)k

(b1)k · · · (br)kk!
zk,
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where (x)k = x(x+1) · · · (x+k−1) is the Pochhammer symbol. Deines et al. [2, Theorem
6] established the following result: for any integer n > 3 and prime p ≡ 1 (mod n),

nFn−1

[
n−1

n
, n−1

n
, . . . , n−1

n

1, . . . , 1
; 1

]

p−1

≡ −Γp(
1
n
)n (mod p2), (1.1)

where Γp(x) denotes the p-adic Gamma function. The supercongruence (1.1) is also true
for n = 2, which is due to Mortenson [15]. Deines et al. further conjectured that (1.1)
holds modulo p3, which was later confirmed by Wang and Pan [18]. A q-analogue of (1.1)
was given by the author [7].

Deines et al. [2, Theorem 7] also obtained another supercongruence on the truncated
hypergeometric series related to C4,1: for any prime p ≡ 1 (mod 4),

4F3

[
1
4
, 1

4
, 1

4
, 1

4

1, 1, 1
; 1

]

p−1

≡ (−1)(p−1)/4Γp(
1
2
)Γp(

1
4
)6 (mod p4). (1.2)

The first purpose of this paper is to give the following q-analogue of (1.2) modulo p3.

Theorem 1.1. Let n > 1 be an integer with n ≡ 1 (mod 4). Then, modulo Φn(q)3,

n−1∑

k=0

(1 + q8k+1)(q2; q8)4
k

(1 + q)(q8; q8)4
k

q8k

≡ (q10, q4, q3, q7; q8)(n−1)/4

(q9, q5, q2, q8; q8)(n−1)/4



1 + [2n]2

(n−1)/4∑
j=1

(
q8j−1

[8j − 1]2
− q8j

[8j]2

)

 . (1.3)

Here we need to familiarize ourselves with the standard q-notation. For indeterminates
a and q, [n] = [n]q = (1 − qn)/(1 − q) denotes the q-integer; (a; q)n = (1 − a)(1 −
aq) · · · (1 − aqn−1) stands for the q-shifted factorial, and we also adopt the condensed
symbol (a1, . . . , am; q)n = (a1; q)n · · · (am; q)n. Moreover, let Φn(q) be the n-th cyclotomic
polynomial in q, which is irreducible over the ring of integers and can be factorized over
the field of complex numbers as

Φn(q) =
∏

16k6n
gcd(k,n)=1

(q − ζk),

where ζ is an nth primitive root of unity.
Letting n = pr be a prime power with pr ≡ 1 (mod 4) and taking q → 1 in (1.3), we

obtain the following supercongruence.

Corollary 1.2. Let p be a prime and r a positive integer with pr ≡ 1 (mod 4). Then

4F3

[
1
4
, 1

4
, 1

4
, 1

4

1, 1, 1
; 1

]

pr−1

≡ pr (1
2
)(pr−1)/4(

3
8
)(pr−1)/4(

7
8
)(pr−1)/4

(9
8
)(pr−1)/4(

5
8
)(pr−1)/4(1)(pr−1)/4
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×


1 + 4p2r

(pr−1)/4∑
j=1

(
1

(8j − 1)2
− 1

64j2

)

 (mod p3). (1.4)

Comparing the supercongruence (1.2) modulo p3 with the r = 1 case of (1.4), we arrive
at the following conclusion.

Corollary 1.3. Let p ≡ 1 (mod 4) be a prime. Then

p
(1

2
)(p−1)/4(

3
8
)(p−1)/4(

7
8
)(p−1)/4

(9
8
)(p−1)/4(

5
8
)(p−1)/4(1)(p−1)/4



1 + 4p2

(p−1)/4∑
j=1

(
1

(8j − 1)2
− 1

64j2

)



≡ (−1)(p−1)/4Γp(
1
2
)Γp(

1
4
)6 (mod p3).

Deines et al. [2] mentioned that the following supercongruence on the truncated hyper-
geometric series: for any prime p ≡ 1 (mod 5),

5F4

[
2
5
, 2

5
, 2

5
, 2

5
, 2

5

1, 1, 1, 1
; 1

]

p−1

≡ −Γp(
1
5
)5Γp(

2
5
)5 (mod p4), (1.5)

can be deduced from Dougall’s 7F6 summation. They further conjectured that (1.5) holds
modulo p5, which was confirmed by Pan, Tauraso, and Wang [16].

The second purpose of this paper is to give a q-analogue of (1.5).

Theorem 1.4. Let n > 1 be an integer with n ≡ 1 (mod 5). Then, modulo Φn(q)4,

n−1∑

k=0

(1 + q5k+1)(q2; q5)5
k

(1 + q)(q5; q5)5
k

q5k

≡ (q3, q4, q4, q7; q5)(2n−2)/5

(q2, q5, q5, q6; q5)(2n−2)/5



1 + [2n]2q−2n

(2n−2)/5∑
j=1

(
q5j−1

[5j − 1]2
− q5j

[5j]2

)

 . (1.6)

For prime powers n = pr with pr ≡ 1 (mod 5), letting q → 1 in (1.6), we get the
following conclusion.

Corollary 1.5. Let p be a prime and r a positive integer with pr ≡ 1 (mod 5). Then,
modulo p4,

pr−1∑

k=0

(2
5
)5
k

k!5
≡ pr

(3
5
)(2pr−2)/5(

4
5
)2
(2pr−2)/5

(1)2
(2pr−2)/5(

6
5
)(2pr−2)/5



1 + 4p2r

(2pr−2)/5∑
j=1

(
1

(5j − 1)2
− 1

25j2

)

 . (1.7)

Combining the supercongruences (1.5) and (1.7) for r = 1, we have at the following
result.
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Corollary 1.6. Let p ≡ 1 (mod 5) be a prime. Then, modulo p4,

p
(3

5
)(2p−2)/5(

4
5
)2
(2p−2)/5

(1)2
(2p−2)/5(

6
5
)(2p−2)/5



1 + 4p2

(2p−2)/5∑
j=1

(
1

(5j − 1)2
− 1

25j2

)

 ≡ −Γp(

1
5
)5Γp(

2
5
)5.

Pan, Tauraso, and Wang (see [16, Theorem 6.3]) proved that, for odd primes p ≡ 2
(mod 5),

5F4

[
2
5
, 2

5
, 2

5
, 2

5
, 2

5

1, 1, 1, 1
; 1

]

p−1

≡ p

10
Γp(

1
5
)5Γp(

2
5
)5 (mod p6). (1.8)

For some other interesting supercongruences on truncated hypergeometric series and trun-
cated basic hypergeometric series, see [1,12,13] and [4,5,10,11,14,17,20–22], respectively.

The third purpose of this paper is to give the following q-analogue of (1.8) modulo p5.

Theorem 1.7. Let n > 2 be an integer with n ≡ 2 (mod 5). Then, modulo Φn(q)5,

n−1∑

k=0

(1 + q5k+1)(q2; q5)5
k

(1 + q)(q5; q5)5
k

q5k

≡ (q3, q4, q4, q7; q5)(n−2)/5

(q2, q5, q5, q6; q5)(n−2)/5



1 + [n]2q−n

(n−2)/5∑
j=1

(
q5j−1

[5j − 1]2
− q5j

[5j]2

)

 . (1.9)

Similarly as before, we can obtain the following two corollaries from (1.8) and (1.9).

Corollary 1.8. Let p be an odd prime and r a positive integer with pr ≡ 2 (mod 5).
Then, modulo p5,

pr−1∑

k=0

(2
5
)5
k

k!5
≡

pr(3
5
)(pr−2)/5(

4
5
)2
(pr−2)/5

2(1)2
(pr−2)/5(

6
5
)(pr−2)/5



1 + p2r

(pr−2)/5∑
j=1

(
1

(5j − 1)2
− 1

25j2

)

 .

Corollary 1.9. Let p ≡ 2 (mod 5) be an odd prime. Then, modulo p4,

(3
5
)(p−2)/5(

4
5
)2
(p−2)/5

(1)2
(p−2)/5(

6
5
)(p−2)/5



1 + p2

(p−2)/5∑
j=1

(
1

(5j − 1)2
− 1

25j2

)

 ≡ 1

5
Γp(

1
5
)5Γp(

2
5
)5.

The paper is arranged as follows. We shall prove Theorems 1.1, 1.4, and 1.7 in Sections
2–4, respectively. Our proof relies on the creative microscoping method introduced by the
author and Zudilin [9], and the Chinese remainder theorem for coprime polynomials. It
should be mentioned that Jackson’s 8φ7 summation will also play important part in this
paper. We shall also present three more similar q-supercongruences in Section 5. Finally,
in Section 6, we propose two open problems for further study.
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2. Proof of Theorem 1.1

Recall that the basic hypergeometric r+1φr series (see [3]) is defined by

r+1φr

[
a1, a2, . . . , ar+1

b1, . . . , br
; q, z

]
:=

∞∑

k=0

(a1, a2, . . . , ar+1; q)k

(q, b1, . . . , br; q)k

zk.

Then Jackson’s 8φ7 summation [3, Appendix (II.22)] can be stated as follows:

8φ7

[
a, qa

1
2 , −qa

1
2 , b, c, d, e, q−n

a
1
2 , −a

1
2 , aq/b, aq/c, aq/d, aq/e, aqn+1

; q, q

]

=
(aq, aq/bc, aq/bd, aq/cd; q)n

(aq/b, aq/c, aq/d, aq/bcd; q)n

, (2.1)

where a2q = bcdeq−n.
We first give a parametric version of Theorem 1.1.

Lemma 2.1. Let n > 1 be an integer with n ≡ 1 (mod 4). Let a and b be indeterminates.
Then, modulo (1− abq2n)(a− q2n)(b− q2n),

n−1∑

k=0

(1 + q8k+1)(q2/a, q2/b, abq2, q2; q8)k

(1 + q)(aq8, bq8, q8/ab, q8; q8)k

q8k

≡ (b− q2n)(ab2 − a2b− 1 + abq2n)

(a− b)(1− ab2)

(q10, q4, bq3, bq7; q8)(n−1)/4

(q9, q5, bq2, bq8; q8)(n−1)/4

+
(a− q2n)(1− abq2n)

(a− b)(1− ab2)

(q10, q4, aq3, aq7; q8)(n−1)/4

(q9, q5, aq2, aq8; q8)(n−1)/4

. (2.2)

Proof. For a = q2n or a = q−2n/b, the left-hand side of (2.2) can be written as

n−1∑

k=0

[8k + 1]q2

(q2, q2−2n, q2/b, bq2+2n, q; q8)k

(q8, q8+2n, bq8, q8−2n/b, q9; q8)k

q8k

= 8φ7

[
q2, q9, −q9, q2/b, q, q5, bq2+2n, q2−2n

q, −q, bq8, q9, q5, q8−2n/b, q8+2n ; q8, q8

]
. (2.3)

In view of Jackson’s 8φ7 summation (2.1), the right-hand side of (2.3) is equal to

(q10, q4, bq3, bq7; q8)(n−1)/4

(q9, q5, bq2, bq8; q8)(n−1)/4

.

Since the polynomials 1− abq2n and a− q2n are coprime with each other, we immediately
get the following q-congruence: modulo (1− abq2n)(a− q2n),

n−1∑

k=0

(1 + q8k+1)(q2/a, q2/b, abq2, q2; q8)k

(1 + q)(aq8, bq8, q8/ab, q8; q8)k

q8k ≡ (q10, q4, bq3, bq7; q8)(n−1)/4

(q9, q5, bq2, bq8; q8)(n−1)/4

.
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Interchanging the indeterminates a and b in the above q-congruence, we obtain the
following result: modulo b− q2n,

n−1∑

k=0

(1 + q8k+1)(q2/a, q2/b, abq2, q2; q8)k

(1 + q)(aq8, bq8, q8/ab, q8; q8)k

q8k ≡ (q10, q4, aq3, aq7; q8)(n−1)/4

(q9, q5, aq2, aq8; q8)(n−1)/4

.

It is easy to verify that

(b− q2n)(ab2 − a2b− 1 + abq2n)

(a− b)(1− ab2)
≡ 1 (mod (1− abq2n)(a− q2n)) (2.4)

(a− q2n)(1− abq2n)

(a− b)(1− ab2)
≡ 1 (mod b− q2n). (2.5)

Since (a − q2n)(1 − abq2n) and b − q2n are coprime polynomials, employing the Chinese
remainder theorem for coprime polynomials and the relations (2.4) and (2.5), we obtain
the q-congruence (2.2). ¤

Proof of Theorem 1.1. Note that 1−q2n contains the factor Φn(q). Putting b = 1 in (2.2),
and using the following identity

(1− q2n)(1 + a2 − a− aq2n) = (1− a)2 + (1− aq2n)(a− q2n), (2.6)

and the q-congruence

(aq3; q8)(n−1)/4

(aq2; q8)(n−1)/4

= q(n−1)/4 (q7−2n/a; q8)(n−1)/4

(q8−2n/a; q8)(n−1)/4

≡ q(n−1)/4 (q7/a; q8)(n−1)/4

(q8/a; q8)(n−1)/4

(mod Φn(q)), (2.7)

we are led to the following q-congruence: modulo Φn(q)(1− aq2n)(a− q2n),

n−1∑

k=0

(1 + q8k+1)(q2/a, q2, aq2, q2; q8)k

(1 + q)(aq8, q8, q8/a, q8; q8)k

q8k

≡ (q10, q4, q3, q7; q8)(n−1)/4

(q9, q5, q2, q8; q8)(n−1)/4

+
(1− aq2n)(a− q2n)

(1− a)2
q(n−1)/4

×
{

(q10, q4, q7, q7; q8)(n−1)/4

(q9, q5, q8, q8; q8)(n−1)/4

− (q10, q4, q7/a, aq7; q8)(n−1)/4

(q9, q5, q8/a, aq8; q8)(n−1)/4

}
. (2.8)

By the L’Hôpital rule, there holds

lim
a→1

1

(1− a)2

{
(q10, q4, q7, q7; q8)(n−1)/4

(q9, q5, q8, q8; q8)(n−1)/4

− (q10, q4, q7/a, aq7; q8)(n−1)/4

(q9, q5, q8/a, aq8; q8)(n−1)/4

}

=
1

(1− q)2

(q10, q4, q7, q7; q8)(n−1)/4

(q9, q5, q8, q8; q8)(n−1)/4

(n−1)/4∑
j=1

(
q8j−1

[8j − 1]2
− q8j

[8j]2

)
.
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Hence, taking a → 1 in (2.8) and applying the above limit and the a = 1 case of the
q-congruence (2.7) again, we obtain the desired q-supercongruence (1.3). ¤

3. Proof of Theorem 1.4

Like before, we first establish a parametric version of Theorem 1.4.

Lemma 3.1. Let n > 1 be an integer with n ≡ 1 (mod 5). Let a and b be indeterminates.
Then, modulo (1− aq2n)(a− q2n)(1− bq2n)(b− q2n),

n−1∑

k=0

(1 + q5k+1)(aq2, q2/a, bq2, q2/b, q2; q5)k

(1 + q)(aq5, q5/a, bq5, q5/b, q5; q5)k

q5k

≡ (1− bq2n)(b− q2n)(−1− a2 + aq2n)

(a− b)(1− ab)

(bq4, q4/b, q3, q7; q5)(2n−2)/5

(bq5, q5/b, q2, q6; q5)(2n−2)/5

+
(1− aq2n)(a− q2n)(−1− b2 + bq2n)

(b− a)(1− ba)

(aq4, q4/a, q3, q7; q5)(2n−2)/5

(aq5, q5/a, q2, q6; q5)(2n−2)/5

. (3.1)

Proof. For a = q−2n or a = q2n, the left-hand side of (3.1) becomes

(2n−2)/5∑

k=0

(1 + q5k+1)(q2−2n, q2+2n, bq2, q2/b, q2; q5)k

(1 + q)(q5+2n, q5−2n, bq5, q5/b, q5; q5)k

q5k

= 8φ7

[
q2, q6, −q6, q, bq2, q2/b, q2+2n, q2−2n

q, −q, q6, q5/b, bq5, q5−2n, q5+2n
; q5, q5

]
, (3.2)

where we have used (q2−2n; q5)k = 0 for k > (2n − 2)/5. By Jackson’s summation (2.1),
the right-hand side of (3.2) can be simplified as

(bq4, q4/b, q3, q7; q5)(2n−2)/5

(bq5, q5/b, q2, q6; q5)(2n−2)/5

.

Noticing that the polynomial 1− aq2n is coprime with a− q2n, we get the q-congruence:
modulo (1− aq2n)(a− q2n),

n−1∑

k=0

(1 + q5k+1)(aq2, q2/a, bq2, q2/b, q2; q5)k

(1 + q)(aq5, q5/a, bq5, q5/b, q5; q5)k

q5k ≡ (bq4, q4/b, q3, q7; q5)(2n−2)/5

(bq5, q5/b, q2, q6; q5)(2n−2)/5

. (3.3)

Since the left-hand side of (3.3) is symmetric in a and b, we conclude from (3.3) that,
modulo (1− bq2n)(b− q2n),

n−1∑

k=0

(1 + q5k+1)(aq2, q2/a, bq2, q2/b, q2; q5)k

(1 + q)(aq5, q5/a, bq5, q5/b, q5; q5)k

q5k ≡ (aq4, q4/a, q3, q7; q5)(2n−2)/5

(aq5, q5/a, q2, q6; q5)(2n−2)/5

. (3.4)
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Clearly, the polynomials Φn(q), (1− aq2n)(a− q2n), and (1− bq2n)(b− q2n) are pairwise
coprime. Further, we have the following q-congruence:

(1− bq2n)(b− q2n)(−1− a2 + aq2n)

(a− b)(1− ab)
≡ 1 (mod (1− aq2n)(a− q2n)), (3.5)

which was first observed by Wei [20–22]. Using the Chinese remainder theorem for polyno-
mials, from (3.5) and its equivalent form (a ↔ b), we arrive at the q-congruence (3.1). ¤

Proof of Theorem 1.4. Since 1− q2n has the factor Φn(q), taking b = 1 in (3.1), we obtain
the following q-congruence: modulo Φn(q)2(1− aq2n)(a− q2n),

n−1∑

k=0

(1 + q5k+1)(aq2, q2/a, q2, q2, q2; q5)k

(1 + q)(aq5, q5/a, q5, q5, q5; q5)k

q5k

≡ (1− q2n)2(1 + a2 − aq2n)

(1− a)2

(q4, q4, q3, q7; q5)(2n−2)/5

(q5, q5, q2, q6; q5)(2n−2)/5

− (1− aq2n)(a− q2n)(2− q2n)

(1− a)2

(aq4, q4/a, q3, q7; q5)(2n−2)/5

(aq5, q5/a, q2, q6; q5)(2n−2)/5

= (1− q2n)2 (q4, q4, q3, q7; q5)(2n−2)/5

(q5, q5, q2, q6; q5)(2n−2)/5

+
a(1− q2n)2(2− q2n)

(1− a)2

(q4, q4, q3, q7; q5)(2n−2)/5

(q5, q5, q2, q6; q5)(2n−2)/5

− (1− aq2n)(a− q2n)(2− q2n)

(1− a)2

(aq4, q4/a, q3, q7; q5)(2n−2)/5

(aq5, q5/a, q2, q6; q5)(2n−2)/5

. (3.6)

By the L’Hôpital rule, we have

lim
a→1

{
a(1− q2n)2

(1− a)2

(q4; q5)2
(2n−2)/5

(q5; q5)2
(2n−2)/5

− (1− aq2n)(a− q2n)

(1− a)2

(aq4, q4/a; q5)(2n−2)/5

(q5/a, aq5; q5)(2n−2)/5

}

=
(q4; q5)2

(2n−2)/5

(q5; q5)2
(2n−2)/5



q2n + [2n]2

(2n−2)/5∑
j=1

(
q5j−1

[5j − 1]2
− q5j

[5j]2

)

 . (3.7)

Hence, taking the limits as a → 1 in (3.6), and applying (3.7) and the fact [2n]2(2−q2n) ≡
[2n]2q−2n (mod Φn(q)4), we get the q-supercongruence (1.6). ¤

4. Proof of Theorem 1.7

The proof is similar to that of Theorem 1.4. But we need an easily proved lemma,
which first appears in [8, Lemma 2.1].
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Lemma 4.1. Let d, m and n be positive integers with m 6 n − 1. Let r be an integer
satisfying dm ≡ −r (mod n). Then, for 0 6 k 6 m, we have

(aqr; qd)m−k

(qd/a; qd)m−k

≡ (−a)m−2k (aqr; qd)k

(qd/a; qd)k

qm(dm−d+2r)/2+(d−r)k (mod Φn(q)).

Using the above lemma, we can establish the following q-congruence.

Lemma 4.2. Let n > 2 be an integer with n ≡ 2 (mod 5). Let a and b be indeterminates.
Then

n−1∑

k=0

(1 + q5k+1)(aq2, q2/a, bq2, q2/b, q2; q5)k

(1 + q)(aq5, q5/a, bq5, q5/b, q5; q5)k

q5k ≡ 0 (mod Φn(q)). (4.1)

Proof. In view of Lemma 4.1, for 0 6 k 6 (n− 2)/5,

(aq2; q5)(n−2)/5−k

(q5/a; q5)(n−2)/5−k

≡ (−a)(n−2)/5−2k (aq2; q5)k

(q5/a; q5)k

q(n−2)(n−3)/10+3k (mod Φn(q)).

By making use of the above q-congruence five times, and noticing qn ≡ 1 (mod Φn(q)),
we can verify that

(1 + q5((n−2)/5−k)+1)(aq2, q2/a, bq2, q2/b, q2; q5)(n−2)/5−k

(1 + q)(aq5, q5/a, bq5, q5/b, q5; q5)(n−2)/5−k

q5(n−2)/5−5k

≡ −(1 + q5k+1)(aq2, q2/a, bq2, q2/b, q2; q5)k

(1 + q)(aq5, q5/a, bq5, q5/b, q5; q5)k

q5k (mod Φn(q)).

Namely, modulo Φn(q), the k-th and ((n− 2)/5− k)-th summands on the left-hand side
of (4.1) cancel each other for 0 6 k 6 (n − 2)/5. Therefore, the left-hand side of (4.1)
truncated at k = (n− 2)/5 is congruent to 0 modulo Φn(q). Further, for (n− 2)/5 < k 6
n − 1, the k-th summand on the left-hand side of (4.1) vanishes modulo Φn(q) because
(q2; q5)k contains the factor 1− qn. This proves (4.1). ¤

We are now able to give a parametric version of Theorem 1.7.

Lemma 4.3. Let n > 2 be an integer with n ≡ 2 (mod 5). Let a and b be indeterminates.
Then, modulo Φn(q)(1− aqn)(a− qn)(1− bqn)(b− qn),

n−1∑

k=0

(1 + q5k+1)(aq2, q2/a, bq2, q2/b, q2; q5)k

(1 + q)(aq5, q5/a, bq5, q5/b, q5; q5)k

q5k

≡ (1− bqn)(b− qn)(−1− a2 + aqn)

(a− b)(1− ab)

(bq4, q4/b, q3, q7; q5)(n−2)/5

(bq5, q5/b, q2, q6; q5)(n−2)/5

+
(1− aqn)(a− qn)(−1− b2 + bqn)

(b− a)(1− ba)

(aq4, q4/a, q3, q7; q5)(n−2)/5

(aq5, q5/a, q2, q6; q5)(n−2)/5

. (4.2)
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Proof. Like the proof of Theorem 1.4, we can prove the truth of (4.2) modulo (1−aqn)(a−
qn)(1 − bqn)(b − qn). This is because, for a = qn or a = q−n, the left-hand side of (4.2)
can be written as

(n−2)/5∑

k=0

(1 + q5k+1)(q2−n, q2+n, bq2, q2/b, q2; q5)k

(1 + q)(q5+n, q5−n, bq5, q5/b, q5; q5)k

q5k

= 8φ7

[
q2, q6, −q6, q, bq2, q2/b, q2+n, q2−n

q, −q, q6, q5/b, bq5, q5−n, q5+n
; q5, q5

]
, (4.3)

where we have used (q2−n; q5)k = 0 for k > (n − 2)/5. In light of (2.1), the right-hand
side of (4.3) is equal to

(bq4, q4/b, q3, q7; q5)(n−2)/5

(bq5, q5/b, q2, q6; q5)(n−2)/5

.

Since the above expression is congruent to 0 modulo Φn(q), by Lemma 4.2, we know that
(4.2) is also true modulo Φn(q). As (1 − aqn)(a − qn)(1 − bqn)(b − qn) is coprime with
Φn(q), we complete the proof of the lemma. ¤

Proof of Theorem 1.7. Letting b = 1 in (4.2), we acquire the following q-congruence:
modulo Φn(q)3(1− aqn)(a− qn),

n−1∑

k=0

(1 + q5k+1)(aq2, q2/a, q2, q2, q2; q5)k

(1 + q)(aq5, q5/a, q5, q5, q5; q5)k

q5k

≡ (1− qn)2 (q4, q4, q3, q7; q5)(n−2)/5

(q5, q5, q2, q6; q5)(n−2)/5

+
a(1− qn)2(2− qn)

(1− a)2

(q4, q4, q3, q7; q5)(n−2)/5

(q5, q5, q2, q6; q5)(n−2)/5

− (1− aqn)(a− qn)(2− qn)

(1− a)2

(aq4, q4/a, q3, q7; q5)(n−2)/5

(aq5, q5/a, q2, q6; q5)(n−2)/5

. (4.4)

By the L’Hôpital rule, there holds

lim
a→1

{
a(1− qn)2

(1− a)2

(q4; q5)2
(n−2)/5

(q5; q5)2
(n−2)/5

− (1− aqn)(a− qn)

(1− a)2

(aq4, q4/a; q5)(n−2)/5

(q5/a, aq5; q5)(n−2)/5

}

=
(q4; q5)2

(n−2)/5

(q5; q5)2
(n−2)/5



qn + [n]2

(n−2)/5∑
j=1

(
q5j−1

[5j − 1]2
− q5j

[5j]2

)

 . (4.5)

Hence, taking a → 1 in (4.4), and applying (4.5) and the q-congruence [n]2(2 − qn) ≡
[n]2q−n (mod Φn(q)4), we are led to the q-supercongruence (1.9). ¤
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5. More q-supercongruences on truncated sums

We first give a result similar to Theorem 1.1.

Theorem 5.1. Let n be a positive integer with n ≡ 3 (mod 4). Then

n−1∑

k=0

(1 + q8k+1)(q2; q8)4
k

(1 + q)(q8; q8)4
k

q8k ≡ 0 (mod Φn(q)3). (5.1)

Sketch of proof. The proof is analogous to that of Theorem 1.1. This time, we have the
following parametric version of (5.1): modulo (1− abq6n)(a− q6n)(b− q6n),

n−1∑

k=0

(1 + q8k+1)(q2/a, q2/b, abq2, q2; q8)k

(1 + q)(aq8, bq8, q8/ab, q8; q8)k

q8k

≡ (b− q6n)(ab2 − a2b− 1 + abq6n)

(a− b)(1− ab2)

(q10, q4, bq3, bq7; q8)(3n−1)/4

(q9, q5, bq2, bq8; q8)(3n−1)/4

+
(a− q6n)(1− abq6n)

(a− b)(1− ab2)

(q10, q4, aq3, aq7; q8)(3n−1)/4

(q9, q5, aq2, aq8; q8)(3n−1)/4

. (5.2)

Letting b = 1, we conclude from (5.2) that, modulo Φn(q)(1− aq6n)(a− q6n),

n−1∑

k=0

(1 + q8k+1)(q2/a, q2, aq2, q2; q8)k

(1 + q)(aq8, q8, q8/a, q8; q8)k

q8k ≡ (q10, q4, q3, q7; q8)(3n−1)/4

(q9, q5, q2, q8; q8)(3n−1)/4

.

Finally, taking a = 1 in the above q-congruence, we complete the proof. ¤
It is easy to see that Theorem 5.1 has the following conclusion: for any prime p ≡ 3

(mod 4),

4F3

[
1
4
, 1

4
, 1

4
, 1

4

1, 1, 1
; 1

]

p−1

≡ 0 (mod p3), (5.3)

of which a more general form was conjectured by the author (see [6, Conjecture 6.1]) and
proved by Wang and Xia [19].

We also have the following two results similar to Theorem 1.7.

Theorem 5.2. Let n be a positive integer with n ≡ 3 (mod 5). Then, modulo Φn(q)4,

n−1∑

k=0

(1 + q5k+1)(q2; q5)5
k

(1 + q)(q5; q5)5
k

q5k ≡ (q3, q4, q4, q7; q5)(4n−2)/5

(q2, q5, q5, q6; q5)(4n−2)/5

{
1 +

[4n]2q−n

[3n]2

}
. (5.4)

Sketch of proof. We have the following q-congruence: modulo (1 − aq4n)(a − q4n)(1 −
bq4n)(b− q4n),

n−1∑

k=0

(1 + q5k+1)(aq2, q2/a, bq2, q2/b, q2; q5)k

(1 + q)(aq5, q5/a, bq5, q5/b, q5; q5)k

q5k
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≡ (1− bq4n)(b− q4n)(−1− a2 + aq4n)

(a− b)(1− ab)

(bq4, q4/b, q3, q7; q5)(4n−2)/5

(bq5, q5/b, q2, q6; q5)(4n−2)/5

+
(1− aq4n)(a− q4n)(−1− b2 + bq4n)

(b− a)(1− ba)

(aq4, q4/a, q3, q7; q5)(4n−2)/5

(aq5, q5/a, q2, q6; q5)(4n−2)/5

. (5.5)

First letting b = 1 and then taking a → 1 in (5.5), we get the q-supercongruence: modulo
Φn(q)4,

n−1∑

k=0

(1 + q5k+1)(q2; q5)5
k

(1 + q)(q5; q5)5
k

q5k

≡ (q3, q4, q4, q7; q5)(4n−2)/5

(q2, q5, q5, q6; q5)(4n−2)/5



1 + [4n]2q−4n

(4n−2)/5∑
j=1

(
q5j−1

[5j − 1]2
− q5j

[5j]2

)

 ,

which is equivalent to (5.4). ¤

From Theorem 5.2 we can deduce that, for any prime p ≡ 3 (mod 5),

5F4

[
2
5
, 2

5
, 2

5
, 2

5
, 2

5

1, 1, 1, 1
; 1

]

p−1

≡
50(3

5
)(4p−2)/5(

4
5
)2
(4p−2)/5

9(1)2
(4p−2)/5(

6
5
)(4p−2)/5

p (mod p4).

Theorem 5.3. Let n be a positive integer with n ≡ 4 (mod 5). Then, modulo Φn(q)5,

n−1∑

k=0

(1 + q5k+1)(q2; q5)5
k

(1 + q)(q5; q5)5
k

q5k ≡ (q3, q4, q4, q7; q5)(3n−2)/5

(q2, q5, q5, q6; q5)(3n−2)/5

{
1 +

[3n]2q−2n

[n]2

}
. (5.6)

Sketch of proof. Modulo Φn(q)(1− aq3n)(a− q3n)(1− bq3n)(b− q3n), there holds

n−1∑

k=0

(1 + q5k+1)(aq2, q2/a, bq2, q2/b, q2; q5)k

(1 + q)(aq5, q5/a, bq5, q5/b, q5; q5)k

q5k

≡ (1− bq3n)(b− q3n)(−1− a2 + aq3n)

(a− b)(1− ab)

(bq4, q4/b, q3, q7; q5)(3n−2)/5

(bq5, q5/b, q2, q6; q5)(3n−2)/5

+
(1− aq3n)(a− q3n)(−1− b2 + bq3n)

(b− a)(1− ba)

(aq4, q4/a, q3, q7; q5)(3n−2)/5

(aq5, q5/a, q2, q6; q5)(3n−2)/5

. (5.7)

The rest is as before. ¤

It follows from Theorem 5.3 that, for primes p ≡ 4 (mod 5),

5F4

[
2
5
, 2

5
, 2

5
, 2

5
, 2

5

1, 1, 1, 1
; 1

]

p−1

≡ 15
(3

5
)(3p−2)/5(

4
5
)2
(3p−2)/5

(1)2
(3p−2)/5(

6
5
)(3p−2)/5

p (mod p5).
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6. Two open problems

It seems that the following generalization of (5.2) is true.

Conjecture 6.1. The q-supercongruence (5.4) holds modulo Φn(q)5.

To prove the above conjecture, it suffices to show that (5.5) holds modulo Φn(q). But
the same technique in the proof of Lemma 4.2 does not work here.

Numerical computation implies that the following q-analogue of (1.2) modulo p should
be true.

Conjecture 6.2. Let n > 1 be an integer with n ≡ 1 (mod 4). Then

n−1∑

k=0

(q; q4)4
k

(q4; q4)4
k

q4k ≡ q(n−1)/4
(q; q2)2

(n−1)/4(q
2; q4)(n−1)/4

(q2; q2)2
(n−1)/4(q

4; q4)(n−1)/4

(mod Φn(q)). (6.1)

Furthermore, can we extend the q-congruence (6.1) to the modulus Φn(q)2 (or higher
powers of Φn(q)) case? We leave this task to an interested reader.
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