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Abstract. Let [n]! =[], (1 + ¢+ -+ ¢"') denote the g-factorials and let [}] =

k
[n]!/([k]![n — k]!) be the g-binomial coefficients, where 1/[k]! = 0 if k is a negative integer.
Let mq,...,my,m,y1 = my and ny,...,ng, ng1 = ng be positive integers with r, s > 1.

We prove that the alternating sum
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is a polynomial in ¢ with non-negative integer coefficients for 0 < a < s. We also propose
some related conjectures.
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1 Introduction

It is well known that, for s = 1, 2, and 3, the alternating sum

m\ " — L 2n Y\’
(n) ;;n( 1) (n N k) (1.1)
is equal to 0, 1, and (3:), respectively. On the other hand, by using asymptotic techniques,
de Bruijn [6] showed that there is no closed form for (1.1) for s > 3. In 1998, Calkin [5]
proved a surprising result: for all positive integers n and s, the expression (1.1) is always
an integer. In 2007, the author, Jouhet, and Zeng [12] succeeded in giving the following
generalization of (1.1): for all positive integers nq,...,ng, ng =ng, and 0 < a < s — 1,
the alternating sum
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is a polynomial in ¢ with non-negative integer coefficients. Here and in what follows, the
q-shifted factorials are defined by (a;q)o = 1 and (a;¢), = (1 —a)(1 —aq)--- (1 —ag™™1)

forn =1,2,..., and the g-binomial coefficients are defined as
k .
1 — q:v—z—H )
k i=1
0, if £ <O.

In particular, when z = n is a non-negative integer, we have

(¢ Dn

{”} = (@ Dr(g O’

if0<k<n,
k

0, otherwise.

Moreover, the g-integer is defined as [n] = (1 — ¢")/(1 — q) and the g-factorial is defined
by [n]! = [n)fn — 1]--- [1].

In this paper, we shall prove some similar results on another kind of alternating sums
of products of g-binomial coefficients. Our approach makes use of two recurrence relations,
which are similar to that in [12].

Here is a summary of our main results.

Theorem 1.1. For s > 3 and all positive integers m, ny,...,ng, ngy1 = ny, there holds
L 2m + 1 n; + n;
1)k (5= DR+ (%) i i+1
Z (=1 m+k H n; +k
k=—n1 =1
2m + 1]![ng + n,)! m—+ As—g +ns+1 2 [ Ai—1 | Mg + Ny
= Gl e £ 2 e[l
[m)![ni]![m + ns + 1] N Py Ai Nit1 — i
where ngy 1 = N\g = ny and the sum ranges over all sequences A = (A1, ..., A\s_2) of non-

negative integers such that \g = Ay = -+ = As_o.

Theorem 1.2. For s > 3 and all positive integers my, mo,nq,...,Ns, Ngr1 = Ny, there

holds

i( 1)k s+ (%) mi+me+1|[mi+me+1 ﬁ N + Ny
1 my + k my + k , n; +k

k=—n1

~ [malna]![ma + ng + 1! §:AQWSQ}rm+m+J}rn+my+&l+1
l

[my + ma + 1]![ny + ny N — A1 my
Tz [Nt ] [ + nige
X , 1.3
Hq {AiHnm—)\] (13)
=1
where ngy 1 = A\g = ny and the sum ranges over all sequences A = (A1,...,A\s_1) of non-

negative integers such that \g = Ay = -+ > As_1.



Theorem 1.3. Let my,...,m,,my11 =my and nq,...,Ns, Ngr1 = N1 be positive integers
with r,s > 1. Then the alternating sum

[ma]![n ][mr—i-ns—i—l i Yok L mi Fma + 1 H nj +nj
[m1 + my + 1]y + ny)! i paley m; +k nj+k
(1.4)

s a polynomial in q with non-negative integer coefficients for 0 < a < s.

Note that Theorem 1.3 may somewhat be regraded as a generalization of Theorem 1.1.
In particular, when we take r = 1, m; = m, and a = s —1 in Theorem 1.3, the polynomial
(1.4) is explicitly computed in Theorem 1.1. However, Theorem 1.2 is not a special case
of Theorem 1.3.

The paper is organized as follows. We shall prove Theorems 1.1-1.3 in Sections 2-4,
respectively. In Section 5, we propose a conjecture on the g-positivity of ¢-super Catalan
numbers. In Section 6, we give some consequences of Theorem 1.3. Finally, we put
forward some related conjectures in Section 7.

2 Proof of Theorem 1.1

We need two known formulas in basic hypergeometric series. One of them, already utilized
by the author, Jouhet, and Zeng [12], is the ¢g-Pfaff-Saalschiitz sum [8, Appendix (I1.12)]
(see also [10,15]):

n1—k
{m + ng} [ng + n3} [ns + n1} _ 12 0" (¢ Q) gty —k—r
mtk]ne+k]ns+k] = (@606 Dr26(G Dyt (G Dz (6 Dg—ro—r
(2.1)
where we have assumed that 1/(q;q), =0 if n < 0.
Recall that Jackson’s terminating g-analogue of Dixon’s sum can be written as
i (—1)fq®—h)/2 ["1 * ”2} [”2 + ”3} {”3 + ”1] I e ] P
ni + k Nng + k ns + k [nl]'[ng]'[ng]'

k=—n1

The other formula we need is the following invariant of (2.2). Our proof is similar to that

of (2.2) in [11].

Lemma 2.1. For positive integers ny, ne, and ns, there holds

i (_1)kq(3k2—k)/2 {m + nz] [nz +ng + 1} |:Tl3 + nl] _ [ny + ny + nz + 1]! |
n1+k NQ—Fk n3+k [n1+n3+1][ ] [ng]'[ng}!

(2.3)

k=—nq



Proof. Note that [}] = I for 0 < k < n. We can rewrite (2.3) as follows:

& [n—A]!
3 +ngl| N9 +ng3+ 1| [n3+ng
1 1)k (3K —k)/2 n
[n1 + ng + ];( )'q ny+k ny + k ny —k
= [n1 +ng +n3 + 1] S R : (2.4)

It is clear that both sides of (2.4) are polynomials in ¢ of degree ny 4+ ny + 1. It suffices
to check (2.4) for ny + ny + 2 different values of ng. Suppose that n; < ny (it is easy to
see that the identity (2.3) is intrinsically symmetric in n; and ns).

For n3g = 0, we can verify that

[y + 1] <[”1n+1”2] s+ 1] — g [Zﬁ’ﬂ [n1]> = [y +np + 1] {”1;”2] ,

and so (2.4) holds. For ng = —m with 1 < m < ny + ny + 1 the right-hand side of (2.4)
vanishes, while the left-hand side of (2.4) becomes

2_ +ng|l [N —m+1||ni—m
I — _ 1 1)k 3K =R)/2 ni .
[nl me ]g( )q nl—l—k: n2+k3 nl—k‘

We now prove that L = 0 for 1 < m < ny + ns by considering the following four cases:

e If m € [1, ny], then [%:ﬂ =0 for k<0 and ["2”;:'_1]:1} =0for k>1.

o If m=mny +1, then [ny —m+ 1] = 0.

o If m € [ny +2, ny+ 1], then [”2{211;1] = 0 for any k in the range —n; < k < ny.
o If m € [ny+2, ny+ng + 1], since [_]f] = (—1)kq_kx_(§> [‘H:_l], we have
L :Z(_l)Hernzq(nQ;k)JrA ng+ng||m+k=2m-~k—-1
[ny —m +1] m+k|lm—-—ny—2|m-n —1

k
_ Z(_l)k+m+n2—1q("22"")+3 ni+ng||m+k—2k—ny—1
k n1+k m_n2_2 m—n1—17

(2.5)

where A =ny(ny +1)/2+ 2ny — (ny + ng)m + kng and B=A+ (m —k —1)(m —

m—1) - ().

m-+k—2 ] [kfnl -1

Clearly, the expression ¢? [m_n2_2 1

} is a polynomial in ¢* of degree
no—(m-ny—1)+2m—ny —ng—3=m—2<n; +ny— L.

The right-hand side of (2.5) vanishes if we can confirm that

> (—1)kg(" ) {nl T]ﬂ ¢* =0, for0<j<n +ng—1. (2.6)
ny
k
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Employing the ¢-binomial theorem

(see, for example, [2, p. 36]) with z = ¢~/ and replacing k by n — k, we get
S (-1 m 30, foro<i<n1, 7)

which is equivalent to (2.6) by putting n = n; 4+ ny and shifting k to n; + k.

]
Let S(mq,...,my;nq,...,ns a,q) denote the following alternating sum:

[ml]'[nl] [m,« + ng + Z k ak2+ ﬁ m; + mMi1 +1 ) ﬁ n; + U7ES]

[m1 +m, + 1)1 n1+n' = pale m; + k e n;+k
where m, 1 = mq, ngy1 = ng, and mq, ..., m,,ny,...,ng are allowed to be 0’s. We need
to establish the following recurrence relation.

Lemma 2.2. Let s > 3. Then, for all non-negative integers m,ny,...,ngs and a,
= 2 [N N9 + N3
S(m;ny,...,nga,q) = ! S(m;l,ns,...,nga—1,q). 2.8
(mi 0 =30 7] st ) @Y)
Proof. For any integer k£ and non-negative integers m, ay, ..., a;, let
!
2m+1 a; + (7]
C(m;ay,...,a; k)= ,
(m; i k) [m%—k}g{ai—%k

where a;41 = a;. Then

(@ D@ Doos (@ Dnenir N kak2 (%)
S(m;ny,...,nga,q) = - —1)%q" "\ C'(m;nq, ..., ng k).
(i1 ) (¢ D2m+1(45 Dy ns 2 (-1 (i )

k=—n1
(2.9)
Note that for s > 3 there holds

C(m;ny, ... ngk) = (& Dt (45 Dnsoms [”1 + n2] {”1 R

C(m;ns,...,ngk),
(q; q)nl-‘rTLQ (Q; Q)ns+n3 ni + k Ny + ]{3:| ( 3 )

and, taking the limits as n3 — oo in (2.1) leads to

ni—k r242kr (.
|:7”L1 + n2:| |:TL1 + 7”L2:| _ Z ( q (Qa Q)n1+n2 (210)

m4+k||ne+k @ Dr( G Qr+26(8 Oy —k—r (G Ong—k—r



Substituting the above two identities into (2.9), we obtain

(0 D) (@ D (@ Dnotns (@ QD metng+1

S(m;ny, ..., nga,q) =
(i ) (4 D2m+1(G Qnatns
m ok (424 (@~ DR+ (5) 1 (- e
« 3 Z(_1>kq (ming,...,nsk)
P (4 D (@ D28 (@5 Dy (@ Dno—t—r

Letting [ = r + k, then —ny; <1 < ny. However, if [ < 0, then at least one of the numbers
[+ k and | — k is negative for any k, which means that 1/((¢; ¢)i—x(¢; ¢)i+x) = 0 by our
assumption. Thus, exchanging the summation order, we obtain

S(m;nl, ceey Mg G,Q)
n l a—1)k24(*
_ 1 ql2 <q7 q>m<q7 q)nl (q’ q)n2+n3 (q7 q)m+ns+1 (—1)kq( 1)k‘ +(2)C(m7 Nng,...,Ng; k)
(05 9)2m 1 (4 D —1(6 Do —1(@5 Dnng. 2=, (93 0)i-+(0; Dk

Finally, performing the following substitution

Clming, ... nm: k) = (& 9)i1-+(& D)i6(& Do
A (% Dns+1(T5 Dt

we complete the proof of (2.8). O

(m;lan& s 7ns;k)7

Proof of Theorem 1.1. It is not difficult to see that, the identity (2.3) has the following
equivalent form:

i (—1)* @k2—k)/2 | 2m + 1] [n 4+ na | |n1 + ng
! m+k n1+l€ n2+k

k=—n1
_[2m 4 1]y 4 no)!m 4 ny + 0y 4 1] (2.11)
[m]![na)![n2)!fm + nq + 1 [m + ng + 1] '
It follows that
1
S(m;nq,ng; 1) = [m+n1+n2+ } (2.12)
U
The identity (1.2) then follows by iterating the recurrence (2.8) s — 2 times. O
3 Proof of Theorem 1.2
We have the following identity similar to (2.11):
i(—l)k (3k2—k)/2 m1+m2+1 m1+m2+1 2n
= g my + k mo + k n-+k
_ [ma A ma + 1]120][my 4+ ma +n 4 1]! (3.1)

[l ma)!n] !y + n 4 1] [ma +n 1)1

On the basis of the above identity, we can establish the following result.
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Lemma 3.1. Let my, mso, n1,ny be non-negative integers. Then
ni
nq m2+n2+1 m1+m2+l—i—1
S : :2.q) = e . 3.2
(i, ma;ni, ma3 2, q) ;q [l}{ Ny — 1 ]{ Mo (3.2)
Proof. By definition, we have
S(m1, me;ni,n2; 2, q)

_ Ima]l[ma]!fms + ny + 1]
[m1 + may + 1]![ny + no)!

% Z k 2k2 |:m1 + mo + 1:| |:m1 + mo + 1:| |:n1 + n2:| |:7L1 + 77,2‘|

[ m1+k m2+k n1+k n2+l€

Substituting (2.10) into the right-hand side of the above identity, we get

S(mh ma; Ny, Na; 2, C])

(% 9)mi (4 Dy (@ Dimgng41
(¢ q)m1+m2+1

ny ni1—k

DDy

Nl S VO R r+2k(q Dy k(G Dng—k—r

) (k+7)2+(3k%—k)/2 {

m1+m2+1 m1+m2+1
m1+/<: m2+k

Putting | = r + k, then —ny < I < ny. However, if [ < 0, then at least one of [ + k
and [ — k is negative for any k, which indicates that 1/((q; ¢)1—x(¢; ¢)ix) = 0. Therefore,
exchanging the summation order, we can write the right-hand side as
i 0" (@ D (6 Dy (6 Drma-ima 1

(q

—o \& D i =@ Dno—1(@ Dy +mo+1(45 Q)

X ) (—1)kqBRE R [ml +ma + 1} [ml +may + 1} { 2 ]

= my + k mo + k [+ k
_ iqp {nl] [mg + ngy + 1} [ml +mo+1+ 1}
pn [ ng — 1 Mo ’
where we have used the identity (3.1) with n = . This completes the proof. O

Proof of Theorem 1.2. Like the proof of Lemma 2.2, we can prove that, for s > 3,

S(my,mo;ny, ..., ng a,q) = quz [nll} {M + n3] S(my,mo;l,ns,...,nga—1,q). (3.3)

ng — [
1=0 2

The identity (1.3) then follows by repeatedly using the recurrence (3.3) s — 2 times. [



4 Proof of Theorem 1.3

Let Sy(mq,...,mm;nq,...,nga,q) denote the expression (1.4). We need to establish the
following recurrence relation.

Lemma 4.1. Let r > 3. Then, for all non-negative integers mq,...,m,, ni,...,ng and
a)
Sl(mla ey MMy oy Mg aaQ)
o my] [me +ms +1
:qu2+l ! 2 3 Si(lyms,...,meng, ... NG a,q). (4.1)
{ mo —1
1=0
Proof. For any integer k and non-negative integers aq, ..., ay, by, ..., b,, let
“ a; + a;+1 +1 ° bj + bj+1
Clay,...,ay;b1,...,by k) = . ,

where a,1 = a; and b, 1 = b;. Since the k-th summand in the summation (1.4) without
the prefactor is zero for

kE>min{m; +1,...,m,+1,nq,...,n4}
or
k< max{—my,...,—m,, —nq,...,—Ngs},
we have
Sl(mly---amhnla cee ans§a7Q)
mi1+1
_ ((]; Q)m1 ((]; Q)m (q§ Q)mr+ns+1 12 (_1>kqak2+(2r—1)(§)C(m1 my;ny n ]C)
(@ Dmatme 41 (G Dnaeny 2 S
(4.2)
Note that for > 3 there holds
C(my,...,mpny, ... ,ngk)
yd)matm s 4)me+m 1 1
= (qiq> 2+ 3+1(q.q) T+ 1+1 [m1+m2+ } [m1+m2+ ]C(m37"'7m7";n17"'7n5;k‘)’
(@ Dmymo+1 (@ Qmprms+1 my + k my + k

By the ¢-Chu—Vandermonde sum [8, Appendix (I1.7)], we have

)

my+mo + 1 _mlikjﬂ my —k+1 mo+Fk | 2ion
mi+k | t t+2k—1)°

t=0

which can be written as

[ml ik 1} {ml i 1} = ml_zkﬂ A (/1) I
my + k mo + k o (4 De(@ Divor—1(G Dy —b—141(05 QD my—k—t41
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Plugging the above two identities into (4.2), we get

Sl(m17'"7m7’;n17"’)n8;a7q)

(G Dmi (4 D0 (@ Dimarms +1(45 D my 441

(@ Dmetms+1(€ Dyt
mi+1 my—k+1 (t+k:) _t+(a—1)k2+(2r—1)(’;)c(m3

<22

k=—m;

My, N k)

q Q)t(q; Q)t+2k71<Q§ Q>m1fk7t+1(q; Q)mgfkftJrl

Letting l =t+k —1, then —my <1 < mj+ 1. However, if [ < 0, then at least one of [ + k
and [ — k + 1 is negative for any integer k, which means that 1/((¢; ¢)i—x(¢; ¢)i4x-1) = 0
by our assumption. Thus, exchanging the order of summation, we have

Si(ma,...,myng, ..., nga,q)

mi

2
¢ NG D (G Dy (G Domoymis 11(G D, 1
(& Dmetms+1 (@ D =1(G QDima—1(@5 Dy,

y H'Zl )k ak?+(2r— 3)( )C(m37,,,7mr;n17”,7ns;]g).
P (¢ D)i-k+1(¢ @i+

Finally, performing the following substitution

C(ms,...,myng, ... ,ngk)

_ (@ D1-11(4 Dtk Dyt 1
(@5 Dmg+141(@ D1

we complete the proof of (2.8). O

(I,mg,...,mung,...,ngk),

Proof of Theorem 1.3 for r = 1. We proceed by induction on s > 1. Letting ny — o0 in
(2.11), we get

| s 2
Sl(m1§n1§ 17(]) = [ml] [nl] [ml LT 1] Z (_1)kq(3k e le . 1:| [ g :| -h

[2my + 1]![2n4]! my+k | |ni+k

k=—n1

(4.3)
and so

mini+n1 _ qrm ni+ny

S1(ma;n1;0,q) = Si(my;ni; 1,47 g
Consider the s = 2 case. Similarly as before, we have

51(m1; ni, ng; 2, CI)

ni l

-y ( 0" (@ Do (G D (@ Doy a1 Z L2 [2m1 + 1] { 2 }

@ D —1(€3 Do —1(G )2y 41 (4 Q2 2 my+ k| [1+Fk

= 2|y [ + ng + 1
- Z 1 I ’
1=0 N2 =




where we have used the identity (4.3) with n; = [ in the last step. Consequently,

S1(mi;ny,m2;0,q) = Si(my;ng, ng; 2, g )gtmmrn
is also a polynomial in ¢ with non-negative integer coefficients. This together with (2.12),
with S replaced by Sy, proves the theorem for s = 2.

We now assume that the alternating sum Sy (mq;nq,...,n5_1;a,q) is a polynomial in ¢
with non-negative integer coefficients for some s > 3 and all a in the range 0 < a < s— 1.
Then, in light of the recurrence (2.8), so is Si(my;ny,...,ns;a,q) for 1 < a < s. In what
follows we shall prove that S(mq;nq,...,ns0,q) also has the required property. Since
the g-binomial coefficient [7] is a polynomial in ¢ of degree k(n — k) (see [2, p. 33]) and

m = [Z} ¢"*=") it is easy to see that

Si(misn, ... ng;0,q) = Si(myny, ... ng s, g7t )gnme e,

and the degree of the polynomial S;(mq;ny,...,ns;s,q) is at most ning + ngng + - -+ +
ns_1ns + ming + ng. Hence, S1(mq;nq,...,n,0,¢q) is also a polynomial in ¢ with non-
negative integer coefficients. This completes the inductive step, and by the principle of
mathematical induction, we conclude that Theorem 1.3 is true for all s > 1. O

Proof of Theorem 1.3 for r = 2. We proceed by induction on s > 1 again. Like the proof
of Lemma 4.1, for 0 < a < 1, we have

51(?7117 ma;ny;a, Q>

. [ml]'[nl]'[mg + s -+ 1]‘ Tril (_1)k; ak2+3(’2“) ma —+ mo + 1 mq + mo =+ 1 2”1
[m1+m2+1]![2n1]! 1 m1+k' m2+k’ n1+k

my l
_ Z q" (G5 @) (@ Dy (€5 Dmgny +1 i(—l)kq“k2+<§) {2l + 1] [ 2n4 }

(@ Qi@ Dmo—1(€5 Q) 2m, (¢ @) 2141 = l+k||n+k

=0

mi 1
=) ¢ ”l Hm2+n1+ }Sl(l;nl;a,Q)-
—0 l mo —l

Similarly as the proof of Theorem 1.2, we get

Sl(ml,m2;n1,n2;a Q)

_ Z “(g; q 1 (@5 Dy (€ Dmgtnat1
n1 l q Q>n2 l(q Q)m1+m2+1<q q)

XZ a1k2+3()|:m1+m2+1:|[m1+m2+1}|:2[}

ke—] my + k mo + k [+ k
ni 1
- quz [m} {m2 N :|Sl(m17m2;l; a—1,q)
—o l N9 —1
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for 1 < a < 2. Moreover,
S1(my, ma;n1,ma; 0, q)

mi l
_ 0" (@5 Do (6 Do (6 Doy 1 i 1)) [2l + 1} [nl + n2:| {nl + nQ}
“ (¢ Drma (@ Dma—1(¢5 Qons (@ D21 [ =, Itk [ln+k]||ns+k

2 1
= qu ! {n;l} {m2 e }51(127117“2;079)-
1=0

ng—l

We now assume that the alternating sum Sy(mq, ma;ny,...,ns_1;a,q) is a polynomial
in ¢ with non-negative integer coefficients for some s > 3 and all a satisfying 0 < a < s—1.
Then, so is S1(my,ma;nq,...,ns;a,q) for 1 < a < s, since the recurrence (3.3) is also
valid when we replace S by S;. We now consider S;(mq, mg;nq,...,ns0,q). Along the
lines of the proof of Lemma 4.1, we can prove that

51(m1,m2;n1, ce 7”5;07(])

m +1 s
_ - ql2+l(q; q)ml (q7 Q)n1 ((L q)m2+n1+1 i: _1) q |:21 + 1:| |:nj + nj+1:|
< (@ O —1(G Do —1(G D2y (G D201 = k]l ntk

]:

mg—l

mi 1
:qu2+l |:W;11 |:m2+n1+ :|Sl<l;n17"'7ns;07Q)'
=0

is also a polynomial in ¢ with non-negative integer coefficients. This completes the induc-
tive step, and we deduce that Theorem 1.3 is true for all s > 1. O

Proof of Theorem 1.3 for r > 3. We proceed by induction on r. We have proved that The-
orem 1.3 is true for r = 1,2. Assume that the alternating sum Sy(mq, ..., m,_1;n1,..., N0 a,q)
is a polynomial in ¢ with non-negative integer coefficients for some r > 3. Then, by the
recurrence (4.1), we immediately conclude that so is Sy(mq,...,mm;n, ..., nga,q). O

5 The g-positivity of g-super Catalan numbers

Warnaar and Zudilin [13] have proved that the g-super Catalan numbers

[2m]![2n]!
[m + n]l[m]![n]!

Am,ﬂ(Q) =

are polynomials in ¢ with non-negative integer coefficients for all m,n > 0. It is reasonable
to call

2m + 1![2n]!
Covnlq) = [ ![2n]
[m + n + 1]![m]![n]!
the g-super Catalan numbers too, since Cy,(q) = [n}rl] [2:] are the so-called g-Catalan

numbers, and are polynomials with non-negative integer coefficients (see [7]). Recently,
Xia [14, Lemma 3.1] showed that C,, (1) is always an integer. Motivated by Warnaar—
Zudilin’s and Xia’s work, we shall propose the following conjecture.

11



Conjecture 5.1. The g-super Catalan numbers Cy, ,(q) are polynomials in q with non-
negative integer coefficients.

The fact that Cy,,,(q) are polynomials in ¢ immediately follows from (4.3). Warnaar
and Zudilin [13] also proved that, for m > n, the ratios

[2m]![n]!
[m]![2n]![m — n]!

Bn(q) =

are polynomials in ¢ with non-negative integer coefficients. This means that Conjecture 5.1
is true for n = 3m + 1, since Cp3m+1(¢) = Bsmi12m+1(q). Moreover, Warnaar and
Zudilin [13, Conjeture 1] have made the following interesting conjecture: If a = (ay, ..., a,)
and b = (by,...,bs) are tuples of positive integers subject to the condition

s

T la;x] =) |bjz] >0 for x>0, (5.1)
2 Lo =2

j=1
where |z] denotes the integer part of x, then the polynomial

[aa]!- - - [ar]!

D(a,b;q) = [b1]! - - [bs]!

has non-negative integer coefficients. After looking at the 52 choices for a and b listed
in [3, Table 2], we found that, besides C,, 3m+1(q), the g-positivity of Ci6(q), Ci2(q),
C17(q) and C 10(q) was already predicted by the above conjecture of Warnaar and Zudilin.
However, in general, the tuples a = (2m +1,2n) and b = (m,n, m +n+ 1) do not satisfy
the condition (5.1). For instance, when z = 4/7,

|5x| + [8z] — |2x] — |4z| — |Tx]| = —1.

This illustrates that Conjecture 5.1 is not a special case of Warnaar and Zudilin’s conjec-
ture.

Let n and h be positive integers. Using the ¢-Chu—Vandermonde sum [8, Appendix
(I1.7)] twice in the following form

REE | AS
r T = illr =
leads to
2n + 2h :hziqj(n+j+l)n+h n+h
h—1 , Ji h—j—1
7=0
J

h—1 ; ) ‘

_ N\ ity [T R wniksn [J1[ n+h—1J
Zq { J }Zq [lc h—j—k—1]
J=0 k=0

12



Multiplying both sides by [2n]![h]!/([n]![n + Rh]!) yields the identity

L[(h—1)/2] h—k—1
[n—{—hH][Qn—{—h%—l 2k +1 j—k

=k

Since the left-hand side can be written as

Cn+h,n(Q) - thn+h,n(Q)7

we obtain a recurrence for C,ip,(q). It is clear that this recurrence support Conjec-
ture 5.1. However, we did not find the corresponding recurrence for C,, ,+n(q) and there-
fore cannot confirm Conjecture 5.1 by induction.

6 Some consequences of Theorem 1.3

Letting my = -+ = m,, = m and ny = --- = ng = n in Theorem 1.3, we obtain the
following result.

Corollary 6.1. Let m, n, r, and s be positive integers. Then the alternating sum

LS Cppgtsenl) {27”“]7“[ 2n ]

Crnn(q) m4+k| |n+k

k=—m
s a polynomaial in q with non-negative integer coefficients for 0 < a < s.

Letting my = ---=m, =n, ng;_1 =n+ 1 and ny; = n for 1 <i < s in Theorem 1.3,
we obtain

Corollary 6.2. Let n, r, and s be positive integers. Then the alternating sum

[Zn—i- 11‘1 i (1) g+ () [Qn—}- 1} r+s{ on + 1 ]

n ~ n+k n+k+1

1s a polynomial in q with non-negative integer coefficients for 0 < a < 2s.

Recall that the g-Narayana numbers can be defined as

S

From [4] we know that the g-Narayana numbers N,(n, k) are polynomials in ¢ with non-

negative integer coefficients. This implies that [}[][.",] is divisible by [n]. Since

[2n+1] _ [2n+1][ 2n } and gcd<{n2fl},[2n+1]) =1,

n [n]  [n—1

Corollary 6.2 leads to the following result.

13



Corollary 6.3. Let n, r, and s be positive integers. Then the alternating sum

n

{Qn + 1] ‘1[ 1 = k:Zn<_1)kqak2+(2r—1)(§) [2” + 1] m{ 2n+1 } (6.1)

n 2n +1 n—+k n+k+1

s a polynomial in q for 0 < a < 2s.

Letting ny = --- =ng =n, mg;_1 =n and mo; =n — 1 for 1 < ¢ < r in Theorem 1.3,
we get

Corollary 6.4. Let n, r, and s be positive integers. Then the alternating sum
-1 n 7+ T
2n Z (_1>kqak2+(4r—1)(§) 2n 2n
n n+k n+k—1
k=1—n
s a polynomial in q with non-negative integer coefficients for 0 < a < s.

Similarly, since

R (R

Corollary 6.3 implies the following result.

Corollary 6.5. Let m, n, r and s be positive integers. Then the alternating sum

n

an_ 1}1[2711% Do (gl [nink] h [n +21? - JT 02

k=1-n

1s a polynomial in q for 0 < a < s.

Letting mo;_1 = m and mg; = m — 1 for 1 < 7 < r, and letting ng;—1 = n and
ng; =n+ 1 for 1 < 7 < s in Theorem 1.3, we arrive at

Corollary 6.6. Let m, n, r, and s be positive integers. Then the alternating sum

m

1 2 k 2m " 2m "Tn+11°T 2n+1 1°
_ 1)k ek +ar=1)(5)
Chm(q) Z( )'a m+k| lm+k—-1| |[n+k]| [n+k+1

k=1-m

s a polynomial in q with non-negative integer coefficients for 0 < a < 2s.

As before, we have the following conclusion from Corollary 6.6, though it is difficult
to give an explicit formula for ged(C,, ., (q), [2m]"[2n + 1]°) for general m and n.

Corollary 6.7. Let m, n, r, and s be positive integers. Then the alternating sum
gcd(Crm(q), [2m]"[2n + 1]°)
Chm(q)[2m]"[2n + 1]*

y i_:m<_1)kqak2+(4r_l)(g){ 2m ]{ 2m }"[2n+1r{ 2n+ 1 } (6.3)

N m-+k| m+k—1 n—+k n+k+1

1s a polynomial in q for 0 < a < 2s.
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7 Some conjectures

On the basis of numerical calculations, we would like to present the following conjecture,
which is a generalization of Theorem 1.3.

Conjecture 7.1. Let my,...,my,my11 = my and ny,...,Ns, Ngr1 = N1 be positive inte-
gers with r;s > 1. Then the alternating sum

ni

[ml]'[nl] [mr + ng + 1 k ak?+(2b—1) k) T m; + Myp1 + 1 z n; + Njt1
I Z GTI 11
i=1

[my + m,. + 1][ng + ng] m; + k n;+k

s a polynomial in q with non-negative integer coefficients for 0 < a < s and 1 <b<r.
We also have the following similar conjecture on alternating sums.

Conjecture 7.2. Let my,...,my,m,y1 = my and ny,...,Ng, Ngy1 = Ny be positive inte-
gers with r,s > 1. Then the alternating sum

ny
[ml]'[ ]'[mr +ns + 1]' Z (_1)k ak’?—‘r(};)

[ + ] [n + )] 1

k=—nq

Xﬁ 1 m; +mip + 1| [my +mipq + 1 _ - nj + Njy1
mz+ml+1~|—1] m,+k‘ mz+k+1 1 nj+k:

J
s a polynomial in q with non-negative integer coefficients for 0 < a < 2r +s— 1.

Note that perhaps Andrews’ multiseries transformation [1] can be utilized to prove
the above two conjectures for some special cases. See [9] for such an example.

Finally, we believe that the Corollaries 6.3, 6.5, and 6.7 have the following stronger
versions.

Conjecture 7.3. The polynomials (6.1)—(6.3) have non-negative integer coefficients.

Data Availability Statements. Data sharing not applicable to this article as no
datasets were generated or analysed during the current study.
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