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A q-congruence involving the Jacobi symbol
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Let n be a positive odd integer and m a positive integer with gcd(m,n) = 1. We prove
that

(qm; qm)(n−1)/2

(q; q)(n−1)/2

≡

(m
n

)q
(m−1)(n2−1)

16 (mod Φn(q)), if 16|(m− 1)(n2 − 1),

(m
n

)q
(m−1)(n2−1)+8n

16 (mod Φn(q)), otherwise.

Here (x; q)n = (1 − x)(1 − xq) · · · (1 − xqn−1), (m
n

) denotes the Jacobi symbol, and

Φn(q) is the n-th cyclotomic polynomial in q. This confirms a recent conjecture of the
first author.
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1. Introduction

Let p be an odd prime. For any positive integer a with p - a, the well-known Fermat’s

little theorem asserts that

ap−1 ≡ 1 (mod p).

Cao and Pan [1] noted that a q-analogue of Fermat’s little theorem is as follows:

(qa; qa)p−1
(q; q)p−1

≡ 1 (mod [p]),

∗Corresponding author.
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where (x; q)n = (1− x)(1− xq) · · · (1− xqn−1) and [p] = 1 + q + · · ·+ qp−1. Let
(
a
p

)
be the Legendre symbol modulo p. They also showed that, for any odd prime p and

positive integer a with p - a,

qa−1
(q16a; q16a)(p−1)/2

(q16; q16)(p−1)/2
≡
(
a

p

)
(mod [p]), (1.1)

which is clearly a q-analogue of the congruence a
p−1
2 ≡

(
a
p

)
(mod p).

Let Φn(q) be the n-th cyclotomic polynomial in q. It is easy to see that Φp(q) =

[p] for any prime p. The aim of this note is to give the following result, which was

originally conjectured by the first author [3, Conjecture 4.2].

Theorem 1.1. Let m,n > 1 be positive integers with n odd and gcd(m,n) = 1.

Then

(qm; qm)(n−1)/2

(q; q)(n−1)/2
≡

(m
n )q

(m−1)(n2−1)
16 (mod Φn(q)), if 16|(m− 1)(n2 − 1),

(m
n )q

(m−1)(n2−1)+8n
16 (mod Φn(q)), otherwise.

(1.2)

Here,
(
m
n

)
is the Jacobi symbol.

Note that the congruence (1.2) is trivial for gcd(m,n) > 1. In this case we have(
m
n

)
= 0, and there exists some k ∈ {1, 2, . . . , (n − 1)/2} such that n divides mk,

which leads to (qm; qm)(n−1)/2 ≡ 0 (mod Φn(q)).

It is easy to see that Φn(q) divides Φn(q2) and so Φn(q) divides Φn(q16) too.

Hence, replacing q by q16 in (1.2) and noticing that qn ≡ 1 (mod Φn(q)), we obtain

(q16m; q16m)(n−1)/2

(q16; q16)(n−1)/2
≡
(m
n

)
q1−m (mod Φn(q)),

which reduces to (1.1) when n = p is an odd prime. Namely, the congruence (1.2)

is a generalization of (1.1).

2. Proof of Theorem 1.1

For any integer t, let 〈t〉n stand for the least non-negative residue of t modulo n.

Let

Rn(m) = {1 6 r < n/2 | 〈mr〉n > n/2}.

The well-known Gauss’ lemma (see, for example, [6] or [7, Theorem 4.5]) states that(m
n

)
= (−1)|Rn(m)|.

Moreover, we need the following result due to Cao and Pan [1, Lemma 2]. In order

to make the paper more self-contained, we include their proof here.
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Lemma 2.1. Let m,n > 1 be positive integers with n odd and gcd(m,n) = 1. Then∑
j∈Rn(m)

j ≡ 1−m

16m
(mod n).

Proof. It is easy to see that∑
j∈Rn(−m)

j =
∑

16j<n/2
〈−jm〉n>n/2

j =
∑

16j<n/2
〈jm〉n<n/2

j,

and so

∑
j∈Rn(m)

j +
∑

j∈Rn(−m)

j =

(n−1)/2∑
j=1

j =
(n2 − 1)

8
≡ −1

8
(mod n). (2.1)

Moreover, for every integer j with 1 6 j < n/2, the inequality 〈jm〉n > n/2 holds

if and only if there exists an integer s ∈ {1, 2, . . . , (n− 1)/2} such that

jm ≡ −s (mod n),

namely,

sm−1 ≡ −j (mod n).

It follows that∑
j∈Rn(m)

j =
∑

16j<n/2
〈jm〉n>n/2

j ≡ m−1
∑

16s<n/2

〈sm−1〉n>n/2

(−s) = −m−1
∑

s∈Rn(m−1)

s (mod n),

and so∑
j∈Rn(m)

j −
∑

j∈Rn(−m)

j ≡ −m−1
∑

s∈Rn(m−1)

s−m−1
∑

s∈Rn(−m−1)

s ≡ 1

8
m−1 (mod n),

(2.2)

where the second congruence follows from (2.1). Combining (2.1) and (2.2), we

complete the proof of Lemma 2.1.

Proof of Theorem 1.1. For any integer r, let ±tr ∈ {(1− n)/2, . . . ,−1, 0, 1, . . . ,

(n−1)/2} be the residue of mr modulo n, where tr is non-negative. By definition, the

cardinality |Rn(m)| is clearly the number of negative signs in {±tr | 1 6 r < n/2}.
We claim that ti 6= tj for 1 6 i < j 6 (n− 1)/2. In fact, if ti = tj for some i and j

with 1 6 i < j 6 (n−1)/2, then mi ≡ ±mj (mod n). Since gcd(m,n) = 1, we must

have i±j ≡ 0 (mod n). But this is impossible because 1 6 |i±j| 6 |i|+|j| 6 n−1. It

follows that the set {t1, t2, . . . , t(n−1)/2} coincides with the set {1, 2, . . . , (n− 1)/2},
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and so

(qm; qm)(n−1)/2

(q; q)(n−1)/2
=

(1− qm)(1− q2m) . . . (1− q
(n−1)m

2 )

(1− q)(1− q2) . . . (1− q
n−1
2 )

≡ (−1)|Rn(m)|q
∑

j∈Rn(m) jm

=
(m
n

)
q
∑

j∈Rn(m) jm (mod Φn(q)).

By Lemma 2.1, we have

∑
j∈Rn(m)

jm ≡ 1−m

16
≡


(m−1)(n2−1)

16 (mod n), if 16|(m− 1)(n2 − 1),

(m−1)(n2−1)+8n
16 (mod n), otherwise.

The proof of (1.2) then follows from the fact that qr ≡ qs (mod Φn(q)) if r ≡ s

(mod n).

3. Concluding remarks

Cao and Pan [1] proved (1.1) by using Gauss’ lemma and Lemma 2.1. On the other

hand, the congruence (1.2) for n being an odd prime power was proved by the

first author [3, Theorem 4.3] without using Gauss’ lemma. Since the congruence

(1.1) can be deduced from the congruence (1.2) for n = p, a simple proof of (1.1)

independent of Gauss’ lemma can be easily given. However, Gauss’ lemma plays an

important role in our proof of (1.2) for general n. We do not know any other proof

of (1.2) without using Gauss’ lemma.

As already pointed by the first author [3], replacing q by q2 in (1.2) and noticing

that qn ≡ 1 (mod Φn(q)), we obtain the following conclusion: for any positive odd

n,

(q2m; q2m)(n−1)/2

(q2; q2)(n−1)/2
≡
(m
n

)
q

(m−1)(n2−1)
8 (mod Φn(q)),

which in the m = 2 case gives

(−q2; q2)(n−1)/2 ≡ (−1)
n2−1

8 q
n2−1

8 (mod Φn(q)). (3.1)

Moreover, using the q-WZ (Wilf–Zeilberger) method [8], the first author [3,

(2.17)] proved that

n−1∑
k=0

(−1)k[6k + 1]
(q; q2)3k
(q4; q4)3k

≡ (−1)
n−1
2 [n]q

1−n2

2

(−q2; q2)(n−1)/2
(mod [n]Φn(q)) (3.2)

(for more q-congruences proved by this method, we refer the reader to [2,4]). From

(3.1) and (3.2) we immediately deduce that

n−1∑
k=0

(−1)k[6k + 1]
(q; q2)3k
(q4; q4)3k

≡ [n](−q)−
(n−1)(n+5)

8 (mod [n]Φn(q)).
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It was conjectured in [3, Conjecture 1.1] that the above congruence still holds mod-

ulo [n]Φn(q)2, which was later confirmed by the first author and Zudilin [5] using

the creative microscoping method.
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