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1�Ù Ä:�£

3p��ê¥, ·�Ì�'%���þ�m�5�. XJI�ïÄ�x�þ�m, Ò7LÚ

\�þm�Vg. �þ�m¥��þVgí2��þm¥, K�O���þ|–����¡. ù
�ùÂÌ�'%�X�þm±9�X�¡�5�. ·�3ù�Ù{�/0��'Ä:�£.

1.1 �þm�Ä�Vg

ù�!�SN�ng [Tan11, 1�Ù].

1.1.1 �þm��¡

±e� X ´ n�E6/.

½Â 1.1.1 � π : E → X ´lE6/ E � X ��XN�. XJ π ÷v±e^�, K¡Ù
� X þ�� r �X�þm (Holomorphic vector bundle):

(1) é?Û: x ∈ X, n� Ex := π−1(x) ´ r �E�þ�m,

(2) é?Û: x ∈ X, �3 x �m�� U 9V�XN� ϕU : π−1(U)→ U × Cr, ÷vXe��
ã

π−1(U)

πU

##G
GG

GG
GG

GG

ϕU // U × Cr

pr1
{{xxxxxxxxx

U

¿� ϕU ò Ex Ó�/N� {x} × Cr þ.

·�ò rkE := r ¡� E �� (Rank). XJ rkE = 1, K¡ π : E → X ��m (Line bundle).

� {Uα}α∈I ´ X þ�mCX, ¦�

ϕUα
: E|Uα

−→ Uα × Cr

´Ó�, d? E|Uα
:= π−1(Uα). ��Bå�,·�{P ϕα := ϕUα

, ¡��²�zN�. ¯k�½

Cr ��|IOÄ e1, · · · , er. ��Bå�, ·�r�þ v =
r∑
i=1

aiei �¤Ý
 v = T (a1, . . . , ar).

d½Â, ·�kV�XN�

ϕαβ := ϕα ◦ ϕ−1
β : (Uα ∩ Uβ)× Cr −→ (Uα ∩ Uβ)× Cr, (x, v)→ (x,Φαβ(x) · v),

ùp Φαβ : Uα ∩ Uβ → GL(r,C) À� Uα ∩ Uβ þ��XÝ
¼ê (=Ý
¥���Ñ´�X¼
ê). §�÷v{ó^�:

(1) Φαα = Id,

(2) Φαβ ◦ Φβγ ◦ Φγα = Id.
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{Φαβ}α,β∈I ¡� E �LÞÝ
 (Transition matrix) . é�mó, LÞÝ
Ò´�X¼ê.

�L5, XJ X þk�|mCX {Uα}α∈I ±9�x�XÝ
¼ê Φαβ : Uα∩Uβ → GL(r,C)
(¯k�½ Cr ��|IOÄ) ÷vþãü�^�, ·��±òÃ Uα × Cr ÏLXe�ªÊÜå

5, ���X�þm

E =
∐

Uα × Cr/ ∼,

d?�d'X ∼½Â� (� (xβ, vβ) ∈ Uβ × Cr, (xα, vα) ∈ Uα × Cr):

(xβ, vβ) ∼ (xα, vα)⇐⇒ xα = xβ , vα = Φαβ(xβ) · vβ .

�þmd§�LÞÝ
8Ü {Φαβ}α,β∈I ��(½. Ïd�·�3�E½ö£ã�þm�, ¦^
LÞÝ
��ó  ¬'��B.

é x ∈ X, ·��

eαk(x) = ϕ−1
α (x, ek), x ∈ Uα, k = 1, · · · , r. (1-1)

eα(x) = (eα1(x), · · · , eαr(x)) �¤n� Ex �ÛÜÄ. ÏLäNO�ÛÜÄ�=�'X, ·�k

eβ(x) =
(
ϕ−1
β (x, e1), . . . , ϕ−1

β (x, er)
)

=
(
ϕ−1
α ϕαβ(x, e1), . . . , ϕ−1

α ϕαβ(x, er)
)

= ϕ−1
α (x, (e1, . . . , er) · Φαβ) = eα(x) · Φαβ .

�n� 
eα1

...
eαr

 = TΦαβ(x)−1 ·


eβ1

...
eβr

 .

~ 1.1.1 (²�m) E = X × Cr ¡� X þ�²�m, ÙLÞÝ
 Φαβ = Ir ´ü Ý
. �

e~¥��þm´�êAÛ¥�²;��aé�.

~ 1.1.2 (�X�m�{�m) �Ä n�E6/ X þ��IkCX {Uα}α∈I . ·��±½
Â�X�m (Holomorphic tangent bundle)

TX =
{
∂(xα1, · · · , xαn)
∂(xβ1, · · · , xβn)

}
±9�X{�m(Holomorphic cotangent bundle)

ΩX =
{
∂(xβ1, · · · , xβn)
∂(xα1, · · · , xαn)

}
.

�mÚ{�m�n����

TX,x = C〈 ∂

∂xα1
, · · · , ∂

∂xαn
〉, ΩX,x = C〈dxα1, · · · , dxαn〉,

ÏÑ´� n m. �ó�, TX,x Ú ΩX,x �ÛÜÄ©O���

eαi(x) =
∂

∂xαi
, e∗αi(x) = dxαi.

�X�mÚ{�mÑ´1wE6/U,äk��þm, §��N
E6/���AÛ5�. �

~ 1.1.3 (éóm) E = {Φαβ}�éóm (Dual bundle) ½Â� E∨ = {TΦ−1
αβ}.

- 3 -
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éóm��5�mk�Ó��. éóm��±w¤�xéó�m�“ÊÜ”. äNó
�, é x ∈ X, ò E∨

x À� Ex �éó�m, ¿�ÛÜÄ e∗α(x) = (e∗α1(x), . . . , e
∗
αr(x)), ÷v

〈e∗αi(x), eαj(x)〉 = δij . dd��=�'X
e∗α1(x)

...
e∗αr(x)

 = Φαβ(x) ·


e∗β1(x)

...
e∗βr(x)

 . (1-2)

d~ 1.1.2, ·�k ΩX = T∨X . ?�Ú�?Ø�~ 1.1.10 �~ 1.1.11. �

~ 1.1.4 (�þm��Ú) � E = {Φαβ}, E′ = {Φ′
αβ}´ü��þm. ·�½Â E Ú E′

��Ú (Direct sum)

E ⊕ E′ =

{(
Φαβ 0
0 Φ′

αβ

)}
.

ù�Vg�Uí2����/, = n ��þm E1, · · · , En ��Ú

E = E1 ⊕ · · · ⊕ En.

´� rkE =
n∑
i=1

rkEi. ù���Ú��¡�Whitney �Ú. �

~ 1.1.5 (�þm�ÜþÈ) � E = {Φαβ}, E′ = {Φ′
αβ}©O´� r Ú r′ �þm. ·�½

ÂÜþÈ (Tensor product)
E ⊗ E′ = {Φαβ ⊗ Φ′

αβ}.

ùp�LÞÝ
�m�ÜþÈ´�Ý
� Kronecker È. äNó�, � Φαβ = (aij)1≤i,j≤r, K

Φαβ ⊗ Φ′
αβ :=


a11Φ′

αβ a12Φ′
αβ . . . a1rΦ′

αβ

a21Φ′
αβ a22Φ′

αβ . . . a2rΦ′
αβ

. . . . . . . . . . . .

ar1Φ′
αβ ar2Φ′

αβ . . . arrΦ′
αβ

 .

�Ü·�mCX, � eα, e
′
α ©O´ E,E′ �ÛÜÄ, @o E ⊗ E′ �ÛÜÄ��� eαi ⊗ e′αj

(1 ≤ i ≤ r, 1 ≤ j ≤ r′).

AO/, XJ E,E′ Ñ´�m, @o E ⊗ E′ E´�m, ÙLÞ¼ê� ΦαβΦ′
αβ . ���/, �

þm E1, · · · , En �ÜþÈ½Â�

E := E1 ⊗ · · · ⊗ En.

dO���, rkE =
n∏
i=1

rkEi. k���BÖ�, ·�P E⊗n := E ⊗ · · · ⊗ E︸ ︷︷ ︸
n

. �

~ 1.1.6 (Ó�m) é�þm E,E′, ·��U½Â Hom(E,E′). éz� x ∈ X, éA�n

�Ò´
Hom(Ex, E′

x) ∼= E∨
x ⊗ E′

x.

� e∗α(x) Ú e′α(x) ©O´ E∨ Ú E′ �ÛÜÄ, @o Hom(E,E′) �ÛÜÄ��� {e∗αi(x) ⊗
e′αj(x)}, ÙLÞÝ
� TΦ−1

αβ ⊗ Φ′
αβ . Ïd·��±r Hom(E,E′) �Óu E∨ ⊗ E′. �
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~ 1.1.7 (�þm�é¡È) � E = {Φαβ}´� r �þm. ·�½Âé¡È (Symmetric
product)

SkE = {SkΦαβ}.

äN/`, SkE �ÛÜÄ��� eα1(x)n1 · eα2(x)n2 . . . eαr(x)nr , ùp
r∑
i=1

ni = k, ni ≥ 0. Ïd

rkSkE =

(
r + k − 1

k

)
.

AO/, XJ E ´�m, @o SkE = E⊗k E��m. �

~ 1.1.8 (�þm�	È) � E = {Φαβ}´� r ��þm. ·�½Â	È (Wedge prod-
uct)

∧kE = {
k∧

Φαβ}.

∧kE �ÛÜÄ��� eαi1 ∧ · · · ∧ eαik , ùp 1 ≤ i1 < · · · < ik ≤ r. Ïd

rk ∧k E =

(
r

k

)
.

AO/, � k = rkE �, ·��� E �1�ªm (Determinant bundle)

detE := ∧kE = {det Φαβ}.

§w,´�m.

d~ 1.1.2, �±½Â Ωp
X := ∧pΩX . AO/,

ωX := ∧nΩX =
{∣∣∣∣∂(xβ1, · · · , xβn)
∂(xα1, · · · , xαn)

∣∣∣∣}
�¡�;�m (Canonical bundle). �

~ 1.1.9 (�þm�.£) � f : Y → X ´E6/m��XN�. E = {Φαβ}´ X þ��

þm. ·��±½Â Y þ�.£�þm

f∗E = {f∗Φαβ}.

·�)º�e f∗Φαβ �¹Â. � Φαβ = (aij)1≤i,j≤r, @o f∗Φαβ := (f∗aij)1≤i,j≤r, ùp f∗aij :=
aij ◦ f À� Y þ�¼ê.

XJ f : Y ↪→ X ´�¹N�, @o f∗E = E|Y ´�þm E 3 Y þ���. �

½Â 1.1.2 � π : E → X ´� r �X�þm. §��X�¡ (Holomorphic section) ´�
���XN� s : X → E, ÷v π ◦ s = Id.

d²�zN� (¯k�½ Cr �IOÄ e1, · · · , er),

ϕα ◦ s|Uα
(x) = (x, sα(x)),

- 5 -



1�Ù Ä:�£

ùp

sα(x) =


sα1(x)

...
sαr(x)


´�X��þ¼ê. dª (1-2) ±9 s(x) = eα(x)sα(x) = eβ(x)sβ(x),

sα(x) = Φαβ · sβ(x). (1-3)

E ��X�¡�N�¤ C þ��þ�m, P� Γ(X,E). aq/, ·���±½Â�X�¡�V
g.

~ 1.1.10 � E = {Φαβ}, E′ = {Φ′
αβ}©O´�� r, r′ ��þm. s, s′ ©O´ E,E′ ��

¡. §��ÛÜn�Ä©O´

eα(x) = (eα1(x), . . . , eαr(x)), e′α(x) = (e′α1(x), . . . , e
′
αr′(x))

(1) � e∗α(x) = (e∗α1(x), . . . , e
∗
αr) ´ E∨

x �éóÄ, ÷v 〈e∗αi, eαj〉 = δij . E
∨ ��X�¡

s∗α(x) =
r∑
j=1

s∗αj(x)e
∗
αj(x)

÷vXe=�'X
s∗α1
...
s∗αr

 = TΦαβ(x)−1


s∗β1
...
s∗βr

 ,


e∗α1
...
e∗αr

 = Φαβ(x) ·


e∗β1
...
e∗βr

 .

(2) E ⊗ E′ ��X�¡�
s̄α(x) =

∑
i,j

sα,ij(x)eαi(x)⊗ e′αj(x).

(3) detE ��X�¡�
s̄α(x) = `α(x)eα1(x) ∧ · · · ∧ eαr(x),

ùp `α(x) ´ Uα þ��X¼ê, ÷v `α = detΦαβ`β.

(4) � f : Y → X ´�XN�. f∗E ��X�¡�

f∗sα(y) = sα(f(y)). �

~ 1.1.11 (n��I) � π : E → X ´�þm. XJ·�r E ��E6/w, @o?�

: p ∈ E �ÛÜ���±ïáÛÜ�I. äNö�Xe. Äk� x = π(p) ∈ Uα, ·�®kV�

XN� ϕα : π−1(Uα) → Uα × Cr. Ïd ϕα(p) 3�½�IOÄ {ei}1≤i≤r eJø
g,��I

ϕα(p) = (x, zα(p)), ùp

zα(p) =


zα1(p)

...
zαr(p)

 =
r∑
i=1

zαi(p)ei.

- 6 -
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p 3 π−1(Uα) þ�n��I (Fiber coordinates) ½Â�

p = zα1eα1(x) + · · ·+ zαreαr(x).

d=�'X

zα(p) = Φαβ(x)zβ(p) = π∗(ϕαβ)(p)zβ(p),

z = {zα}��±n)��þm π∗E → E ��N�¡.

XJrn� Ex ¥�: p n)� Ex ¥��þ, @o zαi ¢Sþ�UÀ� Ex þ��5�¼,
=

zαi : Ex −→ C, p = zα1(p)eα1 + · · ·+ zαr(p)eαr → zαi(p).

�Ä E∨ �ÛÜÄ e∗α = (e∗α1, . . . , e
∗
αr) ÷v~ 1.1.3 �^�. ùÒk zαi = e∗αi. �ó�, zαi

(i = 1, . . . , r) �±w¤ E∨ = {TΦ−1
αβ}��|Ä. ù
¼ê�m�±kU,�\{�¦{$�,

Ïd ⊕∞n=0S
nE∨ �D�
g,����(�. w�, SnE∨ ��X�¡3 Uα þÒ´ zα1, . . . , zαr

� r � n gõ�ª, ÙXê´'u x(∈ Uα) ��X¼ê. ò5·�I�?Øõ�ª3�þmþ�
í2�, ^éómw,��g,. �

5 1.1.1 (1) é�¡ s = {sα(x)}ó, ·���±^�I�d/Qã� z = s(x), =

zαi = sαi(x).
(2) þ¡ù
?ØXJ��3���þ�mþ§�´�
²;�p��ê(Ø. ·�3�þ�m

¯k�½�|Ä (��u�½
�IX), @oþ¡��þ�±n)¤�I:, Ù©þÒ´�I¼
ê. §���±w¤ù|Ä��5�¼, Ï�¤
éó�m��|Ä. ·��´rù
?Øí
2��þmþ, 4§��Nz. �

~ 1.1.12 (�K�mþ��m) � X = Pn ´ n�E�K�m. [X0, · · · , Xn] ´àg�I.
�Ä��m8

Ui = {[X0, · · · , Xn]| Xi 6= 0} ∼= Cn =
{(

X0

Xi
, · · · , 1, · · · , Xn

Xi

) ∣∣ Xi 6= 0
}
.

·�½Â�m H = {Xj

Xi
}. N´�y, H ��X�¡���{

n∑
k=0

ak
Xk

Xi

}
0≤i≤n

, ak ∈ C.

Ïd H ��X�¡�m (��E�m)

Γ(X,H) ∼= {
n∑
k=0

akXk| ak ∈ C}.

?�Ú�Ä�m

H⊗m =
{(

Xj

Xi

)m}
, m > 0.

H⊗m ��X�¡��� {
f

(
X0

Xi
, · · · , Xk

Xi
, · · · , Xn

Xi

)}
0≤i≤n

,
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ùp f(x0, · · · , xn) ´ C[x0, · · · , xn] ¥� m gõ�ª (=Ù¥�ü�ª�pgê�m). Ïd

Γ(X,H⊗m) ∼= {F (X0, · · · , Xn)| F ´ m gàgõ�ª}.

O��ê��

dimC Γ(X,H⊗m) =

(
n+m

m

)
.

H∨ k,�«AÛ)º:

H∨ ∼= {(`, v) ∈ Pn × Cn+1| v ∈ `},

ùp v ∈ ` ´� ` À� Cn+1 ¥���, v ´ ` þ�:. � ` ∈ Ui ∩ Uj , 3 Ui þ, m>�þm�Ä
ei = (X0

Xi
, · · · , Xn

Xi
)(∈ Cn+1); 3 Uj þ�Ä ej = (X0

Xj
, · · · , Xn

Xj
). Ïd

ej = ei ·
Xi

Xj
.

lù�AÛ)ºþw, z�n� H∨
` Ò´ ` (����w). Ïd·��ò H∨ ¡�K�m

(Tautological line bundle). k�·��ò (H∨)⊗m P� H⊗(−m).

XJ^���ó, ·��~~ò H⊗m �Ó� OPn(m) (�~ 1.2.1). �

1.1.2 �þm�Ó�

½Â 1.1.3 � π : E → X Ú π′ : E′ → X ´ü��þm. XJ�3�XN� h : E → E′

¦�±e��ã¤á,

E

π
  @

@@
@@

@@
@

h // E′

π′~~}}
}}

}}
}}

X

¿�é?¿ x ∈ X, h|Ex
´�5N�, K¡ h ��þm�Ó� (Homomorphism). ?�Ú, XJ h

´V�X�, K¡ h ´�þm�Ó� (Isomorphism).

�þ�mÓ�3ØÓÄe�Cz5Æ�±í2��þm�Ó�þ.

·K 1.1.1 � E = {Φαβ}Ú E′ = {Φ′
αβ}©O´� r Ú r′ �þm.

(1) é?¿�þmÓ� h : E → E′, ��E�x�XN� hα : Uα →Mr′×r(C), ÷v��ã

E|Uα

h|Uα //

ϕα

��

E′|Uα

ϕ′α
��

Uα × Cr hα // Uα × Cr′

(x, v) // (x, hα(x) · v)

¿�÷v=�'X

Φ′
αβhβ(x) = hα(x)Φαβ , x ∈ Uα ∩ Uβ , (1-4)

ùp Mr×r′(C) ∼= Cr ⊗ Cr′ ´ r′ 1 r �EXêÝ
�¤��m.
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(2) �L5§�½�x�X¼ê hα : Uα → Mr′×r(C) ÷v'Xª(1-4), @o§�p��þmÓ

� h : E → E′.

y² (1) ®��3Ó� h : E → E′. |^'Xª ϕ′α ◦ h ◦ ϕ−1
α (xα, vα) = (xα, hα(xα)vα)

��

(x, hα(x)Φαβvβ)

= ϕ′α ◦ h ◦ ϕ−1
α (x,Φαβ(x)vβ)

= (ϕ′α ◦ h ◦ ϕ−1
α ) ◦ ϕα ◦ ϕ−1

β (x, vβ)

= (ϕ′α ◦ h ◦ ϕ−1
β )(x, vβ)

2|^'Xª h ◦ ϕ−1
β (xβ, vβ) = ϕ′−1

β (xβ, hβ(xβ)vβ), ·�k

(x, hα(x)Φαβvβ) = ϕ′α ◦ (h ◦ ϕ−1
β (x, vβ))

= ϕ′α ◦ (ϕ′−1
β (x, hβ(x)vβ))

= (ϕ′α ◦ ϕ′
−1
β )(x, hβ(x)vβ)

= (x,Φ′
αβhβ(x)vβ).

d vβ �?¿5, ùÒk Φ′
αβhβ(x) = hα(x)Φαβ .

(2) �E�þmÓ�

h : E =
∐
α

Uα × Cr/ ∼ −→ E′ =
∐
α

Uα × Cr′/ ∼, (x, v)(∈ Uα × Cr)→ (x, hα(x)v).

·��I��y h �½ÂØ�6um8�À�. äNó�, � (x, vα) ∼ (x, vβ) (= vα =
Φαβ(x)vβ), �y (x, hα(x)vα) ∼ (x, hβ(x)vβ). ù5gu±e¯¢:

hα(x)vα = hα(x)Φαβ(x)vβ = Φ′
αβ(x)(hβ(x)vβ).

�d�¤y². �

d·K 1.1.1, ��XeíØ.

íØ 1.1.1 � E = {Φαβ}Ú E′ = {Φ′
αβ}´� r �þm, K±e^�*d�d:

(1) �3�þmÓ� h : E → E′,

(2) �3�x�XN� hα : Uα → GL(r,C), ÷v

Φ′
αβ = hα(x)Φαβhβ(x)−1, x ∈ Uα ∩ Uβ .

~ 1.1.13 (�K�mþ�;�m) £�~ 1.1.12 ¥�PÒ�Vg. ·��Ä X = Pn þ�
;�m ωX . 5¿� ∣∣∣∣∂(xj1, · · · , xjn)

∂(xi1, · · · , xin)

∣∣∣∣ = (−1)j+ix−1−n
ij = (−1)i+j

(
Xi

Xj

)n+1

,

ÏdíØ 1.1.1, ·��� hi = (−1)i, l��

ωX ∼= (H⊗(n+1))∨.
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~ 1.1.14 (���þm�éó) � E = {Φαβ}´� 2 �þm, ·�5y²

E∨ ∼= E ⊗ (detE)∨.

¯¢þ, ���X¼êx {hα}:

hα(x) =

(
0 1
−1 0

)
.

N´�y

TΦ−1
αβ = hα · Φαβ · (detΦαβ)−1 · h−1

β .

|^íØ 1.1.1, =�(Ø. �

þã(J¢Sþ´Xe(Ø�A~.

·K 1.1.2 ([Hir66], ½n 3.6.1, page 47) � E,E′, E′′ ´ X þ��þm, y²:

(1) (E ⊕ E′)⊕ E′′ ∼= E ⊕ (E′ ⊕ E′′), E ⊕ E′ ∼= E′ ⊕ E.

(2) (E ⊗ E′)⊗ E′′ ∼= E ⊗ (E′ ⊗ E′′), E ⊗ E′ ∼= E′ ⊗ E.

(3) (E ⊕ E′)⊗ E′′ ∼= E ⊗ E′′ ⊕ E′ ⊗ E′′.

(4) (E ⊕ E′)∨ ∼= E∨ ⊕ E′∨, (E ⊗ E′)∨ ∼= E∨ ⊗ E′∨.

(5) Hom(E,E′) ∼= E∨ ⊗ E′, (E∨)∨ ∼= E.

(6) � r = rkE, K (Λr−pE)∨ ∼= Λr−p(E∨) ∼= ΛrE∨ ⊗ ΛpE ∼= ΛpE ⊗ (detE)∨.

(�ÖögC�y)

�þ�m��
�Ü��5��Uí2��þmþ.

·K 1.1.3 ([Hir66], ½n 4.1.2 9 4.1.3, page 54-55) �Ä�þm��Ü�

0 −→W ′ −→W −→W ′′ −→ 0.

� E ´,���þm. ·�kXe�ÜS�

(1) 0 −→ Hom(E,W ′) −→ Hom(E,W ) −→ Hom(E,W ′′) −→ 0.

(2) 0 −→W ′ ⊗ E −→W ⊗ E −→W ′′ ⊗ E −→ 0.

(3) 0 −→ (W ′′)∨ −→W∨ −→ (W ′)∨ −→ 0.

(4) e W ′ ´�m, K

0 −→ Λp−1W ′′ ⊗W ′ −→ ΛpW −→ ΛpW ′′ −→ 0.

(5) e W ′′ ´�m, K

0 −→ ΛpW ′ −→ ΛpW −→ Λp−1W ′ ⊗W ′′ −→ 0.

(�ÖögC�y)
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1.2 và��ý��£

1.2.1 ÛÜgd�

3�Ø¥, ��þméA�Vg´ÛÜgd�. éõ�ÿ, ·�Ñòùüö�Óå5?n.

½Â 1.2.1 � E ´E6/ X þ��, XJ÷vXe5�, Ò¡�� r �ÛÜgd�
(Local free sheaf): é?Û x ∈ X, �3 x ��� U , ¦� E|U = O⊕rU .

� E ´E6/ X þ�� r �X�þm. ·��±�E OX -�� O(E): 3z�m8 U þ,
O(E)(U) := Γ(U,E) d E 3 U þ��X�¡�¤, ¡��X�¡�.

·�y²XeÌ�(Ø.

·K 1.2.1 � Vec(X) ´ X þ�X�þmÓ�a��Æ, Mod(X) ´ X þÛÜgd OX -
��Ó�a��Æ. @o E → O(E) �Ñ
l Vec(X) � Mod(X) �g,�d. äNó�,

(1) �X�þm E ��X�¡� O(E) ´� r ÛÜgd OX -��.

(2) é?¿� r ÛÜgd OX -�� E , �3 X þ����X�þm E, ¦� E = OX(E).

(3) þãéA�±
�þm½��m�Ó�.

y² (1) O(E)|Uα
= O(E|Uα

) ∼= O(Uα × Cr) ∼= O|Uα

⊕r. £� E 3 Uα þ�ÛÜÄ
eα(x) = (eα1(x), . . . , eαr(x)) (�ª (1-1)). w,, eα1(x), . . . , eαr(x) �±À� O(E)|Uα

∼= O|Uα

⊕r

��|Ä. §�÷v=�'X

(eβ1, · · · , eβr) = (eα1, · · · , eαr) · Φαβ . (1-5)

(2) � {eα1, · · · , eαr}´ E|Uα
∼= O|⊕rUα

�� OUα
-��Ä. d (E|Uα

)|Uα∩Uβ
= (E|Uβ

)|Uα∩Uβ
, ·

�kÄ�m�C�ª (1-5). ùxC� {Φαβ}�Ñ
�X�þm E, Ï E = O(E).

(3) �Ä�þmN� ϕ : E → F . ·�½Â�A��N�

Φ : O(E)→ O(F ), s→ ϕ ◦ s.

�L5, �Ä?�ÛÜgd��� Ψ : O(E) → O(F ). À�Ü·�mCX {Uα}α∈I , ¦�
O(E)|Uα

∼= O⊕rUα
, O(F )|Uα

∼= O⊕r
′

Uα
. �

eα(x) = (eα1(x), . . . , eαr(x)), e′α(x) = (e′α1(x), . . . , e
′
αr′(x))

©O´ O(E) Ú O(F ) �ÛÜÄ, @o ΨUαβ
p�
�XN� hα : Uα →Mr′×r(C), ¦�(

ΦUαβ
(eα1(x)), . . . ,ΦUαβ

(eαr(x))
)

= (eα1(x), . . . , eαr′(x)) · hα(x).

d½Â��y§÷v·K 1.1.1 �'Xª 1-4. ÏdùÒ�E
�þmÓ� φ : E → F . �

5 1.2.1 ��`5, �þmrN�´Ie, ÛÜgd�rN�´�¡. ØLÄu±þ�
g,�d, ·�3?Ø¯K�,   ò�X�þmÚ�X�¡��Óå5. ù�?n´�~B

$�. 8�XÃAO(², ·�ÒØ2«©üö. ùp2)º�eªÚn��'X. ÛÜgd�
E = OX(E) 3 x ∈ X ?�n��±n)¤ E(x) := Ex/Ix(E), ùp Ix ´ x ?�n��. §´ C
þk���þ�m. ·��±r E(x) Ú�þm E �n� Ex �Óå5. �
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5 1.2.2 ùp�AOJ2Öö5¿, þãg,�d¿Ø�±Ó��ü�5. äNó
�, =¦ OX(E) → OX(F ) ´ü�, �ØU�y E → F ´ü�. ÛÜþw, ��u`ªN
� OX,x(E) → OX,x(F ) �ü�5ØU�yn�N� Ex → Fx �ü�5. 'X� X = C,
0 6= (f1, · · · , fr) ∈ H0(X,O⊕rX ) ¦�Ã fi kú�": x, K

φ : OX −→ O⊕rX , h→ (hf1, · · · , hfr)

´��üÓ�. �´éA��þmÓ�3 x ?´"N�.

ØL÷�5E,�±. d Nakayama Ún (�SK 1.19), n�N� Ex → Fx ´÷���=
�ªN��´÷�. �

3�êAÛ¥, �m (�_�) ´��ïÄé���. §�ÚØfkX��éX. ��BÖ
ö, ·�{ü£��e. � D ´ X þ��¡. D 3z��Im8 Uα þd�X¼ê fi �":
8 (P� V (fα)) ½Â. d V (fα)|Uα∩Uβ

= V (fβ)|Uα∩Uβ
, �é�3 Uα ∩ Uβ þÃ":��X¼ê

`αβ , ¦�
fα = `αβfβ .

N´�y, {`αβ}p�
���X�m [D] = {`αβ}. ���/, ?ÛØf D �±�¤
m∑
i=1

niDi,

ùp ni ∈ Z, Di ´�¡. � [Di] = {`iαβ}. ·��p��X�m

[D] := [D1]⊗n1 ⊗ · · · ⊗ [Dm]⊗nm =

{
m∏
i=1

`ni

iαβ

}
.

�L5, ?��m L, ±9�"�X�¡ s ∈ L (=�¡´�X�), @o L ∼= [div(s)]. s ´�X�
��=� div(s) ´k�Øf. ?�Ú, ü�Øfp�Ó���m��=�§��5�d.

~ 1.2.1 XJ X ⊆ Pn ´E�Kq, ·��±�E�m L = OPn(1)|X , =�²¡��Ø
féA��m. é X þ�ÛÜgd� (���/, và�) F , ·�Ï~P F(m) := F ⊗L ⊗m.
�L5, ���~´L�m (very ample line bundle) Ò´�§´,��²¡��ØféA��

m. ���m H �¡�´L� (Ample), ´�é,���ê m0, H⊗m0 ´�~´L�. �

~ 1.2.2 (�N�¡p�����) � E ´ X þ��þm, s ∈ Γ(X,E) ´ E ��"�X

�¡. ·��±p���ü��

ν : OX ↪→ OX(E), h→ hs.

�L5, ?Ûü�� ν : OX ↪→ O(E) p�
�X�¡ s = ν(1) ∈ Γ(X,E).

����, �½�"�X�¡ s1, . . . , sk ∈ Γ(X,E), ·��±p����

ν : O⊕kX −→ O(E), (h1, . . . , hk)→ h1s1 + · · ·+ hksk.

��`5, §QØ´ü��, �Ø´÷��. XJ§´÷�, ·�Ò` O(E) ´d�N�¡)¤
�(�1 2.1 !).

éþã���éó�

ν∗ : O(E∨)→ O⊕kX , ξ∗ → (ξ∗(s1), . . . , ξ∗(sk)).

§Ï~Q�ü���÷�. �
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~ 1.2.3 (Euler S�) ·�òp�¤¢� Euler �Ü� (Euler sequence)

0 −→ OPn −→ OPn(1)⊕(n+1) −→ TPn −→ 0.

·�5)ºT�Ü��AÛ¿Â.

Äk�ÄIOÝK

π : Cn+1 − {O} −→ Pn, (X0, . . . , Xn)→ [X0, . . . , Xn].

� xi = Xi/X0 ´ Pn ����I. ·�k

π∗dxi =
X0dXi −XidX0

X2
0

, π∗
∂

∂Xi
=

1
X0
· ∂
∂xi

, π∗
∂

∂X0
= −

n∑
k=1

Xk

X2
0

· ∂

∂xk
.

AO/

π∗

(
n∑
k=0

Xk ·
∂

∂Xk

)
= 0.

n∑
k=0

Xk · ∂
∂Xk

´ Cn+1 þ��þ|, ¡� Euler �þ|.

é?Û�5¼ê σ(X) =
n∑
i=0

aiXi 9 v(X) = σ(X) · ∂
∂Xi

.

π∗ (v(X)) = π∗ (v(λX)) , ∀λ ∈ C.

Ïd π∗(v(X)) p�
 Pn ��þ|.

y3·��±�E���

τ : OPn(1)⊕(n+1) −→ TPn , (σ0, · · · , σn)→ π∗

(
n∑
k=0

σi(X)
∂

∂Xi

)
,

ù p σi(X) ∈ OPn(1) ´ � 5 à g õ � ª. � ± � y τ ´ ÷ � � Kerτ = OPn (d � ¡
(X0, · · · , Xn) )¤).

éî.S��éó, K�

0 −→ ΩPn −→ OPn(−1)⊕(n+1) −→ OPn −→ 0,

½��

0 −→ ΩPn(1) −→ O⊕(n+1)
Pn

ϕ−→ OPn(1) −→ 0. (1-6)

ϕ ´ ¤¢� D � N � (� 1 2.1 !). � ½ � N � X � ¡ � m Γ(Pn,OPn(1)) ¥ � � | Ä
X0, · · · , Xn, K

ϕ(f0, . . . , fn) = f0 ·X0|U + · · ·+ fn ·Xn|U , fi ∈ OPn(U).

ΩPn(1) ��u ϕ p��Øm (�1 2.1 !�½Â).

é�Ü� (1-6) �	È, ¿|^·K 1.1.3 (4) ���Ü�

0 −→ Ωp
Pn(p) −→ O⊕mPn −→ Ωp−1

Pn (p) −→ 0, m =

(
n+ 1
p

)
. (1-7)

'uî.S���[?Ø��ë� [GrHa94, Page 409]. �
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1.2.2 và�

và�´'ÛÜgd��2���aé�. §3éõ�¡�3
ÛÜgd��5�. ·�3
?n�þm¯K�, ²~¬?Øvà�ùaé�.

½Â 1.2.2 � F ´E6/ X þ� OX -��, XJ÷vXe5�: éu?�: x ∈ X, �

3 x ��� U ±9Xe��Ü�

O⊕qX
∣∣
U
−→ F|U −→ 0,

@o·�Ò¡ F ´k�. OX -�� (Finite type).

½Â 1.2.3 � F ´E6/ X þ�k�. OX -��, XJ÷vXe5�: éu?��� U

±9?¿ OX |U���� ϕ : (OX |U )⊕q → F|U , Kerϕ �´k�.� OX |U -��, @o·�Ò¡
F ´và� (Coherent sheaf).

ùpÛ�và���
Ä�5�.

·K 1.2.2 � X ´E6/, F ,G ´và�, @o

(1) (Oka Ún [OKa61]) X þ�(�� OX ´ìA�, Ï´và�. f6/ Y ⊆ X �n�

��´và�.

(2) �

0 −→ E −→ V −→ H −→ 0

´ OX -����Ü�. eÙ¥kü�´và�, K1n��´và�.

(3) F ⊕ G �´và�. Ù_�¤á.

(4) � ϕ : F → G ´và��m���, @o Kerϕ, Imϕ 9 cokerϕ Ñ´và�.

(5) F ⊗OX
G, H om(F ,G) �´và�.

(6) � E ´và���=�éz�: x ∈ X, �3 x ��� U ±9�Ü�

O⊕pX
∣∣
U
−→ O⊕qX

∣∣
U
−→ E|U −→ 0.

(7) ÛÜgd�Ñ´và�.

·���±½Âvà� F �Û:8 (Singularity set)

S(F) = {x ∈ X| Fx Ø´gd-OX,x �}.

�±y², S(F) ´E6/ X ¥{�ê��� 1 �4)Ûf8. Ïd F 3 X \ S(F) þ´ÛÜg
d�. dd��½Â F �� (Rank)�ù�ÛÜgd���.

5 1.2.3 và��k�.ù�5�3?Ø¯K�  ék^. 'X3�EÛÜN��, ·
��I��Eª�N�=�. ù´Ï� Fx þ�±ék��)¤�, §�3 x �,���þE´
F �ÛÜ)¤�. ªþ�N�dù
)¤�(½, l�±òÿ���þ. ,	, k�.���
�| 8´48, �ó� Fx = 0 %¹X F|U = 0 3,��� U ¤á. ÏdXJ·�kvà��
ª�m�ü��, @o3òÿ����, ü5��± (���Ä���Ø=�). �
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5 1.2.4 E6/ X þ�và� F 3 x ?�ª Fx �n� F(x) := Fx/mxFx w,´ü�
ØÓ�Vg. cö´ OX,x-�, �ö´ C þ��þ�m. �X5P 1.2.2 ¤�Ñ�, ª���ü�
5ØU�yn����ü�5. �´n����÷�5%¹
ª���÷�5 (d Nakayama Ú

n). ·�  �±|^ù�:5y²,
và����÷5. 'Xe¡�(Ø�´|^
ù�
�n. �

·K 1.2.3 � ϕ : F → F ´;E6/þ�và� F �g��ü��, K ϕ ´Ó�.

y² d� Hom(F ,F) ´ C þ�k���m. Ïd ϕ ÷võ�ª�§. 5¿� ϕ ´ü�,
Ïd·��±b�Tõ�ª¹k�"~ê� (ÄK�±��Ïf ϕ).

5¿�z�n� F(x) := Fx/mxFx Ñ´ C þ�k���þ�m, ϕ ÷v�õ�ª�§w,

3z�n� F(x) þÑ¤á. Ï�T�§k�"~ê�, ÏdùÒíÑ ϕ 3 F(x) þ´÷�. d
Nakayama Ún, =� ϕ �÷5. �

½Â 1.2.4 � F ´ X þ�và�,

(1) XJé x ∈ X, Fx ´ÃL� OX,x-�, Ò¡ F 3 x ?ÃL. e F ??ÃL, K¡ F ´ÃL

� (Torsion free sheaf) .

(2) XJ;���Ó� µ : F → F∨∨ ´Ó�, K¡ F ´g�� (Reflexive).

(3) XJé?Ûm8 U ⊆ X ±9{�ê��� 2 �)Û4f8 A ⊆ U , ��N� F(U) →
F(U \A) Ñ´Ó�, @o¡ F ´�5� (Normal).

~ 1.2.4 é²w, ÃL��f�E´ÃL�; ÛÜgd�Ñ´ÃL�g��. ,	, diù

*Ü½n, OX ´�5�. �

~ 1.2.5 � ∆ ´ X þ{�ê��� 2 �)Û4f8, n�� I∆ ⊆ OX ´ÃL�, �Ø

´�5�. �

5 1.2.5 c¡®J9, và��Û:8´{�ê��� 1 �)Û4f8. ¢Sþ��±y

², ÃL��Û:8{�ê��´ 2, g���Û:8{�ê��´ 3. Ïde X ´1w�ê

�, @oÃL��=�ÛÜgd. e X ´1w�K¡, Kg���=�ÛÜgd. �

·K 1.2.4 � F ´ÃL�và�, @oéz: x ∈ X, �3 x ��� U ±9��ü��

Φ : F|U ↪→ O⊕rU .

y² Ï� F ´và�, ¤±·����Eªþ�üÓ�=� (�5P 1.2.3). � K ´
OX,x �©ª�. Äkk;�Ó�

Fx −→ Fx ⊗OX,x
K ∼= K⊕r.

Ï� F ´ÃL�, ¤±þãN�´ü�.

� e1, · · · , er ´ Fx⊗OX,x
K ��| K-Ä, m1, · · · ,mk ´ Fx �)¤�. u´ mi =

r∑
j=1

γijej ,

γij ∈ K. 3 OX,x ¥���Ü·�� h, ¦� hγij ∈ OX,x. ù�,

Fx
·h−→ h · Fx ⊆ OX,x⊕r

Ò´·�I��N�. �
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·K 1.2.5 �Ävà� F �;��� µ : F → F∨∨, K

Kerµx = {a ∈ Fx| fa = 0 é,� f ∈ OX,x, f 6= 0}, x ∈ X.

Ïd, F ÃL�¿�^�´ µ �ü��.

y² ��BÖ�, P R = OX,x, M = Fx. w, Mtor ⊆ Kerµx. �y�L5��¹'X,
·�Ø�± M/MTor O� M . Ïd, ·��I�y²d� µx : M →M∨∨ ´ü�.

|^·K 1.2.4, ·�k��ã

M
⊆ //

��

Rr

M∨∨ // (Rr)∨∨

ùÒ��
ü�5. �

½n 1.2.1 � F ´E6/ X þ�và�, @o±e^�*d�d:

(1) F ´g��.

(2) F ´ÃL��5�.

(3) �3và� N ¦� F = N∨.

y² (1) (=⇒) (3) � N = F =�.

(3) (=⇒) (2) diù*Ü½n, OX ´ÃL��5�. Ïd?Ûvà��éó´ÃL��5
� (3�Öö�y).

(2) (=⇒) (1) d·K 1.2.5 ±9 F �ÃL5, µ : F → F∨∨ ´ü��. ?�Ú, 3Û:8

S(F) (§�{�ê��´ 2) �	, µ ´Ó�. ùÒ��±e��ã

F(U)
µ //

|U\S(F)

��

F∨∨(U)

|U\S(F)

��
F(U \ S(F))

∼= // F∨∨(U \ S(F))

ùp U ´?¿m8. du F �5, Ïþã¥�N� |U\S(F) ´Ó�, � µ : F(U)→ F∨∨(U) ´
Ó�. �

é��� rÃL� F , ·��±½Â1�ªm (Determinant bundle) detF := (∧rF)∨∨. d
e¡�(Ø, §´���m.

·K 1.2.6 � 1 �g��´�m.

(y²� [OSS80, Ún 1.1.15, page 154])

·K 1.2.7 � 0 −→ F −→ E −→ H −→ 0 ´���Ü�, Ù¥ E ´g��, H´ÃL�,
K F ´�5�.
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y² � U ´m8, A ⊆ U ´{�ê��� 2 �)Û4f8. Ï F ,H´ÃL�, �kü�

F(U) ↪→ F(U \A), H(U) ↪→ H(U \A).

y3·�k��ã

0

��

0

��

0

��
0 // F(U)

ψU //

|U\A

��

E(U)
ϕU //

∼=
��

H(U)

��
0 // F(U \A)

ψU\A // E(U \A)
ϕU\A // H(U \A)

·��I�y² F(U)→ F(U \A) ´÷�. b� s ∈ F(U \A), s′ = ψU\A(s). du ϕU\A(s′) = 0
�H(U) ↪→ H(U \ A) ´ü�, Ï s′ (À� E(U) ¥���) �á3 KerϕU = ImψU ¥, =�3
t ∈ F(U) ¦� s′ = ψU (t). @o ψU\A(t|U\A) = s′. du ψU\A ´ü�, ¤± t|U\A = s. ddíÑ
F(U) ∼= F(U \A). �

·K 1.2.8 � φ : F → F ′ ´äk�Ó��ÃL��m�ü��, K�p�1�ªm�ü

�� detφ : detF ↪→ detF ′.

y² � A ´ù
�9 F ′/F �Û:8, @o3 X \ A þ F → F ′ ´Ó�, l detF →
detF ′ �´Ó�. Ïd Ker detφ ´L�, Ù|8á3 A ¥. �´,��¡, §�� detF �f�
´ÃL�. Ïd|8´��, =§´". �

½Â 1.2.5 � E ´g��, F ´ E �vàf�. XJ��vàf� F ′ ÷v F ⊆ F ′ ⊆ E
� rkF = rkF ′, ·�Ò¡ F ′ ´ F 3 E ¥�*Ü (Extension). ?�Ú, F ′ e´�5�, K¡§

´ F 3 E ¥��5*Ü.

éþã*Ü, d�/Ún, ·�k�Ü���ã

0

��
0 //

��

0 //

��

T

��
0 // F

��

// E // H //

��

0

0 // F ′

��

// E

��

// H′ //

��

0

T

��

// 0 // 0

0

ùpH = E/F , H′ = E ′/F ′. T = Ker(H → H′) ´L�, ¿�w,á3H�Lf�� T (H) ¥.
ù�, F ′′ := Ker(E → H/T (H)) ´ F 3 E ¥�4�*Ü. d·K 1.2.7, §´�5�. ùÒ��
Xe(Ø.

- 17 -



1�Ù Ä:�£

íØ 1.2.1 � E ´g��, F ´ E �vàf�, K�3 F 3 E ¥�4��5*Ü.

,��¡, F∨∨ �´ F 3 E ¥�4��5*Ü.

1.2.3 �
þÓN½n

'uÛÜgd� (���/, và�) 9ÙþÓN, ·�Û��
~^�²;(Ø.

½n 1.2.2 (Serre éó½n) � X ´ n �E1w�Kq, E ´ÛÜgd�, F Ú G ´và
�, K

(1) H i(X, E) ∼= Hn−i(X,ωX ⊗ E∨)∨.

(2) Exti(F , ωX) ∼= Hn−i(X,F)∨.

(3) Exti(F , E∨ ⊗ G) ∼= Exti(F ⊗ E ,G).

(4) Exti(OX ,F) ∼= H i(X,F).

(5) é?Û q ≥ 1, � m ¿©��, ok Hq(X,F(m)) = 0.

~ 1.2.6 (�X�¡�m) � E ´1w�Kq X þ��X�þm, |^ E þ� ∂̄E �f¤

p�� Dolbeault E/, þÓN H0(X,E) = Γ(X,E) Ò´�X�¡Ü¤�k���m. �

~ 1.2.7 é�m L1, L2, Ext1(L2, L1) ¥��� η �±n)� L1 ÏL L2 �*Ü (Exten-
sion)

0 −→ L1 −→ Eη −→ L2 −→ 0

�Ó�a (Eη ´� 2 �þm). ùp�Ó�´�Xe��ã¤á,

0 // L1
// Eη //

α
��

L2
// 0

0 // L1
// E′
η

// L2
// 0

ùp α : Eη → E′
η ´Ó�. η = 0 éA©��*Ü.

XJò��ã¥�mç���ÒU¤Ó�N�, @oÒ¡ù��Ó��fÓ� (Weak
isomorphism). 5¿��m�Ó���u�"ê¦, ÏdfÓ���u�Ñ Ext1(L2, L1) þ�
C∗ ×C∗ �^. ù��^é Eη 5`, �´dê¦p��gÓ� (��uIe�� ), ¿�é��

{(g, g)| g ∈ C∗}�^3rÓ�aþ´²��. ÏdfÓ�a�±w¤´ Ext1(L2, L1)/C∗ ¥��
�. �ó�, Ø©��*Ü�fÓ�a�±À� P(Ext1(L2, L1)) ¥���. �

é´L��m, ·�kXe�þÓN�K (Ï~¡� Serre �K). ùp��BÖö, ·��

rÙ¦�KÛ�3�å.

½n 1.2.3 (Cartan-Serre-Grothendieck ½n) � L ´1wE�Kq X þ��m, K±e

^�*d�d:

(1) L ´´Lm.
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(2) é?Ûvà� F , �3�6u§���ê m1, ¦�� m ≥ m1 �, ok

H i(X,F ⊗ L⊗m) = 0, i > 0.

(3) é?Ûvà� F , �3�6u§���ê m2, ¦�� m ≥ m2 �, F ⊗ L⊗m Ñd�N�¡
)¤ (�½Â 2.1.1).

(4) �3��ê m3, ¦�� m ≥ m3 �, L⊗m o´�~´L�.

~ 1.2.8 � E ´ Pn þ�ÛÜgd�. 5¿�

h0(Pn, E(m)) = hn(Pn, E∨(−m− n− 1)),

�dþã(Ø, �±é����ê m0 = m0(E), ¦�

h0(Pn, E(m0)) 6= 0, h0(Pn, E(m)) = 0, ∀m < m0.

�uXÛäN¦Ñù�� m0, ù¿�´¯. éu E = ΩPn ��/, ·��±°(¦Ñ¤k�Ó
N (� Bott úª, ½n 8.1.1). �

½n 1.2.4 (Lefschetz �²¡½n) � X ´ n �E1w�Kq, Y ´ X þk��´LØ
f, K��N�

r∗ : Hk(X,Z) −→ Hk(Y,Z)

� k ≤ n− 2 �´Ó�; � k = n− 1 �´ü�.

AO/, XJ Y �´1w�, @o��N�

rp,q : Hq(X,Ωp
X) −→ Hq(Y,Ωp

Y )

� p+ q ≤ n− 2 �´Ó�; � p+ q = n− 1 �´ü�.

~ 1.2.9 ·�|^þã(Ø5y² Hq(Pn,OPn) = 0 é?Û q ≥ 1 ¤á. � q > n �, (
Øw,. Ïd·��I�?Ø q ≤ n ��/.

·�Äky² q = n �/, d�d~ 1.1.12 9 Serre éó½n��

hn(Pn,OPn) = h0(Pn, ωPn) = h0(Pn,OPn(−n− 1)) = 0.

Ùgy² q = n− 1 ��/. Ï���N� r0,n−1 : Hn−1(Pn,OPn)→ Hn−1(Pn−1,OPn−1) ´
ü�, ¤±(Üþ¡?Ø��

hn−1(Pn,OPn) ≤ hn−1(Pn−1,OPn−1) = 0.

Ïd hn−1(Pn,OPn) = 0.

y3?Ø q ≤ n− 2 ��/. d Lefschetz �²¡½n, ·�k

Hq(Pn,OPn) ∼= Hq(Pn−1,OPn−1) ∼= · · · ∼= Hq(Pq+1,OPq+1).

dþ¡?Ø, Hq(Pq+1,OPq+1) = 0. Ïd Hq(Pn,OPn) = 0. �

1.2.4 pg���

� f : X → Y ´1w�Kq�m��~�XN�, F ´ X þ�và�, E ´ X þ��þ
m. ·�0�A�Úpg���k'�½n.
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½n 1.2.5 (và5½n) Rif∗F ´ Y þ�và� (i ≥ 0).

�5¿, ��`5 Rif∗E Ø´�þm.

½n 1.2.6 (�ëY5½n) XJ f ´²"�, @oé?Û i ≥ 0 ±9 k ≥ 0,

Sk :=
{
y ∈ Y | hi(f−1(y), E|f−1(y)) ≥ k

}
´ Y �)Û4f8.

½n 1.2.7 (ÄC�½n) � f ´²"�, @o

(1) é?ÛÄC�

X ′ ψ //

g

��

X

f

��
Y ′ φ // Y

Ñ�3;�Ó�

φ∗(Rif∗E) ∼= Rig∗(ψ∗E).

(2) (Grauert) �½ i ≥ 0,
s(y) := hi(f−1(y), E|f−1(y)), y ∈ Y

´~�¼ê�¿©7�^�´ Rif∗E ´ÛÜgd�, ¿�§3 y ∈ Y ?�n�g,Ó�

u H i(f−1(y), E|f−1(y)).

(3) eé,� i, þã s(y) ≡ 0 (∀y ∈ Y ), @o Ri−1f∗E 3z�: y ∈ Y ?�n�

Ri−1f∗E(y) := Ri−1f∗E ⊗OY
k(y) ∼= H i−1(f−1(y), E|f−1(y)).

½n 1.2.8 (�Kúª) �W ´ Y þ��þm, @o

Rif∗(f∗W ⊗F) =W ⊗Rif∗F , i ≥ 0.

1.2.5 �a

� π : E → X ´E6/ X þ�E�þm (Ø�¦�X). ·�kXe½n.

½n 1.2.9 (�aúnz½Â) �3���N� c, ¦�

c(E) =
∑
i

ci(E)ti ∈ H∗(X,Z)[t], ci(E) ∈ H2i(X,Z), c0(E) := 1,

¿÷v±e^�:
(1) e rankE = 1, K c(E) = 1 + tc1(E).
(2) � φ : Y → X ´ëYN�, φ∗ : H2i(X,Z)→ H2i(Y,Z) ´.£N�, K

c(φ∗E) = φ∗(c(E)).

(3) (Whitney úª) � E = F ⊕G, K3 H∗(X,Z) �(�$�e, ·�k c(E) = c(F )c(G).

·�¡ ci(E) � E �1 i �a (Chern class).
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ci(E) ∈ H2r(X,Z) �±w¤{�ê r �4óa. |^Xe�©��n, ·�3O��a�,
�±/ªþr E ©���
�m��Ú, 2(Ü Whitney úª5O�.

·K 1.2.9 (©��n) �3��ëYN� φ : Y → X, ¦�.£N� φ∗ : Hk(X,Z) →
Hk(Y,Z) ´ü�, ¿� φ∗E ´�m��Ú.

Öö�±ÏLSK 1.11 9SK 1.12 ÙGù�¡�O�. d?Ø2Kã.

5 1.2.6 Whitney úª��±^�á�Ü�þ. �

·K 1.2.10 � π : E → X ´�X�þm, s ∈ H0(X,E), Z(s) ´ s �"fV., @o
cr(E) = Z(s).

�� r ÛÜgd� E ��aõ�ª

c(E) =
r∏
i=1

(1 + ait).

·�½Â�A� (Chern charcter)

ch(E) =
r∑
i=1

eai

9 Todd a (Todd class)

td(E) =
r∏
i=1

ai
1− e−ai

.

� F ´,��ÛÜgd�. ch(E) · td(F) �?êÐm� n gÜ©�Xê�±^ E ,F ��a5L

«, P¤ (ch(E) · td(F))n.

½n 1.2.10 (Hirzebruch-Riemann-Roch ½n [Hir66]) � X ´ n �1w�Kq, E ´ X

þ�ÛÜgd�, @o
χ(E) = deg(ch(E) · td(TX))n,

ùp TX ´ X ��X�méA��.

~ 1.2.10 (1) e X ´1w�ê�, @o

χ(E) = rk E · χ(OX) + deg E .

(2) e X ´1w�K�ê�, @o

χ(E) = rk E · χ(OX) +
1
2
(
c21(E)− c1(E)KX

)
− c2(E).

évà� F , ·��±p�ÛÜgd��k�Û)

0 −→ En −→ En−1 −→ · · · −→ E0 → F −→ 0.

dd�½Â F ��a
c(F) =

∏
i

c(Ei)(−1)i

.

ù�½ÂØ�6uÛ)�À��E÷v Whitney úª (��7÷vÙ¦(Ø).
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~ 1.2.11 ([Fri98], Ch.2, Sec.2, Page 29) � Z ´ X �{�ê� k �Q�Ø��fq, E
´ Z þ�� r ÛÜgd�, j : Z → X ´i\N�. @od Grothendieck-Riemann-Roch ½n�
�

ci(j∗E) =

{
0, i < k

(−1)k−1(k − 1)!r[Z], i = k,

ùp [Z] ∈ H2k(X,Z) ´ Z éA�4óa.

AO/, � E = OZ , Kk

ci(j∗OZ) =

{
0, i < k

(−1)k−1(k − 1)![Z], i = k.
(1-8)

ª (1-8) é?ÛX{�ê k �4fV.Ñ¤á (=�¦Ø��©|Ñ´{�ê k). SK 1.13 ´
ù�(Ø3¡� 2 �þmþ�A^. �ÖögC�y. �

~ 1.2.12 ([Fri98], page 30) � D ´ X �k�Øf, j : D → X ´i\N�.
(1) ·��±?�Ú(½ j∗OD ¤k��a. ¢Sþ��ò Whitney úªA^�Xe�Ü�

0 −→ OX(−D) −→ OX −→ j∗OD −→ 0.

=�
c(j∗OD) = c(OX(−D))−1 =

∑
i

[D]iti.

(2) � L ´ D þ��m. ·�5�yXeúª

ci(j∗L) =

{
[D], i = 1,

[D]2 − j∗c1(L), i = 2.

Äk� L = OD(H2 −H1), ùp H1,H2 ´ D þ�Ãú�©|�k�Øf. � ki : Hi → X ´�

A�i\N�. ò Whitney úªA^�Xe�Ü�

0 −→ j∗OD(−H1) −→ j∗OD −→ k1∗OH1 −→ 0

¿|^ (1) �(Ø, =�

ci(j∗OD(−H1)) =

{
[D], i = 1

[D]2 + [H1], i = 2.

2gA^ Whitney úª�Xe�Ü�

0 −→ j∗OD(−H1) −→ j∗OD(H2 −H1) −→ k2∗OH2(H2 −H1) −→ 0

¿(Üþ¡?Ø=�y. �

1.2.6 �Ç�½5

é1w�Kq X þÃL�và� F , ·��±½Â¤¢��Ç

µH(F) :=
c1(F) ·HdimX−1

rkF
.

ùp H ´¯k�½�´LØf.
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~ 1.2.13 (1) � X ´1w��, µ(F) = deg c1(F)

rkF Ø�6u H �À�.
(2) � X = Pn �, H �À��õ������ê, Ï�Ç���������ê. Ïd·�
Ï~À� H ´��¿©����²¡. L = HdimX−1 ´¿©�����, Ï

F|L = OP1(a1)⊕ · · · ⊕ OP1(ar).

ù�, c1(F) =
r∑
i=1

ai. ld¿Âþ`, d��Ç�½Â�Ø�6u H �À�. �5¿, F|L �©

)k�U�6u L � �, �´ c1(E) ´ÿÀþ, ¿Ø�6u L. �

~ 1.2.14 é?Û�"ÃL��Ü�

0 −→ F ′ −→ F −→ F ′′ −→ 0,

d�Ç½Â����

min(µH(F ′), µH(F ′′)) ≤ µH(F) ≤ max(µH(F ′), µH(F ′′)).

Ù¥���Ò¤á��=� µH(F) = µH(F ′) = µH(F ′′). �

½Â 1.2.6 (Mumford-Takemoto ½5) � F ´ÃL�, XJ F ÷v±e^�, Ò¡�

H-½� (�A/, H-�½�): é?Û÷v 0 < rk E < rkF �vàf� E , Ñk µH(E) <
µH(F) (�A/, µH(E) ≤ µH(F)).

XJ F Ø´ H-�½� (H-semistable), K¡�Ø½� (Unstable); XJ F ´ H-�½

��Ø´ H-½� (H-stable), K¡�î��½� (Strictly semistable).

��Bå�, 3Ø�u· �cJe, ·�Ï~3Qã¥�Ñ H. �,, ù¿Ø¿�X�'
�Vg� H Ã'. ,	, �~~ò µ(F) ½Âª{ü/�� degF

rkF .

~ 1.2.15 é1w�K¡ X 9Ùþ�� 2 �þm E, E �?Û� 1ÃLf�Ñ��
� IZ(L), ùp L ´�m, IZ ´"�fV. Z þ�n��. 5¿� c1(IZ(L)) = c1(L), Ïd

µ(IZ(L)) = µ(L). ù�, �
�y E � (�)½5, ·��I��y E �f�m��Ç´Ä÷

v^�

L ·H = µ(L) < µ(E) =
c1(E) ·H

2
(�A/, µ(L) ≤ µ(E)),

=

(c1(E)− 2L)H > 0 (�A/, (c1(E)− 2L)H ≥ 0).

?�Ú, ?Ûf�l��Ço´Ø�L�A�4�f�m��Ç, Ïd�ª·��I��y E

�4�f�m��Ç´Ä÷v^�. �

·K 1.2.11 (½5��dQã) � E ´1w�Kq X þ�ÃL�, K±e^�*d�

d:

(1) E ´½� (�A/, �½�),

(2) é?Û÷v 0 < rkF < rk E �¦� E/F ÃL�f� F , Ñk µ(F) < µ(E) (�A/,
µ(F) ≤ µ(E)).
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(3) é E �?Û÷v 0 < rkH < rk E ÃLû�H, Ñk µ(E) < µ(H) (�A/, µ(E) ≤ µ(H)).

(4) �3�m L, ¦� E ⊗ L´½� (�A/, �½).

(5) é?Û�m L, E ⊗ L´½� (�A/, �½).

(6) E∨∨ ½ (�A/, �½).

(7) E∨ ½ (�A/, �½).

y² (1) =⇒ (2) ´²��.

(2) =⇒ (1) díØ 1.2.1, é?Ûf� F , ��E F 3 E ¥�4��5*Ü F ′. Ï E/F ′

´ÃL�, � µ(F) ≤ µ(F ′) (SK 1.9). Ïdd (2) �b�^�á� (1).

(2) ⇐⇒ (3) 5gu~ 1.2.14.

(1) ⇐⇒ (4) ⇐⇒ (5) 5guSK 1.16.

(6) =⇒ (7) =⇒ (1) 5gu (2) � (3) ��d5.

(1) =⇒ (6) ®� E ´ (�)½�. ·�� F ´ E∨∨ ��5f�, ¦�H := E∨∨/F ÃL.
�H′ ´ E 3;�ü�� µ : E → E∨∨ (·K 1.2.5) 9ÝK E∨∨ → H�EÜe, uH¥���.
F ′ = Ker(E → H′). ·�k�Ü���ã

0

��

0

��

0

��
0 // F ′ //

��

E //

��

H′

��

// 0

0 // F // E∨∨ // H // 0

5¿�ù
�Ñ´ÃL�, ¿�þeéA��3,m8þ´Ó��. d·K 1.2.8, §�éA�1
�ªmN�Ñ´ü�. Ï (±e{P deg E = c1(E) ·HdimX−1 ��)

deg E = degF ′ + degH′ ≤ degF + degH = degE∨∨ = deg E .

ùÒ½¦ degF ′ = degF , degH′ = degH. Ïd

µ(E∨∨) = µ(E) < ( or ≤)µ(H′) = µ(H).

d (1) Ú (3) ��d5, =� E∨∨ �½. �

5 1.2.7 ¢Sþ, ·�3O�gê degH E = c1(E) ·HdimX−1 �, �±r§n)� E ��

3� L = HdimX−1 þ�gê5n). du�þÃL�Ò´ÛÜgd�, ÏdéÃL� E , k
deg E∨∨ = deg E . �

·K 1.2.12 � E ,F ´�½�, @o E ⊕ F �½��=� µ(E) = µ(F).

y² (=⇒) d� E Q´ E ⊕ F �f�q´§�û�, Ïd·K 1.2.11 �� µ(E) =
µ(E ⊕ F). Ón µ(F) = µ(E ⊕ F).

(⇐=) ®� µ(E) = µ(F). d~ 1.2.14 �O�á� µ(E ⊕ F) = µ(E). �H´ E ⊕ F �f�,
0 < rkH < rk (E ⊕ F). ·��I�y² µ(H) ≤ µ(E).
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�H1 = Im(H → E ⊕ F → F), H2 = Ker(H → H1), ·�k�Ü���ã�Ü���ã

0

��

0

��

0

��
0 // H2

//

��

H //

��

H1

��

// 0

0 // E // E ⊕ F // F // 0

Ø���5, ·��±b� rkH1, rkH2 > 0 (ÄK µ(H) = µ(Hi) < µ(E) = µ(F)).

e rkH1 = rkF , Kd·K 1.2.8 =� µ(H1) ≤ µ(F). e rkH1 < rkF , Kd F ��½5
�k µ(H1) ≤ µ(F). Ón µ(H2) ≤ µ(E). (Ü~ 1.2.14, ·���

µ(H) ≤ max{µ(H1), µ(H2)} ≤ max{µ(E), µ(F)} = µ(E).

Ïd E ⊕ F ´�½�. �

·K 1.2.12 Ù¢�´Xe(Ø�AÏ�/. Ùy²g´�����. ·�3�Öö�y.

·K 1.2.13 �

0 −→ F −→ E −→ H −→ 0

´ÃL���Ü�, � µ(E) = µ(F) = µ(H), @o F Ø�U½�, ¿�±e^�*d�d:

(1) E ´�½�,

(2) F ÚH´�½�.

AO/, XJ F ,HÑ´�m, K E 7´î��½�.

~ 1.2.16 (��þ��½�þm) �Ä P1 þ�� r ÛÜgd� E = OP1(a1) ⊕ · · · ⊕
OP1(ar). XJ E ´�½�, @odu OP1(ai) ´ E �f�, l ai ≤ µ(E) = 1

r (
∑

i ai). dd�
íÑ a1 = · · · = ar.

�L5, b� E = OP1(a)⊕r (Ø�� r > 1). ·��Ä§�f� F (0 < rkF < rk E). d
Grothendieck ©�½n (�½n 6.4.1), F = OP1(b1)⊕ · · · ⊕ OP1(bs) (b1 ≥ · · · ≥ bs).

e b1 > a, K

1 ≤ h0(F(−b1)) ≤ h0(E(−b1)) = rh0(OP1(a− b1)) = 0,

gñ! � b1 ≤ a. Ïd

µ(F) ≤ b1 ≤ a = µ(E).

ùÒy²
 E ´�½�. ,	�5¿, � r > 1 �, E Ø�U´½�. �

e¡·��ïÄ�½��m���. ùpkO���Ún.

·K 1.2.14 � ϕ : F → E ´�½ÃL���"��, ¿� µ(F) = µ(E). XJ E ,F �
�k��´½�, K�o ϕ ´ü�, �o rk Imϕ = rk E .

?�Ú, e§�Ñ´½�, K ϕ 7´ü�; ¿�e�÷v±e^���, @o ϕ �´Ó�,
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(1) E ,F ´�þm,

(2) E = F .

y² �H = Imϕ. Ï ϕ �", � rkH > 0. ·�Äk`², rkH < min{rkF , rk E}´Ø

�U�. eØ,,

µ(H) ≤ µ(E) = µ(F) < µ(H) e F ½,

µ(H) < µ(E) = µ(F) ≤ µ(H) e E ½.

Ñ��gñ! Ïd�o rkH = rkF (= ϕ ´ü�), �o rkH = rk E .

?�Ú, b� E ,F Ñ´½�. d�íÑ rkH = rkF , = ϕ ´ü�. ?�Ú����
rkH = rk E , µ(H) = µ(E). Ïde E ,F ´�þm, Kd F ∼= H±9þ¡�ê�^�, =�

F ∼= H ∼= E (SK 1.9), = ϕ ´Ó�. e F = E , Kd·K 1.2.3 =�. �

íØ 1.2.2 (Schur Ún)  ½ Ã L � E 7 ´ ü (Simple) �, = h0(E∨ ⊗ E) = 1, ½ =

Hom(E , E) = {λ · Id| λ ∈ C}.

y² d·K 1.2.14, Hom(E , E) ¥��"� ϕ 7´Ó�. 3 E �Û:8	��: x, ªN
� ϕx : Ex → Ex ´Ó�. Ø�� ϕx �A�� λ, u´ ϕ− λ · Id Ø´Ó�, Ï�U´"N�, =

ϕ = λ · Id. �

Ø
 Mumford½5�	, �kÙ¦½5�½Â. §�¿Ø����. e¡·�ò0�
Gieseker½5 (Gieseker stability). � E ´1w�Kq x þ�� rÃL�, H ´´LØf. ½
Â5� Hilbert õ�ª (Normalized Hilbert polynomial)

pH,E(n) :=
1
r
χ(E ⊗ OX(H)⊗n).

½Â 1.2.7 (Gieseker ½5) XJ E �?Û÷v 0 < rkF < rk E �vàf� F , Ñk

pH,F (n) < pH,E(n) (�A/, pH,F (n) ≤ pH,E(n)), é¿©����ê n ¤á,

·�Ò¡ E ´ Gieseker (�) ½� (Gieseker stable/semistable).

�Ö��B, þ¡�Ø�ª�~{P� pH,F ≺ pH,E (�A/, pH,F � pH,E).

~ 1.2.17 (1) � X ´1wº� g �ê�, rk E = r, deg E = d, Kd Riemann-Roch ½
n�

pH,E(n) = n degH +
d

r
+ 1− g.

Ïd Gieseker (�)½Ú Mumford (�)½�d.

(2) � X ´1w�K¡, E ´� r �þm. @o

pH,E =
H2

2
n2 +

[
c1(E) ·H

r
− KX ·H

2

]
n+

1
r

[
c21(E)− c1(E) ·KX

2
− c2(E)

]
+ χ(OX)

=
H2

2
n2 +

[
c1(E) ·H

r
− KX ·H

2

]
n+

χ(E)
r

.

Ïd E ´ Gieseker½��=�é?Û� s vàf� F (0 < s < r), �o µH(F) < µH(E), �

o µH(F) = µH(E) �
χ(F)
s < χ(E)

r . �
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ùpÛ�Ü©5�

·K 1.2.15 � E ´1w�Kq X þ�ÃL�. @o

(1) e E ´ Mumford ½�, K�7´ Gieseker ½.

(2) e E ´ Gieseker �½, K�7´ Mumford �½�.

(3) (à5�) é?Û�"ÃL��Ü�

0 −→ F ′ −→ F −→ F ′′ −→ 0,

·�k
min(pH,F ′ , pH,F ′′) � pH,F � max(pH,F ′ , pH,F ′′).

(4) Gieseker ½m´ü�.

1.3 �Km

�þ�m��Kz��±í2��Kmþ. � π : E → X ´E6/ X þ�� r �þm. L
ÞÝ
 Φαβ �±À��K�m Pr−1 ��5Ó�. �ó�, �±À�Xe�Ü�¥ Φαβ 3 p e�
� Φαβ := p(Φα]β):

{1} −→ C∗ −→ GL(r,C)
p−→ PGL(r,C) −→ {1}.

Φαβ ¡��KLÞÝ
. §�÷vaqLÞÝ
�^�:

Φαα = Id, ΦαβΦβγΦγα = Id.

Ïd·��±�EE6/
P(E) =

∐
α

Uα × Pr−1/ ∼,

ùp ∼´�d'X, é (xα, v̄α) ∈ Uα × Pr−1, (xβ, v̄β) ∈ Uβ × Pr−1,

(xα, v̄α) ∼ (xβ, v̄β)⇐⇒ v̄α = Φαβ v̄β .

ù�m π̄ : P(E) → X ¡� π : E → X 3 X þp���Km (Projective bundle). 3z�m8

Uα þ, π̄−1(Uα) ∼= Uα × Pr−1.

5 1.3.1 ��5`, Pr−1-m�7´d�þmp���Km. ù�ûuN�

H1(X,GL(r,OX)) (� r �þmÓ�a+) −→ H1((X,PGL(r,OX)) (Pr−1 −mÓ�a+)

´Ä�÷�. � X ´;iù¡�, Pr−1-m(¢´d�þmp���Km. �

5 1.3.2 Öö7L3¿, 3éõ©z¥ ('X [Hart77, Laz04I] �), E ��Km¢Sþ´
� P(E∨). ùÌ�´Ï� E∨ þkg,��(�, Ïd�Km P(E) �±n)�Xe��KV.

P(E) = ProjOX
(
⊕
m≥0

SmE∨).

duùü«½Â�ØÓ, ¤±éõ(ØÑ¬����éó. �
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?�Ú, �½Â�X�¡

s̄ = {s̄α : Uα 99K Pr−1| s̄α = Φαβ s̄β},

ùpÃ s̄α ´�XN�.

d�Ü�

H1(O∗X) −→ H1(X,GL(r,OX)) −→ H1((X,PGL(r,OX)),

·�k

·K 1.3.1 (�Km�Ó��K) � π : E → X 9 π′ : E′ → X ´ü��þm, K±e^

�*d�d:

(1) P(E) ∼= P(E′).

(2) �3�m L, ¦� E′ ∼= E ⊗ L.

~ 1.3.1 (�Km��¡) π̄ : P(E) → X �?Û�X�¡ s̄ �±d E ⊗ L �,��"�

X�¡ s ¤½Â (L ´,��m). Ïdü�� s : OX → E ⊗ L (~ 1.2.2) p�
knN�
s̄ : X 99K P(E), ÛÜþ=�

s̄ = [s] : Uα 99K Uα × Pr−1, x→ (x, [sα1(x), · · · , sαr(x)]),

s̄ v½Â�:Ò´ s �":. �

~ 1.3.2 (K�mÚSerre �m) é�Km π̄ : P(E)→ X, ·�k��;���m,

OP(E)(−1) := {(`, v) ∈ P(E)× E|v ∈ `} ⊆ π̄∗E.

OP(E)(−1) ¡ � P(E) � K � m(Tautological line bundle). Ù é ó � m OP(E)(1) :=
(OP(E)(−1))∨ ¡� Serre �m. XJòK�m���n� Ex := π̄−1(x) ∼= Pr−1 þ, @o

OP(E)(−1)|Ex
∼= OPr−1(−1) ⊆ π̄∗E|Pr−1 = Pr−1 × Ex.

^���ó`, ù��u�Ñ
î.S� (�~ 1.2.3) ��à,

0 −→ OPr−1(−1) −→ O⊕rPr−1 −→ OPr−1(−1)⊗ TPn −→ 0.

d�Km�ÛÜ²�5, þ¡�Euler S��±�N/í2� P(E) þ, =

0 −→ OP(E)(−1) −→ π̄∗E −→ OP(E)(−1)⊗ TP(E)/X −→ 0,

½éó/��

0 −→ OP(E)(1)⊗ ΩP(E)/X −→ π̄∗E∨ −→ OP(E)(1) −→ 0. (1-9)

ùp ΩP(E)/X = T∨P(E)/X ´�é{�m, 5gu�Ü�

0 −→ π̄∗ΩX −→ ΩP(E) −→ ΩP(E)/X −→ 0. (1-10)

·�5©ÛK�m OP(E)(−1) �=£¼ê. é x ∈ Uα, � {Vi}ri=1 ´ P(Ex) = Pr−1 þ�I

O�Ik, =

Vi = {[zα1(p), . . . , zαr(p)]|zαj 6= 0},
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ùp zα = (zα1, . . . , zαr) ´ E �n��I. P(E) kmCX {Uα × Vi}α∈I,1≤i≤r. @o3 Uα × Vi ∩
Uβ × Vj þ, OP(E)(−1) �=£¼ê�

`αi,βj :=
zαi
zβj

.

Ïd OP(E)(1) �=£¼ê´ `−1
αi,βj .

OP(E)(1) ��¡3 Uα × Vi þ�ÛÜ��

s(i)α :=
1
zαi

(hα1(x)zα1 + · · ·+ hαr(x)zαr), x ∈ Uα.

du OP(E)(1) �=£¼ê´ `−1
αi,βj , ¤±

hα1(x)zα1 + · · ·+ hαr(x)zαr = hβ1(x)zβ1 + · · ·+ hβr(x)zβr.

þª��u�Ñ
 π̄∗E∨ ��¡, Ù¥ zα1, . . . , zαr À� E∨ �ÛÜÄ (�~ 1.1.12). ù�, ·�
k÷Ó� π̄∗E∨ → OP(E)(1). §Ò´�Ü� (1-9) �mà. �

·K 1.3.2 � F ´và�, L ´�m, K

(1) OP(E⊗L)(1) = OP(E)(1)⊗ π̄∗L∨.

(2) P(E) �;�Øf KP(E) = π̄∗KX − π̄∗ detE − rH , ùp H ´ OP(E)(1) éA�Øf.

(3) π̄∗OP(E) = OX , π̄∗(OP(E)(n)⊗ π̄∗F) ∼= SnE∨ ⊗F .

(4) Rr−1π̄∗OP(E)(−r −m) = SmE ⊗ detE, ¿�Ù¦p��� Riπ̄∗OP(E)(k) = 0 (i 6= 0, r − 1
½ i = r − 1, k + r > 0).

y² (1) 5gu~ 1.3.2 ¥'u Serre �m�=£¼ê�O�.

(2) é�Ü� (1-9) Ú (1-10) ¦^ Whitney úª=�.

(3) |^�Kúª, ·��I�y² π̄∗(OP(E)(n)) ∼= SnE∨. d÷Ó� π̄∗E∨ → OP(E)(1), �
�÷�� Snπ̄∗E∨ → OP(E)(n), lp��� SnE∨ → π̄∗OP(E)(n). Ïd, ��yù´Ó�, ·
��I�?Ø Uα þ��/. d��Km´²��. dd����y.

(4) |^�ééóúª9 Bott úª(�½n 8.1.1). �

5 1.3.3 XJ^ P(E∨) �O P(E), @o OP((E⊗L)∨)(1) = OP(E∨) ⊗ π̄∗L. Ïd� L ¿©�

�, OP((E⊗L)∨)(1) ´´L�. �©�´^ OP(E∨)(1) 5½Â�þm�´L5 (Ø´ OP(E)(1)).�

~ 1.3.3 (Ωm
P(E∨)/X �Û)) ' u î . S � (1-9), ·� 2 � � 
 & ?. Ä k, | ^

π̄∗E(−1)→ OP(E∨), �±�E Koszul E/ (äN�~ 3.1.6)

0 −→ ∧rπ̄∗E ⊗OP(E∨)(−r) −→ · · · −→ ∧2π̄∗E ⊗OP(E∨)(−2)
−→ π̄∗E ⊗OP(E∨)(−1) −→ OP(E∨) −→ 0.

éî.S� (1-9) �	È, ¿|^·K 1.1.3 (5) ��

0 −→ ∧pΩP(E)/X(p) −→ ∧pπ̄∗E∨ −→ ∧p−1ΩP(E)/X(p) −→ 0.
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§��3n�þÒ´�Ü� (1-7). 2(Üþ¡� Koszul E/, ·��±�Ñ Ωm
P(E∨)/X �gd

Û)
0 −→ ∧rπ̄∗E(−r) −→ · · · −→ ∧m+2π̄∗E(−m− 2)
−→ ∧m+1π̄∗E(−m− 1) −→ Ωm

P(E∨)/X −→ 0.
�

·K 1.3.3 � 0 ≤ m ≤ r − 1, @o

(1) π̄∗(Ωm
P(E∨)/X(`)) = 0, ` ≤ m.

(2) π̄∗(Ωm
P(E∨)/X(m+ 1)) = ∧m+1E.

(3) Rj π̄∗(Ωm
P(E∨)/X(`)) = 0, j > 0, ` > 0.

(4) � a ´��ê, n = dimX.

Riπ̄∗

(
Ωn+a−1

P(E∨) (a)
)

=

{
Ωn
X ⊗ ∧aE, e j = 0,

0, e j > 0.

(5)

Rj π̄∗

(
Ωp

P(E∨)(1)
)

=

{
Ωp
X ⊗ E, e j = 0,

0, e j > 0.

y² |^þãÛ)9�Kúª, ·��±���� (1)(2)(3) (3�Öö�¤y²).

e¡y (4). |^�Ü�

0 −→ π̄∗ΩX −→ ΩP(E∨) −→ ΩP(E∨)/X −→ 0,

·��±�� Ωn+a−1
P(E∨) (a) k��ÈL, Ù����û� π̄∗Ω`

X ⊗Ωm
P(E∨)/X(a) (`+m = n+ a− 1,

` ≤ n). |^ (1)(2)(3), ù�ÈL�©gû�pg���Ñ�", ¿�Ø
����	, ����

�Ñ�". ùÒ½¦

π̄∗(Ωn+a−1
P(E∨) (a)) = π̄∗(π̄∗Ωn

X ⊗ Ωa−1
P(E∨)/X(a)) = Ωn

X ⊗ ∧aE.

(5) �y²aq. �

·K 1.3.4 (Grothendieck 'X) �H´ OP(E)(1) �Øf, K

Hr + π̄∗(c1(E)) · Hr−1 + · · ·+ π̄∗(cr(E)) = 0.

y² Ï� TP(E)/X ��� r − 1, ¤± Whitney úª½¦ cr(π̄∗E ⊗OX(H)) = 0. 2|^
©��n, =�þª. �

~ 1.3.4 b� X ´1w�, KHr + π̄∗c1(E)Hr−1 = 0. �H′ = H + µ(E)π̄∗p ∈
N1(P(E)) ⊗ Q (½Â�e), ùp p ∈ X, µ(E) ´�Ç. d��O�, (H′)r = 0, H′ 3 P(E)
�z�n�þ´�²¡. |^·K 1.3.2, rkE · H′ = −KP(E)/X := −(KP(E) − π̄∗KX). �

£��
²;VgÚ(Ø. � Y ´1wq.

(1) N1(Y ) ´ Y þØfê��daÜ¤�¢�m (5: ü�Øfê��d´�§�Ú?��

���êÑ��).
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(2) N1(Y ) ´ 1�4óa�ê��daÜ¤�¢�m (5: ü� 1�4óaê��d´�§�
Ú N1(Y ) ¥?�����ê��).

(3) NA(Y )(⊆ N1(Y )) ´´LI, =´LØf�¤�mI.

(4) NA(Y ) ´ NA(Y ) �4�, =ê�k�ØfÜ¤�I.

(5) NE(Y )(⊆ N1(Y )) ´k�I, =k� 1�4óaÜ¤�I.

(6) NE(Y ) ´ NE(Y ) �4�, =Ú NA(Y ) ¥����ê�K� 1�4óaÜ¤�I.

(7) (Kleiman ´L5�K [Kle66]) ��Øf´´L�¿©7�^�´§Ú NE(Y ) ¥�?Û
�"����ê��ê.

8� Y = P(E), K

N1(Y ) = R · (−KP(E)/X)⊕ π̄∗N1(X), N1(Y ) = (−KP(E)/X)r−2 ·N1(Y ).

·K 1.3.5 � X ´1w�ê�, E ´ X þ�� r �þm, p ∈ X, K

(1) P R≥0 ´�K¢ê8Ü.

NA(P(E)) = R≥0(−KP(E)/X)⊕ R≥0π̄
∗p

��=�

NE(P(E)) = R≥0(−KP(E)/X)r−1 ⊕ R≥0(−KP(E)/X)r−2π̄∗p.

(2) e (−KP(E)/X) ´ê�k��, K (1) �^�¤á.

(3) e (1) �^�¤á, K P(E) þ�k�ØfÑ´ê�k��.

y² (1) 5gu Kleiman �K.

(2) ?� Λ = (−KP(E)/X)r−2(a(−KP(E)/X) + bπ̄∗p) ∈ NE(P(E)). Ï� (−KP(E)/X) Ú π̄∗p

´ê�k��, ¤±

a = Λπ̄∗p ≥ 0, b = Λ(−KP(E)/X) ≥ 0.

ù�,

NA(P(E)) = {D ∈ N1(P(E))| D(−KP(E)/X)r−1 ≥ 0, D(−KP(E)/X)r−2π̄∗p ≥ 0}

= R≥0(−KP(E)/X)⊕ R≥0π̄
∗p.

(3) � D = a(−KP(E)/X) + bπ̄∗p ´k�Øf. Äk·�5¿�, é?Û�¢ê t, Øf
Ht = (−KP(E)/X + tπ̄∗p) Ñ´´L� (�ÖögC�y), Ï DHr−2

t á3 NE(P(E)) ¥. 4

t → 0, K D(−KP(E)/X)r−2 ∈ NE(P(E)). d (1) �^�, ùÒ��u a, b ≥ 0. |^ (1) =� D

´ê�k��. �

~ 1.3.5 (Serre �m�´L5) � φ : F � E ´�þm�m�÷��. ·��±p��K
m�ü��

φ̄ : P(E∨) ↪→ P(F∨).
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d�
OP(E∨)(1) = φ̄∗OP(F∨)(1) = OP(F∨)(1)

∣∣
P(E∨)

.

Ïd, XJ OP(F∨)(1) ´ P(F∨) ¥�´L (�A/, nef) Øf, @o OP(E∨)(1) �´ P(E∨) ¥�´
L (�A/, nef) Øf.

þ¡?Ø�±A^�AaAÏ�/.

(1) � Ú � Ý K φ : E ⊕ F → E. d � P(E∨) ⊆ P((E ⊕ F )∨), OP(E∨)(1) =
OP((E⊕F )∨)(1)

∣∣
P(E∨)

.

(2) � E = OX(E) ´d�N�¡)¤� (�½Â 2.1.1), =�3÷�� VX := V ×OX � E .
·��±|^�Km��¹'Xp�XeEÜN�

ψ : P(E∨) ↪→ P((VX)∨) = P(V ∨)×X
pr1
� P(V ∨).

OP(E∨)(1) = ψ∗OP(V ∨)(1). Ïd OP(E∨)(1) ´´LØf��=� ψ ´k���.

éz�: x ∈ X, ·�kn�÷Ó� V → E(x), Ï P(E(x)∨) ⊆ P(V ∨). Ïd, OP(E∨)(1)
´´LØf�¿©7�^���±Uã�: é P(V ∨) ¥�z��½:, �õ��3k��
x ∈ X, ¦� P(E(x)∨) ²LT:.

(3) éî.S��é¡È, �p�÷�� Smπ̄∗E∨ � OP(E∨)(m). ù�dup�
�Km�
Veronese i\

P(E∨) //

π̄
""F

FFFFFFF
P(SmE∨)

zzuuuuuuuuu

X

d� OP(E∨)(m) = OP(SmE∨)(1)
∣∣
P(E∨)

. �

~ 1.3.6 � f : X ′ → X ´k���, E ´ X þ��þm. f p�
�Km�k���
F : P(f∗E∨) → P(E∨). d� OP(f∗E∨)(1) = F ∗OP(E∨)(1). Ïde OP(E∨)(1) ´´L (�A/,
nef) Øf, K OP(f∗E∨)(1) ´´L� (�A/, nef). XJ?�Úb� f ´÷�, @o|^ Kleiman
�K�� OP(f∗E∨)(1) �´L5�%¹
 OP(E∨)(1) �´L5. �

�ÙSK
SK 1.1 � E ´� 2 �þm,

Φαβ :=

(
a b

c d

)
�LÞÝ
.
(1) �y: S2E �LÞÝ


S2Φαβ =

 a2 2ab b2

ac ad+ bc bd

c2 2cd d2

 .

(2) ���yLÞÝ
 S2Φαβ ÷v{ó^�.
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SK 1.2 �y·K 1.1.2 Ã�ª. (J«: �y (6) ¥�=�N�I�^�1�ª�Uõ1

�.Ê.dÐm.)

SK 1.3 �y·K 1.1.3 ¥�Ã�Ü�.

SK 1.4 � E1, E2 ´�þm, y²: Sm(E1 ⊕ E2) =
∑

p+q=m
SpE1 ⊗ SqE2.

SK 1.5 � f : X → Y ´1wq�²"��, E ´ X þ�ÛÜgd�, y²: f∗F ´g�

�. AO/, e Y ´�½¡, K f∗E ´ÛÜgd�. (J«: |^½n 1.2.1)

SK 1.6 � X ´1w�K�êq, F ´ X þ�và�, y²: F∨ ´ÃL��5�, Ï

´g�� (�½n 1.2.1). (J«: ém8 U 9{�ê��� 2 �)Û4f8 A, 5¿�

O(U \A) ∼= O(U), �ò?Û O(U \A)-�Ó� ϕU\A : F(U \A)→ O(U \A) òÿ� U þ).

SK 1.7 � E ,F ´1w�Kq X þ�và�, � E ÃL, ϕ : E → F ´��, Z ´ X ¥
�)Û4fq, U = X \Z. y²: XJ ϕ|U ´ü��, @o ϕ �´ü��.(J«: Kerϕ �|83

Z ¥, �§q´ÃL�, �|8��.)

SK 1.8 � L´�m, F ´ÃL�,
(1) y²: ?Û�"�� ϕ : L → F Ñ´ü��. (J«: 8(� F g�, L = OX ��/.)
(2) Þ~`², XJ F Ø´ÃL�, (Ø (1) �7¤á.
(3) y²: ?Û�mm�÷�� ϕ : L → L′ 7�Ó�.

SK 1.9 (1�ªN�) � E ,F ´1w�Kq X þ�Ó�ÃL�, ϕ : E → F ´�"�

�.
(1) y²: ϕ p�
1�ªN� detϕ : det E → detF .
(2) y²: detϕ ´ü����=� ϕ ´ü��. (”⇐”5g·K 1.2.8; ”⇒” dSK 1.7 �8(�

E ,F ´ÛÜgd���/, 2�Ä detϕ 3z:?ªN��½Â.) AO/, ϕ ´ü��, �Ç÷
v µ(E) ≤ µ(F).
(3) XJ E ,F ´ÛÜgd�, y²: detϕ ´÷����=�éz�: x ∈ X, n�N� ϕ(x) :
E(x)→ F(x) ´÷� (= ϕ(x) ´Ó�), ���=� ϕ ´Ó�.
(4) Þ~`², XJ E ½ F Ø´ÛÜgd�, @o detϕ �÷�5ØU%¹ ϕ �÷�5.
(5) � E ⊆ F Ñ´ÛÜgd�, ¿� E 6= F , y²: µ(E) < µ(F). ?�Ú, òù�(Øí2�û

m�/.

SK 1.10 � H ´'u1w�Kq X þ�1wk�Øf, E,F ´ X þ��X�þm,
E = OX(E), F = OX(F ) ´éA�ÛÜgd�. � φ : F |H → E|H ´§���3 H þ��þm

Ó�.

(1) y²: XJ H1(X,F∨ ⊗ E(−H)) = 0, @o φ �±òÿ� X þÓ� Φ : F → E, =

φ = Φ|H .

(2) � Φ : F → E ´�þmÓ�, ¿� rkE = rkF . y²: XJ Φ|H : F |H → E|H ´Ó�, ¿
� c1(E) = c1(F), K Φ ´Ó�.
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SK 1.11 � E,F Ñ´E6/ X þ��X�þm, y²:
(1) c1(SmE) = Crm+r−1c1(E), ùp SmE L« m gé¡È, r = rkE.
(2) c1(∧rE) = c1(E) (r Óþ)
(3) c1(E ⊗ F ) = sc1(E) + rc1(F ), ùp s = rkF .
(4) XJ F ´�m, c2(E ⊗ F ) = c2(E) + (r − 1)c1(E)c1(F ) + r(r−1)

2 c21(F ).

SK 1.12 � E ´E�K�ê¡ X þ�� r �X�þm, En := SnE ⊗ (∧rE)−
n

2 (n ´

óê), y²:
(1) E∗

n
∼= En, ùp E∗

n L«éóm.
(2) c1(En) = 0, c2(En) = C3

n+2(c2(E)− 1
4c

2
1(E)).

SK 1.13 � E ´E�K�ê¡ X þ�� 2 �X�þm, L ´ E �4�f�m.

0 −→ L −→ E −→ IZ(L′) −→ 0

´§p���Ü�, Z ´"�fV., IZ ´n��. y²:
(1) c1(E) = c1(L) + c1(L′).
(2) c2(E) = c1(L) · c1(L′) + degZ.

SK 1.14 y²: é�K²¡þ?Û�m L1, L2, *Ü

0 −→ L1 −→ E −→ L2 −→ 0

7´©��.

SK 1.15 � E = OP1 ⊕ OP1(e) (e ≥ 0), ϕ : X := P(E) → P1 ´éA� e g Hirzebruch
¡, �k�¡ C∞, ¦� C2

∞ = −e. � F ´ ϕ ���n�.
(1) y²: OP(E)(1) = OX(C∞), ΩP(E)/X = OX(−2C∞ − eF ).
(2) y²:

Riϕ∗OP(E)(aC∞ + bF ) =


⊕ak=0OP1(b− ek), if i = 0, a ≥ 0,
⊕mk=0OP1(b+ ek − e), if i = 1, a = −2−m, m ≥ 0,
0, else.

(3) é�K�ê a, y²:

h0(aC∞ + bF ) = h0(ϕ∗(OX(aC∞ + bF ))) = ⊕ak=0h
0(b− ek),

h1(aC∞ + bF ) = h1(ϕ∗(OX(aC∞ + bF )) = ⊕ak=0h
0(ek − b− 2).

(4) y²: � a < 0 ½ b < 0 �, ok h0(X,ΩX(aC∞ + bF )) = 0.
(5) y²: � a ≥ 0 � b ≥ 0 �, Kk

h0(X,ΩX(aC∞ + bF )) = h0(X, aC∞ + (b− 2)F ) + h0((a− 2)C∞ + (b− e)F )

=
a∑
k=0

h0(b− 2− ek) +
a∑
k=0

h0(b− e− ek).

(J«: ò OX(aC∞ + bF ) Üþ��Ü�

0 −→ ϕ∗ΩP1 −→ ΩX −→ ΩP(E)/X −→ 0,

¿|^ R1ϕ∗(aC∞) = 0.)
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SK 1.16 � E , F ´E�Kq X þ�ÛÜgd�, H ´´LØf,y²:

(1) µH(E ⊗ F) = µH(E) + µH(F).

(2) µH(SnE) = nµH(E).

?�Ú, eò E �¤ÃL�, ¿� F ´�m, (1) E¤á.

SK 1.17 �y·K 1.2.13.

SK 1.18 y²: �½m��"N� ϕ : F → E 7k µ(F) ≤ µ(E).

SK 1.19 (Nakayama Ún) � M ´k�)¤ R �, m ´ R �4�n�. M0 = M/mM

¡� M �n�.

(1) y²: M0 = 0 ��=� M = 0. (J«: �Ä M �)¤� m1, · · · ,mr, ¿�� mi =∑
j
aijmj , aij ∈ m. |^�40{K`² mi = 0.)

(2) y²: m1, · · · ,mr )¤ M ��=�§�)¤ M0. (J«: b� m1, · · · ,mr )¤ M0, -
S = R〈m1, · · · ,mr〉 ⊆M , éû� M/S A^ (1).)

(3) � ϕ : M → N ´ R �Ó�. y²: p��n�Ó� ϕ0 : M0 → N0 ´÷���=� ϕ ´

÷�.

SK 1.20 �và� F k��vàf��ÈL

0 = Kp+1 ⊆ Kp ⊆ · · · ⊆ K1 ⊆ K0 = F .

P Gri = Ki/Ki+1. b��3�ê k, ¦�� i 6= k �ok

H i(X,Gr`) = 0, ` = 0, 1, · · · , p.

y²: d��k H i(X,F) = 0. ?�Ú, Hk(X,F) k��ÈL, §�����û©O´

Hk(X,Gr`). (J«: òÈL¤á�Ü� 0 −→ Kj+1 −→ Kj −→ Grj −→ 0.)

SK 1.21 y²·K 1.3.3 ¥�{�(Ø.
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2.1 d�N�¡)¤��

½Â 2.1.1 � X ´E6/, E ´ OX -��. V ´ H0(X, E) ���f�m. V )¤
 E �

��f� F . F 3 E ¥�4��5*Ü F̃ ¡�d V )¤��Úf�. XJ F̃ = E , Ò¡ E A�
??d�N�¡)¤ (Almost everywhere generated by global sections). XJ F = E , K¡ E d
�N�¡)¤ (generated by global sections).

é Γ(X, E) � n ��¡ s1, · · · , sn, XJ§�)¤��Úf��T� n, ·�Ò`§�´�

êÃ'�.

é²w, � E d�N�¡)¤�du`§´��gd��û, = P ¥��¡)¤� {si}i∈I
p�
÷�

O⊕IX −→ E , {fi}i∈I →
∑
i

fisi.

�ó�, éz�: x ∈ X, ª Ex d si ��)¤. Ï~·��òþ¡�÷�{P�

V ⊗OX −→ E .

ù�N�Ï~�¡�D�N� (Evaluation map). TN��Ø¡� E �Øm (Kernel bundle),
Ï~P� MV,E .

5 2.1.1 N´w� H0(X,MV,E) = 0. � MV,E ´�þm� ('X X ´���/), M∨
V,E

w,�´d�N�¡)¤�. �5¿, H0(X,MV,E) = 0 ù�(Ø���6u^� V ⊆
H0(X,E). XJ·��� V Ø÷vd^�, @o MV,E �±¹k�N�¡. 'X·��Ä

X = P1 þ��þm E = OX(1) ⊕ OX , |^÷� φ : H0(X,OX(1)) ⊗ OX → OX(1) (�5gu
î.S�), ·��p��Ü�

0 −→ OX(−1) −→ OX ⊕OX ⊕OX
φ⊕Id−→ E −→ 0.

�éó�
0 −→ E∨ −→ OX ⊕OX ⊕OX −→ OX(1) −→ 0.

þã�Ü��Ø E∨ = OX(−1)⊕OX w,�¹�N�¡. �

� X ´1w�K�êq. E ´� r ÛÜgd�. XJ E d�N�¡ s1, · · · , sn )¤, @o E
vkÄ:, = h0(X, Ix(E)) 6= h0(X, E) é?Û x ∈ X ¤á. ù´Ï�, eØ,, §�)¤�fm

¹u Ix(E) ¥ (Ix ´n��), ÏØ�U´�Úf�. ?�Ú, ·�k�Ü�

0 −→ H0(X, Ix(E)) −→ H0(X, E) −→ H0(Ox(E))(= Cr) −→ 0, (2-1)

ùp Ox(E) = E(x) ´ x ?�n�. ù´Ï�ÛÜ÷� O⊕nX,x → Ex p�
n� E(x) þ�÷�.

�L5, b�é?Û x ∈ X, Ñk�Ü� (2-1), @o E(x) d H0(X, E) �)¤��N)¤.
ù�, ·��±é H0(X, E) ¥� r ��¡ s1, · · · , sr, ¦�§�)¤n� E(x). d Nakayama Ú

n, §��)¤ª Ex. Ïd, E ´d�N�¡)¤�. ù�, ·�Ò��Xe(Ø.
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·K 2.1.1 E d�N�¡)¤��=��Ü� (2-1) ??¤á. AO/, e E ´�m, @o
§d�N�¡)¤���=�§ÃÄ:.

ùp�^B�Ñ, � h1(X, Ix(E)) = 0 é?Û x ∈ X ¤á�, þã�Ü�o¤á, Ïd�
E d�N�¡)¤. d Nakayama Ún, �Ü� (2-1) ¥�÷����Ñ
d�N�¡)¤�,

�«Qã, =k÷�
H0(X, E)×OX −→ E −→ 0.

·K 2.1.2 ([Ati57], ½n 2, page 426) � X ´ n �1w�Kq, E ´ X þd�N�¡)

¤�� r ÛÜgd� (r > n). @o E k4�fm O⊕r−nX .

y² éz�: x ∈ X, ·�P E′
x := H0(X, Ix(E)), V = H0(X, E). 5¿ dim P(E′

x) =
dim P(V )− r, Ï

Y =
⋃
x∈X

P(E′
x) ⊆ P(V )

���Kfq��ê ≤ n+ dim P(V )− r. Ïd�3 P(V ) ¥� r− n− 1��Kf�m P(W ) Ú
Y ��Ø��.

5¿ E′
x ´ H0(X, E)×OX → E �Ø3 x ?�n�. Ïdþ¡�?Ø¢Sþ�Ñ
ü��

Φ : W ×OX(↪→ H0(X, E)×OX) −→ E .

éz�: x ∈ X, Φ �{Ø�n��ê� n. Ïd W ×OX ´4�m. �

íØ 2.1.1 � X ´1w�ê�, E ´ X þd�N�¡)¤� r ÛÜgd�, K

(1) �3�Ü�
0 −→ O⊕r−1

X −→ E −→ L −→ 0,

ùp L´,�m.

(2) E �±d�õ r + 1 ��N�¡)¤, =�3÷� O⊕r+1
X → E → 0.

y² (1) r = 1 ´w,�, ÏdØ�� r > 1. d�d·K 2.1.2 á�.

(2) ·�k�y r = 1 ��/. d�, ��ü�vkú�":��N�¡ (SK 2.2), §�w

,)¤
 E .

y3�Ä r > 1 ��/. 5¿� (1) ¥��Ü��Ñ÷�EÜN�

H0(X, E)⊗OX → E → L.

Ïd L�´d�N�¡)¤�, ¿�ù
�N�¡�g E ��N�¡��. dþ?Ø, ·��À
� E ¥ü��¡)¤ L. §�ëÓ (1) ��Ü�¥ O⊕r−1

X Jø� r − 1 ��¡, )¤
 E . �

5 2.1.2 díØ 2.1.1, é1w� X þ��d�N�¡)¤��� r �þm E 5`, ·
��±�E r ��¡ s1, · · · , sr, ¦� s1 ∧ · · · ∧ sr ´ detE ��"�¡. ,��¡, XJù��
¡vk":, @o E ∼= O⊕rX . Ïd degE ≥ 0, �Ò¤á��=� E ´²�m.
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dd���ÙØm��Ço´�u�u", ¿�=� E ´²�m�â�u". 3��/,
Øm´�þm, Ï|^éó��, Øm�éóm�´d�N�¡)¤�. ÏdØm�gê�"

���=�§´²�m.

�5¿, ��`5, ���þm=¦k�N�¡, ��7k�K��Ç. 'X E = OP1 ⊕
OP1(−n) (n ´¿©���ê) ´� P1 þ�� 2 ©�m. §k�N�¡, �´§�1�ªm�
gêw,�u 0. �

·K 2.1.3 ([Law85], ·K 1.1) � X ´1w�Kq, E ´ X þd�N�¡)¤�� r �

þm, �Ø¹²��Ú�, @o h0(X,E∨) = 0.

y² 8b� h0(X,E∨) 6= 0, K�3�"N� ψ : E → OX . Ï� E d�N�¡)¤, ¤

± Imψ = OX , = ψ ´÷� (eØ,, Imψ �� OX �n��ò�¹�N�¡, gñ!).

du ψ �"¿� E d�N�¡)¤, ¤± E ��k���N�¡ s 3 ψ e���". Ïd

EÜN�
OX

s
↪→ E

ψ
� OX

´Ó� (Ø���5, �b�´ðÓN�). ù�, ·�Òk©��Ü�

0 // Kerψ // E
ψ
// OX //

soo 0,

l E ¹²��Ú�, gñ! nþ, ·�y²
 h0(X,E∨) = 0. �

~ 2.1.1 (²�m���) � X ´1w�ê�. V,W ´E�þ�m,

φ : V ⊗OX →W ⊗OX

´�"��, E = Imφ, F ´ E 3 W ⊗OX ¥�4��5*Ü. E ,F w,Ñ´ÃL�, Ï´Û
Ügd�. du V ⊗OX → E ´÷�, Ï E d�N�¡)¤, deg E ≥ 0. du W ⊗OX/F �´
ÃL� (ÏÛÜgd), ¿�d�N�¡)¤, ¤± degF ≤ 0. du deg E ≤ degF (SK 1.9)±
95P 2.1.2 �?Ø, ùÒ½¦ E = F = T ⊗ OX , ùp T ´E�þ�m. dd��� Kerφ �
Cokerφ �´²�m.

8b� φ ´÷��, Kerφ = K ⊗OX . é�Ü�

0 −→ K ⊗OX −→ V ⊗OX −→W ⊗OX −→ 0

�ÓN´� H0(V ⊗ OX)(= V ) → H0(W ⊗ OX)(= W ) ´÷� (5¿��'X), Ï�3Ó�
ψ : H0(W ⊗OX)→ H0(V ⊗OX), ¦� φψ = IdW . ù�, ·��±p���� ψ : W ⊗OX →
V ⊗OX , ÷v φψ = Id. Ïdþ¡��Ü�´©��.

nÜù
?Ø, ·��±w�, ²�m�����þÒ´gd��Ó�. �

~ 2.1.2 � E,F Ñ´� X þd�N�¡)¤�ÛÜgd�, � E Ø¹²���Ú�.
� σ : E → F ´�"N�. b�k��ã

0 //MV,E
β //

α

��

V ⊗OX
γ

��

// E

σ

��

// 0

0 //MW,F //W ⊗OX // F // 0
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ùp MV,E , MW,F ´�A�Øm.

Äk, γ 6= 0 (eØ, σ = 0). Ïdd~ 2.1.1, Kerγ = K ⊗OX ´²�m, � dimK < dimV .
aq/, Imγ � Cokerγ �´²�m. Ùg, α 6= 0, ÄK γβ = 0 %¹X MV,E ⊆ K ⊗OX , l E

�¹²���Ú� V/K ⊗OX , �b�^�gñ!

� E → F ´÷��, E d�N�¡)¤�^�%¹
 F �´d�N�¡)¤, Ïþã�
�ão¤á. �

d�N�¡)¤�ÛÜgd��VgÚ�'(Ø��±í2�và�þ, ùpØ2Kã.

2.2 ´Lm

3ù�!¥, ·��í2´L�mÚê�k��m�Vg�����þmþ. ù
ó�Ì�

Äu [Hart66] �.

½Â 2.2.1 � E ´ X þ��þm. XJ π̄ : P(E∨) → X � Serre �m OP(E∨)(1) ´´L

� (�A/, ê�k��), @oÒ¡ E ´´L� (�A/, ê�k��).

ê�k��þm (Numerically effective)�¡� nef �þm.

~ 2.2.1 �Ä�þm T = OX(H)⊕n, ùp H ´´LØf. §éA��Km´²��, ¤

± OP(T∨)(1) = pr∗1OPn−1(1)× pr∗2OX(H). §´ P(T∨) ¥�´L�m. dd�� T ´´Lm. �

d~ 1.3.5 Ú~ 1.3.6 �?Ø, ·�¢Sþy²
XeA�(Ø.

·K 2.2.1 � E ´ X þ��þm, K

(1) e E ´´L� (�A/, nef), KÙûm�´´L� (�A/, nef).

(2) e E ´d�N�¡)¤�, =k÷� V × OX � E, @o E ´´L���=�p�N�

ψ : P(E∨)→ P(V ∨) ´p�N�´k��.

(3) � f : X ′ → X ´k���, e E ´´L�(�A/, nef), K f∗E ´´L�(�A/, nef).
e?�Ú, f ´÷�, KÙ_�¤á.

(4) e SkE ´´L�, @o E �´´L�.

y² ùpé (4) ��`². �Ä Veronese i\ P(E∨) ↪→ P(SkE∨), d� OP(E∨)(m) =
OP(SmE∨)(1)

∣∣
P(E∨)

´´L�m. d½n 1.2.3, OP(E∨)(1) �´´L�. �

~ 2.2.2 (1) � X = Pn, TX ´�m. dî.S�

0 −→ OX −→ OX(1)⊕(n+1) −→ TX −→ 0. (2-2)

TX ´´L� OX(1)⊕(n+1) �ûm, Ïd TX �´´L�.

(2) � Y ⊆ Pn ´1w�Kfq, NY/Pn ´{m, ·��k�Ü�

0 −→ TY −→ TPn

∣∣
Y
−→ NY/Pn −→ 0. (2-3)
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du TPn

∣∣
Y

´´L�, ¤±Ùûm NY/Pn �´´L�.

(3) òî.S� (2-2) ��� Y þ, ¿(Ü (2-3), ·�÷�

O⊕(n+1)
Y −→ NY/Pn(−1) −→ 0.

ùÒ�
�Km�i\

P((NY/Pn(−1))∨) ↪→ Y × Pn.

Ù��du
{(x,H)| x ∈ X, H ⊆ Pn � Y ��u x ��²¡}.

d·K 2.2.1, NY/Pn ´´L���=� P((NY/Pn(−1))∨)→ Pn ´k���, =z�� Y ���
�²¡�õ�kk���: (�ó�, Y �z��²¡���k�õk��Û:). �

3·�0�´Lm�þÓN�K�K�c, Äk£�´L�m��K (�½n 1.2.3).
[Hart66] �Ñ
´Lm�aq�K.

½n 2.2.1 (Hartshorne ´L5�K) � E ´1wE�Kq X þ��þm, K±e^�*
d�d:

(1) E ´´Lm.

(2) é?Ûvà� F , �3�6u§���ê m1, ¦�� m ≥ m1 �, ok

H i(X,F ⊗ SmE) = 0, i > 0.

(3) é?Ûvà� F , �3�6u§���ê m2, ¦�� m ≥ m2 �, F ⊗ SmE Ñd�N�¡
)¤.

(4) é?Û´LØf H, �3�6u§���ê m3, ¦�� m ≥ m3 �, SmE o´�±��

OX(H)⊕n �û� (é,� n).

(5) �3,�´LØf H ±9�6u§���ê m′
3, ¦�� m ≥ m′

3 �, SmE �±��

OX(H)⊕n �û�.

y² (1) =⇒ (2) d½n 1.2.3 ±9 OPP(E∨)(1) �´L5, ·�k

H i(P(E∨),OP(E∨)(m)⊗ π̄∗F) = 0, i > 0, m ≥ m1(F),

ùp π̄ : P(E∨)→ X ´éA��Km. |^�Kúª9·K 1.3.2 ��

F ⊗ SmE = π̄∗(OP(E∨)(m))⊗F = π̄∗(OP(E∨)(m)⊗ π̄∗F)

±9 Riπ̄∗(OP(E∨)(m)⊗ π̄∗F) = 0 (i > 0) dd=�(Ø (2).

(2) =⇒ (3) éz�: x ∈ X, �3��ê m2(F , x), ¦� H1(X, Ix(F) ⊗ SmE) (∀m ≥
m2(F , x)). d·K 2.1.1, F ⊗ SmE 3 x ?�ªd�N�¡)¤. 3 x �,���S, T(Ø

éÓ�� m E¤á. d X �;5, �±é���6u F ���ê m2(F), ¦� m ≥ m2 �,
Ix(F)⊗ SmE d�N�¡)¤.

(3) =⇒ (4) � F = OX(−H) =�.
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(4) =⇒ (5) w,.

(5) =⇒ (1) Äk, d~ 2.2.1, ®� T = OX(H)⊕n ´´L�. Ï� SmE ´ T �û, ¤±d
·K 2.2.1, SmE ´´L�. 2d·K 2.2.1 =� E ´´Lm. �

ù��Kkéõ��A^. ·��±|^§d®��´Lm�EÑ#�´Lm.

íØ 2.2.1 (´Lm��E) � E,F Ñ´ X þ�´Lm, @o±ez��þm G Ñ´´

L�.

(1) G = E ⊕ F (Ù_�¤á).

(2) eG 5g*Ü 0 −→ E −→ G −→ F −→ 0.

(3) G = SkE (k ≥ 1) (Ù_�¤á).

(4) G = E ⊗ F .

(5) G = ∧qE.

y² (1) |^ Hartshorne ´L5�K, ·�I��y Sm(G)⊗ F d�N�¡)¤ (F ´
�½�và�). dSK 1.4, ��ué m0, ¦�� p+ q ≥ m0 �, (SpE ⊗ SqF )⊗F d�N�¡
)¤. Ù_·K��5gu·K 2.2.1 (1).

Äk, Ï� E,F ´´L�, ¤±�3 k1 ¦�� k ≥ k1 �, SkE Ú SkF ⊗F Ñ´d�N�¡
)¤. 2gA^�K� SlE Ú SlF ⊗ F þ (l = 0, 1, · · · , k1), K�é���ê k2 ¦�� k ≥ k2

�,
SkE ⊗ SlF ⊗F , SlE ⊗ SkF ⊗F , l = 0, 1, · · · , k1,

d�N�¡)¤.

8� m0 = k1 + k2 =÷v�¦ (3�Öö�y).

(2) SmG⊗F k��ÈL, §����û´ SpE⊗SqF⊗F . dSK 1.20,�
`² SmG⊗F
�p�þÓN��, ·��I�y²z�?�û SpE ⊗ SqF ⊗F �p�þÓN��. Ï� (1) ®

y E ⊕ F ´´L�, ¤±dÓN�K, H i(X,SmG⊗ F) = 0 (i > 0). (Ü SmG ��Ú©), =

� H i(SpE ⊗ SqF ⊗F) = 0.

(3) b� E ´´L�, d�K^� (4), � m ¿©��, SmE �±w¤�
´L�m��Ú
�û, Ï SmE ���´´L�. y3é�½��ê k, À�¿©���ê `, K�d Sk`E �´
L5=íÑ SkE �´L5 (SK 2.3). Ù_���5gu·K 2.2.1.

(4) Ï� E ⊗ F ´ S2(E ⊕ F ) ��Ú�, �dc¡(Øá�.

(5) 5¿�	È ∧iE ´,��ÜþÈ E⊗q �û, Ïd�´´L�. �

·�2Ú\Ù¦Aa´L5 (nef) ��K.

½n 2.2.2 (Barton-Kleiman �K) � E ´ X þ��þm, @o

(1) E ´ nef ��=�é?Ûl1wØ��� C � X �k��� ν : C → X ±9 ν∗E �

?Ûû�m L, Ñk degC L ≥ 0.
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(2) �½��´LØfa h ∈ N1(X). E ´´L���=��3�knê δ = δ(h), é?

Ûl1wØ��� C � X �k��� ν : C → X ±9 ν∗E �?Ûû�m L, Ñk
degC L ≥ δ(degC ν∗h).

y² (1) d S K 2.4, · K � ± = ��÷ v � � ã � N � µ : C → P(E∨) Ñ k
degC µ∗OP(E∨)(1) ≥ 0.

C
µ //

ν
��?

??
??

??
? P(E∨)

π̄
||xxxxxxxx

X

ÏdùÒ��u OP(E∨)(1) ´ nef �.

(2) � ξ ´ c1(OP(E∨)(1)) 3 N1(X) ¥éA�a. degC L ≥ δ(degC ν∗h) �duy² ξ −
δ(h) · π̄∗h ∈ N1(P(E∨)) ´ nef. ,��¡, Ï�

π̄∗π̄∗OP(E∨)(1) = π̄∗E → E

´÷�, ¤± OP(E∨)(1) ´'u π̄ �é´L� (SK 2.6). Ïdé¿©��ê ε, εξ + δ · π̄∗h ´´
L�.

ù�, XJ ξ − δ(h) · π̄∗h ´ nef, @o

(1 + ε)ξ = (ξ − δ · π̄∗h) + (εξ + δ · π̄∗h)

´´L�.

�L5, XJ ξ ´´L�, dSK 2.5, ù�� δ �3. �

½n 2.2.3 (Gieseker Ún [Gie71]) � E ´ X þ��þm, E ´´Lm��=�§÷v
Xeü�^�:

(1) �3��ê m0, ¦�� m ≥ m0 �, SmE Ñd�N�¡)¤.

(2) Ø�3Q�Ø��� C ⊆ X, ¦� E|C k��²��ûm.

AO/, XJ E d�N�¡)¤, @o E ´´Lm��=�^� (2) ¤á.

y² XJ E ´´L�, @o^� (1) 5gu Hartshorne �K, (2) 5gu·K 2.2.1.

8b�ü�^�÷v, ·��y E ´´L�. Äk, ·�k±eEÜN�

Φm0 : P(E∨) ↪→ P(Sm0E∨) ↪→ P(V ∨)×X
pr1
� P(V ∨),

ù p V = H0(X,Sm0E). � ,, ù � N � � � ± Ï L OP(E∨)(m0) � � 5 X p � (d �
OP(E∨)(m0) ´d�N�¡)¤�).

�y E ´´L�, ·��I�y² Φm0 ´k���. eØ,, K�3Q�Ø���

C ⊆ P(E∨) � Φm0 Â �:. �5¿, Ï�ùN��´d OP(E∨)(m0) ��5Xp�, ¤± C Ú
OP(E∨)(1) éA�ØfØ��, = degOP(E∨)(1)|C = 0.

du Φm0 ��3 π̄ : P(E∨) → X �z�n�þÑ´i\. Ïd C � π̄ Ó�/N�§

3 X ¥��þ. d� OP(E∨)(m0)|C = Φ∗
m0
OP(V ∨)(1)|C w,´²�m. ù�, OP(E∨)(1)|C =
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OP(E∨)(m0 + 1)|C , ¿�§´"g��m. 2gA^^� (1) � m = m0 + 1 þ, OP(E∨)(m0 + 1)
´d�N�¡)¤. ùÒ½¦ OP(E∨)(1)|C ´²�m. dî.S�, ·�k÷� π̄ ∗ E|C →
OP(E∨)(1)|C , ùÒ��²�û, �^� (2) gñ! �

2.3 Q-Û�þm

3?n�5X�¯K�, ·�¬Ú\ Q-Øf�Vg. ùéu?Ø�m�ê�5�´�~�
B�. 'X|^ù�Vgò nef Øfw¤´LØf�4�. ù�g´��±í2�����þm

þ. �!ò0� [Miy85] 'uù�¡�ó�.

� E ´1w�Kq X þ��þm, δ ∈ N1(X) ⊗ Q ´ Q Øf�ê��da. Q-Û�þm

(Q-twisted vector) E〈δ〉´� E Ú δ ���|, §�÷v:

(1) (5�z) E〈0〉 = E.

(2) (Q-Ó�) E〈[A] + δ〉 = (E ⊗OX(A))〈δ〉, ùp A ´� Cartier Øf. E1〈0〉 = E2〈0〉�du
E1 = E2 ⊗ P , ùp P ´ê��du 0 ��m. �¡��ªþ´� Q Ó�¿Âe�.

(3) (Üþ$�)

E1〈δ1〉 ⊗ E1〈δ2〉 = (E1 ⊗ E2)〈δ1 + δ2〉,

Sm(E〈δ〉) = (SmE)〈mδ〉,
m∧

(E〈δ〉) = (∧mE)〈mδ〉.

(4) (ÄC�) � f : Y → X ´��, f∗(E〈δ〉) = (f∗E)〈f∗δ〉.

(5) (�Ú) E〈δ〉 ⊕ F 〈δ〉 = (E ⊕ F )〈δ〉.

(6) (fmÚûm)� F ´ E �fm (�A/, ûm), ·�5½ F 〈δ〉´ E〈δ〉�Q-Ûfm (�A
/, ûm).

(7) (�Úgê) rkE〈δ〉 := rkE, XJ X ´�, ½Âgê degE〈δ〉 := degE + rkE · deg δ.

½Â 2.3.1 � E〈δ〉´ Q-Û�þm, ξE ´ c1(OP(E∨)(1)) 3 N1(P(E∨)) ¥éA�Øfa.
XJ

ξE + π̄∗δ ∈ N1(P(E∨))⊗Q

´´L (�A/, nef) � Q-Øf, ·�Ò¡ E〈δ〉´´L� (�A/, nef).

é�Øf A, Ï� P(E∨) = P((E ⊗A)∨) � ξE⊗OX(A) = ξE + π̄∗A, ¤±

ξE⊗OX(A) + π̄∗δ = ξE + π̄∗([A] + δ).

ùL² E〈[A] + δ〉 = (E ⊗ OX(A))〈δ〉3 Q-Ó�¿ÂeéA�Ó� Q-Øfa. Ïd (E ⊗
OX(A))〈δ〉´L (�A/, nef) ��=� E〈[A] + δ〉´L (�A/, nef). �ó�, Q-Û�þm�
´L5½ nef 5�Ø�6u Q-Óa�L��À�.
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~ 2.3.1 (ÄC�E|) � f : Y → X ´k�÷��. ·�p�
�Km�k�÷��
F : P(f∗E∨)→ P(E∨).

P(f∗E∨) F //

Π
��

P(E∨)

π̄

��
Y

f // X

dd´�

F ∗(ξE + π̄∗δ) = ξf∗E + Π∗(f∗δ).

Ï�Øf�´L5Ú nef 5�3k�÷��.£E,�±, Ïd f∗(E〈δ〉) Ú E〈δ〉äk�Ó�´
L5½ nef 5�. �

|^ù�(Ø, ·��±�Ek�CX f , ¦� f∗δ C¤�Øf. ù�Ò�±ò Q-Û�þm

�´L5½ nef 5�8(�Ï~��þmþ5?Ø. ddéN´��Xe(Ø.

íØ 2.3.1 � E〈δ〉´ Q-Û�þm, ·�k

(1) E〈δ〉´L�¿©7�^��: é,� (½¤k) �ê k, Sk(E〈δ〉) �´L.

(2) � E〈δ〉, E′〈δ′〉Ñ´´L�, K E〈δ〉 ⊗ E′〈δ′〉�´´L�.

(3) � E〈δ〉, E′〈δ〉Ñ´´L�, K E〈δ〉 ⊕ E′〈δ〉�´´L�.

(4) � E〈δ〉´´L�, Ké?Û Q-Øfa δ′, � ε ´¿©��ê�, E〈δ + εδ′〉�´´L�.

XÛò´LÛ�þm�5�LÞ�Ù4��/, = nef �/Q? ùp�Ñ�«²;E|.

·K 2.3.1 (Nef m�´LÛE|) E〈δ〉´ nef �¿©7�^��: é?Û´LØfa h ∈
N1(X)⊗Q, E〈δ + h〉Ñ´´L�.

y² dÄC�E|, ·��I�?Ø δ = 0 ��/.

eé?Û h, E〈h〉´´L�, = ξE + π̄∗h ´´L�, @oÏL�4� h→ 0, =� ξE ´ nef,
= E ´ nef. �L5, b� E ´ nef. �¿©��ê ε,

ξE + π̄∗h = (1− ε)ξE + (εξE + π̄∗h).

aq½n 2.2.2 �y², εξE + π̄∗h ´´L�, Ïþª%¹X�à´ nef. �

|^ nef m�´LÛE|, éN´��Xe5� (3�Öö�y).

·K 2.3.2 nef � Q-Ûm��Ú!ÜþÈ!é¡È!	È!ûm!k�÷��e�.£
Ñ´ nef �.

±þù
?Ø�Ñ�±ì��ÃL�þ, ùpØ2Kã.
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2.4 ½5

� E ´ X þ�� r �þm, H ´�½�´LØf, µH(E) ´éA��Ç. -

Enorm := E〈−detE
r
〉. (2-4)

31 6.2.1 !, ·�é1w�þ��þm�½5Ú�5�
�\&?. ùp{�Û�X

e:

(1) (Miyaoka �K)

E �½⇐⇒ Enorm �½⇐⇒ Enorm ´ nef �⇐⇒ Enorm ��½⇐⇒ Enorm �K½.

(2) (Hartshorne ½n)

E ´L (�A/, nef) ⇐⇒ E �½ (�A/, ��½).

(3) � E �½�,

E ´L (�A/, nef, �K½, K½) ⇐⇒ degE > 0 �½ (�A/, ≥ 0, ≤ 0, < 0).

(4) (Narasimhan-Seshadri ½n)

E �½⇐⇒ E ⊗ L �½ (L ´�m) ⇐⇒ SnE �½ (n ≥ 2)

ép�qþ��þm, ·��±ÏL±e²;(Ø, r½5�?ØLÞ����þm

þ. ��Bn), ùp�Qã{z��/ (� [Miy85, íØ 3.13]).

½n 2.4.1 (Mumford-Mehta-Ramanathan ½n) � X ´ n ��5�Kq, E ´ÃL�,
H ´ X þ�´LØf, m ´¿©���ê, Y ´ |mH|¥�¿©���, @o E|Y ¥�4�Ø

½f� (½Â�5P 6.1.1) F �±*Ü¤ E ¥��Úf�, §´ H|Y -4�Ø½f� (Ï´

���). AO/, E ´ H-½���=� E|Y ´ H|Y -½�.

?�Ú, � C ´d |mH|¥ n− 1 �����������. @o E|C ¥�4�Ø½f
� F �±*Ü¤ E ¥��Úf�, §´ H-4�Ø½f�.

y3·�|^ù�½n5y²Xe�(Ø. ù�(Ø3� 2 �þmþk,�«)º.

·K 2.4.1 � E ´ X þ� H-�½�� r ÃL�, ùp H ´�½�´LØf. � L ´

X þ��m, @o
H0(X,SrnEnorm ⊗ L) = O(nr−1).

?�Ú, � µH(L) < 0 �, é?Û��ê n,

H0(X,SrnEnorm ⊗ L) = 0.

y² k?Ø µH(L) < 0 ��/. �� C X½n 2.4.1, ¿� En = SrnEnorm. Ï

� (En(L))|C ´ �½ (½ n 2.4.1) � deg(En(L))|C < 0, ¤ ± (En(L))|C ´ K ½�. ù �,
H0(X,En(L)) Ø�U¹k�"�¡ (ÄKk�gê�m).

2?Ø���/. é�ê dimX �8B{. dimX = 1 �, �k�Øf D (degD = d >

degL). �Ä�Ü�

H0(X,En(L−D)) −→ H0(X,En(L)) −→ H0(D,En(L)).
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dþ¡?Ø, H0(X,En(L − D)) = 0. qÏ� h0(D,En(L)) = dCr−1
rn+r−1, ¤± h0(X,En(L)) =

O(nr−1).

8b� dimX < k ��/®y. é¿©�ê m, À�¿©��� Y ∈ |mH|, E|Y ´ H|Y -�
½�, ¿� Y − L ´´L�. �Ä�Ü�

H0(X,En(L− Y ))←− H0(X,En(L)) −→ H0(Y,En(L))

dþ¡?Ø, H0(X,En(L− Y )) = 0. 2d8Bb�=�(Ø. �

�ÙSK

SK 2.1 � L ´ X þd�N�¡)¤��m, ϕ|L| : X → P(V ∨) = P(H0(X,L)∨) ´d
�5X |L|p����. y²: �Ü�

0 −→ML −→ H0(X,L)⊗OX −→ L −→ 0

´ Euler S�

0 −→ ΩP(V ∨)(1) −→ H0(X,L)⊗OP(V ∨) −→ OP(V ∨)(1) −→ 0

3 ϕ|L| e�.£.

SK 2.2 � L´ n ��Kq X þ�ÃÄ:�m, y²: �3 n+ 1 ��N�¡, §�vk
ú�":8. (J«: �ÄéA��5Xp����)

SK 2.3 � E ´�þm, k, ` ´��ê. y²¶�3k���

ν`,k : P(SkE
∨
)→ P(Sk`E

∨
),

÷v OP(SkE∨)(`) = ν∗`,kOP(Sk`E∨)(1).

SK 2.4 � ν : C → X ´1wØ��� C � X �k���. E ´ X þ��þm.

(1) y²: ν∗E �?Ûû�m L Ñp�
k��� µ : C → P(E∨) ÷v��ã.

C
µ //

ν
��?

??
??

??
? P(E∨)

π̄
||xxxxxxxx

X

¿� L = µ∗OP(E∨)(1).

(2) y²: ?Û÷vþ¡��ã�k��� µ : C → P(E∨) Ñd ν∗E �,û�m L p�.

(J«: �Äp�N� P(L∨) ↪→ P(ν∗E∨)→ P(E∨) ¿ò P(L∨) À� P(ν∗E∨)→ C ��¡.)

SK 2.5 � H ´1w�Kq X þ�´L�m, D ´,��m.

(1) y²: é¿©���ê m, mH +D ´�~´L�. (J«: k`² mD +H ÃÄ:.)

(2) y²: �½k��Øf D1, · · · , Dr, @oé 0 < |εi| � 1, H + ε1D1 + · · ·+ εrDr ´´L�.
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(3) y²: XJ D ´ nef, é?Û�ê ε, @o D + εH ´´L�.

(4) y²: XJé?Û¿©���ê ε, D + εH ´´L�, @o D ´ nef.

(5) y²: D ´´L���=��3�ê δ, ��=�é?ÛØ��� C, DC
HC ≥ δ.

SK 2.6 (�é´L) � f : X → Y ´1w�êq��~��. L ´ X þ��m. XJ

f∗f∗L→ L ´÷��, ¿�½Â
i\N�

X
j //

f ��?
??

??
??

? P(f∗L∨)

{{wwwwwwwww

Y

·�Ò¡ L 'u f ´�é�~´L�½ f -�~´L. XJé,���ê m, L⊗m ´�é�~´

L�, @oÒ¡ L ´'u f �é´L�½ f -´L�. y²: Xe^�*d�d:

(1) L 'u f �é´L.

(2) é X þ�?Ûvà� F , �3��ê m1 = m1(F), ¦�� m ≥ m1 �,

Rif∗(F ⊗ L⊗m) = 0, i > 0.

(3) é X þ�?Ûvà� F , �3��ê m2 = m2(F), ¦�� m ≥ m2 �,

f∗f∗(F ⊗ L⊗m) −→ F ⊗ L⊗m

´÷�.

(4) �3��ê m3, ¦�� m ≥ m3 �, L⊗m ´ f -�~´L.

(5) �½ Y þ�´LØf A, �3��ê m4 = m4(F), ¦�� m ≥ m4 �, L⊗ f∗(A⊗m) ´ X

þ�´LØf.

SK 2.7 � E ´1w�Kq X þ��þm.

(1) y²: XJé,��ê k, SkE ´ nef �, @o E �´ nef �.

(2) � f : Y → X ´÷�, y²: XJ f∗E ´ nef �, @o E �´ nef �.

(3) y²: XJ E ´ nef �, F ´´L�, @o E ⊗ F ´´L�.

(4) y²: þ¡�(Ø�Ñ�±í2� Q-Ûmþ.

SK 2.8 � Enorm Óª (2-4). y²:

(1) (E〈δ〉)norm = Enorm.

(2) (E∨)norm = (Enorm)∨.

(3) (SnE)norm = SnEnorm.

(4) µH(Enorm) = 0.

(5) SnrEnorm = π̄∗(−nKP(E∨)/X).
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1nÙ Koszul þÓN�ÜÀ

3.1 Koszul þÓN

3.1.1  ¿N�

� V ´� k þ� r �þ�m. ·��±p��5N� ι : ∧pV → ∧p−1V ⊗ V , ÷v

ι(v1 ∧ · · · ∧ vp) =
p∑

k=1

(−1)k−1(v1 ∧ · · · v̂k · · · ∧ vp)⊗ vk,

ùp v̂k ´�3L�ª¥�K vk ù��.

~ 3.1.1 � v1, v2, v3 ∈ V .
(1) ι(v1 ∧ v2) = v2 ⊗ v1 − v1 ⊗ v2.
(2) ι(v1 ∧ v2 ∧ v3) = (v2 ∧ v3)⊗ v1 − (v1 ∧ v3)⊗ v2 + (v1 ∧ v2)⊗ v3. �

� V ∨ ´ V �éó�m, x ∈ V ∨. |^ ι, ·��±½Â�5N�

ιx : ∧pV −→ ∧p−1V, v1 ∧ · · · ∧ vp →
p∑

k=1

(−1)k−1〈x, vk〉v1 ∧ · · · v̂k · · · ∧ vp,

ùp 〈x,−〉 : V → C ´ x ∈ Hom(V,C) p���5N�. ιx ¡� ¿N� (Contraction map)
½SÈN� (Inner product map). ι � ιx �'X5gu��ã

∧pV ι //

ιx &&LLLLLLLLLLL ∧p−1V ⊗ V
id⊗〈x,−〉
��

∧p−1V

,��¡, ·�kg,�Ó�

∧p−1V ⊗ V ∼= Hom(V ∨,∧p−1V ), (v1 ∧ · · · ∧ vp−1)⊗ v →
(
x 7→ 〈x, v〉v1 ∧ · · · ∧ vp−1

)
.

Ïd ι ��±^Xe�ªn):

ι : ∧pV −→ ∧p−1V ⊗ V ∼= Hom(V ∨,∧p−1V ), v1 ∧ · · · ∧ vp →
(
x 7→ ιx(v1 ∧ · · · ∧ vp)

)
.

N´�yéóN�

ι∗ : ∧p−1V ∨ ⊗ V ∨ −→ ∧pV ∨, (x1 ∧ · · · ∧ xp−1)⊗ x→ x ∧ x1 ∧ · · · ∧ xp−1. (3-1)

Ï

ι∗x = ∧x : ∧p−1V ∨ −→ ∧pV, x1 ∧ · · · ∧ xp−1 → x ∧ x1 ∧ · · · ∧ xp−1. (3-2)

ùÒ´Ï~�	ÈN� (Exterior product map). Ïd ιx Ò´	ÈN� ∧x �éó. AO/,
ιx ◦ ιx = 0. ùÒp�
¤¢� Koszul E/

K•(x) : 0 −→ ∧rV −→ · · · −→ ∧pV ιx−→ ∧p−1V
ιx−→ ∧p−2V −→ · · · −→ V −→ C −→ 0. (3-3)
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5 3.1.1 é?Û�"~ê c, N´w� cx, x �Ñ
Ó�� Koszul E/. ùL² Koszul E
/��6u: [x] ∈ P(V ∨). �

	ÈN��SÈN��3Xe�'X (3�Öö�y).

·K 3.1.1 � v ∈ V , x ∈ V ∨, K

ιx ◦ (∧v) + (∧v) ◦ ιx = 〈x, v〉 · Id.

·K 3.1.2 é?Û [x] ∈ P(V ∨), Koszul E/ K•(x) Ñ´�Ü�.

y² � K = Ker(ιx : ∧p−1V → ∧p−2V ), W = Im(ιx : ∧pV → ∧p−1V ). ·��I��y

K ⊆W . é?Û v ∈ K, ·�� w ∈ V , ¦� 〈x,w〉 6= 0. d·K 3.1.1,

ιx(w ∧ v) = 〈x,w〉 · v,

= ιx( 1
〈x,w〉w ∧ v) = v. ùL² v ∈W . �

þ¡�?Ø��±²£�é¡È�/. � x ∈ V ∨, ·�½Â�f (Derivation)

∂ : SqV −→ Sq−1V ⊗ V, v1 · v2 · · · vq →
q∑

k=1

(v1 · · · v̂k · · · vq)⊗ vk.

9

∂x : SqV −→ Sq−1V, v1 · v2 · · · vq →
q∑

k=1

〈x, vk〉v1 · · · v̂k · · · vq.

§�÷v��ã

SqV
∂ //

∂x &&LLLLLLLLLL Sq−1V ⊗ V
id⊗〈x,−〉
��

Sq−1V

ÙéóN� ∂∗ : Sq−1V ∨ ⊗ V ∨ → SqV ∨ Ò´Ï~�¦{N�. �	È�/ØÓ�´, d� ∂x ¿

ØUp�ÑE/, = ∂x ◦ ∂x 6= 0. ∂ ��±n)�

∂ : SqV −→ Sq−1V ⊗ V ∼= Hom(V ∨, Sq−1V ), f →
(
x 7→ ∂x(f)

)
.

b� X1, · · · , Xr ∈ V ´�|Ä, @o ∂ �±�äN��

∂ : SqV −→ Sq−1V ⊗ V, f →
r∑

k=1

∂f

∂Xk
⊗Xk.

� xk ∈ V ∨ ´éóÄ, @o ∂xk
(f) = ∂f

∂Xk
, ='u Xk � �ê.

(Ü	ÈN� λ : ∧p−1V ⊗ V → ∧pV , ·��±p�N� Dp,q : ∧p−1V ⊗ Sq+1V →
∧pV ⊗ SqV . §5gu±e��ã

∧p−1V ⊗ Sq+1V

Dp,q ))TTTTTTTTTTTTTTT
id⊗∂ // ∧p−1V ⊗ V ⊗ SqV

λ⊗id
��

∧pV ⊗ SqV
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aq/, ·���±p�N� dp,q : ∧pV ⊗ SqV → ∧p−1V ⊗ Sq−1V . §5gu��ã

∧pV ⊗ SqV ι⊗id //

dp,q **UUUUUUUUUUUUUUUUUU ∧p−1V ⊗ V ⊗ SqV
id⊗µ
��

∧p−1V ⊗ Sq+1V

ùp µ : SqV ⊗ V → Sq+1V ´Ï~�¦{N�. N´w�, Dp,q �éóN�¢SþÒ´
dp,q : ∧pV ∨ ⊗ SqV ∨ → ∧p−1V ∨ ⊗ Sq−1V ∨. §�÷v±e5� (�Öögy).

·K 3.1.3 (1) � D, d ¿ÂÓþ, K

(1) Dp+1,q−1Dp,q = dp,qdp+1,q−1 = 0, Ïd§�p�E/ (¡� Koszul E/).
(2) Dp,qdp,q + dp+1,q−1Dp+1,q−1 = (p+ q)Id.

3.1.2 Koszul E/�þÓN

� S(V ) ´é¡�ê, B =
⊕
q∈Z

Bq ´©g S(V )-�. mq : V ⊗Bq → Bq+1 ´ B � S(V )-�(

�p��¦{N�, ·��±l±e��ã½ÂN� dp,q.

∧pV ⊗Bq
ι⊗id //

dp,q **TTTTTTTTTTTTTTTT
∧p−1V ⊗ V ⊗Bq

id⊗mq

��
∧p−1V ⊗Bq+1

N´�y, (ι) ◦ (ι) : ∧pV → ∧p−2V ⊗ S2V ´"N�, l dp−1,q+1dp,q = 0. ù�, ·�p�


Koszul E/.

· · · // ∧p+1V ⊗Bq−1
dp+1,q−1 // ∧pV ⊗Bq

dp,q // ∧p−1V ⊗Bq+1
dp−1,q+1 // · · ·

B � Koszul þÓN+½Â�

Kp,q(B, V ) =
Kerdp,q

Imdp+1,q−1
.

é?Û m, ·�k±e�ê�ª (3�Öö�y)∑
p+q=m

(−1)p dimCKp,q(B, V ) =
∑

p+q=m

(−1)p
(

dimV

p

)
dimCBq. (3-4)

é©g� B, ·�½Â©g� B(n), ÷v B(n)q := Bq+n. ù�������5� B ¦+
k�Ó���, �´gê�� n. |^ù«�ª, ·��±rþã� Koszul E/Ú���©g

S(V )-��E/ (Ù¥z�N�Ñ�±gê)

K•(C) : · · · −→ ∧p+1V ⊗B(−p− 1) −→ ∧pV ⊗B(−p) −→ ∧p−1V ⊗B(−p+ 1) −→ · · ·

~ 3.1.2 8� B = S(V ). d·K 3.1.3, ·��±��©g S(V )-���ÜE/ K•(C):

0 −→ ∧rV ⊗ S(V )(−r) −→ ∧r−1V ⊗ S(V )(−r + 1) −→ · · ·
−→ ∧2V ⊗ S(V )(−2) −→ V ⊗ S(V )(−1) −→ S(V ) −→ C −→ 0.

(3-5)

§��u�Ñ
 C �gdÛ). �
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~ 3.1.3 � L´ n�;E6/ X þ�)Û�m, F ´ X þ�)Ûvà�, V ⊆ H0(X,L)
´f�m. -

R(F , L) =
⊕
q∈Z

H0(X,F ⊗ L⊗q).

R(F , L) ´ S(V )-�. ù�, ·�Ò�� X þ� Koszul E/9ÙþÓN+ Kp,q(X,F ,L, V ).

XJ� F = OX , ·�Ò{�¤ Kp,q(X,L, V ). XJ V = H0(X,L), Ò{�¤ K(X,F , L).
X J � F = ωX , @ o þ ã R(F , L) ¡� X,L � Arbarello-Sernesi � (� [ArSe78]), § ´
S(H0(X,L))-�. Arbarello-Sernesi ��5��±ëw [Gr84a, ½n 4.b.2]. �

5 3.1.2 (1) ·�o´k

Kp,q(X,F , L) = Kp,q−1(X,F ⊗ L,L) = · · · = Kp,1(X,F ⊗ Lq−1, L) = Kp,0(X,F ⊗ Lq, L).

(2)þ~�?Ø��±í2�p�ÓN+þ, =�Ä S(V )-�

Ri(F , L) =
⊕
q∈Z

H i(X,F ⊗ L⊗q).

Koszul E/�½Â��±í2��þmþ. e¡�ÞA~.

~ 3.1.4 � E ´ X þ�� r �þm, L ´�m, ¿k�� σ : E → L. ·��EEÜN�

δ : ∧pE ⊗ Lq ι⊗id−→ ∧p−1E ⊗ E ⊗ Lq id⊗σ⊗id−→ ∧p−1E ⊗ L⊗ Lq id⊗µ−→ ∧p−1E ⊗ Lq+1,

ùp µ ´�m�¦{. dd�p� Koszul E/

K•(σ) : · · · −→ ∧pE ⊗ Lq δ−→ ∧p−1E ⊗ Lq+1 −→ · · ·

� Z = Z(σ) ´ σ ∈ H0(X,E∨ ⊗ L) �":V.. ·��±rþãE/U�¤Xe/ª

0 −→ ∧rE ⊗ L−r −→ · · · −→ ∧2E ⊗ L−2 −→ E ⊗ L−1 −→ OX −→ OZ −→ 0.

TE/3 Z �	�/�Ñ´�Ü�. AO/, XJ X ´1wq� σ ´�K�¡ (Regular
section), =Ù":8 Z = Z(σ) �{�êTÐ´ r = rkE, @o§�Nþ��Ü.

e� L�²��m�, K δ = ισ. d�kE/

K•(σ) : ∧rE −→ · · · −→ ∧pE ισ−→ ∧p−1E −→ · · ·OX .

ùÒ´E/ (3-3) �í2. �

~ 3.1.5 � V = H0(X,L) ±9D�N� ev : V ⊗OX → L. 3~ 3.1.4 ¥� E = V ⊗OX ,
K�p� Koszul E/

K·(X,L) : · · · −→ ∧pV ⊗ Lq −→ ∧p−1V ⊗ Lq+1 −→ · · · (3-6)

XJéTE/�^�N�¡¼f, Ò��~ 3.1.3 ¥d S(V )-� R(L) p�� Koszul E/.

8� X = P(V ∨), L = OX(1), K�p� Koszul E/

0 −→ ∧rV ⊗OX(−r) −→ · · · −→ ∧2V ⊗OX(−2) −→ V ⊗OX(−1) −→ OX −→ 0.

éT�Ü�¦± OX(n), ¿��N�¡, =�~ 3.1.2 ¥�E/. �
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~ 3.1.6 ·�ò~ 3.1.2 ¥�E/ (3-5) í2�� r �þm E þ, =��ÜE/

0 −→ ∧rE ⊗ Sk−rE −→ ∧r−1E ⊗ Sk−r+1E −→ · · ·
−→ ∧2E ⊗ Sk−2E −→ E ⊗ Sk−1E −→ SkE −→ 0.

·���±|^~ 3.1.4 5��TE/. �Ä�Km π̄ : P(E∨) → X. ·�k÷� σ :
π̄∗E → OP(E∨)(1) (�~ 1.3.2). d~ 3.1.4, =�E/

0 −→ ∧rπ̄∗E ⊗OP(E∨)(k − r) −→ · · · −→ ∧2π̄∗E ⊗OP(E∨)(k − 2)
−→ π̄∗E ⊗OP(E∨)(k − 1) −→ OP(E∨)(k) −→ 0.

é±þ�Ü�����=�. �

3.1.3 Green ½n

·�3ù�!0� Green 'u Koszul ÓN�A��(J. �dk��
O�ó�.

±e� X ´1w�Kq, L ´ X þd�N�¡)¤��m, V ⊆ H0(X,L) )¤ L, MV,L ´
Øm (e V = H0(X,L) K {P�ML), 5g�Ü�

0 −→MV,L −→ V ⊗OX −→ L −→ 0.

·K 3.1.4 � F ´ X þ�và�. ·�kXeÓ�

Kp,q(X,F , L, V ) ∼= Coker
(
∧p+1V ⊗H0(X,F ⊗ Lq−1)→ H0(X,F ⊗ ∧pMV,L ⊗ Lq)

)
∼= Ker

(
H1(X,F ⊗ ∧p+1MV,L ⊗ Lq−1)→ ∧p+1V ⊗H1(X,F ⊗ Lq−1)

)
.

y² ·�ùp?ØAÏ�/: F = OX , V = H0(X,L). ���/�aqy².

Äk, ·�k Koszul E/
p+1∧

V ⊗H0(X,Lq−1) −→
p∧
V ⊗H0(X,Lq) −→

p−1∧
V ⊗H0(X,Lq+1). (3-7)

d	, ·�k�Ü�

0 −→
∧p+1ML ⊗ Lq−1 −→

∧p+1 V ⊗ Lq−1 −→
∧pML ⊗ Lq −→ 0,

0 −→
∧pML ⊗ Lq −→

∧p V ⊗ Lq −→
∧p−1ML ⊗ Lq+1 −→ 0,

0 −→
∧p−1ML ⊗ Lq+1 −→

∧p−1 V ⊗ Lq+1 −→
∧p−2ML ⊗ Lq+2 −→ 0,

(3-8)

¦^�Ü� (3-7) 9 (3-8), ¿|^SK 3.4 (2), ·�����ã∧p+1 V ⊗H0(X,Lq−1)
u′ //

u

��

∧p V ⊗H0(X,Lq) δ // ∧p−1 V ⊗H0(X,Lq+1)

0 // H0(
∧pML ⊗ Lq) //

��

∧p V ⊗H0(X,Lq) δ′ // H0(
∧p−1ML ⊗ Lq+1)

OO

H1(
∧p+1ML ⊗ Lq−1) 0

OO

�5¿, ã¥��Ú1�1Ñ´�Ü�.

dã��

Kerδ = Kerδ′ = H0(
p∧
ML ⊗ Lq), Imu = Imu′.
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Ïd

Kp,q(X,L) =
Kerδ
Imu′

∼=
Kerδ′

Imu
∼=
H0(

∧pML ⊗ Lq)
Imu

= Cokeru.

,��ª5gu��ã����Ü5. �

íØ 3.1.1 3·K 3.1.4 �^�e,
(1) H0(X,

∧pML) = 0, é?Û p ≥ 1 ¤á.
(2) XJ H1(X,Lq−1) = 0, @o Kp,q(X,L) = 0 �¿©7�^�´ H1(X,

∧p+1ML⊗Lq−1) = 0.
(3) XJ H1(X,L) = 0, @o Kr−1,2(X,L) = H1(X,OX), ùp r = dim |L|.

y² (1) e L = OX , K(Øw,. 8b� L 6∼= OX . d�d·K 3.1.4 �

H0(X,∧pML) = Kp,0(X,L) = Ker(∧pV → ∧p−1V ⊗ V ) = 0.

(2) ��5g·K 3.1.4.

(3) 5¿� ∧rML
∼= OX(−L) =�. �

íØ 3.1.1 (3) L², � L ÷v,aþÓN^��, X �(���þÓNk�U^ L �
Koszul þÓNO�Ñ5. ù�(Ø�±�í2�Xe/ª.

·K 3.1.5 � X ´1w�Kq, F ´ X þ�và�, L ´ X þd�N�¡)¤��m,
V ⊆ H0(X,L), r = dimV − 1. XJ

Hq−i(X,F ⊗ Li) = Hq−i(X,F ⊗ Li+1) = Hq(X,F ⊗ L) = 0, i = 1, · · · , q − 1,

@o Hq(X,F) = Kr−q,q+1(X,F , L, V ).

y² �Ä�Ü�

0 −→ F −→ V ∨ ⊗F ⊗ L −→M∨
L ⊗F ⊗ L −→ 0.

5¿ (d·K 1.1.2 (6))

M∨
L = ∧r−1ML ⊗ detM∨

L = ∧r−1ML ⊗ L,

¤±þ¡��Ü���u

0 −→ F −→ ∧rV ∨ ⊗F ⊗ L −→ ∧r−1ML ⊗F ⊗ L2 −→ 0. (3-9)

2d·K 3.1.4, ùÒy²
 q = 1 ��/.

±eb� q ≥ 2. é�Ü� (3-9) �þÓN, ¿A^·K^�, ·���

Hq(X,F) ∼= Hq−1(X,∧r−1ML ⊗F ⊗ L⊗2).

dSK 3.8, ·�k��Ü�

0 −→ ∧r−1ML ⊗F ⊗ L2 −→ ∧r−1V ⊗F ⊗ L2 −→ ∧r−2V ⊗F ⊗ L3

−→ · · · −→ ∧r−q+1V ⊗F ⊗ Lq −→ ∧r−qML ⊗F ⊗ Lq+1 −→ 0.

(ÜSK 3.7!·K 3.1.49b�^�, ·�k

H0(∧r−1ML ⊗F ⊗ L2) = Ker(H0(∧r−1ML ⊗F ⊗ L2)→ H0(∧r−1V ⊗F ⊗ L2))
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= Coker(H0(∧r−q+1V ⊗F ⊗ Lq)→ H0(∧r−qML ⊗F ⊗ L(q+1)))

= Kr−q,q+1(X,F , L, V ).

ùÒ�¤
y². �

íØ 3.1.2 �±eü�^���¤á�, ·�ok

Hq(X,F) = Kr−q,q+1(X,F , L), r = h0(X,L)− 1.

(1) L ´¿©´LØf� (=÷v·K 3.1.5 �ÓN^�).
(2) F ´ q-�K� (�½Â 3.2.1).

y3·�0� Green �A�Ì�(J. Äk, ·�k±e� Green éó½n.

½n 3.1.1 ([Gr84a], ½n 2.c.6) � L ´ n �;E6/ X þ��m, E ´ X þ��þm,
�f�m V ⊆ H0(X,L) ÃÄ:, r = dim P(V ∨), �÷v (i = 1, · · · , n− 1)

H i(X,E ⊗ (q − i)L) = 0,

H i(X,E ⊗ (q − i− 1)L) = 0.

@o·�k
Kp,q(X,E,L, V )∨ ∼= Kr−n−p,n+1−q(X,KX ⊗ E∨, L, V ).

y² ·��ÄAÏ�/: V = H0(X,L), E = OX , L d�N�¡)¤. ���/aq�
y.

d·K (3.1.4) 9 Serre éó½n,

Kp,q(X,L) ∼= Coker
(
∧p+1V ⊗H0(X,Lq−1)→ H0(X,∧pML ⊗ Lq)

)
∼= Ker

(
Hn(X,KX ⊗ ∧pM∨

L ⊗ L−q)→ ∧p+1V ∨ ⊗Hn(X,KX ⊗ L1−q)
)

5¿� ML ´� r �þm, � ∧rML = L∨, Ïd·�k

Kp,q(X,L) ∼= Ker
(
Hn(X,KX ⊗ ∧r−pML ⊗ L1−q)→ ∧r−pV ∨ ⊗Hn(X,KX ⊗ L1−q)

)
·�é�Ü� 0→ML → V ⊗OX → L→ 0 Åg�	È, ����Ü� (SK 3.8)

0 −→ ∧r−pML ⊗KX ⊗ L1−q −→ ∧r−pV ⊗KX ⊗ L1−q −→ ∧r−p−1V ⊗KX ⊗ L2−q

−→ ∧r−p−1V ⊗KX ⊗ L3−q −→ · · · −→ ∧r−p−n+1V ⊗KX ⊗ Ln−q

−→ ∧r−p−nML ⊗KX ⊗ Ln+1−q −→ 0.

d·Kb�9SK 3.7 á�(Ø. �

½n 3.1.2 ([Gr84a], ½n 2.c.1) � dimX = n ≥ 2, L, V Óþ, �÷v

H i(X,L−i) = H i(X,L−i−1) = 0, i = 1, · · · , n− 1.

@o Kr−n,n+1(X,KX , L, V ) = C.

y² |^ Serre éó±9 H0(X,L−1) = 0, ò·K^�=�

Hn−i(X,KX ⊗ Li) = Hn−i(X,KX ⊗ Li+1) = Hn(X,KX ⊗ L) = 0, i = 1, · · · , n− 1.

Ïdd·K 3.1.5 ��(Ø. �
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½n 3.1.3 (Green ��½n) � W ⊆ H0(Pr,OPr(d)) ´{�ê c �ÃÄ:f�m. @o
� k + (q − 1)d ≥ p+ c �, ·�k

Kp,q(Pr,OPr(k),OPr(d),W ) = 0.

AO/, � k ≥ d+ p+ c �, Koszul E/

∧p+1W ⊗H0(OPr(k − d)) −→ ∧pW ⊗H0(OPr(k)) −→ ∧p−1W ⊗H0(OPr(k + d))

´�Ü�.

y² �Äf�mS�

W = Wc ⊂Wc−1 ⊂ · · ·W1 ⊂W0 = H0(Pr,OPr(d))

÷v dimWi/Wi+1 = 1. � Mi ´ Wi ⊗OPr → OPr �Øm.

·��8I´�y² ∧pMi ´ (p + i)-�K� (�½Â 3.2.1). ky i = 0 ��/. d�d�

Ü�

0 −→M0 −→W0 ⊗OPr −→ OPr(d) −→ 0,

N´�� M0 � 1-�K5. Ïd ∧pM0 ´ p-�K� (�SK 3.9).

d�Ü���ã

0 //Mi
//

��

Wi ⊗OPr //

��

OPr(d) // 0

0 //Mi−1
//Wi−1 ⊗OPr // OPr(d) // 0

±9�/Ún, ·����Ü�

0 −→Mi −→Mi−1 −→ OPr −→ 0.

é§�	È (�·K 1.1.3 (5)), ¿^8B{, �y ∧pMi ´ (p+ i)-�K�.

ù�, d·K^�, ∧p+1Mc �´ k + (q − 1)d+ 1-�K� (�½n 3.2.1), �

H1(Pr,∧p+1Mc ⊗OPr(k)⊗OPr(d)⊗(q−1)) = 0.

2d·K 3.1.4 =� Kp,q(Pr,OPr(k),OPr(d),W ) = 0. �

íØ 3.1.3 � W ⊆ H0(Pr,OPr(d)) ´{�ê c �ÃÄ:f�m. @o¦{N�

sk : W ⊗H0(Pr,OPr(k)) −→ H0(Pr,OPr(d+ k)), k ≥ c.

�ó�, gê�u�u d+ c �àgõ�ª7á3 W )¤�n�¥.

y² 3½n 3.1.3 ¥� p = q = 0 =�. �

3.2 Castelnuovo-Mumford �K5

3.2.1 Castelnuovo-Mumford Ún

½Â 3.2.1 (Castelnuovo-Mumford �K5) (1) � F ´ Pr þ�và�, XJ§÷v

H i(F(m− i)) = 0, ∀i > 0,
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·�Ò¡ F ´ m-�K�.
(2) � X ´1w�Kq, L ´ X þd�N�¡)¤�´L�m, F ´ X þ�và�. XJ

H i(X,F ⊗ Lm−i) = 0, ∀i > 0,

@o·�¡ F 'u L ´ m-�K�.

~ 3.2.1 (1) OPr(m) ´ (−m)-�K�.

(2) � L ⊆ Pr ´�5f�m, @on�� IL ´ 1-�K�. �

½n 3.2.1 (Castelnuovo-Mumford Ún, [Mum66]) � F ´ Pr þ� m-�Kvà�. @o
é?Û k ≥ 0,
(1) ·�k÷�

H0(Pr,F(i))⊗H0(Pr,O(1))−→H0(Pr,F(i+ 1)), i ≥ m.

(2) F ´ (m+ k)-�K�.
(3) F(m+ k) d�N�¡)¤.

y² ·�é r �8B{. r = 0 �, Ã(Øw,. é���/, ·��¿©����²¡
H. �Ä�Ü�

0 −→ F(k − 1) −→ F(k) −→ FH(k) −→ 0. (3-10)

�ÓN��ÜN� (k = m− i)

H i(F(m− i)) −→ H i(FH(m− i)) −→ H i+1(F(m− i− 1)).

Ïd F � m-�K5%¹X FH 3 H þ� m-�K5. d8Bb�, FH ´ (m + 1)-�K, Ï
H i+1(FH(m− i)) = 0. 2|^�Ü� (3-10) (� k = m− i) �

H i+1(F(m− i− 1)) −→ H i+1(F(m− i))→ 0

(Ü F � m-�K5, =� H i+1(F(m − i)) = 0 (∀i ≥ 0). ùÒy²
 F ´ (m + 1)-�K5. �

gaí, =� F � (m+ k)-�K5.

�Ä��ã
H0(F(k − 1))⊗H0(OPr(1)) σ //

µ

��

H0(FH(k − 1))⊗H0(OH(1))

τ

��
H0(F(k − 1)) // H0(F(k)) ν // H0(FH(k))

XJ k > m, Kd5� (2) � H1(F(k − 2)) = 0, ld�Ü� (3-10) �� σ �÷�5. d8
Bb�95� (1), τ 3 k > m ��´÷�. ùÒ�� ν(Imµ) = H0(FH(k)). Ï H0(F(k)) d
Imµ 9 H0(F(k − 1)) Ü¤. 5¿

Im
(
H0(F(k − 1)) ↪→ H0(F(k))

)
= H0(IH(F(k))).

ÏÙ¥��¡�":8�¹ H, ��±w¤ Imµ ¥���, Ïd µ ´÷�. ùÒy²
 F ÷

v5� (1).
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d Serre ½n, é¿©�� k, F(k) d�N�¡)¤. Ïd(Ü5� (1) ��÷�

H0(F(m))⊗H0(OPr(k −m))⊗OPr −→ F(k).

§�±ÏL H0(F(m))⊗OPr(k −m)→ F(k) ©). dd=� F(m) d�N�¡)¤. �

5 3.2.1 (1) ^ F(m) O� F , þã(Ø^�¢Sþ�du 0-�K^�.
(2) þã(Ø�L², Pn þ�và�Ø�Ué?Û�ê m Ñ´ m-�K�. eØ,, F(m) Ñ´d
�N�¡)¤. �� m� 0 �, ù´Ø�U�. Ïd�·�^,� F(m) �O F �, �±b� F
´ 0-�K, �Ø´ (−1)-�K. �

·���±éþ¡�(Ø��?U, ��Xek^�(Ø.

½n 3.2.2 ([Mum70]) � L ´d�N�¡)¤�´L�m, F ´ X þ'u L � m-�K

và�. @oé?Û k ≥ 0,
(1) ·�k÷�

H0(X,F ⊗ Lm)⊗H0(X,Lk)−→H0(X,F ⊗ Lm+k).

(2) F ´ (m+ k)-�K�.
(3) F ⊗ Lm+k d�N�¡)¤.

y² ùp·�æ^ Koszul E/�*:#y²d(Ø. äN[!�ëw [Laz04I, ½n
1.8.5].

é¿©�� l, F ⊗ Lm+l d�N�¡)¤. Ïd5� (1) %¹X F ⊗ Lm �´�N�¡)¤
(aq½n 3.2.1 �?Ø). ±e·��I�y² (1)(2) é k = 1 ��/¤á=�.

� V = H0(X,L). d Koszul E/ (3-6) �

0 −→
r+1∧

V ⊗ L−r−1 · · · −→
2∧
V ⊗ L−2 −→ V ⊗ L−1 −→ OX −→ 0.

é§Üþ F ⊗ Lm+1 �

· · · −→
3∧
V ⊗F ⊗ Lm−2 −→

2∧
V ⊗F ⊗ Lm−1 −→ V ⊗F ⊗ Lm −→ F ⊗ Lm+1 −→ 0.

d F � m-�K5, ·�k
H i(X,∧i+1V ⊗F ⊗ Lm−i) = 0.

|^þã��5±9ò��Ü�©¤á�Ü�O�, ·�Ò��
5� (1).

aq�Ä�Ü�

· · · −→
3∧
V ⊗F ⊗ Lm−3 −→

2∧
V ⊗F ⊗ Lm−2 −→ V ⊗F ⊗ Lm−1 −→ F ⊗ Lm −→ 0.

aq/O�ÓN��5� (2). �

5 3.2.2 XJ=�¦ L ´ÃÄ:��m, ¿� F = OX , ½n (3.2.1) (1) �¤á. �

e¡�(Ø�Ñ
 m-�K5�Û)�K.
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·K 3.2.1 (�5Û)) � F ´ Pr þ�và�. ±e^�*d�d:
(1) F ´ m-�K�.
(2) F k��Ü�Û)

· · · −→ ⊕OPr(−m− 2) −→ ⊕OPr(−m− 1) −→ ⊕OPr(−m) −→ F −→ 0. (3-11)

y² (2) =⇒ (1) 3�SK (�SK 3.9 (1)).

(1) =⇒ (2) d½n 3.2.1, F(m) d�N�¡)¤. � V = H0(Pr,F(m)), ·�k�Ü�

0 −→ F1 −→ V ⊗OPr(−m) −→ F −→ 0.

·��y² F1 ´ (m + 1)-�K�. ù�, ·��±�daí, 48/p�Ñ (2) ¥���Ü�.
Äk, dþã�Ü�, ·�k H1(Pr,F1(m)) = 0 ±9

H i+1(F1(m− i)) = H i(F(m− i)) = 0, i > 0.

ùÒ�� F1 � (m+ 1)-�K5. �

5 3.2.3 ¦+�õê�¹e, ·�?Ø Pr þ�và���K5Òv

, ¿�éõ(Ø

Ñ�±LÞ� X ⊆ Pr ��/, ��¿�?Û�ÿÑUí2. 'X·K 3.2.1, é F = OX 5`,
�k²���5Û), ��7´ 0-�K�. �

3.2.2 Castelnuovo-Mumford �K5�I

� F , L Óc. ·��±½Â F 'u L � Castelnuovo-Mumford �K5�I

regL(F) = min{m| F 'u L ´ m-�K�}.

·�ò©Ol Koszul þÓN�ÜÀ���Ý�n)§.

·K 3.2.2 b� F ´ (m+1)-�K�. @o F ´ m-�K���=� Kp,m+1(X,F , L) = 0
é¤k p Ñ¤á. AO/,

regL(F) = min{m| Kp,m+1(X,F , L) = 0, ∀p}.

y² (=⇒) d�®�

H i(X,F ⊗ Lm+1−i) = H i(X,F ⊗ Lm−i) = 0, i > 0.

� r = h0(X,L)− 1. � p ≥ r �, ∧p+1ML = 0, �d·K 3.1.4 � Kp,m+1(X,F , L) = 0. 8b�
p < r, ¿� q = r − p(> 0). d� K(p.m+ 1)(X,F , L) = Kr−q,q+1(X,F ⊗ Lm−q, L). du F ´
m-�K, ¤± F ⊗ Lm−q ´ q-�K. AO/, F ⊗ Lm−q ÷v·K 3.1.5 �ÃÓN^�. Ïddí
Ø 3.1.2, ùÒ��

Kp,m+1(X,F , L) = Kr−q,q+1(X,F ⊗ Lm−q, L) ∼= Hq(X,F ⊗ Lm−q) = 0.

�����ª5g F � m-�K5.

(⇐=) òíØ 3.1.2 A^� i-�K�� F ⊗ Lm−i+1 þ, ·���

H i(X,F ⊗ Lm−i) ∼= Kr−i,i+1(X,F ⊗ Lm−i+1) = Kr−i,m+1(X,F , L) = 0.

dd=�y. �
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regL(F) ��±l F �4�gdÛ)5�Ä (�½Â 3.3.1). �Äù��4�gdÛ)

0 −→ Er+1 −→ · · · −→ E2 −→ E1 −→ F −→ 0,

ùp
Ep = ⊕iS(−ap,i).

·�P

ap := max
i
{ap,i}.

·K 3.2.3 F ´ m-�K���=� ap ≤ p+m é¤k p ¤á. AO/,

regL(F) = max
p
{ap − p}.

y² (=⇒) d�é?Û k ≥ 0, F ´ m+ k-�K�. d·K 3.2.2,

Kp,m+k+1(X,F , L) = 0, p ≥ 0, k ≥ 0.

|^·K 3.3.1, ù��u (PÒ¿Â�T·K)

Mp,m+k+1+p = 0, p ≥ 0, k ≥ 0.

5¿� ap Ò´¦� Mp,ap
6= 0 ���eI, ÏdùÒk ap ≤ m+ p.

(⇐=) d��^��du

Kp,m+k+1 = Mp,m+k+1+p = 0, p ≥ 0, k ≥ 0.

Ïd regL(F) ≤ m, � F ´ m-�K� (½n 3.2.2). �

~ 3.2.2 � X ⊆ Pn ´�Kfq, IX ´n��. XJ IX ´ m-�K�, ·�Ò¡ X ´
m-�K�. ù�^��du

H i(Pn,IX(m− i)) = 0, i = 1, · · · , n+ 1.

� X ´���� ( d d1, · · · , dr g�¡����), d�4�gdÛ)Ò´

OPn(−d1)⊕ · · · ⊕ OPn(−dr) −→ IX .

d·K 3.2.3,

regL(IX) =
r∑
i=1

(di − 1). �

3.2.3 �é�K5

� f : X → Y ´1w�Kq�m��~÷��. � A ´ X þ��m, §�é f ´´L�
(½Â�SK 2.6), k÷�;��N�

f∗f∗A −→ A.

5 3.2.4 � A d�N�¡)¤�, þ¡���o´÷�. �
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½Â 3.2.2 (�é�K5) � F ´ X þ�và�, XJ

Rif∗(F ⊗A⊗(m−i)) = 0, i > 0,

·�Ò¡ F 'u A Ú f ´ m-�K�.

aq½n 3.2.1 Ú½n 3.2.2, ·�kXe�é5�(Ø (3�SK).

½n 3.2.3 � F 'u A Ú f ´ m-�K�. @oé?Û k ≥ 0, Ñk

(1) ·�k÷��

f∗f∗(F ⊗A⊗(m+k)) −→ F ⊗A⊗(m+k).

(2)
f∗(F ⊗A⊗m)⊗ f∗(A⊗k) −→ f∗(F ⊗A⊗(m+k))

´÷��.

(3) F 'u A Ú f ´ (m+ k)-�K�.

þ¡�Vg�±A^��Kmþ. � π̄ : P(E∨)→ X ´ X þ��Km, F ´ P(E∨) þ�v
à�. ·�� A = OP(E∨)(1). XJ

Riπ̄∗
(
F ⊗OP(E∨)(m− i)

)
= 0,

K{¡ F 'u π̄ ´ m-�K�.

íØ 3.2.1 ([Gr84a], ~ 1.8.25) e π̄ : P(E∨) → X ´ X þ��Km, F ´ P(E∨) þ'u
π̄ ´ m-�K�và�, @oé k ≥ 0,

(1) ·�k÷��

π̄∗π̄∗(F ⊗OP(E∨)(m)) −→ F ⊗OP(E∨)(m).

(2) é?Û k ≥ 0, Ñk÷��

π̄∗(F ⊗OP(E∨)(m))⊗ π̄∗(OP(E∨)(k)) −→ π̄∗(F ⊗OP(E∨)(m+ k)).

(3) F 'u f ´ (m+ 1)-�K�.

�é�K5kXe�K.

·K 3.2.4 (�é�K5�K [But94], Ún 3.1) � π̄ : P(E∨) → X ´ X þ��Km, F
´ P(E∨) þ��þm. @o±e^�*d�d:

(1) F 'u π̄ ´ m-�K�;

(2) é?Û x ∈ X,
hi
(
π̄−1(x),F(m− i)

∣∣
π̄−1(x)

)
= 0 (∀i > 0).
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(3) F kXe�Û), Ù¥ Fi ´ X þ��þm,

· · · −→ π̄∗F2(−m− 2) −→ π̄∗F1(−m− 1) −→ π̄∗F0 −→ F −→ 0.

y² (1)(3) ��d5y²aqu·K 3.2.1, 3�Öö�¤. (2) íÑ (1) ´w,�. ±e

y² (1) %¹ (2).

du π̄ �n�´ n− 1�, Ï Rnπ̄∗(F(m− n+ 1)) = 0. dÄC�½n±9 Rn−1π̄∗(m−
n+ 1) = 0 (5g�K5b�), Ï hn−1(π̄−1(x),F(m− n+ 1)

∣∣
π̄−1(x)

) = 0.

Ï� F 'u π̄ ´ m-�K�, l'u π̄ �´ (m + 1)-�K�. ùÒk Rn−1π̄∗(F(m − n +
2)) = 0. dÄC�½n=� hn−2(π̄−1(x),F(m− n+ 2)

∣∣
π̄−1(x)

) = 0. ±daí, =�(Ø. �

·K 3.2.5 ([But94], Ún 3.2) � π̄ : P(E∨) → X ´ X þ��Km, V (�A/, W ) ´

P(E∨) þ�þm, 'u π̄ ´ v-�K (�A/, w-�K). @o

(1) V ⊗W 'u π̄ ´ (v + w)-�K.

(2) XJ v ≤ 1, K hi(P(E∨), V ) = hi(X, π̄∗V ).

(3) XJ v ≤ 0, K�3�þm�Ü�

0 −→ KV −→ π̄∗π̄∗V −→ V −→ 0,

ùp KV 'u π̄ ´ 1-�K�.

(4) XJ v ≤ 0, w ≤ 0, @o�3÷��

π̄∗V ⊗ π̄∗W −→ π̄∗(V ⊗W ).

(5) XJ v ≤ 0 ¿� π̄∗V d�N�¡)¤, @o V �d�N�¡)¤. §�Øm MV 'u π̄

´ 1-�K.

(6) XJ Y ´1w�, v, w ≤ 0, @o

µ−(π̄∗(V ⊗W )) ≥ µ−(π̄∗V ) + µ−(π̄∗W ),

ùp µ−(F) � F ����Ç (�1 6.2.2 !).

y² (1) |^·K 3.2.4 (3), aqSK 3.9 (3) ��{��.

(2) d�pg���Ñ��.

(3) d� V 'u π̄ ´ 0-�K�, ·K 3.2.4 (3) ��Ü�Û)¥ F0 = π̄∗V . TÛ)p�


KV �Û), dd�� KV 'u π̄ ´ 1-�K�.

(4) �Ä�Ü�

0 −→ KV ⊗W −→ π̄∗π̄∗V ⊗W −→ V ⊗W −→ 0.

dc¡?Ø, KV ⊗W 'u π̄ ´ 1-�K�. Ïþã�Ü�� π∗ E�Ü.

(5) ·�k±e��ã

H0(P(E∨), π̄∗π̄∗V )⊗OP(E∨)

β

��

∼= // H0(P(E∨), V )⊗OP(E∨)

γ

��
π̄∗π̄∗V

α // V
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5¿� α, β Ñ´÷�, � γ ½,.

��BÖ�, ·�P F (x) := π̄−1(x), V (x) := V |F (x), MV (x) : MV |F (x), MV (x) ´ V (x)
3 F (x) þ � Ø m. Ï� H0(P(E∨), V ) = H0(Y, π̄∗V ) � π̄∗V d � N � ¡ ) ¤, � k ÷ �
H0(P(E∨), V )⊗OX → π̄∗V . ò§���n�þ=�÷�

H0(P(E∨), V ) −→ H0(F (x), V (x)).

Ï H0(P(E∨), V ) = H0(F (x), V (x))⊕ U(x), ùp U(x)⊗OF (x) → V (x) ´"N�. dd��

MV (x) = MV (x) ⊕ (U(x)⊗OF (x)).

ù�, MV (x) 3 F (x) þ´ 1-�K�. d�é�K5�K, ùÒíÑ MV 'u π̄ ´ 1-�K�.

(6) ·�k

µ−(π̄∗(V ⊗W )) ≥ µ−(π̄∗V ⊗ π̄∗W ) = µ−(π̄∗V ) + µ−(π̄∗W ).

þ¡Ø�ª5gu·K 6.2.2, íØ 6.2.4 9 (4). �

3.3 �êqþ�ÜÀ

3.3.1 ÜÀ�

½Â 3.3.1 � V ´ � k þ � þ � m, M = ⊕qMq ´ k � . © g S(V )-�, m =
⊕d≥1S

dV ⊆ S(V ). �Ä M �gdÛ)

· · · −→ Fp+1
ϕp+1−→ Fp −→ · · · −→ F0 −→M −→ 0.

XJ ϕp+1(Fp+1) ⊆ mFp é¤k p ¤á, @o·�¡þãÛ)´ M �4�gdÛ) (Minimal
free resolution).

d²;(Ø, ?Ûk�)¤�©g S(V )-� M Ñk4�gdÛ) F•. du Fi ´k�)¤
� S(V )-�, ·��ék��àg)¤�, Ù¥ q-g)¤�Ü¤� k-�þ�mP�Mi,q. ù�,
TÛ)���

· · · −→ ⊕q≥q1S(−q)⊗M1,q −→ ⊕q≥q0S(−q)⊗M0,q −→M, (3-12)

ùp S ´àg�I�, Mi,j ´� k þ��þ�m. TÛ)3Ó�¿Âe´���.

5 3.3.1 (1) � F i = Fi ⊗S k, φ̄i = φi ⊗S id : F i+1 → F i. 5¿ k = S/m, �4�Û)�

�ué?Û i Ñk φ̄i = 0. AO/, TorSi (M,k) = F i ´©g S-�.

(2) é F i = ⊕q≥qi
S(−q)⊗Mi,q ⊗ k, 5¿�

S(−q)j ⊗S k =

{
0, q 6= j,

S(−j)j ⊗S k, q = j.

Ïd·�k TorSi (M,k)j = Mi,j .
(3) �

mi(M) := min{j| TorSi (E, k)j 6= 0}.

dÛ)�4�5, {mi(M)}i≥0 ´î�4OS�. �
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½Â 3.3.2 3Û) (3-12) �PÒe, � βi,j = dimkMi,j . ·�¡ βi,j �� M �©g Betti
ê. M0,q ¡�� M � q g)¤��m, Mp,q (p ≥ 1) ¡�� M � p � q gÜÀ (Syzygy) �m.

·K 3.3.1 Kp,q(M,V ) = Mp,p+q. AO/, dimk Kp,q(M,V ) = βp,p+q.

y² d k �gdÛ) (3-5), ·���

TorSp (M,k)p+q = Hp(K•(k)⊗M)p+q = Kp,q(M,V ).

,��¡, d M �gdÛ) (3-12), ��

TorSp (M,k)p+q = Hp(F• ⊗ k) = Mp,p+q.

ùÒ��(Ø. �

íØ 3.3.1 (Hilbert ÜÀ½n) k�.©g S(V )-� M Ñk��©ggdÛ) F• → M ,
Ù�Ý�õ´ dimV .

y² � r = P(V ). d Koszul ÓN½Â, dimk Kp,q(M,V ) = 0, é?Û p ≥ r + 2 ¤á. d
·K 3.3.1, Mp,q = 0 (p ≥ r + 2). ùÒy²
(Ø. �

S(V )-� M �
±e� Betti �L

β0,0 β1,1 β2,2 · · ·
β0,1 β1,2 β2,3 · · ·
β0,2 β1,3 β2,4 · · ·
...

...
...

3.3.2 Np 5�

� X ´1w�Kq, L ´ X þ��~´L�m, p�i\N�

ϕ|L| : X ↪→ Pr, r = h0(X,L)− 1.

S = SymH0(X,L) ´ Pr �àg�I�, E = ⊕n∈ZH
0(X,Ln) ´©g S-�. �Ä E 3�I� S

þ�4�©ggdÛ)

0 −→ Er+1 −→ · · · −→ E1 −→ E0 −→ E −→ 0,

ùp Ei = ⊕jS(−aij). ·��±b�

E0 = S ⊕

(⊕
i

S(−a0,j)

)
, a0,j ≥ 2.

du ϕ|L| ��´�òz�, ¤± E1 ¥�z� a1,j ≥ 2. dÛ)�4�5?�Ú�� Ei ¥�
ai,j ≥ i+ 1 (i = 1, 2, · · · ). lïÄ�ÝÑu, ·�ÄkF"�Ä Ei ¦�U{ü��/. ùÒÚÑ

Xe�Vg.

½Â 3.3.3 (1) XJ E0 = S, ·�Ò¡ L ÷v N0 5�½¡ L ´�5)¤� (Normally
generated).
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(2) �½��ê p, XJ E0 = S, �

Ei = ⊕S(−i− 1), 1 ≤ i ≤ p,

·�Ò¡ L ÷v Np 5�.

5 3.3.2 ùp©Û�e Np �¿Â.
(1) L ÷v N0 5��du

SmH0(X,L) −→ H0(X,L⊗m)

´÷�. §%¹X h1(Pr,IX(m)) = 0 (∀m ≥ 1), ùp IX ´n��. éuÃÄ:�´L�m,
§÷v N0 5�%¹X§´�~´L�. d�·�Ò` ϕ|L| : X → Pr ò X ���K�5q

(Projectively normal variety) i\.
(2) L ÷v N1 5��du X ⊆ Pr �àgn�d�g¼ê)¤. d�·��¡ L U��KL«.
(3) L ÷v N2 5���=� L ÷v N1 5�¿�n�� IX ¥��g)¤� Qi, ¤÷v�'X

Ñ/X
∑
LiQi = 0, ùp Li ´�5õ�ª.

(4) dÛ)�4�5±9 X ⊆ Pr ��òz5, ·�c¡®²`²
 (Ei)j = 0 (j ≤ i). Ï X

÷v Np 5��du TorSi (E, k)j = 0, j ≥ i+ 2, 1 ≤ i ≤ p. �

é�òz�Kfq X ⊆ Pr, ·�� L = OX(1). XJ L ÷v Np 5�, ·�Ò` X ⊆ Pr ÷

v Np 5�. � I ⊆ S ´½Â X �n�, R = S/I. XJ X ÷v N0 5�, @o E = R, þ¡Û)
��±��

0 −→ Er+1 −→ · · · −→ E1 −→ I −→ 0.

� IX ´ X �n��, K
I =

⊕
m≥0

H0(Pr,IX(m)).

·K 3.3.2 �½�ê p ≤ codim(X,Pr). b� X ÷v N0 5�, @o±e^�*d�d

(1) X ⊆ Pr ÷v Np 5�.

(2) X ÷v
TorSp (E, k)j = 0, j ≥ p+ 2.

?�Ú, XJ IX ´ 3-�K�, @oþã^���du±e^���:

(1) TorSp (E, k)p+2 = 0.

(2) Koszul E/

∧p+1V ⊗ V −→ ∧pV ⊗H0(X,OX(2)) −→ ∧p−1V ⊗H0(X,OX(3))

´�Ü�, ùp V := H0(Pr,OX(1)).

y² (1) =⇒ (2)(3) w,.

(2) =⇒ (1) � dimX = n, E∨
i = Hom(Ei, S). ·�ò¦^Xe¯¢:

Exti(E,S) = 0, ∀i < r − n.
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ddp��ÜS�

0 −→ E∨
0 −→ E∨

1 −→ · · · −→ E∨
r−n−1 −→ E∨

r−n.

§�Ñ
 F := coker(E∨
r−n−1 → E∨

r−n) �4�gdÛ).

½Â

mi(F ) = min{j| TorSi (F, k)j 6= 0},

Mi(E) = max{j| TorSi (E, k)6 = 0}.

'�ü|Û)�� Mi(E) = −mr−n−i(F ) (i = 0, · · · , r − n). (Ü5P 3.3.1 (3), ùÒ��î�
4OS�

M1(E) < M2(E) < · · · < Mr−n−1 < Mr−n.

d·K^�, Mp(E) ≤ p+ 1. Ïd Mi(E) ≤ i+ 1 (i = 1, · · · , p), = TorSi (E, k)j = 0 (1 ≤ i ≤ p,
j ≥ i+ 2).

(3) =⇒ (1) d·K 3.2.1 9 IX � 3-�K5, ·�k�5Û)

· · · −→ ⊕OPr(−5) −→ ⊕OPr(−4) −→ ⊕OPr(−3) −→ IX −→ 0.

ddí� TorSi (E, k)j = 0 (j ≥ i+ 3). (Ü (2) Ú·K^�, =�Ù÷v Np 5�.

(1) ⇐⇒ (4) d X �òz5, E1 = H1(X,OX(1)). du IX ´ 3-�K�, ¤±ká�Ü�

0 −→ H0(Pr,IX(m)) −→ H0(Pr,OPr(m)) −→ H0(X,OX(m)) −→ 0.

ùL² Em = H0(X,OX(m)). 2|^·K 3.3.1 = (2), =�(Ø. �

·K 3.3.3 ([GrLa89], Ún 1.10) � L ´�~´L�m�÷v H i(X,L2−i) = 0 é?Û

i > 0 ¤á. �½�K�ê p ≤ codim(X,Pr), @oL ÷v Np 5���=�Øm ML ÷v
H1(X,∧q+1ML ⊗ L) = 0, é?Û 0 ≤ q ≤ p ¤á.

y² k?Ø p = 0 ��/. �Ä�Ü�ÓN

H0(L)⊗H0(L)→ H0(L⊗2)→ H1(ML ⊗ L)→ H0(L)⊗H1(L)

Ï� H1(L) = 0, ¤± H0(L)⊗H0(L)→ H0(L⊗2) ´÷���=� H1(ML ⊗L) = 0. Ïdd�
·K�duy²: L ´�5)¤���=� H0(L)⊗H0(L)→ H0(L⊗2) ´÷�. 7�5´w,.
ey¿©5. �ÄXe��ã

H0(L)⊗m
γ1 //

β

��

H0(L⊗2)⊗H0(L)⊗m−2 γ2 // · · · γm−2 // H0(Lm−1)⊗H0(L)

γm−1

��
SmH0(L) α // H0(L⊗m)

d½n 3.2.2 � γ2, · · · , γm−2 ´÷�. Ïd γ1 �÷�5%¹X α �÷�5.

e¡?Ø p ≥ 1 ��/. Ø�b� L ´�5)¤�. ·��y² L ÷v Np 5���=�

H1(X,∧q+1ML ⊗ L) = 0 1 ≤ q ≤ p.

du L ´�5)¤�, ¤± h1(Pr,IX(m)) = 0. �Ä�Ü�

H i−1(X,L3−i) −→ H i(Pr,IX(3− i)) −→ H i(Pr,OPr(3− i)), i > 1.
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d L �ÓNb�, �íÑ IX � 3-�K5. d·K 3.3.2, L ÷v Np 5��duk Koszul-E/
á�Ü� (V = H0(X,L))

p+1∧
V ⊗ V −→

p∧
V ⊗H0(X,L2) −→

p−1∧
V ⊗H0(X,L3). (3-13)

díØ 3.1.1 (2) á�. �

íØ 3.3.2 � X ´1w�K¡÷v pg(X) = 0, L ´�~´LØf, ÷v H1(L) = 0.
@o L ´�5)¤���=� H1(ML ⊗ L) = 0.

3.3.3 k�:8þ�ÜÀ¯K

� V ´� k þ� r + 1��m, p ´�½��ê, ÷v 1 ≤ p ≤ r

X = {x1, x2, · · · , x2r+1−p} ⊆ P(V ) = Pr.

´d 2r + 1− p ��5�� ��:�¤�k�:8, =?Û r + 1 �:ÑØ�Uá3Ó��²

¡S. Ï��� �þ� 2r+ 1 �:�Ñ�g��Õá5^�, ¤±d��O��� IX ´ 3-�
K�.

½n 3.3.1 ([GrLa89], ½n 2.1) X ÷v Np 5�.

y² d9·K 3.3.2, �
�y X ´Ä÷v Np 5�, ·��I��y±e Koszul E/
�Ü

p+1∧
V ⊗ V a−→

p∧
V ⊗H0(X,OX(2)) b−→

p−1∧
V ⊗H0(X,OX(3)). (3-14)

Ún 3.3.1 �

Y = {y1, · · · , yN} ⊆ Pr

´d N(≤ r + 1) ��� ��: (=?Û�:ÑØá3Ù¦:Ü¤�f�mS) �¤�k�8.
@o·�k�Ü�

p+1∧
V ⊗ V a−→

p∧
V ⊗H0(Y,OY (2)) b−→

p−1∧
V ⊗H0(Y,OY (3)).

y² � V ��|Ä s1, · · · , sr+1 ¦� si(yj) = δij . � {ei}Ni=1 ´ H0(Y,OY (q)) éA�
Ä. �

α =
∑
i

∑
j1<···<jp

α
j1···jp
i sj1 ∧ · · · ∧ sjp ⊗ ei.

d��O��� α ∈ Kerb ��=�

α
j1···jp
i = 0, i ∈ {j1, · · · , jp}.

Ïd Kerb d/X

sj1 ∧ · · · ∧ sjp ⊗ ei, i 6∈ {j1, · · · , jp}

��)¤.

8�

α = sj1 ∧ · · · ∧ sjp ⊗ ei,
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β = sj1 ∧ sj2 · · · ∧ sjp ∧ si ⊗ ei, i 6∈ {j1, · · · , jp}.

·�k a(β) = ±α. ùÒy²
�Ü5. �

� X = X1 ∪X2, Ù¥

X1 = {x1, · · · , xr+1}, X2 = {xr+2, · · · , x2r+1−p}.

� V ��|Ä s1, · · · , sr+1 ¦� si(xj) = δij (1 ≤ i, j ≤ r + 1). � {ei}Ni=1 ´ H0(X,OX(1)) �
Ä, Ù¥ ei éA si (1 ≤ i ≤ r + 1). ù�, S� (3-14) �±©¤

p+1∧
V ⊗ V a1−→

p∧
V ⊗H0(X1,OX1(2)) b1−→

p−1∧
V ⊗H0(X1,OX1(3)). (3-15)

p+1∧
V ⊗ V a2−→

p∧
V ⊗H0(X2,OX2(2)) b2−→

p−1∧
V ⊗H0(X2,OX2(3)). (3-16)

dÚn 3.3.1, Koszul E/ (3-15) ´�Ü�. Ïd, ��y X ´Ä÷v Np, ·��I��y:
3Koszul E/ (3-16) ¥, é?Û

α = sj1 ∧ · · · ∧ sjp ⊗ ei, i 6∈ {j1, · · · , jp}, 1 ≤ i, j1, · · · , jp ≤ r + 1,

´Äo�3 β ∈
∧p+1 V ⊗ V ¦� a2(β) = α, ¿� a1(β) = 0. Ï� X ¥�:´�5�� �

�, ��3����²¡�¹ X2 ∪ {xj1 ∪ · · ·xjp}�ØL xi. 8�
r+1∑
k=1

λksk éAT�²¡. -

β = sj1 ∧ sj2 · · · ∧ sjp ∧ si ⊗
r+1∑
k=1

λksk.

d��O���, a1(β) = ±α, a2(β) = 0. �

[GrLa89] JÑXek��ß�:
XJþã X Ø÷v Np 5�, @o�3f8 Y ⊆ X, ¦� Y ���¹ 2s+ 2− p �:, Y ¹3,

��5f�m Ps S, ¿� Y 3Tf�m¥Ø÷v Np.

�ÙSK

SK 3.1 �yª (3-1) 9ª (3-2).

SK 3.2 ¦ V ∨ ⊗ V = Hom(V, V ) ¥ü � 1V äN�ÜþÈL�ª, ¿y²SÈN�

ι : ∧pV → ∧p−1V ⊗ V �±ÏL 1V p��Ï~ ¿N���.

SK 3.3 �y·K 3.1.1.

SK 3.4 � x ∈ V ∨, Wx = Ker(〈x, ∗〉 : V → C). y²:
(1) éz� p ≥ 1, Ñk�Ü�

0 −→ ∧pWx −→ ∧pV −→ ∧p−1Wx −→ 0.

(2) SÈN� ιx : ∧pV → ∧p−1V �±ÏL ∧p−1Wx ©), =k

∧pWx = Ker(ιx : ∧pV → ∧p−1V ) = Im(ιx : ∧p+1V → ∧pV ).
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SK 3.5 �y�êúª (3-4).

SK 3.6 y²·K 3.1.3 �(Ø. (J«: |^àgõ�ª�î.úª.)

SK 3.7 �

0 −→ Fr+1 −→ Fr −→ · · · −→ F1 → F0 −→ 0

´và����Ü�, ÷v

H i(X,Fi) = H i(X,Fi+1) = 0, i = 1, 2, · · · , r − 1.

y²:
Ker (Hr(X,Fr+1)→ Hr(X,Fr)) ∼= Coker

(
H0(X,F1)→ H0(X,F0)

)
.

(J«: ò��Ü�©¤á�Ü�.)

SK 3.8 � L ´�m, V ⊆ H0(X,L) )¤ L, MV,L ´Øm. y²: �3Xe�Ü�

0 −→ ∧r−pMV,L ⊗ L −→ ∧r−pV ⊗ L −→ ∧r−p−1V ⊗ L2

−→ ∧r−p−1V ⊗ L3 −→ · · · −→ ∧r−p−n+1V ⊗ Ln −→ ∧r−p−nMV,L ⊗ Ln+1 −→ 0.

(J«: é�Ü� 0 −→MV,L −→ V ⊗OX −→ L −→ 0 Åg�	È.)

SK 3.9 (1) y²: �K�mþ� m-�K��*Ü�´ m-�K�.
(2) � F ´ Pr þ�và�, �k��Ü�Û)

· · · −→ F2 −→ F1 −→ F0 −→ F −→ 0.

y²: XJ Fi ´ (m+ i)-�K�, @o F ´ m-�K�.
(3) � F ´ m-�Kvà�, E ´ k-�K�þm, y²: E ⊗ F ´ (m + k)-�K�. ?�Ú, ·�
k÷�

H0(Pr,F(m))⊗H0(Pr, E(k)) −→ H0(Pr,F ⊗ E(m+ k)).

(J«: ò E Üþ���Ü� (3-11)), ¿|^·K (3.2.1) 91 (2) �K.)
(4) � E ´ m-�K�þm, y²: T qE, SpE 9 ∧pE ´ pm-�K�.

SK 3.10 �y½n 3.2.3. (J«: Ø�� Y ´���. d��3 V ⊆ H0(Y, f∗A) )¤
f∗A. ÏLEÜ f∗f∗A→ A, ·�k÷� VX = V ⊗OX → A. dd�p� Koszul E/

· · · −→ ∧2VX ⊗F ⊗A⊗(m−1) −→ VX ⊗F ⊗A⊗m −→ F ⊗A⊗(m+1) −→ 0.

éþã�Ü��pg���¿|^�é�K^�.)

SK 3.11 �y·K 3.2.4 ¥ (1) Ú (3) ��d5.
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4.1 Schwarzenberger �{

� X,Y ´1wq, π : X → Y ´ X � Y � 2 gCX. é?ÛØf D, π∗OX(D) ´� 2 �

þm (� [Sch61]). ù�!ò?Ø^d�{���� 2 �þm.

Äk£��gCX��
Ä�SN. � B ´ π �©Ü;,, K B ≡ 2L, ùp L ´�m, 5
gu

π∗OX = OY ⊕OY (−L). (4-1)

d	, π p�
éÜN� τ : X → X.

é?ÛQ�Ø��Øf D, ·�½Â π∗D = (deg π|D)π(D), ùp deg π|D = 1, 2, ù�û
u D ´Äá3©{�p. dd, ·��±�Ñg,N� π∗ : DivX → DivY . N´�y,
π∗π∗D = D + τ(D). �5¿, π∗D Ú π∗OX(D) ¿Â��ØÓ, cö´Øf, �ö´� 2 �þm.
·�aq��Kúª f∗(D · π∗L) = f∗D · L.

·K 4.1.1 (Schwarzenberger úª) 3þãPÒe, ·�k

c1(π∗OX(D)) = [π∗D]− [L], (3 PicY ¥),

c2(π∗OX(D)) =
1
2
(
(π∗D)2 − π∗(D2)− (π∗D)L

)
, (3 H4(Y,Z[

1
2
]) ¥).

y² ò D ��Ø��©|�|Ü D =
∑
i
niDi. ·�é n :=

∑
i
|ni|�8B{. n = 0 �,

OX(D) = OX , d�dª (4-1) 9 Whitney úª=�. 8b�é < n �/®y.

é nj 6= 0. Ø�� nj < 0 (nj > 0 ��/aq?Ø). � D′ = D +Dj . D′ �Xêýé��

Úî��u n, Ïd÷v8Bb�^�. d�Ü�

0 −→ OX(D) −→ OX(D′) −→ ODj
(D′) −→ 0,

·��p��Ü� (ù´Ï� π ´����, ¤±pg����")

0 −→ π∗OX(D) −→ π∗OX(D′) −→ π∗ODj
(D′) −→ 0.

π∗ODj
(D′) �±w¤ f(Dj) þ��� deg π|D1 ��þm, �d~ 1.2.11 �,

c1(π∗ODj
(D′)) = (deg π|Dj

)[π(Dj)] = [π∗Dj ].

Ïdd Whitney úª9 D′ þ�8Bb�, =�

c1(π∗OX(D)) = c1(π∗OX(D′))− [π∗Dj ] = [π∗D′]− [L]− [π∗Dj ] = [π∗D]− [L].

d	, (Üþ¡�?Ø, ·�k�Ü�

0 −→ OX(τ(D))⊗ π∗L∨ −→ π∗π∗OX(D) −→ OX(D) −→ 0.

e¡y² c2 �úª. |^±þ�Ü�9 Whitney úª=�

π∗c2(π∗OX(D)) = c2(π∗π∗OX(D)) = D · τ(D)−D · π∗L.
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Ïd

2c2(π∗OX(D)) = π∗c2(π∗π∗OX(D)) = π∗[D · τ(D)−D · f∗L]

= π∗[
1
2
(D + τ(D))2 − 1

2
D2 − 1

2
τ(D)2 −D · π∗L]

=
1
2
π∗π

∗(π∗D)2 − 1
2
π∗(D2)− 1

2
π∗(τ(D))2 − π∗(D · π∗L)

= (π∗D)2 − π∗(D2)− (π∗D) · L.

�d�¤y². �

~ 4.1.1 �Ä Segre i\ ψ : P1 × P1 → P3 ��¡ X. X þküx�� (©OéA
P1 × P1 þ�üx��), �A�ØfP� F1, F2. §�)¤ PicX. X �²¡�ÝK π : X → P2

´�gCX.

d·K 4.1.1, ·�k

c1(π∗OX(aF1 + bF2)) = OP2(a+ b− 1), c2(π∗OX(aF1 + bF2)) =
1
2
(a2 − a+ b2 − b).

|^ Horrocks �K (�½n 8.2.1), π∗OX(aF1 + bF2) ©��¿©7�^�´ |a − b| ≤ 1 (�S

K 4.2) �

½n 4.1.1 (Schwarzenberger ½n) � Y ´1w�ê�½1w�K¡, E ´ Y þ�

� 2 �þm. @o�31w�gCX π : X → Y ±9 X þ��m L, ¦� OY (E) = π∗OX(L).

y² �Ä�Km

π̄ : P(E∨)(:= P ) −→ Y.

d� E = π∗OP (1) (�·K 1.3.2). 8� Y þ¿©´L��m L, ¿- H = OP (2) ⊗ π̄∗L. H

p���5X¥�31w� X, lp�
1w�gCX π : X → Y . d�Ü�

0 −→ OP (1)⊗OP (−X) −→ OP (1) −→ OP (1)|X −→ 0

�p��Ü�

0 // π̄∗(OP (1)⊗H ∨) // π̄∗OP (1) // π̄∗(OP (1)|X) // R1π̄∗(OP (1)⊗H ∨) // 0

0 // E
∼ // π̄∗(OP (1)|X) // 0

ã¥��müý�Ò�±ÏL���yª��ê��. dd=�(Ø. �

4.2 � 2 �þm�Ð�?�

� X ´1wq, D ´ X þ�k�Øf, j : D → X ´�¹N�, L ´ D þ��m, E ´ X

þ�� 2 �þm. b�·�k��÷�� ϕ : E → j∗L. - W = Kerϕ. W ¡� E �Ð�?�
(Elementary modification).

·K 4.2.1 Ð�?� W ´ÛÜgd�, §��a

c1(W ) = c1(E)− [D],
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c2(W ) = c2(E)− c1(E) · [D] + j∗c1(L).

y² �aúª5gu~ 1.2.12 Ú Whitney úª. e¡y²§´ÛÜgd�. ù´�ÛÜ

¯K, ·����Ä x ∈ X ?�ª=�. � x 6∈ D �, E → j∗L �ªN�´²��, �Ø��
x ∈ D. � s ∈ OX,x(D), E → j∗L �ªN� ϕx : OX,x ⊕OX,x → OX,x/s · OX,x. ·��±p�
J,N� ϕ̄x : OX,x ⊕OX,x → OX,x, ÷v��ã

OX,x ⊕OX,x
ϕx //

ϕ̄x
((QQQQQQQQQQQQQ

OX,x/s · OX,x

OX,x

OO

d Nakayama Ún, ϕ̄x ´÷�. 5¿� OX,x ´gd�, ¤± ϕ̄x ´©��, §�Ø´ OX,x⊕OX,x
�� 1 gdf�. ·�N�Ä, �±b� ϕ̄x ´�1���Ú��ÝK. ÏdÛÜþ Wx =
OX,x ⊕ s · OX,x. �

~ 4.2.1 b� D ´Q�Ø���, OX(M) ´ W �4�f�m. XJ OX(M) Ø´ E

�4�f�m, @o OX(M + D) ⊆ E. ¯¢þ, du3 X − D þ, W |X−D ∼= E|X−D, Ïd

OX−D(M) �´ E|X−D �4�f�m. ù�, é OX(M) 3 E ¥��²�*Ü OX(M + T ) (ù
p T ´k�Øf), OX(M + T )/OX(M) �|8�Uá3 D ¥. du D ´Q�Ø���, ¤±

T = nD (n ´,���ê). �

4.3 Tan-Viehweg �{

4.3.1 �þm��35�K

� X ´ n(≥ 2)�1w�Kq, Z ´ X ¥X{�ê r(≥ 2) �fV.. � Z ′ ´ Z �fV
. (=n��÷v IZ ⊆ IZ′). ·��±½Â Z ′ 3 Z ¥�ÖfV. Z − Z ′ (Complement of
subscheme), §dXen�� IZ−Z′ := [IZ : IZ′ ] (½, =é?¿m8 U ⊆ X, ½Â

IZ−Z′(U) := {g ∈ OX(U)| gIZ′(U) ⊆ IZ(U)}.

k�·��¡ Z −Z ′� Z ′ 3 Z ¥��{fV. (Residual subscheme). � W ´,��fV.,
·���±½Â��fV. Z ∩W (Intersection subscheme), §dn�� IZ∩W := IZ + IW �
Ñ.

3ù�!¥, ·�'%Xe¯K:
�½{�ê r(≥ 2) �fV.±9Øf L, ´Ä�3� r �þm E, k�Øf F , ±9�"�¡
s ∈ H0(X,E) ¦�Ù":8 Z(s) ´X{�ê r �fV., �÷vXe�§{

∆ = Z(s)− Z(s)F,
L ≡ detE − F,

(4-2)

÷v±þ^�� (E, s, F ) ¡��§ (4-2) �).

·��y²Xe(Ø.

½n 4.3.1 ([TaVi00]) � ∆ ´ X �X{�ê r fV., L ´ X þØf, K±e^�*d

�d:
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(1) �§ (4-2) k) (E, s, F ).

(2) �3 η ∈ Hn−r+1(I∆(KX + L))∨, ¦�é?Û{�ê r �ý4fV. ∆′ ( ∆, η ÑØá3

Xeg,�¹N���S

Hn−r+1(I∆′(KX + L))∨ ↪→ Hn−r+1(I∆(KX + L))∨. (4-3)

�dI���
O�ó�.

Äk, ·�)º�e½n 4.3.1 (2) ¥�g,�¹N� (4-3).

Ún 4.3.1 � Z,Z ′, L Óþ, ·�kXe�Ü���ã

0 // Extr−1(IZ′ ,OX(−L)) // Extr−1(IZ ,OX(−L))

0 // Hn−r+1(IZ′(KX + L))∨ // Hn−r+1(IZ(KX + L))∨

.

y² ü��Ó�5gu Serre éó. 8y1�1�Ü. �Ä�Ü�

0 −→ IZ −→ IZ′ −→ Q −→ 0.

ùpL� Q �|8{�êØ�L r. éT�Ü��^ Hom(∗,OX(−L)), =�

Extr−1(Q,OX(−L)) // Extr−1(IZ′ ,OX(−L)) // Extr−1(IZ ,OX(−L))

0 = Hn−r+1(X,Q(KX + L))∨

Ïd Extr−1(IZ′ ,OX(−L)) �±À� Extr−1(IZ ,OX(−L)) �f�m. �

Ún 4.3.2 b� (E, s, F ) ´�§ (4-2) ��|), H ´¿©´L��m, M ∈ H0(E∨ ⊗
E ⊗H). ·�ò M À��� M : E → E ⊗H, ¿-

Ẽ := E ⊗H, s̃ := sM, F̃ := F + Z(detM),

K (Ẽ, s̃, F̃ ) �´�§| (4-2) ��|).

y² 3·�m©y²c, k��
)º. du M w¤��, ¤±ÛÜþ§�±w¤��
r × r �Ý
¼ê. s̃ = sM ��urÛÜ�þ¼ê s � M �¦. �, s̃ ∈ H0(X, Ẽ) ��±n)
¤EÜ��

OX
s
↪→ E

M−→ E ⊗H

¤p���"�¡. detM : detE → det(Ẽ) ´éA�1�ªN�, ��±À� H0(X,H⊗r) ¥

��¡. d H �¿©´L5, ·��±b�Øf Z(detM) Ø¹ Z(s) �?Û©|. d	, w�

det Ẽ − F̃ = detE − F ≡ L.

8�
∆̃ = Z(s̃)− Z(s̃)F̃ .

·��I�y² ∆̃ = ∆ =�, =y² Ie∆ = I∆. Äk, I∆ (�A/, Ie∆) ¥�ÛÜ¼ê g (�A/,
g̃) ´¦� gf (�A/, g̃f detM) 3 Z(s) (�A/, Z(s̃)) þ�����. dd´� I∆ ⊆ Ie∆. �
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L5, � g̃ ∈ Ie∆, @o g̃f detM �3 Z(s) þ��. d·��b�, detM 3 Z(s) þØð�", Ï

d g̃f 3 Z(s) þ��, = g̃ ∈ I∆. �

Äuþ¡�Ún, ·��±k�Ä¿©´L��þm E. ùp�”¿©´L”�±n)�

Hq(X,∧pE∨(detE − L)) = 0, 1 ≤ p, q ≤ r − 1. (4-4)

�Ä Koszul E/ (ë�~ 3.1.4)

K•(σ) : ∧rE∨ −→ · · · −→ ∧pE∨ ισ−→ ∧p−1E∨ −→ · · ·E∨ s−→ IZ(s) −→ 0. (4-5)

du Z(s) ´ÛÜ���, Ïdþã�Ü�´�Ü�. ·�ò§©)¤Ãá�Ü�

0 −→ Fk −→ ∧kE∨ −→ Fk−1 −→ 0, k = 1, · · · , r − 1. (4-6)

ùp F0 = IZ(s), Fr−1 = ∧rE∨ = detE∨.

Ún 4.3.3 � Z ′ ´ Z(s) �fV., E ¿©´L, F ≡ detE − L, K

(1)
Hn−r+1(IZ′(KX + L))∨ ∼= Ext1(IZ′ , F1(F )).

(2) �3�Ü�

H0(E∨(F )) = Hom(IZ′ , E∨(F )) s−→ H0(IZ−Z′(F ))
µZ′−→ Hn−r+1(IZ′(KX + L))∨.

y² (1) d Serre éó,

Hn−r+1(IZ′(KX + L))∨ ∼= Extr−1(IZ′ ,OX(−L)),
Extq(OX ,∧pE∨(F )) = Hq(X,∧pE∨(F )) = 0, 1 ≤ p, q ≤ r − 1.

(Ü�Ü�

0 −→ IZ′ −→ OX −→ OZ′ −→ 0, (4-7)

·���

Extq(IZ′ ,∧pE∨(F )) = Extq+1(OZ′ ,∧pE∨(F )) = Hn−q−1(OZ′(∧pE∨(KX − F )))∨ = 0,

ùp 1 ≤ p ≤ r − 1, 1 ≤ q ≤ r − 2.

dá�Ü� (4-6) 9þ¡�O�, =�

Ext1(IZ′ , F1(F )) ∼= Ext2(IZ′ , F2(F )) = · · · = Extr−2(IZ′ , Fr−2(F ))

±9�Ü�

0 // Extr−2(IZ′ , Fr−2(F )) // Extr−1(IZ′ ,OX(−L)) τ // Extr−1(IZ′ ,∧r−1E∨(F ))

Hn−r+1(IZ′(KX + L))∨ // Hn−r+1(IZ′ ⊗ E∨(KX + L))∨

ùp������Ò5gu¯¢ ∧r−1E ∼= E∨ ⊗ detE (�·K 1.1.2).

·��y² τ ´"N�. �d�I��Ä τ �éóN�

Hn−r+1(IZ′ ⊗ E∨(KX + L)) s−→ Hn−r+1(IZ′(KX + L)).
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|^�Ü� (4-7), ·�k��ã

Hn−r(OZ” ⊗ E∨(KX + L)) //

s|Z′
��

Hn−r+1(IZ′ ⊗ E∨(KX + L))

s

��

// 0

Hn−r(OZ′(KX + L)) // Hn−r+1(IZ′(KX + L))

du s|Z′ = 0, ¤±m��N��´"N�.

(2) dc?Ø, ®� Ext1(IZ′ , E∨(F )) = 0 (r ≥ 3) ±9

τ : Ext1(IZ′ , F1(F )) −→ Ext1(IZ′ , E∨(F ))

´"N� (r = 2). Ïdò Hom(IZ′ , ∗) �^�Xe�Ü�þ,

0 −→ F1(F ) −→ E∨(F ) −→ IZ(F ) −→ 0

=��Ü�

Hom(IZ′ , E∨(F )) s // Hom(IZ′ , IZ(F )) // Ext1(IZ′ , F1(F )) // 0

H0(E∨(F )) s // H0(IZ−Z′(F ))
µZ′ // Hn−r+1(IZ′(KX + L))∨ // 0

ùp�cü�Ó��ë�SK 4.5. �

Ún 4.3.4 3Ún 4.3.3 �PÒ�b�e, � Z ′′ ⊆ Z ′ ´{�ê r �fV., ·�k�Ü

S�

0 // H0(IZ−Z′′(F )) α // H0(IZ−Z′(F ))
µ //

Hn−r+1(IZ′(KX + L))
β // Hn−r+1(IZ′′(KX + L)) // 0.

(4-8)

y² dÚn 4.3.3, ·��±p��Ü���ã

0

��

0

��
0 // Ims // H0(IZ−Z′′(F ))

µZ′′ //

α

��

Hn−r+1(IZ′′(KX + L))∨ //

β∗

��

0

0 // Ims // H0(IZ−Z′(F ))
µZ′ // Hn−r+1(IZ′(KX + L))∨ // 0

� Q = Corkerα. d�/Ún, Q∨ = Kerβ∗. ÀJ��;�Ó� Q ∼= Q∨, ùÒp�
�Ü�

(4-8). �

½n 4.3.2 � E ´ � r(≥ 2) � þ m, Z = Z(s) ´ � ¡ s � " : 8, k X { � ê r.
� Z ′′ ⊆ Z ′ ´ Z � ü � X { � ê r � f V ., L ´ � m, K S � (4-8) ´ E /, ¿ � Ø 

Hn−r+1(IZ′(KX + L)) �	??�Ü. XJ E ´¿©´L�, KTS�´�Ü�.

y² E ¿©´L��/®3Ún 4.3.4 y². e¡?Ø���/. ±eæ^Ún 4.3.2 �
ÃPÒ�b�.
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Äk, ·�k�Ü���ã

0

��

0

��
0 // H0(IZ−Z′′(F )) //

detM
��

H0(IZ−Z′(F )) //

detM
��

Q //

��

0

0 // H0(I eZ−Z′′(F̃ )) //

��

H0(I eZ−Z′(F̃ )) //

��

Q̃ // 0

W1
//

��

W2

��
0 0

Ù¥�>ü�ç�d detM �¦{N�p�, Wi (i = 1, 2) ´éA�{Ø.

�y²(Ø, ·��I�y² Q → Q̃ ´ü�. d�/Ún, ù��uy² W1 → W2 ´
ü�. b� W1 → W2 Ø´ü�, K�3 G ∈ H0(I eZ−Z′′(F )) ±9 G′ ∈ H0(IZ−Z′(F )), ¦�
G = G′ + detM , ¿� G 3 W1 ¥���". du G BL Z − Z ′′, detM ØBL Z − Z ′′, Ï
G′ BL Z − Z ′′, = G′ ∈ H0(IZ−Z′′(F )). Ï G 3 W1 ¥���", gñ! �

½½½nnn 4.3.1 ���yyy²²²: ·�Eæ^Ún 4.3.4 �PÒ�b�, ¿� Z ′ = ∆, Z ′′ = ∆′.

(1) =⇒ (2) ®��§ (4-2) k). dÚn 4.3.2, ·�Ø�b� E ´¿©´L�. y3
·��y² η = µZ′(f) ÷v^� (2), ùp f ∈ H0(IZ−Z′(F )). eØ,, �3 Z ′′ ( Z ′, ¦
� η = µZ′′(f ′), ùp f ′ ∈ H0(IZ−Z′′(F )). Ï� f ′ ��±w¤ H0(IZ−Z′(F )) ¥��, ¤±

µZ′(f − f ′) = 0, � f − f ′ ∈ Ims. Ïd f − f ′ ∈ H0(IZ−Z′′(F )), l f ∈ H0(IZ−Z′′(F )).

�ÄÛÜ¼ê h ∈ IZ′′ . du f BL Z − Z ′′, ¤± hf BL Z. ù¿�X h ∈ IZ−ZF = IZ′ .
Ïd IZ′′ ⊆ IZ′ , = Z ′ ⊆ Z ′′, gñ!

(2) =⇒ (1) � η ÷v^� (2). ��¹ Z ′ �¿©´L��¡ F1, · · · , Fr, ¿� Z =
F1 · · ·Fr ´���. ·��E©��þm E = ⊕ri=1OX(Fi), ¿- F = detE − L. dÚn 4.3.4,
�3 f ∈ H0(IZ−Z′(F )) (Ï F = Z(f)), ¦� η = µZ′(f).

� Z ′′ = Z − ZF ⊆ Z ′. d�·��k f ∈ H0(IZ−Z′′(F )) (SK 4.5). bX Z ′′ 6= Z ′, K
η = µZ′′(f), gñ! � Z ′′ = Z ′. �

4.3.2 � 2 �þm�E

½n 4.3.3 ([TaVi00], ½n 10, page 10) � ∆ ⊂ X ´{�ê 2 fV., @o±e^�*
d�d:

(1) �3� 2 �þm E ±9�¡ s ∈ H0(X,E), ¦� Z(s) = ∆.

(2) ∆ ´ Û Ü � � �, Ù ; � � ω∆ � ± ò ÿ � X þ � � _ �W, ¿ � � 3 η ∈
Hn−1(X, I∆(W))∨ ¦�é?Û÷v ∆′ ⊂ ∆ 9 deg ∆′ < deg ∆ �{�ê 2 fV. ∆′, η
ÑØá3±eN���¥,

Hn−1(X, I∆′(W))∨ −→ Hn−1(X, I∆(W))∨.
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(3) �3n��¡ F1, F2, F3, Ù¥ F1, F2 vkú�©|, F1F2F3 ´X{�ê 2 � Cohen-
Macaulay ^�, ¿�÷v

∆ = F1F2 − F1F2F3.

?�Ú, �^�¤á�, ·�k

c1(E) ≡ W −KX ≡ F1 + F2 − F3.

y² (1) =⇒ (2) �W = detE +KX .d²;(Ø,

ω∆ =W|∆.

8� L = detE, Kd½n 4.3.1, =�é�÷v^�� η.

(2) =⇒ (3) ��¹ ∆ �¿©´L��²¡ F1, F2 (vkú�©|). - L = W − KX . d
½n 4.3.1, �3�²¡ F3 ≡ F1 + F2 − L, ¦� ∆ = F1F2 − F1F2F3. ·��I��y F1F2F3

´ÛÜ���=� (Ï�´ Cohen-Macaulay �). ù�Ü©y²'�(J, �Öö��ëw
[TaVi00].

(3) =⇒ (1) �ÄÜÀ� F , 5g±e�Ü�

0 −→ F −→ OX(−F1)⊕OX(−F2)⊕OX(−F3) −→ IF1F2F3 −→ 0.

Ï� F1F2F3 ´X{�ê 2 � Cohen-Macaulay, Ï F ´ÛÜgd�. �ÄEÜ��

φ : F−→
3⊕
i=1

OX(−Fi)→ OX(−F3).

Imφ = I∆(−F3) (� I∆ �½Â). ù�, Kerφ ´�_�. d�êO��� Kerφ = OX(−F1 − F2).
- E = F(F1 + F2), ùÒ���Ü�

0 −→ OX −→ E −→ I∆(F1 + F2 − F3) −→ 0.

ù��Ñ
�¡ s ∈ H0(X,E) ¦� Z(s) = ∆. d	 detE = F1 + F2 − F3. �

4.4 �K�mþ�IO�E

� Gn ´ Pn ¥����¤� Grassmann 6/ (dimGn = 2n− 2). z�: ` ∈ Gn éA��

L ⊆ Pb, §�éA Cn+1 ¥�²¡ E`.

·�½Â Gn þ�� 2 Km (Tautological bundle).

V = {(`, v) ∈ Gn × Cn+1| v ∈ E`}.

§éA��Km P(V ) P�

Fn := {(x, `) ∈ Pn ×Gn| x ∈ L}.

·�kü����ÝKN�

Fn
q //

p

��

Gn

Pn
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ù�ã¡�IOã (Standard diagram). q : Fn → Gn ´�Km�N�, éz�: ` ∈ Gn, n�

L̃ := q−1(`) = {(x, `)| x ∈ L} ∼= L ∼= P1.

ÝK p : Fn → Pn ¢Sþ�±n)� Pn þ��K�m P(TPn). éz�: x ∈ Pn, n�

F(x) := p−1(x) = {(x, `)| x ∈ L}

�±w¤L x ���8Ü
G(x)(⊆ Gn) ∼= Pn−1.

nþ, ·�kXe��ã

L

⊆
��

L̃
∼=oo

⊆
��

// {`}

⊆
��

Pn Fn
q //poo Gn

{x}

⊆

OO

F(x)

⊆

OO

∼= //oo G(x)

⊆

OO

�½ x ∈ Pn, ·��	

B(x) := q−1(G(x)) = {(y, `)| x, y ∈ L}.

� f : B(x) → G(x) 9 σ : B(x) → Pn�ÝKN�. d���y, σ : B(x) → Pn ¢SþÒ
´ Pn 3 x ∈ Pn ?��u, Ù~	8= F(x). � y ∈ Pn ´,�:, L ´²L x, y ���, @o
B(x) ∩ B(y) = q−1(`).

nþ, ·�k��ã

B(x)
f

//

⊆

!!D
DD

DD
DD

D

σ

��2
22

22
22

22
22

22
22

G(x)
⊆

""E
EE

EE
EE

E

s
rr

Fn
p

��

q
// Gn

Pn

ùp s ´�¡N�, s(`) = (x, `).

�K�mþ�ù«�E¡�IO�E. ·�ò3�©^§?n�þm3��þ���¯K
(�1 8.2.2 !). ùpkO��
Ún, ��IO�E�A^.

Ún 4.4.1 � E ´ Pn þ��þm, ` ∈ Gn, L̃ = q−1(`), @o
(1) p N�p�
Ó� p∗E

∣∣eL ∼= E|L (3 p : L̃→ L �¿Âe).
(2) e h0(L,E|L) ´Ø�6u ` �~�, @o F := q∗p

∗E ´�þm.
(3) 3 (2) �^�e, �3;��� µ : q∗F → p∗E, Ù��N� µ|eL Ò´D�N�

µeL : H0(L̃, p∗E)⊗OeL −→ p∗E
∣∣eL.

aq/, �½ x ∈ Pn, é?Û ` ∈ G(x), Ñk σ∗E
∣∣eL ∼= E|L. ?�Ú, eé?Û ` ∈ G(x),

h0(L,E|L) ´~�, @o F := f∗σ
∗E ´�þm, Ù;��� µ : f∗F → σ∗E ��� L̃ = f−1(`)

þÒ´D�N�.
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y² (1) ´w,�.

(2) d (1),
h0(q−1(`), p∗E|q−1(`)) = h0(L,E|L).

d·K^�, þ¡�ÓNØ�6u ` ∈ Gn �À�. (Ü f �²"59ÄC�½n, ùÒy²
F := q∗p

∗E ´ÛÜgd�.

(3) ·�kg,�;���

q∗F = q∗q∗p
∗E −→ p∗E.

§3n� L̃ ����±��O���, d?Ø2Kã.

·K��Ü�y²´��aq�. �

íØ 4.4.1 � E ´ Pn þ����þm, @o F := f∗σ
∗E ´�þm. ?�Ú, e f∗F ∼=

σ∗E, @o E ´²��þm.

y² d� E ÷vÚn4.4.1 (2) �^�, Ï F ´�þm. b� f∗F ∼= σ∗E, @o·�k

σ∗E = f∗F = f∗((f · s)∗F ) = f∗(s∗f∗F ) = f∗(s∗σ∗E) = f∗(O⊕rG(x)) = O⊕rB(x).

ùp^�
 σ · s ´~�N��¯¢.

?�Ú, 5¿� σ : B(x)→ Pn ´�u, d� σ∗OB(x) = OPn , Ï·�kÓ�

E ∼= E ⊗ σ∗OB(x)
∼= σ∗σ

∗E.

Ïd E ´²�m. �

4.5 éê�©�

4.5.1 éê�©/ª

½Â 4.5.1 � X ´ n �1w�êq, D =
r∑
i=1

Di ´k�Øf, Di ´Ø��©|. XJ D

´Q��, z�©| Di ´1w�, ¿�é?Û p ∈ D, 3 p ����SÀ�·Ü��I, D �Û
Ü�§���

z1 · · · zs = 0, s ≤ n

@o D �{ü�5�Øf (Simple normal crossing divisor).

�Ä n�1w�êq X þ�{ü�5�Øf D =
r∑
i=1

Di 9m8 U := X −D 9�¹N�

i : U ↪→ X. ·�½Â�
Ωk
X(∗D) = i∗Ωk

U =
⋃
p≥0

Ωk
X(pD),

ùp Ωk
X(pD) ´���, Ù¥��¡3 D ±	´�X�, ÷X D K�õkØ�L p ��4:.

½Â 4.5.2 Ωk
X(∗D) �f� Ωk

X(logD) UXe�ª½Â: é?Ûm8 V ⊆ X,

Ωk
X(logD)(V ) = {ω ∈ Ωk

X(∗D)(V )| ω, dω ÷X D Ñ�k{ü4:.}
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§¡�éê�©� (Sheaf of logarithmic differentiation). §���3 D þ�4:¡�éê4:

(Logarithmic pole).

·K 4.5.1 � (z1, · · · , zn) ´¿©��� V �ÛÜ�IX, D∩V dÛÜ�§ z1 · · · zs = 0
½Â. @o Ωk

X(logD)|V ´gd OV -��, Ã/ª

dzi1
zi1
∧ · · · dzil

zil
∧ dzj1 ∧ · · · dzjm , (4-9)

�¤§��|Ä (il ≤ s, jm > s, l +m = k).

AO/, Ωk
X(logD) ´ÛÜgd OX -��, ¿�k Ωk

X(logD) = ∧kΩ1
X(logD).

y² � α ∈ Ωk
X(logD), du α 3 D þ�õk�?4:, Ï α = β

z1···zs
, ùp β ´�X

k-/ª. qd dα ��Ó5���∑
i≤s

z1 · · · ẑi · · · zsdzi ∧ β|D ≡ 0. (4-10)

·�ò β ��

β =
∑
I,J

βI,JdzI ∧ dzJ , I ⊆ {1, · · · , s}, J ⊆ {s+ 1, · · · , n}.

ª (4-10) ½¦
βI,J |Di

≡ 0, ∀i ∈ I ′ = {1, · · · , s} − I.

Ïd (
∏
i∈I′ zi) | βI,J . dd=�íÑ¤I(Ø.

·K��Ü��5guª (4-9) ¤��Ä. �

5 4.5.1 (1) þã(Ø��±Xe£ã: � f ´ D �ÛÜ½Â�§, @o Ωk
X(logD) ��

� φ Ò´÷v±e/ª��X/ª: fφ 9 fdφ ��X.
(2) �ÖöÖ75¿, 3 D þ���4:��©/ª��7´ Ω∗

X(logD) ¥���. 'X dz2
z1

3
�©�ò�¹� dz1

z21
. �

4.5.2 éê de Rham E/

é ω ∈ H0(X,Ωk
X(logD)), 5¿� dω Ø
 D þ��?4:�	´�X�, Ï dω = ∂ω ∈

Ωk+1
X (logD). ùÒp�
¤¢�éê de Rham E/ (Logarithmic de Rham complexes)

(Ω•
X(logD), d).

§w,´E/ (Ω•
X(∗D), d) �fE/. ��`5, éê de Rham E/=¦3ÛÜþ�Ø´�Ü

�. 'Xé� X þdÛÜ�§ z = 0 ½Â�ü:Øf D, k�T�/ª dz
z ∈ ΩX(logD). e¡

·��rù«E/í2������þmþ.

�8�Ö��B,·�Ú\�
PÒ. � p ∈ X, Ø�� p ∈ D1∩· · ·∩Ds, p 6∈ Ds+1∪· · ·∪Dr.
ÀJ p �ÛÜ�I (z1, · · · , zn), Ù¥ Di d�§ zi = 0 ½Â (i = 1, · · · , s). ·�P

δi =

{
dzi

zi
, e i ≤ s,

dzi, e i > s.

é�I8 I = {i1, · · · , ik} ⊆ {1, · · · , n} (i1 < · · · < ik), ·�½Â

δI = δi1 ∧ · · · ∧ δik .
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3dPÒe, Ωk
X(logD) �ÛÜÄ�±�� {δI : |I| = k}.

~ 4.5.1 ·�½ÂeZN�.

(1)

α : Ω1
X(logD) −→

s⊕
i=1

ODi
,

n∑
i=1

aiδi → (a1|D1,···, as|Ds
).

(2) ?� ω ∈ H0(X,Ωk
X(logD)). �½ i ≤ s, ω �©�

ω = ω1 + ω2 ∧ δi,

ùp ωi d@
 δI (i 6∈ I) Ü¤,
ω2 =

∑
i∈I

aIδI−{i}.

dd�½ÂN�

βi : Ωk
X(logD) −→ Ωk−1

Di
(log(D −Di)

∣∣
Di

), ω → ω2|D2 .

(3) ?� ω ∈ H0(X,Ωk
X(log(D −Di))), §�±��

ω =
∑
i∈I

fIaIδI +
∑
i6∈I

aIδI .

Ïd�½ÂN�

γi : Ωk
X(log(D −Di)) −→ Ωk−1

Di

(
log(D −Di)

∣∣
Di

)
, ω →

∑
i6∈I

aIδI |Di
.

|^ù
N�, �±��Xe�
�Ü�.

(i)

0 −→ Ω1
X −→ Ω1

X(logD) α−→
s⊕
i=1

ODi
−→ 0. (4-11)

(ii)
0 −→ Ωk

X(log(D −Di)) −→ Ωk
X(logD)

βi−→ Ωk−1
X (log(D −Di)|Di

) −→ 0.

(iii)

0 −→ Ωk
X(log(D −Di))(−Di) −→ Ωk

X(log(D −Di))
γi−→ Ωk

Di
(log(D −Di)|Di

) −→ 0.

�ÖögC�yù
�Ü�. �

� E ´ X þ�ÛÜgd�,

∇ : E −→ Ω1
X(logD)⊗ E

´�� C-�5N�, ÷v
∇(f · e) = f · ∇(e) + df ⊗ e.
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dd�±?�Úp�N�

∇k : Ωk
X(logD)⊗ E −→ Ωk+1

X (logD)⊗ E,

÷v
∇k(ω ⊗ e) = dω ⊗ e+ (−1)k · ω ∧∇(e).

½Â 4.5.3 XJ ∇k+1∇k = 0 é?¿ k ¤á, @o·�¡ ∇�÷X D ��Èéêéä
(Integrable logarithmic connection along D). §p��E/ (Ω•

X(logD) ⊗ E,∇•) ¡� (E,∇•)
�éê de Rham E/.

é�Èéêéä ∇, ·��±½Â§÷X,�©| Di �íêN� (Residue map)

ResDi
(∇) : E ∇−→ ΩX(logD)⊗ E βi⊗IdE−→ ODi

⊗ E.

·K 4.5.2 ResDi
(∇) ´ OX �5�, ¿��±©)�

E
|D−→ ODi

⊗ E −→ ODi
⊗ E.

��Bå�, �¡�N�EP� ResDi
(∇). ?�Ú, ·�k��ã

Ωk
X(log(D −Di))⊗ E

γi⊗IdE

��

⊆ // Ωk
X(logD)⊗ E ∇k // Ωk+1

X (logD)⊗ E

βi⊗IdE

��
Ωk
Di

(log(D −Di)|Di
)⊗ E

(−1)kId⊗ResDi
(∇)

// Ωk
Di

(log(D −Di)|Di
)⊗ E

y² 5gu��O�. 3�Öö�y. �

8�Øf

B =
r∑
i=1

µiDi.

·�F"ÏL (∇, E) p�ÑE/
(∇B, E(B)).

� σ ´ E(B) : E ⊗B �ÛÜ�¡, §���

σ =
s∏
i=1

z−µi

i · e.

·�½Â

∇B(σ) :=
s∏
i=1

z−µi

i ∇e+ d

(
s∏
i=1

z−µi

i

)
⊗ e.

dO��

∇B(σ) =
s∏
i=1

z−µi

i ∇e+
s∑

k=1

(
s∏
i=1

z−µi

i

)
· (−µk)

dzk
zk
⊗ e.

Ï�Ñ
N�
∇B : E(B) −→ Ω1

X(logD)⊗ E(B).
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·�O�ÙéA�íêN� (± D1 ©|�~)

ResD1(∇B(σ)) =
s∏
i=1

z−µi

i ResD1(∇(e)) +
s∏
i=1

z−µi

i (−µ1)⊗ e|D1 .

ù�, ·�k

·K 4.5.3 ResDi
(∇B) = ResDi

(∇)− µi · IdDi
(i = 1, · · · , s).

�ÙSK
SK 4.1 � π : P1 → P1 ´�gCX, y²:

π∗OP1(d) =

{
OP1(k)⊕OP1(k − 1), e d = 2k,
OP1(k)⊕OP1(k), e d = 2k + 1.

SK 4.2 3~ 4.1.1 �PÒe, � B ´ π �©Ü;,, y²:

(1) π∗OP2(1) ≡ F1 + F2.

(2) B ´ 2 g1w�.

(3) � a ≥ b, @o

h1(aF1 + bF2) =

{
−(a+ 1)(b+ 1), e a ≥ 0, b ≤ −2,

0, Ù¦�/.

(4) π∗OX(aF1 + bF2) ©�¤�m��=� a = b ½ a = b+ 1. d�

π∗OX(aF1 + bF2) =

{
OP2(b)⊕OP2(b− 1), e a = b,

OP2(b)⊕OP2(b), e a = b+ 1.

SK 4.3 � Z ′ ⊆ Z ´fV., y²: IZ−Z′/IZ = H omOX
(OZ′ ,OZ).

SK 4.4 � Z ´{�ê r �fV., F ´k�Øf, ∆ = Z − Z ∩ F , y²: 3ÛÜþ,
g ∈ I∆ ��=� gf ∈ IZ , ùp f = 0 ´ F �ÛÜ½Â�§.

SK 4.5 � Z ′ ⊆ Z ´fV., E ´�þm, y²:

(1) Hom(OZ′ , E) = 0.

(2) H omOX
(IZ′ , E) = E.

(3) H omOX
(IZ′ , IZ(E)) = IZ−Z′(E). (J«: �ÄÛÜ¼ê f, g ∈ IZ′ , σ : IZ′ → IZ , |^

σ(fg) = fσ(g) = gσ(f) `² σ ¢Sþ´ OX -��¦{N�.)

(4) IZ′ ⊆ IZ−(Z−Z′).

SK 4.6 �y~ 4.5.1 ¥�Ã�Ü�.

SK 4.7 � X ´1w�K�ê¡, D ´ X þ�5�Øf, �z�©|Ñ1w. y²:

c1(ΩX(logD)) = KX +D,

c2(ΩX(logD)) = χtop(X)− χtop(D).

SK 4.8 �y·K 4.5.2.
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5.1 ý��£

5.1.1 Û:)�

3?ØU?� Kodaira ��½n±9 Kawamata-Viehweg ��½n�, ·�I�p�qÛ

:)��(Ø. ùpÛ��'SN.

½n 5.1.1 (Hironaka) � X ´Ø��E�êq (#NÛÉ), D ⊆ X ´k�Øf.

(1) �3�ÛÉq X ′ ±9Vkn��

µ : X ′ −→ X,

¦� µ∗D + E(µ) äk{ü�5��|8, ùp E(µ) ´ µ �~	Øf.

(2) þã X ′ �±ÏL÷X D Ú X �Û:;,¥�1w¥%��X��u��. AO/, ·�
o�±b� µ 3 X − (Sing(X) ∪ Sing(D)) þ´Ó�.

ù�� X ′ ¡� D �i\)� (Embedded resolution) ½éê)� (Log resolution).

?�Ú, b� X ´1w�, @o

(3) 'u X (�A/, X ′) �;�Øf KX (�A/, KX′), ·�k

µ∗OX′(KX′) = OX(KX), Rjµ∗OX′(KX′) = 0, j > 0.

(4) XJ X ´�K�, H ´ X þ�´LØf, @o�3�ê mΓ ≥ 0 ±9¿©��ê m, ¦�

µ∗(mH)−
∑

Γ⊆E(µ)

mΓΓ

´´LØf, ùp Γ �H~	Øf E(µ) �¤k©|.

·�|^þã�(Jky²��Ún, �¡ò¬^�.

Ún 5.1.1 � X ´1w�Kq, D ´ X þ� big Øf, @o

(1) �3´LØf H, k�Øf N ±9¿©���ê m, ¦� mD ≡ H +N .

(2) �3 N �i\)� µ : X ′ → X ±9¿©���ê m′, ¦�

m′µ∗D ≡ H ′ +N ′,

ùp H ′ ´´LØf, N ′ ´äk{ü�5�|8�k�Øf.

(3) Hj(X ′,OX′(KX′ + µ ∗D)) = Hj(X,OX(KX +D)).
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y² (1) ?�´LØf H, é¿©���ê r, ·��1wk�Øf Hr ∈ |rH|, Hr+1 ∈
|(r + 1)H|, @od Kodaira Ún (�Ún 5.1.2), �3¿©��ê m, ¦� mD ≡ Hr+1 + E, ù
p E ´k�Øf. Ïd

mD ≡ H + (E + rH)

÷v·K^�.

(2) �Ä N �i\)� µ : X ′ → X ÷v½n 5.1.1 (2). d� µ∗N k{ü�5�|8, ¿÷

v

µ∗OX′(KX′) = OX(KX), Rjµ∗OX′(KX′) = 0, j > 0. (5-1)

� µ∗N =
∑
i
aiFi, ùp Fi ´Ø��©| (�¹
~	Øf), ai ≥ 0. d½n 5.1.1 (4), �3¿©

��ê p, ±9�ê bi ≥ 0, ¦�
H ′ := µ∗pH −

∑
i

biFi

´ X ′ þ�´LØf. Ïd

(pm)µ∗D ≡ H ′ + (
∑
i

(pai + bi)Fi)

÷v·K^�.

(3) |^ª (5-1) á�. �

Ún 5.1.1 (1) �y²¥^�Xe¯¢.

Ún 5.1.2 (Kodaira Ún) � D ´ big Øf, F ´?Ûk�Øf, @o� m ¿©��, o
k H0(X,OX(mD − F )) 6= 0.

y² � dimX = n, �Ä�Ü�

0 −→ OX(mD − F ) −→ OX(mD) −→ OF (mD) −→ 0.

du D ´ big �, ¤±

h0(X,OX(mD)) ≥ cmn, n := dimX, c´~ê.

�´ h0(F,OF (mD)) = O(mn−1), ù¿�Xé¿©�� m,

h0(X,OX(mD)) > h0(F,OF (mD)),

�d�Ü��� H0(X,OX(mD − F )) 6= 0. �

5.1.2 CXE|

3ïÄ�þm���½n��¯K¥, ²~¬^��ECX�E|. Äk£�Ì�CX��
E.

½n 5.1.2 (Ì�CX) � X ´1w�Kq, L ´ X ��m. b�é,� m ≥ 1, �3

s ∈ H0(X,L⊗m). � D = div(s) ´éA�k�Øf. @o�3Ì�CX

π : Y → X.
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§± D �©Ü;,, ¿� π∗D = mD′, ùpk�Øf D′ ∈ |π∗L|. ·�k;�Ó�

π∗OY ∼= OX ⊕ L−1 ⊕ · · · ⊕ L−m+1.

|^Ì�CXE|, ·��±��e¡� Bloch-Gieseker CX.

½n 5.1.3 (Bloch-Gieseker CX) � X ´1w�Kq, D =
r∑
i=1

Di ´{ü�5�Øf

(Di ´1wØ��©|), L ´ X þ��m, m ´�½���ê. @o�3k�²"÷��

π : Y → X ±9 Y þ��m N , ÷v
(1) π∗L = N⊗m.
(2) Y ´1w�.
(3) π∗D E´{ü�5�. ?�Ú, � dimX > 1 �, π∗Di E´Ø���.

y² ùp0�y²�g´, äN[!ë� [Laz04I, ½n 4.1.10]. k?Ø L ´�~´LØ
f��/. d� L p�
i\�� φ : X → Pr, L = φ∗OPr(1). �k���

ν : Pr −→ Pr, [X0, · · · , Xr]→ [Xm
0 , · · · , Xm

n ],

d� ν∗OPr(1) = OPr(m). 2� g ∈ GL(C, r + 1), ·�½ÂEÜN� νg := g ◦ v. ù�, ��E
n�È Yg := X ×Pr Pr, ÷v��ã

Yg
φ̄ //

fg

��

Pr

νg

��
X

φ
// Pr

�� g ¿©��, @o fg : Yg → X ÒU÷v·K^�.

���/e, �±|^ Moving Ún, � L = A − B, ùp A,B ´�~´L�. ù�Ò8(
�´LØf��/. �

5 5.1.1 XJØ�Ä Y �1w5, ·��±��«�{B��ª�E÷v½n 5.1.3
(1)(3) �Ì�CX. d Moving Ún, L ≡ H1 −H2, ùp H1,H2 ´�~´LØf. 8�,���
~´LØf H3, ±9¿©���ê ν. ©O�1wk�Øf

A ∈ |H1|, B ∈ |H2|, C ∈ |mνH3 −H1 −H2|.

u´ A+B + C ∈ |mνH3|. Ïd��EÌ�CX π : Y → X ± A+B + C �©Ü;,, ¿��

3 A′, B′ ≥ 0, ¦� π∗A = mνA′, π∗B = mνB′. Ïd π∗L ≡ mν(A′ − B′). - N = ν(A′ − B′),
K� π∗L ∼= N⊗m. du A,B,C ��¿©��, Ï�±÷v (3). �

(Üùü«CX, ·��±�� Kawamata CX.

½n 5.1.4 (Kawamata CX) � X ´ 1 w � K q, D =
r∑
i=1

Di ´ { ü � 5 � Ø f,

m1, · · · ,mr ´�½���ê. @o�3k�²"CX π : Y → X, ¦�

π∗Di = miD
′
i,

ùp D′
i ´1wØf, D′ =

∑
i
D′
i ´{ü�5�.
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y² ÏLé D �Ø��©|�ê�8B{, ·��I�y² m2 = · · · = mr = 1 ��/
Òv

. Äk�E Bloch-Gieseker CX π1 : Y1 → X, ¦� π∗1D1 ≡ m1A (A ´ X þ�,�Ø
f, ��7k�), ¿� π∗1D E,´{ü�5�. 2�EÌ�CX π2 : Y → Y1 ± π∗1D1�©Ü;
,, ¦� π∗2(π

∗
1D) = m1D

′
1, ùp D′

1 ´ Y þ�k�Øf. - π = π2 ◦ π1, D 3 π e�.£E´
{ü�5�. �

|^CX, ·��±r�þmÓN���58(�CXqþ.

Ún 5.1.3 (ü5Ún) � π : Y → X ´k�÷��, X ´�5�, E ´ X þ��þm,
@o·�kü��

H i(X,E) −→ H i(Y, π∗E).

AO/, eé, i k H i(Y, π∗E) = 0, @o H i(X,E) = 0.

y² |^�Kúª§

H i(Y, π∗E) = H i(X,π∗π∗E) = H i(X,π∗OY ⊗ E) ⊇ H i(X,E).

dd=�(Ø. �

5.2 Kodaira-Nakano ��½n

½n 5.2.1 (Kodaira ��½n) � X ´ n �Ø��1wE�Kq, H ´ X þ´LØf,
@o

Hk(X,OX(H)∨) = 0, ∀k < n.

y² Ï� H ´´L�, ¤±�é��ê m ±91wØf D ∈ |mH|. �E± D�©Ü

;,� m gÌ�CX π : Y → X. AO/, D �.£´ mD′, ùp D′ ∈ |π∗H|´1w�´LØ
f. dÌ�CX�5�

π∗OY = OX ⊕ (⊕m−1
i=1 OX(−iD))

9�Kúª, ·��I��y

Hk(Y,OY (−D′)) = 0, k < n

=�. 8é�Ü�

0 −→ OY (−D′) −→ OY −→ OD′ −→ 0

�þÓN, =�

Hk−1(Y,OY ) −→ Hk−1(D′,OD′) −→ Hk(Y,OY (−D′)) −→ Hk(Y,OY ) −→ Hk(D′,OD′).

d Lefschetz �²¡½n (�½n 1.2.4) �íÑ Hk(Y,OY (−D′)) = 0 é?¿ k ≤ n− 1 þ¤á.�

ù�y²¢Sþ�^� Lefschetz �²¡½n¥é���Ü©&E. XJ?�Ú|^T½n,
�±��������½n. �d·�I��
O�ó�. Äk£� Ωp

X(logD) ��
5�. ù
p·�=I�?Ø D ´1wØf��/ (ë�~ 4.5.1).
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Ún 5.2.1 � D ´ X þ�1wØf.
(1) ·�k�Ü�

0 −→ Ωp
X −→ Ωp

X(logD) −→ Ωp−1
D −→ 0

9

0 −→ Ωp
X(logD)⊗OX(−D) −→ Ωp

X −→ Ωp
D −→ 0.

(2) � π : Y → X ´± D �©Ü;,� m gÌ�CX, π∗D = mD′. @o

π∗(Ωp
X(logD)) = Ωp

Y (logD′).

y3·��ò Kodaira ��½ní2� Nakano ��½n.

½n 5.2.2 (Nakano ��½n) � X ´ n �Ø��1wE�Kq, A ´´LØf, @o

Hq(X,Ωp
X ⊗OX(A)) = 0, p+ q > n.

éó/, ����

Hq(X,Ωp
X ⊗OX(−A)) = 0, p+ q < n.

y² é¿©� m, é1wØf D ∈ |mA|. �E± D�©Ü;,� m gÌ�CX
π : Y → X. dÚn 5.2.1, ·�k

π∗(Ωp
X(logD)⊗OX(−A)) = Ωp

Y (logD′)⊗OY (−D′),

ùp D′ 5gu π∗D = mD′, ÷v D′ ∈ |π∗A|.

dÚn 5.2.1 �1���Ü�, ·��ÓN���Ü�

Hq−1(D′,Ωp
D′) −→ Hq(Y,Ωp

Y (logD′)⊗OY (−D′)) −→ Hq(Y,Ωp
Y ).

d Lefschetz �²¡��½n, � p+ q < n �, þ¡�Ü�üàÑ�". Ï

0 = Hq(Y,Ωp
Y (logD′)⊗OY (−D′) = Hq(X,π∗(Ωp

X(logD)⊗OX(−A))).

|^�Kúª9Ì�CX5�, ùÒíÑ

Hq(X,Ωp
X(logD)⊗OX(−A)) = 0.

éÚn 5.2.1 �1���Ü�Üþ OX(−A) ¿�ÓN, ���Ü�

Hq−1(D,Ωp−1
D ⊗OX(−A)) −→ Hq(X,Ωp

X ⊗OX(−A)) −→ Hq(X,Ωp
X(logD)⊗OX(−A)) = 0.

y3·��I�é dimX �8B{, =��(Ø. �

5.3 Mumford ��½n

Kodaira ��½n¥�´LØf^��±U� nef,big ^�. �
y²ù�(Ø. ·�kÚ\

��Ún.

Ún 5.3.1 (Norimatsu Ún) � X ´ n �1w�Kq, A ´´LØf, D =
r∑
i=1

Di ´{

ü�5�Øf, @o
H i(X,OX(KX +A+D)) = 0, i > 0,
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½= Hj(X,OX(−A−D)) = 0 (j < n).

y² ·�é D �Ø��©|�ê r �8B. r = 0 �Ò´ Kodaira ��½n. b� r ≤ k
��/®y. �Ä�Ü�

0 −→ OX

(
−A−

k+1∑
i=1

Di

)
−→ OX

(
−A−

k∑
i=1

Di

)
−→ ODk+1(−A−

k∑
i=1

Di) −→ 0.

d8Bb�

Hj(Dk+1,ODk+1(−A−
k∑
i=1

Di)) = 0, j < n− 1,

Hj(X,OX(−A−
k∑
i=1

Di) = 0, j < n.

ùÒ½¦

Hj(X,OX(−A−
k+1∑
i=1

Di)) = 0, j < n.

dd=�(Ø. �

½n 5.3.1 (Mumford ��½n) � X ´ n �1w�Kq, D ´ nef,big Øf, @o

H i(X,OX(KX +D)) = 0, i > 0,

½= Hj(X,OX(−D)) = 0 (j < n).

y² Ï� D ´ big, ¤±�3¿©��ê m, ¦�

mD ≡ H +N,

ùp H ´´LØf, N ´k�Øf (Ún 5.1.1 (1)). ?�Ú, dÚn 5.1.1 (2), ·�Ø�b� N

äk{ü�5�|8. �

N =
r∑
i=1

eiEi,

ùp Ei ´Ø��©|, ei > 0. 8�E Kawamata CX (½n 5.1.4) h : Y → X, ÷v

h∗Ei = me∗iE
′
i, e∗i :=

e∗

ei
, e∗ =

r∏
k=1

ek,

¿� E′ :=
∑
i
E′
i ´{ü�5��. d�

mh∗D ≡ h∗H +me∗E′.

du D ´ nef �, ¤± h∗D ½,, l

me∗(h∗D − E′) ≡ h∗H +m(e∗ − 1)h∗D

´´LØf, � A := h∗D − E′ ½,.

d Norimatsu Ún 5.3.1,

Hj(Y,OY (−h∗D)) = Hj(Y,OY (−A− E′)) = 0, j > 0.
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2dü5Ún 5.1.3 =�(Ø. �

5 5.3.1 3¡�/, ·��±^ Bogomolov Ø�ª�Ñ Mumford ��½n. äN�·
K 7.2.1. �

5.4 Griffiths-Le Potier ��½n

±e� X ´1wØ��E�Kq, dimX = n, ωX = OX(KX) ´;��m. �Ä� r �þ
m E 9Ù�Km π̄ : P(E∨)→ X.

½n 5.4.1 (Griffiths ��½n [Gri69]) XJ E ´´L�, @oé?Û m ≥ 0, Ñk

H i(X,ωX ⊗ SmE ⊗ detE) = 0, ∀i > 0.

y² |^·K 1.3.2,

ωX ⊗ SmE ⊗ detE = ωX ⊗ detE ⊗ π̄∗(OP(E∨)(m))

= π̄∗(π̄∗(ωX ⊗ detE)⊗OP(E∨)(m))

= π̄∗(ωP(E∨) ⊗OP(E∨)(m+ r)).

?�Ú, Riπ̄∗(ωP(E∨) ⊗OP(E∨)(m+ r)) = 0 (i > 0). Ïd

H i(P(E∨), ωP(E∨) ⊗OP(E∨)(m+ r)) = H i(ωX ⊗ SmE ⊗ detE).

Ï� E ´´L�, = OP(E∨)(1) ´ P(E∨) þ�´L�m, �d Kodaria ��½n=�(Ø. �

½n 5.4.2 (Le Potier ��½n [LeP75]) � E ´´L�, @o
(1) Hq(X,ωX ⊗ ∧qE) = 0, p > 0, p+ q > r.
(2) Hq(X,Ωp

X ⊗ E) = 0, p+ q ≥ n+ r.

y² |^·K 1.3.3 (4),

Hq(P(E∨),Ωn+p−1
P(E∨) (p)) = H i(X,ωX ⊗ ∧ ∧p E).

Ï� OP(E∨)(a) ´´L�, �d Nakano ��½n=� (1).

(2) d·K 1.3.3 (5), aqþ¡�y²��. �

5 5.4.1 d Serre éó½n, Le Potier ��½n�±éó/��
Hq(X,∧pE∨) = 0, � p > 0, q < n− r + p �,
Hq(X,Ωp

X ⊗ E∨) = 0, � p+ q ≤ n− r �.

� E ´�m�, ùÒ´ Kodaira-Nakano ��½n.

Le Potier ��½n�^��6u E ��. ù
^����/e´ØUU?�. 'X�

X = Pn, E = TX �m. d Bott úª, ha(X,∧aE∨) = 1 (a > 0). �

íØ 5.4.1 e E ´´L�, � rkE < dimX, @o H1(X,E∨) = 0.

y² ù´ Le Potier ��½n�A~. ,��ØÓ�y²��ëw [BoOl03]. �
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íØ 5.4.2 e E ´´L�, � rkE ≤ dimX, s ∈ H0(X,E), @o s 7k":.

y² b� sÃ":, Kk�Ü� Koszul E/ (�~ 3.1.4)

0 −→ ∧rE∨ −→ · · · −→ ∧2E∨ −→ E∨ s−→ OX −→ 0.

d Le Potier ��½n, hj−1(X,∧jE∨) = 0. òþã�Ü�©¤á�Ü�, ¿A^c¡��ª,
�ª�½¦ h0(X,OX) = 0, gñ! �

5.5 Kawamata-Viehweg ��½n

½n 5.5.1 (Kawamata-Viehweg ��½n) � X ´ n �1w�Kq, L ´ X þ�Øf.
b� L U©)�

L
num∼ P +N,

ùp P ´ nef,big � Q-Øf, N =
∑
i
aiEi ´{ü�5��k� Q-Øf, z�Xê ai þ÷v

0 ≤ ai < 1. @o
H i(X,OX(KX + L)) = 0, ∀i > 0,

½= Hj(X,OX(−L)) = 0 (∀j < n).

y² ��By², ·�#N N =
r∑
i
aiEi ¥� Ei �¹õ�ëÏ©| (�ÓXê�Ü¿3

�å). ·�é N �L�ª¥�ê r �8B{. XJ N = 0, @o L ´ nef,big Øf, Ïd½n
5.3.1 =�. y3·�b� a1 = c

d , 0 < c < d.

·��E Bloch-Gieseker CX p : X ′ → X, ¦� E′
i := p∗Ei,

∑
i
E′
i E´{ü�5�, ¿�

E′
1 ≡ dA,

ùp A ´ X ′ þ�Øf. ·�P L′ = p∗L, P ′ = p∗P .

·�2�E d gÌ�CX
q : X ′′ −→ X ′

± E′�©Ü;,. P E′′
i = q∗E′

i (5¿, ùp E′′
i �±�¹õ�ëÏ©|). u´

q∗L′ ≡ q∗P ′ + cq∗A+
∑
i≥2

aiE
′′
i .

Ïd

q∗L′ − cq∗A num∼ q∗P ′ +
∑
i≥2

aiE
′′
i

÷v·K^�, ¿� E′′
i ��ê'�5��. Ïdd8Bb�,

Hj(X ′′,OX′′(−q∗L′ + cq∗A)) = 0, j < n.

Ï
Hj(X ′, q∗OX′′(−q∗L′ + cq∗A)) = 0, j < n.
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|^Ì�CX q∗OX′′ ��Ú©)9�Kúª, ù�íÑ

Hj(X ′,OX′(−L′ + (c− k)A)) = 0, j < n, k = 0, · · · , d− 1.

5¿� c ≤ d− 1§, �� k = c �=�

Hj(X ′,OX′(−L′)) = 0.

dü5Ún 5.1.3 =�
Hj(X,OX(−L)) = 0, j < n.

ùÒ�¤
y². �

Kawamata-Viehweg ��½n��±Uã¤Ù¦/ª. ùp�Ú\�
PÒ. é?¿¢ê x,
·�^ pxq (�A/, xxy) L«Ø�u (�A/, Ø�u) x ��� (�A/, ��) �ê. ÑuD

Ú, pxq Ï~�P� [x]. � D =
∑
i
aiDi ´ Q-Øf. ·�½Â

pDq =
∑
i

paiqDi,

xDy =
∑
i

[ai]Di,

pDq ¡� D �þ�Ü© (Round-up); xDy ¡� D �e�Ü© (Round-down)§�¡��êÜ©

(Integral part), �~P� [D]. D �©êÜ©

{D} := D − [D].

3þ¡�PÒe, Kawamata-Viehweg ��½nk±eü«Uã/ª.

íØ 5.5.1 � X ´1w�Kq.
(1) � A ´ nef,big � Q-Øf, Ù©êÜ©äk{ü�5��|8, @o

H i(X,OX(KX + pAq)) = 0, i > 0.

(2) � L ´�Øf, D ´äkü�5�|8� Q-Øf, XJ L−D ´ nef, big �, @o

H i(X,OX(KX + L− [D])) = 0, i > 0.

5.6 �é��5

5.6.1 Grauert-Riemenschneider ��½n

Ún 5.6.1 � f : X → Y ´�Kq�m���, A ´ Y þ�´LØf, F ´ X þ�và
�, ÷v

Hj(X,F ⊗OX(f∗(mA))) = 0, ∀j > 0, ∀m� 0.

@o Rjf∗F = 0 é¤k j > 0 ¤á.

y² b� Rjf∗F �". �¿©� m, ·�k

H i(Y,Rjf∗F ⊗OY (mA)) = 0, i > 0, j ≥ 0,
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¿� Rjf∗F ⊗OY (mA) d�N�¡)¤. dÌS��

Hj(X,F ⊗OX(f∗(mA))) = H0(Y,Rjf∗F ⊗OY (mA)).

d·K^�, þª�>�u", �´m>�" (Ï� Rjf∗F ⊗OY (mA) d�N�¡)¤), ùÒ�
�gñ! �

½n 5.6.1 (Grauert-Riemenschneider ��½n) � f : X → Y ´q�m���k��

÷��, X ´1w�. @o
Rif∗OX(KX) = 0, i > 0.

y² ÏL;z, ·��±b� X,Y ´�Kq (äN[!ë� [? , ½n 4.3.9]). ?� Y þ

�´LØf A. f∗(mA) w,´ X þ� nef Øf. du f ´��k��, Ï f∗(mA) �´ big
�. d½n 5.3.1,

H i(X,OX(KX + f∗(mA))) = 0, i > 0, m ≥ 1.

dÚn 5.6.1 =�(Ø. �

5.6.2 �é Kawamata-Viehweg ��½n

Kawamata-Viehweg ��½n��±LÞ�pg���þ. � f : X → Y ´�Kq�÷

��, X ´1w�. A ´ X þ� Q-Øf. XJ B ��3 f �?Ûn�þÑ´ nef �, Ò¡Ù�

f -nef �; e B ��3��n�þ´ big �, K¡Ù� f -big �.

½n 5.6.2 (�é Kawamata-Viehweg ��½n) � f : X → Y ´�Kq�÷��, X ´

1w�. A ´ X þ� Q-Øf. XJ A ´ f -nef � f -big �, ¿�Ù©êÜ©äk{ü�5�|
8, @o

Rif∗OX(KX + pAq) = 0, i > 0.

5.6.3 Kollár ½n

½n 5.6.3 (Kollár ü5½n) � X ´1w�Kq, L ´ semiample �m (=�3,��
�ê p, ¦� |pL|ÃÄ:), �½ k ≥ 1 ±9 D ∈ |kL|, @og,��

H i(X,OX(KX +mL)) ·D−→ H i(X,OX(KX + (m+ k)L)), i ≥ 0, m ≥ 1,

´ü�.

½n 5.6.4 (Kollár ��½n) � f : X → Y ´�Kq�m�÷��, X ´1w�, @o
(1) Rjf∗OX(KX) ÃL (j ≥ 0).
(2) Rjf∗OX(KX) = 0 (j > dimX − dimY ).
(3) � A ´´LØf, K

H i(Y,Rjf∗OX(KX)⊗OY (A)) = 0, i ≥ 1, j ≥ 0.

�ÙSK
SK 5.1 � E ´´L�, L ´ nef �m, y²U?� Griffiths ��½n:

H i(X,ωX ⊗ SmE ⊗ detE ⊗ L) = 0, ∀i > 0.
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XJ E ´ nef, L ´´L�, y²þã(ØE¤á.

SK 5.2 � X ´1w�Kq, D ´ nef Øf, H ´´LØf. b��3,� k ≥ 0, ÷v
Dn−kHk ≥ 0, y²:

H i(X,OX(KX +D)) = 0, i > k.

(J«: �Ä�Ü�

0 −→ OX(KX +D) −→ OX(KX +D +H) −→ OH(KH +D) −→ 0.

ùpØ�� H ´�~´L�.)
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6.1 ÈL

6.1.1 4���ÈL

� X ´1w�ê�. dc¡(Ø, X þ�ÃL�ÚÛÜgd�´�Ó�. AO/, ÛÜg
d��f��´ÛÜgd�. � E ´� r ÛÜgd�, L´§�f�. ·���E L3 E ¥�4

��5*Ü L̃. ùÒk�Ü�

0 −→ L̃ −→ E −→ E/L̃ −→ 0,

Ù¥ E/L̃´ÃL�, Ï�´ÛÜgd�. k�·��ò L̃¡� L��Úf� (Saturated
subsheaf). �Úf� L̃�´��U¦éAû� E/L̃ÃL�*Ü.

� 1 ��Úf�=4�f�m. 4�f�mo´�3�. äN�EXe: ´L�mH, K
E ⊗H⊗m k�N�¡, l OX ⊆ E ⊗H⊗m, = OX ⊗ (H∨)⊗m ⊆ E . ·�2�Ù�Ú�=�.

½Â 6.1.1 E �ÈL (Filtration) ´��Úf��S�

0 = E0 $ E1 $ · · · $ En = E .

XJ n = r � rk Ei = i (i = 1, · · · , r), K¡TÈL���ÈL (Total filtration).

·K 6.1.1 1w� X þ�� r ÛÜgd� E 7k��ÈL.

y² |^8B{, ·��I�y² E �3�Ú�_�=� (Ù�35þ¡®y). �

��ÈL�À�¿Ø��. ·�F"é§��½���. Ø
��	, ,�����þÒ´
gê. ·�Äk`² E �f�gêþ.� E ��. � F ⊆ E ,rkF = s, K detF ⊆ ∧sE . ÏdØ

���5, �� F ´�_�.d� H0(F) ≤ H0(E). |^ Riemann-Roch ½n=� degF �þ.
� E ��. �Öö5¿, ù�þ.ØUd rk E ,deg E (½. 'X E = OX(n)⊕OX(−n) ´gê�
"�� 2 �þm, §�f� OX(n) �gê� n.

y3·�3 E ¥Ïégê����Ú�_� E1, ,�23�¹ E1 �� 2 �Ú�¥égê�
�ö E2, ±daí, =������ÈL

0 = E0 $ E1 $ · · · $ Er = E .

§¡� E �4���ÈL (Maximal total filtration).

½n 6.1.1 (Atiya ÈL½n [Ati57]) � X ´º� g > 0 �1w�ê�, E ´ X þ��
r ÛÜgd�. b� E Ø�©)� (non-decomposable sheaf), =ØU©)�ü��Úf���
Ú, @oé?Û4���ÈL

0 = E0 $ E1 $ · · · $ Er = E ,

Ñk
deg Ei/Ei−1 ≥ deg Ei − (i− 1)(2g − 2).
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y² éeI i �8B{. � E ′i = E/Ei. Ï� E Ø�©), ¤±�Ü�

0 −→ Ei −→ E −→ E ′i −→ 0

%¹X Ext1(E ′i, Ei) 6= 0. d Serre éó½n, = H0((Ei)∨⊗E ′i⊗ωX) 6= 0, ½= Hom(Ei, E ′i⊗ωX) 6=
0. ��"N� ϕ ∈ Hom(Ei, E ′i ⊗ωX). é���eI j, ¦���N� ϕ : Ej → E ′i ⊗ωX �". d
d�p��"N� ϕ̄ : Ej/Ej−1 → E ′i ⊗ ωX . � F ´ Imϕ̄⊗ ω∨X 3 E ′i ¥��Ú�_�. d4�È

L�À�, ·�k

deg Ei+1/Ei ≥ degF deg(Ej/Ej−1 ⊗ ω∨X) = deg Ej/Ej−1 − 2(g − 1).

y3|^8Bb�uþ¡Ø�ªmà, =�(Ø. �

íØ 6.1.1 ý��þ�Ø�©)� 2 ÛÜgd�7´�½�.

(�°[�?Ø�íØ 6.4.1)

6.1.2 Harder-Narasimhan ÈL

·�3ù�!¥Ú\�a����ÈL.

½Â 6.1.2 � E ´1w�ê� X þ�ÛÜgd�, XJ E ���ÈL

0 = E0 $ E1 $ · · · $ En = E

÷vXe5�, ·�Ò¡Ù� Harder–Narasimhan ÈL (½{¡ Harder ÈL):

(1) Ei/Ei−1 Ñ´�½� (i = 1, · · · , n),

(2) - µi = µ(Ei/Ei−1), K µ1 > µ2 > · · · > µn−1 > µn.

·�Ï~P µ+(E) = µ(E1), µ−(E) = µ(E/En−1). µ+(E) ¡�4��Ç (Maximal slope),
µ−(E) ¡�4��Ç (Minimal slope) ½���Ç (Final slope). e µ−(E) > 0 (�A/, ≥ 0), K
¡ E ´ (�) �½� (Positive/Semipositive).

·K 6.1.2 ?ÛÛÜgd�Ñ�3��� Harder–Narasimhan ÈL.

y² ·�é rk(E) �8B{. � E ´�½��, (Øw,. AO/, �§´�_��,
7´�½�. Ïd·�Ø�� E Ø´�½�.

� µ1 = max{µ(F) | F ⊆ E}9 r1 = max{rk (F) | F ⊆ E , µ(F) = µ1}. ·��f� E1 ¦�
µ(E1) = µ1, rk (E1) = r1. d½Âw� E1 ´�½�, � E/E1 ´ÛÜgd�, Ù�' E ���.
Ïdd8Bb�, E/E1 k Harder-Narashimhan ÈL, l�p�
 E Xe�ÈL:

0 = E0 $ E1 $ · · · $ En = E .

ùp Ei/Ei−1 ´�½� (1 ≤ i ≤ n) � µ(Ei/Ei−1) < µ(Ei−1/Ei−2), 3 ≤ i ≤ n.

- µ2 = µ(E2/E1), r2 = rk (E2). u´d E1 �À�á�

µ1 − µ2 =
r2(µ(E1)− µ(E2))

r2 − r1
> 0.

ù�Òy²
þãÈL´ E � Harder-Narashimhan ÈL.
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b� E k,� Harder-Narashimhan ÈL:

0 = E ′0 $ E ′1 $ · · · $ E ′m = E .

dþ¡ E1 �À�, ·�k µ(E1) ≥ µ(E ′1). d��3eI i, ¦� E1 ⊆ E ′i, E1 * E ′i−1. u´�3�

½��m��"N� E1 → E ′i/E ′i−1. ·�k µ(E ′i/E ′i−1) ≥ µ(E1) ≥ µ(E ′1) (SK 1.18). ùÒí
Ñ i = 1, µ(E1) = µ(E ′1), E1 ⊆ E ′1, ld E1 �À�� rk (E1) = rk (E ′1), deg E1 = deg E ′1. Ïd

E1 ∼= E ′1 (SK 1.9). d E/E1 þ�8Bb�, ·�Ò�Ñ
ÈL���5. �

5 6.1.1 þ¡�y²Ù¢�%¹
��¯¢: XJ E �f� F äk4��Ç, K7k
F ⊆ E1. Ïdk�·��ò E1 ¡� E �4�Ø½f� (Maximal destabilizing subsheaf). �

íØ 6.1.2 E∨ � Harder ÈLTÐ´

0 = (E/En)∨ $ (E/En−1)∨ $ · · · $ E∨. (6-1)

AO/, E �½ (��½) ��=� E �?Ûû���Ç > 0 (≥ 0).

� π : X̃ → X ´ d gk�CX, @o E 3 π e�.£ Ẽ = π∗E �´ÛÜgd�, w,k

rk (Ẽ) = rk (E), deg Ẽ = d · deg E , µ(Ẽ) = d · µ(E).

?�Ú, X þ��Ü�

0 −→ E1 −→ E −→ E2 −→ 0

3 π e�.£´ X̃ þ��Ü�. aq/, ��ÛÜgd�ÈL�.£´�A��ÈL.

·K 6.1.3 (1) Ẽ = π∗E �½��=� E �½.
(2) � E � Harder ÈL�

0 = E0 $ E1 $ · · · $ En = E ,

K

0 = π∗E0 $ π∗E1 $ · · · $ π∗En = Ẽ

´ Ẽ � Harder ÈL.
(3) Ẽ = π∗E �½ (�A/, ��½, K½, �K½) ��=� E �½ (�A/, ��½, K½, �K

½).

y² (1) (=⇒) w,. ey (⇐=). Ø���5, �� π : X̃ → X ´ Galois CX. X

J Ẽ Ø´�½, @od Harder ÈL, �3���4��Çf� Ẽ1, ����4�. é?Û
g ∈ Gal(X̃/X), w� g(Ẽ1) �÷vd^�, Ïdd��5� g(Ẽ1) = Ẽ1. ùL² Ẽ1 = π∗E1, é,
�f� E1 ⊆ E . u´

µ(E1) = µ(Ẽ1)/(deg π) > µ(Ẽ)/(deg π) = µ(E).

¤± E Ø´�½�.

(2)(3) Ñ´��íØ. �

þ¡¤k(ØÚVgÑUí2� Q-Ûmþ. 'X·�½Â�Ç

µ(E〈δ〉) = µ(E) + deg δ.
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E〈δ〉�½´�§�z�Ûfm F 〈δ〉 ⊆ E〈δ〉Ñ÷v µ(F 〈δ〉) ≤ µ(E〈δ〉). aq/�U½Â

E〈δ〉� Harder ÈL��. AO/, E〈δ〉�½��=� E �½. d	, |^ Grothendieck '
X (�·K 1.3.4), �±y²

degE〈δ〉 = (ξE + π̄∗δ)r.

Ù{�í2(ØØ2��Kã.

·K 6.1.4 XJ E〈δ〉´´L� (�A/, nef), @o degE〈δ〉 > 0 (�A/, ≥ 0).

y² XJ E〈δ〉´´L�, @o λ := ξE + π̄∗δ ´´LØfa. Ïd

degE〈δ〉 = λr > 0.

aq/, XJ E〈δ〉´ nef, @od Kleiman ½n½� degE〈δ〉 = λr ≥ 0. (��±|^´LÛE

|y²ù�(Ø.) �

6.2 �Ç�½5

6.2.1 Miyaoka �½5�K

- Enorm = E〈−detE
rkE 〉. d� µ(Enorm) = 0.

½n 6.2.1 (Miyaoka �½5�K [Miy85]) � E ´1w� X þ��þm, K±e^

�*d�d:

(1) E ´�½�.

(2) Enorm ´�½.

(3) Enorm ´��½�.

(4) Enorm ´ nef.

y² (1) ⇐⇒ (2) ⇐⇒ (3) ´w,�.

e¡y (4) =⇒ (3). Ï� Enorm ´ nef �, ¤± Enorm �?ÛûmÑ´ nef � (·K 2.3.2),
Ïdd·K 6.1.4 �Ùûm�gêÑ´�K�, = Enorm ´��½�.

2y (1) =⇒ (4). ®� E ´�½�. be Enorm Ø´ nef, @od Barton-Kleiman �K,
�31w��m�k��� f : X ′ → X, ¦� f∗Enorm k��gê�u 0 �û�m. ùL

² f∗Enorm Ø´�½� (d (1)(3) ��d5). d·K 6.1.3, ù�íÑ Enorm Ø´�½�, g
ñ! �

Miyaoka �½5�K��±��Qã¤ P(E∨) þØfa��ó.

½n 6.2.2 � E ´1w� X þ�� r �þm, π̄ : P(E∨) → X ´p���Km, K±

e^�*d�d:

(1) E ´�½�.
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(2) (−KP(E∨)/X) ´ê�k��.

(3) NA(P(E∨)) = R≥0(−KP(E∨)/X)⊕ R≥0π̄
∗p, ùp p ∈ X, R≥0 L«�K¢ê8Ü.

(4) NE(P(E∨)) = R≥0(−KP(E∨)/X)r−2 ⊕ R≥0(−KP(E∨)/X)r−2π̄∗p.

(5) P(E∨) þ�k�ØfÑ´ê�k��.

y² (1) ⇐⇒ (2) d Miyaoka �½5�K, E �½�du Enorm ´ nef. U½Â, �ö
��u

−
KP(E∨)/X

r
= ξE + π̄∗(−detE

r
)

´ nef � (T�ª�~ 1.3.4).

(2) =⇒ (3) ⇐⇒ (4) =⇒ (5) 5gu·K 1.3.5.

(5) =⇒ (1) b� E Ø´�½, =�éäk4��Ç�fm E1 ±9knê c, ¦�
µ(E1) > c > µ(E). é¿©�Ø���ê N ±9 p ∈ X, ·�k

H0(X,SNE1(−Ncp)) ⊆ H0(X,SnE(−Ncp)) ∼= H0(P(E∨),OP(E∨)(N)⊗ π̄∗OX(−Ncp)).

d Riemann-Roch ½n, þª�à�". Ïd |N((−KP(E∨)/X) + π̄∗OX(µ(E) − c))|¹kk�Ø
f. bX (−KP(E∨)/X) ´ê�k��, @odc¡?Ø, µ(E) − c ≥ 0, gñ! Ïd (−KP(E∨)/X)
Ø´ê�k��, =�3Ø��� C, ¦� C(−KP(E∨)/X) < 0, Ï

N((−KP(E∨)/X) + π̄∗OX(µ(E)− c))C < 0,

ùÚb�^�gñ! Ïd E ´�½�. �

|^ Miyaoka �K, ·��±éN´y²Xe²;(J (±e{üy²5gu [Gie79]).

·K 6.2.1 (Narasimhan-Seshadri ½n [NaSe65]) � E〈δ〉Ú F〈λ〉´� X þ��½

Q-Û�þm, K E〈δ〉 ⊗ F〈λ〉±9 SmE〈δ〉Ñ´�½�.

y² dÄC�E|, ·��I��Ä δ = λ = 0 ��/. Ï� E,F ´�½�, ¤±

Enorm, Fnorm ´ nef �. Ïd

(E ⊗ F )norm = Enorm ⊗ Fnorm

�´ nef �, �d�K� E ⊗ F ´�½�.

d8B{, E �?¿gÜþÈ�Ñ´�½�. Ï� SmE ´ m gÜþÈ��Ú�, ¤±§

�´�½� (·K 1.2.13). �

Miyaoka �K�,��A^´Xe�¤�½n.

½n 6.2.3 (Hartshorne ½n) � E〈δ〉´1w� X þ� Q-Û�þm. @o±e^�*
d�d:

(1) E〈δ〉´´L� (�A/, nef).

(2) E〈δ〉´�½� (�A/, ��½).
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y² ·��I��Ä δ = 0 ��/.

(1) =⇒ (2) Ï� E ´´L� (�A/, nef), ¤±§�?ÛûmÑ´´L� (�A/, nef).
d·K 6.1.4, ?Ûûm�gêÑ´�� (�A/, �K�).

(2) =⇒ (1) ky² E ´�½��/. d� (�) �½5��u degE > 0 (≥ 0). d
Miyaoka �K, Enorm ´ nef. ·�k

E = Enorm〈
detE
rkE

〉 = Enorm ⊗OX〈
detE
rkE

〉.

XJ degE > 0 (≥ 0), @o OX〈detE
rkE 〉´´L� (nef). Ï E ´´L� (nef).

2�Ä���/. b� E Ø´ nef, ·�5�Ñgñ. Ï� degE ≥ 0, ¤±dþ¡?ØÚb

�^�, E Ø�U´�½�. �Ä E � Harder ÈL

0 = E0 $ E1 $ · · · $ En = E.

Äk, ·�`² µi := µ(Ei/Ei−1) Ø�UÑ´�K�. eØ,, Ei/Ei−1 Ñ´ nef ��

½m. du E1 �´ nef �, E2 ´ E1 ÏL E2/E1 �*Ü, ¤± E2 �´ nef �. ±daí, �ª

En = E �´ nef, gñ!

ù�, �3eI k, ¦�
µn < µn−1 < · · · < µn−k < 0.

Ïd deg(E/En−k−1) < 0. E/En−k−1 �� E �ûmäkK�gê. �Ò´`, E Ø´��½�,
gñ! ùÒy²
 E ´ nef. aq�?Ø E ´�½��/. �

íØ 6.2.1 ([Fuj78], Ún 3) � E ´ º � g(≥ 2) � 1 w  � X þ � � þ m, ÷ v
h1(X,E) = 0, K E ´´L�.

y² XJ E Ø´´L�, @o�3,ûm Q äkK�gê. d Riemann-Roch ½n,
h1(X,Q) 6= 0. Ïd h1(X,E) 6= 0, gñ! �

½Â 6.2.1 e E〈δ〉�éó E∨〈−δ〉´ (�)�½�, K¡ E〈δ〉´ (�) K½� (Negative/
Semi-negative).

E〈δ〉 (�) K½��±n)�§�?Û Q-Ûfm��Ç < 0 (�A/, ≤ 0).

íØ 6.2.2 E ´�½���=� Enorm ´�K½�.

y² E �½��=� E∨ �½. ò Miyaoka �KA^� E∨ þ=�. �

d Hartshorne ½n�y², ·���k±eíØ.

íØ 6.2.3 � E ´�½�, @o E ´´L� (�A/, nef, �K½, K½) ��=�

degE > 0 (�A/, ≥ 0, ≤ 0, < 0).

~ 6.2.1 d~ 2.1.1, 3� X þ, E = O⊕nX ´�½�, �´��½�. Ïdé?Û�m

L, E(L) ´�½�. E(L) ´L (�A/, nef, �K½, K½) ��=� degL > 0 (�A/, ≥ 0,
≤ 0, < 0). E ��½5�,��±d Miyaoka �K (½n 6.2.2) ¼�. �
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6.2.2 4 (�) �Ç

éó��4� (�) �Ç÷v

µ+(E∨) = −µ−(E), µ−(E∨) = −µ+(E).

Ïd§��5�Ä�þ´éó�. 'uùü«�Ç, ·�k�
²;5�.

·K 6.2.2 �Ä�þ�þm��Ü�

0 −→ F −→ E −→ G −→ 0,

Kk

µ+(F) ≤ µ+(E) ≤ max{µ+(F), µ+(G)}, µ−(G) ≥ µ−(E) ≥ min{µ−(F), µ−(G)}.

y² Äk, Ï� F �fm�´ E �fm, �k µ+(F) ≤ µ+(E). � E1 ⊆ E ´äk4�

�Ç�fm, G1 ´ E1 ⊆ E 3 G ¥��, ·�k�Ü���ã
0

��

0

��

0

��
0 // F1

//

��

E1

��

// G1

��

// 0

0 // F // E // G // 0

5¿� µ(F1) ≤ µ+(F) 9 µ(G1) ≤ µ+(G), ·�|^~ 1.2.14 ��

µ+(E) = µ(E1) ≤ max{µ(F1), µ(G1)} ≤ max{µ+(F), µ+(G)}.

aq��Ù{(Ø. �

íØ 6.2.4 � E Ú F ´� C þ��þm, K

(1) µ+(E ⊗ F) = µ+(E) + µ+(F) � µ−(E ⊗ F) = µ−(E) + µ−(F).
(2) µ+(E⊗n) = µ+(SnE) = nµ+(E) � µ−(E⊗n) = µ−(SnE) = nµ−(E).
(3) µ+(

∧n E) ≤ nµ+(E) � µ−(
∧n E) ≥ nµ−(E).

y² (1) e E ,F ��½, Kd·K 6.2.1 á�(Ø. XJÙ¥���þm�½, 'X

F , K E ⊗ F k Harder-Narasimhan ÈL

0 = E0 ⊗F ( E1 ⊗F ( E2 ⊗F ( · · · ( Em−1 ⊗F ( Em ⊗F = E ⊗ F . (6-2)

ùÒk
µ+(E ⊗ F) = µ(E1 ⊗F) = µ(E1) + µ(F) = µ+(E) + µ+(F).

y3·�b� E ,F Ø´�½�. �Ä E ⊗ F �ÈL (6-2) (�7´Harder-Narasimhan ÈL).

5¿� E1 ´�½�, dc¡�?Ø, ·���

µ+(E1 ⊗F) = µ+(E1) + µ+(F) = µ+(E) + µ+(F). (6-3)

y3·�y²

µ+(E2 ⊗F) = µ+(E) + µ+(F). (6-4)
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�Ä�Ü�

0 −→ E1 ⊗F −→ E2 ⊗F −→ E2/E1 ⊗F −→ 0.

d·K 6.2.2, ·�k

µ+(E1 ⊗F) ≤ µ+(E2 ⊗F) ≤ max{µ+(E1 ⊗F), µ+(E2/E1 ⊗F)}.

Ï� µ+(E2/E1 ⊗ F) = µ(E2/E1) + µ+(F) 9 (6-3), ¤±ùÒy²
 (6-4). �gaí, ·��±

8B/y² µ+(E ⊗ F) = µ+(E) + µ+(F). Ón�y,��ª.

(2) Ï� SnE ⊆ E⊗n, ¤±d·K 6.2.2 ±9 (1) ��

µ+(SnE) ≤ µ+(E⊗n) = nµ+(E).

,��¡, d SnE1 $ SnE ��

µ+(SnE) ≥ µ(SnE1) = nµ(E1) = nµ+(E).

ùÒ���ª µ+(SnE) = nµ+(E). Ù{ªfaq��.

(3) �y²� (2) aq. �

·K 6.2.3 � E ´º� b � C þ��þm, Kk
(1) XJ µ+(E) < 0, @o h0(C, E) = 0.
(2) XJ µ−(E) > 2b− 2, @o h1(C, E) = 0.
(3) XJ µ−(E) > 2b− 1, @o E d�N�¡)¤.
(4) XJ µ−(E) > 2b, @o OP(E∨)(1) ´�~´L�.

y² (1) be h0(C, E) > 0, K�3ü� OC ↪→ E , ùÒíÑ µ+(E) ≥ 0.

(2) díØ 6.2.4 9^�,

µ+(ΩC ⊗ E∨) = µ+(ΩC) + µ+(E∨) = 2b− 2− µ−(E) < 0.

Ïd (1) %¹ h1(C, E) = h0(C,ΩC ⊗ E∨) = 0.

(3) é?Û: p ∈ C,
µ−(E(−p)) = µ−(E)− 1 > 2b− 2.

d (2) � h1(C, E(−p)) = 0. 2d·K 2.1.1, ùÒíÑ¤I(Ø.

(4) � (3) �y²aq. �

��þ¡?Ø�{üA^, ·��Ñ�Kmþ�Øf´L5�ê��K (��þ�ûu
[Miy85]).

·K 6.2.4 � π̄ : P(E∨)→ C ´� C þ��Km.

A
num∼ aD0 + bF

´ P(E∨) þ�Øf, ùp D0 éA OP(E∨)(1) �Øf, F ´��n�. @o A ´´LØf��=
�±eü�^�¤á:
(1) rk π̄∗A ≥ rkE (= a > 0),
(2) µ−(π̄∗A) > 0 (= b > −aµ−(E)).
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y² ky¿©5. d� a > 0, µ−(π̄∗A) = aµ−(E) + b > 0, Ïé¿©���ê k,
µ−(π̄∗A⊗k) > 2b. ·���y² A⊗k ´¿©´L�=�. � F = π̄∗A

⊗k. ·��±p�i\N
� P(E∨) ⊆ P(F∨), §��3n�þ, Ò´d A⊗k|Pr−1 p���5XN�. Ï� µ−(F ) > 2b, �
d·K 6.2.3 � OP(F∨)(1) ´�~´L�. Ïd A⊗k = OP(F∨)(1)

∣∣
P(E∨)

�´�~´L�.

2y7�5. d� a > 0 ´w,�. � Q ´ E �ûm, ��Ç��4�, = µ(Q) = µ−(E).
ù�� Q �,´�½�. ·�kg,��¹'X P(Q∨) ⊆ P(E∨). �π̄∗A = SaE ⊗ L, K

π̄∗(A|P(W∨)) = SaQ⊗ L.

Ï� Q ´�½�, ¤±d Miyaoka ½n 6.2.2 (3), ùÒíÑ µ(SaQ⊗ L) > 0. Ïd

µ−(π̄∗A) = µ−(SaE ⊗ L) = µ(SaQ⊗ L) > 0.

�d�¤y². �

íØ 6.2.5 E ´1w�º� b � C þ�� r �þm, π̄ : P(E∨) → C ´�Km. �

H1, · · · ,Hm (m ≥ r) ´ P(E∨) þ�´LØf, D = KX + H1 + · · · + Hm. @o D 'u π̄ ´

(r −m)-�K�, ¿�

µ−(π̄∗D) ≥ 2b− 2 +
m

r
+ r(µ(E)− µ−(E)) ≥ 2b− 2 +

m

r
.

y² Let Hi ∼ aiD0 + biF (i = 1, · · · , n), ùp D0, F Ó·K 6.2.4. u´

D ∼

(
−r +

m∑
i=1

ai

)
D0 +

(
2b− 2 + detE +

m∑
i=1

bi

)
.

d·K 6.2.4 9 Hi �´L5, �� pi

qi
= bi + aiµ

−1(E), ùp pi, qi ´p����ê. d µ−(E) �
½Â, qi ≤ r. ÏddíØ 6.2.4,

µ−(π̄∗OP(E∨)(D)) =

(
−r +

m∑
i=1

ai

)
µ−(E) +

(
2b− 2 + detE +

m∑
i=1

bi

)

= r(µ(E)− µ−(E)) + 2b− 2 +
m∑
i=1

pi
qi

≥ 2b− 2 + r(µ(E)− µ−(E)) +
m

r
.

5¿�

−r +
m∑
i=1

ai ≥ m− r

±9 OP(E∨)(1) 'u π̄ ´ (−1)-�K, ¤± OP(E∨)(D) 'u π̄ ´ (r −m)-�K (·K 3.2.5). �

6.2.3 Øm

� C ´º� b 1w�ê�, E ´d V ⊆ H0(C,E) )¤�� r �þm. Ïd·�k�þm

�Ü�

0 −→MV,E −→ V ⊗OC
α−→ E −→ 0. (6-5)

MV,E ´ E �Øm (Kernel bundle). XJ V = H0(C,E), Ò{PØ�ME . é (6-5) ��Ü�

á� H0(C,MV,E) = 0. Ï MV,E Ø�U¹²���Ú�. XJ E ´²��m, @o V =
H0(X,E), MV,E = 0. ±eXÃAO(², ·�ob� E Ø´²�m.
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íØ 6.2.6 � C ´kn�, E d H0(C,E) )¤, K ME ´�
 OC(−1) ��Ú.

y² du C þ��þm©� (�½n 6.4.1), ·��I��Ä�m�/=�, =� E =
OC(n). d� rkME = n. Ï� h0(C,ME) = 0, ¤±

E = OC(−a1)⊕ · · · ⊕ OC(−an),

ùpÃ ai > 0. 5¿ degME = −n, ùÒ½¦ ai = −1, ∀i. �

Øm��Ç�O9½5ïÄ, 38��NõïÄ¥ÑkX���^. ùpkQã��'
u;���Øm�²;(Ø.

½n 6.2.4 (Paranjape-Ramanan ½n [PaRa88]) ; � m ΩC � Ø m MΩC
´ �  ½ �.

?�Ú, � C ´��ý���, MΩC
´½�.

y² � F ´ MΩC
�� r �Úf�. |^íØ 2.1.1, ·��±p��Ü���ã

0 // Ω∨
C

//

α

��

O⊕bC
γ

��

//M∨
ΩC

σ

��

// 0

0 //W // O⊕r+1
C

// F∨ // 0

ùp W = Ker(O⊕r+1
C → F∨) ´�m. d~ 2.1.2, σ, α, γ Ñ´�"�.

ò��ã�éó�

0 // F //

��

Or+1
C

��

//W∨

��

// 0

0 //MΩC
// O⊕bC // ΩC

// 0

Ï�MΩC
vk�N�¡, � F ½,. Ï r + 1 ≤ h0(W∨). qÏ�W∨ ´ ΩC �f�m, �d

Clifford ½n�

degW∨ ≥ 2h0(W∨)− 2 = 2r.

Ïd degF ≤ −2r, = µ(F ) ≤ −2 = µ(MΩC
). �

·�F"U
�Ñ MV,E ��Ç�4��Ç�þ.�O (�6u E ��Ç�4��Ç). �
dI��
O�ó�. Äk, ·�5`², MV,E ��Ç3�½^�e, �±� E ��Ç��.

Ún 6.2.1 � E Óª (6-5).

(1) XJ E ÷v h1(C,E) = 0, @o

µ(MV,E) ≤ − µ(E)
µ(E)− b

= µ(ME),

�Ò¤á��=� V = H0(C,E).

(2) XJ E vk²��Ú�, h1(C,E) 6= 0 � MV,E ´½�, @o

µ(MV,E) ≤ −2,

�Ò¤á%¹X: �o C ´�ý�; �o E = ΩC , MV,E = MΩC
.
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y² (1) d Riemann-Roch ½n, ·�k

µ(MV,E) =
−degE

dimV − r
≤ −degE
h0(C,E)− r

=
−degE

r(µ(E) + 1− b)− r
=
−µ(E)
µ(E)− b

= µ(ME).

Ù{(Øw,.

(2) Ï h0(C,ΩC ⊗ E∨) = h1(C,E) > 0, ��3�"N� σ : E → ΩC . ·��p���ã

0 //MV,E
β //

α

��

V ⊗OC
γ

��

// E

σ

��

// 0

0 //MΩC
// H0(C,ΩC)⊗OC // ΩC

// 0

d~ 2.1.2 �?Ø, γ Ú α Ñ´�"N�. ·�- S = Im(MV,E →MΩC
).

d²;(Ø, XJ C ´��ý� (�A/, �ý�) �, @o MΩC
´½� (�A/, �

½�). (Ü MV,E �½5, ·�k

µ(MV,E) ≤ µ(S) ≤ µ(MΩC
) = −2.

1���Ò¤á��=� MV,E = S (|^SK 1.9); 1���Ò¤á��=� S = MΩC
½ö C

´�ý�� (½n 6.2.4). Ïd µ(MV,E) = −2 %¹X MV,E = MΩC
½ö C ´�ý��.

e¡·�5y², MV,E = MΩC
��/�íÑ E = ΩC . Äk, ÏL��'���

h0(X,E) ≥ dimV = b+ r − 1.

,��¡, d~ 2.1.1, Kerγ = Kerσ ´� r− 1 ²�m, P�K ⊗OC (dimK = r− 1). é�Ü�

0 −→ K ⊗OC −→ E −→ ΩC −→ 0

�ÓN, ·�k h0(C,E) ≤ r − 1 + b. (Üþ¡�?Ø, =� h0(C,E) = r − 1 + b = dimV . Ï

 V = H0(C,E).

é�Ü�

0 −→ME(ΩC) −→ H0(C,E)⊗ ΩC −→ E(ΩC) −→ 0

�ÓN, ¿|^ H1(C,E(ΩC)) = 0 (·K 2.1.3), ·�k÷�

H1(C,ME(ΩC)) −→ H0(C,E)⊗H1(C,ΩC) −→ 0,

�
h1(C,ME(ΩC)) ≥ h0(C,E) = b+ r − 1.

,��¡, dSK 6.1,
h1(C,ME(ΩC)) = h1(C,MΩC

(ΩC)) = b.

ùÒ½¦ r = 1, = E ´�m, Ï σ : E → ΩC ´ü�. ÏL'�gê, ·�k degE = deg ΩC .
Ïd E ∼= ΩC . �

5 6.2.1 þãy²¢Sþ�%¹XXe{ü¯¢: e E d�N�¡)¤� h1(C,E) = 0,
@o µ(E) > b. �

íØ 6.2.7 � E,F Ñ´÷v h1 = 0 ��þm, E d�N�¡)¤, F d V ⊆ H0(C,F )
)¤. XJ µ(E) ≥ µ(F ) (�A/, µ(E) > µ(F )), @o µ(ME) ≥ µ(MV,F ) (�A/, µ(ME) >
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µ(MV,F )).

y² 5¿� f(x) = −x
x−b � x > b �´î�4O¼ê. dÚn 6.2.1 =�(Ø. �

Ún 6.2.2 � E ´�kn� C þd�N�¡)¤�Ø¹²��Ú���þm, N ⊆
ME ´äk4��Ç�fm, K�3Ø¹²��Ú���þm F , ÷v µ(F ) ≤ µ+(E), §d
V ⊆ H0(C,F ) )¤, ¿k N = MV,F . ?�Ú, � µ(F ) = µ+(E) �, k F ⊆ E.

y² ��Ü� (6-5) �éó, ��÷��

H0(C,E)∨ ⊗O∨C −→M∨
E −→ 0.

ùÒp�÷� H0(C,E)∨ ⊗ O∨C → N∨. ·�� V ∨ = Im(H0(C,E)∨ → H0(C,N∨)). Ïd V ∨

)¤
 N∨. � F∨ = Ker(V ∨ ⊗O∨C → N∨).

déó���Ü����ã
0

��

0

��
0 // N //

��

V ⊗OC

��

// F

α

��

// 0

0 //ME
// H0(C,E)⊗OC // E // 0

XJ α ´"N�, K V ⊗OC ↪→ME , gñ!

� S = Im(α : F → E). ·�k�Ü����ã
0

��

0

��
0 // N //

��

V ⊗OC

��

// F

α

��

// 0

0 //MS
// H0(C,S)⊗OC // S //

��

0

0

d N ↪→MS ↪→ME , ·�k µ(N) ≥ µ(MS). 5¿�

µ(N) = −degF
rkN

, µ(MS) = −degS
rkMS

ùÒ��
degF ≤ degS · rkN

rkMS
≤ degS.

Ïd µ(F ) ≤ µ(S), �Ò¤á��=� F = S � N = MS . 5¿� S ⊆ E, ¤±ùÒk
µ(F ) ≤ µ+(E). �Ò¤á%¹X F ⊆ E. �

·K 6.2.5 � E ´º� b � C þd�N�¡)¤��þm, Kk

µ+(ME) ≤ max
{
−2,

−µ+(E)
µ+(E)− b

}
.

?�Ú, � µ+(E) < 2b �, �o µ+(ME) < −2, �o C ´�ý�, �o ΩC ↪→ E.
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y² Ø���5, ·��b� E Ø¹²��Ú�� C ´�kn� (SK 6.2). � N ⊆
ME ´äk4��Ç�½fm. ·��é��þm F ÷vÚn 6.2.2. Ï N = MV,F . Ø

�� µ(N) > −2. dÚn 6.2.1 (2), h1(C,F ) = 0. 2dÚn 6.2.1 (1), µ(N) ≤ −µ(F )
µ(F )−b . Ï�

µ(F ) ≤ µ+(E) (Ún 6.2.2), �� µ(N) ≤ −µ+(E)
µ+(E)−b . d��k 2b < µ+(E).

y3·�?Ø µ+(E) < 2b ��/. dþ¡?Ø��, µ(N) ≤ −2. ?�Úb� µ(N) = −2.
d�e h1(C,F ) = 0, KdÚn 6.2.1 (1) � −2 = µ(N) ≤ µ(F )

µ(F )−b , Ï 2b ≤ µ(F ) ≤ µ+(E), g
ñ! Ï h1(C,F ) 6= 0. dÚn 6.2.1 (2) ��, d��o C ´�ý�, �o F = ΩC (Ïkü�
ΩC → E). �

íØ 6.2.8 � E ´º� b � C þ��½�þm, µ(E) ≥ 2b, K ME ´�½�, ¿
�

µ(ME) =
−µ(E)
µ(E)− b

≥ −2. (6-6)

?�Ú, b� E ´½�, @oØ±e�/�	, ME �´½�: µ(E) = 2b ¿��o C

´�ý��o ΩC ↪→ E.

y² XJ C ´kn�, KdíØ 6.2.6 á�(Ø. 8� C ´�kn�.

d·K 6.2.3, E d�N�¡)¤¿� h1(C,E) = 0. �dÚn 6.2.1 � (6-6). 2A^·K
6.2.5§

µ+(ME) ≤ max
{
−2,

−µ+(E)
µ+(E)− b

}
=
−µ(E)
µ(E)− b

= µ(ME).

Ïd ME ´�½�.

y3b� E ´½�, � ME Ø´½�. u´�é½fm N , ÷v µ(N) = µ(ME). d
·K 6.2.5 �y², �3�þm F , ¦� MV,F = N , µ(F ) ≤ µ(E), �Ò¤á�%¹X F ( E �

N = ME . XJ h1(C,F ) = 0, @od

µ(ME) = µ(N) ≤ −µ(N)
µ(N)− b

≤ −µ(E)
µ(E)− b

= µ(ME)

ùÒ½¦ ME = N , Ï ME ½, �b�gñ! � h1(C,F ) 6= 0. dÚn 6.2.1, µ(ME) =
µ(N) ≤ −2, Ï µ(ME) = µ(N) = −2, = µ(E) = 2b. T�Ò¤á%¹X�o C ´�ý�; �

o F = ΩC , N = MΩC
. 3���/¥, du F = ΩC → E ´�"N�, Ï´ü�. �

íØ 6.2.9 � C ´�kn�, E ´ C þ��þm, k Harder-Narasimhan ÈL

0 = E0 ( E1 ( · · ·Em−1 ( Em = E.

b� µ−(E) ≥ 2b, K ME k Harder-Narasimhan ÈL

0 = ME0 ( ME1 ( · · · ( MEm
= ME ,

¿� µ−(ME) ≥ −µ−(E)
µ−(E)−b ≥ −2.

y² Ï� µ−(E) ≥ 2b, � µ(Ei+1/Ei) ≥ 2b. d·K 6.2.3, h1(C,Ei+1/Ei) = 0. ùÒí
Ñ h1(C,Ei) = 0 é?Û i ¤á. d·K 6.2.3, Ei Ú Ei+1/Ei d�N�¡)¤. ù�, ·�k�
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Ü���ã:
0

��

0

��

0

��
0 //MEi

//

��

H0(C,Ei)⊗OC

��

// Ei

α

��

// 0

0 //MEi+1

��

// H0(C,Ei+1)⊗OC

��

// Ei+1
//

��

0

0 //MEi+1/Ei
//

��

H0(C,Ei+1/Ei)⊗OC

��

// Ei+1/Ei //

��

0

0 0 0

Ï MEi+1/MEi
= MEi+1/Ei

. díØ 6.2.8 Ú Ei+1/Ei ��½5±9 µ(Ei+1/Ei) ≥ 2b, ·�
�� MEi+1/MEi

��½5. díØ 6.2.7, µ(MEi+1/MEi
) � i 4O. ùÒ�� ME � Harder-

Narasimhan ÈL. Ïd

µ−(ME) = µ(MEm
/MEm−1) =

−µ−(E)
µ−(E)− b

. �

½n 6.2.5 (í2� Mumford ½n [But94]) � E,F ´ º � b  � C þ � � þ m,
µ−(E) ≥ 2b, µ−(F ) > 2b, @o·�k÷��

τ : H0(C,E)⊗H0(C,F ) −→ H0(E ⊗ F ).

y² díØ 6.2.9, µ−(ME) ≥ −2. |^íØ 6.2.4 � µ−(ME ⊗ F ) > 2b− 2. Ïd2d·
K 6.2.3, h1(C,ME ⊗ F ) = 0. é�Ü�

0 −→ME −→ H0(C,E)⊗OC
α−→ E −→ 0 (6-7)

Üþ F ¿�ÓN, =�(Ø. �

~ 6.2.2 � C ´��ý��, E ´�Ç� µ(E) = 2b �½�þm, F = M∨
E ⊗ ΩC . d

� µ(F ) = 2b.

Ï�ME ⊗ F → ΩC ´÷��, � h1(C,ME ⊗ F ) 6= 0. 5¿� h1(C,F ) = 0, ¤±é�Ü�

(6-7) Üþ F ¿�ÓN, =�

τ : H0(C,E)⊗H0(C,F ) −→ H0(E ⊗ F )

Ø´÷�. �

6.3 �«qþ�A^

·�3ù�!?Ø�þ��þmE|XÛA^3�«qþ. �«qþ�þm�AÛ&E

�±ÏL���8(�.�þ, l�±k�/?Ø�5)¤��ÜÀ¯K. ù
ó�Ì��

ûu [But94].

±eXÃAO(², ·�� C ´1w�º� b �, E ´ C þ�� r �þm,

π̄ : X(:= P(E∨))→ C
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´Ù�Km, V,W ´ X þ��þm.

6.3.1 �¡¦{N��÷5

ù�!�y²Xe(Ø. §�±À�½n 6.2.5 �í2.

½n 6.3.1 ([But94], ½n 4.1) � B1, B2 � X þ'u π̄ ´ (−1)-�K��m. e V,W '

u π̄ ´ 0-�K, �÷v

µ−(π̄∗V ) + µ−(π̄∗B1) ≥ 2b, µ−(π̄∗W ) + µ−(π̄∗B2) > 2b,

@o

τ : H0(X,V ⊗B1)⊗H0(X,W ⊗B2) −→ H0(X,V ⊗W ⊗B1 ⊗B2) (6-8)

´÷��.

ïÄ�¡¦{N�÷5���g,�{´�Ä�Ü�

0 −→MV⊗B1 ⊗W ⊗B2 −→ H0(X,V ⊗B1)⊗W ⊗B2 −→ V ⊗B1 ⊗W ⊗B2 −→ 0.

�
y²N� (6-8) ´÷�, ·��I�y²

h1(X,MV⊗B1 ⊗W ⊗B2) = 0.

�Ö��Bå�, ·�-

F := MV⊗B1 ⊗W ⊗B2. (6-9)

XJ F 'u π̄ ´ 0-�K�, @od·K 3.2.5 (2), ��uy²

h1(X, π̄∗F) = 0.

2d·K 6.2.3, ��÷v µ−(π̄∗F) > 2b− 2 =�y²TÓN��.

�y² F 'u π̄ ´ 0-�K�, ·��I�y² MV⊗B1 'u π̄ ´ 1-�K�. |^·K 3.2.5
(5) ±9 V ⊗ B1 'u π̄ ´ (−1)-�K�^�, ·��I��y π̄∗(V ⊗ B1) d�N�¡)¤Òv


. 2|^·K 6.2.3 (3), ùq�±8(�y² µ(π̄∗(V ⊗B1)) > 2b− 1. ù�Ø�ª¢Sþ�
±l·K 3.2.5 (6) Ú·K^���, =

µ−(π̄∗(V ⊗B1)) ≥ µ−(π̄∗V ) + µ−(π̄∗B1) ≥ 2b.

Ïd½n 6.3.1 �ª8(�y²
µ−(π̄∗F) > 2b− 2.

�
�O µ−(π̄∗F) �e., ·�I��
O�ó�.

£�·K 3.2.5 (3) ¥��Ü�

0 −→ KV −→ π̄∗π̄∗V −→ V −→ 0. (6-10)

Ún 6.3.1 XJ V 'u π̄ ´ 0-�K�, @o

π̄∗(KV (1)) = π̄∗(KOX(1) ⊗ V ),

¿�§�Xe÷���Ø

π̄∗V ⊗ E −→ π̄∗(V (1)). (6-11)
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y² é�Ü� (6-10)(�A/, î.S� (1-9)) Üþ OX(1) (�A/, V ), ¿����, ·
���Ó��N� (6-11). Ï§�Ø´ π̄∗(KV (1)) = π̄∗(KOX1 ⊗ V ). |^ V ��K5��§

´÷� (·K 3.2.5). �

·�½Â

ν(V,W ) = min
i

{
µ−

(
Riπ̄∗(V (−i− 1)⊗

i+2∧
E)

)}
+ µ−(π̄∗W (−1)).

Ún 6.3.2 � V 'u π̄ ´ 0-�K, W 'u π̄ ´ (−1)-�K�, @o

µ−(π̄∗(KV ⊗W )) ≥ ν(V,W ).

y² Ï�KV ⊗W = KV (1)⊗W (−1), ¤±d�K5�^�!·K 3.2.5 9Ún 6.3.1 �

µ−(π̄∗KV ⊗W ) ≥ µ−(π̄∗KV (1)) + µ−(π̄∗W (−1)) = µ−(π̄∗(KOX(1) ⊗ V )) + µ−(π̄∗W (−1)).

(Ü·K 6.2.2, ·��Iy²

µ−(π̄∗(KOX(1) ⊗ V )) ≥ µ−
(
r−2⊕
i=0

(
Riπ̄∗(V (−i− 1))⊕

i+2∧
E

))
.

é Koszul E/
0 −→ ∧rπ̄∗E(−r + 1) −→ · · · −→ ∧2π̄∗E(−1)

−→ π̄∗E −→ OX(1) −→ 0

Üþ V , ¿�á�Ü�

0 −→ K ′
OX(1) ⊗ V −→ ∧

2π̄∗E ⊗ V (−1) −→ KOX(1) ⊗ V −→ 0.

é§�����

∧2E ⊗ π̄∗(V (−1)) −→ π̄∗(KOX(1) ⊗ V ) −→ R1π̄∗(K ′
OX(1) ⊗ V ) −→ 0.

d·K 6.2.2,

µ−(π̄∗(KOX(1) ⊗ V )) ≥ min
{
µ−
(
∧2E ⊗ π̄∗(V (−1))

)
, µ−(R1π̄∗(K ′

OX(1) ⊗ V ))
}
.

2lþ¡� Koszul E/J�á�Ü�

0 −→ K ′′
OX(1) ⊗ V −→ ∧

3π̄∗E ⊗ V (−2) −→ K ′
OX(1) ⊗ V −→ 0.

aqþ¡�?Ø, ·�k

µ−(R1π̄∗(K ′
OX(1) ⊗ V )) ≥ min

{
µ−
(
∧3E ⊗R1π̄∗(V (−2))

)
, µ−(R2π̄∗(K ′′

OX(1) ⊗ V ))
}
.

±daí, =�(Ø. �

Ún 6.3.3 � V 'u π̄ ´ 0-�K¿� π̄∗V d�N�¡)¤, W 'u π̄ ´ (−1)-�K�,
@o

µ−(π̄∗KV ⊗W ) ≥ min{µ−(Mπ̄∗V ) + µ−(π̄∗W ), ν(V,W )}.
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y² d�/Ún���Ü���ã
0

��
0

��

KV ⊗W

��
0 // π̄∗(Mπ̄∗V )⊗W

��

// H0(X, π̄∗π̄∗V )⊗W // π̄∗π̄∗V ⊗W

��

// 0

0 //MV ⊗W

��

// H0(X,V )⊗W // V ⊗W

��

// 0

KV ⊗W

��

0

0

é����Ü������

0 −→Mπ̄∗V ⊗ π̄∗W −→ π̄∗(MV ⊗W ) −→ π̄∗(KV ⊗W ) −→ 0.

d·K 6.2.2 9 Ún 6.3.3, ·���

µ−(π̄∗(MV ⊗W )) ≥ min{µ−(Mπ̄∗V ⊗ π̄∗W ), µ−(π̄∗(KV ⊗W ))}

≥ min{µ−(Mπ̄∗V ) + µ−(π̄∗W ), µ−(π̄∗(KV ⊗W ))}

≥ min{µ−(Mπ̄∗V ) + µ−(π̄∗W ), ν(V,W )}.

ùÒ�¤
y². �

Ún 6.3.4 � B1, B2 � X þ'u π̄ ´ (−1)-�K��m. e V,W 'u π̄ ´ 0-�K, @o

ν(V ⊗B1,W ⊗B2) ≥ µ−(π̄∗V ) + µ−(π̄∗B1) + µ−(π̄∗W ) + µ−(π̄∗B2).

y² Ï� V ⊗B1,W ⊗B2 ´ (−1)-�K�, ¤±§��pg���Ñ�". Ï

ν(V ⊗B1,W ⊗B2) = µ−(π̄∗(V ⊗B1(−1))⊗ ∧2E) + µ−(π̄∗(W ⊗B2(−1))).

|^SK 6.4!·K 3.2.5 (6) 9íØ 6.2.4 (3), =�Ø�ª (3�Öö�y). �

½½½nnn 6.3.1 ���yyy²²². dc¡?Ø, ®� π̄∗(V ⊗B1) d�N�¡)¤� µ−(π̄∗(V ⊗B1)) ≥ 2b.
díØ 6.2.9, µ−(Mπ̄∗(V⊗B1)) ≥ −2. aq/, µ−(π̄∗W ⊗B2) > 2b.

dÚn 6.3.3,

µ−(F) ≥ min{µ−(Mπ̄∗(V⊗B1)) + µ−(π̄∗W ⊗B2), ν(V ⊗B1,W ⊗B2)},

ùp F ½Â�ª (6-9).

du
µ−(Mπ̄∗(V⊗B1)) + µ−(π̄∗W ⊗B2) > −2 + 2b,

±9 (Ún 6.3.4)

ν(V ⊗B1,W ⊗B2) ≥ µ−(π̄∗V ) + µ−(π̄∗B1) + µ−(π̄∗W ) + µ−(π̄∗B2) > 4b,

- 110 -



18Ù �þ��þm

��
µ−(F) > 2b− 2.

dc¡�?Ø, =�(Ø. �

6.3.2 �«qþ�ÜÀ¯K

½n 6.3.2 ([But94], ½n 5.1 A) � B ´ X = P(E∨) þ'u π̄ � (−1)-�K�m, �÷v
µ−(π̄∗B) > 2b, @o B ´�5)¤�.

y² - F = π̄∗B. Ï� µ−(F ) > 2b, �d·K 6.2.3, OP(F )(1) ´�~´L�. di\N
� X ↪→ P(F ) (ë�·K 6.2.4 �y²) 9 B = OP(F )(1)|X , B ´�~´L�.

�y�5)¤5, ·��Iy²

H0(X,B)⊗2 → H0(X,B⊗2)

´÷�. d�, ·�3½n 6.3.1 ¥� V = W = OX , B1 = B2 = B. §�÷v½n 6.3.1 �^�,
dd�þã��´÷�. �

íØ 6.3.1 � H1, · · · ,Hm ´´LØf (m ≥ 2r + 1), K D = KX +H1 + · · · +Hm ´�
5)¤�. AO/, é?Û´LØf H, B = KX +mH ´�5)¤�.

y² díØ 6.2.5, D 'u π̄ ´ (−r − 1)-�K � µ−(φ∗D) > 2b. Ïdd½n 6.3.2, D ´
�5)¤�. �

½n 6.3.3 ([But94], ½n 5.1 B) �½��ê p, � B ´ X þ'u π̄ � (−p − 1)-�K�

m, �÷v µ−(π̄∗B) ≥ 2b+ 2p, @o B ÷v Np 5�.

y² é p �8B{. Ø�b� Np−1 5�¤á. ·�I�y²

h1(X,B⊗n ⊗
p+1∧

MB) = 0, ∀n ≥ 1.

Ï� ∧p+1MB ´ T p+1MB ��Ú�, ¤±·��I�y²

h1(X,T p+1MB ⊗B⊗n) = 0.

8yþªé n = 1 ¤á. Ù{�/aq�y. � U = T p+1MB ⊗ B. d·K 3.2.5 (6) 9·
K 6.2.3, MB 'u π̄ ´ 1-�K�; ,��¡, B 'u π̄ ´ (−p − 1)-�K, Ïd U 'u π̄ ´ 0-�
K (·K 3.2.5 (1)). 2g|^·K 3.2.5 (2), ·��I�y² h1(C, φ∗U) = 0 =�. ?�Úd·
K 6.2.3, �ª�8(�y² µ−(φ∗U) > 2b− 2.

·�ò U ��
U = T p+1(MB(1))⊗B(−p− 1).

5¿�, MB(1) Ú B(−p− 1) Ñ´'u π̄ � 0-�Km, �d·K 3.2.5 (4), ·�k

µ−(π̄∗U) ≥ (p+ 1)µ−(φ∗MB(1)) + µ−(φ∗B(−p− 1))
= (p+ 1)(µ−(φ∗MB(1))− µ−(E)) + µ−(φ∗B).

(6-12)

(���ª5guSK 6.4.)
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3½n 6.3.1 ¥� V = W = OP , B1 = B, B2 = OP (1), ¿(ÜÚn 6.3.3, Ún 6.3.4 ±9

µ−(Mφ∗B) ≥ −2 (íØ 6.2.8), �� µ−(φ∗MB(1)) > −2 + µ−(E). ò��\ª (6-12), ¿db�
^� µ−(φ∗B) ≥ 2b+ 2p =� µ−(φ∗U) > 2b− 2. �

íØ 6.3.2 �½��ê p, � H1, · · · ,Hm ´´LØf (m ≥ 2r+2rp), K D = KX +H1 +
· · ·+Hm ÷v Np 5�. AO/, é?Û´LØf H, D = KX +mH ÷v Np 5�.

6.4 �º��þ��þm

6.4.1 P1 þ��þm

ù�!òy²Xe²;(Ø.

½n 6.4.1 (Grothendieck ©�5½n [Gro56]) � E ´�K�� X = P1 þ�� r �X

�þm, K E �±��©�¤�
�m��Ú. �ó�,

O(E) ∼= OP1(a1)⊕ · · · ⊕ OP1(ar),

ùp a1 ≥ a2 ≥ · · · ≥ ar ´�ê.

y² ·�é� r �8B{. r = 1 ´(Øw,,. b�T(Ø®é� < r ��þm¤á.
8?Ø�� r ��þm E.

Äk, ·�é����ê k0, ¦�

h0(P1,OP1(E)⊗OP1(k0)) 6= 0, h0(P1,OP1(E)⊗OP1(k)) = 0,∀k < k0.

��"�¡ s ∈ H0(P1,OP1(E)⊗OP1(k0)). ·��y² s vk":. eØ,, �3 p ∈ P1, ¦�

s ∈ H0(P1,Ip(k0)⊗OP1(E)) = H0(P1,OP1(E)⊗OP1(k0 − 1)),

gñ! � sÃ":. ù�, ·�Ò��ÛÜgd��Ü�

0 −→ OP1
s−→ OP1(E)⊗OP1(k0) −→ OP1(F ) −→ 0. (6-13)

d8Bb�,
OP1(F ) = OP1(b1)⊕ · · · ⊕ OP1(br−1).

3�Ü� (6-13) þÜþ OP1(−1), ¿�þÓN, ��

0 = h0(P1,OP1(E)⊗OP1(k0 − 1)) =
r−1∑
i=1

h0(P1,OP1(bi − 1)).

ùÒíÑÃ bi ≤ 0.

ù�, ·�k

Ext1P1(OP1(F ),OP1) = H1(P1,OP1(F )∨) = ⊕r−1
i=1H

1(P1,OP1(−bi)) = 0.

ù¿�X, �Ü�(6-13) ´©��, l

E = OP1(−k0)⊕⊕r−1
i=1OP1(bi − k0).

ùÒy²
�35.
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e¡y©����5. �kü«ØÓ�©�:

OP1(a1)⊕ · · · ⊕ OP1(ar) ∼= OP1(a′1)⊕ · · · ⊕ OP1(a′r),

ùp a1 ≥ · · · ≥ ar � a′1 ≥ · · · ≥ a′r. é���eI j, ¦� ai = a′i (i < j), aj 6= a′j . Ø��
aj > a′j . ·�k

OP1(a1 − aj)⊕ · · · ⊕ OP1(ar − aj) ∼= OP1(a′1 − aj)⊕ · · · ⊕ OP1(a′r − aj).

O�þªü>��N�¡�ê, ��
j−1∑
i=1

h0(OP1(ai − aj)) + 1 =
j−1∑
i=1

h0(OP1(a′i − aj)).

5¿ ai = a′i (i < j), �þªØ�U¤á, gñ! ùÒy²
©����5. �

6.4.2 ý��þ��þm

� X ´1wý��. ·��1��Ì�(Ø´©a X þ�� 2 �þm. ù�(J5gu
[Ati57]. �Øy�B, k�ÑXeÚn.

Ún 6.4.1 E ´ X þØ©��� 2 �þm, � degE = 0. XJ�3�m L 9�"N�

L→ E, � degL ≥ 0, @o�3gê�"��m L′, ¦� E ⊗ L′ 5g�©�*Ü

0 −→ OX −→ E ⊗ L′ −→ OX −→ 0.

?�Ú, e H0(X,L) > 0, Kþã L′ ���²��m.

y² é4�f�m L1 ©)ù�N� L→ E. ù�·����Ü�

0 −→ L1 −→ E −→ L2 −→ 0,

� degL1 = −degL2 ≥ 0. du E Ø©�, ¤±þã�Ü�Ø©�, �Jø
 Ext(L2, L1) ��
"�. d Serre ½n,

Ext1(L2, L1) ∼= H1(X,L1 ⊗ L∨2 ) = H0(X,L∨1 ⊗ L2)∨ 6= 0.

Ïd 0 ≤ deg(L∨1 ⊗ L2) = −2 degL1. ùÒ½¦ degL1 = degL2 = 0, L∨1 ⊗ L2
∼= OX (=

L1
∼= L2). ù�, E ⊗ L1

−1 5gu�©�*Ü

0 −→ OX −→ E ⊗ L1
−1 −→ OX −→ 0.

d� Ext1(L2, L1) =k���"�)¤. ÏdT*Ü3fÓ�¿Âe��.

b� H0(X,L) > 0, @o H0(L1) > 0. Ï degL1 = 0, � L1 ´²��m. �

½n 6.4.2 (Atiya ©a½n) � X ´1wý��, E ´ X þ�� 2 �þm. b� E Ø
U©�¤�m�Ú, @o E 7´±e�/��:

(1) E = E′ ⊗ L, ùp L ´�m, E′ 5gu�©�*Ü

0 −→ OX −→ E′ −→ OX −→ 0.

(2) E = Fq ⊗ L, ùp L ´�m, q ∈ X, Fq 5gu�©�*Ü

0 −→ OX −→ Fq −→ OX(q) −→ 0.
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þ¡�*Ü3fÓ�¿ÂeÑ´���.

y² 5¿�, é?Û�m L, degE ⊗ L∨ − degE = 2 degL, Ïd��Ü·��m L ¦�
degE ⊗ L∨ = 0, 1. ±e·�Ø�b� deg detE = 0, 1. ©ü«�/?Ø.

�/ 1: b� degE = 0.

Äk�Ä h0(E) > 0 ��/. d� OX ↪→ E. dÚn 6.4.1 =�(Ø.

Ùg�Ä h0(E) = 0 ��/. � p ∈ C, E′ = E ⊗OX(p). d Riemann-Roch ½n, h0(E′) ≥
2. Ïd�� H0(E′) ¥�ü��¡, §�p��"N� ϕ : OX ⊕ OX → E′. XJ Imϕ ´�m,
@o·��±�E4�f�m L0 ⊆ E′ ¦� H0(L) ≥ 2, Ï degL0 ≥ 2. ù�, ·�k4�f
�m L1 = L0(−p) ⊆ E, degL1 ≥ 1. �dÚn 6.4.1, ùò½¦ degL1 = 0, gñ! Ïd Imϕ ´�

¹N�.

Ï� degOX ⊕ OX = 0, degE′ = 2, ¤± detϕ Ø�U??�òz, =�3�: x ∈ X,
¦� detϕx = 0. ù�`² ϕx ´òz�, =�3 v ∈ (OX ⊕ OX)x ¦� ϕx(v) = 0. du
(OX ⊕ OX)x ∼= H0(OX ⊕ OX) (=²�m), ¤±�é s ∈ H0(OX ⊕ OX), ¦� s(x) = v. Ï
ϕ(s) 3 x ?�". dd�±�E E �4�f�m OX(D) ⊆ E′, ¦� D ´�¹ x �k�Øf.
Ï OX(D − p) ´ E �4�f�m, � deg(D − p) ≥ 0. A^Ún 6.4.1 =� E ÷va. (1).

�/ 2: b� degE = 1.

d Riemann-Roch ½níÑ h0(E), Ïd�3�¹N� OX ↪→ E. ù�, ·�Ué���4

�f�m L1 ⊆ E 5©)ù��¹N�. �Ä§p���Ü�

0 −→ L1 −→ E −→ L2 −→ 0.

·�kdegL2 = 1− degL1. duþã*Ü�©�, ¤±

Ext1(L2, L1) = H0(L2 ⊗ L∨1 )∨ 6= 0.

ùL² degL2 ⊗ L∨1 ≥ 0, = degL1 ≤ 0, � degL1 = 0, l L1
∼= OX . Ïd OX → E �Ñ��

¡??�", p��Ü�

0 −→ OX −→ E −→ OX(q) −→ 0,

ùp q ∈ X. d� Ext1(OX(q),OX) =k���"�)¤. ÏdT*Ü3fÓ�¿Âe��. �

íØ 6.4.1 � E ´� 2 �þm. @o

(1) e E ©�, K E �½�¿©7�� OX(E) = OX(L1)⊕OX(L2), Ù¥ degL1 = degL2.
d	, §Ø�U½.

(2) e E ÷v½n 6.4.2 ��/ (1), K E ´î��½�.

(3) e E ÷v½n 6.4.2 ��/ (2), K E ´½�.

y² ·��I�y² E ÷v½n 6.4.2 ��/ (2) �´½�=�. Ù{(ØÑ�±l

·K 1.2.13 ���Ñ.

Ø�� E = Fp, L ´ E �4�f�m. d� µ(Fp) = 1
2 . XJp�N� L → OX(p) ´"N

�, @o OX(L) ⊆ OX , Ï degL ≤ 0 < µ(Fp).
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XJ L→ OX(p) ´�"N�, @o degL ≤ degOX(p) = 1. bX degL = 1, K

Ext(E/L,L) = H1(X,L⊗ (Fp/L)∨) = H0(X, (Fp/L)⊗ L∨) = 0.

���ª5gu deg(Fp/L) ⊗ L∨ = −1. ùÒ¿�X Fp ©�, gñ! Ïd degL ≤ 0, l
degL < µ(Fp).

nþ, µ(L) < µ(Fp). ùÒy²
 Fp ´½�. �

�ÙSK

SK 6.1 � C ´ º � b 1 w � � ý �  �, MΩC
´ � © � ΩC � Ø m, y ²:

h1(C,MΩC
(ΩC)) = h0(C,M∨

ΩC
) = b. (J«: |^ìA½n, =3��ý�� C þ�¡�

¦{N� H0(C,ΩC)⊗2 → H0(C,Ω⊗2
C ) ´÷�.)

SK 6.2 � C ´º� b 1w�, E ´ C þ�þm, F ´ E ��Ú�. y²:
(1) µ+(E) = max{µ+(F ), µ+(E/F )}.
(2) � E = F ⊕ O`C d�N�¡)¤, F Ø¹²��Ú�, @o µ+(E) = µ+(F ), �Øm

ME = MF .

SK 6.3 � prop+(E) = supS{µ(S)|S ( E}. y²:

prop+(ME) ≤ max
{
−2,

−prop+(E)
prop+(E)− b

}
.

SK 6.4 � E ´� C þ�� r �þm, π̄ : X(:= P(E∨)) → C ´�Km, B � X þ'

u π̄ ´ (−1)-�K��m, y²:

µ−(E) + µ−(π̄∗B(−1)) = µ−(π̄∗B).

(J«: |^ π̄∗B = SkE ⊗ L.)

- 115 -



1ÔÙ ¡þ��þm

1ÔÙ ¡þ��þm

3¡þ, ·�Ì�'%�m9� 2 �þm�5�.

7.1 ½5�4�f�m

� E ´¡ X þ�� 2 �þm. H ´�~´LØf. ·�½Â�Ç µH(E) = c1(E)H

rkE . k�
��Bå�, 3Ø�uÚå· ��/e, ·�{P� µ(E).

Ún 7.1.1 XJ E kü�4�f�m L1, L2, @o�3k�Øf D ÷v D ≡ c1(E) −
L1 − L2. ?�Ú, D = 0 ��=� E ≡ L1 ⊕ L2.

y² Ø���5, ·�Ø�b� OX(L1) = OX . �Ä�Ü�

0
α1 // OX // E

β1 // I∆1(c1(E)) // 0

0 // OX(L2)
α2 // E

β2 // I∆2(c1(E)− L2) // 0

XJ β2α1 ´"N�, @o OX ⊆ L2, �4�5gñ! � β2α1 �", ù�, XeEÜN���
�m��"Ó�´ü�,

OX
β2α1−→ I∆2(c1(E)− L2) ↪→ OX(L2).

ù�`² β2α1 ´üÓ�, Ï�3 D ∈ H0(X, I∆2(c1(E)−L2)). l D ≡ c1(E)−L2 � D Ï
L ∆2.

e D = 0, @o ∆2 = ∅. d β2α1 �ü�59·K 1.2.14, �� β2α1 ´Ó� (=ê¦N�).
·�N� β2, ·�Òk©��Ü�

0 // L2
// E

β2

// OX //
α1oo 0

Ïd E = OX ⊕ L2. �

íØ 7.1.1 XJ E Ø´�½�, @o�3���4�f�m OX(D) ⊆ E, ¦� µ(D) >
µ(E). äNó�, e E �f�m L ÷v µ(L) ≥ µ(E), K L ⊆ OX(D), � µ(L) ≤ µ(D), �Ò¤
á��=� L = OX(D).

y² OX(D) ��355gu½Â. be�3,�4�f�m OX(D′), ÷v µ(D′) ≥
µ(E). dÚn 7.1.1, degD + degD′ ≤ degE, = µ(D) + µ(D′) ≤ 2µ(E). �d·K^�,
µ(D) + µ(D′) > 2µ(E), gñ! ùL²Ø
 OX(D)	, Ù{4�f�m��Ç7½î��u
µ(E). AO/, ù�y²
 OX(D) ´��÷v·K^��4�f�m.

� L′ ⊆ E ´�¹ L �4�f�m, K µ(L′) ≥ µ(L) ≥ µ(E). dþ¡?Ø, ùÒ½¦
L′ = OX(D). �
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íØ 7.1.2 XJ E ´�½��Ø´½�, @o8Ü

Σ := {L ⊆ E| L ´ E �4�f�m� µ(L) = µ(E)}

��, ¿� E 7½÷v±e^���:

(1) |Σ| = 1, =�3���4�f�m OX(D) ⊆ E ÷v µ(D) = µ(E). äNó�, Ø

OX(D) �	, E �Ù{f�m��ÇÑî��u µ(E).

(2) |Σ| = 2, ==�3ü�ØÓ�4�f�m OX(D),OX(D′), ÷v µ(D) = µ(D′) = µ(E).
d�7k E = OX(D)⊕OX(D′).

(3) |Σ| =∞, =�3Ã¡õ�4�f�mÑk�Ç µ(E). d� V = OX(D)⊕OX(D), §��

Ç� µ(E) �f�m��éAu H0(X,E(−D)) ¥��� (ùp�ÓN��²¡w).

�L5, e���þm E k4�f�m OX(D) ÷v µ(D) = µ(E), @o E ´�½� (�
w,Ø´½�). d��oØ OX(D) ±	�f�m�Çþî��u µ(E), �o OX(D) ´ E

��Ú�.

y² d½Â, �é4�f�m OX(D), ¦� µ(D) = µ(E). Ï Σ ��.

XJ OX(D) ´��÷v µ(D) = µ(E). @oaqíØ 7.1.1 �y², ��Ød�	�
Ù{f�m�Çþî��u µ(E). XJ�3ü�ØÓ�4�f�m OX(D),OX(D′), ÷v
µ(D) = µ(D′) = µ(E). @odÚn 7.1.1, E = OX(D) ⊕OX(D′). ±e·�b� |Σ| > 2. d�
k1n�4�f�m OX(D′′), ÷v µ(D′′) = µ(E). dÚn 7.1.1,

c1(E) ≡ D +D′ ≡ D +D′′ ≡ D′ +D′′.

ùÒ½¦ D ≡ D′ ≡ D′′ ±9 E ∼= OX(D)⊕OX(D).

y3·�y²·K���Ü©. �Ä�Ü�

0 −→ OX(D) −→ E −→ I∆(D′) −→ 0.

du µ(D) = µ(E), ¤± µ(D′) = µ(E). d·K 1.2.13 =� E ´�½�. Ù{(ØÑ5g±

þ?Ø. �

��¡?Ø�B, ·����
PÒ�Vg. ·�½Â,N� (Trace map)

TrE : Hom(E,E) −→ OX .

§�ØP� adE. d�êO�úª� c2(adE) = 4c2(E)− c21(E). ·�½Â

p1(adE) := −c2(adE) = c21(E)− 4c2(E).

d	, ½Â

w2(E) ∈ Num(X)/2Num(X)

� c1(E) 3 X �ê��d+ Num(X) � mod 2 ¥�a. E Üþ?Û�m, ÑØUC w2 Ú p1 �
�.
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½Â 7.1.1 � w ∈ Num(X)/2Num(X), p ´K�ê, ξ ∈ Num(X), NA(X) ´´LI.
XJ ξ = w (mod 2) � p ≤ ξ2 < 0, ·�Ò¡ ξ ´ (w, p) .a (Class). ξ � (w, p) .p (Wall) ½

Â�

W ξ := ξ⊥ ∩NA(X) = {H ∈ NA(X)| Hξ = 0}.

NA(X)−W ξ �ëÏ©|¡� (w, p) .n (Chamber).

� H1,H2 ´ü�´LØf. ·�'%���¯K´: ´Ä�3� 2 �þm, §´ H1-(�)
½�Ø´ H2-(�)½? � w = w2(E), p = p1(adE). e¡·�ò^ (w, p) .a��ó5?Ø

ù�¯K.

·K 7.1.1 � E ´¡ X þ��þm, H1,H2 ´ü�´LØf. XJ E ´ H1-½�Ø
´ H2-½, @o�34�f�m OX(D) ⊆ E, ¦� ξ = 2D − c1(E) ´ (w, p) .a�÷v

H1ξ < 0 ≤ H2ξ.

÷vþã^��f�m´���, ¿��3¢ê t ∈ [0, 1], ¦� E ´ Ht-�½�Ø´ Ht-½,
ùp Ht := tH1 + (1− t)H2.

y² du E Ø´ H2-½, ¤±�34�f�m OX(D) ⊆ E, ¦� ξ = 2D − c1(E) ÷

v H2ξ ≥ 0. qÏ� E ´ H1-½, ¤± H1ξ < 0. Ïd�3¢ê t ∈ [0, 1], ¦� Htξ = 0 ¿� ξ

Ø´ê��du 0, �d Hodge �I½níÑ ξ2 < 0. �Ä�Ü�

0 −→ OX(D) −→ E −→ I∆(detE −D) −→ 0.

d�êO� (�SK 1.13),

c2(E) = deg ∆ +D(c1(E)−D) ≥ D(c1(E)−D).

Ïd

ξ2 = 4D(D − c1(E)) + c21(E) ≥ p.

y3·�5y²f�m���5. bX E Ø´ H2-�½, @odíØ 7.1.1, OX(D) ´�
��4�Ø½fm. bX E ´ H2-�½�Ø´ H2-½, @odíØ 7.1.2, �o OX(D) ´
���4�Ø½fm, �o OX(D) ´ E ��Úf�. �´ E ´ H1-½�, ¤±���/Ø

�UÑy. Ï OX(D) ´���.

��, ·�� Ht Óþ, ¦� ξHt = 0. ù�, µHt
(D) = µHt

(detE −D). d·K 1.2.13, E ´
Ht-�½�. �

·K 7.1.2 � E ´¡ X þ��þm, H1,H2 ´ü�´LØf, OX(D) ´ E �4�f
�m (�Ø´ E ��Ú�), ξ = 2D − detE ÷v ξH1 < 0 < ξH2. � w = w2(E), p = p1(E). X

J W ξ ´��©� H1,H2 � (w, p) .p, @o E 7½´ H1-�½�Ø´ H2-�½.

y² Äk, 0 < ξH2 ®L² E Ø´ H2-�½�. 8b� E Ø´ H1-�½�. @o�

34�f�m OX(D′), ¦� H1(2D′ − detE) > 0. P η = 2D′ − detE. w, OX(D′) Ø�U´
OX(D) �f�. ÏddíØ 7.1.1, H2η < 0(< H1η). Ïd W η �´©� H1,H2 � (w, p) .p.
d·K^�, W η = W ξ, = ξ, η ����~ê� (SK 7.1). � H ∈ W ξ, u´ E ´0H-�½�
(·K 1.2.13). qdíØ 7.1.2 ±9 OX(D) 6∼= OX(D′), �� E = OX(D)⊕OX(D′), �·K^�

gñ! � E Ø´ H1-�½�. �
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7.2 Bogomolov Ø�ª9ÙA^

7.2.1 Bogomolov Ø�ª

½n 7.2.1 (Bogomolov-Gieseker Ø�ª) � E ´1w�K¡ X þ�� r �þm, H ´

X þ�´LØf. XJ E ´ H-�½�, @o

(r − 1)c21(E) ≤ 2rc2(E).

y² � Enorm Ó·K 2.4.1. d Riemann-Roch ½n,

χ(X,SrnEnorm) =
(rn)r+1

(r + 1)!

(
r − 1
2r

c21(E)− c2(E)
)

+O(nr).

,��¡, d·K 2.4.1,

h0(X,SrnEnorm) = O(nr−1), h2(X,SrnEnorm) = h0(X,SrnE∨
norm ⊗ ωX) = O(nr−1).

ùÒ��(Ø. �

é� 2 �þm E, Bogomolov Ø�ª��u`, E ��½5%¹X p1(adE) ≤ 0.

íØ 7.2.1 � E ´1w�K¡ X þ�� 2 �þm. XJ c21(E) > 4c2(E), K�3�m

L, ¦�

(1) é?Û nef Øf A, k

(2L− c1)A ≥
√
A2 ·

√
c21 − 4c2.

(2) (2L− c1)2 ≥ c21 − 4c2.

y² - B = 2L − c1. �½´LØf H0. d Bogomolov Ø�ª, E Ø´�½�, ¤±

�34��m L, ¦�

LH0 = µH0(L) > µH0(E) =
c1(E)H0

2
,

= BH0 > 0.

�Ä�Ü�

0 −→ L −→ E −→ I∆(c1(E)− L) −→ 0.

ùp I∆ ´n��, ∆ ´ H0(E(−L)) ¥,�¡�":8. dSK 1.13,

c2(E) = L(c1 − L) + deg ∆.

Ïd

B2 = (c21 − 4c2) + 4 deg ∆ ≥ c21 − 4c2 > 0.

·�5`², é¿©��ê m, |mB|¹k�Øf. Äk, Ï� BH0 > 0, ¤± h2(X,mB) =
h0(X,KX −mB) = 0. Ïd

h0(X,mB) ≥ χ(mB) =
B2

2
m2 +O(m)� 0.

- 119 -



1ÔÙ ¡þ��þm

ù�, é?Û nef Øf A, AB ≥ 0. d Hodge �I½n

(AB)2 ≥ A2B2 ≥ A2(c21 − 4c2)2.

ùÒ��¤I�(Ø. �

Bogomolov Ø�ª�����A^, ´y²¡þ� Mumford ��½n.

·K 7.2.1 (Mumford ��½n) � A ´1w�K¡ X þ� nef, big Øf, K

H1(X,A−1) = 0.

y² XJ H1(X,A−1) 6= 0, ¤±�3Ø©��� 2 �þm÷vXe�Ü�

0 −→ OX −→ E −→ OX(A) −→ 0.

d� c1(E) = A, c2(E) = 0, OX ´ E �4�f�m. Ïd c21 > 4c2. ù�, ·��±é� E �4

�Ø½f�l L, ÷víØ 7.2.1 �^�. ùÒk

L2 ≥ LA ≥ A2 > 0

,��¡, dÚn 7.1.1, �3k�Øf D ÷v D ≡ c1(E)− L. Ïd

DA = (A− L)A = A2 − LA ≥ 0.

(Üþ¡�Ø�ª, =íÑ D2 ≥ DA = 0. d Hodge �I½n 9 D ≥ 0, ùÒ½¦ D = 0. Ïd

E = OX ⊕OX(L) (Ún 7.1.1), gñ! �

7.2.2 ��½n

±e� E ´1w�K¡ X þ�� 2 �þm, H ´´LØf. - p(E) = c21(E)− 4c2(E).

·K 7.2.2 XJ E ´ H-½�, @o� k ≥ −p(E) �, é?Û1w� C ∈ |kH|, E|C
Ñ´�½�.

y² b � E|C Ø ´ �½ �, K � 3 E|C � û � m L, ¦ � 2 degL < degE|C =
kc1(E)H. � j : C → X ´�¹N�, ·�p��Ü�

0 −→ F −→ E −→ j∗L −→ 0.

F ´ E �Ð�?�. d·K 4.2.1,

p(F ) = p(E) + 2kHc1(E) + k2H2 − 4 degL ≥ p(E) + 2 + k2H2 > p(E) + p(E)2 ≥ 0.

Ïd F Ø´�½�. � M ´ F �4�Ø½f�m, ÷víØ 7.2.1 �Ã^�. M ��±w
¤ E ¥�f�m, Ïd E �½5�� 2MH < c1(E)H.

- m = (c1(E)− 2M)H. dþ¡?Ø, ·�k±eÃØ�ª

(1) 0 < m < kH2 (5g M �À�±9 E �½5).

(2) (2M − c1(E))2 ≤ m2

H2 (Hodge �I½n).

(3) (2M − c1(F ))2 ≥ p(F ) (íØ 7.2.1).
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Ïd

p+ k2H2 < p(F ) ≤ (2M − c1(F ))2 ≤ m2

H2
− 2km+ k2H2.

ùÒíÑ
2k <

m

H2
− p(E)

m
≤ k +

k

m
≤ 2k,

gñ! � E|C ´�½�. �

7.2.3 Serrano Ø�ª

� C ´1w�K¡ X þ�Q�Ø���, φ : C → P1 ´ d gCX, ÷v C2 > 4d. �
j : C ↪→ X ´�¹N�. -

A = φ∗OP1(1), V = φ∗H0(P1,OP1(1)).

�Ä V ⊗OX → j∗A p��Ð�?� F , =Xe�Ü�

0 −→ F −→ V ⊗OX −→ j∗A −→ 0.

d·K 4.2.1,
c1(F) = −C, c2(F) = d.

d� c21(F) > 4c2(F), Ïd Bogomolov Ø�ª, F Ø´�½�, ¿��34�f�m

OX(−D) ⊆ F , ÷v
(1) (C − 2D)A ≥

√
A2 ·
√
C2 − 4d, é?Û nef Øf A ¤á. AO/,

(C − 2D)C ≥
√
C2 ·

√
C2 − 4d > 0. (7-1)

(2)

(C − 2D)2 ≥ C2 − 4d > 0. (7-2)

?�Ú, Ï� O(−D) ´ F �f�m, F i\� V ⊗OX ¥, ¤±küÓ� OX(−D) ↪→ V ⊗OX ,
=küÓ� OX ↪→ V ⊗OX(D). ùL² H0(X,D) 6= 0. Ïd·��±� D�k�Øf.

Ún 7.2.1 3þãb�^��PÒe, ·�k
(1) OX(−D) �´ V ⊗OX �4�f�m.
(2) XJ D 6= 0, @o 0 ≤ D2 < CD −D2 ≤ d.
(3) b� D2 6= 0. XJ CD > d, K

(d+ 1)2 ≥ (CD)2

CD − d
≥ (D2 + d)2

D2
≥ C2 > 4d.

XJ CD ≤ d, K 4d < C2 ≤ (CD)2 ≤ d2.

y² b� OX(−D) Ø´ V ⊗OX = O2
X �4�f�m. d~ 4.2.1, OX(C −D) ⊆ O⊕2

X .
Ï D − C ≥ 0, �k DC ≥ C2 > 0. ùÒ�Ø�ª (7-1) gñ! ù�, ·�k�Ü�

0 −→ OX(−D) −→ V ⊗OX −→ OX(D)⊗IZ −→ 0,

ùp Z ´"�fV., D2 = degZ ≥ 0.

ª (7-2) ��u D2 + d ≥ CD. ü>²�TØ�ª, ¿^ Hodge �I½n, ��

(D2 + d)2 ≥ D2C2.

- 121 -



1ÔÙ ¡þ��þm

Ï� C2 > 2DC (Ø�ª (7-1)), ¤±d Hodge �I½n�

DC ≥ 2(DC)2

C2
≥ 2D2. (7-3)

w�, XJ DC > 0, @o·�kî�Ø�ª DC > 2D2. XJ DC = 0, @od Hodge �I½n
�� D = 0.

XJ DC ≤ d, Ù{ÃªÑ´w,�. ±eb� DC > d. dª (7-1),

C2 − 2DC > C2 − 4d,

= 2d > DC. 2dª (7-3), D2 < d. d¼ê x2

x−d �4~5 (d < x < 2d) ±9þ¡?Ø, ·�k
(CD)2

CD − d
≥ (D2 + d)2

D2
≥ C2 > 4d.

ùÒ�¤
y². �

dÚn 7.2.1 á�

íØ 7.2.2 3c¡�b��PÒe, e C2 > (d+ 1)2, K D2 = 0, lk�Ü�

0 −→ OX(−D) −→ V ⊗OX −→ OX(D) −→ 0.

½n 7.2.2 ([Ser87]) � C ´1w¡ X þ�1wØ���, φ : C → P1 ´ d gCX,
÷v C2 ≥ (d+ 1)2, K±e�/��¤á:
(1) φ �±òÿ���n�z φ̄ : X → P1.
(2) d ≥ 2, C2 = (d+ 1)2, D2 = 1, DC = d+ 1, φ∗OP1(1) ⊆ OC(D).
(3) d = 1, C2 = 4.

y² ·�Eæ^c¡�PÒ. Äk?Ø C2 > (d+ 1)2 ��/. díØ 7.2.2, ·�k�Ü
���ã

0 // OX(−D) // F

��

// I∆(D − C)

α

��

// 0

0 // OX(−D) // V ⊗OC // OX(D) // 0

ùp ∆ ⊆ C ´"�fV.. d�/Ún� A ∼= OC(D). Ï� (D−C)C < 0, ¤± h0(X,OX(D−
C)) = 0. ùÒ��ü�

0 −→ H0(X,OX(D)) −→ H0(C,OC(D)).

5¿� OX(D) ´ O2
X �û, ��� s1, s2 ∈ H0(X,OX(D)), §�)¤��åvkÄ:, �

s1|C , s2|C ∈ H0(C,A) E�5Ã'. Ï§p��CX φ[s1|C ,s2|C ] : C → P1 � φ ����� P1

�gÓ�.

��, ·�?Ø d ≥ 2, C2 = (d + 1)2 ��/. d� Bogomolov Ø�ª C2 > 4d E¤á. d
Ún 7.2.1 íÑ D2 = 1, CD = d+ 1. aq�y φ∗OP1(1) = OC(D)⊗IZ∩C . �

íØ 7.2.3 � C ´1w¡ X þ�Ø��1w�÷v C2 > 0, K�o gon(C) ≥√
C2 − 1, �oé?Û C þ4��å A, �3 X �ÃÄ:�å OX(D) ÷v OC(D) = A.
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íØ 7.2.4 � C ´�K²¡ P2 þ�1w d g�, K gon(C) = d − 1, C þÃÄ:�å

A Ñ5gul C þ�½:�ÝK.

éþã�?Ø��[��©Û, ·��±U? Serrano (Ø.

íØ 7.2.5 � C ´1w¡ X þ�Ø��1w�÷v C2 > 0. XJ φ ØUòÿ��

�n�z φ̄ : X → P1, @o�3 X þ�k�Øf D, ¦�

0 < D2 < D(C −D) ≤ d, C2D2 ≤ (d+D2)2.

íØ 7.2.6 3íØ 7.2.5 �b�^�e, XJ KX ´óØf� C2 > 1
2(d + 2)2, K φ �±

òÿ� φ̄ : X → P1.

5 7.2.1 p��/� Serrano Ø�ªy²�±ëw [Pao95]. �

7.3 � 2 �þm��35�K

·�ò½n 4.3.3 A^�¡þ�� 2 �þm, ��Xe�35�K (��ëw [Tan11]).

½n 7.3.1 � X ´1w�K�ê¡, ∆ ⊆ X ´"�fV., L ´ X þ�Øf. @o±

e^�*d�d:

(1) �3� 2 �þm E 9�¡ s ∈ H0(X,E) ÷v

Z(s) = ∆, detE = L.

(2) �3n^� F1, F2, F3, ¦� F1, F2 Ãú�©|, �÷v{
∆ = F1 ∩ F2 − F1 ∩ F2 ∩ F3,

L ≡ F1 + F2 − F3.

(3) �3� 2 �þm E , �¡ s ∈ H0(X, E) ±9� F , ÷v dimZ(s) = 0, �{
∆ = Z(s)− Z(s) ∩ F,
L ≡ det E − F.

(4) �o ∆ = ∅, �o�3 η ∈ H1(I∆(KX + L))∨ ÷v: é?ÛfV. ∆′ $ ∆, η Øá3e¡
�¹N���¥,

H1(I∆′(KX + L))∨ ↪→ H1(I∆(KX + L))∨,

½= ⋃
∆′$∆

H1(I∆′(KX + L))∨ $ H1(I∆(KX + L))∨.

5 7.3.1 þã(Ø¥, (1) � (4) ��d5=¤¢� Serre �E{. �

þã½néA ∆ = �/, ��uXe(Ø.

íØ 7.3.1 3½n 7.3.1 �^�e, ±e^��d:
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(1) �3� 2 �þm E 9 s ∈ H0(E), ¦� dimZ(s) = 0 �k�Ü�

0 −→ OX
s−→ E −→ L −→ 0.

(2) �3n^� F1, F2, F3, ¦� F1, F2 Ãú�©|, F1 ∩ F2 ⊆ F3, �÷v L ≡ F1 + F2 − F3.

(3) �3 (E, s, F ), ¦� Z(s) ⊆ F , dimZ(s) = 0 � c1(E) ≡ L+ F .

(4) ∆ = ∅.

5 7.3.2 ?�ÚéA�²��/, K��dQã:

(1) E ∼= OX ⊕ L.

(2) f = g1f1 + g2f2, ùp gi ∈ H0(X,OX(detE − L− Fi)).

(3) f ∈ Ims.

(4) η = 0. �

Ún 7.3.1 ±e^�*d�d:

(1) é?ÛýfV. ∆′ $ ∆, Ñk

h1(X,I∆′(KX + L)) < h1(X,I∆(KX + L)).

(2) é?Û÷v deg ∆′ = deg ∆− 1 �fV. ∆′ $ ∆, Ñk

h1(X,I∆′(KX + L)) < h1(X,I∆(KX + L)).

(3) (Cayley-Bacharach 5�) é?Û÷v deg ∆′ = deg ∆ − 1 �fV. ∆′ $ ∆, XJ�

F ∈ |KX + L|²L ∆′, K§²L ∆.

y² (1) � (2) ��d5´w,�"

(2) =⇒ (3) � deg ∆′ = deg ∆− 1. �Ä�Ü�

0 −→ I∆(KX + L) −→ I∆′(KX + L) −→ O∆−∆′(KX + L) −→ 0.

dd��Ü�

0 −→H0(I∆(KX + L)) −→ H0(I∆′(KX + L)) −→ C

−→ H1(I∆(KX + L)) −→ H1(I∆′(KX + L)) −→ 0.

(Ü^��,
h1(X,I∆(KX + L))− h1(X,I∆′(KX + L)) = 1,

l H0(I∆(KX + L)) ∼= H0(I∆′(KX + L)). e F ∈ |KX + F |÷v ∆′ ⊆ F , K ∆ ⊆ F .

(3) =⇒ (2) d� H0(I∆(KX + L)) ∼= H0(I∆′(KX + L)), lk�Ü�

0 −→ C −→ H1(I∆(KX + L)) −→ H1(I∆′(KX + L)) −→ 0.

Ïd h1(X,I∆′(KX + L)) = h1(X,I∆(KX + L))− 1. �
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íØ 7.3.2 ½n 7.3.1 �^� (4) ¤á��=� ∆ ´ÛÜ���§� |KX + L|÷vÚn
7.3.1 � Cayley-Bacharach ^�.

y² ∆ ´ÛÜ����, ÷v deg ∆′ = deg ∆− 1 �fV. ∆′ �kk��. �

7.4 {�m

{�m��G(��3X���éX. ù�!ò?Ø¡þ{�m�5�.

7.4.1 �X 1-/ª

±eþ� X �1w�K�ê¡, ΩX ´{�m.

Ún 7.4.1 e�3�"�X 1-/ª ω ∈ H0(X,ΩX), @o7k dω = 0.

y² d Stockes úª,∫
X
dω ∧ dω̄ =

∫
X
d(ω ∧ ω̄) =

∫
∂X

ω ∧ ω̄ = 0.

�ÄÛÜL« dω = fdz∧dw, ùp (z, w) ´ÛÜ�I, f ´ÛÜ�X�X¼ê. � z = x+iy,
w = u+ iv, u´

dω ∧ dω̄ = 4|f |2dx ∧ dy ∧ du ∧ dv.

ùÒ½¦ f ≡ 0, = dω = 0. �

Ún 7.4.2 � h ∈ Rat(X) ´ X þ�kn¼ê, �Ø´~ê, @o
(1) h p�
knN� h : X 99K P1;
(2) �34�gê�)� σ : X → X, ò h J,��XN� h̄ : X → P1;
(3) �Ä h̄ � Stein ©)(�±e��ã), ùp h0 : C → P1 ´k�CX, f : X → C n�ëÏ.

X

σ

��

f //

h̄

  @
@@

@@
@@

C

h0

��
X

h
//___ P1

(7-4)

XJ h Ø´�XN� (= σ 6= id), @o C ∼= P1.
(4) dh Ø�U´ X þ��"�X 1-/ª.

y² (1) div(h) = H0−H∞ = div(s0)− div(s∞), ùp H0 (H1) ´ h ": (4:) éA�
ØfÜ©. u´p�kn h : X 99K P1, h(x) = [s0(x), s∞(x)].

(2) �ud H0,H∞ �¤�f�5X¥¤kÄ:=�.

(3) d� X ¥kY²� (−1)-� E, lp�k�CX f |E : E → C. d Hurwitz úª�
�, g(C) = 0.

(4) dh = ∂h
∂z dz+ ∂h

∂wdw. e dh ´�X 1-/ª, @o ∂h
∂z Ú ∂h

∂w �X, íÑ h �X, l h ´~
ê, gñ! �
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Ún 7.4.3 � 0 6= ω ∈ H0(X,ΩX). XJ�3kn¼ê ϕ, h ∈ Rat(X), ¦� ω = hdϕ. @

o�3n�z f : X → C ±9kn¼ê ϕ0, h0 ∈ Rat(C), ÷v±e^�:
(1) α = h0dϕ0 ∈ H0(C,ΩC) ´�X�, l g(C) > 0;
(2) ϕ = f∗ϕ0, h = f∗h0, ω = f∗α.

y² dÚn 7.4.2 �, h Ø´~ê, div(h) = H0 − H∞, �k��ã (7-4). ùp h̄ =
f∗h0 = σ∗h �±w�´ X þ�¼ê, P

div(h̄) = H0 −H∞ = div(s̄0)− div(s̄∞).

Ó�/, �±�Äkn¼ê ϕ̄ = σ∗ϕ, P div(ϕ̄) = G0 −G∞. ·�©AÚ5�¤y².

Claim 1. H0 ≥ G∞ + (G∞)red. ùp (G∞)red � G∞ �Q�Ü©.

b� Γ ´ G∞ �Ø��©|, 3 G∞ ¥ê� n. ·��I�y² H0 ≥ (n + 1)Γ =�. �
p ∈ Γ ´���1w:, Γ �ÛÜ�§ z = 0, ϕ̄ = 1

zn . 5¿� σ∗ω = −nh̄ dz
zn+1 ´�X�, ùÒ¿

�X zn+1 | s̄0, = H0 ≥ (n+ 1)Γ.

Claim 2. ϕ̄ : X → P1 ´�X��.

H0 = h̄∗(0) = f∗h∗0(0) = f∗(p1 + · · · + pk) = F1 + · · · + Fk w,d�
n��¤. d
Claim 1 �, G∞ á3n�¥, ld Zariski ÚníÑ G2

∞ ≤ 0. ,��¡, G∞ ≡ G0, ¤±

G2
∞ = G∞G0 ≥ 0, � G∞G0 = G2

∞ = 0, = G0 ∩G∞ = ∅. ùL² ϕ̄ : X → P1 ´�X�.

Claim 3. �3 C þkn¼ê ϕ0, ¦� ϕ̄ = f∗ϕ0.

5¿� ϕ̄ �n�Ñ� G0 �5�d, � G0F = 0, ùÒL² ϕ̄ �n�Ñ� f Â , =�3k
�CX ϕ0 : C → P1 ¦eã��

X

ϕ̄

��

f // C

ϕ0

��
P1 P1

ù�du ϕ̄ = f∗ϕ0.

Claim 4. α = h0dϕ0 ´�X�, l g(C) ≥ 1. ?�ÚdÚn 7.4.2 �, h ´�X� (=
σ = id).

ù´��ÛÜ¯K. ·�Ø�� F ´?¿n�, Γ ´ F ¥��^Ø��©|, ê� n; �
q ∈ Γ ´���1w:. f 3 q ?�ÛÜ�§��� t = zn, ùp t ´ p = f(F ) �ÛÜ�I. �

α = h0(t)dϕ0(t) = tνdt · u(t),

ùp u(0) 6= 0. u´

σ∗ω = h̄dϕ̄ = f∗(α) = f∗(tνdt · u(t)) = nxn−1+nνdx · u(xn).

5¿� σ∗ω ´�X�, Ïd n− 1 + nν ≥ 0, = ν ≥ 0. ùÒy²
 α ��X5. �

e¡�½n´�~��(Ø, 3�ê¡ïÄ¥kNõ��A^.

½n 7.4.1 � ω1, ω2 ´ X þ C-�5Ã'��X 1-/ª, ÷v ω1 ∧ ω2 = 0. @o�3n�

z f : X → C ±9 α1, α2 ∈ H0(C,ΩC), ¦� ω1 = f∗α1, ω2 = f∗α2. d�w,k g(C) ≥ 2.
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y² 3ÛÜ��þ,

ω1 = f1dz + g1dw, ω2 = f2dz + g2dw.

^� ω1∧ω2 = 0 ��u (f1g2−f2g1)dz∧dw = 0, Ïd�±½ÂÛÜkn¼ê ϕ = f1
f2

= g1
g2

. d�

�O���y ϕ �½ÂØ�6u�IÀ�, Ïd�±òÿ� X þ�kn¼ê. Ïd ω1 = ϕω2.
du ω1, ω2 ´ C-�5Ã', ¤± ϕ Ø´~ê.

5¿� 0 = dω1 = dϕ ∧ ω2 (Ún 7.4.1), aqþ¡?Ø, ·�k

ω2 = hdϕ, h ∈ Rat(X).

dÚn 7.4.3, �3n�z f : X → C ±9 C þkn¼ê h0, ϕ0, ¦� h = f∗h0, ϕ = f∗ϕ0. -

α1 = ϕ0h0dϕ0, α2 = h0dϕ0, @o·�k ω1 = f∗α1, ω2 = f∗α2. aquÚn 7.4.3�y², �u

� αi ��X5. �

5 7.4.1 XJ ω3 ∈ H0(X,ΩX) �÷v ω1 ∧ ω3 = 0, @o§�p��n�zÚ f �Ó. ù
´Ï� div(ω1) = f∗div(α1) d f ��
n�|¤. �

7.4.2 {�m�f�m

ù�!�Ì�8�´�O{�m�f�méA�õ�5X��ê.

Ún 7.4.4 � L ´1w¡ X þ�Øf, h0(X,nL) ≥ 2 é,� n ≥ 2 ¤á. @o�3�

�k�CX π : Y → X, ¦� Y ´1w�, ¿�k h0(Y, π∗L) ≥ 2.

y² � |nL| = |M |+ Z, ùp Z ´�½Ü©. ·��vkú�©|�Q�Øf D1, D2 ∈
|M |. � Di = div(si), Z = div(s0). �EC��CX π : S → X, dXe�§½Â:

zn1 = s1s0, zn2 = s2s0.

d� π∗OS �¹�Ú� O⊕2
X . Ïd�Kúª��

2 ≤ H0(OS(π∗L)).

� σ : Y → S ´Û:)�. πσ : Y → X Ò´·�I����k�CX. �

½n 7.4.2 � OX(L) ⊆ ΩX ´4��_f�. XJ h0(nL) ≥ 2 é,� n ≥ 1 ¤á, K�

3n�z
f : X → C

÷vXe^�:

(1) e n = 1, @o L ≡ f∗KC +D(f), ùp D(f) =
∑
F

(F − Fred), F �H¤kÛÉn�.

(2) e n ≥ 2, Ké?¿ D ∈ |nL|, D ¹u f �eZn�S.

y² (1) d�Ü�

0 −→ OX(L) −→ ΩX −→ I∆(KX − L) −→ 0

�� H0(X,L) ↪→ H0(X,ΩX). Ï� H0(L) ≥ 2, ¤±�� l1, l2 ∈ H0(L) ´ü��5Ã'�
�¡. §�éA
�5Ã'� 1-/ª ω1, ω2 ∈ H0(X,ΩX). � ϕ ´ X þ��X¼ê, ¦�
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l1 = ϕl2, u´ ω1 = ϕω2. Ïdd½n 7.4.1, �3n�z f : X → C, ±9 α1, α2 ∈ H0(C,ΩC),
¦� ωi = f∗αi (i = 1, 2). aq Hurwitz úª�O�, ·�k ωi �":8

Z(ωi) = f∗div(αi) + div(df), (7-5)

ùp
div(df) = Z

(
∂f

∂z

)⋃
Z

(
∂f

∂w

)
= D(f) + {eZ�á:}.

(Ü L ≡ div(li) = div(ωi) =�(Ø.

(2) dÚn 7.4.4, �3��k�CX π : Y → X ¦� Y 1w¿� h0(Y, π∗L) ≥ 2. d�

OY (π∗L) ⊆ π∗ΩX ⊆ ΩY .

·�3 ΩY ¥é���¹ OY (π∗L) �4�f�m OY (L′). d��� L′ ≡ π∗L + E, ùp E ´
k�Øf.

d (1), �3n�z h : Y → B, ¦�

L′ ≡ π∗L+ E ≡ h∗KB +D(h).

� F ′ ´ h �n�, @o F ′(π∗L + E) = 0. é?¿� D′ ∈ |π∗L|, ùÒk F ′D′ = F ′E = 0, =

D′ + E á3 h �n�¥.

� |nL| = |M |+ Z, aq?Ø, F ′π∗M = F ′π∗Z = 0. Ï (π∗M)2 ≤ 0, = M2 ≤ 0 (Ï� π

´k��). ùÒ½¦ M2 = 0, l |M |ÃÄ:. d Stein ©), ·���n�z f : X → C ÷

vXe��ã

X
f //

ϕ|M| ##G
GG

GG
GG

GG C

��
Imϕ|M |

� F ´ f �n�. du M d f �n�|¤, Ï FM = 0.

5¿� F ′π∗F = F ′π∗Z = 0, ¤± π∗F Ú π∗Z ©Oá3 h ��
n�¥. du M ÃÄ:,
Ï·��±À�Ü·� F , ¦� π∗F, π∗Z Øá3ú��n�¥. ù�Òk

FZ =
1

deg π
π∗F · π∗Z = 0.

Ïdé D ∈ |nL|, ·�k DF = (M + Z)F = 0, = D á3 f �eZn�¥. �

½n 7.4.3 (Bogomolov ½n) � OX(L) ⊆ ΩX , K h0(X,OX(nL)) = O(n).

y² Ø�� L ´4�f�m, XJé, n0 ≥ 1, h0(n0L) ≥ 2, Kd½n 7.4.2, �3n�

z f : X → C, ¦�é?Û D ∈ |nL|, k FD = 0, � FL = 0.

�½´LØf H ±9¿©���ê s, ¿-

A = F1 + · · ·+ Fs,

ùp Fi ´ f ���n�. �Ä�Ü�

0 −→ OX(nL− (k + 1)A) −→ OX(nL− kA) −→
s⊕
i=1

OFi
(nL− kA) −→ 0.
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du degFi
(nL− kA) = 0, � h0(OFi

(nL− kA)) ≤ 1, Ï

h0(nL− kA)− h0(nL− (k + 1)A) ≤ s, k = 0, 1, · · · , n− 1.

du (L−A)H < 0, ¤± h0(nL− nA) = 0. U\þ¡Ãª, =� h0(nL) ≤ sn. �

7.4.3 Miyaoka-Yau Ø�ª

Ún 7.4.5 � E ´ X þ����þm, s ∈ H0(SnE ⊗ L), K�3��k�CX ϕ : Y →
X, ¦� Y ´1w�, Y þk�m L1, . . . , Ln 9�¡ si ∈ H0(Y, ϕ∗E ⊗ Li), ÷v
(1) ϕ∗s = s1 · · · sn (w¤ P(ϕ∗E∨) ��m�¡),
(2) ϕ∗L = L1 + · · ·+ Ln.

y² s �±w¤ P(E∨) ¥� n g�¡. � D(s) ⊆ P(E∨) ´éA�Øf. � D(s) ���
Ø��©| D1. � Y → D1 ´ D1 �Û:)�. ùÒp�
��k�CX ϕ1 : Y → X. d��
ã

P(ϕ∗E∨) //

π̄1

��

P(E∨)

π̄

��
Y

ϕ1 // X

����¡ s1 : Y → P(ϕ∗E∨), s1 �±w¤�5X |ϕ∗H + π̄∗1L1|¥��, ùp L1 ´ Y þ�Ø
f. ϕ∗s = s1s

′. d��O�, deg s′ = n− 1. Ïd·��±±daí�E�X�CX, 3k�Ú

���÷v·K^����k�CX. �

Ún 7.4.6 � F ´ Ω ´� 2 ÛÜgdf�� c1(F) ´ nef, ��m OX(L) ⊆ SnF , K

c1(F)L ≤ max{nc2(F), 0}.

y² k�Ä n = 1 ��/. �Ä�Ü�

0 −→ OX −→ F(−L) −→ I∆ ⊗ c1(F ) −→ 0.

5¿� ∆ ´"�fV. (Ï� L 4�), dSK 1.12, ·�k

0 ≤ deg ∆ = c2(F(−L)) = L2 − c1(F)L+ c2(F).

e L2 ≤ 0, Kdþªá� c1(F)L ≤ c2(F). 8b� L2 > 0. d½n 7.4.3, L Ø´ big, � (−L) ´
big. Ï� c1(F) ´ nef, ¤± c1(F)L ≤ 0. nþ��(Øé n = 1 ¤á.

y3�Ä���/. d��3�¡ s ∈ H0(X,SnF(−L)). dÚn 7.4.5, �3��k
�CX ϕ : Y → X ±9 Y þ�m L1, · · · , Ln, ¦� ϕ∗L = L1 + · · · + Ln ¿�k�¡ si ∈
H0(Y, ϕ∗F(−Li)) ÷v ϕ∗s = s1 · · · sn. Ïd

OY (Li) ⊆ ϕ∗F ⊆ ϕ∗ΩX ⊆ ΩY ,

�dþ¡?Ø�
c1(ϕ∗F)Li ≤ max{c2(ϕ∗F), 0}, i = 1, · · · , n.

U\Ãª=�(Ø. �

½n 7.4.4 (Miyaoka-Yau Ø�ª) � X ´��.4�¡, K c21(X) ≤ 3c2(X).
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y² �
En := S3nΩX(−nKX).

diùââ½n

h0(X,En) + h2(X,En) ≥
3n3

2
(c21 − 3c2) +O(n2), n� 0. (7-6)

e h0(X,En) 6= 0, K OX(nKX) ⊆ S3nΩX . dÚn 7.4.6,

nK2
X ≤ max{nc2(X), 0} = 3nc2(X).

Ï�¤IØ�ª.

e h2(En) 6= 0. d Serre éó,

h0(X,S3nΩX ⊗ ((1− 2n)KX)) 6= 0.

2g|^Ún 7.4.6 � (2n− 1)K2
X ≤ 3nc2. � n� 0, ùÒíÑ K2

X ≤
3
2c2.

e h0(X,En) = h2(X,En) = 0, KdØ�ª (7-6) =� c21 ≤ 3c2. �

7.4.4 Albanese N�

ù�!¥, ·�£� Albanese N��Ä:�£. §Ú����½n��kX��éX.

� X ´1w�ê¡. éz�ÓNa [γ] ∈ H1(X,Z), ·��±½Â H0(X,ΩX) þ�N�∫
γ

: H0(X,ΩX) −→ C, [ω]→
∫
γ
ω.

d Stockes ½n��, þã½Â´Ün�, =Ø�6uÓNa�À�.

ù�·�Òp�
XeN�

i : H1(X,Z) −→ H0(X,ΩX)∨, [γ]→
∫
γ
.

Ún 7.4.7 � q(X) ´ X ���K5.
(1) Keri TÐ´ H1(X,Z) �Lf+;
(2) rankRImi = 2q(X). Ïd H0(X,ΩX)∨/Imi ´E�¡.

·�½Â

Alb(X) = H0(X,ΩX)∨/Imi

� X � Albanese q. �±y²§´�� Abel q. �½ X ¥��: p0, @oé?¿ p ∈ X, �
½Â Alb(X) ¥���

∫ p
p0

(·) ∈ Alb(X). w,ùp�È©´»��� H1(X,Z) ¥�4Ü£´, Ï

d
∫ p
p0

(·) ��� Imi p���, �½Â´Ün�. ù�Òp�
 Albanese N�.

α : X −→ Alb(X), p→
∫ p

q
(·).

ù
VgÑ�±LÞ�?¿�; Kähler 6/þ. d?Ø2Kã.

·K 7.4.1 � A = Alb(X), α : X → A ´ Albanese N�, α(p0) = 0. @o
(1) α∗ : H0(A,ΩA)→ H0(X,ΩX) ´Ó�.
(2) (�5�) � T ´?¿ Abel q, f : X → T ´?¿N�, ¦� f(p0) = 0. @o�3����
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XN� g : A→ T ¦� gα = f .
(3) α(X) )¤ A (��Ä�+).

y² (1) � H0(X,ΩX) = C〈ω1, · · · , ωq〉. - zi(p) =
∫ p
p0
ωi (û��), @od A ½Â��

z1, · · · , zq ´ A �ÛÜëê�I. w,k H0(A,ΩA) = C〈dz1, · · · , dzq〉.

�
q∑
i=1

βidzi ∈ Kerα∗, Kk

0 = α∗(
q∑
i=1

βidzi) =
q∑
i=1

βid(
∫ p

p0

ωi) =
q∑
i=1

βiωi.

Ïd βi = 0, ∀i. ùÒy²
 α∗ ´ü�. du H0(A,ΩA) Ú H0(X,ΩX) k�Ó�ê, Ïd α∗ ´
Ó�.

(2) d��ã

H0(X,ΩX)∨
(f∗)∨ // H0(T,ΩT )∨

H1(X,Z)

iX

OO

f∗ // H1(T,Z).

iT

OO

�p� g : A→ Alb(T ) ∼= T , �Ò´±e��ã

X

f

��

α // A

��

g

zzvvv
vv

vv
vv

vv

T // Alb(T ).

Ù��5��5gu (3).

(3) b� H = 〈α(X)〉´ α(X) 3 A ¥)¤�f+. d�5�, �3N� h : A→ H, ¿k�
�ã (i : H → A �¹N�, j : H → Alb(H) ∼= H)

X

α

��

α // A

h
��

A

H
j
// H H

i

OO

dd�� H ∼= A. �

íØ 7.4.1 � f : X → C ´n�z, @o�3 Abel q�÷Ó� g : Alb(X) → J(C) ¦e

ã��
X

f

��

α // Alb(X)

g

��
C // J(C)

ùp J(C) ´ C �ä�'q.

½n 7.4.5 � X ´1w¡.
(1) XJ dimα(X) = 2, @o pg(X) > 0.
(2) XJ α(X) = C ´�, @o C 1w, � α n�ëÏ. d� Alb(X) = J(C), q(X) = g(C).
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y² (1) Ï� q(X) ≥ 2, ¤ ± � 3 � 5Ã' � � X 1-/ ª ω1, ω2. b � pg(X) =
h0(X,ΩX) = 0, K ω1 ∧ ω2 = 0. d½n 7.4.1, �3n�z f : X → C ±9 C þ�X 1-/
ª α1, α2, ¦� ωi = f∗αi. ·�k��ã

X

f

��

α // A

h
��

C
j
// J(C)

ùp A := Alb(X). Ï� g(C) ≥ 2, ¤± j ´ü�. 5¿� hα(X) = jf(X) = j(C), �

α(X) (�A/, j(C)) )¤ A (�A/, J(C)), ¤± h(A) )¤ J(C), l h(A) = J(C). Ïd

q(X) ≥ g(C).

�½�|Ä H0(X,ΩX) = C〈ω1, · · · , ωq(X)〉. d5P 7.4.1, ω1 ∧ ωi = 0 p��n�zÑ´
�Ó�, l ωi = f∗αi, αi ∈ H0(C,ΩC). ùÒíÑ g(C) ≥ q(X). Ïd g(C) = q(X).

ù�, f∗ : H0(C,ΩC) → H0(X,ΩX) ´Ó�, l h : A → J(C) ´k�N�. Ïd

h |α(X): α(X)→ J(C) �´k�N�. �´ dimα(X) > dim J(C), gñ!

(2) �Ä α : X → α(X) � Stein ©).

X

α ""E
EE

EE
EE

E
f // C

ε
��

α(X)

©O|^ α 9 ε éA� Albanese N��5�, ·��� h : A→ J(C) 9 g : J(C)→ A, �k±

e��ã
X

f

��

α // A

h
��

A

C

ε

<<zzzzzzzzz

j
// J(C) J(C)

g

OO

dd´� A ∼= J(C). d� g(C) ≥ 1, � j ´i\, Ïd ε = gj ´Ó�, = α(X) ∼= C. �

7.5 �K²¡þ�� 2 �þm

7.5.1 Schwarzenberger ½n

� x1, · · · , xm ´ P2 þ� m �ØÓ:, σ : X → P2 ´'uù
 xi ��u, Ci = σ∗xi ´~	
�, C = C1 + · · ·+ Cm.

·�ò3ù�!?Ø P2 þ�� 2 �þm��35. Äk��
O�ó�.

Ún 7.5.1 � U ⊆ C2 ´ � : � Stein � �. σ : V → U ´ ' u � : � � u, C =
σ∗(0, 0) ⊆ V ´~	�. XJ V ���*Ü

0 −→ OV (C) −→ E −→ OV (−C) −→ 0

��3 C þ´î.S�

0 −→ OC(−1) −→ O⊕2
C −→ OC(1) −→ 0,
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@o7k E = OV ⊕OV .

y² Äk, dSK 7.4, ·�kü�

Ext1(OV (−C),OV (C)) ↪→ Ext1(OC(1),OC(−1)).

Ïd, �I��EXe�Ü�

0 −→ OV (C) −→ O⊕2
V −→ OV (−C) −→ 0 (7-7)

=�½¦ E ∼= OV ⊕OV .

8�E s ∈ H0(V,OV (−C)⊕2), ¦� s 3 C þðk��":, 3 V \ C þk s(p) = (x, y),
ùp (x, y) ´ σ(p) �ÛÜ�I. ùÒp�
¤I�*Ü (7-7). �

Ún 7.5.2 � a < b, K�3 X þ�*Ü

0 −→ OX(C)⊗ σ∗OP2(b) −→ E −→ OX(−C)⊗ σ∗OP2(a) −→ 0, (7-8)

¦�§���z�Ø��©| Ci þÑ´î.S�

0 −→ OCi
(C) −→ O⊕2

Ci
−→ OCi

(−C) −→ 0, (7-9)

¿�ù�� E 7´ P2 þ��þm�.£.

y² Ø���5, ·�� b = 0, a < 0. dSK 7.5, ·�k÷��

Ext1(OX(−C)⊗ σ∗OP2(a),OX(C)) � Ext1(OC(−C),OC(C))

¿��3 C þ�*Ü
0 −→ OC(C) −→ O⊕2

C −→ OC(−C) −→ 0,

Ù��3z� Ci þÑkî.S� (7-9). Ïd§�òÿ�*Üa

ξ ∈ Ext1(OX(−C)⊗ σ∗OP2(a),OX(C)),

¦� ξ|C = η. ùÒé�
¤I��*Ü (7-8).

�Äz�: xi ���� Ui. � Vi = σ−1(Ui). �
y² E ´ P2 þ��þm.£, ·��I
�y² E|Vi

∼= O⊕2
Vi

. ù��5guÚn 7.5.1. �

·�Äky²Xe(Ø.

½n 7.5.1 (Schwarzenberger ½n) ?¿�½�ê c, d, Ñ�3 P2 þ��X� 2 �þm

E, ÷v
deg c1(E) = c, deg c2(E) = d.

y² é�½� c, d, ·��±�Eü��ê a, b ±9��ê m, ÷v a < b ±9

c = a+ b, d = m+ ab.

�Ä m �: x1, · · · , xm ∈ P2, ¿�Ä'uù
: xi ��u

σ : X → P2, Ci := σ−1(xi).
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-

C =
m∑
i=1

Ci.

dÚn 7.5.2, �3 X þ��þm E′, ÷v�Ü�

0 −→ OX(C)⊗ σ∗OP2(b) −→ E′ −→ OX(−C)⊗ σ∗OP2(a) −→ 0,

E′|Ci
= O⊕2

Ci
, ¿� E′ = σ∗E, ùp E ´ P2 þ��þm. d�aO�

c1(E) = a+ b = c, deg c2(E) = deg c2(σ∗E) = m+ ab = d.

Ïd E ÷v·K^�. �

�â [Tho74] �(J, (deg c1,deg c2)��(½
 P2 þ�� 2 ÿÀ�þm.

íØ 7.5.1 P2 þ�z�� 2 ÿÀ�þmÑ��k���X(�.

7.5.2 ½� 2 �þm

� E ´ P2 þ�� 2 �þm. ·�ò3ù�!�Ñ E ��½5��x.

Ún 7.5.3 �3�ê kE , ÷vXe^�:

(1) � k > kE �, H0(P2, E(−k)) = 0;

(2) OP2(kE) ´ E �4�f�m;

(3) é E �?Û4�f�m OP2(k), Ñk

k ≤ kE ≤ max{k,degE − k}. (7-10)

(4) E ½ (�A/, �½)��=� kE < µ(E) (�A/, kE ≤ µ(E)).

y² � ` � 0, ¦� V (−`) d�N�¡)¤, Ï H0(P2, E(−`)) 6= 0, =�3ü�
OP2(`) ↪→ E. OP2(`)�7´ E �4�f�m, Ïd�é� k ≥ `, ¦� OP2(k) ´ E �4�f�

m. ·�k�Ü�

0 −→ OP2(k) −→ E −→ I∆(detE − k) −→ 0,

ùp ∆ ´"�fV..

·��y², é n > max{k,degE−k}, ok H0(P2, E(−n)) = 0. eØ,, �é n′ ≥ n(> k),
¦� OP2(n′) ´ E �4�f�m. dÚn 7.1.1,·�k degE−k−n′ ≥ 0, ù½¦ n ≤ degE−k,
gñ! ù�, ·��é�����ê kE , ¦� H0(P2, E(−kE)) 6= 0. dþ¡�?Ø, é?¿4�

f�m OP2(k) ⊆ E, ÑkØ�ª (7-10) ¤á.

e OP2(kE) Ø´ E �4�f�m, @o�é� k′ > kE , ¦� OP2(k′) ´ E �4�f�m,
Ï H0(P2,OP2(−k′)) 6= 0, ù� kE �À�gñ! � OP2(kE) ⊆ E ´4��.

e E ´½�, Kd½Â� kE < µ(E). �L5, e kE < µ(E), @oé?Ûf�m

OP2(k) ⊆ E, Ñk k ≤ kE < µ(E), � E ´½�. �½�/aq�y. �

íØ 7.5.2 E ½��=� E ´ü�.
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y² e E ´½�, Kd Schur Ún (íØ 1.2.2) �§´ü�.

8b� E ´ü�, �yÙ½. eØ,, �3�Ü�

0 −→ OP2(k) −→ E −→ I∆(degE − k) −→ 0,

÷v 2k ≥ degE, = degE − k < k. ù�, ·��p� E ��"��

E � I∆(degE − k) ↪→ OP2(degE − k) ↪→ OP2(k) ↪→ E.

ùw,Ø´ê¦N�, Ï E Ø´ü�, gñ! �

ÏLÜþÜ·��m, ·�o´�±b� E ÷v degE = 0, 1. ù�,¿ØK�·�?Ø E

�½5.

íØ 7.5.3 � E ´ P2 þ��þm, ÷v 0 ≤ degE ≤ 1, @o

(1) E ´½���=� kE < degE, ���=� h0(P2, E∨) = 0.

(2) e kE = degE − 1, =�3�Ü�

0 −→ OP2(kE) −→ E −→ I∆(1) −→ 0, (7-11)

K E ½��=� h0(P2,I∆(−kE)) = 0. �ó�, E ½��=� ∆ Ø3�^��þ

(� degE = 0 �) ½ö ∆ 6= ∅ (� degE = 1 �).

(3) e E ½� deg c2(E) ≤ 5 − 2 degE, @o kE = detE − 1, =�3�Ü�X (7-11). d�

deg c2(E) ≥ 1− kE .

y² (1) Ún 7.5.3 ®y E ½��=� 2kE < degE. du degE = 0, 1, �Tê�^�

�du kE < detE.

e H0(P2, E∨) 6= 0, K kE ≥ degE, = E Ø´½�. �L5, e E Ø´½�, @o�3
E �4��m OP2(k), ÷v 2k ≥ degE, l k ≥ detE. Ïd�3�"EÜN�

OP2(degE) ↪→ OP2(k) ↪→ E,

= H0(P2, E∨) 6= 0.

(2) é�Ü� (7-11) Üþ detE∨, ¿�ÓN�

H0(P2, E∨) ∼= H0(P2,I∆(−kE)).

2d (1) =�(Ø.

(3) diù-ââ½n,

h0(P2, E(1− degE)) + h0(P2, E(−4)) ≥ 6− 2 degE − deg c2(E) ≥ 1.

du kE ≤ 0, ¤± h0(P2, E(−4)) = 0, � h0(P2, E(1− degE)) ≥ 1. Ïd kE ≥ degE − 1. du
E ½, � kE < degE, ùÒ½¦ kE = detE − 1.

d (2), � degE = 0 �, deg ∆ ≥ 3; � degE = 1 �, deg ∆ ≥ 1. 5¿� c2(E) = kE+deg ∆.
ùÒ��(Ø. �
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7.6 �«¡þ�� 2 �þm

�ÙSK

SK 7.1 � ξ ∈ Num(X), W ξ := ξ⊥ ∩NA(X).

(1) y²: W ξ = NA(X) ��=� ξ = 0 (3 Num(X) ¥).

(2) y²: e W ξ = ∅, @oé?Û´LØf H, ξH ð�½ðK. (J«: b�k´LØf
H1,H2 ÷v H1ξ < 0 < H2ξ, �Ü·�¢ê t ∈ [0, 1], ¦� (tH1 + (1− t)H2)ξ = 0.)

(3) y²: e W ξ 6= NA(X) ���, @o NA(X) − W ξ kü�ëÏ©|, 3Ù¥��©

|þ, ?��� ξ ���êð���; ,�©|þ�ðK�. (J«: beé?Û H ∈
NA(X) −W ξ, Ñk Hξ > 0, K|^ Zariski ©)�y² ξ ´ nef; 2^ Hodge �I½n?
�Úy²Ù�".)

(4) y²: e W ξ = W η (��), K ξ = λη, ùp λ ∈ Q. (J«: 3 NA(X)−W ξ �ü�ëÏ©

|þ�g?�´LØf H1, H2. ê t0 ∈ [0, 1], ¦� (t0H1 + (1 − t0)H2)ξ = 0. ddy²
λH := Hη

Hξ Ø�6 H ∈ NA(X)−W ξ �À�.)

SK 7.2 �yª (7-5).

SK 7.3 � D ´¡ X þk�Øf, C =
r∑
i=1

Ci ´K½�, N =
r∑
i=1

aiCi ´ Q-Øf.

(1) e (D −N)Ci ≤ 0 é?Û Ci Ñ¤á, y²: D −N ´k� Q-Øf.
(2) � Γ1, . . . ,Γs ´÷v DΓi ≤ 0 �Ø���, y²: Γ1 + · · ·+ Γs ´K½�.

SK 7.4 � U ⊆ C2 ´�:� Stein ��. σ : V → U ´'u�:��u, C = σ∗(0, 0) ⊆
V ´~	�.

(1) y²: H1(V,OV (C)) = 0. (J«: �Ä�Ü� 0 −→ OV −→ OV (C) −→ OC(C) −→ 0 9

H1(V,OV ) ∼= H1(U,OU ) = 0.)

(2) y²: Ext1(OV (−C),OV (C)) → Ext1(OC(−C),OC(C)) ´ü�. (J«: �Ä�Ü�
0 −→ OV (C) −→ OV (2C) −→ OC(2C) −→ 0 9 Serre éó.)

SK 7.5 � x1, · · · , xm ´ P2 þ� m �ØÓ:, σ : X → P2 ´'uù
 xi ��u, Ci =

σ∗xi ´~	�, C = C1 + · · ·+ Cm, L =
m∑
i=1

kiCi ≥ 0.

(1) y²: é?¿��ê n 9K�ê m, Ñk H0(X,OX(nC)⊗ σ∗OP2(m− 3)) = 0.

(2) y²: é?¿��ê n, Ñk H2(X,OX(2L− C)⊗ σ∗OP2(n)) = 0.

(3) y²: é?¿K�ê m, ��N�

Ext1(OX(−L)⊗ σ∗OP2(m),OX(L))→ Ext1(OC(−L),OC(L))

´÷�.

- 136 -



1ÔÙ ¡þ��þm

(4) y²: �3*Ü

0 −→ OC(L) −→ O⊕2
C −→ OC(−L) −→ 0.

(J«: ��� Ci þ, ¿|^íØ 2.1.1.)

(5) � W ´ P2 þ� 2 �þm, s ∈ H0(P2,W ), ¦� s �":8 Z(s) = {x1, · · · , xm}. y²:
�3�Ü�

0 −→ OX(C) −→ σ∗E −→ Q −→ 0,

ùp Q ´�m. §��� Ci þ�î.S�. (J«: s p�
�¡ σ∗s ∈ H0(X,σ∗E⊗IC),
¦� σ∗s Ã":.)
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1lÙ �K�mþ��þm

8.1 Bott úª

3ù�!¥, ·�ò°(O�ÓN+ Hq(Pn,Ωp
Pn(k)) ��ê.

½n 8.1.1 (Bott úª [Bot57])

hq(Pn,Ωp
Pn(k)) =



(
n+k−p
n−p

)(
k−1
p

)
, e q = 0, 0 ≤ p ≤ n � k > p,

1 e k = 0� 0 ≤ p = q ≤ n,(−k−1
n−p

)(−k+p
p

)
, e q = n, 0 ≤ p ≤ n � k < p− n,

0, Ù¦�/.

�d, ·� © A Ú�¤ ù � O �. 3 ~ 1.2.9 ¥, ·� | ^ Lefschetz � ² ¡ ½ n � Ñ
hq(Pn,OPn) = 0 é?¿��ê q ¤á.

Ún 8.1.1

hq(Pn,OPn(k)) =


(
n+k
n

)
, � q = 0 � k ≥ 0 �,(−k−1

n

)
, � q = n � k ≤ −n− 1 �,

0, Ù¦�/.

y² é�m�ê n �8B{. n = 1, 2 ��/�d~ 1.1.2, Riemann-Roch ½n 9 Serre
éó��. 8b� < n ��/®y (n ≥ 3).

� q = 0, n �, ~ 1.1.2 9 Serre éóÓ�UíÑ h0(Pn,OPn(k)) � hn(Pn,OPn(k)) ÷v(
Ø. Ïd·��I��y 1 ≤ q ≤ n− 1 ��/. �Ä��N��Ü�

0 −→ OPn(k − 1) −→ OPn(k) −→ OPn−1(k) −→ 0 (8-1)

p��ÓN�Ü�

Hq−1(Pn−1,OPn−1(k)) −→ Hq(Pn,OPn(k − 1)) −→ Hq(Pn,OPn(k)) −→ Hq(Pn−1,OPn−1(k)).

� 1 < q < n− 1 �, d8Bb�=�

Hq(Pn,OPn(k − 1)) ∼= Hq(Pn,OPn(k)), ∀k ∈ Z.

(Ü~ 1.1.2 Ò�� hq(Pn,OPn(k)) = 0.

e¡y q = 1 ��/. é�Ü� (8-1) �ÓN�Ü�

0 −→ H0(Pn,OPn(k − 1)) −→ H0(Pn,OPn(k)) −→ H0(Pn−1,OPn(k)) −→

H1(Pn,OPn(k − 1)) −→ H1(Pn,OPn(k)) −→ H1(Pn−1,OPn(k)).

3þ¡�ÓN�Ü�¥, cn��ÓN�ê®²dþ¡?Ø��, ������ê�". ùÒí
Ñ

H1(Pn,OPn(k − 1)) ∼= H1(Pn,OPn(k)), ∀k ∈ Z.

(Ü~ 1.1.2 =� h1(Pn,OPn(k)) = 0.
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aq�y q = n− 1 ��/. nþ��, ·K(Øé¤k n ¤á. �

Ún 8.1.2 � 0 < q < n �,

hq(Pn,Ωp
Pn(k)) =

{
0, e p 6= q,

h1(Pn,ΩPn(k)), e p = q.

y² é�Ü� (ë�~ 1.2.3)

0 −→ Ωp
Pn(k) −→ OPn(k − p)⊕(n+1

p ) −→ Ωp−1
Pn (k) −→ 0 (8-2)

p�ÓN�Ü�

Hq−1(OPn(k − p)⊕(n+1
p )) −→ Hq−1(Ωp−1

Pn (k)) −→ Hq(Ωp
Pn(k)) −→ Hq(OPn(k − p)⊕(n+1

p )).

Ïd� 1 < q < n �,
Hq−1(Ωp−1

Pn (k)) ∼= Hq(Ωp
Pn(k)).

d�·�©n«�/?Ø.
� q > p �,

0 = Hq−p(OPn(k)) ∼= · · · ∼= Hq−1(Ωp−1
Pn (k)) ∼= Hq(Ωp

Pn(k)).

� q < p �,

Hq(Ωp
Pn(k)) ∼= Hq+1(Ωp+1

Pn (k)) ∼= · · · ∼= Hq+n−p(ωPn(k)) ∼= Hp−q(OPn(−k))∨ = 0.

� p = q �,
H1(ΩPn(k)) ∼= Hq(Ωp

Pn(k)) ∼= Hn−1(Ωn−1
Pn (k)).

� q = 1 �, dþ?Ø��

H1(Ωp
Pn(k)) = Hn−1(Ωn−p

Pn (−k))∨ = 0, p 6= 1. �

Ún 8.1.3

h0(Pn,Ωp
Pn(k)) =


(
k+n−p
n−p

)(
k−1
p

)
, e k > p, 0 ≤ p ≤ n,

1, e p = k = 0
0, Ù¦.

y² é�Ü� (8-2) �þÓN�Ü�

0 −→ H0(Pn,Ωp
Pn(k)) −→ H0(Pn,OPn(k − p))⊕(n+1

p ) −→ H0(Pn,Ωp−1
Pn (k)) −→ H1(Pn,Ωp

Pn(k)). (8-3)

� k < p �, Ï� H0(Pn,OPn(k − p)) = 0, ¤± h0(Pn,Ωp
Pn(k)) = 0.

±eØ�� k ≥ p. � p > 1 �, H1(Pn,Ωp
Pn(k)) = 0, Ïd

h0(Pn,Ωp
Pn(k)) + h0(Pn,Ωp−1

Pn (k)) =
(
n+ 1
p

)
· h0(Pn,OPn(k − p)).

�g� p = 2, · · · , k + 1, þ¡Ãª�íÑ h0(Pn,Ωk
Pn(k)) = 0 ±9

h0(Pn,Ωp
Pn(k)) =

(
k + n− p
n− p

)(
k − 1
p

)
, 1 ≤ p ≤ k − 1.
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p = 0 ��/��5guÚn 8.1.1. �

d Serre éó½n, ��

íØ 8.1.1

hn(Pn,Ωp
Pn(k)) =


(−k−1
n−p

)(−k+p
p

)
, e k < p− n, 0 ≤ p ≤ n,

1, e p = n, k = 0,
0, Ù¦.

Ún 8.1.4 � n > 1 �, h1(Pn,ΩPn) = δk0.

y² 3�Ü� (8-3) ¥� q = 1. dc¡�?Ø=�(Ø. �

nþ?Ø, ·��� Bott úª.

8.2 �þm�©�5

8.2.1 Horrocks ©�5�K

½n 8.2.1 (Horrocks ©�5�K [Hor64]) � E ´ X = Pn þ � � X � þ m, E =
OPn(E), K±e^�*d�d:

(1) E U©�¤�m��Ú,

(2) é?¿�ê k, Ñk H i(Pn, E(k)) = 0, i = 1, · · · , n− 1.

y² (1) =⇒ (2) ��5gu Bott úª.

(2) =⇒ (1) é n �8B{. n = 1 �, ^�´��, d�d Grothendieck ½n���þm©
�. 8b�é�ê < n ��K�mþ��þm, (Ø®¤á.

é�Ü�

0 −→ OPn(−1) −→ OPn −→ OPn−1 −→ 0

Üþ E(k) ¿��Ü��ÓN�Ü�

H i(Pn, E(k)) −→ H i(Pn−2, E|Pn−1(k)) −→ H i+1(Pn, E(k − 1)).

db�^�� H i(Pn−1, E|Pn−1(k)) = 0, 1 ≤ i ≤ n− 2. Ïdd8Bb�� E|Pn−1 k©�

E|Pn−1 ∼= ⊕ri=1OPn−1(ai).

·�½Â F = ⊕ri=1OPn(ai), F ´ F éA��þm.

·�w,k��Ó� φ : F |Pn−1 → E|Pn−1 . Ï�db�^��

H1(Pn,F∨ ⊗ E(−1)) = ⊕ri=1H
1(Pn, E(−ai − 1)) = 0,

� φ �±òÿ� φ : F → E (�SK 1.10). Ï� rkF = rkE = r, ¿� c1(E) = c1(F ), ¤±dS

K 1.10 �� φ : E → F ´Ó�. ùÒy²
 E �©�5. �

~ 8.2.1 d Bott úª9 Horrocks ©�5�K, Ωp
Pn := ∧pΩPn ØU©�¤�m��Ú. �
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þã©�5�K%¹
Xe²;(Ø.

½n 8.2.2 � E ´ Pn þ��X�þm, @o±e^�*d�d:

(1) E 3 Pn þ©�¤�m��Ú,

(2) E ���,�²¡ P2 ⊆ Pn þ�±©�¤�m��Ú.

y² (1) =⇒ (2) ´²��.

(2) =⇒ (1) � n ≥ 3, Pn−1 ⊆ Pn ´,�²¡. ·��I�y²: e E|Pn−1 �±©�¤�m

��Ú, @o E ½,.

� E = OPn(E). d Horoocks ©�5�K, é?¿��ê k, H i(Pn−1, E(k)|Pn−1) = 0 (1 ≤
i ≤ n− 2). é�Ü�

0 −→ E(k − 1) −→ E(k) −→ E|Pn−1 −→ 0

�þÓN, ���Ü�

H i−1(Pn−1, E(k)|Pn−1) −→ H i(Pn, E(k − 1)) −→ H i(Pn, E(k)) −→ H i(Pn−1, E(k)|Pn−1).

Ïdé?¿�ê k, ·�k H i(Pn, E(k)) = 0 (1 ≤ i ≤ n− 2) ±9

hn−1(Pn, E(k − 1)) ≤ hn−1(Pn, E(k)).

dué¤©���ê k, hn−1(Pn, E(k)) = 0, ¤± Hn−1(Pn, E(k)) = 0 ¢Sþé?Û�ê k Ñ¤
á. ,��¡, d Serre éó�

H1(Pn, E(k)) = Hn−1(Pn, E∨(−k − n− 1))∨ = 0.

Ïdd©�5�Ká�, E �±©�¤�m�Ú. (Ø�y. �

Horrocks ©�5�Ké�����þm, �±U?�Xe(Ø.

½n 8.2.3 � E ´ X = Pn þ�� r(≥ 2) �þm, ÷v

H i(Pn, E(k)) = 0, 1 ≤ i ≤ r − 1, k ∈ Z.

@o E �±©�¤�m�Ú.

y² b� E Ø�¹�m�Ú�. d5P 3.2.1, ·�Ø�b� E ´ (−1)-�K, �Ø´
(−2) �K. Ïd�3 ` ≥ 1, ¦�

H`(Pn, E(−2− `)) 6= 0.

d½n 3.2.1, E(−1) d�N�¡)¤, � E ´ OPn(1)⊕m �û (m = H0(Pn, E(−1))), l
E ´´L�. ù�, E(n−1−i) �´´L� (i ≤ n−1). ò Le Potier ��½nA^� E(n−1−i)
þ, ¿5¿� ωPn = OPn(−n− 1), K�

H i(Pn, E(−2− i)) = 0, r ≤ i ≤ n− 1.

(Ü·K^�, ùÒ½¦ ` = n, = Hn(Pn, E(−2 − n)) 6= 0, ½= H0(Pn, E∨(1)) 6= 0. ùL

²�3�"�� σ : E → OPn(1). du E ´ OPn(1)⊕m �û�, Ïd σ p�
 E ��Ú�

OPn(1) (aq·K 2.1.3 y²¥�?Ø), �b�^�gñ! Ïd E 7¹,��m���Ú�, =

E = L⊕ E′. é E′ �Ó��?Ø, ±daí=�(Ø. �
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8.2.2 �C������þm

� E ´ Pn þ�� r �þm. é Pn ¥�?�^�� `, �â½n 6.4.1, E|` �±��©�¤
�
�m��Ú

E|` = OP1(a1(`))⊕ · · ·OP1(ar(`)), a1(`) ≥ · · · ≥ ar(`).

·�^ Gn L« Pn ¥¤k���¤� Grassmann 6/. þ¡�©�L«p�
N�

aE : Gn −→ Z⊕r, `→ aE(`) := (a1(`), · · · , ar(`)).

aE(`) ¡� E 3�� ` þ�©�. (Splitting type). XJ aE ´~�N�, @o E �¡����

þm (Uniform vector bundle).

·��±é ImaE �i;ªüS:

(a1, · · · , ar) ≤ (b1, · · · , br) eÄ��"� bi − ai > 0.

��½Â E ���©�. (Generic splitting type)

αE = inf
`∈Gn

aE(`).

�
SE = {` ∈ Gn| aE > αE}.

SE ¥���¡��C�� (Jump line).

~ 8.2.2 � E = TPn ´ Pn þ��m. ·�y² E ´���þm.

aE(`) = (2, 1, · · · , 1).

�d8�, ·��I�y², é?Û�²¡ H, Ñk

TPn = TH ⊕OH(1).

,�d8B{=�¤I.

�Ä�Ü�

0 −→ TH −→ TPn

∣∣
H
−→ OH(1) −→ 0.

�y§´©��, ·��I�y²éA�*Ü+�u". ù5gu��O�:

Ext1(OH(1), TH) ∼= H1(H,TH(−1)) ∼= Hn−2(H,Ω1
H(−n+ 1)) = 0.

Ù¥�����Ò5gu Bott úª.

�5¿, ¦+ E vk�C��, �§¿Ø©�. �

~ 8.2.3 �½ P2 þ� m �ØÓ: x1, · · · , xm. � σ : X → P2 ´'uù
 xi ��u,
Ci = σ∗xi ´~	�, C = C1 + · · ·+ Cm. dÚn 7.5.2, �3 P2 þ�� 2 �þm E, ÷v:
(1) k�Ü�

0 −→ OX(C) −→ σ∗E −→ OX(−C) −→ 0. (8-4)

(2) �Ü� (8-4) ��� Ci þ�î.S�

0 −→ OCi
(−1) −→ O⊕2

Ci
−→ OCi

(1) −→ 0.
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��� L ⊆ P2. Ø�b�§²L x1, · · · , xr. � L̃ ´ L 3 σ e�î���. ´� L̃C = r.
ò�Ü� (8-4) ��� L̃ þ�

0 −→ OeL(r) −→ σ∗E|eL −→ OeL(−r) −→ 0.

du Ext1(OeL(−r),OeL(r)) = H1(L̃,OeL(2r)) = 0, �þ¡��Ü�´©��. ù�Òk

E
∣∣
L
∼= σ∗E

∣∣eL ∼= OeL(r)⊕OeL(−r).

XJ L vk²L?Û xi, @o E|L = OL ⊕OL. Ïd αE = (0, 0). �C��8Ü SE ��u
@
��²L�� xi ���8Ü. �ó�, SE Ò´éó²¡ P∨ ¥ m ^ØÓ���¿8. �

SE ¢Sþ�´ Gn ¥���)Û4f8, Ïd E ��3¿©�����þÑk�Ó�©
�. ù5gu±e����(Ø.

·K 8.2.1 �½ a = (a1, · · · , ar) ∈ Zr, �

Ma = {` ∈ Gn| aE(`) > a}.

@o Ma ´ Gn ¥�)Û4f8. AO/, SE ´)Û4f8.

y² ·�½Â

Mk(a1, · · · , ak) = {` ∈ Gn| (aE(`)1, · · · , aE(`)k) > (a1, · · · , ak)},

M ′
k(a1, · · · , ak) = {` ∈ Gn| h0(L,E(−ak − 1)|L) >

k∑
i=1

(ai − ak)}.

d��O�, §�÷v M1(a1) = M ′
1,

M1(a1) ⊆M2(a1, a2) ⊆ · · · ⊆Mr(a1, · · · , ar) = Ma

±9

Mk(a1, · · · , ak) = Mk−1(a1, · · · , ak−1 − 1) ∩
(
Mk−1(a1, · · · , ak−1) ∪M ′

k(a1, · · · , ak)
)
. (8-5)

d�ëY5½n, M ′
k(a1, · · · , ak) 9 M1(a1) Ñ´ Gn ¥�)Û4f8. |^ª (8-5), �±8B

/y²z� Mk(a1, · · · , ak) Ñ´)Û4f8, Ï Ma ½,. �

XJ Pn þ��þmU©�¤�m�Ú, @o§w,´��m; ��K�7. ��k��¯
K´, =
���þmU©���m��Ú? e¡A�(Ø3A½^�e�Ñ
Ü©£�. ·�
�?Øò^�1 4.4 !�IO�E�ÃPÒ�b�. £���ã

B(x)
f

//

⊆

!!D
DD

DD
DD

D

σ

��2
22

22
22

22
22

22
22

G(x)
⊆

""E
EE

EE
EE

E

s
rr

Fn
p

��

q
// Gn

Pn

·K 8.2.2 � E ´ Pn þ�� r �þm, x ∈ Pn. XJé?ÛL x ��� L, Ñk E|L =
O⊕rL , @o E 7´²�m.
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y² díØ 4.4.1, ·��I�y², éÛÜgd� F = f∗σ
∗E, k f∗F = σ∗E =�. �

�;��� f∗F → σ∗E � f �z�n� L̃ = f−1(`) þ, d����N�Ò´ σ∗E
∣∣eL �D�N

�. du σ∗E
∣∣eL ∼= E|L ´²��, �D�N�Ò´Ó�. Ï;����´Ó�. �

íØ 8.2.1 � E ´ Pn þd�N�¡)¤��þm, � c1(E) = 0. @o E 7´²�m.

y² òD�N���Ü�

0 −→ME −→ H0(Pn, E)⊗OPn −→ E −→ 0

����� L ⊆ Pn þ�

0 −→ME |L −→ H0(Pn, E)⊗OL −→ E|L −→ 0.

du E|L �´�N�¡)¤�, Ï

E|L = OL(a1)⊕ · · ·OL(ar), a1 ≥ · · · ≥ ar ≥ 0.

2d c1(E) = 0 í� ai = 0 (i = 1, · · · , r). (Ü·K 8.2.2 =�(Ø. �

½n 8.2.4 � E ´ Pn þ� r(< n) ����þm, @o E 7U©���m��Ú.

y² é r �8B{. r = 1 ��/´w,�. 8b�¤k� r′ < r(< n) ����þm,
þ®y·K(Ø. ÏLÜþ·���m, ·�Ø�� E|L ©���m�gêÑ�u�u 0. e E

²�m, @od·K 8.2.2, E ´²�m, (Ø�y. ±eØ��

aE = (0, 0, · · · , 0, ak+1, · · · , ar), 0 > ak+1 ≥ · · · > ar, k < r.

d� h0(L,E|L) = k ´Ø�6u ` ∈ Gn À��, �dÚn 4.4.1, F := q∗p
∗E ´ Gn þ�� k �

þm. �Ä;���3 L̃ = q−1(`) þ���,

q∗F |eL // p∗E|L

O⊕keL ⊆ // O⊕keL ⊕
(
⊕r−ki=1OeL(ak+i)

)
ùÒ�Ñ
�þm�Ü�

0 −→ q∗F −→ p∗E −→ V −→ 0,

ùp V |eL = ⊕r−ki=1OeL(ak+i).

e¡·��y² p∗p∗(q∗F ) = q∗F 9 p∗p∗V = V . �d·��I���� F(x) = p−1(x) þ

y²ÙéA�;���´Ó�=�. d�k�Ü�

0 −→ q∗F |F(x) −→ O⊕rF(x) −→ V |F(x) −→ 0.

5¿� F(x) ∼= Pn−1, r < n, dSK 8.3 � V |F(x) 9 q∗F |F(x) Ñ´²�m. d�;���
p∗p∗(q∗F )→ q∗F 9 p∗p∗V → V ��3 F(x) þ´²��D�N�, �ù
;���´Ó�.

8- F0 = p∗q
∗F , V0 = p∗V . u´ q∗F ∼= p∗F0, V = p∗V0, �k�Ü�

0 −→ p∗F0 −→ p∗E −→ p∗V0 −→ 0.
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dupg����� (|^ Bott úª9�Kúª), ùÒ���Ü�

0 −→ F0 −→ E −→ V0 −→ 0.

F0, V0 E,´���þm. d8Bb�, §�Ñ´�m��Ú. d� H1(Pn, V ∨
0 ⊗ F0) = 0 (Bott

úª), Ïdþ¡��Ü�´©��, l E �©�. �

8.2.3 � 2 �þm�©��K

� E ´ Pn (n ≥ 3) þ�� 2 �þm, s ∈ H0(Pn, E), ∆ ´ s �":8. Ø�b� codim∆ =
2. Ï ∆ ⊆ Pn ´ÛÜ���.

·K 8.2.3 E ©���=� ∆ ´�N���.

y² (=⇒) � E = OPn(a)⊕OPn(b), s = (s1, s2), ùp

s1 ∈ H0(Pn,OPn(a)), s2 ∈ H0(Pn,OPn(b)).

Ïd ∆ = div(s1) ∩ div(s2) ´�N���.

(⇐=) � ∆ = div(s1) ∩ div(s2) Óþ. @o·�k�Ü�

0 −→ OPn(−a− b) −→ OPn(−a)⊕OPn(−b) −→ I∆ −→ 0. (8-6)

ùÒ�Ñ


Ext 1
Pn(I∆,OPn(−a− b)) ∼= H0(∆,O∆)

¥��"�. Ïd·���y² H0(∆,O∆) = 1, =� E ∼= OPn(a)⊕OPn(b).

�Ä�Ü�

0 −→ I∆ −→ OPn −→ O∆ −→ 0.

5¿� h0(Pn,I∆) = 0, Ï·��I�y² h1(Pn,I∆) = 0 =�. �dé�Ü� (8-6) �ÓN.
5¿� n ≥ 3 9 a, b > 0, dd=� h1(Pn,I∆) = 0. �

�ÙSK

SK 8.1 �yª (8-5).

SK 8.2 � E ´ Pn þ��þm, y²: ±eü�^�*d�d:
(i) E ´���þm, �3�� L þ©��

E|L = OL(a1)⊕r1 ⊕ · · · ⊕ OL(ak)⊕rk , a1 > a2 > · · · > ak.

(ii) E k�þm�ÈL

0 = F0 ⊆ F1 ⊆ · · · ⊆ F k = p∗E,

÷v F i/Fi−1 = q∗Vi ⊗ p∗OPn(ai), ùp Vi ´ Gn þ�� ri �þm, p, q ��¹Â�1 4.4 !.

SK 8.3 �Ä Pn þ��þm�Ü�

0 −→ E −→ O⊕rPn −→ F −→ 0,
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ùp r ≤ n.
(1) y²: �aõ�ª c(E) = 1, c(F ) = 1.(J«: eØ,, �Äùü�õ�ª��pgê��"
�¦È, §´ hm ��ê, ùp h ∈ H2(Pn−1,Z), m < n.)
(2) y²: E,F Ñ´²�m. (J«: |^íØ 8.2.1.)
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1ÊÙ ���þm���.

1ÊÙ ���þm���.

9.1 ��.��Cþ

·��Ä n g��.

f(x1, x2) =
n∑
k=0

ak

(
n

k

)
xn−k1 xk2.

�Ä x1, x2 ��5C� ϕ,

x1 = c11x̄1 + c12x̄2, x2 = c21x̄1 + c22x̄2,

½�� (
x1

x2

)
=

(
c11 c12

c21 c22

)(
x̄1

x̄2

)
.

§�Ñ
#Cþ x̄1, x̄2 e���.

f̄(x̄1, x̄2) =
n∑
k=0

āk

(
n

k

)
x̄n−k1 x̄k2.

½Â 9.1.1 ���"àgõ�ª I(a0, · · · , an, x1, x2) XJé?Û n ��. f(x1, x2) 9C
þ x1, x2 ��5C� ϕ, Ñk

I(ā0, · · · , ān, x̄1, x̄2) = (detϕ)p · I(a0, · · · , an, x1, x2),

K¡� n g��.�� p �Cþ (Covariant of weight p). ?�Ú, XJ I(a0, · · · , an, x1, x2) ¥
ØÑy x1, x2, K¡��ØCþ (Invariant).

~ 9.1.1 I0(a0, · · · , an) :=
n∑
k=0

ak
(
n
k

)
xn−k1 xk2 = f(x1, x2) w,´�Cþ, §´ n � 0 � 1

g�Cþ. ,��~��ØCþ´�Oª D(f), §´ 0 � n2 − n � 2n− 2 gõ�ª. �

~ 9.1.2 (���g.) � f(x1, x2) = a0x
2
1 + 2a1x1x2 + a2x

2
2. �5C� ϕ e�#Cþõ

�ª f̄ �Xê÷v(
ā0 ā1

ā1 ā2

)
= tϕ ·

(
a0 a1

a1 a2

)
· ϕ =

(
c11 c21

c12 c22

)
·

(
a0 a1

a1 a2

)
·

(
c11 c12

c21 c22

)
.

ü>�1�ª=� ā2
1 − ā0ā2 = (detϕ)2(a2

1 − a0a2). Ïd�Oª D(f) := a2
1 − a0a2 ´� 2 �Ø

Cþ. �

·�ò f ��Cþ I �¤

I(a0, · · · , an, x1, x2) =
m∑
k=0

Ck

(
m

k

)
xm−k1 xk2,

ùp Ck = Ck(a0, · · · , an) ´àgõ�ª. degCk = g ¡� I �gê (Degree), m ¡� I ��
(Order). m, p, g ÷v'Xª 2p = ng −m.
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1ÊÙ ���þm���.

·�Ú\ü��f

D :=
n−1∑
k=0

(k + 1)ak ∂
∂ak+1

,

∆ :=
n−1∑
k=0

(n− k)ak+1
∂
∂ak

.

½n 9.1.1 ��.

I =
m∑
k=0

Ck

(
m

k

)
xm−k1 xk2

´ n g��. f(x1, x2) ��Cþ��=�±e^�¤á:

(1) C0 = C0(a0, · · · , an) ´ g g� p àgõ�ª, 2p = ng −m. ùp, z� ai D�� i.

(2) DC0 = 0.

(3) Ci = (m−i)!
m! ∆iC0.

C0 ¡�T�Cþ� (Source), {P� c(I(f)).

½n 9.1.2 ([Gor68]) � Ii ´ mi � pi � gi g�Cþ (i = 1, 2), Ké?Û h ≥ 0,

ϕh(I1, I2)(f) =
h∑
k=0

(−1)k
(
h

k

)
∂hI1(f)
∂xh−k1 ∂xk2

· ∂hI2(f)
∂xk1∂x

h−k
2

´ m1 +m2 − 2h � p1 + p2 + h � g1 + g2 g�Cþ. ¤k�CþÑ�±dd�{��.

~ 9.1.3 (Hessian)

H(f) =
ϕ2(I0, I0)

2n2(n− 1)2
=

1
n2(n− 1)2

∣∣∣∣∣
∂2f
∂x2

1

∂2f
∂x1∂x2

∂2f
∂x2∂x1

∂2f
∂x2

2

∣∣∣∣∣
§´ 2n− 4 � 2 � 2 g�Cþ. �

~ 9.1.4 (Jacobian)

ϕ1(I1, I2)(f) =

∣∣∣∣∣ ∂I1(f)
∂x1

∂I2(f)
∂x1

∂I1(f)
∂x2

∂I2(f)
∂x2

∣∣∣∣∣
´ m1 +m2 − 2 � p1 + p2 + 1 � g1 + g2 g�Cþ. AO/,

J(f) = ϕ1(H(f), f)

¡� f � Jacobian. §´ 3n− 6 � 3 � 3 g�Cþ. �

¤k�Cþ)¤��V©g C-�ê, �Vgê� (g,m).

~ 9.1.5 (1) �g.�V©g�ê´ C[I0].
(2) �g.�V©g�ê C[I0, D], ùp D ´�Oª.
(3) ng. f = a0x

3
1 + 3a1x

2
1x2 + 3a2x1x

2
2 + a3x

3
2. ·�®²k I0, �Oª D(f) ±9 Hessian

H(f) = Ax2
1 +Bx1x2 + Cx2

2,
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ùp
A = a0a2 − a2

1, B = a0a3 − a1a2, C = a1a3 − a2
2.

·��k Jacobian
J(f) = a′0x

3
1 + 3a′1x

2
1x2 + 3a′2x1x

2
2 + a′3x

3
2,

ùp

a′0 = a2
0a3 − 3a0a1a2 + 2a3

1, a′1 = a0a1a3 − 2a0a
2
2 + a2

1a2,

a′2 = 2a2
1a3 − a1a

2
2 − a0a2a3, a′3 = 3a1a2a3 − 2a3

2 − a0a
2
3.

ù
�Cþ÷v'Xª
4H4 + J2 = DI2

0 .

éA�V©g�ê� C[I0,H, J,D]/(4H3 + J2 −DI2
0 ). �

½n 9.1.3 (Gordan-Hilbert ½n) n-g.��Cþ�´k�)¤�.

XJ�� n g��.�¤kØCþÑ�", K¡§�"/ª (Nullform).

½n 9.1.4 (Hilbert "/ª) n g��. f ´"/ª��=��3�ê h > n/2 ±9�5

. ` ¦� `h | f .

9.2 ���þm��Cþ

� E ´1w�Kq X þ����þm, L ´�m. ·��r�g.��CþVg9(Øí
2��þm E∨ þ. ùp�¤±^ E∨ O� E, ´Ï� E∨ �ÛÜÄ´ÛÜ¼ê, kg,��(
�.

�ÄmCX X = ∪α∈IUα, ¦�

E∨|Uα
= OUα

· xα1 ⊕OUα
· xα2, L|Uα

= OUα
· eα.

�N�¡ f ∈ H0(X,SnE∨⊗L) 3 Uα þ�ÛÜL«´ n g��. fα(xα1, xα2)⊗eα. 3 Uα∩Uβ
þ,

fα(xα1, xα2)⊗ eα = fβ(xβ1, xβ2)⊗ eβ.

§¡� (2Â) n g. (Generalized n-form).

�Ä=£¼ê (
xα1

xα2

)
= ϕαβ

(
xβ1

xβ2

)
, eα = `αβeβ.

� f̄β(xβ1, xβ2) = fα(xα1, xα2). dd��

fβ(xβ1, xβ2) = `αβ f̄β(xβ1, xβ2). (9-1)

� I ´ (n,m, p, g) .�Cþ. ·�F"ò§í2��þm��N�¡. ·��y

{(Uα, I(fα)(xα1 ∧ xα2)p ⊗ egα)}α∈I

- 149 -



1ÊÙ ���þm���.

�Ñ
 SmE∨ ⊗ (detE∨)p ⊗ Lg ��N�¡ I(s). ¯¢þ,

I(fβ)(xβ1 ∧ xβ2)p ⊗ egβ =

I(`αβ f̄β)(xβ1 ∧ xβ2)p ⊗ egβ = I(f̄β)(xβ1 ∧ xβ2)p ⊗ (`αβeβ)g = I(fα)(xα1 ∧ xα2)p ⊗ egα.

ù�, ·�Òk

½n 9.2.1 � I ´ (n,m, p, g) .�Cþ, K§�Ñ
�þm��êN�

I : SnE∨ ⊗ L −→ SmE∨ ⊗ (detE∨)p ⊗ Lg, s→ I(s).

AO/, XJ I ´ØCþ, KkN�

I : SnE∨ ⊗ L −→ (detE∨)
ng

2 ⊗ Lg. (9-2)

� L∨ ´ E �4�f�m, (Uα, zα)α∈I ´ E ¥)¤ L∨ ��|Ä. 3z�m8 Uα þ, ·�
�±é E �ÛÜÄ zα, wα, Ù¥ zα 5g L∨ éA�þãÄ. � xα1 = z∗α, xα2 = w∗α ´ E∨ �é
óÄ. 3�8 Uα ∩ Uβ ¥, ·�k=�'X

zβ = λαβzα, wβ = δαβzα + µαβwα,

ùp `αβ ´ L �=�¼ê. �A�éóÄ�m�=�'X�

xα1 = λαβxβ1 + δαβxβ2, xα2 = µαβxβ2.

� M = {`αβ}´?¿�m, f ∈ H0(X,SnE∨ ⊗M). dª (9-1) ±9þã�=�'X, ·�
�±���=�'X

c(fα)λnαβ`αβ = c(fβ).

ù¿�X c(f) = {c(fα)}α∈I ∈ H0(X,Ln ⊗M). nþ?Ø, ·�=�Xe(Ø.

·K 9.2.1 � L∨ ´ E �4�f�m, M ´?¿�m, @o�Ñ
p�Ó�

c : SnE∨ ⊗M −→ Ln ⊗M, f → c(f).

�e5, ·��ò Hilbert "/ª½ní2��þm�/. ùp��
O�ó�.

·K 9.2.2 � L ´�m, ÷v�Ç'X µ(L) < µ(SnE) (n ≥ 2). @oé?Û�¡
s ∈ H0(X,SnE∨ ⊗ L), s 7´"/ª.

y² � I ´ØCþ, M = Lg⊗(detE∨)
ng

2 . ·�k�NN� (9-2), = I : SnE∨⊗L→M .
db�^�,

µ(M) = g(µ(L)− nµ(E)) < 0.

Ïd H0(M) = 0, l I(s) = 0. �

y3·�b�

s = {(Uα, fα(xα1, xα2)⊗ eα)}α∈I ∈ H0(X,SnE∨ ⊗ L)

´"/ª, ùp L = {`αβ}, eα = `αβeβ. 5¿� fα(xα1, xα2), fβ(xβ1, xβ2) Ñ´"/ª, Ïd
Hilbert "/ª½n, ·�k

fα(xα1, xα2) = gα1(xα1, xα2)hαfα1(xα1, xα2), fβ(xβ1, xβ2) = gβ1(xβ1, xβ2)hβfβ1(xβ1, xβ2).
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|^©)���5��, hα = hβ := h, deg fα1 = deg fβ1 = n − h ±9 gα1(xα1, xα2) =
tαβ · gβ1(xβ1, xβ2), ùp tαβ ´ Uα ∩ Uβ þ��"�X¼ê. dd���m T = {tαβ}.

� {(Uα, zα)}α ´ T �ÛÜÄL«, {(Uα, z∗α)}α ´ T∨ �ÛÜéóÄ. dþ?Ø, 3 Uα ∩ Uβ
þ,

gα1(xα1, xα2)⊗ z∗α = gβ1(xβ1, xβ2)⊗ z∗β .

ùL²
g1 := {(Uα, gα1(xα1, xα2)⊗ z∗α)}α∈I ∈ H0(X,E∨ ⊗ T∨).

dª (9-1), ·�k ghα1fα1 ⊗ eα = ghβ1fβ1 ⊗ eβ, l thαβfα1 ⊗ eα = fβ1 ⊗ eβ . ùÒíÑ

fα1 ⊗ eα ⊗ zhα = fβ1 ⊗ eβ ⊗ zhβ .

Ïd

s1 = {(Uα, fα1(xα1, xα2))} ∈ H0(Sn−hE∨ ⊗ L⊗ T h).

(Ü·K 9.2.2, ùÒ�� Hilbert "/ª3�þmþ�í2.

·K 9.2.3 ("/ª) 3·K 9.2.2 �^�e, b� H0(X,SnE∨ ⊗ L) 6= 0, KéÙ¥z�

�"�¡ s, Ñ�3�m T , ��ê h > n/2 ±9�"�¡

g1 ∈ H0(X,E∨ ⊗ T−1), s1 ∈ H0(X,Sn−hE∨ ⊗ L⊗ T h).

5 9.2.1 e± E∨ �O E, þ¡�?Ø�kéó/ª�Qã, äNë�SK 9.3. �

|^þã?Ø, ·��±�����þm��½5�K.

½n 9.2.2 � E ´���þm, K±e^�*d�d:

(1) E Ø´�½�,

(2) �3�ê n ≥ 2 ±9�m L, ¦� µ(L) < µ(SnE) � H0(X,SnE∨ ⊗ L) 6= 0.

(3) �3�ê n ≥ 2 ±9�m L, ¦� µ(L) > µ(SnE) � H0(X,SnE ⊗ L∨) 6= 0.

y² (1) =⇒ (2) Ï� E Ø´�½�, ¤±�3�m L0 9�"�� E → L0, ¦�
µ(L0) < µ(E). é?¿��ê n, - L = Ln0 , Kk�"�� SnE → L. Ï H0(X,SnE∨⊗L) 6=
0.

(2) =⇒ (1) b��3�m L 9��ê n ≥ 2, ¦� µ(L) < µ(SnE), ��3�"�¡ s ∈
H0(X,SnE∨⊗L). ·�b� n ´÷vd^������ê. d·K 9.2.3, �3 h > n/2, �m T

±9�"�¡ g1, s1. - n1 = n− h < n, L1 = L⊗ T h. d s1 6= 0 �� H0(X,Sn1E∨ ⊗ L1) 6= 0.
d g1 6= 0 ���"�� E → T−1.

8b� E ´�½�. ùÒk µ(E) ≤ µ(T∨) = −µ(T ). u´

µ(L1) = µ(L) + hµ(T ) ≤ µ(L)− hµ(E) < µ(Sn1E).

e n1 = 0, Kþª�du degL1 < 0, ù� H0(X,L1) 6= 0 gñ! e n1 = 1, K H0(X,E∨⊗L1) 6=
0 L²�3�"�� E → L1, l µ(E) ≤ µ(L1). ù�þ¡�Ø�ªgñ! Ïd n1 ≥ 2. ùÒ
� n ���5gñ! Ïd E Ø´�½�.
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5¿� E∨ � E äk�Ó�½5, Ï�� (3) � (1) ��d5 (��±|^SK 9.3 �

�y²). �

�ÙSK

SK 9.1 é�Cþ I =
m∑
k=0

Ck
(
m
k

)
xm−k1 xk2, y²:

(1) DC0 = ∆Cm = 0,
(2) DI = x2

∂I
∂x1

,
(3) ∆I = x1

∂I
∂x2

,
(4) Ci ��´ p+ i.

SK 9.2 � f ´ 3 g��., y²:
(1) H(J(f)) = −D(f)H(f), D(J(f)) = D(f)3, J(J(f)) = −D(f)2f .
(2) D(f) = H(f) = 0 ��=� f = 0 kn�.

SK 9.3 � L ´�m, n ≥ 2, �÷v�Ç'X µ(SnE) < µ(L), y²:
(1) H0(X,SnE ⊗ L−1) ¥�?¿�¡ s Ñ´"/ª.
(2) e s 6= 0, @o�3�m T Ú�ê h > n/2, ±9�"�¡

g1 ∈ H0(X,E ⊗ T−1), s1 ∈ H0(X,Sn−hE ⊗ L−1 ⊗ T h).
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10.1 � 2 �þm���m

�ÙSK

SK 10.1 �
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1��Ù ¡þ��5X

1��Ù ¡þ��5X

±eb� X ´1w�K�ê¡.

11.1 Zariski ©)

½Â 11.1.1 � D ´¡ X þ�Øf. XJé?Û´LØf H, Ñk DH ≥ 0, ·�Ò¡
D ´�k�� (Pseudo-effective).

k�ØfÚ´LØfw,´�k��.

·K 11.1.1 (1) D ´�k��¿©7�^�� DA ≥ 0, ùp A ´?¿ nef Øf.
(2) XJ D Ø´�k��, @oé?¿Øf L, � n ¿©��, Ñk H0(X,nD + L) = 0.

y² (1) ¿©5´w,�. e¡y²7�5. � H1 = nA +H, n � 0. d� H1 �´´
L�. db�^�, DH1 ≥ 0, Ïk DA = lim

n→+∞
DH1
n ≥ 0.

(2) �´LØf H, ¦� DH < 0. Ïd (nD + L)H < 0. ùÒ½¦ H0(X,nD + L) = 0. �

3Ú\�k�Øf� Zariski ©)�c, ·�I��
O�ó�.

Ún 11.1.1 � D ´�k�Øf, C = ∪ri=1Ci ´K½�, N =
r∑
i=1

niCi. XJ (D −

N)Ci ≤ 0 éz�Ø��©| Ci Ñ¤á, @o D −N �´�k��.

y² ?�´LØf H. ·��E|83 C þ� Q-Øf Z, ÷v

ZCi = −HCi, i = 1, · · · , r.

dK½5, Z �3���, ¿� Z ≥ 0. du (H +Z)Ci = 0 (i = 1, · · · , r), ¤± H +Z ´ nef �,
¿� (H + Z)N = 0. d·K 11.1.1, ·�k D(H + Z) ≥ 0. ,��¡, db�^�, ·��k
(D −N)Z ≤ 0. Ïd

(D −N)H = DH −NH = DH +NZ ≥ −DZ +NZ = −(D −N)Z ≥ 0.

d H �?¿5=�(Ø. �

Ún 11.1.2 � C = ∪ri=1Ci ´�K½�, Ù��Ý
 (Ci · Cj)1≤i,j≤r k t �KA��,
� C ′ = C1 ∩ · · · ∩ Ct ´K½�. @o�3|83 C ′ þ� Q-k�Øf D1, · · · , Dr−t, ÷v

(Dj + Ct+j)Ci = 0, i = 1, · · · , r; j = 1, · · · , r − t.

y² -

V = Q〈C1, · · · , Cr〉, V1 = Q〈C1, · · · , Ct〉, V2 = {D ∈ V |DD′ = 0,∀D′ ∈ V1}.

du C1 + · · ·+Ct K½, ¤± V1 ∩ V2 = {0}. ,��¡, dimV2 = r− t. Ïd V = V1 ⊕ V2. �5
¿, é?Û D ∈ V2, D2 = 0 (ÄKKA���ê > t). ù�íÑ V2 ¥?Ûü�����ê�".
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8é?Û Ct+j , �3 −Dj ∈ V1, Ej ∈ V2, ÷v Ct+j = −Dj + Ej . Ïd (Dj + Ct+j)Ci = 0
(i = 1, · · · , t). é?Û Ct+k, ·�k Ct+kEj = −DkEj + EkEj = 0. Ïd D + Cj � C �?Û©
|���êþ�". du DjCi = −Cj+tCi ≤ 0 (i = 1, · · · , t), ¤± Dj ≥ 0. �

Ún 11.1.3 � D ´�k� Q-Øf, C = C1 + · · ·+ Cr ´Q��, ÷v DCi ≤ 0. XJ

�3 t < r ¦�, DCi < 0 (i = t+ 1, · · · , r) ¿� C1 + · · ·+ Ct ´K½�, @o C ´K½�.

y² ky² C ´�K½. eØ,, �3|83 C þ�Øf Z, ÷v Z2 > 0. � Z =
A − B, ùp A,B ≥ 0 �Ãú�©|. Z2 > 0 ½¦ A2, B2 ¥k����u 0. Ïd·�Ø��

m©Ò� Z ≥ 0. diù-ââ½n�� h0(X,nZ) = O(n2). Ïd |nZ|p���5XN���

´¡. � |nZ| = |M | + Fn, ùp Fn ´�½Ü©, u´ M2 > 0. Ïd, ·�Ø��m©Ò±

M(= nZ − F ) �O Z. ù�, ·��±b½ Z ´ nef �k�Øf, � Z2 > 0.

db�^�, DZ ≤ 0. qÏ� D ´�k��, �d·K 11.1.1, DZ ≥ 0. ùÒíÑ DZ = 0.
Ï� DCi < 0 (� i > t �), ¤± Z �|8�U3 C1 + · · · + Ct þ, ldb�^�� Z2 ≤ 0,
gñ! Ïd C ´�K½�.

Ø���5, ·��±b� (Ci · Cj)1≤i,j≤r ¥KA���êÒ´ t (eØ,, l Ct+1, · · · , Cr
¥]��V\�c¡ r �K½�¥, ¦�§�E,K½). XJ C Ø´K½�, @o�3k� Q-
Øf Dj ÓÚn 11.1.2, ÷v (Dj+Ct+j)Ci = 0 (1 ≤ i ≤ r; 1 ≤ j ≤ r−t). Ïd Dj+Ct+j ´ nef.
db�^�, D(Dj+Ct+j) ≤ DCj < 0. �´ D ´�k��, �â·K 11.1.1, D(Dj+Ct+j) ≥ 0,
gñ! �

íØ 11.1.1 � D ´�k��, @o�õ�kk�^Q�Ø��� C ÷v DC < 0.

y² b��3 C ÷v DC < 0, @o C2 < 0 (ÄK C ´ nef, l DC ≥ 0). ÏddÚn
11.1.3, ¤k÷vd^����¿´K½�, Ïùa���êØU�L dimQNS(X). �

½n 11.1.1 (Zariski ©) [Fuj79]) � D ´�k��, @o D �±��©)�

D = P +N,

ùp P ´ nef � Q-Øf, N ´|8�K½��k� Q-Øf, �Ù?¿Ø��©| C þ÷v
PC = 0.

y² � C1, · · · , Cr1 ´¤k÷v DCi < 0 �Ø���. Ïd ∪iCi ´K½�, ��3
N1 ∈ V 〈C1, · · · , Cr1〉, ¦� N1Ci = DCi (i = 1, · · · , r1), l N1 ≥ 0. - D1 = D − N1. u´
D1Ci = 0. dÚn 11.1.1, D1 ´�k��. e D1 ´ nef, @o- P = D1, N = N1 =�.

8b� D1 Ø´ nef. @oaq/��E N2 ∈ V 〈Cr1+1, · · · , Cr2〉9 D2 = D1 −N2. d�·
�k

D1Ci = 0 (i = 1, · · · , r1), DCj < 0 (j = r1 + 1, · · · , r2).

2g|^Ún 11.1.3, �� C1 + · · · + Cr2 E´K½�. ±daí, k�Ú�, Dn ´ nef, P�

P , ¿- N = N1 + · · ·+Nn. u´ D = P +N .

é?Û C ∈ N , Ø�� i ´���eI, ¦� C ∈ Ni. @o

0 = DiC = PC +Ni+1C + · · ·+NnC ≥ DnC.
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du P ´ nef, � PC = 0.

��·�y²��5. � D = P ′ + N ′ ´,��÷v^��©). é?ÛØ��©|

C ∈ Supp(N),
(N ′ −N)C = PC − P ′C = −P ′C ≤ 0.

·�� N ′ = A+B, ùp A,B ≥ 0Ãú�©|, Supp(A)∩Supp(N) = ∅, Supp(B) ⊆ Supp(N),
Ïd (B−N)C ≤ (N ′−N)C ≤ 0. d C �?¿5, B−N ≥ 0, l N ′ ≥ N . aq�y N ≥ N ′,
Ïd N = N ′, P = P ′. �

Ún 11.1.4 � A ´¡ X þ�Øf, E ´|83K½�þ�k�Øf. XJé E ¥
?ÛØ��©| Γ, Ñk AΓ = 0, @o H0(X,A) = H0(X,A+ E).

y² Ø�� |A+E| = |M |+ Z ��, ùp Z ´Ù�½Ü©. ����k�Øf F , ¦�
F ≤ E � F ≤ Z, ¿- E′ = E − F , Z ′ = Z − F . u´ A+ E′ ≡ M + Z ′. é E′ �?ÛØ��
©| Γ,

E′Γ = AΓ + E′Γ = MΓ + Z ′Γ ≥ 0.

Ï E′2 ≥ 0. d E′ �K½5, E′ = 0, = E ≤ Z. Ï |A+ E| = |A|+ E. �

íØ 11.1.2 � D ´�k�Øf, D = P + N ´ Zariski ©), Ù¥ N ´K½Ü©. @o
é¿©�Ø���ê n, ·�k H0(X,nD) = H0(X,nP ).

11.2 k-©l5�K

½Â 11.2.1 � k ≥ 0, D ´Øf. XJ |D|÷v±e^�, K¡§´ k-©l� ½ (k−1)-�
~´L:

(1) é?Û÷v deg ∆ = k �"�fV. ∆, ��N� ρ∆ : H0(OX(D)) → H0(O∆(D)) ´÷
� (k ≥ 1) .

(2) H1(OX(D)) = 0 (k = 0).

þã½Â¥� ∆ ¡�é |KX + L|�ÑÕá^�, ½ö¡ ∆ � |KX + L|©l.

|D|´ k-©l (k ≥ 1) ��duk�Ü�

0 −→ H0(I∆(D)) −→ H0(OX(D)) −→ H0(O∆(D)) −→ 0.

Ïd |D|� k-©l5��du

h0(X,D)− h0(X,I∆(D)) = h0(O∆(D)) = k.

½n 11.2.1 (k-©l��þm�K) � L ´�½�Øf, k ≥ 1, @o±e^�*d�d:

(1) � E ´� 2 �þm, c1(E) ≡ L, s ∈ H0(E), dimZ(s) = 0, K�o Z(s) = ∅, �o
c2(E) = degZ(s) ≥ k + 1.
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(2) � F1, F2 ´ü^Ãú�©|��, Z = F1 ∩ F2, Z ′ ⊆ Z ÷v degZ ′ ≥ degZ − k. �

F ∈ |F1 + F2 − L|, e Z ′ ⊆ F , K Z ⊆ F .

(3) � E ´� 2 �þm, s ∈ H0(E), dimZ(s) = 0, Z ′ ⊆ Z(s) ÷vdegZ ′ ≥ degZ(s) − k. �

F ∈ | detE − L|, e Z ′ ⊆ F , K Z ⊆ F .

(4) |KX + L|´ k-©l�.

y² (1) =⇒ (2) � ∆ = Z − Z ∩ F . d½n 7.3.1, �3 (E, s) ÷v c1(E) ≡ L,, c2(E) =
deg ∆. d (1) �b�^�, �o ∆ = ∅, �o deg ∆ ≥ k + 1.

XJ Z * F , K ∆ 6= ∅, � deg ∆ ≥ k + 1. Ïd

degZ ′ ≥ degZ − k = deg ∆ + degZ ∩ F − k ≥ 1 + degZ ∩ F ≥ 1 + degZ ′,

gñ! � Z ⊆ F .

(2) =⇒ (4) be |KX +L|Ø´ k-©l, @od½Â, �é"�fV. ∆, ¦� deg ∆ = k �

��N�
ρ∆ : H0(OX(KX + L)) −→ H0(O∆(KX + L))

Ø´÷�. d�Ü�

0 −→ H0(I∆(KX + L)) −→ H0(KX + L)
ρ∆−→ H0(O∆(KX + L))

−→ H1(I∆(KX + L)) −→ H1(KX + L) −→ 0.

�� h1(I∆(KX + L)) > h1(KX + L). ·��±é����fV. ∆′ ⊆ ∆, deg ∆′ ≤ k, ¦�é
?Û ∆′′ $ ∆′, Ñk

h1(I∆′(KX + L)) > h1(I∆′′(KX + L)) = h1(KX + L).

d½n 7.3.1, �3� F1, F2, F , ¦�{
∆′ = F1 ∩ F2 − Z ′,
L ≡ F1 + F2 − F,

ùp Z ′ = F1∩F2∩F . degZ ′ = degF1∩F2−deg ∆′ ≥ degF1∩F2−k. db�^�, F1∩F2 ⊆ F ,
= ∆′ = ∅, gñ! � |KX + L|´ k-©l.

(4) =⇒ (1) Ï� |KX + L|´ k-©l, ¤± h1(I∆(KX + L)) = h1(KX + L) é?Û÷v
deg ∆ ≤ k �"�fV. ∆ ¤á. XJ degZ(s) ≤ k, K h1(IZ(s)(KX+L)) = h1(KX +L). ù�
½n 7.3.1 gñ! � degZ(s) ≥ k + 1.

(1) =⇒ (3) d½n 7.3.1, �3� 2 �þm E′, s′ ∈ H0(E′), dimZ(s′) = 0, Z(s′) = Z(s) −
Z(s)∩F , L ≡ c1(E′). Ïd�o Z(s) ⊆ F (= Z(s′) = 0), �o degZ(s)− degZ(s)∩F ≥ k+ 1.

XJ Z ′ ⊆ Z ∩ F , � Z(s) * F , @o

degZ ′ ≥ degZ − k ≥ 1 + degZ(s) ∩ F ≥ 1 + degZ ′,

gñ! � Z(s) ⊆ F .

(3) =⇒ (2) - E = OX(F1)⊕OX(F2), K L ≡ c1(E)−F , Z(s) = F1 ∩F2. � Z ′ ⊆ F1 ∩F2,
degZ ′ ≥ degF1 ∩ F2 − k, � Z ′ ⊆ F . db�^�, Z(s) ⊆ F , = F1 ∩ F2 ⊆ F . �
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(Üþã½n±9½n 7.3.1 ��Xe(Ø.

íØ 11.2.1 � ∆ ´"�fV., L ´Øf. ±e^�*d�d:

(1) ∆ ´vké |KX + L|�ÑÕá^��4�V..

(2) ∆ vké |KX + L|�ÑÕá^�, � ∆ �?ÛýfV.Ñé |KX + L|�ÑÕá^�.

(3) �3�þm E ±9 s ∈ H0(E), ÷v c1(E) ≡ L 9 z(s) = ∆.

þ¡�?Øïá
�5X� k-©l5�½�� 2 �þm�35�½�m�'X. XJ·�
U
(Ü� 2 �þm� Bogomolov Ø�ª, @oò¬�� k-©l5�ê��K.

·K 11.2.1 � L ´ big Øf, ∆ ´÷v L2 > 4 deg ∆ "�fV. (#N��). b��3

� 2 �þl E ±9 s ∈ H0(E), ÷v c1(E) ≡ L, Z(s) = ∆, ¿� E 6∼= OX ⊕ OX(L). @o�3

�"k�Øf D ²L ∆, ¿�÷v

(1) DL− deg ∆ ≤ D2.

(2) DA ≤ 1
2(AL−

√
A2
√
L2 − 4 deg ∆), é?Û nef Øf A ¤á.

(3) e A2 > 0, @o D2 < `
2DA, ùp ` = AL

A2 > 0.

?�Ú, XJ L ´�k��, L = P + N ´ Zariski ©), Ù¥ P ´ nef � Q-Øf÷v
PN = 0, N ´|83K½�þ�k� Q-Øf, @ok

DL− deg ∆ ≤ D2 <
1
2
DP <

1
4
(−N2) + deg ∆.

AO/, L ´ nef �, 7k ∆ 6= ∅, �

DL− deg ∆ ≤ D2 <
1
2
DL < deg ∆.

y² du L2 > 4 deg ∆, �díØ 7.2.1, �34�f�m OX(M) ⊆ E, ÷v

(2M − L)2 ≥ L2 − 4 deg ∆,

(2M − L)A ≥
√
A2
√
L2 − 4 deg ∆,

ùp A ´?¿ nef Øf.

e� A�´LØf, du L ´ big Øf, ¤± LA > 0, � MA > 0, l OX(M) � OX ´
E �ü�ØÓ�4�f�m. dÚn 7.1.1, �3k�Øf D ²L ∆, ÷v D ≡ L−M . d E �
b�^�, D 6= 0 (Ún 7.1.1). Ïd

(2D − L)2 = (2M − L)2 ≥ L2 − 4 deg ∆,

= D2 ≥ DL− deg ∆. Ó�/, é?ÛØê��du"� nef Øf,

DA ≤ 1
2
(AL−

√
A2
√
L2 − 4 deg ∆) <

1
2
AL.

±eb� A2 > 0. d Hodge �I½n, (AL)2 ≥ A2L2 > 0, ¤± ` > 0. e DA = 0, K
D2 ≤ 0. du D 6= 0, ¤± D2 < 0 = `

2DA. e DA > 0, K

D2A2 ≤ (DA)2 <
1
2
(LA)(DA),
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� D2 < `
2DA.

b� L ´�k��. � A = P . d� ` = 1, P 2 = L2 −N2 > 0, Ï D2 < 1
2DP ,

PL−
√
P 2
√
L2 − 4 deg ∆ =

P 2(−N2 + 4 deg ∆)

P 2 +
√
P 2
√
L2 − 4 deg ∆

< −N2 + 4 deg ∆.

Ïd DP < 1
2(−N2) + 2 deg ∆.

� L ´ nef Øf�, ·��I�y² ∆ 6= ∅. eØ,, � A = L, �

0 ≤ DL ≤ 1
2
(L2 −

√
L2
√
L2 − 4 deg ∆) = 0.

Ïd DL = 0. du L2 > 0 � D 6∼ 0, ¤± D2 < 0. �,��¡, D2 ≥ DL − deg ∆ = 0, gñ!
� ∆ 6= ∅. �

nÜþã?Ø, ·���

½n 11.2.2 (k-©l5�ê��K) � ∆ ´ØU� |KX + L|©l�4�"�fV., L
´÷v L2 > 4 deg ∆ � big Øf. @o�3�"k�Øf D ²L ∆, ¦�é?¿Øê��du
"� nef Øf A, k

(1) DL− deg ∆ ≤ D2,

(2) DA ≤ 1
2(AL−

√
A2
√
L2 − 4 deg ∆) < 1

2AL.

(3) e A2 > 0, @o D2 < `
2DA, ùp ` = AL

A2 > 0.

AO/, XJ L ´ nef �, @o ∆ 6= ∅�

DL− deg ∆ ≤ D2 <
1
2
DL < deg ∆.

����²;�A^, ·�Ò��Í¶� Rieder �{.

½n 11.2.3 (Rieder �{) � L ´ nef Øf.
(1) XJ L2 ≥ 5, p ´ |KX + L|�Ä:, @o�3²L p �� D > 0, ¦�{

DL = 0,
D2 = −1.

½

{
DL = 1,
D2 = 0.

(2) XJ L2 ≥ 9, |KX + L|ØU©l ∆ = p+ q, @o�3²L ∆ �� D > 0, ¦�{
DL = 0,
D2 = −1,−2,

½

{
DL = 1,
D2 = −1, 0,

½

{
DL = 2,
D2 = 0,

½

{
DL = 3,
D2 = 1(L ∼ 3D).

íØ 11.2.2 � L ´ nef Øf, L2 ≥ 10, ϕ ´d���5X |KX +L |p��N�. XJ ϕ

Ø´Vkn�, K X �¹��ÃÄ:��å D′, ¦� 1 ≤ LD′ ≤ 2.

y² d½n 11.2.3, é?ÛØU� ϕ «©�gê� 2 �"�fV. ∆, Ñk� D ²
L ∆ �÷v½n 11.2.3 �^�. du ϕ Ø´Vkn, Ïù�� D 3,��êq¥£Ä. � D′

´ D �£ÄÜ©. Ï� LD′ ≤ LD ≤ 2, �d Hodge �I½ní� D′2 = 0, LD′ > 0. Ï
LD′ = 1, 2. �
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½n 11.2.4 (Sakai ��½n[Sak90]) b� L ´1w¡ X þ� big Øf, � L2 > 0. X

J H1(X,OX(−L)) 6= 0, @o�3�"k�Øf D, ¦� L− 2D ´ big Øf� (L−D)D ≤ 0.

y² Ï� H1(X,OX(−L)) 6= 0, ¤±�3Ø©�����þm E, ÷v c1(E) = L,
c2(E) = 0. Ï� L2 = c1(E)2 > 4c2(E) = 0, ¤±d·K 11.2.1, �3�"k�Øf D ÷v
DL ≤ D2, (L− 2D)2 ≥ L2 > 0 ¿� (L− 2D) ´�k��. Ïd L− 2D ´ big �. �

½Â 11.2.2 � L ´¡ X þ��m, ϕ|L| : X 99K Pdim |L| ´ |L|p���5XN�. X

J |L|÷v±eÃ^�, K¡ ϕ|L| ´ C Ó�:

(1) |L|QÃ�½Ü©½ÃÄ: (Ï ϕL ´��);

(2) Σ := ImϕL ´�5q, ¿��kk�� ADE-Û:;

(3) ϕL : X → Σ ´4�)�.

�� Reider �{�A^, ·��	��.4�¡�õ;�N�. ·�òU? Bombirei
[Bom73] �Xe²;(J.

½n 11.2.5 (Bombieri) � X ´��.4�¡, ϕn := ϕ|nKX | ´õ;�N�, @o

(1) � n ≥ 5 �, ϕn ´ C Ó�;

(2) � K2
X ≥ 2 �, ϕ4 ´ C Ó�;

(3) � K2
X ≥ 3 �, ϕ3 ´ C Ó�; � K2

X = 2 �, ϕ3 ´��;

(4) � K2
X ≥ 5 �, ϕ2 ´��;

(5) � K2
X ≥ 10 �, ϕ2 ´Vkn��=� X Ø´º� 2 n�z.

y² 3½n 11.2.3 ¥� L = (n− 1)KX (n ≥ 3). � L2 ≥ 5 �, ½n 11.2.3 ¥� D Ø�

3 (ÄK D2 +DKX Ø´óê), � ϕn ´��. é L = KX � K2
X ≥ 5 ��/, aq�y ϕ2 �

´��.

� L2 ≥ 10 �, ½n 11.2.3 ¥� D �U´ (−2)-�, Ï ϕm ´ C Ó�. ùÒy²


(1)(2)(3)(4).

e¡y (5). � L = KX , � K2
X ≥ 10. XJ ϕ2 Ø´Vkn�, @odíØ 11.2.2, X þ�3

ÃÄ:�å F , ¦� FKX = 1, 2. 5¿� F 2 = 0, � FKX = 2, = X kº� 2 �å. �L5,
b� X þkº� 2 n�z, @odu OF (2KS) = OF (2KF ) ¿� ϕ2|F ´ 2 : 1 N�, ¤± |2KX |
Ø´Vkn�. �

11.3 õ�5X

� A ´ nef,big Øf, B ´�½Øf. ·��Ä |nA+B|� k-©l5.
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½Â 11.3.1 (1) -

B(A,B) =
((KX −B)A+ 2)2 −A2(KX −B)2

4A2
,

±9 β(A,B) = [B(A,B)].
(2) ·�½Â |nA+B|� Artin �ê:

α(A,B) =

+∞, XJ A ´´L�,

min
DA=0,D>0

{BD −KXD −D2}, XJ A Ø´´L�.

(3) ½Â A �~	�8

E(A) = {C | C Q�Ø��� CA = 0}.

½n 11.3.1 � ∆ ´ØU� |nA+B|©l�4�fV.. XJ n ÷v±e^���, @o
�3� D > 0 ²L ∆, ÷v {

BD −KXD −D2 ≤ deg ∆,
DA = 0.

(1) n ≥ deg ∆ + β(A,B) + 1;
(2) ∆ = ∅, n = B(A,B), B ∼ KX + γA, γ ∈ Q.

y² � L = nA+B −KX , k = deg ∆, h = (A(T −KX))2 −A2(T −KX)2. d Hodge �

I½n, h ≥ 0. �

g(n) := L2 − 4k = (A2)n2 + 2((B −KX)A)n+ ((B −KX)2 − 4k).

g(n) = 0 ����´

nk =
(KX −B)A+

√
h+ 4kA2

A2
.

5¿

k + B(A,B)− nk =
1
A2

(1− 1
2

√
h+ 4kA2)2 ≥ 0.

Ïd� n > k + B ≥ nk �, L2 > 4k.

aq/, �Ä�g¼ê

f(n) = n2 − (AL)n+ (
h

4
+ kA2).

f(n) = 0 ���� n′k = 1
2(AL−

√
A2
√
L2 − 4k). du f(0) ≥ 0, f(1) = A2(k+B(A,B)−n) < 0,

� 0 ≤ n′k < 1, =

0 ≤ 1
2
(AL−

√
A2
√
L2 − 4k) < 1.

� n ÷v^� (2) �, k = h = 0,

n = B(A,B) =
(KX −B)A+ 1

A2
> n0 =

A(KX −B)
A2

.

d	, n′0 = 0 (f(0) = f(1) = 0). Ïd�k L2 > 4k, 0 ≤ 1
2(AL−

√
A2
√
L2 − 4k) < 1.

(Ü½n 11.2.2, �3Øf D > 0, ÷v
(1) DA ≤ 1

2(AL−
√
A2
√
L2 − 4 deg ∆) < 1, = DA = 0.
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(2) DB −DKX = DL ≤ D2 + deg ∆. �

íØ 11.3.1 XJ H1(nA + B) 6= 0, @o� n > B(A,B) ½ö n = B(A,B) (d� B ∼
KX + γA, γ ∈ Q) �, �3� D > 0, ÷v{

BD −D2 −KXD ≤ 0,
DA = 0.

íØ 11.3.2 - k = min{α(A,B)−1, n−β(A,B)−1}. XJ k ≥ 0, @o |nA+B|´ k-©
l�.

íØ 11.3.3 � H ´´LØf, β = β(H,B). � n ≥ β + 1 �, |nH +B|´ (n− β − 1)-©
l�. AO/,

(1) � n ≥ β + 1 �, H1(nH +B) = H2(nH +B) = 0.

(2) � n ≥ β + 2 �, |nH +B|ÃÄ:.

(3) � n ≥ β + 3 �, |nH +B|´�~´L�.

XJ?�Ú� B = KX , ·�Òy²
¡�/Í¶�Fujita ß�.

½n 11.3.2 � H ´´LØf, @o

(1) � n ≥ 3 �, |KX + nH|ÃÄ:.

(2) � n ≥ 4 �, |KX + nH|�~´L.

(3) XJ H2 > 1, @o |KX + 2H|ÃÄ:, |KX + 3H|�~´L.

íØ 11.3.4 � A ´ nef,big Øf� |A|Ã�½Ü©, dim |A| ≥ 2, K� n ≥ β(A, 0) + 2 �,
|nA|ÃÄ:.

y² XJ α(A, 0) ≥ 2, KdíØ 11.3.2, |nA|ÃÄ:. Ø�� α(A, 0) ≤ 1. b� |nA|k
Ä: p, d��3� D ²L p, �÷v −KXD−D2 ≤ 1. Ï� |nA|vk�½Ü©, ��3Ø¹
D ¥?Û©|�� C ∈ |nA|. ù�, DC = nDA = 0, � p ∈ C ∩D, gñ! �

�ÙSK
SK 11.1 b� KX≡num0, H ´´LØf, y²: |2H|ÃÄ:, |3H|�~´L.

SK 11.2 � X ´ � � .  ¡, n ∈ Z � n 6= 0, 1, y ²: X ´ 4 � � � � = �

h1(X,nKX) = 0. (J«: � σ : X → X ′ Â  (−1)-�, y² h1(X,nKX) > h1(X,nKX′).)

SK 11.3 � X ´��.4�¡, n ≥ 1, y²:
(1) D ∈ |nKX |´ 1-ëÏ�;
(2) Ø
 n = 2, K2

X = 1 ��/, D �´ 2-ëÏ.
(J«: � D = D1 +D2, D1, D2 ≥ 0. k?Ø KXD1 = 0 ��/; 2?Ø KXDi ≥ 1 (i = 1, 2) �

�/. ���/¥, y² D1D2 ≥ n− 1
K2 .)
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SK 11.4 � X ´��.4�¡, K2
X = 1, pg = 2, y²: õ;�N� ϕ3, ϕ4 ÑØ´

Vkn�.

SK 11.5 � X ´��.4�¡, K2
X = 2, pg = 3, y²:

(1) õ;�N� ϕn ´�� (n ≥ 1), ϕ1 : X → P2 ´���gCX.
(2) ϕ3 ´�g��.

SK 11.6 � A ´ nef Øf, ÷v A2 = 0 � A 6≡num 0, B ´÷v (B−KX)A > 0 �Øf,
∆ ´Ø� |nA+B|©l�4�fV.. �

n >
4 deg ∆− (B −KX)2

2(B −KX)A
,

y²: �3� D > 0 ²L ∆, ¦�

(1) nDA ≤ deg ∆− (BD −KXD −D2),
(2) 0 ≤ DA < 1

2(B −KX)A.
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3ù�Ù¥, ·�ò?Ø�©�§¥��z(���þm�'X. ±eXÃAO(², X þ
b��1wE�K¡. �,, ¢Sþ, NõVgÚ(Ø¿ØI�é X kXdr�^�. äNS
N�±ëw [Bru15].

12.1 Ä�Vg

12.1.1 �G(��½Â

� TX ´ X ��X�m, ΩX ´{�m. L−1 ⊆ TX ´ TX �4�f�m, s ∈ H0(X,TX ⊗L)
´�X�¡. ·�ò s ¡� X þ��G(� (Foliation), Ï~P� F . L−1 ¡��G(� F �
�m (Tangent bundle), P� TF . L ¡� F �{�m (Cotangent bundle), P� T∨F . 8�§�

²~�¡� F �;�m (Canonical bundle), P� KF .

�G(���±lÛÜþ5£ã. �Ä X ���mCX {Uα}α∈I , Uα �ÛÜ�I�

(xα, yα), sα = s|Uα
´ Uα þ��X�þ| (�k�á":). sα 3ÛÜþL«�

sα =
(
A(xα, yα)

∂

∂xα
+B(xα, yα)

∂

∂yα

)
⊗ `α,

ùp `α ´ T∨F �ÛÜÄ.

k�·�^

vα = A(xα, yα)
∂

∂xα
+B(xα, yα)

∂

∂yα
(12-1)

{ü/�O sα. d�, {vα}α∈I 3�8 Uα ∩ Uβ þ÷v=�'X

vα = gαβvβ,

ùp gαβ ´�m T∨F �=£¼ê (÷v `α = g−1
αβ `β).

du OX ´ TX ⊗L �4�f�m (d s p�), ¤± s �":8 Z(s) ´"�fV.. ·�Ï
~P� Sing(F), ¡� F �Û:8 (Singular set). lÛÜþw, =

Sing(F) ∩ Uα = Z(sα).

Û:8±	�:¡� F ��K: (Regular point).

���G(� F �Ñ
�Ü�

0 −→ TF −→ TX −→ IZ(s)(NF ) −→ 0,

ùp IZ(s) ´ Sing(F) þ�n��, NF ´�m, ¡� F �{m (Normal bundle) . N∨
F ¡� F

�{{m. éþã�Ü��éó, =�

0 −→ N∨
F −→ ΩX −→ IZ(KF ) −→ 0. (12-2)

d�êúª, ·�k

KX = KF ⊗N∨
F . (12-3)
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ÏLþ¡��Ü�, F ��±éó/n)�,� 1-/ª�¡

ω = {ωα ⊗ eα}α∈I ∈ H0(X,ΩX ⊗NF ),

ùp eα ´ NF �ÛÜÄ,

ωα = B(xα, yα)dxα −A(xα, yα)dyα. (12-4)

5 12.1.1 � {ϕαβ}´ NF �=£¼ê (eα = ϕ−1
αβeβ). ·��±r {ωα}α∈I w¤ N∨

F ��

|Ä. N∨
F À� ΩX �f�. �

�!��, ·�?ØÓ��¡þäkü�ØÓ�G(���/. � X ´1w�ê¡,
F ,G ´ü�ØÓ��G(�. �

ωα = Aαdxα +Bαdyα, ω′α = A′αdxα +B′
αdyα

©O´ F ,G éA� 1-/ª. ·��±½Âk�Øf

D =
{
AαB

′
α −A′αBα = 0

}
.

D �¡���Øf (Tangency divisor), §k²(�AÛ¿Â: é p ∈ D, F ,G 3 p ?Ø´î�
�. �âÚn 7.1.1 9Ùy², ¢Sþ·�k

·K 12.1.1 ([Bru97b], Ún 4) OX(D) = NF ⊗KG = NG ⊗KF .

5 12.1.2 D ¢Sþ�±��lÚn 7.1.1 ��. �

12.1.2 �G(��²;~f

e¡ü�~f´�~���G(�.

~ 12.1.1 (n�z) � f : X → B ´�ê¡n�z. -

D(f) :=
∑
F

(F − Fred),

ùp F �H¤kÛÉn�, Fred ´ F �Q�Ü©. ·�k�G(�

KF = KX/B ⊗OX(−D(f)),

NF = f∗TB ⊗OX(−D(f)).

§5gu�©|
df =

∂f

∂x
dx+

∂f

∂y
dy.

�
4Û:8´"��, �I�Ø±,�ú�Ïf, ù�ú�ÏféA
Øf D(f).

AO/, � f ´ý�n�z�,

KF = f∗(f∗ωX/B)⊗OX(
∑
F

(Fred − Fprime)),

ùp Fprime = 1
mF , m ´ F ¥©|ê���úÏf. �

~ 12.1.2 (�K²¡þ��G(�) � F ´ P2 þ��G(�. �ÄIOÝK

π : C3 − {0} → P2, (X0, X1, X2)→ [X0, X1, X2] = (1, x1, x2).
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@o F éA��©|.£� C3 − {0}þ, ���

ω =
2∑
i=0

Ai(X0, X1, X2)dXi,

ùp Ai Ñ´ ν gàgõ�ª, vkú�Ïf�÷v
2∑
i=0

XiAi = 0. ·�½Â degω := ν. F éA

��©|3���Ikþ���

ω0 := A1(1, x1, x2)dx1 +A2(1, x1, x2)dx2,

ω1 := A0(y0, 1, y2)dy0 +A2(y0, 1, y2)dy2,

ω2 := A0(z0, z1, 1)dz0 +A1(z0, z1, 1)dz1.

O�=£¼ê

ωi =
(
Xj

Xi

)ν+1

ωj .

Ïd NF = OP2(ν + 1), l KF = OP2(ν − 2). ·�½Â F �gê(Degree)� degF := ν − 1.

ω 3���Ikþ��±�¤Xe/ª (ë�[GMOB89])

(P (x, y) + xR(x, y))
∂

∂x
+ (Q(x, y) + yR(x, y))

∂

∂y
∈ H0(X,TX(d− 1)), (12-5)

ùp d = degF , R ´ d gàgõ�ª, P,Q ´gêØ�L d �õ�ª.� degF = 0 �, ÏLÀ
�Ü·��I, F �±��IO/ª

x
∂

∂x
+ y

∂

∂y
.

·��±��òª (12-5)òÿ�Ã¡��� L∞ þ, =�Ä�IC�

x =
1
v
, y =

u

v
.

u´ F 3Ã¡��� v = 0 NCL��(
vdQ

(
1
v
,
u

v

)
− uvdP

(
1
v
,
u

v

))
∂

∂u
−
(
vd+1P

(
1
v
,
u

v

)
+R(1, u)

)
∂

∂v
.

aq/, ·���±�Ñkn¡þ��G(�L�ª (SK 12.21). �

d	, ·��±ÏLé¡1w:��u, l®���G(�p�Ñ#��G(�. ù´ï
Ä�G(���«~^�{.

~ 12.1.3 (ÏL�u����G(�) � p ∈ X, σ : (X̃, E) → (X, p) ´'u p :��

u, E ´~	�. � F ´ X þ��G(�. ·�F"ù�(�U
�� X̃ þ. �Ä.£
σ∗ω := {σ∗ωα}α∈I . �d� σ∗ω �":8�U�¹ E. Ø�� l(p) = ordEσ∗ω. lþã.£¥�

K l(p)E �, Ò��EÑ X̃ þ��G(� F̃ :

ω̃ ∈ H0
(
X̃,Ω eX ⊗ σ∗NF ⊗O eX(−l(p)E)

)
.

d�

N eF = σ∗NF ⊗O eX(−l(p)E), K eF = σ∗KF ⊗O eX((1− l(p))E). (12-6)
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Ïd, XJl�m��Ýw, ��ul.£ σ∗v = {σ∗vα}α∈I ¥�Ø (l(p)− 1)E �� F̃ . 8��

�B, ·��~~ò F̃ P� σ∗F . �

~ 12.1.4 (Riccati �G(�) � ϕ : X → C ´���«¡ (�7�é4�), F ´ X þ�
�G(�, ¦� F � ϕ ���n�î���. ·�¡ù�� F � Riccati �G(�. k��`

F 'u ϕ ´ Riccati �, ½ ϕ ·�u F .

d F �î�5, F ��3��n� F þ, g,p�
 F �{m OF (F ). ÛÜþw, Ò´r

{vα}n)¤{m�Ä (î�5�y
Ä��òz5), §�÷v'X vα = gαβvβ . Ïd F �{m

Ó�u TF |F . ùÒíÑ TFF = 0, = KFF = 0. Ï NFF = 2.

Ø�b� ϕ ´�é4�� (=AÛ�«¡). � F0 ´ ϕ ��^n�, §Ø´ F-î��. �Ä

F �+G�� ∆× P1, ùp ∆ ´��, F ´Ù�%�.£, (z, w) ´ÛÜ�I. � p = (0, 0) ´ F
�Û:. �¡òy² F �3 ∆× P1 þ��

ω = (a(z)w2 + b(z)w + zc(z))dz + zd(z)dw, (12-7)

ùp a, b, c, d �� ∆ þ��X¼ê. F 3 w =∞?�L�ª�±d�IC� w = 1
u ��, =

ω = (a(z) + b(z)u+ zc(z)u2)dz − zd(z)du.

(�~ 12.2.12 �?Ø.) �

~ 12.1.5 (ë6�G(�) � ϕ : X → C ´ý�n�z (�7�é4�), F ´ X þ�
�G(�, ¦� F � ϕ ���n�î���. ·�¡ù�� F �ë6�G(� (Turbulent
Foliation). � Riccati �G(�aq�?Ø, d� KFF = 0. �L5, e���G(� G ÷v
KGF = 0, K G �o´ë6�G(�, �o� ϕ ��. �

~ 12.1.6 (�~AÏ�G(� [Bru15]) �Ä X = P2 þ�+�^

G : [X,Y, Z]→ [Z,X, Y ]

±9�5�G(� L
v = λ1x

∂

∂x
+ λ2y

∂

∂y
,

ùp (x, y) = (XZ ,
Y
Z ) ´���I (L�±ÏLàgzòÿ���²¡þ). G 3 Lþ�p��^

�

Gv = λ2x
∂

∂x
+ (λ2 − λ1)y

∂

∂y
.

XJ LU�± v ∧Gv = 0 ??¤á, ·�Ò` L´ G-ØC�. d��O���, G-ØC�¿�

^�´ λ1/λ2 = 1
2(1±

√
−3). Ïd G ØC��G(� L =�

x
∂

∂x
+

1
2
(1±

√
−3)y

∂

∂y
.

¢Sþùü«�G(�������IC� (x, y)→ (y, x). lù��Ý`, §´���.

y3�Äûq Y0 = P2/G. G 3 P2 þkn�ØÄ:

q1 = [1,
1
2
(−1 +

√
−3),

1
2
(−1−

√
−3)], q2 = [1,

1
2
(−1−

√
−3),

1
2
(−1 +

√
−3)], q3 = [1, 1, 1].
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§�éA
 Y0 þ�n� A2 .knÛ: Q1, Q2, Q3. �Ä§��4�)� ρ : Y → Y0, ~	8

ρ−1(Qi) = Di + Ei ´ü^ (−2)-�|¤�ó. ,��¡, Lkn�Û:

p1 = [0, 0, 1], p2 = [1, 0, 0], p3 = [0, 1, 0].

§�ÑN� Y þ�: P . L pi ¥ü:����kn^, §��ÑN� Y ¥�� C. C2 = 3 �

k��(: P .

Lg,p�
 Y0 þ��G(� F0, .£� Y þ, K��G(� F , ¡���~AÏ�G(

� (Very special foliation). �â [Per05] �O�(J, �~�G(�Vknu²¡þ�Xe�g

�G(�

ω = X1(X0X1 +X1X2 − 2X2
2 )dX0 +X0(2X1X2 −X2

2 −X0X1)dX1 + 3X1X0(X2 −X1)dX2. (12-8)

+�^p��ngCXVknuXengknN�

Φ : P2 99K P2, [L3
0, L0L1L2, L

3
2],

ùp Li = X0 + λiX1 + λ−iX2, λ = −1
2 + 1

2

√
−3. �

~ 12.1.7 (Kronecker �G(�) � X = C2/
∧

´ Abel ¡. d� TX ∼= ΩX
∼= OX ⊕

OX . Ïd�3ü��N��X��þ| v1, v2, §�??�5Ã'. ?Û�N�X��þ|Ñ�
±�¤ c1v1 + c2v2 (ci ∈ C). ù���G(���±w¤d C2 þäk�Ó�Ç θ ���p�
(�·�� v1, v2 �¦ θ = c1

c2
). � θ ´knê�, ù
��3 X þ��´ý��, Ï F dý

�n�mp�. � θ Ø´knê�, ù
���ÝK�Ø´ X þ�;�, �3 X ¥´È�
�. d� F �¡� Kronecker �G(�. �

~ 12.1.8 (Lins Neto �G(� [Mov15]) � Fλ (λ ∈ P1) ´ P2 þ��G(�, dXe�©

|��

ωλ = (X3
1 −X3

2 )(λX2
0 −X1X2)dX0 + (X3

2 −X3
0 )(λX2

1 −X0X2)dX1 + (X3
0 −X3

1 )(λX2
2 −X0X1)dX0.

ù´ 4 g�G(�. �

~ 12.1.9 (Jouanolou �G(� [MoVi09]) � F ´ P2 þdXe�©|

ω = (X1X
d
0 −Xd+1

2 )dX0 + (X2X
d
1 −Xd

0 )dX1 + (X0X
d
2 −Xd

1 )dX2.

)¤� d g�G(�. �ÄÌ�+ G = {gk|k = 0, 1, . . . , d2 + d} (ùp g ´ d2 + d+ 1 g��ü

 �) 3 P2 þ�+�^

g : P2 −→ P2, [X0, X1, X2]→ [X0, g
d+1X1, gX2].

ù�+�^e�ØÄ:TÐ´ p1 = [1, 0, 0], p2 = [0, 1, 0], p3 = [0, 0, 1]. Ï� g∗ω = gd+1ω, ¤±

F 3 G �^eØC. §�Û:8´

Sing(F) = {[1, gk, g−dk]|k = 0, . . . , d2 + d}.

G �[/�^3TÛ:8þ. �
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12.1.3 ØC�

½Â 12.1.1 � F ´�G(�, C ´Ø���. XJé?�: p ∈ C, F 3 p ?��þT
Ð� C ��, ·�Ò¡ C ´ F-ØC� (F-invariant).

F 3�: p ?�©.� (Separatrix) ´� p �,���S��X½Â�Ø��� C (#
NÛÉ), ¦� C ²L p �´ F-ØC�. ekÃê^©.�ÏL p, ·�Ò¡ p ´õ�.:

(Dicritical singularity).

|^ÛÜL« (12-1) Ú (12-4), ·���±�Ñ F -ØC��Ù¦£ã.

·K 12.1.2 � C ´Ø���, ±e^�*d�d:

(1) C ´ F ØC�.

(2) � fα = 0 ´ C 3 Uα þ�ÛÜ�§, §÷v fα | vα(fα).

(3) fα ´�©�§ ωα = 0 �).

(4) �3�X¼ê gα, hα 9�X 1-/ª ηα, ÷v gcd(hα, fα) = gcd(gα, fα) = 1 ±9

gαωα = hαdfα + fαηα. (12-9)

(5) dfα ∧ ωα = fαη̃α, ùp η̃α ´�X 2-/ª.

y² (1) =⇒ (2) ·��I�y², é��: p ∈ C, Ñk

A(p)
∂f

∂xα

∣∣∣
p
+B(p)

∂f

∂yα

∣∣∣
p

= 0.

� C � p = (0, 0) ?�ÛÜëê�§

xa = xα(t), yα = yα(t).

u´ C 3 p = (xα(t), yα(t)) ?����� (x′α(t), y′α(t)). Ïd

A/x′α(t) = B/y′α(t) (12-10)

2(Ü

0 = f ′(xα(t), yα(t)) = x′(t)
∂f

∂xα
(t) + y′(t)

∂f

∂yα
(t) (12-11)

=�¤I.

(2) =⇒ (3) d�®�

A(xα(t), yα(t))
∂f

∂xα
(t) +B(xα(t), yα(t))

∂f

∂yα
(t) ≡ 0. (12-12)

(Üª (12-11) ��ª (12-10). ddíÑ

B(xα(t), yα(t))
dxα
dt
−A(xα(t), yα(t))

dyα
dt
≡ 0, (12-13)

= fα ´�©�§ ωα = 0 �).

(3) =⇒ (4) �

wα =
Aα

∂f
∂xα

+Bα
∂f
∂yα

fα
.
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d�®�ª (12-13) ¤á, Ï(Üª (12-11) ��ª (12-12) ¤á, = wα ´�X�. -
gα = uα

∂f
∂yα
− kα ∂f

∂xα

hα = −uαAα − kαBα
ηα = wα(uαdxα + kαdyα),

ùp uα, kα ´�X¼ê. �·�� uα, kα, �¦ gcd(hα, fα) = gcd(gα, fα) = 1.

(4) =⇒ (5) d� dfα∧ωα = fα
dfα∧η
gα

. 5¿��>´�X�, gcd(fα, gα) = 1, Ï η̃α := dfα∧η
gα

´�X 2-/ª.

(5) =⇒ (1) é p = (0, 0) ∈ C, ω(p) ∧ df |p = f(p)η̃ = 0, Ïd B(p)/∂f∂x
∣∣
p

= −A(p)/∂f∂y
∣∣
p
. d

ª (12-11), �� C 3 p = (0, 0) ?���þ (x′(0), y′(0)) � A ∂
∂x +B ∂

∂y ����. �

~ 12.1.10 (1) ω = ydx − xdy (�A/, v = x ∂
∂x + y ∂

∂y ) 3 p = (0, 0) ?�©.�kÃê
^, §�½Â� f(x, y) := y − λx = 0 (λ ∈ P1). d� v(f) = f .

(2) ω = 2ydx− 3xdy (�A/, v = 3x ∂
∂x + 2y ∂

∂y ) 3 p = (0, 0) ?�kÃê^©.�, §�½
Â� f(x, y) := x2 − λy3 = 0 (λ ∈ P1). d� v(f) = 6f .

(3) ω = nydx+mxdy (n,m ´��ê) =kü^©.�L p = (0, 0), = x = 0 9 y = 0. �

~ 12.1.11 3~ 12.1.2 ¥, Ã¡��� L∞ = {X0 = 0}´ F-ØC��=� R ≡ 0. �

~ 12.1.12 � m,n ´��ê. �Ä 1 g²¡�G(� F :

−(n+m)X1X2dX0 + nX0X2dX1 +mX0X1dX2 = 0.

¤k� F-ØC��L�

Xn
1X

m
2 − λXn+m

0 = 0, λ ∈ P1.

Ù¥�¹n^ F-ØC��� Xi = 0 (i = 0, 1, 2). �

~ 12.1.13 (�~AÏ�G(��ØC�) 3~ 12.1.6 �PÒe, Di, Ei Ú C Ñ´ F-Ø
C�. Ød�	, vkÙ¦ F-ØC� (Ï� L=kn^��´ F-ØC�). d	, P ´ F 3
C þ���Û:.

XJ·�æ^L�ª (12-8), @o F 3 P2 þ�ØC�=k�� X = 0 � Z = 0, ±9n

g� F = 0, ùp
F := XZ2 +X2Z + Y 3 − 3XY Z.

dO���, 3���Ie, ω ∧ df = f · (6x− 3y)dx ∧ dy, ùp f(x, y) = F (x, y, 1). �

~ 12.1.14 (�G(��.£) � F ´ X þ��G(�, π : Y → X ´��k���. �
ω ´ F éA��©|. @o π∗ω �Ñ
 Y þ��G(� G, Ï~P� π∗F . y3·�©Û π∗F
�;�mÚ{m. � C ´©Ü;,, ·����: p ∈ C. �Ä p NC���� U , Ø�� C �
ÛÜ�§� x = 0.

XJ C 3 U SØ´ F-ØC�, @oØ�� ω = dy. d� π∗(ω|U ) E��X�, ¿�vk�

�":8. Ï3ÛÜþk NG |π−1(U) = π∗(NF |U ). 5¿

KY |π−1(U) = π∗(KX |U ) + (k − 1)C|π−1(U),
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ùp k ´ C �©Ü�ê. Ï

KG |π−1(U) = π∗(KF |U ) + (k − 1)C|π−1(U).

XJ C 3 U S´ F-ØC�, @oØ�� ω = dx, ¿� π 3 C þ��©Ü, ÛÜ�§
zk = x. Ï π∗ω = kzk−1dz k��":Øf (k − 1)C, �

N∨
G |π−1(U) = π∗(N∨

F |U ) + (k − 1)C|π−1(U), KG = π∗KF .

�N�/e, ·��±é�k�Øf E, ¦� N∨
G = π∗N∨

F + E. �

~ 12.1.15 (Lins Neto �G(��ØC�) �Ä~ 12.1.8 � Lins Neto �G(� Fλ. �
Lijk ´d�§ Xi − ωkXj = 0 ½Â��� (i < j), ùp ω = e

2π
√
−1

3 . �±�y, Lijk ´ Fλ- ØC

�. ùÊ^���k 12 ��:

pij = [1, ωi, ωj ] (0 ≤ i, j ≤ 2), q0 = [1, 0, 0], q1 = [0, 1, 0], q2 = [0, 0, 1].

ù
�:Ñ´ F �Û:. éz� pij , Tkn^�� L01,−i, L02,−j , L12,i−j ²L§. z^�� Lijk

þTko��:. �
�¡?Ø�B, ·�rù
�:©¤oa:

P0 = {p00, p12, p21}, P1 = {p01, p10, p22}, P2 = {p02, p11, p02}, Q = {q1, q2, q3}.

§��±ÏL²¡gÓ�C��*d.

��Ä λ = ∞��/. d� ω ∧ dH = 0, ùp H = y3−1
x3−1 . Ïd F kÃê F-ØC�,

H = c (c ∈ P1). aq/, é λ = ωk �, ω ∧ dHk = 0, ùp

Hk =
(1− x)(ωk − y)(ωkx− y)

(ω − x)(ωk+2 − y)(ωk+1x− y)
.

F �¤k F-ØC�� Hk = c (c ∈ P1). �

é���N�X 1-/ª η, XJ§3?Û:�©.�þð�", ·�Ò` η 3 F þð�".
�â5P 12.1.1, ù�du` η á3N� H0(X,N∨

F ) ↪→ H0(X,ΩX) ��¥ (ù�ü�5gu�

Ü� (12-2)). ·�ke¡�k�(Ø.

·K 12.1.3 � F ´¡ X þ��G(�, � q(X) > 0, @o±e�/��¤á:
(1) �3���N�X 1-/ª ω ∈ H0(X,ΩX), ¦� ω 3 F þØð�". ùíÑ h0(X,KF ) > 0.
(2) ?Û�N 1-/ª ω Ñ3 F þð�". d� Albanese N� α : X → Alb(X) ´n�z (¡�

Albanese n�z) ¿� F d Albanese n�zp�.

y² ·�b��/ (1) Ø¤á. @o H0(X,N∨
F ) ∼= H0(X,ΩX), �Ò´?Û�N 1-/ª

ω Ñ3 F þð�". �½�: q, �Ä Albanese N�

α : X −→ Alb(X), x→
∫ x

q
(·).

é?Û©.� C (ÛÜ½�N) ±9?Ûü: x, y ∈ C, du?Û�X 1 /ªÑ3©.�þ��,
¤±§�÷X�´ C l y � x È©þ�". ùÒí�

α(x)− α(y) =
∫ x

y
(·) = 0.

= α(x) = α(y). ù�, C � α Â . é F �z�1w:, Ñk©.�ÏL§, Ï dim Imα ≤=
1. 5¿� q(X) > 0, Ï α Ø´²�� (d·K 7.4.1 (3)), ¤± α ´n�z, F d α p�. �
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íØ 12.1.1 XJ q(X) > 0, @o�±e^���¤á�, F 7d Albanese n�p�:
(1) h0(X,KF ) = 0;
(2) KF ≡ 0 � Sing(F) 6= ∅.

y² 3?Û�«^�e, ·K 12.1.3 ��/ (2) Ñ¤á. �

�!��, ·�?Ø�kn�z(��¡þ��G(�.

·K 12.1.4 � F ´ X þ��G(�, ϕ : X → B ´n�z, �§p���G(� G Ø�

u F . @o
KF = ϕ∗KB +D +D(ϕ),

ùp D ´k�Øf, ¦�é?Û p ∈ D, F ,G 3 p ?Ø´î��.

AO/, XJ F � f ���n�î��, @o D �|8´á3 f �n�¥� F-ØC�.

y² ��5gu·K 12.1.1. �

12.2 �G(��Û:

12.2.1 Û:ê

3ª (12-1) ½ (12-4) ¥, ·�5½ F 3 p = (0, 0) ?�ê (Multiplicity)

m(p) := dimCOX,p/〈A,B〉.

3�Nþ, K�½Â

m(F) :=
∑

p∈Sing(F)

m(p).

d"�fV.�gê½Â, ¢Sþ

m(F) = degSing(F).

ÏddSK 1.13 ±9ª (12-3) ��

m(F) = KF ·KF −KF ·KX + c2(X)
= NF ·NF +NF ·KX + c2(X)
= c2(X) +KF ·NF .

(12-14)

� n = multp(A), m = multp(B). ·�½Â a(p) = min(n,m). §´ ω 3 p ?":�ê, �

~�P� ordp(F), ¿¡� F 3 p ?��êê (Algebraic multiplicity).

dª(12-14), ·�á���Xe²;(Ø.

½n 12.2.1 (Darboux ½n [Dar78]) é²¡þ� d g�G(� F , ·�k

m(F) = d2 + d+ 1.

~ 12.2.1 ·��Eü~²¡þ� 1 g�G(� F . �â Darboux ½n, m(F) = 3.
(1) F dXe�©|p�

ω = X1X2dX0 + 2X0X2dX1 − 3X0X1dX2.
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§Tkn�Û:
P = [1, 0, 0], Q = [0, 1, 1], R = [0, 0, 1].

(2) F ��

ω = X2
2dX0 +X1X2dX1 − (X2

1 +X0X2)dX2.

d�=k��Û: P = [1, 0, 0]. �

·K 12.2.1 � F ´ X þ��G(�, σ : X̃ → X ´�u, @o
(1) m(σ∗F)−N2

σ∗F > m(F)−N2
F .

(2) XJ X ´��.4�¡, @o m(F)−N2
F ≥ 0.

y² (1) d~ 12.1.3 9ª (12-14),

m(σ∗F)−N2
σ∗F = m(F)−N2

F + l(p) + 1.

dd=�(Ø.

(2) e N2
F ≤ 0, K(Øw,. Ø�� N2

F > 0. d Riemann-Roch ½n,

h0(X, (N∨
F )⊗n) + h0(X,KX ⊗N⊗n

F ) ≥ O(n2).

d Bogomolov ½n 7.4.3, h0(X, (N∨
F )⊗n) = O(n), ùÒíÑ h0(X,KX ⊗ N⊗n

F ) > 0 (n ¿©�).
Ïd KX(KX + nNF ) ≥ 0. ùÒk KXNF ≥ 0. y3, ·�k m(F)−N2

F = c2(X) +NFKX ≥
0. �

12.2.2 Û:)�

Äu~ 12.1.3, ·�lÛÜþ5£ã�G(�Û:�u. - t = y
x . ·�k

ω̃ =
1

xl(p)

(
(B(x, xt)− tA(x, xt))dx− xA(x, xt)dt

)
.

� n = multp(A), m = multp(B). ·�£� F 3 p ?��êê a(p) = min(n,m). P

A(x, xt) = xnÃ(x, t), B(x, xt) = xmB̃(x, t).

u´

ω̃ =
1

xl(p)−a(p)

(
(xm−a(p)B̃(x, t)− txn−a(p)Ã(x, t))dx− xn+1−a(p)Ã(x, t)dt

)
. (12-15)

Ïd

l(p) =

{
a(p) + 1, e m = n � ordx(B̃ − tÃ) > 0,
a(p), Ù¦�/.

,�«�d�`{´: l(p) = a(p) ��=� E ´ F̃-ØC� (3�Öö�y).

XJ·�I��Ä F̃ 3 t =∞NC�5�, �±|^ s = x
y (= s = 1

t ) 5��u.

ω̃ =
1

yl(p)

(
− (A(ys, y)− sB(ys, y))dy + yB(ys, y)ds

)
.

s = 0 ?�:Ò´ t =∞?�:. ?�Ú�

A(ys, y) = ynA′(y, s), B(ys, y) = ymB′(y, s).
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ω̃ =
1

yl(p)−a(p)

(
− (yn−a(p)A′(y, s)− sym−a(p)B′(y, s))dy + ym+1−a(p)B′(y, s)ds

)
. (12-16)

~ 12.2.2 �Ä�: p NC��G(� ω = λydx− xdy (λ ´�"~ê) ��u. � λ 6= 1
�,

ω̃ = (λ− 1)tdx− xdt = (λ− 1)sdy + λyds.

~	� E þTkü�Û: t = 0,∞, ¿� l(p) = a(p) = m(p) = 1.

� λ = 1 �,
ω̃ = −dt = ds.

d� E þvkÛ:, ¿� l(p) = 2, a(p) = m(p) = 1. �

·K 12.2.2 (Van den Essen êúª) � p1, · · · , pr ´ F̃ 3 E þ�¤kÛ:. @o
r∑
i=1

m(pi) = m(p)− l(p)2 + l(p) + 1.

y² ù��ª��5guª (12-6) Úª (12-14). d�k�NL�ª

m(F̃) = m(F)− l(p)2 + l(p) + 1.

e¡·���lÛÜþ#y²Túª. � n = multp(A), m = multp(B). ·�I�©�

/?Ø.

�/ 1: m > n. dª (12-15) 9ª (12-16),

ω̃ = (xm−nB̃(x, t)− tÃ(x, t))dx− xÃ(x, t)dt
= −(A′(y, s)− sym−nB′(y, s))dy + ym+1−nB′(y, s)ds.

u´ Van den Essen úª��>Ò´��ê�Ú

(A′ − sym−nB′, ym+1−nB′)s=0 + (xm−nB̃ − tÃ, xÃ)s 6=0.

|^��ê�O�{K, þª�u

(A′, B′)s=0 + (m+ 1− n)(A′, y)s=0 + (m− n)(x, Ã)s 6=0 + (Ã, B̃)s 6=0 + (x, Ã)s 6=0 + (t, x)t=0.

5¿�

(A′, y)s=0 + (x, Ã)s 6=0 = n, (A′, B′)s=0 + (Ã, B̃)s 6=0 = (A,B)− nm = m(p)− nm,

·���
r∑
i=1

m(pi) = m(p)− nm+ (m+ 1− n)n = m(p)− n2 + n+ 1.

úª�y.

�/ 2: m < n. aq�/ 1 �y².

�/ 3. m = n � l(p) = n. d�

ω̃ = (B̃(x, t)− tÃ(x, t))dx− xÃ(x, t)dt
= −(A′(y, s)− sB′(y, s))dy + yB′(y, s)ds.

- 175 -



1��Ù �þm��G(�

aqþ¡�?Ø, ·�k
r∑
i=1

m(pi) = (A′ − sB′, yB′)s=0 + (B̃ − tÃ, xÃ)s 6=0

= (A′ − sB′, y)s=0 + (B̃ − tÃ, x)s 6=0 +m(p)− n2

= multp(yA− xB) +m(p)− n2

= m(p)− n2 + n+ 1.

�/ 4. m = n � l(p) = n+ 1. d�

ω̃ = (B̃(x, t)− tÃ(x, t))dxx − Ã(x, t)dt
= −(A′(y, s)− sB′(y, s))dyy +B′(y, s)ds.

Ïd
r∑
i=1

m(pi) =
(
A′ − sB′

y
,B′
)
s=0

+

(
B̃ − tÃ
x

, Ã

)
s 6=0

= −(B′, y)s=0 − (Ã, x)s 6=0 +m(p)− n2

= −(B′, y)s=0 + (A′, y)s=0 − n+m(p)− n2

= −degsB
′(0, s) + degsA

′(0, s) +m(p)− n2 − n

= m(p)− n2 − n+ 1

= m(p)− l(p)2 + l(p) + 1.

�d, ·��¤
y². �

íØ 12.2.1 �3k�Ú��u σ : X̃ → X, ¦��G(��.£ F̃ �¤kÛ: p Ñ÷v
l(p) = 1.

y² d Van den Essen êúª, � l(p) ≥ 2 �, okî��Ø�ª m(pi) < m(p). Ïd

·��±�k�Ú�u, ¦�¤kÛ: p Ñ÷v l(p) = 1. �

e¡·��	 l(p) = 1 �Û:. �

Dvα(p) = (axα + byα)
∂

∂xα
+ (cxα + dyα)

∂

∂yα

´ vα = A ∂
∂xα

+B ∂
∂yα

3Û: p ?��5Ü©. Ï� l(p) = 1, ¤± Dv(p) �". §éAÝ


Mα =

(
a b

c d

)

M kü�A�� λ1α, λ2α. 3�I=�¥, Mα = gαβMβ, Ï λiα = gαβλiβ. XJü�A��Ø

��" ('X λ2α 6= 0), ·�- λα = λ1α

λ2α
, @oþ¡�=�'X%¹X λα = λβ, ='� λα Ø�

6u�I�À�. d�, ÏLÀ�Ü·��I, Dvα ÛÜþ�±�¤

Dvα = xα
∂

∂xα
+ λαyα

∂

∂yα

½
Dvα = (xα + hαy)

∂

∂xα
+ yα

∂

∂yα
(λα = 1),
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ùp hα ´�"~ê.

XJ λ1α = λ2α = 0, @o Dvα = 0 ½ö Dvα = yα
∂
∂xα

.

½Â 12.2.1 XJ F 3Û: p ?�A��Ø��", ¿�Ù'� λ Ø´�knê, @o·

�¡ p ´Q�Û: (Reduced singularity) ½{üÛ: (Simple singularity). XJ λ 6= 0, K¡ p

´�òz�; ÄK¡Ù�Q- (: (Saddle-node).

8���Bå�, T'� λ �¡� F 3 p ?�A�� (Eigenvalue).

~ 12.2.3 (Q�Û:©a) � p ´Q�Û:. d½Â, λ Ø´�knê.

(1) (Poincaré «�) b�A�� λ 6∈ R− ∪ {0} (·�r÷vùa^��ê�¤�8Ü¡�
\

4«�). d
\4�5z½n, 3À�Ü·��I�, F éA���þ|ÛÜ���

x
∂

∂x
+ λy

∂

∂y
. (12-17)

�d/, Ù 1-/ª��� λydx − xdy. F Tkü^©.� x = 0 9 y = 0. 3~ 12.2.2 ¥,
·�®²?Ø
§�Û:)�. d?Ø2Kã.

(2) (Siegel «�) b�A�� λ ´K¢ê (·�rK¢ê8Ü¡�Ü��«�). 3·���I

À�e, E,°(/kü^©.� x = 0 9 y = 0. ��`5, ùa�/e�7UÏL�I

C�ò��þ|�¤/X (12-17) �/ª.

(3) (Q-(:) d���þ|��� Dulac /ª(
x+ axyk + yF (x, y)

) ∂

∂x
+ yk+1 ∂

∂y
,

ùp a ∈ C, k ´��ê, F ´3 p = (0, 0) ?�":�ê� k �ÛÜ�X¼ê. §�ê
� k + 1. �u�g�, ~	�þkü�Û: p0, p∞ ÷v m(p0) = 1, m(p∞) = k + 1. §

k�^©.� y = 0, ¡�r©.� (Strong separatrix). ��`5, �7�3,�^��

î����©.�. ekù��©.�, K¡��f©.� (Weak separatrix).

éQ�Û:5`, ¤k�©.��¿3ÛÜ���SÑ´�5��, Ï)�¥Ñy�~
	�Ñ´ F-ØC�. §�3)��Û:E,´Q��. �

5 12.2.1 'uQ�Û:L�ªXÛ�5z�?Ø�±ëw [Mov15]. �

~ 12.2.4 (�Q�Û:©a) � p ´�G(� F ��Q�Û:. ·�©Aa�/?Ø.

(1) λ ∈ Q+ � λ, 1
λ þØ´��ê. d�d
\4�5z½n, ÏLÀ�Ü·��I, �G(�

���þ|�±ÛÜ��

v = nx
∂

∂x
+my

∂

∂y
, λ =

n

m
> 1, nm ∈ Z+.

éÛ: p �u�g, 3~	� E þTküÛ: p0, p∞ (©OéA E þ��I: t =
0,∞). p0 éA��þ|

ṽ0 = nx
∂

∂x
− (n−m)t

∂

∂t
,
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ÙA�� λ0 = n
m−n < 0, ÏáuÜ��«�. ùL² p0 ´Q�Û:.

p∞ éA��þ|

ṽ∞ = (n−m)s
∂

∂s
+my

∂

∂y
, s =

1
t
. (12-18)

ÙA�� λ∞ = m
n−m > 0.

(2) λ, 1
λ ��k��´��ê. ��Bå�, Ø�� λ = n ´��ê. d�d
\4-Dulac 5

�.½n, éA���þ|ÛÜ�L�

v = x
∂

∂x
+ (ny + εxn)

∂

∂y
, ε = 0, 1.

� ε = 0 �, p �u�g��~	�þkü�Û: p0, p∞, ©OéA��þ|

ṽ0 = (n− 1)t
∂

∂t
+ x

∂

∂x
, ṽ∞ = −ny ∂

∂y
+ (n− 1)s

∂

∂s
.

� ε = 1 �, p0, p∞ ©OéA��þ| (5¿, � n = 1 �, p0 Ø2´Û:)

ṽ0 = x
∂

∂x
+ ((n− 1)t+ xn−1)

∂

∂t
, ṽ∞ = −(ny + ynsn)

∂

∂y
+ ((n− 1)s+ yn−1sn+1)

∂

∂s
.

3ùü«�/¥, p∞ Ñ´Q�Û:.

(3) �5Ü© Dv �"�éA�"
. Ø��

v = (y +A′)
∂

∂x
+B

∂

∂y
,

ùp A′ �$g�gê n ≥ 2, B k m ≥ 2 Û:. �u�g�, .£��G(�3~	

�þéA��þ|

ṽ = x(t+ xn−1Ã′)
∂

∂x
+ (xm−1B̃ − t(t+ xn−1Ã′))

∂

∂t
, (12-19)

ùp A′ = xn−1Ã′, B = xm−1B̃. d�~	�þ=k��Û: p0 (3 t = 0 ?), Ù�ê�
1 ½ 2.

(4) �5Ü© Dv�". d� l(p) ≥ 2. |^íØ 12.2.1, ²Lk�Ú�u�, �±8(�Q�
Û:½ö±þAa�Q�Û:. �

½n 12.2.2 (Seidenberg )�½n [Sei68]) é�G(� F �?ÛÛ: p, �3�X��u

�EÜ σ : X̃ → X, ¦� F̃ := σ∗F 3~	8 σ−1(p) þ�õ�kQ�Û:.

y² díØ 12.2.1, ·��I�?Ø l(p) = 1 �Û:. bX p ®²´Q�Û:, K(Ø®

¤á. ±eþb� p Ø´Q�Û:. ·�Uì~ 12.2.4 �©a5?Ø, ¿÷^Ù¥�ÃPÒ.

k�	 p ÷v~ 12.2.4 (1) ��/. d� p∞ (�ª (12-18)) ?÷v~ 12.2.4 (1), �{�
Û: p0 ®²´Q��. ·�2é p∞ ��u. ±daí, �ª������Q�Û: p

(`)
∞ (Ù{

�Û:þ�Q��), éA��þ|

ṽ` := x
∂

∂x
+ y

∂

∂y
.

d� m(p(`)
∞ ) = a(p(`)

∞ ) = 1, l(p(`)
∞ ) = 2. Ïd Van den Essen êúª��, �u p

(`)
∞ �, ~	

�þÃÛ:. ùL² p ²Lk�Ú)��, ¤kÛ:þC¤Q�Û:.
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Ùg?Ø p ÷v~ 12.2.4 (2) ��/. d�XJ ε = 0, Kaqþ¡�)�, �ª�C�Q�
Û:. XJ ε = 1, ·��ª�±ÏL)�������Q�Û: (= n = 1 �/), éA��þ|

x
∂

∂x
+ (x+ y)

∂

∂y
.

d~ 12.2.4 (2) �?Ø, §3�u�=��Q�Û:.

���Ä p ÷v~ 12.2.4 (3) ��/. e p0 (�ª (12-19)) ��ê� 1. d� p0 E÷v~
12.2.4 (3) ��/. �u p0 ������Û: p1 (�ê� 2). 2�u p1, ��n�Q�Û:.

8b� p0 ��ê� 2, K�u p0 ��� 2 ½ 3 �Û:. (Ü l(p) = 1, l(p0) = 2 9 Van den
Essen êúª, ù
Û:�ê�Ú�u m(p0)− 1 = m(p). Ïz�Û:�êÑî��u
m(p). éùaÛ:UY�u, k�Ú��ª�±4ùa�/Ø2Ñy. �

5 12.2.2 p ´ F �õ�.:�du§�Û:)�¥�¹�^� F-ØC�~	�. �

~ 12.2.5 (Riccati �G(��Û:) 3~12.1.4 �PÒ�b�e, ·�©�/?Ø Ric-
cati �G(��Û:. £�ª (12-7):

ω = (a(z)w2 + b(z)w + zc(z))dz + zd(z)dw,

�/ 1. (�òzn�) d(0) 6= 0, b(0) 6= 0. d� F 3 F þkü�Û: p1, p2, éA�"A�

� (1, λ) � (1,−λ), ùp λ 6= 0. Ø�� p2 = (0,∞).

e λ 6∈ Z, @oz�Û:?Ñk� F î����©.�. d�IC� (ò©.�C¤�I

¶), �ª��IO.
ω = λwdz − zdw.

d� w = 0,∞éAü^©.�. d	, �Öö5¿, du F ´Lùü�Û:�©.�, Ïd3·
��b�^�e, λ−1 6∈ Z. eØ,, d~ 12.2.4 (2) �
\4-Dulac �., F òØ2´©.�.

e λ ∈ Z,·��� p2 ?�A���K�ê, @odÛ:©a(J, §kî��©.�. p1 K
�7kî��©.�. d�IC�, �ª��IO.

ω = (nw + εzn)dz − zdw, ε = 0, 1.

�/ 2. (�òzn�) d(0) 6= 0, b(0) = 0. d� F =k��Q-(: p1 = (0, 0), §k�^r

©.�� F î���,  F ´f©.�. d�IC�, ��IO.

ω = w2dz − zdw.

XJòÛ:£� p2 =∞?, ��±òIO.��

ω = dz − zdw.

�/ 3. (�òzn�) d(0) = 0, b(0) 6= 0. d�k F 3 F þkü�Q- (:. §�Ñ± F �

r©.�. bez�Û:Ñkf©.�, @od [MaRa82] �(J, ��IO.

ω = w(1 + νzk)dz − zk+1dw,

ùp ν ∈ C, k ´��ê. �����/, �ëw [MaRa82].

�/ 4. (�"n�) d(0) = b(0) = 0. d� F 3 F þ=k���Q�Û:. � c(0) = 0 �,
F éA���þ|��5Ü©�"; c(0) 6= 0 �, KÙ�5Ü©´�"�.
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|^�«¡�VknC� (=�un�þ�:, ,�Â �©n��î���), ·��±r

�/ (1) ¥ λ ∈ Z ��G(� (nw + zn)dz − zdw C��/ (2) ��G(�; ò nwdz − zdw C

� dw = 0 (= F �Tn�î���). �

~ 12.2.6 (�~AÏ�G(��Û:) 3~ 12.1.6 Ú 12.1.13 �PÒ�b�e. P ∈ C ´
�òzQ�Û:, äkA�� λ = 1

2(1 +
√
−3) (�½Â 12.2.1).

XJ·�æ^L�ª (12-8), @o F 3 P2 þkÊ�Û:

q0 = [1, 0, 0], q1 = [0, 1, 0], q2 = [0, 0, 1], q3 = [0, 2, 1], q4 = [1, 1, 1].

F-ØC�ng� F = 0 (�~ 12.1.13) ²L q0, q1, q4, ¿�3 q0 (�A/, q1) ?� F-ØC��

X = 0 (�A/, Z = 0) ��, ��ê� 3. q2 (�A/, q3) ´Q�Û:, ÙA�� λ = −1
2 (�A

/, λ = −2
3). q1, q0 ´õ�.: (l(q1) = l(q0) = 1).

q1 �u�g�, 3 F-~	� E1 þkQ�Û: q5 (A�� λ = −2
3) Úõ�.: q6 (l(q6) =

1). �u q6 ��� F-~	� E2, Ù¥ q7 = E1 ∩ E2 ´Q�Û: (A�� λ = −1
2), ,kõ�

.: q8 (l(q8) = 2). �u q8 �, ~	�þØ2kÛ:.

q0 �u�g�, 3 F-~	� E3 þk��Û: q9 (l(q9) = 2). �u q9 �� F-~	�

E4, Ù¥k q10 = E3 ∩ E4 ´A��� −1
2 �Q�Û:±9A��� −2

3 �Q�Û: q11, ,kõ
�.: q12 (l(q12 = 2). �u q12 �, Ø2kÙ¦Û:. �

~ 12.2.7 (Lins Neto �G(��Û:) ·�æ^~ 12.1.15 �PÒ�b�.

(1) k�Ä λ3 6= 1,∞��/. d�¤k��: pij , qk þ���.õ�.: (Diciritical
radial type)– =�êê� 1 ��g�u��~	�Ø´ F-ØC�. äN/`, §éA�Û
Ü�|��5Ü©/X Dv = x ∂

∂x + y ∂
∂y .

F ,	�k 9 �Û::

r0k(λ) = [λ, ωk, ω2k], r1k = [1, λωk, ω2k], r2k = [1, ωk, λω2k] (k = 0, 1, 2).

§�Ñ´ Siegle «��Û:, éA�ÛÜ�|��5Ü©� Dv = 3x ∂
∂x + (2λx− y) ∂∂y .

(2) éu λ ∈ {1, ω, ω2,∞}��/. d~ 12.1.15 �?Ø, F �ØC�¢Sþ5gu��n

g�å, §�¹n^ÛÉn�, z�^Ñ´dL Pk ¥,�:�n^���¤. ù��åk 9
�Ä:, §�TÐ´Ù{ Pj (j 6= k) ¥�Ê��:. �

12.2.3 ���I

y3·��Ä� C, Ùz�©|ÑØ´ F-ØC�. d��±½Â C 3 p ∈ Uα ?���
�I (Index of tangency)

tang(F , C, p) = dimC
OX,p

〈fα, vα(fα)〉
,

ùp fα = 0 ´ C 3 Uα ¥�ÛÜ�§. tang(F , C, p) Ì��N C � F 3 p ?����¹. AO

/, tang(F , C, p) = 0 ��=� F � C 3 p ?î��� (SK 12.5). Ïd·��Nþ�½Â

tang(F , C) =
∑
p∈C

tang(F , C, p).
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·K 12.2.3 b�� C �z�©|ÑØ´ F-ØC�. @o
NFC = χ(C) + tang(F , C),
KFC = −C · C + tang(F , C).

ùp
χ(C) := 2χ(OC) = 2− 2pa(C) = −KXC − C2

´(�â) î.«5ê(Arithmetic Euler characteristic).

y² dª (12-3), ·��I�y²1��ªf=�. Äk, l tang(F , C, p) �½Â��

tang(F , C, p) = ordpvα(fα)|C .

Ùg, ·�y²
v(f)|C = {vα(fα)|C}α∈I ∈ H0(C,KF ⊗ C|C).

5¿�
vα(fα) = gαβvβ(fαβfβ) = gαβfαβvβ(fβ) + gαβfβvβ(fαβ),

ùp fαβ ´ {fα}α∈I ∈ H0(X,OX(C)) �=�¼ê (÷v fα = fαβfβ). du

gαβfβ · vβ(fαβ)|C ≡ 0,

¤±

vα(fα)|C = gαβfαβ · vβ(fβ)|C .

ùÒL² v(f)|C ∈ H0(C, T∨F ⊗ C|C).

(Ü±þ?Ø, =�

tang(F , C) = deg v(f)|C = (KF ⊗ C) · C.

ùÒ�¤
y². �

5 12.2.3 (î.«5ê) ÖöØ�ò�âî.«5ê χ(C) �î.ÿÀ«5ê χtop(C) ·
 . �â Milnor úª,

χtop(C) = χ(C) + µC ,

ùp µC ´ C þ¤kÛ:� Milnor êoÚ (ë� [Mil68][Tan94]).

3Ù¦©z¥ ('X[CarM94, CeNe91]), χ(C) ��^5L« C ��5z�î.«5ê. Ï

dÖö3�Ö©z��3%. �

~ 12.2.8 3~ 12.1.2 ¥, degF = tang(F , L), ùp L ´�� �þ���. �

~ 12.2.9 3~ 12.1.1 ¥, é?Û F-ØC� C (=Ø¹n�¥�©|),

KFC + C2 = r(C)−D(f)C,

ùp r(C) := KfC + C2 ´�é©Ü�ê. �
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12.2.4 Gomez-Mont-Seade-Verjovsky �I

�e5, ·�2�Äz�Ø��©|Ñ´ F-ØC�� C. éz�: p ∈ C ∩ Uα, £�ª
(12-9). ·��±½Â Gomez-Mont-Seade-Verjovsky �I

Z(F , C, p) := ordp
hα
gα

∣∣∣
C

=
1

2π
√
−1

∫
∂S

gα
hα
d

(
hα
gα

)
.

AO/, e p ∈ C ´1w:, hα ���ÛÜ�X¼ê (d��b� C �ÛÜ�§� x = 0, ¿�

�O�Ñù�©)). Ïd Z(F , C, p) Ò´ vα|C 3 p ?��ê. Z(F , C, p) = 0 �du p Ø´ F
�Û:.

3�Nþ, ��±½Â

Z(F , C) :=
∑
p∈C

Z(F , C, p).

AO/, XJ C 1w� Z(F , C) > 0, @o Sing(F) ∩ C 6= ∅.

5 12.2.4 3k
©z¥ ('X [Bru97]), Z(F , C, p) ��P� GSV (F , C, p). �

~ 12.2.10 (1) ω = 2ydx − 3xdy 3 p = (0, 0) NCkØC� C : x2 − y3 = 0. �

h
g |C = y

x |C . Ïd Z(F , C, p) = −1.

(2) � n,m ´��ê. ω = nydx+mxdy 3 p = (0, 0) ?kØC� C1 : x = 0 9 C2 : y =
0. ´� Z(F , C1, p) = Z(F , C2, p) = 1. � C = C1 + C2, @o Z(F , C, p) = 0. �

aq·K 12.2.3, ·�kXe(Ø.

·K 12.2.4 �� C �z�Ø��©|Ñ´ F-ØC�, @o

NF · C = C · C + Z(F , C),

KF · C = −χ(C) + Z(F , C).

y² � {ϕαβ}´ NF �=£¼ê (÷v eα = ϕ−1
αβeβ). u´

ωα
fα

= ϕαβf
−1
αβ

ωβ
fβ
.

2|^
ωα
fα

=
hα
gα

dfα
fα

+
ηα
gα
.

·��� NF (−C)|C �N�X�¡ {hα|C}α∈I . Ïd

Z(F , C) = degNF (−C)|C = NF · C − C · C.

,��ª��5gu§. �

~ 12.2.11 3~ 12.1.2 ¥, Ã¡��� L∞ ´ F-ØC�¿�^�� R ≡ 0.

� degF = 1 �, ·��±é��^ÏL F ,Û:���, ¦�T��´ F ØC� (SK
12.11). ÏLÜ·��IÀ�, Ø��T��´Ã¡��� L∞, Ïdþ?Ø��, F �L�

P
∂

∂x
+Q

∂

∂y
,
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ù p P,Q ´ � 5 ¼ ê. 5 ¿ � d � KF = OX , Ï d ? Û F-Ø C  � C Ñ ÷ v ' X ª
Z(F , C) = χ(C). �

~ 12.2.12 (Riccati �G(���d£ã) � ϕ : X → C ´���«¡, F ´ X þ÷v
KFF = 0 ��G(�, ·�5y² F 'u ϕ ´ Riccati �. d�e��n� F Ø´ F- ØC�,
@o tang(F , F ) = 0 (·K 12.2.3), Ï G � F î���. e F ´ F-ØC�, @o Z(F , F ) = 2
(·K 12.2.4). ù¿�X F þk F �Û:. du Sing(F) ´k�8, ¤±é��n� F 5`, �
��/Ø¬Ñy. (Ü~ 12.1.4 �?Ø, F 'u ϕ ´ Riccati ��d£ã� TFF = 0.

��B?Ø, ·�Ø�� ϕ : X → C ´�é4�� (Â N�p�
�A��G(�). y

3·��	�^1wn� F , ¦�§Ø´ F-î�� (=� F Øî���). dþ¡�?Ø, ù�

� F ´ F-ØC�� Z(F , F ) = 2. dd��, F 3 F þk��½ü�Û:, Ïd F ÛÜ�L�

ª (12-7). �

·���±l,���Ý�n) Gomez-Mont-Seade-Verjovsky �I. �dI�Ú?��#
��Iþ. � p ∈ X, U ´ p ����, B ´ U SL p �©.�.F 3 U þ�ÛÜ�|�

v = A
∂

∂x
+B

∂

∂y
.

�Ä B 3 p NC�4�ëêz

ϕ : ∆→ B, t→ ϕ(t) = (x(t), y(t)),

ùp (∆ = {t ∈ C||t| < 1}, p = ϕ(0)). ·�½Â F 3©.� B þ�ê

µp(F , B) = ord0ϕ
∗v.

d½Â�� (�ÖögC�y)

µp(F , B) =

{
ord0A(x(t), y(t))− ord0x(t) + 1, XJ x(t) 6= 0,
ord0B(x(t), y(t))− ord0y(t) + 1, XJ y(t) 6= 0.

(12-20)

µp(F , B) = 0 ��=� p 6∈ Sing(F) (SK 12.15).

·K 12.2.5 Z(F , B, p) = µp(F , B, p)− µp(B), ùp µp(B) � B 3 p ?� Milnor ê.

y² �σ : (X̃, E, F̃) → (X, p,F) ´'u p ��u, E ´~	�, B̃ ´ B �î���,
m = (B̃, E). ·�k

µp(F , B) = µp̃(F̃ , B̃) +m(l(p)− 1), p̃ = B̃ ∩ E. (12-21)

ùp l(p) �½Â�~ 12.1.3 (ÖögC�y). ,��¡, ·�k

Z(F , B, p) = Z(F̃ , B̃, p̃)−m2 +ml(p) (SK 12.11)

µp(B) = µp̃(B̃) +m(m− 1) ([Tan94, Lemma 1.3]).

Ï,
µp(F , B)− µp(B)− Z(F , B, p) = µp̃(F̃ , B̃)− µp̃(B̃)− Z(F̃ , B̃, p̃).

ù�, d Seidenberg )�½n, =�8(��y p ´Q�Û:��/(3�Öö�¤). �
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é²L p �ØC� C (#N´ÛÜ½���), ·���±½Â

µp(F , C) := Z(F , C, p) + µp(C).

íØ 12.2.2 ([CeNe91]) - C(p) ´ C ¥ ¤ k ² L p � Ø � � ) Û © | � ¤ � 8 Ü,
kp(C) = ]C(p). @o

(1) µp(F , C) =
∑

B∈C(p)

µp(F , B)− (kp − 1).

(2) χ(C) +KFC =
∑
p∈C

∑
B∈C(p)

µp(F , B).

y² (1) 5guSK 12.12 (3) Ú [Tan94, Lemma 1.2].

(2) 5gu·K 12.2.4, 5P 12.2.3 ±9

χtop(C) = χtop(C̃)−
∑
p∈C

(kp(C)− 1),

ùp C̃ ´ C ��5z. �

12.2.5 C©�I

� ω = B(x, y)dx− A(x, y)dy ´�G(� F 3 p ∈ X NC��©|. ·�3 p ���� U

S½Â1w� (1, 0)-/ª

β = F ·

(
∂A
∂x + ∂B

∂y

|A|2 + |B|2

)
·
(
Adx+Bdy

)
(12-22)

ùp F ´ÛÜ1w¼ê, ¦�3 p �,��� V ⊂ U Sð�", 3,��� V ′ ⊂ U �	ð� 1
(V ⊂ V ′). ���y��, 3 U \ V ′ þk

dω = β ∧ ω. (12-23)

é F-ØC� C, ·�Ú\C©�I (Variation)

V ar(F , C, p) = Res0 {β} =
1

2π
√
−1

∫
γ
β,

ùp γ ´ C ¥�7 p ���´. d{üO���, éu F �1w: p, V ar(F , C, p) = 0.

5 12.2.5 C©�I¥� β ��±O�¤Ù¦÷v (12-23) �1w (1, 0)- /ª. du C ´
F-ØC�, Ïdù�O�ØK�§��. �

�
ïÄC©�I��N5�, ·��I��
O�ó�. ÄkÀ�Ü·�mCX {Ui}i∈I .
3z� Ui þ, �G F éA��© ωi Ñ��
1w� (1, 0)-/ª βi ±9m�� Vi ⊂ Ui, ¦�
Vi ∩ Uj = ∅ (i 6= j), ¿�3 Ui \ Vi þ÷v

dωi = βi ∧ ωi. (12-24)

ù�, 3 Ui ∩ Uj þ, ª (12-24) ??¤á. � {ϕαβ}´ NF �=£¼ê. @o3 Ui ∩ Uj þ,

βi ∧ ωi = dωi = d(ϕijωj) = dϕij ∧ ωj + ϕijdωj
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= dϕij ∧ ωj + ϕijβj ∧ ωj = dϕij ∧ ωj + βj ∧ ωi

=
(
dϕij
ϕij

+ βj

)
∧ ωi.

½= (
dϕij
ϕij

+ βj − βi
)
∧ ωi = 0. (12-25)

d5P 12.1.1, ωi �±w¤ N∨
F �Ä. Ïdª (12-25) ´ N∨

F �1w�¡� 1-{ó. du N∨
F ��

1w�¡�´°[�, ���þÓN�". Ïd�3 Ui þ�1w (1, 0)-/ª γi, ¦� γi ∧ ωi = 0
�3 Ui ∩ Uj þk

dϕij
ϕij

+ βj − βi = γi − γj .

- β̃i = βi + γi. dþ¡�'Xª, 3 Ui þ, ·�Ek

dωi = β̃i ∧ ωi.

y3·��±½Â�N 2-/ª
Ω =

1
2π
√
−1

dβ̃i

Ω �±©� (2, 0)-/ª� (1, 1)- /ª, �ö=� Dolbeault ¿Âþ��a, ½= c1(NF ). N´

�y, 3 Ui \ Vi þk

Ω ∧ ωi =
1

2π
√
−1

dβ̃i ∧ ωi = 0. (12-26)

±9

Ω ∧ Ω = 0. (12-27)

·K 12.2.6 � C ´ F-ØC�, @o

NFC =
∑
p∈C

V ar(F , C, p).

y² dª (12-26), 3 C ∩ (Ui \Vi) þðk Ω∧ωi = 0. Ïdéu F-ØC� C, Ω ��3
� C ∩ (Ui \ Vi) þð�". Ïd

∫
C Ω ¢Sþdz�Û:3ÛÜ��þ��z¤�. |^ Stockes

úª, =�

NFC =
∫
C

Ω =
∑

p∈C∩Sing(F)

1
2π
√
−1

∫
γ(p)

β̃ =
∑

p∈C∩Sing(F)

V ar(F , C, p).

ùÒ�¤
y². �

12.2.6 Camacho-Sad �I

� C ´ F-ØC�, p ∈ C ∩ Sing(F). £�ª (12-9), ·��±ÛÜþU�¤

−η
h

=
df

f
− gω

fh
,
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ùp f = 0 ´ C 3 p NC�ÛÜ�§, g, h ´�X¼ê, η ´�X 1-/ª. ·�½ÂCamacho-
Sad �I

CS(F , C, p) = Resp

{
−η
h

∣∣∣
C

}
= − 1

2π
√
−1

∫
γ

η

h
,

ùp γ ´ C þ�7 p ���´.

~ 12.2.13 � p ´Q�Û:.
(1) e p ´�òz�, ÛÜþ ω = λy(1 + o(1))dx− x(1 + o(1))dy, Kd��O���

CS(F , x = 0, p) =
1
λ
,

CS(F , y = 0, p) =λ.

(2) e p ´Q-(:, �Ä Dulac IO.

yk+1dx−
(
x+ axyk + yF (x, y)

)
dy.

y = 0 ´r©.�.
CS(F , y = 0, p) = 0.

b� p �kf©.�, ·�·�À��I�, ��ÄIO.

yk+1dx− x
(
1 + ayk + yF (x, y)

)
dy.

u´ CS(F , x = 0, p) = a. �

·K 12.2.7 � C ´ F-ØC�, p ∈ C ∩ Sing(F). ·�k

V ar(F , C, p) = Z(F , C, p) + CS(F , C, p).

y² d Z(F , C, p) �½Â, ·����È©/ª

Z(F , C, p) =
1

2π
√
−1

∫
γ

g

h
d

(
h

g

)
.

3��´ γ ����S, ·��±�¦ h
g ´�"�X�. d�·�®k

gω =hdf + fη,

dω =β ∧ ω.

- β′ = g
hd
(
h
g

)
− η

h . |^þ¡��ª��

dω = β′ ∧ ω + fη′,

ùp η′ ´,� 1-/ª (3 γ ����S�X). du C ´ F- ØC�, �� β′|γ = β|γ . Ïd

V ar(F , C, p) =
1

2π
√
−1

∫
γ
β′ = Z(F , C, p) + CS(F , C, p).

�d�¤y². �

½n 12.2.3 (Camacho-Sad úª [CaSa82, Suw98]) � C ´ F-ØC�, @o

C2 =
∑

p∈C∩Sing(F)

CS(F , C, p).

- 186 -



1��Ù �þm��G(�

y² (Ü·K 12.2.6 9·K 12.2.4 =�úª. �

íØ 12.2.3 � C ´ F-ØC�, e F 3 C þvkÛ:, K NFC = C2 = 0.

12.2.7 Baum-Bott �I

�Ä: p ∈ Sing(F) ?��G(� ω = B(x, y)dx−A(x, y)dy. �

J(x, y) =

(
∂A
∂x

∂A
∂y

∂B
∂x

∂B
∂y

)

´ A,B 'u x, y �ä�'Ý
. [BaBo70] ½Â
üa�I

PH(F , p) = Res(0,0)

{
det J
AB

dx ∧ dy
}
,

BB(F , p) = Res(0,0)

{
(TrJ)2

AB
dx ∧ dy

}
=

1
(2π
√
−1)2

∫
S3

β ∧ dβ,

�â [GrHa94, Ch.5, Sec.2, Page 665] �?Ø, PH(F , p) = m(F , p), = F 3 p ?�ê. ·�
�'% BB(F , p), §�¡� Baum-Bott �I.

5 12.2.6 BB(F , p) � V ar(F , C, p) ¢Sþ¿Ø�6 β �À�, ��ù�� β ÷vª
(12-24) =�. �

díêO���

BB(F , p) =
1

(2π
√
−1)2

∫
S3

β ∧ dβ

ùp S3 ´�7 p �n�¥¡. AO/, e p ´�òzÛ:, äkA�� λ, @o

BB(F , p) = λ+
1
λ

+ 2.

½n 12.2.4 (Baum-Bott úª [BaBo70]) 3þã½Â�PÒe, ·�k

N2
F =

∑
p∈Sing(F)

BB(F , p).

y² d��.½Â,

N2
F =

∫
X

Ω ∧ Ω.

|^ª (12-27), ù�È©¢Sþ�±8(�z�Û: p NC���� V ′ þ�È©�z
∫
V ′

p
Ω ∧

Ω. d Stockes úª, =�

N2
F =

∑
p∈Sing(F)

1
(2π
√
−1)2

∫
∂V ′

p

β̃ ∧ dβ̃ =
∑

p∈Sing(F)

BB(F , p).

ùÒ�¤
y². �

ù�(Ø��±í2��>.��/ (ë� [BaBo70, Bru97]). äNó�, � Y ⊆ X ´�é
;�«� (�Ø�¦ X ;), �k1w>. ∂Y , ¿�T>.Ø� Sing(F) ��. b� NF 3 ∂Y

�����S´²��. Ïd·�E,�±�E ∂Y NC�1w (1, 0)-/ª β, ÷vª (12-23).
Ï�±½Â

BB(F , ∂Y ) :=
1

(2π
√
−1)2

∫
∂Y
β ∧ dβ
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±9 c21(NF|Y ). |^ Stockes úª±9� Baum-Bott úªaq�y², =�

·K 12.2.8 (�>.� Baum-Bott úª) BB(F , ∂Y ) =
∑

p∈Sing(F)∩Y
BB(F , p)−c21(NF|Y ).

½Â 12.2.2 � p ´�G(� F �Û:, ω ´ F 3 p ����SéA��©|. XJÛÜ
þ�34��X 1-/ª γ0 ±9�X 1-/ª γ1, ¦�

dω = (γ0 + γ1) ∧ ω, (12-28)

·�Ò` p ´[4��.� (Almost Liouvillean). XJ γ1 = 0, Ò¡��4��. (Liouvil-
lean). XJ γ0 ¥�4:Ñ´���, ·�Ò¡TÛ:´{ü� (Simple).

~ 12.2.14 �Ä~ 12.1.8 ¥��G(� Fλ. 3��m8 (x, y) þ, -

β =
H + 1

3H(H − 1)
dH, H =

y3 − 1
x3 − 1

.

K dωλ = β ∧ ωλ, dβ = 0. Ïd F ´4��.�. �

Ún 12.2.1 � p ∈ Sing(F) ´[��.�, Kª (12-28) ¥� γ �4:�ØfÜ© (γ)∞
´ F-ØC�.

y² � q ∈ (γ)∞ − {p}. 3 q NC�� ω = adx, a ´ÛÜ??�"��X¼ê; γ0 =
bdx + cdy, b, c ´ÛÜ�X�. dª (12-28) ±9 a ÛÜ??�", �íÑ c ´�X�. 2d
dγ0 = 0 �, ∂b

∂y = ∂c
∂x ´�X�. Ïd b �4:Ü©¹u z = 0 ¥, = (γ)∞ ´ F-ØC�. �

� (γ)∞ �ÛÜØ��)Û©| C1, . . . , Cr. �âþ¡�Ún, Ci ´L p �©.�. ·�^
Res(γ0, Ci) L« γ0�7 Ci �íê.

·K 12.2.9 ([Bru97]) � p ∈ Sing(F) ´{ü�[4��.Û:, @o

BB(F , p) =
r∑
i=1

Res(γ0, Ci) · V ar(F , Ci, p).

y² � C = ∪iCi, V ´ ∂C �+G��, γ′ ´ V þ�X 1-/ª, ÷v dω = γ′ ∧ ω. � V

þäk;|8�1w)Û¼ê φ ∈ C∞c (V ), ¦� φ 3�����Sð� 1. � β = φγ′+(1−φ)γ,
u´ dω = β ∧ ω. 5¿� γ, γ′ ´�X�, Ï

β ∧ dβ = dφ ∧ γ′ ∧ γ = d
(
(1− φ)γ ∧ γ′

)
.

ù�,∫
S3

β ∧ dβ =
∫
S3∩V

β ∧ dβ =
∫
∂(S3∩V )

(1− φ)γ ∧ γ′ =
∫
∂(S3∩V )

γ ∧ γ′ =
∫
∂(S3∩V )

γ0 ∧ γ′

� V = ∪iVi, Vi ´ ∂Ci ���. y3¯K8(�y²∫
∂(S3∩Vi)

γ0 ∧ γ′ = (2π
√
−1)2Res(γ0, Ci)V ar(F , Ci, p). (12-29)

� Ü · � � I (z, w), ¦ � Ci d w = 0 ½ Â, ∂Ci = {(z, w)|w = 0, |z| = 1}, S3 ∩ Vi =
{(z, w)||w| < ε, |z| = 1} (ùp S3 Ø�½I�´¥). d��� γ0 = λi

dw
w + gi, Ù¥ gi �

X, λi = Res(γ0, Ci). 2� γ = adz + bdw. ù�, ·�k∫
∂(S3∩Vi)

γ0 ∧ γ′ =
∫
|w|=ε,|z|=1

γ0 ∧ γ′ = 2π
√
−1λi

∫
|z|=1

a(z, 0)dz = 2π
√
−1λi

∫
∂Ci

γ′.
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dd��ª (12-29). �

~ 12.2.15 �ÄQ-(:

ω = zp+1dw − w(1 + νzp)dz.

� γ = (p+ 1)dzz + dw
w . ·�k dω = γ ∧ ω.Ïd·K 12.2.9 �� BB(F , p) = 2p+ 2 + ν. �

12.2.8 ©.�½n

·�ò3ù�!?Ø²L�G(�Û:�©.���35. ?nd¯K�'�óä´
Camacho-Sad úª.

½n 12.2.5 (©.�½n [Cam88]) � C ´ëÏ� F-ØC�, �÷v±eÃ^�:

(1) C ∩ Sing(F) ¥�:Ñ´Q�� (Ïd C ´�5�),

(2) C ´K½��éóã�¤ä.

@o�3Û: p ∈ C ∩ Sing(F) ±9L p �©.� C ′, ¦� C ′ Ø¹u C ¥.

y² �y{, b�·KØ¤á. k�	 p ∈ C ∩ Sing(F). XJ p Ø´ C �(:, @o§

�U´Q-(:, ÄKòkü^©.�²L, db�^�, §�Ñ´ C ¥�©|, gñ! Ó�/, d
b�^�, d�L p �©|Ò´r©.�, ¿�§vkf©.�. ù�, CS(F , C, p) = 0.

� C =
r∑
i=1

Ci. é?Û©| Ci, dþ¡?Ø±9 Camacho-Sad úª, ·�k

C2
i =

∑
p∈Ci∩(C−Ci)

CS(F , Ci, p) =
∑

p∈Ci∩(C−Ci)

Re (CS(F , Ci, p)) .

�����ª5gu C2
i ´¢ê�¯¢.

d C �K½5, é?Û�" R-Øf D = n1C1 + · · · + nrCr, ·�ok D2 < 0. ,��¡,
(Üþã Camacho-Sad úª, ��

D2 =
∑

1≤i<j≤r

(
n2
iRe(CS(F , Ci, Ci ∩ Cj)) + n2

jRe(CS(F , Cj , Ci ∩ Cj)) + 2ninj
)
CiCj .

5¿ C ´ä, ¤±þª¥� Ci ∩ Cj �o´��, �o´��(:. duz�(: Ci ∩ Cj �o
´ F ��òz:, �o´Q-(:. Ïdd~ 12.2.13 �O�,

n2
iRe(CS(F , Ci, Ci ∩ Cj)) + n2

jRe(CS(F , Cj , Ci ∩ Cj)) + 2ninj

Ø´K½���.. y3·�|^e¡�Ún 12.2.2, =�é�Ø��"�¢ê n1, · · · , nr, ¦�
D2 = 0. ùÒ��gñ! dd=�·K(Ø. �

Ún 12.2.2 � C =
r∑
i=1

Ci ´ä, aij ´÷v aijaji ≤ 1 �¢ê (i, j = 1, · · · , r). @o�3

Ø��"¢ê n1, · · · , nr ¦�∑
1≤i<j≤r

(
aijn

2
i + ajin

2
j + 2ninj

)
CiCj = 0.
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y² �Ö��B, ·�P

cij = aijn
2
i + ajin

2
j + 2ninj .

8é r �8B{. r = 1, 2 �´w,�. b� < r ��/®y. Ø�� Cr ´ä�à:, ë�
���©| Cr−1. d8Bb�, éä C − Cr, �é�Ø��"�¢ê n1, · · · , nr−1, ¦�∑

1≤i<j≤r−1

cijCiCj = 0.

du arbr ≥ 1, ¤±�3¢ê nr ÷v

cr−1,r = ar,r−1n
2
r + ar−1,rn

2
r−1 + 2nrnr−1 = 0.

y3·�k ∑
1≤i<j≤r

cijCiCj =
∑

1≤i<j≤r−1

cijCiCj + cr−1,rCr−1Cr = 0.

nþ��, é?Û r, (Øþ¤á. �

íØ 12.2.4 ([CaSa82]) é?Û F �Û: p, Ñ�3���^²L§�©.�.

y² �Ä F 3 p ?�Û:)� σ : X̃ → X, ¦�p���G(� F̃ 3~	� C þ�

kQ�Û:. XJ C ¥k�^©|Ø´ F̃ ØC�, @o p ¢Sþ´õ�.: (=kÃê^©.
�, §�5g�T©|î�����G(�). XJ C �?Û©|Ñ´ F-ØC�, @od©.�

½n=�²L C ∩ Sing(F̃) ¥,:�©.� (Ø¹u~	�¥), Ù�=�L p �©.�. �

÷v©.�½n^���a��´¤¢� F-ó.

½Â 12.2.3 XJ� C ÷vXe^�, Ò¡� F-ó (F-chain):

(1) C = ∪ri=1Ci ´ Hirzebruch-Jung ó, =z� Ci Ñ´1wkn�� C2
i ≤ −2, ÷v

CiCj =

{
1, e |i− j| = 1,
0, e |i− j| > 1.

(2) z� Ci Ñ´ F-ØC�.

(3) C ∩ Sing(F) Ñ´�òz�Q�Û:.

(4) Z(F , C1) = 1, Z(F , Ci) = 2 (i = 2, · · · , r). C1 ��{¡�Tó�1�©| (�).

?�Ú, XJ�� F-óØUî�¹uÙ¦ F-ó¥, K¡Ù�4� F-ó.

d©.�½n, 4� F-óþk�Û:, §k�^©.�Ø3ó¥. ÏdTÛ:�U3���

^©|þ. AO/, XJk�^ F-ØC��Tó��, @o§�UÏLù�Û:.

íØ 12.2.5 4� F-ó*dpØ��.

y² �y{. b�ü�4� F-ó��. dþ¡�?Ø, §��¿ C = ∪ri=1Ci E÷vþ

ã½Â¥� (1)(2)(3), �k

Z(F , C1) = Z(F , Cr) = 1, Z(F , Ci) = 2 (i = 2, · · · , r − 1).

�ù�©.�½ngñ! ��(Ø. �
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12.2.9 �õ�.:

� F ´ X þ��G(�, p ∈ Sing(F) ´�õ�.:, C ´L p � F-ØC�. �Ä p �
��� U ±9��ÛÜ�XN� f : U → C, ¦� C = f−1(0). � C1, . . . , Cr ´ C 3 p ?ÛÜ

Ø��©|, ©Od fi = 0 ½Â, f = fn1
1 . . . fnr

r . ·��Ä3 U þd

df = f

(
r∑
i=1

ni
dfi
fi

)

)¤��G Gf . ùüa�G�3��éX. e¡·��'�ùü��G�Û:�I.

·K 12.2.10 3þãPÒ�b�e, � C ′ ´ C ¥eZØ��©|�¿. @o·�k

(1) (Camacho-Neto-Sad � ê Ø � ª [CSN84]) ordp(F) ≥ ordp(Gf ), = ordp(F) + 1 ≥
multp(Cred).

(2) (Carnicer Ø�ª [CarM94]) Z(F , C ′, p) ≥ Z(Gf , C ′, p), = µp(F , C ′) ≥ µp(Gf , C ′).

y² ·�æ^ [Bru97] �y². Äk�Ä�X��u σ = σ1 . . . σn : Xn → X, ¦� σ∗C

´�5�:
(X,En)

σn−→ (Xn−1, En−1)
σn−1−→ · · · σ2−→ (X1, E1)

σ1−→ X0 = X,

ùp Ei ´ σi �~	�, pi−1 = σi(Ei) (ùp- p0 = p).

·�é�ugê n �8B{. � n = 0 �, ordp(Gf ) = 1. Z(Gf ,Γ, p) = 1 (Γ ´ C ¥L
p �?�Ø��©|). (ÜSK 12.12 ��(Ø. 8b�é�ugê < n ��/þ®y. �
F1 = σ∗1F (�A/, G1 = σ∗1Gf )) ´�up���G. G1 w,´d dσ∗1f p�. E1 Q´ F1-ØC,
�´ G1-ØC�. d~ 12.1.3 �?Ø, 3ù«�/e,

NF1E1 = ordp(F), NG1E1 = ordp(Gf ).

(Ü Camacho-Sad úª=�

ordp(F) = −1 +
∑

q∈E1∩Sing(F1)

Z(F1, E1, q),

ordp(Gf ) = −1 +
∑

q∈E1∩Sing(G1)

Z(G1, E1, q).

5¿� Sing(G1) ⊆ Sing(F1), �d8Bb�, Z(F1, E, q) ≥ Z(G1, E, q) é?Û q ∈ Sing(G1) ¤
á. � q 6∈ Sing(G1), ù�Ø�ªw,�¤á. Ïd ordp(F) ≥ ordp(Gf ). (5: ù�Ø�ª�U
��y², �SK 12.14.)

dSK 12.12 (3) �(Ø, ·�k

Z(F , C ′, p) =
∑

q∈E1∩Sing(F1)

Z(F1, C̃
′, q) + multp(C′)(ordp(F)−multp(C′)),

Z(G, C ′, p) =
∑

q∈E1∩Sing(G1)

Z(F1, C̃
′, q) + multp(C′)(ordp(Gf )−multp(C′)),

d8Bb�±9c¡®y�(Ø (1), =� (2). �
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íØ 12.2.6 ([Bru97]) 3·K 12.2.10 �PÒ�b�e, ·�k

Z(F , C ′, p) ≥ Z(Gf , C ′, p) = (C ′C ′′)p ≥ 0,

ùp C ′′ = C \ C ′.

íØ 12.2.7 (²¡�G�
\4¯K [CarM94]) � F ´ P2 þ�G(�, C ´ F-ØC
�, §Ø²L F �?Ûõ�.:, @o degC ≤ degF + 2.

y² d Camacho-Sad úª9 Carnicer Ø�ª, ·�k

(degF + 2− degC) degC = NFC − C2 =
∑
p∈C

Z(F , C, p) ≥ 0.

ùÒ��(Ø. �

12.2.10 7É5

� F ´ X þ��G, p ∈ X ´ F ��K:, U ´�¹ p ����, ¦� U ∩ Sing(F) = ∅.
ù�, F 3 U þkÛÜ�ÄgÈ© f ∈ OU,p (= df ∧ ω = 0). ·��±�E F 3 p ?�î�¡
(Transversal section)

Σp := {q ∈ U | g(q) = 0},

ùp g ∈ OU,p, ¦� Σp Ú f �Ñ���¤ÛÜ�IX (= F 3 Σp þ??î��). Σp þz�:
Ñk���� f = t ²L§, ÏùÒ�Ñ
 Σp þ�ÛÜ�I.

,� q ∈ U , � Σq ´ F 3 q ?�î�¡. ·�k���V�XN�

h : Σp −→ Σq, z → h(z),

ùp h UXe�ª½Â: L z ����Ú Σq �k����: h(z) (�[�Qãë� [Mov15, 1
5.2 !]).

� L ´ F ��, δ : [0, 1] → L ´ L ��´ (#Nk��g�:), δ(0) = p, δ(1) = q. À� δ

�k�mCX U1, . . . , Un, ¦� Ui−1 ∩ Ui 6= ∅. � pi ∈ Ui−1 ∩ Ui ∩ δ (p0 = p, pn+1 = q). � Σpi

´ F 3 pi ?�î�¡. dþ¡?Ø, ·�kV�XN� hi : Σpi
→ Σpi+1 . ù�, ·���EÜN

�
h := hn . . . h0 : Σp → Σq.

h �¡� (÷X δ) l Σp � Σq �7É5N� (Holonomy map). � p = q, δ ´{ü�´�,
h : Σp → Σp ¡� F ÷X δ 3 Σp ¥�7É5 (Holonomy).

5 12.2.7 é¢ê�/��G(�, þã�7É5 h ��¡�
\41�£8N�
(Poincaré first return map). �

��B?Ø, ·�Ú\�
PÒ. � Uδ ´ δ ���. � t ∈ [0, 1], z ∈ Uδ ´�C δ(t) �:,
Lz ´L z ��, k(z) = Σp ∩ Lz. δ|[0,t] �±J,� Lz ¥l k(z) � z ��´ δk(z),z. ùÒ�Ñ�

XN� k : Σq → Σp. ´� h = k−1.

£�ª (12-23), dω = β ∧ ω. β 3z�^�þÑ´��(½� 1-/ª (=Ø�6u β �À
�). ·�P dω

ω := −β. ·�½Â Uδ þ�¼ê

gω(z) = exp

(∫
δk(z),z

−dω
ω

)
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·K 12.2.11 � a = δ(t1), b = δ(t2) (0 ≤ t1 ≤ t2 ≤ 1), h : Σa → Σb ´÷X δ|[t1,t2] �7É

5N�. ·�k
(1) d( ωgω

) = 0;
(2) h∗( ωgω

∣∣
Σb

) = ω
gω

∣∣
Σa

y² ù�±8(�ÛÜ¯K.

(1) � q ∈ δ, U ´ q ����. �Ä U �ÛÜ�I (x, y), ¦�L p �� Lp d�§ y = 0 ½
Â, � ω = B(x, y)dy, dω

ω = A(x, y)dx.

�½ c = (x1, 0) ∈ U ∩ δ, r = Σc ∩ Lz. - g(z) =
∫ z
k(z)

dω
ω . u´

g(z) =
∫ r

k(z)

dω

ω
+
∫ z

r

dω

ω
.

þªmà�c�È©´ y �¼ê, P� s(y). Ïd

dg = s′(y)dy +Adx+ (
∫ x

x1

∂A(ξ, η
∂η

dξ)dy.

Ïd dg ∧ ω = Adx ∧Bdy = dω
ω ∧ ω. 5¿� gω = eg, �k

d(
ω

gω
) = e−g(−dg ∧ ω + dω) = e−g(−dω

ω
∧ ω + dω) = 0.

(2) � ω
gω

= Gdy, @odþ�� G = G(y) ��6u y. �½ d = (x2, 0) ∈ δ ∩ U . ·�k

h∗(
ω

gω

∣∣
Σd

) = h∗(G
∣∣
Σd

)d(h∗(y
∣∣
Σd

)) = Gdy
∣∣
Σc

=
ω

gω

∣∣
Σc
.

�d�¤y². �

íØ 12.2.8 h∗(ω|Σq
) = exp(−

∫
δz,h(z)

dω
ω ) ·ω|Σp

. AO/, ©OÀ� Σp,Σq �Ü·�I z, z̄,
¦� z(p) = z̄(q) = 0, � ω|Σ1 = dz, ω|Σ1 = dz̄. @o

h′(z) = exp(−
∫
δz,h(z)

dω

ω
).

ù�, ·�Ò��Xe²;(Ø.

½n 12.2.6 (
\4úª) � L ´ F ��, δ ´ L ¥�{ü4�´, p ∈ δ, Σ ´ F 3 p ?

�î�¡, h : Σ→ Σ ´÷X δ �7É5. @o

h′(p) = exp
(∫

δ
−dω
ω

)
.

12.3 knÄgÈ©

� F ´¡ X þ��G(�, ω = {ωα}α∈I . ´éA��©|. XJ�3�� X þ�kn
¼ê f , ¦� df ∧ ω = 0, ·�Ò¡ f ´knÄgÈ© (Rational first integral), ½ F kknÄg

È© (½ö F ´�ê�È�, algebraically integrable). ^� df ∧ ω = 0 ��du ω = gdf , ùp
g ´kn¼ê.
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=
�G(��3knÄgÈ©? ùÒ´Í¶�
\4¯K. 3²¡�G(��/, Uì


\4��{, ��ØC��gêþ.U
��G(��gê��4, @o·�ÒUÏL(½
ØC���ê�§�Xê5)û
\4¯K. 3,
AÏ^�e, ù´�±��� ('XíØ

12.2.7).

12.3.1 Darboux ½n

b� F kknÄgÈ© f = F
G (F,G ´õ�ª). 5¿� df = GdF−FdG

G2 , Ïd

ω ∧ (GdF − FdG) = 0.

Ï GdF − FdG �Ñ��Gw,kknÄgÈ© f .

·K 12.3.1 b� F kknÄgÈ© f = F
G , @od�§ F − tG = 0 (t ∈ P1) ½Â��

´ F-ØC.

y² ù5gu ω ∧ (dF − tdG) = (F − tG)(ω ∧ dG
G ). �

é²¡�G(�, kXeÍ¶� Darboux ½n.

½n 12.3.1 (Darboux ½n) � F ´ d g²¡�G(�. XJ§k�� 1
2(d + 1)d + 3 ^

F-ØC�, @o F kknÄgÈ©.

y² � r = 1
2(d + 1)d + 3, C1, . . . , Cr ´ F ØC�. £� F 3���I (x, y) e�I

OL�ª (12-5)

(P (x, y) + xR(x, y))
∂

∂x
+ (Q(x, y) + yR(x, y))

∂

∂y
∈ H0(X,TX(d− 1)),

ùp max{degP,degG} ≤ d, R ´ d gàgõ�ª. � fi = 0 ´ Ci ����§. d·K 12.1.2,
·��±k

ω ∧ dfi
fi

= gidx ∧ dy,

ùp gi ´õ�ª. Ðmþ�=�

(P + xR)
∂fi
∂x
− (Q+ xR)

∂fi
∂y

= figi.

dd�� deg gi ≤ d. òþª�m��pg��Ñ (Ø�� deg fi = mi, ± (fi)mi
L�pg�),

��
xR

∂(fi)mi

∂x
− yR∂(fi)mi

∂y
= (fi)mi

(gi)d.

ù¿�X (gi)d = ciR (ci ´~ê). Ïd��

gi = pi + ciR, deg pi ≤ d− 1.

�Ä�þ�m C[x, y]≤d−1 = {p ∈ C[x, y]|deg p ≤ d − 1}9f�m V = Span〈p1, . . . , pr〉.
·�k

m := dimC V ≤ dimC C[x, y]≤d−1 =
1
2
(d+ 1)d.
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Ø�� p1, . . . , pm ´ V ��|Ä. ·�� pm+1, pm+2, pm+3. u´�3 C-�5L�ª

0 = pm+1 +
m∑
i=1

ripi,

0 = pm+2 +
m∑
i=1

sipi,

0 = pm+3 +
m∑
i=1

tipi.

- 

α1 = dfm+1

fm+1
+

m∑
i=1

ri
dfi

fi
,

α2 = dfm+2

fm+2
+

m∑
i=1

si
dfi

fi
,

α3 = dfm+3

fm+3
+

m∑
i=1

ti
dfi

fi
.

u´ 

ω ∧ α1 = (cm+1 +
m∑
i=1

rici)Rdx ∧ dy,

ω ∧ α2 = (cm+2 +
m∑
i=1

sici)Rdx ∧ dy,

ω ∧ α3 = (cm+3 +
m∑
i=1

tici)Rdx ∧ dy.

XJþãn�Ø��" (Ø�� ω ∧ α3 6= 0), ·��Ü·�~ê γ1, γ2, ¦� βi = αi − γiα3

(i = 1, 2) ÷v ω ∧ βi = 0. XJn�þ�", K��� βi = αi (i = 1, 2). Ïd, o�3kn¼ê
f , ¦�

β1 = fβ2.

5¿� β1, β2 ©O¹k dfm+1

fm+1
, dfm+2

fm+2
, Ïd f Ø�U´~ê, = df 6= 0. du dβ1 = 0, � df ∧β2 =

0, ù¿�X df ∧ ω = 0, = f ´ F �ÄgÈ©. �

5 12.3.1 XJ R = 0 (=Ã¡��� L∞ ´ F-ØC�, �~ 12.1.11), @o��k 1
2(d +

1)d+ 2 ^ØC�ÒU�y F kknÄgÈ©. �

12.3.2 éê�G(��knÄgÈ©

�ì½n 7.4.1, ·����Xe²;(Ø.

½n 12.3.2 (Castelnuovo-de Franchis) XJ h0(X,N∨
F ) ≥ 2, @o F ´k,�n�z f :

X → C p�, � g(C) ≥ 2.

�
?�ÚïÄknÄgÈ©, ·�I�Ú\éê 1-/ª9éê�G(�. � C ´�^

�, U ⊆ X ´m8, ω ´ U þ��X 1- /ª, ÷vXe^�: é?Û p ∈ U , �3¹ p �mf8

V , ¦�

ω|V = ω0 +
n∑
i=1

gi
dfi
fi
,

ùp ω0 ´ V þ��X 1-/ª, fi = 0 ´ C 3 p ?�ÛÜØ��©| Ci ��§. ω �4:Ü

©Ñá3 C þ, ¿�´���. ·�¡ù�� ω�4:3 C þ�éê 1-/ª (Logarithmic 1-
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form). 4:3 Cþ� éê 1-/ª�¤
éê�©� Ω1
X(logC). ù´và�, 3 C þ��5�

Û:�	Ñ´ÛÜgd�. � C ´�5��, ·�®²31 4.5 !?ØL�
Ä�5�. ���

/e, ·��kaqª (4-11) ��Ü�

0 −→ Ω1
X −→ Ω1

X(logC) Res−→ O eC −→ 0,

ùp σ : C̃ → C ´ C ��5z. � C̃i ´ Ci �î���, @o Res(ω)| eCi
= σ∗(gi|Ci

).

� F ´�G(�, ω ´éA��©|, C ´ F-ØC�. � p ∈ C, V ´ p ���, f = 0 ´
C ∩V �ÛÜQ��§. � p ´ C �1w:½(:�, ωf ´÷X C k��4:��X�©. |^
·K 12.1.2 (5), d(ωf ) = dω

f −
η̃
f ÷X C �k���©, Ïd� ω

f ´éê/ª. � p ´ C ��
�5�Û:�, ω

f 3 p NC�7´éê/ª.

½Â 12.3.1 (éê�G(�) XJ ω
f 3 p NC´éê�, ·�Ò` F 3 p ?÷X C ´é

ê�. XJ F 3 C þz�:?Ñ´éê�, Ò¡ F ´ (X,C) þ�éê�G(� (Logarithmic
foliation).

~ 12.3.1 (1) ?Ûéê 1-/ª (b�vk��":)w,p�
 (X,C) ���éê�G(
�, ùp C ´§�4:Øf.
(2) XJ C ´�5��, ¿� C ´ F-ØC�, @o F �,´ (X,C) þ�éê�G(�. �

éê�G�kXe�Ü�

0 −→ N∨
F ⊗OX(C) −→ Ω1

X(logC) −→ IZ′(KF ) −→ 0, Z ′ ⊆ Sing(F). (12-30)

aq/, ·���

½n 12.3.3 (éê Castelnuovo-de Franchis ½n) � C ´ X ¥��, F ´ (X,C) �é

ê�G(�, ÷v h0(X,N∨
F ⊗OX(C)) ≥ 2, @o F ´n�z.

Bogomolov ½n (½n 7.4.3) ��±í2�éê�/.

½n 12.3.4 (éê Bogomolov ½n) � F ´ (X,C) þ�éê�G(�, u´

kod(N∨
F ⊗OX(C)) ≤ 1.

�Ò¤á�, F ´n�z.

½n 12.3.5 (Jouanolou ½n [Jou78]) � F ´ � G ( �, k � � N = h0(X,KF ) +
h1,1(X)− q(X) + 2 ^Ø�� F-ØC�. @o F kknÄgÈ©.

y² �, F �7´ (X,C) þ�éê�G(�, �Ek��N� res : Ω1
X(logC) → KF ,

ÙØ´ N∨
F ⊗OX(C) �f�. Ïd

h0(X,Ω1
X(logC)) ≤ h0(X,KF ) + h0(X,N∨

F ⊗OX(C)).

d�Ü� (12-30), ·�k

h0(X,Ω1
X(logC)) ≥ N + q(X)− h1,1(X) = h0(X,KF ) + 2.

(Üùü�Ø�ª� h0(X,N∨
F ⊗OX(C)) ≥ 2. �e�y²�c¡aq. �

íØ 12.3.1 (Darboux) F kknÄgÈ©��=�§kÃ�õ^ F-ØC�.
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12.4 �G(��VknAÛ

12.4.1 �é4��.�4��.

XJ���G(��kQ�Û:, ·�Ò¡��Q��G(� (Reduced foliation). Seiden-
berg )�½n?Û�G(�Ñ�±ÏL�X��uC¤Q��G(�. ù�����G(�Ï
~¿Ø��. Ïd·�F"UÚ\,«4��..

½Â 12.4.1 � F ´ X þ��G(�, E ´ X þ��^ (−1)-�, σ : (X,E) → (X ′, p)
Â  E � p, F ′ ´ X ′ þd σ p���G(�. XJ p ´ F ′ ��K:½Q�Û:, K¡ E ´ F-
~	� (F-exceptional curve).

ÏL��O���, XJ E ´ F-~	�, @o E ´ F-ØC�, ¿�éAXeAa�/:

(1) {q} = Sing(F) ∩ E. Â  E �, p ´ F ′ ��K:.

(2) {q1, q2} = Sing(F) ∩ E, Ù¥ q1, q2 þ��òz�Q�Û:. d�, p ´ F ′ ��òzÛ:.

(3) {q1, q2} = Sing(F) ∩ E, Ù¥ q1��òz�Q�Û:, q2 ´Q- (:. d�, p ´ F ′ �
Q-(: (ëw~ 12.2.3).

e��Q��G(� F vk F-~	�, ·�Ò¡���é4�� (Relatively minimal).
�é4��,�«�d£ãXe.

·K 12.4.1 Q��G(� (X,F) ´�é4����=�Xe^�¤á: é?ÛQ��

G(� (Y,G), e�3Vkn�� σ : (X,F) −→ (Y,G) ò F N� G, @o σ ´V�X�.

y² (=⇒) XJ σ Ø´V�X�, @o σ ´k�ÚÂ �EÜ. � F ´�é4��, v
k F-~	�, Ï?ÛÂ Ñ¬Ñy�Q�Û:. ,��¡, duQ��G(���uÑ��
)Q�Û:, ùÒ��gñ!

(⇐=) XJ (X,F) Ø´�é4�, K�3 F-~	� E. �ÄÂ  E ��� σ : (X,F) →
(X,F0). db�^�, σ ´V�X, gñ! �

·K 12.4.2 ?Û�G(�Ñk�é4��..

y² d Seidenberg ½n, �3 (X,F) �Q��. (X̃, F̃). XJ (X̃, F̃) Ø´�é4��,
K�3 F̃-~	�. Â ù^~	��, ·���#�Q��.. ±daí, k�Ú�=��

é4��.. ùp�¤±U�y´k�Ú, ´Ï� ρ(X̃) := dimQNS(X̃) ´k�ê. �

aq�é4���dQã, ·��±?�Ú½Â4��Vg.

½Â 12.4.2 ���é4���G(� (X,F) XJ÷v±e5�, K¡�4�� (Mini-
mal): é?Û�é4��G(� (Y,G), XJ�3VknN� σ : (X,F) 99K (Y,G) ò F N� G,
@o σ �´V�X�.

Ó�/, 4��½Â��±UXe�ª�dQã.
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·K 12.4.3 Q��G(� (X,F) ´4����=�Xe^�¤á: é?ÛQ��G(
� (Y,G), e�3VknN� σ : (Y,G) 99K (X,F), @o σ ´��.

y² (=⇒) �Ä (Y,G) ��é4��. (Y0,G0) 9�A�Â N� τ : (Y,G) → (Y0,G0).
u´·�k©) σ := ρτ , ùp ρ : (Y0,G0) 99K (X,F) ´VknN�. du F ´4��, Ï ρ

´V�X�. Ïd σ ´��.

(⇐=) Äk, (X,F) Ø¹ F-~	�. eØ,, � ϕ : (X,F) → (X ′,F ′) ´Â T~	�

�N�. db�^�, ϕ−1 ´��, ùÒ��gñ! Ïd, (X,F) ´�é4��.

� (Y,G) ´?Û�é4���G(�, ¿�kVknN� σ : (X,F) 99K (Y,G). db�^
�, σ−1 ´��. du (Y,G) ´�é4��, Ïd·K 12.4.1 � σ−1 ´V�X, � σ ½,. ùÒ
íÑ (X,F) ´4��. �

~ 12.4.1 (n�z�4��5��.) � f : X → C ´º� g n�z, F ´d f p��
�G(�. F ´Q����=� f �¤kn�Ñ´�5��. F ´�é4���du f ¤

kn�Ñ´�5��¿�Ù¥?Û (−1)-�Ñ���n�:, d� f ¡�4��5��.

(Minimal normal-crossing model). �Öö5¿, f ��é4��.Ú F ��é4��.´��

ØÓ� (�k3 g = 0 �üö��). � g > 0 �, 4��5��.´���, Ï�´ F �4�
�.Ò´�é4��.. �

12.4.2 vk4��.��G(�

·��e��8I´©a@
vk4��.��G(�. kwA�~f.

~ 12.4.2 (knn�z) � f : X → C ´knn�z (=��n�´1wkn�), F ´
d f p���G(�. ùp�3²;� flip C�. äNó�, Ø�� F ´�é4�� (= f ´A

Û�«¡). � f ���n� F 9 p ∈ F , �u p :���~	� E,� F C��^ (−1)-�

F̃ . Â  F̃ , @o E C�#�AÛ�«¡ f ′ : X ′ → C �n�, Ùp��GP� F ′. w,kVk
nN� (X,F) 99K (X ′,F ′). �§Ø�U´��. Ïd F vk4��.. �

~ 12.4.3 (�²�� Riccati �G(�) � F ´ X þ��é4� Riccati �G(�, ϕ ´
·���«¡. XJ ϕ �¹�^1w F-ØCn� F , ¦� F þkü�ØÓ�Q�Û:, ·�Ò
` F ´�²��, F ¡��Kn�. Uì~ 12.2.5 �?Ø, F �o´�òzn�, �o´�ü�
/X λwdz − zdw = 0 ��òzn�.

·�éÙ¥��Û:��u, ¿�Â K�5�n�, ùÒ��,��é4��G(�
(X ′,F ′). ù�VknN� (X,F) 99K (X ′,F ′) Ø�U´��. Ïd�²� Riccati �G(�Ø�
Uk4��.. �

~ 12.4.4 (�~AÏ�G(�) æ^~ 12.1.6 Ú~ 12.1.13 �PÒ�b�. d�é C �(
:��u¿Â  C �î��� (ù´ (−1)-�). @o~	�C¤�^���(:�ØC

��g�ê� 3. ùE´�~AÏ�G(� (�·K 12.4.4). �´üö¿Ø´V�X�. �

·K 12.4.4 ([Bru15]) � F ´ X þ��G(�, C ⊂ X ´���(: p � F- ØCkn
�� C2 = 3. b� p �´ F 3 C þ���Û:, @o�3VknN� (X,F) 99K (Y,G) ¦�

G ´�~AÏ�G(�.
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Ún 12.4.1 XJ (X,F) ´vk4��.�Q��G(�, @o§Vknu��Q��G
(� (X0,F0), ¦� (X0,F0) �¹ü^��� F0-~	�.

y² d·K 12.4.3, �3����VknN� σ : (Y,G) 99K (X,F). ÏL (Y,G) ��u,
·��±p�Xe��ã.

(Ỹ , G̃)
ρ

{{vvv
vv

vv
vv σ̃

$$I
IIIIIIII

(Y,G) σ //_________ (X,F)

·��±b� ρ ´4���u, =Ø�3Ó�� ρ Ú σ̃ Â � (−1)-�. Ïd, Ỹ �¹�^g
�ê (−1) �~	� C (5¿§´ G̃-~	�), §Ø� σ̃ Â . du G ´Q��, ¤± C ´
G̃- ~	�. σ̃ �~	87LÚ C ��, ÄK σ̃ 3 C ���þV�X, Ï σ̃(C) �´ F- ~	
�, gñ! Ïd·��±ò σ̃ ©)�

(Ỹ , G̃) σ1−→ (X0,F0)
σ2−→ (X,F),

ùp σ1 3 C ���þV�X (ØK�g�ê), σ2 �~	8¥�¹~	� (−1)- � C ′ ⊂ X0

� σ1(C) ��. du F Q�, � C ′ ´ F0- ~	�. qÏ� σ1 �À�, ¤± C �´ F0-~	

�. �

·K 12.4.5 � F ´ X þ��G(�, �vk4��.. @o F Vkn�duXeAa
�G(���:

(1) knn�z;

(2) �²�� Riccati �G(�;

(3) �~AÏ�G(�.

y² dÚn 12.4.1, (X,F) Vknu (X0,F0), �ö�¹��� F0- ~	� C1, C2. �
p ∈ C1 ∩ C2. du Z(F0, Ci, p) = 1, ¤± p ´�òzQ�Û:. ,	, C1C2 ≤ 2 �§�î���
(ÄKÂ Ù¥�^, ò�)�Q�:).

e¡·�©�¹?Ø. k�Ä C1, C2 =��:��/. ·�Â  C1 (éA��G(�P�

F1, Â :P� q), K C2 C�g�ê� 0 �1wkn� F , �Â : q �o´ F1 ��K:�

o´÷v Z(F1, F, p) = 1 �Q�Û:. Ïd Z(F1, F ) ≤ 2. dSK 12.17, F1 �o´knn�z
�o´ Riccati �G(� (�²�5w,).

2�Ä C1C2 = 2 ��/. d�Â  C1 �, C2 ��´g�ê� 3 ����(:�kn�.
Ïdd·K 12.4.4 �� F Vkn�du�~AÏn�z. �

12.4.3 Miyaoka kn5�K

·��3ù�!y²Xe�½n.

½n 12.4.1 (Miyaoka kn5�K [Miy87]) � F ´;E1w�ê¡ Xþ��G(�.
@o KF Ø´�k���¿©7�^�� F Vknu��d�«¡n�zp���G(�.
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� H ´´LØf, ÷v HKF < 0. Ø���5, ��±b� H ´�~´L�, Ï X �±

i\��K�m¥. Ïdé¿©���ê p, ·��±r X �z�A� p �/. �¿©��:
x ∈ X, ·�F"é�L x ��x F-ØC�kn� R ¦� RH Ø�L,�~ê K (�¦ K Ø

�6u x ÚA� p). �â [MiPe97] �(Ø, ù
��±J,�A�"��/, ¿��± F-Ø
C±9 RH �þ.. ù�Ò��(Ø. e¡·���
O�ó�.

±e·�b� X ½Â3A� p ��ê4� k þ (p ¿©�). � v ´ F 3,m8 U þéA
��K��þ| (=vkÛ:). P vn := v ◦ v . . . v︸ ︷︷ ︸

n

. N´�y, vp E,÷v4ÙZ[úª, Ï

�´ U þ�K�þ|. y3·��±½ÂXeVg.

½Â 12.4.3 (p-µ4��G(�) XJ F �?ÛÛÜ�K�þ| v p�� vp E,Ú F
�� (= vp ∧ v = 0), @oÒ¡ F ´ p-µ4� (p-close).

ù�½Â�¤±3�Nþ½ÂûÐ, ´Ï�·�k±e�ª

(fv)p = fpvp + vp−1(f)v, f ∈ OX(U). (12-31)

Ïd vp ∧ v = 0 %¹X (fv)p ∧ (fv) = 0.

Ún 12.4.2 F 3 p ¿©��´ p-µ4�.

y² � KF , NF �=£¼ê©O� gαβ , ϕαβ . u´ F éA�ÛÜ�|Ú�©|©O÷v

vα = gαβvβ , ωα = ϕαβωβ .

dª (12-31), ·���

ωα(vpα) = ϕαβωβ(g
p
αβv

p
β + vp−1

β (gαβ)vβ) = ϕαβg
p
αβωβ(v

p
β).

Ïd {ωα(vpα)}α∈I ½Â
 K⊗p
F ⊗NF ��N�X�¡. �´5¿� degH(K⊗p

F ⊗NF ) < 0 (p ¿
©L�), ùÒ½¦ ωα(vpα) = 0 (∀α ∈ I). �Ò´` vp Ú F ��, = F ´ p-µ4�. �

�e5·��Ä Frobenius �� F : X → X(1). §éA
���¹N� k(X)p ⊆ k(X). �

k(F) = {f ∈ Rat(X)|v(f) = 0} .

§�¡� F �ÄgÈ©� (Filed of first integrals). w� k(X)p ⊆ k(F) ⊆ k(X). Ïd k(F) p
�
�5¡ X/F (Ø�½1w) �÷v©)

X

F !!C
CC

CC
CC

C
π // X/F

π′

��
X(1)

©O3 X,X/F ���:�ÛÜ��þÀ�Ü·��I (z, w) 9 (x, y), @oþãN��±n)
�

π(z, w) = (zp, w) = (x, y), π′(x, y) = (x, yp), F (z, w) = (zp, wp).

¿� F d�| v = ∂
∂z �Ñ. X/F þ� p-µ4�G(� G d ∂

∂y �Ñ. X(1) þ��GHd ∂
∂zp

�Ñ (§�ÛÜ�I� (zp, wp)).

Ún 12.4.3 3þãPÒ�b�e, ·�k
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(1) π∗KG = N∨
F , π′∗KH = N∨

G ,

(2) F ∗KH = π∗N∨
G = K⊗p

F ,

(3) π∗KX/F = K⊗p
F ⊗N∨

F .

y² (1) 5¿� dy ´ KG �ÛÜÄ, dw = π∗dy ´ N∨
F �Ä, Ïd π∗KG = N∨

F . Ón
π′∗KH = N∨

G .

(2) F ∗KH = π∗(π′∗KH) = π∗(N∨
G ). ,��¡, 5¿� F ∗KH �=£¼ê´ TF �=£¼ê

� p g�, Ï F ∗KH = K⊗p
F .

(3) (Üþ¡?Ø9 KX/F = KG ⊗N∨
G =�. �

8� X þ���: x ±9 |H|¥L x ���� C, ¦� C ØÚ F ���Ø²L F �Û:,
C ′ = π(C). ù� π : C → C ′ ´Vkn��©�� (Ï� π ´V�). dÚn 12.4.3, =�

KX/FC
′ = π∗KX/FC = pKFC +N∨

FC < 0, p� 0.

� H(1) ´ X(1) þd H p��´LØf (= F ∗H(1) = pH), H ′ = π′∗H(1), � π∗H ′ =
F ∗H(1) = pH. d [MiPe97] �(Ø, �3kn� R′ ⊆ X/F L x′ = π(x) ¦�

R′H ′ ≤ 4C ′H ′

−KX/FC ′
=

4pCH
pTF +NFC

≤ K,

ùp K ´Ø�6u p Ú x ~ê.

Ún 12.4.4 � R ⊆ X ´ R′ 3 π e���, @o R ´kn�, §Ú F ��. ?�Ú
RH ≤ K.

y² du π ´V�, � R E´kn�. bX R Ú F Ø��, @o π : R → R′ ´Vk
n��©��, ¿�

K ≥ R′H ′ = R · π∗H ′ = pRH.

� p ¿©�, ùÒ½¦ RH = 0, gñ! � R Ú F ��.

d� π : R→ R′ ´XØ�© p g��, Ï

pRH = Rπ∗H ′ = pR′H ′ ≤ pK.

ùÒíÑ RH ≤ K. �

½½½nnn 12.4.1 ���yyy²²². 5¿�·��±À��x C ∈ |H|, §�p�
�xkn� R ÷v
þ¡�Ún. (Ü�!�m©�?Ø, ùÒ�¤
y². �.

12.4.4 Mcquillan ½n

Äu Miyaoka kn5�K, ·�±eÌ�?Ø KF ´�k���/. �Ä KF � Zariski ©
) (�½n 11.1.1)

KF = P +N.

ùp P ´ nef � Q-Øf, N =
n∑
i=1

aiCi ≥ 0 ´|83K½� C = ∪iCi þ�k� Q-Øf, ÷v

PCi = 0.
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·��Ä�?Ö´©ÛK½Ü© N �(�. Äk, d·K 12.2.4, é4� F-ó C = C1 +
· · ·+ Cr, ·�k

KFC1 = −1, KFCi = 0 (i = 2, · · · , r).

Ïd NC1 < 0, C1 ¹u N ¥. du C2C1 = 1, �e C2 Ø3 N ¥�{, @o PC2 = −NC2 < 0,
gñ! � C2 �3 N ¥. ±daí, �±y²C �z©|Ñ¹u N ¥. ù�íÑ NCi = 0
(i = 2, · · · , r). (ÜíØ 12.2.5, N �|8¢Sþ�¹
pØ���4� F- ó�¿8. �¡·
��y², 3�é4��G(��/, N ¢SþØ�U2¹kÙ¦©|
. �d, ·�I��

O�ó�.

±eXÃAO(², ·�ob� F ´�é4��G(�.

Ún 12.4.5 � C ´ N ¥©|. e NC < 0, @o C 7´,�4� F-ó�1�©|, �
NC = −1. AO/, XJ N 6= 0, K§7¹k4� F-ó.

y² 8� NC < 0. XJ C Ø´ F-ØC�, @o

NC = KFC = −C2 + tang(F , C) > 0,

�b�gñ! � C ´ F-ØC�. Ïk

−1 ≥ NC = KFC = −χ(C) + Z(F , C) ≥ 1− χ(C).

ùÒ½¦ Z(F , C) = 1 � C ´1wkn� (�5¿, du C2 < 0, �díØ 12.2.3, Z(F , C) ≥
1). du F ´�é4��, ¤± C2 ≤ −2 ¿� C ∩ Sing(F) ´Q��. ùL² C ´ F-ó§�¹
u,4� F-ó¥.

5¿� N2 < 0 (� N 6= 0), Ï N ¹©| C ÷v NC < 0, ¤± N 7�¹4� F-ó. �

·�ò N ��

N =
s∑
i=1

Θi +N0,

ùp Θi =
`i∑
j=1

nijΓij ´4� F-ó, Γij ´ÙØ��©| (Γi1 ��1�©|), N0 ´Ø¹3?Û

F-ó¥�Ü©. � T ´ N0 |8¥¤kØ´ F-ØC�Ø��©|�¿. � ri ´ Θi ¥� T Ø�

��©|���eI (ez�©|Ñ��, K� ri = 0). ·�½Â

mij = min

{
nij ,
−2
Γ2
ij

}
(i = 1, · · · , ri − 1), mi,ri

= min

{
ni,ri

,
−1
Γ2
i,ri

}

¿�Ek�Øf

Θi = Θi −
ri∑
j=1

mijΓij , N =
s∑
i=1

Θi +N0.

N´�y, 0 < mij ≤ 1, mi,ri
≤ 1

2 .

Ún 12.4.6 � C ´ N ¥�Ø��©|. XJ C ÷v±eü«�/��, Kk

(N + T )C ≥ 0.

(1) C = Γij , 1 ≤ i ≤ s, 1 ≤ j ≤ `i.
(2) C ´ T ¥�©|.
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y² � C ⊂ T �,

(N + T )C ≥ (N + C)C = (N + C)C = tang(C) ≥ 0.

±e�I�?Ø C = Γij ��/ (j ≤ ri + 1).

k�Ä j < ri ��/. e nij = mij , K N Ø¹ Γij , ÏØ�ªw,¤á. e mij < nij , @
o

NΓij = NΓij −mi,j−1 −mi,j+1 + 2 = (KFΓij −mi,j−1) + (2−mi,j+1) ≥ −1 + 1 = 0.

aq�?Ø j = ri ��/.

8� j = ri + 1. d�|^ Γi,ri+1T ≥ 1, ��

(N + T )Γi,ri+1 = (KFΓi,ri+1 −mi,ri
) + TΓi,ri+1 ≥ −1 + 1 = 0.

XJ j ≥ ri + 2, @o NΓij = NΓij = 0. �

Ún 12.4.7 e N + T 6= 0, @o�3 N0 ¥�Ø��©| C0, ÷vXe^�:
(1) (N + T )C0 < 0,
(2) C0 ´ F-ØC�, ¿�¹u N0 �|8¥.
(3)

NC0 ≥ NC0 −
1
2

∑
i∈I

Γi,ri
C0,

ùp�I8 I = {i|ri = `i}.
(4) NC0 = −χ(C0) + Z(F , C0).

y² (1) 5gu (N + T )2 < 0.

(2) 5guÚn 12.4.6.

(3) Äk5¿� C0 e� Θi ��, @o§�U�u�"�©| Γi,`i
. d��O�,

ΘiC0 =

{
ΘiC0, e ri < `i,

ΘiC0 −mi,`i
Γi,`i

C0, e ri = `i

���/¥, mi,`i
≤ 1

2 . dd=�¤IØ�ª.

(4) 5g NC0 = KFC0 9·K 12.2.4. �

y3·��y²Xe�(Ø.

½n 12.4.2 (Mcquillan[McQ00]) � F ´�é4���G(�, ¿�Ø´d�«¡n�z
p�, KF = P +N ´ Zariski ©). @o N �|8½��8½dpØ���4� F-ó�¤.

y² Eæ^c¡�ÃPÒ. b� N 6= 0. dÚn 12.4.5, N ���¹��4� F-ó. ·
��y² N + T = 0. 8b�(ØØ¤á, ·�5�gñ.

dÚn 12.4.7, ·���Ø�ª

− χ(C0) + Z(F , C0) + TC0 <
1
2

∑
i∈I

Γi,`i
C0. (12-32)
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,��¡, C0 � Γi,`i
�5� (Ï� F �é4�), z��:é Z(F , C0) ��z� 1. Ïd

Z(F , C0) ≥
∑
i∈I

Γi,`i
C0.

(Üþ¡ü�Ø�ª, =�
1
2
Z(F , C0) < χ(C0)− TC0(≤ 2).

ùL² Z(F , C0) ≤ 3 � C0 ´1wkn�. ,��¡, Z(F , C0) ≥ 1 (ÄK NC0 = −2 �Ún
12.4.5 ��).

y3·��güØ Z(F , C0) ����. e Z(F , C0) = 1, @o C0 ´,� F-ó�1�©|,
l�Ún 12.4.7 gñ! e Z(F , C0) = 2, Kdª (12-32), C0 �����4� F-ó Θi ��. ù
ò����� F-ó, gñ! e Z(F , C) = 3, Kª (12-32) %¹X C0 ���n�4� F-ó��.
§�� C0 �¿8�©.�½ngñ!

ù�, ·�Òy²
 N + T = 0. Ï N0 = 0, = N dpØ���4� F-ó�¤. �

íØ 12.4.1 3þ¡�ÃPÒe, ·�k

nij ≤
−2
Γ2
ij

(j = 1, · · · , `i − 1), ni,`i
≤ −1

Γ2
i,`i

.

AO/, nij ≤ 1 (j = 1, · · · , `i − 1), ni,`i
≤ 1

2 .

¢Sþ·�kî��Ø�ª nij < 1, d�ÃXê nij �±d Θi��(½ (SK 12.19).

~ 12.4.5 �~AÏ�G(��Q��. F �;�m KF = P + N ÷v P 2 = 0, N2 =
−2. �

Ún 12.4.6 �(Ø�±��í2. ·�

Ún 12.4.8 � T ´Q��, ÙØ��©|Ñ´ F-ØC�. � ri ´ Θi ¥� T Ø���

©|���eI (ez�©|Ñ��, K� ri = 0). -

Θi =
`i∑

j=ri+1

nijΓij , N =
s∑
i=1

Θi.

(1) (N + T )Γij ≥ 0, é?Û 1 ≤ i ≤ s, 1 ≤ j ≤ `i ¤á.
(2) ?�Ú, XJ PT = 0, @oé T ¥?ÛØ��©| C, Ñk (N + T )C ≥ 0.

y² aqÚn 12.4.6 �y². �

íØ 12.4.2 � N,T ÓÚn 12.4.8, � PT = 0. � Γ ´ T �Ø��©|. XJ P Ø´ê

��du 0, @o
(1) P 2 = 0;
(2) Γ ´1w�, tang(F ,Γ) = 0.
(3) T �Ø��©|*dØ��;
(4) e ΓΘi > 0, @o Γi1Γ = 1, ΓijΓ = 0 (j > 1);
(5) �3�knê γ, ¦�

γP = Γ +
∑

ΘiΓ>0

Θi,
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ùp γ ´,�knê.

díØ 12.4.2, ·�á�Xe(Ø.

íØ 12.4.3 XJ P 2 > 0, Γ ´÷v PΓ = 0 �Ø���, @o Γ 7´ F-ØC�.

e¡, ·�ïÄ÷v PC = 0 � F-ØC�.

Ún 12.4.9 � C ´ F-ØC�Ø���, ÷v PC = 0 �Ø¹u N . � k ´ C � Nred

��:�ê, K±e�/��¤á:
(1) C ´1wý���Ø� N ��. d� C2 = 0, Z(F , C) = 0.
(2) C ´���(:�kn��Ø� N ��. d� Z(F , C) = 0.
(3) C ´kn�� k = 0, 2. d�

Z(F , C) =

{
2, e k = 0,
3, e k = 2.

(4) C ´kn�� k = 3, 4. d� Z(F , C) = k. ?�Ú, � F := C +
∑

ΘiC>0

Θi (ùp Θi �H

N ¥¤kÚ C ���ëÏ©|), @o F �|8´,�üëÏ�ÛÉý�n�.

y² ·�k
k

2
≥ NC = KFC = 2pa(C)− 2 + Z(F , C) ≥ 2pa(C)− 2 + k.

ùÒ½¦ pa(C) ≤ 1.

e pa(C) = 1, K k = 0 (=� N Ø��), Z(F , C) = 0. d� C �o´���(:�kn

�, �o´1wý��. e��ö, Kd Carmacho-Sad úª� C2 = 0.

±e·�b� C ´kn�. d�þãØ�ªíÑ k ≤ 4. � k = 0 �, Z(F , C) = 2. �
k = 1 �, þ¡�Ø�ª½¦ NC = 0 (Ï�§�U´�ê), gñ!

� k = 2 �, ·�k NC = 1, Ï Z(F , C) = 3.

� k ≥ 3 �,

k ≤ Z(F , C) ≤ 2 +
k

2

½¦ k = Z(F , C).

Ø�� Γi,`i
3 Θi ¥�Xê´ 1

λi
, pi = Γi,`i

∩C, CS(F , C, pi) = − γi

λi
(5¿ gcd(γi, λi) = 1).

� k = 4 �, ¤k� λi = 2, σi = 1. Ï C2 = −2. d� F ´ I∗0 .ý�n�.�.

� k = 3 �, dc?Ø±9 Carmacho-Sad úª, ��

1 =
3∑
i=1

1
λi
,

−C2 =
3∑
i=1

σ

λi
< 3.

d������(Ø. �

(ÜíØ 12.4.3 ÚÚn 12.4.9 =�Xe²;(Ø.
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½n 12.4.3 (;��.½n [McQ08]) b� P 2 > 0, Z ´¤k÷v PC = 0 �Ø���

C �¤�¿8. @o Z ´±eAa��¿8:

(1) N �|8;

(2) kn��¤�ó C1 + · · ·+ Cr, z�©|þØ� N ��, � Z(F , Ci) = 2;

(3) kn��¤�ó C1 + · · · + Cr, d�Tkü� N ¥�ëÏ©|� C1 �� (z�ëÏ©

|ÑT´�^ (−2)-�), Ù{ Ci � N Ø��, � Z(F , C1) = 3, Z(F , Ci) = 2;

(4) kn��¤�� Γ, ÷v Sing(F) ∩ Γ = Sing(Γ);

(5) ���(:�kn� Γ, ÷v Sing(F) ∩ Γ = Sing(Γ).

÷vþã�/ (4)(5) �ëÏ©|¡�ý� Gorenstein � (Elliptic Gorenstein leaf).

[McQ08, Theorem IV.2.2] �y²
e¡�(Ø (y²V�½�ëw [CaFl15b]).

½n 12.4.4 � F ´�é4���G(�, Γ ´ý� Gorenstein �, @o KF
∣∣
Γ

Ø´LØ
f.

12.4.5 �²�ê

·�½Â F �ê��²�ê (Numerical Kodaira dimension):

ν(F) =


0, e P ∼ 0,
1, e P 6∼ 0� P 2 = 0,
2, e P 2 > 0.

��Bå�, éu KF ��k��/, ·�P ν(F) = −∞. ·���±½Â F ��²�ê

(Kodaira dimension)

kod(F) := lim sup
n→+∞

log h0(X,K⊗n
F )

log n
.

kod(F) = 2 ��G F ¡���.�G. d�êAÛ�(J

kod(F) ≤ ν(F).

·�P pm(F) := h0(X,K⊗m
F ). §�¡� F �õº� (Plurigenera).

·K 12.4.6 � (X,F) � (X ′,F ′) ´ü�Q��G(�, ¿��3VknN� (X,F) 99K

(X ′,F ′), @o kod(F) = kod(F ′) � ν(F) = ν(F ′).

y² Ø���5, ·��Ä�g�u σ : (X,F , E) → (X ′,F ′, p), ùp E = σ−1(p)
´~	�, F ´ F ′ �.£�G(�. XJ p ∈ Sing(F ′), @odu F ′ ´Q��, ¤±

KF = σ∗KF ′ . d�(Øw,¤á. 8� p 6∈ Sing(F ′). ·�k

KF = σ∗KF ′ ⊗OX(E).

Ï� h0(nE,OnE(nKF )) = h0(nE,OnE(nEn)) = 0, �d�Ü�

0 −→ σ∗K⊗n
F ′ −→ K⊗n

F −→ OnE(nKF ) −→ 0
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�� h0(X,nKF ) = h0(X ′, nKF ′), Ï kod(F) = kod(F ′).

KF �k���=� KF ′ �k�. XJ KF ′ = P ′ +N ′ ´ Zariksi ©), @o KF = σ∗P ′ +
(σ∗N ′ + E) ´ KF éA� Zariski ©). Ïd ν(F) = ν(F ′). �

½n 12.4.5 � F ´Q��G(�, XJ kod(F) 6= ν(F), @o kod(F) = −∞, ν(F) = 1.

÷v kod(F) = −∞� ν(F) = 1 ��G¡�F�ËA��G (Hilbert modular foliation). 'u
§�?Ø, ë� [Bru15, Ch. 9, Sec. 5]

½Â 12.4.4 � k ´����ê, ¦� h0(X, kKF ) k kod(F) + 1 ��êÃ'��¡. ·

�¡ k ´ F �pÝ (Height), P� h(F).

Ún 12.4.10 � F ´��.�G(�, h = h(F) ´ F �pÝ, K phn(F) ≥ 1
2(n+ 1)(n+

2).

y² � s0, s1, s2 ∈ H0(X,K⊗h
F ) ´n��êÃ'�¡, V = C〈s0, s1, s2〉. �Äd V p�

��5XN� φ : X → P2, K V = φ∗H0(P2,OP2(1)). Ï φ∗H0(P2OP2(n)) ⊆ H0(X,K⊗hn
F ).

dd=�·K. �

íØ 12.4.4 ([Per02], ½n 1) � F ´ P2 þ��G(�, Ù4��.´��.�. b� F
kknÄgÈ©, @o����gêk��þ., T.��6u degF , h(F) 9����AÛº

�.

y² � σ : (X̃,G)→ (X,F) ´ F �Q��., F ´ G p��n�z���n�. �Ä�

�N�
φhn : H0(X,K⊗hn

G )→ H0(F,Ω⊗hn
F ).

À�Ü· n, ¦� KerΦhn ��. 5¿�

σ∗H
0(X,K⊗hn

G ) ⊆ H0(P2,K⊗hn
F ) ∼= H0(P2,OP2(hn degF − hn)).

Ïd deg σ(F ) ≤ hn degF − hn. �

þ¡(Ø��±í2�?Û F-ØC���/.

·K 12.4.7 ([Per02], ½n 2) � F ´ P2 þ���.�G(�, C ´ F-ØC�, @o
degC k��þ., Tþ.��6u degF , h(F) Ú C �AÛº�.

·�ry²3�SK (ë�SK 12.23 ÚSK 12.24).

12.5 �G(��©aïÄ

12.5.1 �X�þ|p���G(�

v ∈ H0(X,ΩX) �¡��X�þ| (Holomorphic vector field). §�":8¥�ØfÜ

©P� D. v p���G(� F ÷v TF ≡ D. XJ D > 0, @oé?Û´LØf H, Ñk
KFH = −DH < 0. d Miyaoka kn5�K, d� F Vknu��d�«¡n�zp���G
(�.
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Ún 12.5.1 XJ TF ≡ 0, @o X þ�?Û (−1)-� E ´ F-ØC�. ?�Ú, 3Â  E

�����X�þ| F ′ Ek TF ′ ≡ 0.

y² � E ´ (−1)-�. Ï�KFE + E2 = −1, ¤± E ´ F-ØC�. dª (12-6) 9

TF ≡ 0, =� TF ′ ≡ 0. �

±eXÃAO(², ·�ob� X ´4��� TF ≡ 0.

Ún 12.5.2 XJ F dn�z f : X → B p�, @o f ´~�ý�n�z, ÙÛÉn�þ
�1w���ê (�¡�[ý�n�m, Almost elliptic fibre bundle). d� F vkÛ:.

y² d��X�|��3��n�þE´Tn�þ��X�|, ù¿�X��n��o
´kn��o´ý��. e f �n�´kn�, @od Miyaoka kn5�K, TF Ø´�
k��, �b�gñ! Ï f ´ý�n�z. 5¿� f∗ωX/B ��½5±9

0 ≡ KF ≡ f∗(f∗ωX/B)⊗OX(
s∑
i=1

(Fi,red −
1
mi
Fi),

ùp Fi rH¤kÛÉn�, mi ´ Fi �ê, ùÒ½¦ deg f∗ωX/B = 0, l f ´~���ÛÉ

n�Ñ´1w���ê. �

íØ 12.5.1 ·�k kod(X) ≤ 1. ?�Ú, e kod(X) = 1, K F d[�n�mp�.

y² 5¿� N∨
F = KX , Ïddéê Bogomolov ½n 12.3.4, Kod(X) ≤ 1. ?�Ú, XJ

Kod(X) = 1, @o F dn�z f : X → B p�. dÚn 12.5.2 =�§´d[ý�n�mp�.�

íØ 12.5.2 XJ q(X) > 0, @o F vkÛ:. ?�Ú, XJ F Ø´d[ý�n�mp�

�, K�o q(X) = 1, pg(X) = 0; �o q(X) = 2, pg(X) = 1.

AO/, � Kod(X) = −∞� q(X) ≥ 2 �, F 7d[ý�n�mp�.

y² díØ 12.1.1, XJ F kÛ:, @o F d Albanese n�zp�. (ÜÚn 12.5.2, F
vkÛ:, gñ! � F vkÛ:. Ón, XJ F Ø´d[ý�n�mp�, K

pg(X) = h0(X,N∨
F ) = q(X)− 1.

� q(X) ≥ 3 �, Castelnuovo-de Franchis ½n%¹X F dn�zp�, �dÚn 12.5.2 �§´
d[ý�n�mp�, gñ! � q(X) ≤ 2. �

íØ 12.5.3 XJ Kod(X) = 0, @o F vkÛ:. ?�Ú, e§Ø´d[ý�n�mp
�, K7´ Abel ¡þ� Kronecker �G(�.

y² Ø�b� F Ø´d[ý�n�mp�. ÏddíØ 12.5.2, �o q(X) = 0, �o X

´ Abel ¡, �o X ´Vý�¡. � X ´ Abel ¡�, db�^�, F ´ Kronecker �G(
�.

y3b� X Ø´ Abel ¡. Ï�Kod(X) = 0, ��3��ê m > 1, ¦� mKX ≡ 0,
Ï�3Ã©Ü� m gÌ�CX π : Y → X. �Ä F 3 Y þ�.£ π∗F . d� KY ≡ 0,
TY ∼= ΩY , π∗F E,d�X�þ|p�, � Tπ∗F = π∗TF ≡ 0. dc¡�?Ø, ù� π∗F �od
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[ý�n�mp�, �o´ Kronecker �G(�. 3c��/¥, F �,�´[ý�n�mp�.
3���/¥, duTCXgê�u 1, �â²;(J, d� Kronecker (�Ò´dý�mp�
� (��o?), Ï F E´dCý�n�mp�. ù�, F o´vkÛ:. �

íØ 12.5.4 � Kod(X) = −∞, ¿�§Ø´d[ý�n�mp�, K±e�/��¤á:
(1) q(X) = 1, F ´vkØCn�� Riccati n�z. �Ä·��«¡�ü� ρ : π1(Alb(X)) →
P1. d� v �¡� ρ �]�( suspension).
(2) q(X) = 0, F Vknu P1 × P1 þ��| v1 ⊕ v2 p���G(�, ùp v1, v2 ´ P1 þ���

þ|.

y² díØ 12.5.2, q(X) ≤ 1.

(1) � q(X) = 1 �, Albanese N�´�«¡N� (.�º�� 1). é Albanese N���

�n� F , KFF = 0, Ï F ´ Ricatti �G(�. díØ 12.5.2, F vkÛ:, Ï?Ûn�Ñ
Ø´ØC�.

(2) � q(X) = 0 �, X ´ P2 ½ e g Hirzebruch ¡ Fe. ��Bå�, ·�ÏL�u P2, �
±ò§C� F1.

é?Û Fe (e ≥ 1), é�¡ Γ, ¦� Γ2 = −e. Ï�KFΓ + Γ2 = −e < 0, ¤± Γ ´ F ØC

�. d� Z(F ,Γ) = 2. ùL² Γ þ�õkü�Û:. XJ§kü�Û:, @ok�^ÏL§�n

�þ��¹ v �,��": p (ëì~ 12.2.5). �u p, 2Â �©�n�, ·��� Fe−1 þ�

X�þ| F ′, �÷v TF ′ ≡ 0, ¿�#�n�þEk v �,��":. �daí, �ª�±8(�
P1 × P1 ��/.

y3�Ä Γ =k��Û:��/. XJLTÛ:�n��¹k v �,��": p, @oaq

þ¡��{�ª�±8(� P1 × P1 ��/. beTn�vkÙ¦Û:, K�uTÛ:���#
��X�þ|�":8�¹Øf, ÏT�GVknu,��«¡p���G. ù� F vk�

�":8�b�gñ! �

nÜþ¡�?Ø, ·���Xe½n.

½n 12.5.1 ([Bru15, McQ00]) � F ´1w¡ X þäk�á":��X�þ|, @o
KF ≡ 0, l Kod(F) = ν(F) = 0. ?�Ú, F áu±e�/��:

(1) F d[ý�n�zp�;

(2) F d Abel ¡þ� Kronecker �G(�p�;

(3) F d,ý�� E �L« ρ : π1(E) → Aut(P1) �]�p���G(� (§´vkØCn

�� Riccati �G(�);

(4) Vknu P1 × P1 þ��5��þ|p���G(� (½�d/, Vknu P2 þ��5�
�þ|p���G(�).

12.5.2 �²�ê� 0 ��G(�

·K 12.5.1 � F ´�é4��G(�, �Ø´knn�z. XJ ν(F) = 0, @o
kod(F) = 0.
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½n 12.5.2 � F ´Q��G(�, kod(F) = 0, @o ν(F) = 0.

±eb� F ´÷v ν(F) = 0 ��é4��G(�. d� KF ≡num N .

Ún 12.5.3 �3��ê n, ¦� h0(X,nKF ) > 0. ?�Ú, � D ∈ |nKF |, K D = nN .
AO/, � n = 1 �, KF ≡ 0.

y² X J h0(X,nKF ) > 0, � � D ∈ |nKF |. ò D © )� D = P ′ + N ′, ù p
Supp(N ′) j Supp(N), P ′ � N Ãú�©|. Ïdé N ¥�?ÛØ��©| Γ, (N ′ − nN)Γ =
−P ′Γ ≤ 0, l N ′ ≥ nN . é?Û´LØf H, k P ′H = −(N ′ − nN)H ≤ 0, � P ′ = 0,
N ′ = nN . AO/, � n = 1 �, du N ¥z�©|�XêÑî��u 1, ¤± D = N = 0.

XJ q(X) = 0, K Pic(X)/P ic(X)tor
∼= NS(X)/ ∼. ùÒ½¦ nKF ≡ nN é,�¿©�Ø

���ê n ¤á. Ï h0(X,nKF ) > 0. ±eØ�?�Úb� q(X) > 0 � h0(X,KF ) = 0. d
Ún 12.1.1, F d Albanese n�zp�. ù�, N ¥�©|Ñá3 α �n�¥, lé��n�

F k KFF = NF = 0. Ïd α ´ý�n�z. qÏ ν(F) = 0, � α ´~��. dd��(Ø. �

� D ∈ |nKF |, D = nN , ùp n ´¦� h0(X,nKF ) > 0 ���ö (n = h(F) ´ F �pÝ).
dd�p� n gÌ�CX π0 : Y0 → X, ¦�

π0∗OY0 =
n−1⊕
i=0

OX(−iKF ),

� D ≡ nKF ´©Ü;,.Ï� N ´�5��, ¤± Y0 �Û:Ñ´ Hirzebruch-Jung Û:. �
τ : Y1 → Y0 ´'uù
Û:� Hirzebruch )�, π = π0τ , ρ : Y1 → Y ´Â  π∗N ¥¤k©|

���.

Y Y1
τ //

π

��

ρoo Y0

π0

��
X X

Ún 12.5.4 Y ´1w�, = π∗N �|8´eZd1�akn��¤�ó.

y² ·�r N �¤ëÏ©|�Ú N = N1 + · · ·+Nr. π∗Ni ´deZ^�Ó�kn�

ó�¤. Ïd·��I�y²Ùz^ó���Ý
�1�ª�ýé�� 1 =�. �e�?Ø3�
SK (�SK 12.18 �SK 12.20). �

Ún 12.5.5 � G = π∗F ´ F 3 Y1 þ�.£. @o KG = π∗KF . AO/, h0(Y1,KG) >
0, ν(G) = 0.

y² �â~ 12.1.14 �?Ø, KG = π∗KF + E, ùp E ´|83~	�þ� Q-Øf.
5¿� E ¥�Ø��©| C Ñ´ G-ØC�kn�, � E �ëÏ©|Ñ´ Hirzebruch-Jung
ó. d� Z(G, C) = 2, �k

EC = KGC = −χ(C) + Z(F , C) = 0.

ùÒíÑ E = 0. d� KG ≡ π∗N . dSK 12.20 (1), Tªm>´�Øf. �

½n 12.5.3 �H´ Y þ��G(�, d G ÏL ρ : Y1 → Y ��. @oH´�X�þ|.

y² dÚn 12.5.4, π∗N ´�
 G-~	��¤�ó. Ïd3Â L§¥©ª�±ê�

�²�ê ν(G) = 0 9 h0(X,KG) > 0. 2(ÜÚn 12.5.3, =� KH ≡ 0, =H´�X�þ|. �
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12.5.3 �²�ê� 1 ��G(�

±eb� F ´Q��G(�, kod(F) = 1. �Ä KF � Zariski ©) KF = P + N . d�
ν(F) = 1.

Ún 12.5.6 é¿©�Ø���ê m, �5X |mP |´ |mKF |�£ÄÜ©, = |mKF | =
|mP | + mN . ?�Ú, |mP |p�
n�z ϕ : X → B. AO/, é ϕ �?Ûn� F ′, Ñk
KFF

′ = 0.

y² � |mKF | = |M |+ Z, ùp Z ´�½Ü©. � Z −mN = A−B, d? A,B ´vk
ú�©|�k�Øf. N´w� B ≤ mN . u´·�k M +A = mP +B. ùÒk

0 ≤ (M +A)B = mPB +B2 = B2 ≤ 0,

� B = 0. du 0 = mP 2 = MP +AP , ¤± AP = MP = 0. Ïd M2 +MA = mMP = 0%¹
X AM = M2 = 0. ùÒk A2 = mPA−MA = 0.

ù�, |M |p�n�z ϕ : X → B (²L Stein ©)), � A ≡num γF ′, ùp γ ∈ Q, F ′ ´ ϕ

�n�. ϕ ¿Ø�6u m �À�. é¿©����ê n, |nA|vk�½Ü©. Ïd± nm O� m,
Kk A = 0, � M = mP . �

íØ 12.5.5 XJ F � ϕ p���G��, @o ϕ ´�~��ý�n�z.

y² d�é ϕ �?Ûn� F ′, Ñk KXF
′ = KFF

′ = 0, � ϕ ´ý�n�z. 8b� ϕ

´~��, ·�5�gñ.

d�
KF ≡num χϕF

′ +
∑
F ′

(F ′red − F ′prim),

ùp F ′ �H¤kÛÉn�, F ′prim � F ′ Ø±n�ê���Øf. 5¿� F ′prim Ñäk±Ï

ü�, ¿�éÙ¥?Û©| Γ, Ñk ΓFred = NΓ. 2(Üý�n�z�ÛÉn�©a, F ′ �o´
1w���ê, �o´ I∗0 , II

∗, III∗, IV ∗ .. db�, ϕ ´~��, Ï

χϕ ≡num

∑
F ′

χF ′F ′,

ùp χF ′ ´ F ′ �ÛÉn��ê (� [Tan96]). ù�,

KF ≡num

∑
F ′

(
F ′red − F ′ + χF ′F ′

)
,

d? F ′ �H I∗0 , II
∗, III∗, IV ∗ .�ÛÉn�. ?�Ú, ùoaÛÉn�©OéA�ê

χF ′ =
1
2
,

5
6
,

3
4
,

2
3
.

d���y=� KF ≡num N , = ν(F) = 0, gñ! � ϕ 7´�~��. �

Ún 12.5.7 � F ′ ´ ϕ �ÛÉn�, Γ ´ F ′ �Ø��©|. XJ Γ Ø´ F-ØC�, @o
Γ ´1w�, tang(F ,Γ) = 0, ¿�÷v

F ′ = mΓ

Γ +
∑
NiΓ6=0

Ni

 , mΓ ∈ Z+,
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ùp Ni�H N ¥¤k÷v NiΓ > 0 �ëÏ©|. ?�Ú, e ΓNi > 0, K Γ � Ni �1�©|�
~�u�:, � Ni �Ù¦©|Ø��.

y² díØ 12.4.2 á�. �

íØ 12.5.6 � F ′ ´ ϕ �ÛÉn�, K±e�/��¤á:

(1) F ′ �?�Ø��©|Ñ´ F-ØC�.

(2) �3 F ′ ¥���Ø��©| Γ ¦�§Ø´ F-ØC�. 3ù«�/, F ′ äk/XÚ

n12.5.7 �L�ª.

£�·K 12.1.4, ·�k

Ún 12.5.8 � F Ø´d ϕ p�. @o�3k�Øf D, ¦�

KF = ϕ∗KB +D +D(ϕ), (12-33)

ùp D(ϕ) =
∑
F ′

(F ′ − F ′red), F ′ �H ϕ �¤kn�. ?�Ú, ·�k

(1) DF ′ = 0;
(2) D ¥�Ø��©|Ñ´ F-ØC�.

5 12.5.1 ¢Sþ, � F d~�n�zp��, þã��Øf D = N (3�Ööy²). �

½n 12.5.4 � F ´Q��G(�, kod(F) = 1, @o F ÷v±ea.��:

(1) Riccati �G(�;

(2) ë6�G(�;

(3) �~��ý�n�z;

(4) º� g ≥ 2 �~�n�z.

12.5.4 �K�G(�

��c¡?Ø���A^, ·�ïÄ�K�G(� (Regular foliation), =Ø�3Û:��

G(� F . d�, d Baum-Bott úªá� N2
F = 0, =

c21(X) = K2
F − 2KFNF .

qd (12-14),
c2(X) = −KFNF = −KXNF .

,	, é?Û F-ØC�� C, díØ 12.2.3 úª� C2 = 0.

� KF Ø´�k��, Kd Miyaoka kn5�K��, F ´AÛ�«¡. ±eXÃAO(²,
þb� F ´ X þ��K�G(�� KF ´�k��.

Ún 12.5.9 KF ´ nef �. AO/, K2
F = c21(X)− 2c2(X) ≥ 0.

- 212 -



1��Ù �þm��G(�

y² ?�Ø��� C. e C2 ≥ 0, K C ´ nef, Ïd KF ��k�5� KFC ≥ 0.
e C2 < 0, @odþ¡?Ø��ÙØ´ F-ØC�, �

KFC = −C2 + tang(F , C) > 0.

ùÒy²
 KF ´ nef. �

íØ 12.5.7 XJ f : X → B ´º�Ø�L 1 �n�z, @o f ´AÛ�«¡½[ý�n

�z. AO/, d� K2
F = 0.

y² dÚn 12.5.9, K2
f ≥ 8χf . Ï� χf ≥ 0, � f ��é4��. f0 : X0 → B ok

K2
f0

= 0, � f = f0, K2
f = χf = 0. ù�íÑ f �ÛÉn�Ñ´1w���ê. �

íØ 12.5.8 � kod(X) ≤ 1 �, 7k K2
F = 0. Ï kod(F) ≤ 1.

y² k�Ä Kod(X) = −∞��/. XJ X = P2, @o K2
F = 1. Ï 0 = N2

F =
(KF −KX)2 = 16, gñ! Ïd f : X → B ´º�"n�z, @odíØ 12.5.7, f ´AÛ�«¡
� K2

F = 0.

aq/, � kod(X) = 1 �, f ´[ý�n�z� K2
F = 0.

���Ä kod(X) = 0 ��/. d�dÚn 12.5.9, X �U´C��¡½Vý�¡�

K2
F = 0. �

·�c¡®²?ØL kod(F) ≤ 1 ���G(�©a. Ïd±e·�b� kod(X) = 2 9

kod(F) = 2. d·K 12.2.1 ±9 F ��K5, �� X ´��.4�¡.

·K 12.5.2 ([Bru97b], ½n 3) XJ kod(F) = 2, @o F d�²n�zp�.

12.5.5 ��.�G(�

12.6 �G(��/C

½Â 12.6.1 �� (¡) Q��G(�x (Xt,Ft)t∈∆ d±e���¤:

(1) lE1wq X �E���1w�� π : X → ∆, ¦�é?Û t ∈ ∆, n� Xt ´�K¡.

(2) X þ����G(�, ÷v
(i) F ��u π �n�.
(ii) F �Û:8 Sing(F) 3 X ¥´X{�ê 2, ¿���3z^n�þÑ´k�8Ü.
(iii) éz� t ∈ ∆, Ft = F|Xt

´ Xt þ��G(�, � Sing(Ft) = Sing(F) ∩Xt dQ�Û
:�¤.

½n 12.6.1 ([Bru01], ½n 1) � (Xt,Ft)t∈∆ ´Q��G(�x, @o kod(Ft) Ø�6u
ëê t ∈ ∆ �À�.

e¡�~fL², e^� (ii) Ø¤á, K½n 12.6.1 ��UØ¤á.

- 213 -



1��Ù �þm��G(�

~ 12.6.1 ([CaFl15], ~ 3.8) �Ä π′ : P2 × ∆ → ∆. 3 X ′
t
∼= P2 þÚ\�å Λt :=

{Ct,λ}λ∈P1 , Ù¥ Ct,λ dàg�§ Ft + λGt = 0 ½Â,

Ft = (1− t)LF ′0 + tF1, Gt = (1− t)LG′0 + tG1,

ùp L ½Â��, F ′0, G
′
0 ½Â1wng�, F1, G1 ½Â1wog�, ¿�÷v

(1) é t ∈ ∆ \ {0}, Ft, Gt ½Â
1wog�, ¿�üöî��.

(2) F ′0, G
′
0 ½Â��î��Ê�: p1, . . . , p9.

(3) é t ∈ ∆ \ {0}, �å Λt ¥��Ñ´Ø��Q��.

Λt � Ä : 3 P2 × ∆ þ � ¤ 16 ^ Û Ü  � D1, . . . , D16 (� ± · �   � ∆). Ø � �
D1, . . . , D16 ²L pk+1, . . . , p9, ¿�� D17, . . . , D16+k ²L p1, . . . , pk ��n� X ′

0 î���.

�Ä P2 ×∆ ÷X B1, . . . , B16+k ��u X σ→ P2 ×∆, ��p��� π : X → ∆. ��3n

� Xt þ, ���u σt : Xt → P2. §�¹~	� Et,1, . . . , Et,16+k. Xt þkd Λt p��n�

z ft : Xt → P1. � t = 0 �, f0 ¢Sþd F ′0, G
′
0 )¤��åp�.

� Ft ´ Xt þd ft p���G(�. � t 6= 0 �, é��: p ∈ P1,

f∗t p ≡num 4σ∗tH −
16∑
i=1

E′
t,i.

Ïd

KFt
= KXt/P1 = σ∗tKP2 +

16+k∑
i=1

E′
t,i + f∗t (2p) ≡num

16+k∑
i=17

E′
t,i + σ∗tH + f∗t (p).

K2
Ft

= 9− k, KFt
´ big �, kod(Ft) = 2.

� t = 0 �, f0 ´ý�n�z, � KF0 Ø´ big �. {Ft}t∈∆ �Ñ
 X þ��G F , �´
L ⊆ Sing(F) ∩X0, l Sing(F) ∩X0 6= Sing(F0). �

Ún 12.6.1 ([CaFl15], Ún 2.7) � (Xt,Ft)t∈∆ ´Q��Gx, t0 ∈ ∆, ¦� Ft0 ¹k
Ft0-~	� Et0 ⊆ Xt0 . @o�3 t0 ��� U ⊆ ∆, ±9 π−1(U) ¥��¡ E, ¦� E î�
��u π �n�, �é?Û t ∈ U , Et = E ∩Xt ´ Ft-~	�.

AO/, �½ s ∈ ∆, �3 U þ�Vkn�� σ : XU → X ′U , ÷v��ã

(XU ,FU ) σ //

π
$$H

HHH
HHH

HHH
(X ′U ,F ′U )

π′
zzvvvvvvvvv

U

¦� F ′|X′
s

�é4�¿� (X ′
t,F ′t)t∈U E´Q��Gx.

Ún 12.6.2 � (Xt,Ft)t∈∆ ´äk�K�²�ê�Q��Gx. @o�3 X þ� Q-k
�Øf N , ¦� N Ø¹ π : X → ∆ �n�¿� Nt = N |Xt

´ KFt
� Zariski ©)�K½Ü©

(∀t ∈ ∆).

AO/, XJ�3 s ∈ ∆, ¦� (Xs,Fs) ´�é4�, K�3�¹ s m�� U ⊆ ∆ ±9 N

�Ø��©| E1, . . . , Ek � Xt î��uØÓ�kn� E1|Xt
, . . . , Ek|Xk

.
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�ÙSK

SK 12.1 �y~ 12.1.2 ¥�ð�ª ω ∧ dω = 0. (J«: �Ä�þ α = (X0, X1, X2) 9

β = (A0, A1, A2). ��u�y β⊥Curlβ, �Iy² Curlβ × α//β. �dé'Xª
2∑
i=0

XiAi = 0

¦ �¿|^î.ð�ª.)

SK 12.2 � π : C3 − {(0, 0, 0)} → P2 ´IOÝK, v ´ P2 þ"g��þ|,

(1) y²: �3 C3 þ��5��þ| w =
2∑
i=0

Bi
∂
∂Xi

(ùpÃ Bi ´�5àgõ�ª), ¦�

π∗w = v.

(2) y²: XJ w′ ´ C3 þ,��5��þ| ÷v π∗w
′ = v, @o w − w′ ∈ C〈

2∑
i=0

Xi
∂
∂Xi
〉.

(3) � ω ´ P2 þ�©|. y²: ω(v) = 0 ��=� π∗ω(w) = π∗ω(
2∑
i=0

Xi
∂
∂Xi

) = 0.

SK 12.3 y²: �K²¡þ��G(�7U�¤~ 12.1.2 ¥/Xª (12-5) �/ª. (J
«: `² Ai(X0, X1, X2) ¥Ø¹ü�ª Xd+1

i .)

SK 12.4 �y�G(�3 p ?�ê m(p) ±9 tang(F , C, p) Ø�6u�I�À�.

SK 12.5 �� C Ø´ F-ØC�, p ∈ C, y²: tang(F , C, p) = 0 ��=� F � C 3

p ?î���.

SK 12.6 aqª (12-15), �Ñd σ∗v := {σ∗vα}α∈I p���G(���þL«, ¿dd

`²Ù3 E þ��ê´ l(p)− 1.

SK 12.7 31 12.2.2 !�PÒe, y²:

(1) l(p) = a(p) ��=� E ´ F̃-ØC�.

(2) � p̃ ∈ E ´ F̃ �Û:, Ke E ´ F̃- ØC�, @o

a(p̃) ≤ Z(F̃ , E, p̃).

e E Ø´ F̃-ØC�, @o
a(p̃) ≤ tang(F̃ , E, p̃).

(3) e E ´ F̃-ØC�, @o
Z(F̃ , E) = a(p) + 1.

e E Ø´ F̃-ØC�, @o
tang(F̃ , E) = a(p)− 1.

(4) ∑
p̃∈E

a(p̃) ≤ a(p)± 1,

ùp ±1 �ÎÒ�ûu E ´Ä F̃-ØC� (�þ��K).
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SK 12.8 �y: Q�Û:�u��Û:E´Q��.

SK 12.9 )�

yn
∂

∂x
+ xm

∂

∂y
(m,n ≥ 2)

�Û: p = (0, 0) �Q�Û:, ¿O�Ùê9�ê.

SK 12.10 (½�G(� F

ω = nydx−mxdy (m,n ∈ Z+)

3 p = (0, 0) ?¤k�©.� C, ¿¦ Z(F , C, p). ?�Ú, ÏLd~5`², é P2 þ��G(�

F , Ù F-ØC��gêØU� F �gê��.

SK 12.11 3~ 12.2.11 ¥, � d(F) = 1. y²:
(1) F 7�3Û: (J«: |^ª (12-14)).
(2) � p ´Û:, K�3L p ��� L, §´ F-ØC� (J«: Ø�� p = (0, 0); æ^ª (12-5) �

PÒ, � (P,Q) = (x, y)A, ùp A ´ 2 �XêÝ
; �Ä A �A��9A�õ�ª).

SK 12.12 � p ∈ Sing(F), C = ∪ni=1Ci ´ p � n ^©.� (3 p ����S).

(1) y²: V ar(F , C, p) =
n∑
i=1

V ar(F , Ci, p).

(2) y²: CS(F , C, p) =
n∑
i=1

CS(F , Ci, p) + 2
∑
i<j

(CiCj)p.

(3) y²: Z(F , C, p) =
n∑
i=1

Z(F , Ci, p)− 2
∑
i<j

(CiCj)p.

(4) � F d xdy − ydx = 0 )¤, 3 p = (0, 0) ?� n ^©.� C1, · · · , Cn. Á¦ Z(F , C, p).

SK 12.13 � p ∈ Sing(F), C ´ F-ØC�, σ : (X̃, E, F̃) → (X, p,F) ´'u p ��
u, E ´~	�, C̃ ´ C �î���, m = (C̃, E).
(1) y²: CS(F , C, p) =

∑
p̃∈ eC∩ECS(F̃ , C̃, p̃) +m2.

(2) y²: V ar(F , C, p) =
∑

p̃∈ eC∩E V ar(F̃ , C̃, p̃) +ml(p).

(3) y²: Z(F , C, p) =
∑

p̃∈ eC∩E Z(F̃ , C̃, p̃)−m2 +ml(p).

(4) � F d xdy − ydx = 0 )¤, 3 p = (0, 0) ?� n ^©.� C1, · · · , Cn. Á¦ Z(F , C, p).

SK 12.14 � F ´ X þ��G(�, p ´ F ��õ�.Û: (Nondicritical singularity).
� σ = σ1 . . . σr : Xr → X0(:= X) 5g p ��X��u σi : Xi → Xi−1 �EÜ, ùp Ei ´ σi é

A�~	�3 Xr ¥�î���, E1 éA������ E1 =
r∑
i=1

niEi.

(1) ([CSN84, Theorem 1]) y²:

1 + l(p) =
r∑
i=1

∑
p∈Ei

ni(Z(F , Ei, p)− µp(E1)).

(J«: |^SK 12.13.)
(2) |^þ��K���y Camacho-Neto-Sad �êØ�ª (·K 12.2.10(1)).
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SK 12.15 � y ª(12-20) Ú (12-21). 3 Ó � � b � ^ � � P Ò e, ? � Ú y ²:
µp(F , B) = 0 ��=� p 6∈ Sing(F).

SK 12.16 � ϕ : X → C ´�«¡, F ´ X þ��G(�. y²: F ��«¡����
=� KFF = −2 (½= NFF = 0).

SK 12.17 � F ´¡ X þ��G(�, C ´ F-ØC�1wkn�� C2 = 0. y²:
(1) e Z(F , C) = 0, K F ��«¡��.
(2) e Z(F , C) = 2, K F ´ Riccati �G(�.
(3) Z(F , C) 6= 1. (J«: k`² C p��«¡; é��n� F , Z(F , F ) Ø�U��ê.)

SK 12.18 � C = C1 + · · · + Cr ´ Hirzebruch-Jung Û : zd = xayb (gcd(a, d) =
gcd(b, d) = 1) éA� Hirzeburch-Jung ó, C2

i = −ei ≤ −2. -�êS�

0 = γ0 < · · · < γr+1, µ0 > · · · > µr+1 = 0

÷v γ1 = µr = 1 9

γi−1 − eiγi + γi+1 = 0,
µi−1 − eiµi + µi+1 = 0.

(1) y²:

γk+1 =

∣∣∣∣∣∣∣∣∣∣
e1 −1
−1 e2

. . . −1
−1 ek

∣∣∣∣∣∣∣∣∣∣
, µk−1 =

∣∣∣∣∣∣∣∣∣∣
ek −1
−1 e2

. . . −1
−1 er

∣∣∣∣∣∣∣∣∣∣
(2) y²:

µiγi+1 − µi+1γi = γr+1 = µ0.

(3) � u, v ´��ê, D ´|83 N þ�÷v

D · Ci =


0, i 6= 1, r,
−u, i = 1,
−v, i = r.

� Q-4ó. y²: D ´�Øf��=� va ≡ ub (mod d). (J«: ”⇒” |^ Cramer {K¦Ñ

D �ºà©| C1 �Xê; ”⇐” - ni = uµi+γiv
d , y² D =

r∑
i=1

niCi.)

(4) � d = µ0 = γr+1,

µ̃i =
µi

gcd(d, µi)
, γ̃i =

γi
gcd(d, γi)

, d̃i =
d

gcd(d, µi) gcd(d, µi+1)
,

¿�

Mk =
1
d

(
µ̃k

k∑
i=1

γiCi + γ̃k

r∑
i=k+1

µiCi

)
.

y²:

MkCi =

{
0, i 6= k,
−1

gcd(d,µi)
, i = k.

(12-34)
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AO/, M1, . . . ,Mr �¤ Q〈C1, . . . , Cr〉 ⊆ NS(Y )⊗Z Q ��|Ä.

SK 12.19 � F ÷v½n 12.4.2 �^�, C = C1 + · · ·+ Cr ´4� F- ó, ei = −C2
i . ê

� {µ0, µ1, · · · , µr+1}÷vSK 12.18 �^�. � N ´ KF �K½Ü©, y²: Ci 3 N ¥�Xê

´
µi

µ0
, ¿¦ N2.

SK 12.20 � N = 1
d

r∑
i=1

µiCi ´ Hrzebruch ó, ùpØ��©| Ci 9Xê µi ÷vSK

12.18 �^�, d = µ0. � U ´ N �+G��, π0 : V0 → U ´± N �©Ü;,� d gÌ�CX,
¦�3 Ci ���:NC��� zd = xµi . τ : V1 → V0 )� V0 þ¤k Hirzebruch Û:, π = π0τ .
(1) y²: �3 π∗N ¥���Ø��©| Γi, ¦� π : Γi :→ Ci ´k�CX. ?�Ú, ù�CX�

gê´ gcd(d, µi), ¿� Γi 3 π∗Ci ¥�Xê´ d
gcd(d,µi)

.
(2) y²: Γi 3 π∗Mk ¥�Xê´

ai =

{
µ̃kγ̃i, if i ≤ k,
γ̃kµ̃i, if i > k.

(3) y²: π∗Mk ´�Øf (½Â�SK 12.18), ¿�÷v

π∗Mk · Γi =

{
0, i 6= k,

−1, i = k,

±9 π∗Mi · π∗Mj = −µ̃j γ̃i (j ≥ i). (J«: � π∗Mk =
r∑
i=1

aiΓi +D, ùp D ´|83~	8þ

� Q-ó. |^SK 12.18 (3) =�y² D ´�Øf.)
(4) � qi = Ci ∩ Ci+1, G ⊆ NS(X) ⊗ Q ´d π∗N �¤k©| )¤�f�m. y²: ¤k π∗pi

¥��~	©|±9¤k π∗Mk �¤
 G �Ä.
(5) � T1, . . . , T` ´¤k5g π∗q1, . . . , π

∗qr−1 �~	8¥�Ø��©|, ¿� P = (aij)1≤i,j≤r,

W =

(
P ∗
O I`

)
,



π∗M1

...
π∗Mr

C1

...
C`


= W ·



Γ̂1

...
Γ̂r
C1

...
C`


ù p aij = aji = µ̃j γ̃i (j ≥ i). � A (� A /, B) ´ (π∗M1, . . . , π

∗Mr, T1, . . . , T`) (� A
/, (Γ1, · · · ,Γr, T1, · · · , T`)) � � � Ý 
. y ²: |W | = |P |, |A| = d̃1 . . . d̃r−1 · |P |± 9

|P | = d̃1 . . . d̃r−1. Ï |B| = 1.
(6) y²: |B| = 1 �du π∗N ´1�akn�, =§�±�Â �1w:.

SK 12.21 � E = OP1 ⊕OP1(e) (e ≥ 0), ϕ : X := P(E)→ P1 ´éA� e g Hirzebruch
¡, �k�¡ C∞ Ú C0, ¦� C2

∞ = −e, C2
0 = e, F ´ ϕ ���n�. � F ´ X þ��G(

�, d ω ∈ H0(ΩX(aC∞ + bF )) �Ñ.
(1) y²: ω U�¤Xe/ª:(

a∑
i=0

gi(t)ui
)
dt−

(
a−2∑
i=0

hi(t)ui
)
du+ tb−e−1f

( u
te

)
(eudt− tdu),
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ùp

deg gi(t) ≤ b− 2− ei, deg hi(t) ≤ b− 1− e− ei, deg f(x) ≤ min{a− 2, [
b− e− 1

e
]},

(t, u) ´ X \ {C∞, F}��I, ¦� C0 (�A/, F )�½Â� u = 0 (�A/, t = ∞). 3Ù{�
Ikþ�C�'X� t = 1

s , u = v
se . (J«: |^SK 1.15).

(2) � NF = aC∞ + bF . y²: b ≥ e(a− 1) + 1.
(3) � KF = xC∞ + yF . y²:

m(F) = (x+ 1)(2y + 2− xe) + 2.

?�Ú, �Ñ KF � Zariski ©).
(4) y²: F ´ Riccati �G(���=� ω ����(

g0(t) + g1(t)u+ g2(t)u2
)
dt− h(t)du+ ctr+1(eudt− tdu),

ùp c ´~ê,

deg g0(t) ≤ r + e, deg g1(t) ≤ r, deg g2(t) ≤ r − e, deg h(t) ≤ r + 1,

NF = 2C∞ + (r + 2 + e), KF = rF (r ≥ 0). AO/, C∞ (�A/, d t =∞½Â�n� F∞) ´

F- ØC��=� g2(t) ≡ 0 (�A/, c = 0).
(5) �Ä Riccati �G(�

ω = (t+ (etr+1 − a)u+ u2)dt− (tr+2 − t)du, r ≥ max{1, e}, a ∈ C.

¦Ñ¤kÛ:¿�²Ùa..

SK 12.22 (*) � f : S → P1 ´=¹ü^ÛÉn��n�z, ¿�vkn�. y²: f
p���G(�´ Riccati �G(�.

SK 12.23 � F ´Q��G(�, C ´ F-ØC�, y²:
(1) KF |C ∼= ωC ⊗ OC(D), ùp D =

∑
p∈C

Z(F , C, p)p. (J«: � v ´ F �éA�|, p ∈ C, U

´ p ���. � v(p) 6= 0 �, v|C �´ C ��|, ÏÛÜþ TF |C∩U ∼= TC |U ; � v(p) = 0 �,
TF |C∩U ∼= TC |U ⊗OU (−Z(F , C, p)p).)
(2) h0(C,mKF |C) ≤ h0(C,mKC) +mZ(F , C). (J«: (Ü (1) ����Ü�

0 −→ ω⊗mC −→ OC(KF ) −→ OmD −→ 0).)

SK 12.24 � F ´��.²¡�G(�, C ´ F-ØC�. σ : (X,G) → (P2,F) ´S�

)� (Safe resolution), =3)��Q��.��2éz�Û:��g�u.
(1) y²: �3��6u degF ���ê k, ¦� k g�u�U�����Q� (Quasi-reduced)
Û:��G(� (�Q�Û:´�ê� 1 �Û:½öQ-(:).
(2) � C ´ C �î���, y²: �3 Z(G, C) �þ., Tþ.��6u degF . (J«: d (1),
ò�/8(����Q�Û:��G.)
(3) y²: �3 n0, ¦� Phn0(F) ≥ h0(C,OC(hn0KF )), ùp h = h(F). (J«: |^ (2) ÚSK

12.23.)
(4) y²½n 12.4.7.
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SK 12.25 b� h0(X,KF ) = 0 � h0(X,NF ) > 0,
(1) y²: e q(X) > 0, K F ´d Albanese n�z α : X → B p�, g(B) = q(X) = 1 � α ´

ÛÜ²��. (J«: |^íØ 12.1.1 `² F d α �Ñ, 2y² NF ≡ 0, = KF ≡ KX . α �ÛÜ
²�5�ë� [BPV04, III, ½n 15.4] ½ [Xia92, ·K 6.3.2]).
(2) b� q(X) = 0, NF ≡

∑
i=1

niDi, ùp ni > 0, Di ´Ø��©|. y²: pg(X) = 0 ¿�Ã

Di
∼= P1. (J«: k`² h0(X,KX +Di) = 0, Ùg|^�Ü�

0 −→ OX(−Di) −→ OX −→ ODi
−→ 0

y² h1(Di,ODi
) = 0.)

(3) y²: XJ F ´�K�G(�¿� KF ´�k��, @o (X,F) 7÷v (1). (J«: e� (2)
��/, |^ Baum-Bott úªy²Ã Di *dØ��. 2|^ [BPV04, ·K 4.3] `² Di á3,

��«¡N�p, ddíÑTN�p� F .)
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13.1 ;�n�z

� X ´1w¡, D ´ X þ�k�Øf, |D| = |M | + Z, Z ´�½Ü©. �Ä���5X

|D|p��N�
ϕ
def
= ϕ|M | : X 99K Σ ⊆ Pdim |D|, Σ = Imϕ.

�u |M |�Ä: σ : X̃ → X, ¦� ϕ̃
def
= ϕσ : X̃ → Σ ´��. Ø���5, ·��±b� σ ´

4��, = σ ~	8¥� (−1)-�Ø� ϕ̃ Â . ϕ̃ dÃÄ:����5X |M̂ |p�, ùp M̂ ´
σ∗M �Ø|83~	8þ��½Ü©. Ïd M2 ≥ M̂2.

�Ä ϕ̃ � Stein ©) X̃
f̃→ Y

π→ Σ. ·�kXe��ã

X̃

σ

����
��
��
��
��
��
��
f̃
��

ϕ̃

��/
//

//
//

//
//

//
/

Y

π
  @

@@
@@

@@

X

f

>>}
}

}
}

ϕ
//_______ Σ

ùp f : X 99K Y ´ f̃ p��knN�.

·K 13.1.1 XJ dim Σ = 2, @o

M2 ≥ M̂2 = degϕ · deg Σ.

�Ò¤á��=� |M |ÃÄ:.

� dim Σ = 1 �, ·�¡ |D|´�å (Pencil). d� Y ´�, f̃ : X̃ → Y ´n�ëÏ�º
� g n�z, π : Y → Σ ´k�CX. XJ Y ∼= P1, K¡ |D|´kn�å (Rational pencil). �â
½Â, �3 Σ þ��²¡�� E ÷v

M̂ = ϕ̃∗E = f̃∗π∗E.

Ø�� Ea = π∗E, ùp a = degY Ea. � f̃ ���n� F̃ , Ïd

M̂ ≡ f̃∗Ea(≡num aF̃ ).

·K 13.1.2 � dim Σ = 1, F ´ f : X 99K Y ���n� (Ï´Ø���), K

(1) � Y ∼= P1 �, F 2 ≥ 0, M ≡ aF , ùp a = h0(X,D)− 1.
(2) � g(Y ) ≥ 1 �, F 2 = 0, |D|ÃÄ:� M ≡ f∗Ea, ùp Ea ´ a gØf, a ≥ h0(X,D)− 1.

y² (1) � F̃ ´ f̃ ���n�. d� M̂ ≡ aF̃ . Ïd M ≡ aF , F 2 ≥ F̃ 2 = 0. ?�Ú,

h0(X,D) = h0(X, aF ) = h0(X̃, aF̃ ) = a+ 1.
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(2) e |D|kÄ:, @o σ �~	8¥k�^ (−1)-�, 3n�z f̃ ¥´Y²�. d
Hurwitz úª, ùÒ½¦ g(Y ) = 0, gñ! � |D|ÃÄ:. Ïd M = f∗Ea, a = degEa, F 2 = 0.
?�Ú,

h0(X,D) = h0(X, f∗Ea) = h0(Y,Ea) ≤ 1 + a.

ùÒ�¤
y². �

íØ 13.1.1 � X ´��.4�¡, |KX | = |M | + Z, ùp Z ´�½Ü©. @o K2
X ≥

M2. ?�Ú,
(1) e dim Σ = 2, @o

K2
X ≥ degϕ|KX | · deg Σ,

�Ò¤á��=� |KX |ÃÄ:.
(2) e dim Σ = 1, K KX ≡num Z + aF , a ≥ pg(X)− 1, F 2 ≥ 0. AO/, � |KX |´kn�å�,
KX ≡ Z + (pg − 1)F .

� |KX |´�å� (d� pg(X) ≥ 2), f : X 99K Y ¡�;�n�z (Canonical fibration).

·K 13.1.3 � X ´��.4�¡, |KX |´�å, K K2
X ≥ 4pg − 7.

y² æ^c¡�ÃPÒ. k?Ø |M |kÄ:��/. d� |KX |´knå, Ï M ≡ aF ,
a = pg − 1, F 2 ≥ 1 (Ï� |M |kÄ:). d�

K2
X ≥ aKXF ≥ a2F 2 = aF 2(pg(X)− 1).

Ïde aF 2 ≥ 4, K(Ø¤á. � a = 1 �, pg(X) = 2, d�(Ø´²��. � a = 2, F 2 = 1 �,
KXF ≥ aF 2 = 2. du KXF + F 2 ´óê, � KXF ≥ 3, Ï

K2
X ≥ aKXF ≥ 6 = 4pg − 6.

� a = 3, F 2 = 1 �,
K2
X ≥ aKXF ≥ a2 = 9 = 4pg − 7.

±e�Ä |M |ÃÄ:��/. d� KX ≡num Z + aF , F 2 = 0, a ≥ pg − 1. e g(F ) ≥ 3, K

K2
X ≥ aKXF = a(2g(F )− 2) ≥ 4a ≥ 4pg − 4.

g(F ) = 2 ��/5gu [Xia85, page 72]. d� K2
X ≥ 4pg − 6. �

Ún 13.1.1 � F̃ ´ f̃ ���n�, p = f̃(F̃ ), K

(1) h0(X̃,K eX)− h0(X̃,K eX − F̃ ) = 1.

(2) h0(Y, f̃∗ω eX)− h0(Y, f̃∗ω eX ⊗OY (−p)) = 1.

(3) L = Im(H0(X, f̃∗ω eX)⊗OY → f̃∗ω eX) ´�m� h0(Y, L) = h0(Y, f̃∗ω eX) = pg(X). AO/,
degL > 0.

(4) Y �o´kn�, �o´ý��. ?�Ú, � Y ´ý���, q(X) = 1.
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(5) f̃∗ω eX = L⊕Q, ùp h0(Y,Q) = 0.

y² (1) dc?Ø, |K eX | = |f̃∗Ea|+ Z̃, ùp Z̃ ´�½Ü©. Ï

h0(X̃,K eX)− h0(X̃,K eX − F̃ ) = h0(Y,Ea)− h0(Y,Ea − p) = 1.

(2) ´ (1) ���íØ.

(3) �â (2), H0(X, f̃∗ω eX) �Ä��3��: p ∈ Y þÜ¤���m. Ïd L 3 p ?��

´ 1. du Y ´�, f̃∗ω eX ´ÛÜgd�, Ï L ´�m.

(4) � g = g(F̃ ), b = g(Y ). be b ≥ 2. ·�5�Ñgñ. Äk, d�k h0(Y, L) = pg(X) ≥
3. �Ä�Ü�

0 −→ L −→ f̃∗ω eX −→ Q −→ 0. (13-1)

du f̃∗ω eX/Y ´��½�, ¤± degQ(−KY ) ≥ 0, = degM ≥ 2(b− 1)(g − 1). diùââ½n,
h0(Y,Q) ≥ (b− 1)(g − 1).

,��¡, d (3), ·����Ü�

0 −→ H0(Y,Q) −→ H1(Y, L).

5¿ g ≥ 2 (ÄK� X ´��.gñ), �

h1(Y, L) ≥ h0(Y,Q) ≥ (b− 1)(g − 1) > 0. (13-2)

d Clifford ½n, h0(Y, L) ≤ 1 + degL
2 . 2diùââ½n�, h1(Y, L) ≤ b − degL

2 . (ÜØ�ª
(13-2) � g = 2 � degL ≤ 2, � h0(Y, L) ≤ 2, gñ! ùÒ��·��c�ã(Ø.

� b = 1 �, h0(Y,Q) = h1(Y, L) = 0. Ï h1(Y,Q) = −degQ ≤ 0 (|^ f̃∗ω eX/Y ��½
5), � h1(Y,Q) = 0. ù½¦ h1(Y, f̃∗ω eX) = 0. Ï q(X) = b+ h1(Y, f̃∗ω eX) = 1.

(5) �â (4), ·��I�?Ø Y ´ý����/. d� ωY = OY . Ï� h1(Y, L) =
h0(Y, L∨) = 0, �d�Ü� (13-1) 9 (3) �, h0(Y,M) = 0. Ïd h0(Y,Q⊗ L∨) = 0 (ÄK�3ü

� L ↪→ Q, l h0(Y,Q) ≥ h0(Y, L) > 0). ùÒk

Ext1(Q,L) = H0(Y,Q⊗ L∨)∨ = 0.

Ï�Ü� (13-1) ´©��. �

½n 13.1.1 ([Xia85b]) � f : X 99K Y ´;�n�z, @o g(Y ) ≤ 1. � pg(X) ≥ 3 ½
g(Σ) ≥ 1 �, Y = Σ. ?�Ú, b� f ´��, K

f∗ωX ∼= L⊕Q,

Ù¥ L ´�m�÷v H0(Y, L) = pg(X); h0(Y,Q) = 0 � Q(−KY ) ´��½�.

y² ·��Iy² Y = Σ (= π = id). Ù{(Øþ5guÚn 13.1.1. £� Ea = π∗E.
��¡,

pg(X) = h0(Y,Ea) = a+ χ(OY ) = deg π · degE + χ(OY ).

,��¡,
pg(X) = h0(Σ, E) = deg +χ(OY ) = degE + χ(OΣ).

- 223 -



1�nÙ �þm�n�z

ÏL'�=� deg π = 1. �

½n 13.1.2 ([Bea79]) � X ´��.4�¡, |KX |´º� g �å. XJ χ(OX) ≥ 21
½ö g(Y ) ≥ 1, @o 2 ≤ g ≤ 5, ¿� ϕ|KX | ´��.

y² k�Ä χ(OX) ≥ 21 ��/. dc?Ø, KX ≡num Z + aF . d Miyaoka-Yau Ø�ª,
·�k

9χ(OX) ≥ K2
X ≥ aKXF ≥ (pg − 1)KXF ≥ (χ(OX)− 2)KXF.

Ïd KXF ≤ 9, l aF 2 ≤ 9. du a ≥ χ(OX)− 2 ≥ 19, � F 2 = 0, g(F ) ≤ 5.

2�Ä g(Y ) = 1 ��/. dÚn 13.1.1, q(X) = 1, l χ(OX) = pg(X). ?�Ú, d��

k pg(X) = h0(Y,Ea) = a. ùÒk

9pg(X) = 9χ(OX) ≥ K2
X ≥ aKXF = pg(X) ·KXF,

� KXF ≤ 9, l 2 ≤ g ≤ 5. �

[Xia88, Problem 6] ßÿ� pg(X) � 0 �, Ø�Uk g = 5. [Che16] é g = 5 ��/�
&
?. e¡·�é g = 5 � pg(X)� 0 ��/��
{ü�?Ø. d� f ´���n�ëÏ. ·�
�

N = V +A+B + E,

ùp V ´ N ¥R�©|�Ú, A ´ N ¥÷v Γ2 ≥ 0 �Y²Ø��©|�Ú, B ´ N − V − A
¥÷v KXΓ ≥ 0 �©|�Ú, E K´ N ¥¤kY²� (−1)-��Ú. é N ¥z�©| Γ, �
µΓ ´ Γ 3 N ¥�Xê, mΓ = ΓF . é?Û Γ ⊆ N ,

KXΓ ≥ f∗EaΓ + µΓΓ2 = amΓ + µΓΓ2, (13-3)

=

KXΓ ≥ amΓµΓ

µΓ + 1
+

µΓ

µΓ + 1
(2pa(Γ)− 2). (13-4)

Ún 13.1.2 3±þb�^�ÚPÒe, ·�k
(1)

∑
Γ⊆N

mΓµΓ = 2g − 2 = 8.

(2) � a ≥ 2g − 2 = 8 ½ g(Y ) = 1 �, E = 0.
(3) 3 (2) �^�e,

KXN ≥
∑
Γ⊆A

amΓµΓ +
∑
Γ⊆B

(
amΓµΓ

µΓ + 1
+

µ2
Γ

µΓ + 1
(2pa(Y )− 2)

)
.

y² (1) KXF =
∑

Γ⊆N
µΓΓF .

(2) dª (13-3), é Γ ⊆ E, µΓ ≥ amΓ + 1. 2d (1), e E 6= 0, K

8 = 2g − 2 ≥
∑
Γ⊆E

µΓ ≥ a+ 1.

(3) (Üª (13-4) 9 pa(Γ) ≥ pa(Y ) =�. �
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íØ 13.1.2 e a ≥ 84 ½ g(Y ) = 1, K A = 0, B = 8Γ, ùp Γ ´ f ��¡.

− a

8
+

17
4

(g(Y )− 1) ≤ 2g(Y )− 2−KXΓ = Γ2 = −a
9

+
2
9
(g(Y )− 1)− ΓV

9
. (13-5)

y² Äk,
χ(OX) ≤ 1 + pg(X)− g(Y ) = a− (2g(Y )− 2).

(Ü Miyaoka-Yau Ø�ª�

9(a+ 2− 2g(Y )) ≥ K2
X ≥ a(2g − 2) +KXN = 8a+KXN,

=

a+ 18− 18g(Y ) ≥ KXN.

Äk5¿�, é Γ ⊆ A, ΓKX ≥ 1, � pa(Γ) ≥ 2. e mΓ = 1, K g(Γ) = g(Y ) ≤ 1, gñ! �
mΓ ≥ 2. (ÜÚn 13.1.2 � a+ 18 ≥ 2a, �·K^�gñ! � A = 0.

|^Ún 13.1.2 (1), �±Å��y B = 8Γ, ùp Γ ´ f ��¡. dd��ª (13-5). �

�ÙSK

SK 13.1
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[Per02] J. V. Pereira: On the Poincaré problem for foliations of general type, Math.
Ann., 323(2) (2002), 217–226.

[Per05] J. V. Pereira: On the height of foliated surfaces with vanishing Kodaira dimen-
sion, Publicacions MatemUtiques, (2005), 363–373.

[Sak90] F. Sakai: Reider-Serrano’s method on normal surfaces, Algebraic geometry
(L’Aquila 1988) Vol. 1417, Lecture Notes in Math., Springer Berlin, (1990),
301–319.

[Sch61] R.L.E. Schwarzenberger: Vector bundles on algebraic surfaces, Proc. London
Math. Soc. 11 (1961), 623–640.

[Sei68] A. Seidenberg: Reduction of singularities of the differential equation Ady = Bdx,
Amer. J. Math., 89(1968), 248–269.

[Ser87] F. Serrano: Extension of morphisms defined on a divisor, Math. Ann.,
277(1987), no. 3, 395–413.

[Suw98] T. Suwa: Indices of vector fields and residues of holomorphic singular foliations,
Hermann (1998).

[Tan94] S.-L. Tan: On the base changes of penciles of curves, I, Manuscripta Math.,
84(1994), 225–244.

[Tan96] S.-L. Tan: On the base changes of penciles of curves, II, Math. Z., 222(1996),
655–676.

[Tan11] S.-L. Tan: Algebraic Surface (in Chinese), preprint, (2011).

[TaVi00] S.-L. Tan, E. Viehweg: A note on Cayley-Bacharach property for vector bundles,
in: Complex Analysis and Algebraic Geometry (2000) 361–373, Walter de
Gruyter, Berlin-New York.

[Tho74] A. Thomas: Almost complex structures on complex projective spaces, TAMS
193(1974), 123–132.

[Xia85] G. Xiao: Surfaces fibrées en courbes degenre deux, Lect. Notes in Math., 1137

(1985) Springer-Verlag.
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