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Abstract. In 1997, Van Hamme proposed 13 supercongruences on truncated hypergeo-
metric series. Van Hamme’s (B.2) supercongruence was first confirmed by Mortenson and
received a WZ proof by Zudilin later. In 2012, using the WZ method again, Sun extended
Van Hamme’s (B.2) supercongruence to the modulus p* case, where p is an odd prime.
In this paper, by using a more general WZ pair, we generalize Hamme’s (E.2) and (F.2)
supercongruences, as well as two supercongruences by Swisher, to the modulus p* case.
Our generalizations of these supercongruences are related to Euler polynomials. We also
put forward a relevant conjecture on a g-supercongruence for further study.
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1. Introduction

In 1914, Ramanujan [16] listed a number of fast convergent series for 1/7. Although
Bauer’s formula [1] is not listed in [16], it gives such an example:

S (-niak il = 2 1)

k=0

where the Pochhammer symbol is defined as (a), = a(a+1)---(a+ k — 1) for k € Z*
and (a)p = 1. Ramanujan’s formulas for 1/7 became famous in 1980’s when they were
discovered to provide efficient algorithms for evaluating decimal digits of m (see [2]).

In 1997, Van Hamme [23] observed that 13 Ramanujan-type series have neat p-adic
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analogues, such as

(p—1)/2 133
D> (=DF(k + 1)% = p(=1)*Y2 (mod p?), (1.2)
(p—_l)/3 (1)3
(—D)k(6k + 1) lj "=p (modp®) forp=1 (mod 3), (1.3)
k=0
(p—1)/4 (l)z
(—DF8k + 1) ;3 = p(—l)(p_l)/4 (mod p*) for p=1 (mod 4), (1.4)
k=0 )

(tagged (B.2), (E.2), and (F.2) in his list, respectively), where p is an odd prime. Note
that we may compute the sum in (1.2) for k£ up to p — 1, since the p-adic order of
(3)k/k! is 1 for k satisfying (p + 1)/2 < k < p — 1. Supercongruences of this kind
are known as Ramanujan-type supercongruences nowadays. The supercongruence (1.2)
was first confirmed by Mortenson [15] employing a ¢F5 transformation and the p-adic
Gamma function in 2008, and reproved by Zudilin [27] with the help of the WZ (Wilf-
Zeilberger [25,26]) method, and by Long [12] using hypergeometric identities. Swisher [21]
utilized Long’s method to prove (1.3) and (1.4). Almost at the same time, He [10] also
applied Long’s method to present a generalization of (1.3) and (1.4).

In 2012, making use of the WZ method again, Sun [19] proved the following refinement
of (1.2): for any prime p > 3,

i 4k+1(

k=0

)

l\DI»—A

=p(- )PV 4 pPE, 5 (mod p*), (15)

where m = p—1or (p —1)/2, and E,_3 is the (p — 3)th Euler number, which may be
defined as
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Recall that the Euler polynomials E,(z) can be defined by the following generating func-
tion:

e " 2e”t
E, ()= = .
; (x>n' et +1

It is easy to see that E, 3 = 2P 3E, 3(3) = 1E,-3(2) (mod p) for any prime p > 3.
In this paper, we shall establish the following refinements of (1.3) and (1.4).

Theorem 1.1. Let p =1 (mod 3) be a prime. Then

S 146k DS =+ L, () (mod ), (16)

where M = (p—1)/3 orp—1.



Theorem 1.2. Let p=1 (mod 4) be a prime. Then
M P
D (DR + D)2 = p(- 1) B, 5(7)  (mod ), (1.7)

where M = (p—1)/4 orp—1.

In 2015, Swisher [21, (1), (2)] proved the following supercongruences, which are very
similar to (1.3) and (1.4):

(2p-1)/3 ()2
(—1)*(6k + 1)12—'; =-2p (modp®) forp=2 (mod 3), (1.8)
k=0 ’
(3p—1)/4 (1)3
(—D)*8k + 1) ]j b= 3p(—=1)CP Y% (mod p?) for p=3  (mod 4), (1.9)
k=0

where p is a prime.
In this paper, we shall give the following refinements of (1.8) and (1.9).

Theorem 1.3. Let p =2 (mod 3) be a prime. Then

Z( ) (6k + 1)</€_'>3 =-2p+ S%E (%) (mod p*), (1.10)

where M = (2p —1)/3 orp — 1.
Theorem 1.4. Let p =3 (mod 4) be a prime. Then

S0k + DU = sy T ) e ), (L)

where M = (3p—1)/4 orp—1.

=

For any p-adic integer z, let (x), stand for the least non-negative residue of  modulo
p. We shall prove Theorems 1.1-1.4 by establishing the following more general result.

Theorem 1.5. Let p > 3 be a prime and let a be a p-adic integer. Then

> (-1 (2h+) (T = (<) (at () oot (), Ep-afe) (mod oY), (L12)
and
(—)p (Oé)3

(14 @kt D = (1) ot ) ok {—0), Byafa) (mod p). (113)



Note that the case & = —1/2 of (1.13) was proved by the first author and Liu [8,
Theorem 1.1]. The modulus p? case of Theorem 1.5 was obtained by the second author and
Sun [24, Theorem 1.3]. Moreover, g-analogues of this result modulo p? for o = r/d being
a rational p-adic integer and p = +r (mod d) were given by the first author [6, Theorems
1.5 and 1.6] and the first author and Zudilin [9, Theorems 4.9 and 4.10].

The paper is organized as follows. In the next section, we give some preliminary
results. The proof of Theorem 1.5 will be given in Section 3. Finally, in Section 4, we
present an open problem on a g-supercongruence for further study.

2. Preliminary Results

We first recall some basic properties of the harmonic numbers H" => 0  1/k™ a
the Euler polynomials.

Lemma 2.1 (Lehmer [11]). For any prime p > 3,

H, ;=0 (modp?) and HIS2_)1 = H((;)fl)/Q =0 (mod p).

Lemma 2.2 ([13]). Let x € C and n,m € N. Then

E20(0) = Eon(1) = 0,
)" E

E,(1—2) = (-1)"Ey (x).
S = g, 1) + (1B 0)).

In order to prove Theorem 1.5, we need to establish another six lemmas. For the sake
of convenience, we shall always assume that o + (—«), = pt from now on.

Lemma 2.3. If « =0 (mod p), then Theorem 1.5 holds.

Proof. 1t is easy to see that

p—1 ( t)3 B p—1 . (pt)i
ko( 1)F(2k + pt) =t ;(_1) (2k + pt) o
= pt + 2p*° pz_:(_l)kk“ +Pt3)i_1
P (Vi
= pt + 2p°t° pi (;i)k
k=1



Then, by Lemma 2.1,

Z_:(—l)k@k + pt) (gt))g =pt (mod p?).

Now, it suffices to show E,_3(pt) =0 (mod p). In fact, by Lemma 2.2 we have

E, s3(pt)=E,_35(0) =0 (mod p).
This proves (1.12). Further, the proof of (1.13) is trivial. O

Lemma 2.4. For any prime p > 3 and a € Z, with a Z 0 (mod p), we have the following
congruence modulo p*:

pt7 Zf <_a>p =p—- 17

s tt+1) (t+2)
(1);27—1 _prero) 1+2pH_, + T ,  otherwise.
(—a)p
(—a)p +1 (—a)p +1

Proof. If (—a), =p — 1, then
(@)p1  (L+plt—1))p-1  pt(1 +p(t—1))p-1(1+pt)p

O (151 (171

2 2
pe(t—1
pt (1 +p(t—1)H,—1 + %(Hg_l — H]SZ_)l))

I )
X 1+pth,1+7(H _H—l)

p—1 p

= pt (mod p),

where we have used Lemma 2.1.
Below, we assume that 1 < (—a), < p —2 and let a = (—a),. Since

p—2—a 1 p—1 1
p 2—aq — Z - — = _<Hp—1 - Ha+1> = Ha+1 (mOd p)7
J=1 ‘] ]=a+2p J
we have
(@)2p-1 _ (ma+pt)ap1 _ pHE+1)(—a+pt)a(l+pt)p-1(1+p(t+1))p-2-a
(15— (15— (15—
—a)a(1)p_o_a(1l — ptH, t+1)H, o,
Eth(t—i—l)( a)()p2 ( p +p(+>p2 )
(1)19—1
1),(1—ptH, t+1)H, o,
(1 _p)a—H
_ P+ 1) —ptHy+p(t + 1)Hy 5 o + pHar1)
o a+1
2
_ prtt+1) p(t +2) 4
= | 1+2pH, + p— (mod p*).



This concludes the proof.

Lemma 2.5. For any positive integer n, we have the following identities:

k=1 k=1
— (=1 (n\ _
2 Fo\k) =
k=1
" (=1D)* [n 1
k2 k :_§<H£2)+H721)7
k=1
" (=1Dk (n
H,=—-H®
()=
k=1

(2.1)

(2.2)

(2.3)

(2.4)

Proof. We think these identities should be known. For example, the identity (2.2) was
recorded in [5]. A g-analogue of (2.2) was given by Van Hamme [22]. The identity (2.3)
is a special case of a result due to Dilcher [4]. Of course, all of these identities can be
automatically found and proved by using the package Sigma in Mathematica (cf. [17]). O

Lemma 2.6. For any prime p and o € Z,, with o 0 (mod p), we have

k

(a)IQJ <i>p(_1)k (a)p+k—1 — (_1><—a>p+1 3t3 H(z) +2<i>p (_]‘)
W = W) S S R

=p**  (mod p*).
For any positive integer k, there hold

(@)pri—1 = ()p(a + P)p—1,

and

(mod p*).



Then, by (2.1) we obtain

(1p1 1 Dpr(@)i (1)p-1 1 I

3t3z a+k—1( O

B 332 a+k k)

:<_1)a+1 343 ;a
M=

(04);29 - Nk (@)psr-1 (O‘)g - (a+p)k—1(1 —p)p—1
o R

k—1

as desired. O

Lemma 2.7. For any prime p > 3 and o € Z,, we have

a)2(a)pia t St(t2 4+ 4t + 1
5 ( )p( )P+ . = pt+p2t(t+1)Ha p ( + ) H2 p ( + + ) !
(1)p71(1)p—a—1(0‘)a+1 2 2

where a = (—a),.

Proof. As in (2.5), the left-hand side of (2.6) is equal to

(@)3(a+p)a(l = p)a
(D51 (pt)* ()2
(1+pt)y_i_o(a+pla(l = pla
(1>p71
(T4 pt)3 (1= pt)a(l = p)a

(151 (1= p(t+1))3

It is routine to check that for any v € pZ, and k € N,

(=1

= (=1)"pt

(14u), = (1) <1+qu+u2 >y i):u) (1—|—qu—|— 5 (Hi ~ H,ﬁ”)) (mod p?).

|
1<i<j<k

Thus, in view of Lemma 2.1, we arrive at

(1 +pt>§;fl Zﬁ
(1)1



and

(1 —pt)a(l —p)a
(I—p(t+1))2

(1= ptHa + 222 = HP)) (1= pH, + 5 (12 - H))

2

a

(e 2 )

2(t+1)2 22+ 4t +1
= 1+p(t—|—1)Ha+]¥H§+p( +2 i )Hf) (mod p*).
Combining the above congruences, we are led to (2.6). O

Lemma 2.8. For any prime p > 3 and o € Z,, with a = (—a), < p — 2, we have

(a>p Z_: (_1)k (O‘)p+k—1

02, 2, Wpnlo)?

= (-1)"p*t(t+1) (Ha — (—1)“) + (=1)*pt(t + 1)

a+1

t+1 , 3t+1 (—1)22 (—1)2(t + 2)
—0H H? — H,— ———F— d p*). 2.

Proof. If a = p — 2, then the left-hand side of (2.7) is equal to 0. Meanwhile, modulo p?,
the right-hand side of (2.7) is congruent to

t+1 1 \? 3t+1 ) 1
—p*tt+1DH, , —pPtt+ 1| — | H, ; — 2 A —
pt<+)p1 p(+) 9 plp—l + 2 p—1 (p—1)2
2 1 t+2

-~ | H -
+p—l(“ p—1)+<p—1>2>

Sttt +1)2 St(t+ 1) (3t + 1
=P (; ) + L (+2)( i )+2p3t(t+1)—p3t(t+1)(t+2)

where we have applied Lemma 2.1.
In what follows, we suppose that a < p — 3. It is easy to see that

(@) = vk (@)
2 2V, e
_ (@)@ +pllataty) Z (1+a+a+poa(l=ph
W (o +aP(@ 2, (I+a+ai,,

_(@latplataty) N (1ot ot )il =,

(Dpala+a)(@); o (I+a+a)j

(2.8)



Furthermore,
 (@)p(@+pla(e+a+p)
(1)p-1 (o + a)* ()3
(—a+pt)a(l+pt)y_(—a+p(t+1))a(l)a
(D1 (L =p(t+1))3

(1+ 3ptH,_y — p(2t + 1)H, + 3p(t + 1) H,)

—p*t(t+1)(=1)"

(—a)a
1)z
= (—1)*"'p*(t+1)(1+p(t+2)H,) (mod p). (2.9)

= —p’t(t+1)(—1)°

In addition,

p—a—2

Z (I+a+a+p)r1(l—park
(1+a+a)

k=1
p—a—2

_ (I +pt+1)r-1(1 = p)atk
= 2 (1 +pt)?

k=1

p—a—2 a+1)
= ( Z R (14 p(t + 1)Hy_y — pHasy, — 2ptH,)

k=

B p—a— 2( k(p 1) p(t+ 1)

= kgl . (1 +p(t+ 1)Hy — P pH, — 2ptHk)
_ p—a—l k(p 1) B B p(t + 1) -

ap (1 +p(1 —t)H, - pHa)

+ (—1)° (CL—T- T @ f 1)2) (1+p(t+1)Hyyy — pH, — 2ptH,) (mod p*). (2.10)

With the help of Lemma 2.5, we conclude that

p—a—1 _ 1\k(p—a—1
; W <1+p(1—t)Hk—@—pHa>

t+1
= —llp—1-a +pHaHp—1—a - p(l - t)ngz_)l_a + Z%

p(lt;L 1)(H3 “H®Y (mod p?).  (2.11)

2
(Y, +H2, )
= —H, —pH® + pH. + p(1 - t)HP +

Combining (2.8)-(2.11), we finish the proof. O



3. Proof of Theorem 1.5

As in Section 2, we write a = (—«), and a + a = pt. For non-negative integers n and k,

we define
2n 4 a)(a)i(a)nyk

(D7 (Wn-r(a)y

P(n, k) = (~1)7+!

and

n k) = (—1)"tk ()7 () nsh-1
Gl k) = U e (0,

where we assume that 1/(1),, = 0 if m < 0. Then we can easily verify that

F(n,k—1)—F(n,k) =Gn+1,k) — G(n, k). (3.1)

Proof of (1.12). Summing both sides of (3.1) over n from 0 to p — 1, we get

—_

iF(n,k—l)— F(n, k) =G(p, k) — G(0,k) = G(p, k).

n=0

S

3
Il
=)

Further, summing the above identity over k from 1 to p — 1, we obtain

X_:F(n,O):F(p—l,p—l)—i- ; G(p, k).
n=0 k=1
Namely, we have
— \E o (@i _ ()21 _ (@); — vk (@)
2V gy =, e, AT ey 6P

We consider three cases. If a = 0, then by Lemma 2.3, the congruence (1.12) holds in
this case. If a = p — 1, then by (3.2),

-1

3

k (@)} (@) (a)IQJ : g (Q)pyr—1
2 (V' )y =T~ 200 e

I
=3
~
+
3
w
o~
N
s
L
+
T
SC)
L
=
[\]
[\
ST
S
L
N———

10



where we have utilized (2.1) in the last step. Then the desired result follows from the fact
that
Ep,3(06> = Ep,3<1) = Epfg(()) =0 (mod p)

If 1 <a<p-—2, then, in light of (3.2), the left-hand side of (1.12) is equal to

(a)2p—1 (a)p Z(_1>k (a>P+k—1 _(_1)a (Oé)p(Oé)p+a

Wi (D ' (1)p—r()? (12 (D)peami(@)2;
(a)]% — E \Q)pt+k—1
(12, k_ZM(_l) (§>:_k(a)z' (3.3)

By Lemmas 2.4, 2.6-2.8, modulo p*, (3.3) is congruent to

2 a k
pt(t +1) p(t+2) a 3,3 [ 1702 (1)
GRS FE S R
P +2pHo + = me 4 (1) D2y

Pt + 1)2H3 N Pt + 4t + 1)H(2))

+ (~1)° (pt + PPt + D H, + = 5 ¢

— (=1)*%t(t+ 1) (Ha — i_j)l) — (=)t +1)

y <t+1H§+3t+1H§2>— (—1) 2H (—1) (t+2))

2 2 a+1 " (a+1)?
_ a aq, 343 - (_1)k
= (=1)*pt + (—=1)"2p°t ZT

k=1

In view of Lemma 2.2, we deduce that

k=1 k=1

This proves (1.12). O

Proof of (1.13). It suffices to show that

> (—1F2k + a)% =0 (mod p*) (3.4)

11



for a < p — 2. In fact,

S (—1)42k—a +m%

k

p—a—2 3
—a + pt
a+1 Z 2k+a+2+pt)( 3p>k+a+1
=0 (1>k+a+1
p—a—2

(=) (=a+pt)iy, k (L+p(t+1));
= e ; (=1)*(2k + a + 2 + pt) TR,

Since (—a + pt)s ,/(1)3,; =0 (mod p?) and

p—a—2
(L+p(t+ 1)
(—1D)*(2k +a+2+pt)
;0 (a+2)3
piz 2k +a+2
= ()
P& 2p—a—2—k) +a+2
= —3
i ()
P %k +a+2
= ()
=0 (mod p),
as desired. a

4. Concluding remarks and an open problem

For any odd prime p, let (5) be the Legendre symbol modulo p. Recently, using a WZ
pair in [3], Mao [14] proved the following two supercongruences: for any prime p > 3,

(p_zm( 1)*(6k + 1 )15'13)8% =p (%2) +%3 <%> E,_3 (mod p*),

k=0

which was originally conjectured by Sun in [18, Conjecture 5.1], and

Z M6k +1 /<(;‘3)8kk =p (_2> + 16E 5(3)  (mod p*), (4.1)
k=0

which was the n = 1 case of a conjecture of Sun [20, (2.16)].

12



It is clear that, for any prime p = 1 (mod 4), we have (%) = (—1)®=Y/4. Combining

the two supercongruences (1.7) and (4.1), we immediately obtain the following result: for
any prime p =1 (mod 4),

W

(1)

e (mod p*). (4.2)

S (—D)*(6k + 1) (R _ pz_:( 1) (8k 4 1)~-22%

Let [n] = (1 — ¢")/(1 — q) be the g-integer, (x;q), = (1 —z)(1 —xq) -+ (1 — g™ ")
(n > 0) the g-shifted factorial, and let the n-th cyclotomic polynomial be given by

Ouq)= [ (a—¢)

1<k<n
ged(k,n)=1

where ¢ is an n-th primitive root of unity. We believe that the following g-analogue of
(4.2) should be true.

Conjecture 4.1. Let n =1 (mod 4) be a positive integer. Then

[y

n—1

(¢ 4*)3 3k2 _ (0% oresn mod In 3
0( )[6k+1]—(q’q4>iq —;( 1)*[8k + ](q’q%q T (mod [n]®,(q)*).

3

=
Il

(4.3)

Note that the first author and Zudilin [9, Theorem 4.4] proved that, for any positive
odd integer n,

n—1

(- 1)4[6k + ]%q%l( DOV (mod [n]®,(q)%),

and they [9, Theorem 4.9] also showed that, for positive integers n =1 (mod 4),

—_

n—

(=1 -+ 1B 4040 = (009150 (uaod ], 0.

This means that the g-congruence (4.3) holds modulo [n]®,,(¢)?. Nevertheless, Conjecture
4.1 seems still rather challenging. For a similar but more difficult conjecture, we refer the
reader to [7, Conjecture 6.4].

B
Il
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