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Abstract. In 1997, Van Hamme conjectured 13 Ramanujan-type supercongruences. All
of the 13 supercongruences have been confirmed by using a wide range of methods. In
2015, Swisher conjectured Dwork-type supercongruences related to the first 12 supercon-
gruences of Van Hamme. Here we prove that the (C.3) and (J.3) supercongruences of
Swisher are true modulo p*" (the original modulus is p'") by establishing g-analogues of
them. Our proof will use the “creative microscoping” method, recently introduced by
the author in collaboration with Zudilin. We also raise conjectures on g-analogues of
an equivalent form of the (M.2) supercongruence of Van Hamme, partially answering a
question at the end of [Adv. Math. 346 (2019), 329-358].
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1. Introduction

In 1914, Ramanujan [25] mysteriously stated 17 hypergeometric series representations of
1/m, including
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k=0

where (a), = a(a+1)---(a +n — 1) denotes the Pochhammer symbol. In 1997, Van

Hamme [29] listed 13 interesting p-adic analogues of Ramanujan’s and Ramanujan-type

formulas, such as
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where p > 3 is a prime. The supercongruence (1.1) was proved by Van Hamme [29]
himself and Long [19] proved that it also holds modulo p* by using hypergeometric series
identities and evaluations. The supercongruence (1.2) was also confirmed by Long [19]. It
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was not until 2016 that the last supercongruence of Van Hamme was proved by Osburn
and Zudilin [23]. For some background on Ramanujan-type supercongruences, we refer
the reader to Zudilin’s paper [32].

In 2015, Swisher [27] proved and reproved several supercongruences of Van Hamme by
utilizing Long’s method. Furthermore, she proposed some conjectures on supercongru-
ences that generalize Van Hamme’s supercongruences (A.2)—(L.2). In particular, Swisher’s
conjectural (C.3) and (J.3) supercongruences, which are generalizations of (1.1) and (1.2)
respectively, can be stated as follows: for any prime p > 3,

(»"-1)/2 (L) (pr'=1)/2 (l)
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> (6k + 1) 57 = (-1 yP=D/2), Z (6k + 1), 5 (mod p™"). (1.4)

In recent years, g-analogues of congruences and supercongruences have been investi-
gated by many authors (see, for example, [3-15,17,22,26,28,30,33]). In particular, using
the ¢-WZ method [31] the author and Wang [13] gave a g-analogue of (1.1): for odd n,
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Moreover, the author [5] conjectured that, for odd n,
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Here and in what follows we adopt the standard g-notation: (a;q), = (1—a)(1—agq) --- (1—
aq" ') is the g-shifted factorial; [n] = [n], =14+ q+ -+ ¢"" is the g-integer; and @,(q)
stands for the n-th cyclotomic polynomial in q:

)= [ (a—¢)

1<k<n
ged(n,k)=1

where ( is an n-th primitive root of unity. The author [5] himself proved that the ¢-
supercongruence (1.6) is true modulo [n]®,,(¢g). Shortly afterwards, the author and Zudilin

[14] proved that (1.6) holds modulo [n]®,(q)? by a newly introduced method of creative
microscoping.



It is worth mentioning that (1.3) and (1.4) have the following companions: for any
prime p > 3,

T (b
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which were conjectured in [13] and [5], respectively.
Given a prime p, a power series f(z) = > -, Axz" is said to satisfy the Dwork con-
gruence [1,21] if

frin(z) _ fr(2)

) = Tty (edP[ll]) forr =12, (1.9)
where
p"—1
k=0

denotes the truncation of f(z). Moreover, if the modulus in (1.9) can be replaced by
p°Zy[[2]] for s = s, > r, then we say that it satisfies a Dwork supercongruence. Formally,
we need the condition f1(2?) = S°P—0 ApzP* # 0 (mod pZ,[[2]]) satisfied to make sense of
(1.9). However this may be relaxed to fi(2?) # 0 (mod p™Z,[[z]]) if the congruences (1.9)
hold modulo p™Z,[[z]] for some m > 1. This allows one to view Swisher’s conjectures
from [27] as particular instances of Dwork-type supercongruences.

The aim of this paper is to establish (partial) g-analogues of (1.3), (1.4), (1.7) and
(1.8). We divide them into two theorems. It is reasonable to call the g-congruences in the
theorems q-analogues of Dwork-type supercongruences.

Theorem 1.1. Letn > 1 be an odd integer and let v > 1. Then, modulo [n"] [T}_, ®,i(q)?,
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It is easy to see that, when n = p is a prime and ¢ — 1, the g-supercongruences (1.10)
and (1.11) reduce to (1.3) and (1.7) modulo p?".



Theorem 1.2. Letn > 1 be an odd integer and letr = 1. Then, modulo [n"| [[;_; ®pni(q)?,
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Similarly, when n = p is a prime and ¢ — 1, the g-supercongruences (1.12) and (1.13)
reduce to (1.4) and (1.8) modulo p*".

We prove Theorems 1.1 and 1.2 in Sections 2 and 3, respectively. We shall accomplish
this by using the creative microscoping method from [14]. More precisely, we shall give
parametric generalizations of Theorems 1.1 and 1.2. In Section 4, we propose several
conjectures on g-analogues of an equivalent form of the (M.2) supercongruence of Van
Hamme [29], thus answering in part a suspicion of the author and Zudilin in [14].

2. Proof of Theorem 1.1

We first give the following result, which follows from the ¢ = 1 case of [14, Theorem 4.2].
Lemma 2.1. Let n be a positive odd integer. Then
(n—1)/2
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We also need the following lemma, which is a also special case of [14, Theorem 4.2].
For the reader’s convenience, we give a two-line proof here.

Lemma 2.2. Let n be a positive odd integer. Then
(n—1)/2
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Proof. Recall that Jackson’s g¢5 summation formula can be written as

(1 —ag®)(a; Q)b Or(c; )rla™; @)r (an“>k _ (ag;q)n(ag/bc; q)n
(
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N

(see [2, Appendix (I1.21)]). Performing the substitutions ¢ — ¢*, a = b = ¢, c = ¢ and
N = (n —1)/2 in the above formula, we get the desired identity. O



Like many theorems in [14], Theorem 1.1 has a parametric generalization.

Theorem 2.3. Let n > 1 be an odd integer and let r > 1. Then, modulo

(nr=1-1)/d
] I (= ag® ™)@ — ¢,
§=0
we have
(n"—1)/d
S k1 (aq; ¢*)r(q/a; ¢*)i(q; )i
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kz:% q (aq2n; an)k(QQn/a’ q2n)k(q2n’ q2n)z
where d =1, 2.

Proof. By Lemma 2.1 with n +— n’", we see that the left-hand side of (2.1) is congruent
to 0 modulo [n"]. On the other hand, letting r — r — 1 and ¢ — ¢" in Lemma 2.1, we
conclude that the summation on the right-hand side of (2.1) is congruent to 0 modulo
[n"~1,n. Furthermore, it is easy to see that, for odd n, the g-integer [n] is relatively prime
to 1+ ¢" for any positive integer k. Hence [n] is also relatively prime to the denominators
of the sum on the right-hand side of (2.1) because of the relation

n

(4" _ [%] 1
(@) LK (=% a7

where [2:} o= (q™; q")ax/(q"; q™)3 is the central g-binomial coefficient. This means that
the right-hand side of (2.1) is congruent to 0 modulo [n][n""!,» = [n"]. Namely, the
g-congruence (2.1) is true modulo [n"].
To prove that it is also true modulo
(nr=1-1)/d
[ (- ag®+m)a— geim) 22)
=0

it suffices to prove that both sides of (2.1) are equal when a = ¢~®+V" or ¢ = ¢+
forall 0 <j < (nt=1)/d,ie.,
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It is clear that (n"—1)/d > ((2j+1)n—1)/2for 0 < j < (n"~'=1)/d, and (¢'~ @+ ¢?),, =
0 for £ > ((2j + 1)n — 1)/2. By Lemma 2.2, the left-hand side of (2.3) is equal to
¢~ @+1m/2[(25 4+ 1)n]. Similarly, the right-hand side of (2.3) is equal to
q(lfn)/2[n] ‘qun[Qj 1) = q(1*(2j+1)n)/2[(2j + 1)n).
This proves (2.3). Namely, the g-congruence (2.1) holds modulo (2.2). Since [[;_, ®,.;(q)
|

and (2.2) are relatively prime polynomials, we complete the proof of (2.1).

Proof of Theorem 1.1. It is easy to see that the limit of (2.2) as a — 1 has the factor

[ ()™, ifd=1,
[Toy @ (™7, it d =2.

On the other hand, the denominator of the right-hand side of (2.1) divides that of the left-
hand side of (2.1). The factor of the latter related to a is (ag?; ¢*) mr—1y/2(¢%/@; ¢*) (nr—1) 2,
the limit of which as a — 1 only has the following factor

H;Zl (I)nj (q)Qnrfj—Q’ ifd= 1,
[ (™" ifd=2.

related to ®,(q), P,2(q), ..., P, (q). Thus, letting a — 1 in (2.1), we see that (1.10) is
true modulo [];_; ®,.i( ) one product [[;_, ®,;(g) of which comes from [n'].
)

j: q
Finally, by (1.5) and [14 Theorem 4. 2] we see that

(n—1)/2

Z [+ 1]7 )k _ nzl[zuc L q2)i4 =0 (mod [n]).

—~ U (4% ),

Replacing n by n” in the above congruences, we see that the left-hand sides of (1.10) and
(1.11) are congruent to 0 modulo [n"], while letting ¢ — ¢" and n — n"~! in the above
congruences, we conclude that the right-hand sides of them are congruent to 0 modulo

[n][n" "' = [n"]. It follows that (1.10) and (1.11) hold modulo [n"]. The proof of the
theorem then follows from the fact that the least common multiple of [’_; ®,;(¢)* and
[n'] is just [n'] ]}, P, (q)2. O

3. Proof of Theorem 1.2

Similarly as before, we need the following lemma, which is a special case of [14, Theo-
rem 4.3] and can be deduced from [24, eq. (4.6)].



Lemma 3.1. Let n be a positive odd integer. Then

(n=1)/2
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We also need to establish the following parametric generalization of Theorem 1.2.

Theorem 3.2. Let n > 1 be an odd integer and let r > 1. Then, modulo
[nr] (1 . aq(2j+l)n)(a - q(2j-&-1)n)7

we have

(n"-1)/d

2 (aq; *)e(q/a; @) r(a? q*)x
> ¢ [6k+1]
k=0 !

(aq*; q")i(q*/a; ") e(q*; ¢
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(
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k=0

n

aq"; ¢k (q" /a; " (*"; 4"k
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(3.3)

where d =1, 2.

Sketch of proof. By (3.1), we see that both sides of (3.3) are congruent to 0 modulo
[n"] = [n][n""!4m. Thus, the congruence (3.3) holds modulo [n"]. To prove that (3.3)
also holds modulo (2.2), it suffices to show that both sides of (3.3) are identical when
a=q @t or g = ¢+ for all 0 < j < ("' — 1)/d. We may accomplish this by
applying (3.1) on both sides of (3.3) with a = ¢~*+1n, O

Proof of Theorem 1.2. The proof is similar to that of Theorem 1.1. Letting a — 1in (3.3),
we conclude that (1.12) is true modulo H;Zl ®,;(q)%. On the other hand, by [5, Theorem
1.3] or [14, Theorem 4.3], we have

(n—-1)/2 L oN2(.2. 4 n—1
S 6k + 1 (qjq(q)‘*k'(j‘*)’iq )k Ezqk2 6k + 1] (g; q(q) (;)Q) — 0 (mod [n]).

Applying the above congruences, we immediately conclude that both sides of (1.12) and
(1.13) are all congruent to 0 modulo [n"]. This completes the proof. O



4. Concluding remarks

We have seen that supercongruences can be proved by establishing suitable g-analogues
of them. As mentioned in [14], the creative microscoping method used to prove g-
supercongruences cannot be transformed into a method used to prove usual supercon-
gruences. Although we have only proved (1.3), (1.4), (1.7) and (1.8) modulo p*" instead
of expected p*", no proofs were known before for such congruences even modulo p*".

Note that a complete g-analogue of Swisher [27, (I1.3)] has already been given by the
author [6]; it has a somewhat different flavour. It is also possible to give g-analogues or
partial g-analogues of some other supercongruences conjectured by Swisher in [27]. See
the recent joint work with Zudilin [16].

In this context we also need to highlight that certain supercongruences are related to
the coefficients of modular forms. One famous example is the supercongruence (see Van
Hamme [29, (M.2)] and Kilbourn [18])

i = ~51 = (mod p?)
valid for an odd prime p, where 7, stands for the p-th coefficient in the g-expansion
q(q*; QQ)io(Cfl; Q4)§o = Z Ynq" (of a modular form).
n=1

Although Swisher [27] did not give a generalization of the (M.2) supercongruence, Long
et al. [20, Section 2.1] showed that the proof of the (M.2) supercongruence is equivalent
to verifying that

S0 _ (S (5 0

2k _ 2 2 3
Z A (Z k14 ) <Z k14 ) (mod p”) (4.1)
k=0 0
holds for r = 1 and 2 (hence for all » > 1). Recently, the author and Zudilin [14] suspected
that a g-analogue of the supercongruences (4.1) should exist. Here we formulate such a
g-analogue.

Conjecture 4.1. Let n > 1 be an odd integer and let v > 1. Then, modulo ®,(q)3,

n"tl—1 n—1 n"—1 n2 n2
Z (¢; )i = Z (4:4°)% 2 Z ("5 ¢* ) 2k (4.2)
- n2. ,2n? ' :

By the Lucas theorem, one sees that (3)/k! = (%f) /4* =0 (mod p) for k in the range
(p*+1)/2 < k < p* —1 where s = 1,2,.... Thus, the supercongruence (4.1) has the
following equivalent form:

(p—1)/2 (1)4 (p"-1)/2 (;)4

4 1
_Mk = Z lj—!f Z ]z—!f (mod p?). (4.3)

k=0 ’ k=0 k=0

Likewise, we have the following natural g-analogue of (4.3).
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Conjecture 4.2. Let n > 1 be an odd integer and let v > 1. Then, modulo ®,(q)?,

(nr+171)/2 (q q ) (nfl)/Z (q q2) (”T*I)/2 (qn2 q2n2)4 ,
Gk ok — )k 2k ; k  2n2k
E o onad E 75 onad E T omz_ananad : (4.4)
— (") —~ (¢* )y, (g ™),

We should mention that the ¢g-congruences (4.2) and (4.4) are not equivalent to each
other. This is because the left-hand sides of (4.2) and (4.4) are not congruent to each
other even modulo ®,,(¢). (Instead, they are congruent to each other modulo ®,,-+1(q)?.)

Finally, we propose the following partial g-analogues of (4.1) and (4.3).

Conjecture 4.3. Let n > 1 be an odd integer and let r > 1. Then, modulo ®,(q)?,

(n™+1-1)/d (n— 1)/d (n"—1)/d
Z (an)k 2k — k 2k Z (q q )k 2nk (4.5)
— (%% po — (q* ")y,

ford=1,2.

So far we did not find any parametric generalizations of (4.2), (4.4) and (4.5). This
makes it difficult to use the creative microscoping method here. In any case, it is the first
time when a g-version of (4.1) is given, though conjectural. We hope that an interested
reader will make some progress on it.
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