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Abstract. Employing the method of “creative microscoping” introduced by the first author and
Wadim Zudilin, we deduce two ¢-supercongruences from a quadratic transformation by Rahman.
These two results are generalizations of two ¢-congruences implicitly contained in a paper by
Liu and Wang. By specializing ¢ — 1 in one of our g-supercongruences, we obtain the result:
for primes p =3 (mod 8),
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Z(Gk‘ + 1)% =0 (mod p?),

k=0 (1)k
where (a)p = 1 and (a), = a(a+1)---(a+n —1) for n > 1. Meanwhile, by specializing
g — —1 in the same g-supercongruence, we get the result: for primes p =3 (mod 4),
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which was originally conjectured by Bing He and first confirmed by Chuanan Wei.
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1. Introduction

For any odd prime p and non-negative integer n, the p-adic Gamma function I'y(n) may
be defined as: I',(0) =1,

Tyn)=(-1)" [[ 4, n=12....
1<j<n
pti
This function can be uniquely extended to a continuous function: for any p-adic integer
‘,'UJ

Iy(z) = lim [y(z,),

Tp—T
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where z,, ranges over all positive integer sequences p-adically approximating z (see [9]).
For some main properties of the p-adic Gamma function, the reader is referred to [8].

In 2017, motivated by the supercongruences in [7,8], He [4] proved the following
supercongruence:

(p—1)/2 1\3/1
(2)i(5)x
; (6k +1)=2 5

(=1 /Apr,(Ir,(3)?  (mod p?), ifp=1 (mod 4),

(1.1)
0 (mod p?), ifp=3 (mod 4).

Here and in what follows, (), = x(z + 1)--- (z +n — 1) is the Pochhammer symbol. Tt
should be remarked that the sign (—1)®*3/4 was neglected by He. Shortly afterwards,
Liu [5] further showed that (1.1) holds modulo p*. Tt is easy to see that the left-hand side
of (1.1) can be summed over k up to p — 1, since (1/2),/k! is congruent to 0 modulo p for
k in the range (p +1)/2 < k < p — 1. He [4] further proposed the following conjecture:
for any prime p = 3 (mod 4),

i(Gk + 1)—(513@11% =0 (mod p*). (1.2)

In recent years, g-analogs of supercongruences have been investigated by quite a few
authors. For example, employing the method of “creative microscoping” introduced by
the first author and Zudilin [3], Liu and Wang [6] gave a g-analog of (1.1) modulo p?: for
all positive odd integers n, modulo [n]®,,(q)?,

2. 4
N (@)= 1 amya e
(GG ean _ | Bl ifn =1 (mod 4),
D ok + 1R = q @
k=0 )RG5k 0, ifn=3 (mod 4),
(1.3)

where N =n —1 or (n—1)/2. Here and in what follows, the g-shifted factorial is defined
as

1—a)(l—aq) --(1—ag™t), ifn=12,...,
(a;q)n = (1= a) )l ) .
1, if n=0.

For simplicity, we will also adopt the compact notation

((11, A2, ..., Qm; Q)n = (al; Q>n(a2; Q>n T (am; Q)n

forn = 0,1,2,..., or n = oco. The g-integer is defined by [n] = (1 — ¢")/(1 — q), and
®,,(¢q) stands for the n-th cyclotomic polynomial, i.e.,

Ouq)= [[ (@—¢)

1<k<n
ged(k,n)=1



with ¢ being an n-th primitive root of unity. It is well known that ®,,(¢*) = ®,,(¢)®,.(—q)
for odd n. Moreover, for any two rational functions A(q), B(q), and a polynomial P(q)
with integer coefficients, the g-congruence A(q) = B(q) (mod P(q)) means that P(q)
divides the numerator of the reduced form of A(q) — B(q) in the polynomial ring Z[q].
Liu and Wang [6] also provided a parametric generalization of (1.3) as follows: for

positive odd n, modulo [n]®,(q)?,

N

2[6/{? + 1] (Q7 €, q3/€; q4) ( 2)2 q2
—0 (C]2, €, q3/6§ q2) ( (]4)
(n—1)/4
<q2; q4)(n—1)/4 (1-n)/4 (q, q )%q% .
) ——F—"n|¢""™" , ifn=1 (mod4),
=< (g% q4)(n71)/4[ | kz:; (¢*,eq® ¢ /e; q*)x ( ) (1.4)
0, ifn=3 (mod4),

where N = (n—1)/2 or n—1. It is clear that (1.3) follows from (1.4) by letting e — 0 or co.
In the same year, Wei [11] completely confirmed the supercongruence (1.2) by establishing

the following generalization of the second case of (1.3): for any positive integer n = 3
(mod 4),

n—1 )3 (q; ¢

S l6k + 1 )k%q Z’“g ¢ =0 (mod [n]®,(q)%), (1.5)
=0 a*)(a*; a*);.

It is easy to see that (1.2) follows from (1.5) by taking n = p and ¢ — 1. Wei [11]

also presented a generalization of the first case of (1.3): for any positive integer n = 1
(mod 4),

N
6k + 1] (¢ )i (g; a")x o
— (4% @*)r(a*s a*);
(n-1)/4
(4% ") n-1)/ (1-n)/4 2 g** 3
= ——1In " 1—1n mod [n]®,, , 1.6
(q4;q4)(n_1)/4[ lq [n] 2. [P (mod [n]®x(q)") (1.6)

where N = (n—1)/2 or n — 1.
Letting ¢ — ¢ and e = ¢? in the second part of (1.4), we can obtain the following
result: for n =3 (mod 4),

(% (@ )3 a) a
;[Gk L (0 (g% )25 )3
_, { (mod ®,,(¢?)?), ifn=3 (mod 8), an
(mod ®,(¢*)®,(—¢q)?), ifn=7 (mod8).

This is because the denominator of the reduced form of (¢3;¢%),_1/(¢% ¢*)n_1 contains
the factor ®,(q) but is coprime with ®,(—¢) when n =7 (mod 8).
The first aim of this note is to give the following generalization of (1.7).
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Theorem 1.1. Let n =3 (mod 4) be a positive integer. Then

n—1 2. .8 3. 8\2( 2. 4\3
" q @*)e(q’ ¢)ila” a")r
s Ok + Hle 5 (6% ) )
B { (mod D, (%)%, ifn=3 (mod 8), 18)
(mod @,(¢?)*®,(—q)?), fn=T (modS8). |

In particular, letting n = p be a prime and taking the limits as ¢ — 1 in (1.8), we
obtain the following supercongruence.

Corollary 1.2. Let p =3 (mod 4) be a prime. Then

p—! (H)e(2)2(1)3 (mod p?), ifp=3 (mod 8),
(6k + 1) Wi _ 1.9
kX; i (Wi (mod p?), ifp=7 (mod 8). (1.9)

On the other hand, letting n = p be a prime and taking ¢ — —1 in (1.8), we recover
He’s conjecture (1.2). Namely, the g-supercongruence (1.8) can also be considered as a
new g-analogue of (1.2).

Letting ¢ — ¢* and e = ¢ in the first part of (1.4), we may get the following conclusion:
for n =1 (mod 4),
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[6k +1],2

§q4k =0 (mod ®,(¢?)). (1.10)
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The second aim of this note is to give the following generalization of (1.10).

Theorem 1.3. Let n > 1 an integer with n = 1 (mod 4). Then, modulo ®,(¢*)?,

n—1
(G 4 1], 1L qs)k(q3;q8)i(q2,q4)kq4k
— (g aHk(a® gD (e )
(n-1)/4 _ _
_ (@, ¢* . 4% ¢®)n-1)/4 |+ a2 Z ( g3 - 6 )
(% 4%, 47,47 ¢%) (n-1)a ~ \[8k—3] [8k—06]?

(1.11)
For n prime and ¢ — 1 in (1.11), we obtain the following supercongruence.

Corollary 1.4. Let p=1 (mod 4) be a prime. Then
—1
3 (Dx(3)
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Similarly, for n prime and ¢ — —1 in (1.11), we get the following supercongruence,
which also follows from (1.3) and coincides with Liu’s generalization of (1.1) modulo p?
by properties of the p-adic Gamma function.

Corollary 1.5. Let p=1 (mod 4) be a prime. Then

p—1 1\3/1 1
D _ (5)e-14 3
(6k 4+ 1)-2 =p2 (mod p?).
% kL4 (-4
8) n-1)/4a =0 (mod ®,(¢)) and (q27q87q7§q8)(n—1)/4 Is co-

Since (¢'% ¢%)m-1y/a = (¢° ¢ m-1)
(mod 8), from Theorem 1.3 we immediately deduce the

prime with ®,(q) for n = 5
following g-supercongruence.

Corollary 1.6. Let n =5 (mod 8) be a positive integer. Then

n—1

(% ®)e(@; e a")} ae 3
S 6k + 1], Tt T g0 =0 (mod @4(a)") (1.12)
k‘:O b) b b

The rest of the note is organized as follows. We shall prove Theorems 1.1 and 1.3
in Sections 2 and 3, respectively, by making use of the “creative microscoping” method
introduced in [3], a quadratic transformation formula of Rahman, and the Chinese re-
mainder theorem for coprime polynomials. Finally, in Section 4, we give some concluding
remarks on our main results.

2. Proof of Theorem 1.1

Recall that the basic hypergeometric series ,1¢, involving r+1 upper parameters ay, . . ., @11,
r lower parameters by, ..., b,, base ¢, and argument z is given by

a1,0a9, ..., 041 - (CL1,CL2,-~-,GT+1;Q)ka
r r ) aZ = .
+19 { b b,... b, 1 ] kZZO (¢,b1,. -, b3 @)

Then a quadratic transformation formula of Rahman [1, (3.8.13)] can be stated as follows:
1—aq3"“)(a d,aq/d; ¢*)x(b,c,aq/bc; @)k
(1 —a)(q,aq/d, d; q)r(ag?/b, aq?/c, beg; ¢ )

_ (aq27 bQ7 CQ7 aq2/bc; q )oo (b b7 C? CLQ/bC 2
" (qa?/b,a/c,beg ) 2| da, ag?fd T v

We first give the following g-identity.

OM%%

(2.1)

Lemma 2.1. Let n =3 (mod 4) be a positive integer. Let e be an indeterminate. Then

1— g2 (7% eq® ¢°" e; ¢ )i(a? /a, ¢ /b, abg®™ " ¢k
1 — q2—6n <q4’ q3—6n/€7 eq3; q4)k(a/q8_6n, bq8—6’n, q8/ab7 q8>k

n—1

=0. (22



Proof. Setting ¢ — ¢*, a = ¢*=%", b= ¢*/a, c = ¢*/b and d = eq® in (2.1), then for n = 3
(mod 4), the left-hand side of (2.1) is equal to

(¢"7%",¢%/a,q®/b, abq® %" ¢°) o ¢*/a, ¢*/b, abg*~o"

(@ a2 b2, ¢ fab 1) *? eq’, q"/e Ed
It is easy to check that (¢'°7"; ¢®), = 0 for n = 3 (mod 4), and so the left-hand of the
(2.2) is equal to 0. This completes the proof. O

We now give a parametric version of Theorem 1.1.

Theorem 2.2. Letn = 3 (mod 4) be a positive integer. Then, modulo ®,(q)(a—q¢**)(b—
¢"")(1 — abg™),

n—1

2 3 3 .8 2 2 b b 2. 4
S (6k + 1] (qiqu . q /eéqzk(q /Sa,qs/ ,Sa q ,618 Jkoak (2.3)
= (¢*, 6%/ e, eq®; q*)i(ag®, bg®, g%/ ab; ¢°)i

Proof. For a = ¢*" or a = q~*" /b, the left-hand of the (2.3) can be written as

3

q (% eq®, @ /e; (@2, /b, b8 gk s

—1
[6k + 1
“ (g% e, e a2 bgB, 52 b )i

k=0

(2.4)

Letting ¢ — ¢* a = ¢?, b= ¢>"?", c = ¢*/band d = eq® in (2.1), we see that (2.4) is equal
to

(674", /b, b ™ )oo [0, @?/b, D@2P2 s

(%, 27, bg®, 27 /b: %) oo 3%2 eq’, ¢7/e 454
where we have used the fact that (¢°2",¢%)o = 0 for n = 3 (mod 4). This establishes
the truth of (2.3) modulo a — ¢*" and 1 — abg®". Noticing that the left-hand side of (2.3)
is symmetric in a and b, we see that the g-congruence (2.3) also holds modulo (b — ¢*").
The proof then follows from the fact that a — ¢**, b — ¢**, and 1 — abg®" are pairwise
coprime polynomials in q. O

—0, (25

Proof of Theorem 1.1. Since 1 — ¢*" contains the factor ®,(¢?), which is coprime with
(¢% ¢®)n_1, taking @ = b = 1 in (2.3), we obtain the following g-supercongruence: for
n =3 (mod 4),

n—1

(@ eq®, *Je; )@ a" )y e _ 2\4
Z[6k + 1](12 (¢*, /e, eq; q4)k(q8.q8)iq =0 (mod @,(¢7)"). (2.6)
k:() ) ) ) )

If n = 3 (mod 8), then the denominator of the reduced form of (¢%;¢®)r/(¢% q*)x is
coprime with ®,(¢?) for 0 < k <n—1. If n =7 (mod 8), then the denominator of the
reduced form of (¢3;¢®)x/(q3; ¢* )1, is coprime with ®,,(—q) for 0 < k < n— 1, but contains
the factor ®,(¢) (not ®,(q)? of course) for k = (n + 1)/4. Hence, letting e = 1 in (2.6),
we get the desired g-supercongruence (1.8). O



3. Proof of Theorem 1.3

Like before, we first establish a parametric generalization of Theorem 1.3.

Lemma 3.1. Letn > 1 be an integer withn =1 (mod 4). Let a and b be indeterminates.
Then, modulo (1 — abg®")(a — ¢*")(b — ¢*")

)

n—1

S 6t 1], LI PR 0. b )y
— (7% ) 43 (ag®, ba®, ¢8/ab; ¢® )
_ (@500 b 6%) /4 120 14 (b= ¢*)(ab? — ab — 1 + abg™")
(%063, 47, 27 6% (n1)a (a —b)(1 — ab?)
(¢%.4" 00", /0 )y 1y 2 n1yy4 (0 = ) (L = abg™) (3.1)
(aq®, aq®, 4", 72" ¢®) (n-1)/4 (a —b)(1 — ab?) '

Proof. For a = ¢*" or a = q~2"/b, the left-hand side of (3.1) can be written as

i
L

2. .8 3 8 2—-2n 2 b b 2+2n. 4

2
k 3.2
A L 0 R b, s 32

B
Il

In view of (2.1), setting ¢ — ¢*, a = ¢* b= ¢*"*", ¢ = ¢*/b and d = ¢*, we see that (3.2)
is equal to

(674" ", ¢°/b.bg" ™" Moo, [, g/b, bg™**"
(a", 472", %, ¢5 2" [y ¢%)o * ¢, g 1
B (qu, q672n’ bq5’ q5f2n/b; qg)(nfl)/4
- ( 8—2n/b qu q7 q3—2n;q8)(n_1)/4
_ (@400 @ Y ) -1/ 1y 2 n-1ya
(0. b, 47, 2 ) s ’

where we have utilized the ¢-Pfaff-Saalschiitz summation (see [1, I1.12])

a, b, q" _ (¢/a,c/biq)n
3(%52{ ¢, abclg"" 4,4 = (c,c/ab; )n

with the parameter replacements ¢ — ¢%, a = ¢*/b, b = bg>™", c=¢", and n = (n—1)/4.
Since the polynomials 1 — abg®® and a — ¢*" are comprime with each other, we imme-
diately get the following g-congruence: modulo (1 — abg**)(a — ¢*")

)

— ) (¢*; qg) (¢°/a,q?/b,abq®; q" )k 4y,
X;WH ¢*)u(a®; ¢*)7(ag®, bg®, ¢ /abs; ¢*)

_ (q N bq q5 2n/b qg)n 1)/4 (1 n)/2p(n=1)/4
(bg%, b6, 47, 2" ¢%) (n-1) /4




Interchanging the indeterminates a and b in the above g-congruence, we obtain the fol-
lowing result: modulo b — ¢*",

n—

1
6k + 1] q q) (4% ¢)i(a*/a, 4% /b, abg® ") 4
par a")(q% q*)7(aq®, bg®, ¢® [ab; ¢®)y,
_ (¢"¢* aq 7615‘2”/@‘ C)n-1)/2 (1) 2y 1)/,
(@, a0 2 ) iy
Moreover, we can easily check that
(b—¢*)(ab* — a®b — 1 + abg*™)

=1 d (1—abg®)(a — ¢*" 3.3
T (mod (1 - abg™)(a —¢™)), (33

(a — qgn)(l — abg®") 2
=1 db—qg™"). 3.4
Since (a — q2”)( — abg®™) and b — ¢*" are coprime polynomials in ¢, making use of the
Chinese remainder theorem for coprime polynomials along with (3.3) and (3.4), we get
the desired g-congruence. O

Proof of Theorem 1.3. Tt is easy to see that 1 — ¢*" contains the factor @, (¢?). Putting
b=11in (3.1), and applying the following identity

(1—2)14+a®>—a—azx)=(1—-a)’+ (1 —ar)(a—2) (3.5)

we arrive at the following g-congruence: modulo ®,(¢?)(1 — aq¢*)(a — ¢*")

)

”16k+ qQ)(q 0*)i(a*/a,¢* /b, abg®; 4k 4
e (0% ¢")r (g% ¢*)i(aq®, bg®, ¢°/ab; ¢°)x
_(@%d¢. " ) /A (=n)/2 | (1= w2 (1= ag®)(a —¢*")

(2B P ) (s (1—a)
@ ey (@068 a4 0 ) v ey (3.6)
(q2 q8 q7 q3—2n q8) (CL 3— 2n ) :
44, ) (n—1)/4 q-, CLq q q (n—1)/4
It is clear that
(@, ¢4, ") (@°¢ ad’, 67" ai ¢ )n D/A 1)
(@65 a7 ) -nya (ag? ag® ¢, 2" ¢%) (n-
0 4 .5 ,.5.,.8 e 7 ,a 5 a; 8
_ (@4 )y (@4Y 00, %/ a;¢%) - (mod &, (%), (3.7)

(A A ) ey (ag? % a,q7 47 )(nfl)/
By the L’Hopital rule, there holds

oy (L= ag”)(a —¢*") {(qw, 00" " )w-vys (0" " ad’ ¢ /a; qg)(nm}
a—1 (1—a)? (@%¢% 4,45 ¢%) m-1ys (aq®, ¢%/a, 4", 475 ¢%) (n-1)/4
(@, ¢*, &, &°; qg)( /4 ) (n—1)/4 g3 36
_ 9 9 9 b n— 2n _ .
<q27q27q77q7;q8)(n—1)/4 [ ] ; ([Sk - 3]2 [Sk - 6]2)



Hence, substituting (3.7) into (3.6) , taking the limits as @ — 1, and noticing that

(@ " @ " -y _ (€°.¢" 0% Co/s o1y

(@%@ 0" ) m-1ya (@264 ¢%) (n-1)/4

Y

and
(4 4" 4 ¢ ") w1y _ (qm,q4,q5,q5;q8)(n_1)/4q(n_1) 2 (mod @,(¢)
(4 @ ) - (65445 ) -1 ’

we complete the proof of the theorem. O

4. Concluding remarks

It should be mentioned that the g-supercongruences (1.8) and (1.11) do not hold modulo
[n] in general. However, the ¢ — ¢ and e = ¢* case of (1.4) implies that both (1.8) and
(1.11) hold modulo [n]_,. Thus, (1.8) holds modulo [n]_,®,(—¢)* and the n = p" and

q — —1 case indicates that, for any prime p = 3 (mod 4) and positive odd integer r,

GHOR
Z(6k + 1)2]€'T‘j,c =0 (mod p™™?),
k=0 )

which is a generalization of (1.2), and was first obtained by Wei [11] as a limiting case
from (1.5).
We end this paper with the following two conjectures.

Conjecture 4.1. Let p =3 (mod 8) be a prime and r > 1 an odd integer. Then

(De@r )3 )
1)k\8)k\3 )k _ r
k=0 k\4/k
Conjecture 4.2. Let p =5 (mod 8) be a prime and r a positive integer. Then
p'—1 1\ (3)2(1\3
(2)e(3)i(2) ,
Z(fik:—i—l)%’g)gk =0 (mod p™™).
k=0 k\4/k
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