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1�Ù +�ý��£

1�Ù +�ý��£

1.1 +�KÜÈ���È

� A,G1, G2 ´+, fi : A→ Gi (i = 1, 2) ´+Ó�.

·K 1.1.1 3Ó�¿Âe, �3���+ G 9+Ó� gi : Gi → G (i = 1, 2) ÷v±e�

^�:

(1) g1 ◦ f1 = g2 ◦ f2,

(2) é?Û+ H ±9+Ó� hi : Gi → H, XJ h1 ◦ f1 = h2 ◦ f2, K�3Ó� h : G → H ¦�

hi = h ◦ gi (i = 1, 2).

G1

g1

��

h1

  B
BB

BB
BB

B

A

f2
>>}}}}}}}}

f1   A
AA

AA
AA

A
// G

h // H

G2

g2

OO

h2

>>||||||||

ù�� (G, g1, g2) ¡� f1 : A→ G1 � f2 : A→ G2 �KÜÈ (Amalgam), P� G1 ∗A G2.

y² ·�ùp�`² G ��E, Ù{5���y3�Öö.

·�ò G1, G2 ¥����¤�üc�NP�

W := {(a1, · · · , al) | ai ∈ G1 ½ G2}.

W þkg,�¦{

(a1, · · · , al) · (b1, · · · , bm) := (a1, · · · , al, b1, · · · , bm).

·�½Â W þ��«'X ≻: é w,w′ ∈W , w ≻ w′ ��=�±e^���¤á:

(1) w ¥�,��ü� ai, ai+1 Óáu G1 (½ G2), w
′ TÐ´ò w ¥�ùü��O�¤���

aiai+1 ���üc.

(2) w ¥k��´ G1 ½ G2 ¥ü �, w′ TÐ´ò w ¥�ù���Ø���üc.

(3) w ¥�,����¤ fi(a) (a ∈ A), w′ TÐ´ò w ¥ù��O�¤ f1−i(a) ���üc.

|^þã'X, ·��±?�Úp�Ñ W ��d'X ∼: w ∼ w′ ��=��3S�

w0, w1, · · · , wN , ¦� w0 = w, wN = w′, ¿�é?Û��� wi Ú wi+1, �o wi ≻ wi+1, �o

wi ≺ wi+1, �o wi = wi+1.

N´�y, W �¦{$���d'X ∼ ´�N�, Ïd·���E+ G = W/ ∼. ùÒ´·

����KÜÈ. �

~ 1.1.1 A = {1} �, G1 ∗A G2 Ò´ G1, G2 �gdÈ (Free product), {P� G1 ∗G2. A

O/, ·�5½gd+ (Free group) Fn := Z ∗ · · · ∗ Z︸ ︷︷ ︸
n

. �

- 1 -



1�Ù +�ý��£

~ 1.1.2 � H ´+, N1, N2 ´ H ��5f+, N ´�¹ N1, N2 ����5f+. �

A = H, Gi = H/Ni, fi : A→ Gi ´g,Ó� (i = 1, 2), K G1 ∗A G2
∼= H/N . �

b�+ H m�^3+ N þ, P�

n 7→ nh (n ∈ N,h ∈ H).

(�5¿ùp�+�^�¦´+Ó�).

·�½Â N ×H þ�¦È$�

(n1, h1)(n2, h2) = (n1 · n
(h−1

1 )
2 , h1h2).

·K 1.1.2 þã$�½Â
 N × H þ�+(�, ¡�� N Ú H ���È (Semi-direct

product), P� N ⋊H. ?�Ú, ·�k+��©�á�Ü�

1 −→ N
φ

−→ N ⋊H
ψ
⇋
σ
H −→ 1,

ùp φ(n) := (n, eH), ψ(n, h) := h, σ(h) = (eN , h).

y² (1) (ÜÆ

((n1, h1)(n2, h2))(n3, h3) = (n1 · n
(h−1

1 )
2 , h1h2)(n3, h3) = (n1 · n

h−1
1

2 · n
(h1h2)−1

3 , h1h2h3),

(n1, h1)((n2, h2)(n3, h3)) = (n1, h1)(n2 · n
(h−1

3 )
3 , h3h3) = (n1 · (n2 · n

h−1
2

3 )h
−1
1 , h1h2h3),

d+�^´Ó��b�, þ¡üª�màw,��.

(2) N�

(eN , eH)(n, h) = (eN · ne
−1
H , eH · h) = (n, h).

aq�y (n, h)(eN , eH) = (n, h).

(3) _�

(n, h)((n−1)h, h−1) = (eN , eH) = ((n−1)h, h−1)(n, h).

(4) ©�á�Ü�´w,�, ·�Ø2�[�y. �

~ 1.1.3 (1) XJ H ²��^3 N þ, @o N ⋊H = N ×H.

(2) �Ä Z2 3 Zn þ��^ x→ −x, K

N ⋊H = 〈a, b | an = b2 = baba = e〉,

=�¡N+ D2n. �

·K 1.1.3 � G ´+, N ´ G ��5f+, i : N → G ´�¹N�, H = G/N , π : G→ H

´g,Ó�. b��3üÓ� σ : H → G, ¦� π ◦ σ = idH , @o·�k H 3 N þ�m�^

n 7→ σ(h)−1nσ(h), n ∈ N,h ∈ H.

d���È G ∼= N ⋊ H, ùp�Ó�N�½Â� g → (gσ(π(g))−1 , π(g)), Ù_N�� (n, h) →

i(n)σ(h).

(3�Öö�y)

- 2 -



1�Ù +�ý��£

dþ¡?Ø, N,H Ñ�±À� N ⋊H �f+, � N ´Ù�5f+. H Ï~Ø´ N ⋊H �

�5f+. ·�� K ´ N ⋊H ¥�¹ H ����5f+. �ÄEÓ�

γ : N →֒ N ⋊H → (N ⋊H)/K.

w� Kerγ = N ∩K ´ N ��5f+.

·K 1.1.4 γ ´÷Ó�, N ∩K ´ N ¥�¹8Ü

S = {n−1nh | n ∈ N,h ∈ H}

����5f+.

1

��

1

��
N ∩K

��

K

��
1 // N

γ

��

i // N ⋊H

��

π // H //

σ

eeJJJJJJJJJJJ

1

N ⋊H/K

��

N ⋊H/K

��
1 1

y² � (n, h) ∈ N ⋊H, K (n, h) = (n, eH)(eN ,H). Ïd

γ((n, eH)) = (n, h) mod K,

l γ ´÷�.

5¿�

(n−1nh, eH) = (n, eH)−1(eN , h
−1)(n, eH)(eN , h) ∈ K.

Ïdé s ∈ S k (s, eH) ∈ N ∩K. ùL² N ¥�¹ S ���f+¹u N ∩K ¥.

,��¡, é K ¥?Û��

(n, h)−1(eN , g)(n, h) = ((n−1ng
−1

)h, h−1gh) = ((nh)−1(nh)(h
−1g−1h), h−1gh),

Ù1�©þÑ¹u N ¥�¹ S ���f+, Ï N ∩K Ò´ N ¥�¹ S ���f+. �

1.2 +�¢y���+

b� R := {Rλ}λ∈Λ ´ Fn �f8, N(R) ´ Fn ¥�¹ R ����5f+. û+

Fn/N(R) := 〈a1, · · · , an | Rλ = e (λ ∈ Λ)〉

¡�d a1, · · · , an 3Ã'X Rλ e)¤�+. XJ��+ G U
^þã�ª5£ã, ·�Ò¡Ù

� G �¢y (Presentation).

- 3 -
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~ 1.2.1 (1) Ì�+

Zn = 〈a | an = e〉.

(2)

Z × Z ∼= 〈a, b | aba−1b−1 = e〉

~ 1.2.2 �Ä�ê\{+��¦ [m] : Z → Z, n → mn. é?Û��ê p, q, éA��¦

[p], [q] �KÜÈ�

〈a, b | ap = bq〉.

� Sn ´é¡+, ¿P σi = (i, i + 1). �Ú�©�PÒ�±��, ·��¦���EÜl�

�m?1 (=m�^). é?Û σ, τ , ·�P

[σ, τ ] := στσ−1τ−1, 〈σ, τ〉 = στστ−1σ−1τ−1.

w� [σ, τ ] = 1 ��=� στ = τσ;  〈σ, τ〉 = 1 ��=� στσ = τστ .

kÙ��(Ø, σi ∈ Sn )¤ Sn, ¿�÷v

σ2
i = 〈σi, σi+1〉 = 1, [σi, σj ] = 1, |i− j| > 1.

e¡·�y²±þ'XTÐ¢y
 Sn.

·K 1.2.1

Sn = 〈σ1, · · · , σn−1 | σ2
i = 〈σi, σi+1〉 = 1, [σi, σj ] = 1, |i− j| > 1〉.

y² �

Ŝn := 〈x1, · · · , xn−1 | x2
i = 〈xi, xi+1〉 = 1, [xi, xj ] = 1, |i− j| > 1〉.

� x ∈ Ŝn, x �±L�¤Ã xi �¦Èª, P� R (Ï~Ø��). ·�P n(x,R, k) � R ¥� xi Ñ

y�gê, ¿�

k0(x) = max {k | ∃R, n(x,R, k) ≥ 1}.

u´ x ∈ Ŝk0(x)+1 − Ŝk0(x).

Claim 1. ·�Äky²±e(Ø: XJ x ∈ Ŝk+1 − Ŝk, @o x = axk · · · xi, ùp a ∈ Ŝk,

i ≤ k.

é k Ú n(x,R, k) �V8B{. � k = 1 �, Ŝ2 = 〈x1 | x2
1 = 1〉 = {1, x1}, = x = x1. b�

< k ��/®y, = ∀x ∈ Ŝj − Ŝj−1 Ñ÷v(Ø (j ≤ k).

8� x ∈ Ŝk+1. XJ n(x,R, k) = 0, Kd8Bb�á�(Ø. b�é n(x,R, k) < m �/,

(Ø®y. ·��Ä n(x,R, k) = m �/. d�

x = a1xka2xk · · · amxkam+1, ai ∈ Ŝk.

d8Bb�, a2 = bxk−1 · · · xi, b ∈ Ŝk−1. �\ R, ¿|^ xk � Sk−1 ¥�����5��

x = a1bxkxk−1 · · · xixka3 · · · xkam+1 = a1bxkxk−1xk · · · xia3 · · · xkam+1.

?�Ú, |^ xkxk−1xk = xk−1xkxk−1 �

x = a1 = xk−1xkxk−1xk−2 · · · xia3 · · · xkam+1.

- 4 -
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þ¡�#L�ª¥, xk �Ñy m− 1 g. 8B{�y.

Claim 2. �Ä÷Ó�

ψ : Ŝn → Sn, xi → σi.

·��yù�´ü�. é n �8B{. n = 1 �´w,�. b� < n �/®y. � x ∈ Kerψ �

x 6= 1, Kd8Bb� x ∈ Ŝn − Ŝn−1. dþ�äó,

x = axn−1 · · · xi, a ∈ Ŝn−1.

Ï

1 = ψ(a)σn−1 · · · σi,

=

σn−1 = ψ(a)−1σ−1
i · · · σ−1

n−2 ∈ Sn−1,

gñ! �

·K 1.2.2 � G ´ SN1
× SN2

�f+ (N1, N2 > 2), ÷v±e^�:

(1) pi : G→ SNi
´÷Ó� (i = 1, 2),

(2) ((1, 2), (1, 2)) ∈ G.

� St(1,1) ⊆ G ´�^3 (1, 1) ∈ {1, 2 · · · , N1} × {1, 2 · · · , N2} þ�½f+. @o·�o

k [G : St(1,1)] = N1N2, Ø
±e~	�/: N1 = N2 = N , G ∼= ∆ ⊆ SN × SN (Ù¥��©þ

����SgÓ�), ùp ∆ À�é��.

y² d�¹'X {2, · · · , Ni} ⊆ {1, · · · , Ni} �g,p�i\N� SNi−1 → SNi
, u´·

�k

St(1,1) = G ∩ (SN1−1 × SN2−1).

� ei ´ SNi
�ü �,

H1 × {e2} = G ∩ (SN1
× {e2}), {e1} ×H2 = G ∩ ({e1} × SN2

).

´� Kerp1 = {e1} ×H2, Kerp2 = H1 × {e2}, §�Ñ´ G ��5f+. 5¿� pi ´÷Ó�, Ï

d Hi �´ SNi
��5f+ (��o). d²;(Ø, Sn ��5f+Ø
��Úü �	, =k�

�+ An ±9 Klein + (=3 n = 4 �/)

K4 = {e, (12)(34), (13)(24), (14)(23)}.

±e·�©�¹?Ø.

(1) XJ H1 = {e1},H2 = {e2}, @o p1, p2 Ñ´Ó�, Ï N1 = N2 = N , G = ∆ ⊆

SN × SN , Ù¥��©þ����gÓ�. du ((1, 2), (1, 2)) ∈ G, ¤±d²;(Ø��ù�g

Ó��U´SgÓ�. Ïdù��/Ò´·K¤ã�~	�/.

(2) XJ H1 = {e1},H2 6= {e2}§@o p2 ´Ó�, p1 ◦ p−1
2 : SN2

→ SN1
´÷Ó�, �Ø´Ó

�, Kk N2 = 4, N1 = 3, H2 = K4 (Ï�Ø´�5f+). d��O�, ��y(Ø. aq��?

Ø H2 = {e2},H1 6= {e1} ��/.

(3) XJ H1 = SN1
, @o G = SN1

× SN2
(Ï� p2 ´÷�). ùÒk

|G| = N1!N2!, |St(1,1)| = (N1 − 1)!(N2 − 1)!,
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l [G : St(1,1)] = N1N2.

(4) XJ H1 = AN1
, d p2 �÷�5=� |G| = 1

2N1!N2!. ùÒíÑ |Kerp1| = 1
2N2!, Ï

H2 = AN2
. ?�Ú��, (σ1, σ2) ∈ G ��=� σ1, σ2 Ûó5�Ó, �k

|St(1,1)| =
1

2
(N1 − 1)!(N2 − 1)!,

Ï [G : St(1,1)] = N1N2.

(5) XJ H1 = K4 (d� N1 = 4), @o |G| = 4 ·N2! (d p2 �÷�5), �� |H2| = 1
6N2! (

d p1 �÷�5). ùL² H2 6= SN2
, AN2

.  H2 = {e2} �/�d (3) aq?Ø. Ïd·��I�

?�Ú?Ø N2 = 4, H2 = K4 ��/. ù�±d��O��y. �

½Â 1.2.1 � H,G ´+, N ´ G ��5f+.

(1) ·�½ÂXe��)¤��5f+

[N,N ] := 〈a−1b−1ab|a, b ∈ N〉

±9

[G,N ] := 〈a−1b−1ab|a ∈ G, b ∈ N〉.

AO/, [G,G] ¡�� f+, Ù¥��� a−1b−1ab ¡�� f, {P� [a, b].

(2) � G ¥�N������¤k���¤��5f+¡� G �¥%, P� C(G). XJ

N < C(G), K¡ N 3 G ¥´¥%� (Central).

(3) e+�Ü� 1 → N → G → H → 1 ¥� N 3 G ¥´¥%�, K¡ G ´ H �¥%*

Ü(Central Extension).

w�, N 3 G ¥´¥%���=� [N,G] = {1}, N ´��+��=� [N,N ] = {1}. ·�

k±ew,��Ü�

1 → N/[N,N ] → G/[N,N ] → G/N → 1.

1.3 Hurwitz C��gd+ Fn

� G ´+, Gm = G× · · · ×G︸ ︷︷ ︸
m

. �Ä�þ

~t = (t1, · · · , tm) ∈ Gm, ~s = (s1, · · · , sm) ∈ Gm.

XJ ~t, ~s ÷v±e'X, ·�Ò` ~s ´d ~t ÏL Hurwitz C� (Hurwitz moves) Rk ���, ³½

` ~t ´d ~s ÏL Hurwitz C� R−1
k ��:

Rk :





si = ti, i 6= k, k + 1,

sk = tktk+1t
−1
k ,

sk+1 = tk.

R−1
k :





ti = si, i 6= k, k + 1,

tk = sk+1,

tk+1 = s−1
k+1sksk+1.

'u Hurwitz C���
Ð�5�, ·�Û�3SK 1.5 ¥, ùpØ2Kã.
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ù�Vg��±��©)ªþ. � g = t1 · · · tm = s1 · · · sm ´ g ∈ G �ü«©)ª. XJ

(s1, · · · , sm) ´d (t1, · · · , tm) ÏL Hurwitz C���, ·�Ò`©)ª s1 · · · sm ´d t1 · · · tm

ÏL Hurwitz C���. ?�Ú, XJü�©)ªUÏL�X� Hurwitz C���*d, ·�Ò

`ùü�©)ª´�d©) ( Equivalent factorization).

~ 1.3.1 � G ´+, a, b ∈ G.

(1) e ab = ba, K ab Ú ba ´�d©). ù´Ï� ab Ú aba−1 · a �d,  aba−1 = b.

(2) e aba = bab, @o aba Ú bab ´�d©). ù´Ï�

aba
R2⇐⇒ a(bab−1)b

R1⇐⇒ (a · bab−1 · a−1)ab = bab

� Fn ´gd+, t1, · · · , tn ´)¤�. é?Û g ∈ Fn, � g =
∏
t
kij

ij
, K�½Âgê deg g :=

∑
kij . §Ø�6u g �L�ª. XJ

∑
|kij | ��4�, ·�Ò` g kQ��L�ª, ¿¡

L(g) =
∑

|kij | ´ g ��Ý. 'ugê�eZ{ü5��ë�SK 1.6, d?Ø2Kã.

� F+
n ´d/X QtiQ

−1 (Q ∈ Fn) Ã���¦È�¤�f�+ (k��`dÃ ti �5)¤

�f�+). dSK 1.6, g ∈ F+
n o´�±©)¤ deg g ����¦È (Ï~Ø��), ·�¡��

�©) (Prime factorization).

½n 1.3.1 (Artin ½n) 3þãPÒ�b�e, t1 · · · tm �?Û�©)Ñ*d�d.

y² � t = s1 · · · sm′ ´�©), ·��y²§�duIO©) t1 · · · tm. ÄkdSK 1.6

� m′ = m. z� si þ��¤ Qitji
Q−1
i (Qi ∈ Fn). -

D = D(s1, · · · , sm) =
m∑

i=1

L(Qi),

ùp L(Qi) L« Qi �¤ ti L�ª�¦È��ê.

·�é D �8B{. X D = 0, KÃ L(Qi) = 0, = Qi = id, ùÒíÑ si = tji
. 5¿� Fn

´gd+, Ïá�k tji
= ti, ∀i, =ü«©)ª�Ó�.

±eb� D > 0. ·��I�y²©)ªUÏL Hurwitz C�, ¦� D eü, Kd8B{á

�¤I. 5¿�

Q1tj1Q
−1
1 ·Q2tj2Q

−1
2 · · ·Qmtjm

Q−1
m = t1 · · · tm

�>Ø´Q��, Ïd�½�±��,
 tj �. ù���Ø�©�n«a.:

(a) Q−1
i Ú Qi+1 ¥���p�Ø���� tji

½ tji+1
,

(b) tji
Q−1
i ��Ø,

(c) Qi+1tji+1
��Ø.

Äk, a. (a) Ø�UÑy3z��þ, ÄKòíÑ Q1 = · · · = Qm = 1, l D = 0,

�8Bb�gñ! Ø���5, �b�a. (b) Ñy� j = 1. - R = tj1Q
−1
1 Q2. w�

l(Q2) = l(Q1) + 1 + l(R).

é s1 · · · sm � Hurwitz C� R1, =��d¦È (s1s2s
−1
1 ) · s1 · s3 · · · sm, Ù¥

s1s2s
−1
1 = Q1Rtj2R

−1Q−1
1 .

5¿� l(Q1R) ≤ l(Q1) + l(R) < l(Q2), ¤±

D((s1s2s
−1
1 ) · s1 · s3 · · · sm) < D(s1 · · · sm).
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?�Úd8B{=�(Ø. �

�ÙSK

SK 1.1 �¤·K 1.1.1 �y².

SK 1.2 y²·K 1.1.3 �(Ø.

SK 1.3 3·K 1.1.4 �PÒ�b�^�e, y²: XJ ΓN ´ N �)¤�, ΓH ´ H �

)¤�, @o N ¥�¹ S ���f+Ò´�¹

SΓ = {n−1nh | n ∈ ΓN , h ∈ ΓH}

����5f+.

SK 1.4 b� G ´k�)¤+, x1, · · · , xn ´)¤�. ·�½Â G+(x1, · · · , xn) ´d/

X QxiQ
−1 (Q ∈ G) �Ã��)¤�f�+. XJ g ∈ G+ ØU©)¤ü�½�õ G+ ¥��¦

È, ·�Ò¡ g ´��. y²:

(1) G+ ´�5�f+,

(2) XJ g ∈ G+ ´��, @o g ��¤ QxiQ
−1 �/ª,

(3) ����ÝE´��.

SK 1.5 � G ´+, ~t, ~s ∈ Gm, Ù¥ ~t ´d ~s ÏL Hurwitz C� R−1
k ���. y²:

(1) t1 · t2 · · · tm = s1 · s2 · · · sm,

(2) {t1, · · · , tm} ∈ G ��=� {s1, · · · , sm} ∈ G,

(3) ¤k� ti Ñ´��, ��=�¤k sj Ñ´��,

(4) X G ´gd+, K {s1, · · · , sm} ´ G �gdÄ��=� {t1, · · · , tm} ´ G �gdÄ,

(5) � s′i = sici, i = 1, · · · ,m, b� [ci, cj ] = [ci, sj ] = 1, ∀i, j, @o

R−1
k (s′1, · · · , s

′
m) = (t1c1, · · · , tk−1ck−1, tkck+1, tk+1ck, tk+2ck+2, · · · , tmcm).

SK 1.6 � Fn ´gd+, g ∈ Fn, y²:

(1) e g =
∏
sl, K deg g =

∑
l deg sl.

(2) deg g−1 = − deg g,

(3) e g ∈ F+
n , K deg g > 0,

(4) g ´����=� deg g = 1,

(5) z� g ∈ F+
n Ñ´ deg g ����¦È.

SK 1.7 � Sn ´ n ���+, H ´Ùf+, �deZé�)¤. b� H �[/�^3 n

�:þ, y²: H = Sn.
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2.1 �����Ä�+

� D ´²¡ R2 S�4��, K = ∪ni=1Wi ´ D SÜeZpØ���� f8 Wi �¿,

u ∈ ∂D ´>.þ��½:. � Ti ´ë� u Ú Wi �´. Ti �±p� π1(D −K) ¥��� l(Ti).

äN�{Xe: ��¹ Wi ���� Vi, � ci ´ Vi �>., ti := Ti − Vi ∩ Ti ´{ü�´, u´

l(Ti) = ti ∪ ci ∪ t
−1
i �¤ π1(D −K) ¥��´.

·�y3�¦ (T1, · · · , Tn) ÷v

(1) Ti ∩Wj = ∅, i 6= j.

(2) ∪ni=1Tn = u.

(3) é7 u �¿©��± c(u), u′i = Ti ∩ c(u) ´ü:8, �:8 {u′1, · · · , u
′
n} TÐ÷X c(u) _�

�ü�.

��
��
��
��

��
��
��
��

���
���
���
���

���
���
���
���

���
���
���
���

���
���
���
���

D

u

c(u)

W2

W1

W3

T1
T2T3

c2c3

c1

V3 V2 V1

D

u3’ u2’
u1’

bX (T ′
1, · · · , T

′
n) ´,�|÷vd^���´8Ü, ¿�k l(Ti) = l(T ′

i ), ∀i, @o·�Ò

` (T1, · · · , Tn) � (T ′
1, · · · , T

′
n) �d. ·�rù«�´8Ü��da¡� (D − K,u) ¥�m

(Bush), P� 〈T1, · · · , Tn〉. §p�
 π1(D − K) ��gd+��|Ä (l(T1), · · · , l(Tn)), ¡�

π1(D −K) �AÛÄ (Geometric basis), {¡� g-Ä (g-base).

·K 2.1.1 ?Ûü| g-ÄÑ��k�Ú Hurwitz C�.

y² dSK 2.1 � Artin ½n 1.3.1 á�. �

g-Ä� Hurwitz C� Rk g,p�
m 〈T1, · · · , Tn〉 � Hurwitz C�

Rk :





T ′
i = Ti, i 6= k, k + 1,

T ′
k = Tk+1 · l(Ti)

−1,

T ′
k+1 = Tk,

ùp·�6�± u ∈ ∂D ��ª:, ±þ�ª´3ÓÔ¿Âe�Ñ.
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���
���
���

���
���
���

���
���
���

���
���
���

���
���
���
���

���
���
���
���

�
�
�
�

��
��
��

��
��
��

�
�
�

�
�
�

T3’

T1’
T2’

u
c(u)

R1

Ún 2.1.1 RkRk+1Rk = Rk+1RkRk+1.

y² deãá�. �

R1

R2

R1

R1 R2

23 1

2

13 2

3

1

1 2

3

2
1

3 3 2

1

R2

·���±?Ø g-Äþ� Hurwitz C�. N´�y, Ti → l(Ti) ïá�m� g-Ä�m�éA

´Ú Hurwitz C��N�.

2.2 G+�½Â

� D,u Óþ, K ´ D S n �:|¤�8Ü. � B ´¤k÷v±e^���©Ó��¤�

+:

β ∈ B ⇐⇒ β(K) = K, β
∣∣
∂D

= Id
∣∣
∂D
.

z�ù���©Ó�g,p� π1(D −K,u) þgÓ�, =k;�Ó�

ψ : B −→ Aut(π1(D −K,u)).

·�¡ Bn[D,K] := Im(ψ) �G+ (Braid group), Ù¥���¡�G (Braid). �ó�, G+��

±w¤ B ûK���d'X. T�d'X´�: XJ β1, β2 ∈ B p� π1(D −K,u) þ�Ó�g

Ó�, @o β1, β2 �d.

5 2.2.1 é?ÛO��� D′ 9 K ′ (n = ♯K ′), w� Bn[D
′,K ′] ∼= Bn[D,K]. ÏdG+½

Â¢SþØ�6u D,K � �. �

��o�¡ Bn[D,K] �“G+”Q? ·��±^,�«�ª5½ÂG+, ddéN´l�*

þn)ù�¶¡�5. �

Mn := {(z1, · · · , zn) ∈ Cn | zi 6= zj , i 6= j |}.
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é¡+ Sn g,�^3 Mn þ (=���I). Ïd��

Mn := Mn/Sn.

� D(a1, · · · , an) ´õ�ª�§

zn + a1z
n−1 + · · · + an = 0

��Oª. @o Mn Ó�u Cn �Kd D(a1, · · · , an) = 0 ½Â��Oª�¡ (Discriminant

hypersurface) ��Ö�m. ÀJÜ·�Ä:�, ·��±½ÂXeÄ�+

Pn := π1(Mn), Bn = π1(Mn)

§�kXe�Ü�

1 −→ Pn −→ Bn −→ Sn −→ 1.

Pn ¡� n ^u�XG+ (Pure braid group), Bn ¡� n ^u�G+ (Braid group). ¯¢þ,

Bn ∼= Bn[D,K].

l�*þw, π1(Mn) ¥����±À�Xeã/:

time

Ïd§�±g,/��¤·�Ï~n)�“Gf”.

2.3 G+�Ie

·K 2.3.1 (1) ?Û b ∈ Bn[D,K] ò g-ÄC¤ g-Ä.

(2) ?Ûü| g-Ä�m�3���GC�, òÙ¥��C¤,��.

y² (1) b ∈ Bn[D,K] ò?ÛmC¤#�m, l�ò g-ÄC¤ g-Ä.

(2) D −K ¥?Ûü�mÑ�±ÏL,��±>. ∂D ØÄ��©Ó�, òÙ¥��C�,

��. ÏdùÒ¿�X?Ûü| g-Ä�±ÏL,�G, òÙ¥��C¤,��. 5¿�ù��C

�´d g-Ä��(½�, ÏddG�½Â��, ù��G´���. �

é K ?Ûü: a, b, é�^{ü�´ γ ë� a, b, U ´ γ ��K���. dSK 2.2, �é

���G H(γ), TÐ��
 a Ú b, �3 D − U þ´ðÓN�. ·�¡ H(γ) � (�) �ÛG

(Half-twist braid).
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��
��
��

��
��
��

��
��
��

��
��
��

�
�
�
�

��
��
��

��
��
��

�
�
�
�

�
�
�
�

�
�
�
�

��
��
��
��

U
r

U
r

1

23

4

1

3 2

4H(r)

XJ¦^G+�,�«½Â, = Bn = π1(Mn), @o Rk éA��ÛG�*ãXe:

� K = {a1, · · · , an}, γ1, · · · , γn−1 ´ D − ∂D ¥�{ü�´, ÷v:

(1) γi ë� ai, ai+1,

(2)

γi ∩ γj :=

{
∅, |i− j| > 1,

ai+1, j = i+ 1.

� Hi = H(γi) ´ γi ��ÛG. ·�òkS| (H1, · · · ,Hn−1) ¡� Bn[D,K] �Ie (Frame).

AO/, XJÃ γi ���ã, @où|IeÒ¡��5Ie (Linear frame).

a5 a1

r1

r2

r3r4

a4

a3
a2

T1

T2T3T4
T5

� (T1, · · · , Tn) ´l u Ñuë�� ai �m, �¦

γi ∩ Tj :=

{
∅, j 6= i, i− 1,

ai, j = i, i− 1.
(2-1)

� Γi = l(Ti), Γ(0) = (Γ1, · · · ,Γn) ´Tmp�� g-Ä. w,, Γ(0) þ� Hurwitz C� Rk p��

GÒ´ Hk.

Ún 2.3.1 � b ∈ Bm[D,K], Γ = Γ(0)b ´,�| g-Ä (m�^). � Rk,b ∈ Bn[D,K] ´ Γ

þ� Hurwitz C� Rk p��G, @o R±1
k,b = b−1H±1

k b.

y² d Hk, Rk,b �½Â���yá�. �

·K 2.3.2 Bn[D,K] �Ie)¤ Bn[D,K].
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y² �½ Γ(0) Óþ. d·K 2.3.1, Bn[D,K] �G��éAu π1(D − K,u) ¥� g-Ä.

� Γ ´?¿ g-Ä, b ∈ Bm[D,K] ¦� Γ = Γ(0)b. Γ þ� Hurwitz C� Rk p�
G Rk,b ∈

Bn[D,K].

d·K 2.1.1, ·��±�gÏLk�� Hurwitz C� Rε1j1 , · · · , R
εt

jt
ò Γ C�� Γ(0) (ùp

Ã ε = ±1). � Γ′ = (Γ)Rε1i1,b, b
′ ∈ Bn[D,K] ÷v Γ′ = (Γ(0))b′. dÚn 2.3.1, b′ = bRε1j1 = Hε1

j1
b.

d8B{=� b = H−ε1
j1

· · ·H−εt

jt
. �

Ún 2.3.2 � σij (�A/, τkl) ´ D − ∂D ¥ë� ai, aj (�A/, ak, al) �{ü�´, ¿

�ØÚÙ¦ K ¥�:��.

(1) e σij ∩ τkl = ∅, K H(σij)H(τkl) = H(τkl)H(σij).

(2) e j = k, σij ∩ τkl = aj, K H(σij)H(τkl)H(σij) = H(τkl)H(σij)H(τkl).

íØ 2.3.1 � H = {Hi}
n−1
i=1 ´G+ Bn := Bn[D,K] �Ie.

HiHj = HjHi, HiHi+1Hi = Hi+1HiHi+1, |i− j| > 1.

·�½Â

Zij(H) = Hj−1 · · ·Hi+1 ·Hi ·H
−1
i+1 · · ·H

−1
j−1, 1 ≤ i < j ≤ n.

3Ø· ��/e, �{P� Zij. ¯¢þ, 3 g-Ä Γ0 þ, Zij = H(σij).

Ún 2.3.3 (1) Zi,i+1(H) = Hi.

(2) ZijZkl = ZklZij, j < k.

(3) ZijZjkZij = ZjkZijZjk.

y² dÚn 2.3.2=�. �

2.4 G+�;�i\

� (D′,K ′) ´,������, f : (D′,K ′) → (D,K) ´��i\N�, �¦ f(K ′) ⊆ K,

¿- k = ♯K ′, n = ♯K. ·�b� (K − f(K ′)) ∩ f(Int(D)) = ∅.

é?Û b′ ∈ Bk[D
′,K ′], � β′ : (D′,K ′) → (D′,K ′) ´éA b′ �,��©Ó�. ·��

±òÿ β′ � D þ. äNó�, ��E�©Ó� β : D → D, ¦� β|D−f(D′) = Id|D−f(D′), �

β(a) = fβf−1(a), ∀a ∈ f(D′). ��^���u`±e��ã¤á.

D′
β′

//

f

��

D′

f

��
D

β // D

Ún 2.4.1 XJþã β′ = Id ∈ Bk[D
′,K ′], @oÙòÿ β = Id ∈ Bn[D,K].

y² � � B å �, · � ò f � m w � � ¹ N �, � K ′ = {a1, · · · , ak}, K − K ′ =

{ak+1, · · · , an}. �Ä D′ − K ′ �m 〈T ′
1, · · · , T

′
k〉 (± u′ ∈ ∂D′ �Ä:). ¿� Tk+1, · · · , Tn ©

O´ë� u ∈ ∂D Ú a1, · · · , an �{ü�´, T ´ë� u, u′ �{ü�´, �¦ù
�´Ø
 u �

	pØ��, ¿�Ø� D′ ��. äN«¿ãXe.
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u’
u

a2

ak

a1a k+1

an

T

T’1T’2

T’k

Tn

T k+1

� Ti = T ′
i ∪T , 1 ≤ i ≤ k, K 〈T1, · · · , Tn〉 �¤ D−K �m. y3·�� 〈Γ1, · · · ,Γn〉 ´ π1(D−

K,u) éA� g-Ä, 〈Γ′
1, · · · ,Γ

′
k〉 ´ π1(D

′ −K ′, u) éA� g-Ä. §�÷v'X Γi = T−1Γ′
iT (1 ≤

i ≤ k), ¿� Γj ⊆ D −D′ (j = k + 1, · · · , n).

·�k

β(Γi) =

{
T−1β′(Γ′

i)T, i ≤ k,

Γi, i > k.

Ï� β′ = Id, ¤± β′(Γ′
i) = Γ′

i (1 ≤ i ≤ k). Ïd β(Γi) = T−1Γ′
iT , §ÓÔu Γi. ùÒ`²

β = Id. �

·K 2.4.1 þãi\ f p�
G+�üÓ� f̄ : Bk[D
′,K ′] → Bn[D,K], f̄(b′) = b.

y² � β′, β Óþ, ùÒ�Ñ
N� b′ → b, ùp b ∈ Bn[D,K] ´ β éA�G. þ¡�Ú

n�y
ù�N�Ø�6u β′ �À�, ÏùÒp�
·�I��G+Ó�.

b� b′ ∈ Kerf Ø´²��G. ·�÷^c¡¤k�PÒ�b�. Ø�� (Γ′
r)b

′ 6= Γ′
r é,�

r(≤ k) ¤á. Ø�� (Γ′
r)b

′ =
∏

(Γ′
im

)εm ´Q�L«. ù�,

(Γr)β = T−1(Γ′
r)β

′T = T−1
∏

(Γ′
im)εmT =

∏
(T−1Γ′

imT )εm =
∏

(Γi)
εm .

þãL�ªØ�u Γr, E,´Q��, ¿�eIþØ�L k. 5¿� Γ1, · · · ,Γn ´ π1(D −K,u)

�gdÄ, ¤± (Γr)β Ø�UÓÔ�du Γr. ùÒÚ b′ �À�gñ! �

½Â 2.4.1 � K ′′ = {b1, · · · , bm} ⊆ K, pi (i = 1, · · · ,m − 1) ©O´ë� bi � bi+1 �{

ü�´, �¦

pi ∩ pj =

{
∅, |i− j| > 1,

bi+1, j = i+ 1.

¿�Ã pi Ø� K − K ′′ ¥�:��. ·�òù|Ä�����´S�¡� (D,K,K ′′) ¥�

�e (Skeleton). ü��e (p1, · · · , pm−1), (p′1, · · · , pm−1) �Ó´�éA���Û��Ó, =

H(pi) = H(p′i), i = 1, · · · ,m− 1.

£�i\N� f : (D′,K ′) → (D,K). � H ′
i = H(σ′i) ´ Bk[D

′,K ′] ´�|Ie. @ow,

(f(σ′1), · · · , f(σ′n−1)) ´ (D,K, f(K ′)) ¥��e. ù�, f̄ : Bk[D
′,K ′] → Bn[D,K] ��dT�

e(½e5. �L5, �½�|�e, ·��U�EÑéA�i\N�.
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y3·��Ä�aAÏ�G+;�i\N�. � Hi = H(γi) (i = 1, · · · , n− 1) ´ Bn[D,K]

�Ie, ùp�´ γi ë� ai Ú ai+1. ���Ó�u���f8 D′ �¹ a1, · · · , an−1, ¿�

an ∈ ∂D′.

r1r2

a1
a2

a n−2

a n−1

an

u’

a3

r n−1

r n−2

u

D’

D

� K ′ = K − {an}. d�¹'X i : (D′,K ′) → (D,K), ·�p�
;�ü�

ī : Bn−1[D
′,K ′] →֒ Bn[D,K].

�´ γ1, · · · , γn−2 ½Â
 Bn−1[D
′,K ′] ��|Ie, P� (H ′

1, · · · ,H
′
n−2). w� ī(H ′

j) = Hj

(j = 1, · · · , n− 2).

2.5 $Äp��G

� K ′ = {a′1, · · · , a
′
n} 9 K = {a1, · · · , an} ´ D SÜ�k�:8. K ′ � K �$Ä (Mo-

tion) ´� n �ëY¼ê mi : [0, 1] → D (i = 1, · · · , n), ÷v mi(0) = a′i, mi(1) = ai, ¿�é?

Û t ∈ [0, 1], mi(t) 6= mj(t) (i 6= j). �½��$Ä M, ·�g,p�
�x�±>. ∂D ØÄ�

�©Ó� DM,t : D → D§¦� DM,t(a
′
i) = mi(t), ùp t ∈ [0, 1].

AO/, XJ K ′ = K, @o DM,1 w,p�
 Bn[D,K] ���G, P� bM, ¡��d$Ä

M p��G. w,ù�G� DM,t À�Ã', ��$Ä M k'.

0 1/3 2/3 1
t

~ 2.5.1 ?��´ γ ∈ π1(D − {a1, · · · , an−1}, an) Ñ½Â
��$Äp��G bM(γ), §

3�± ai (i < n) ØC,  mn(t) := γ(t). dd·��±p�Ó�

w : π1(D − {a1, · · · , an−1}, an) −→ Pn, γ → bM(γ).

Ún 2.5.1 þãÓ� w ´ü�.
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y² � λ ∈ Ker ´�²��, Λ ´�A�3 D′ − K ′ ¥± an �Ä:��´. �Ä¹ an

���� dn, Ù>.P� cn. � c′ ´ ∂D þ�ãl, ë� u′ Ú cn þ�:. ·�b� Λ ∩ dn ´ë

� an Ú c′ à:���(5£ü�ØÓ�����Ü). ù�, Λ′ = Λ − dn Ò´���´. � T

E´ë� u, u′ �{ü�´. ±e´«¿ã.

u

an

an−1
a1

a2
ak

cn

T

u’

c’

D

D’

� Γn = T−1c′cnc
′−1T . ·��8I´�	$Äp��G bM(Λ) 3 Γ þ��^. $Ä an(t) w,

�p�
�±�$Ä cn(t), Ï�VÚ
$Ä c′(t) (d	�± T ØÄ). w,k cn(1) = c′ ·Λ. ù

�·��k$Ä

Γn(t) = T−1c′(t)cn(t)c
′−1

(t)T, Γn(0) = Γn.

Ïd

(Γn)bM(Λ) = Γn(1) = WΓnW
−1,

ùp W = T−1c′Λ′c′−1T . d λ �À�, (Γn)bM(Λ) = Γn, Ï W = Γrn.

y3·�r D /CÂ � D′, dn /CÂ � an. ù�, c′ C¤
 ∂D þ�ã�l, ë�

an, u
′,  W C¤ cΛc−1, Γrn C¤²��´ cc−1. Ïd, cΛc−1 3 D′ −K ′ SÓÔu²��´. ù

ÒíÑ Λ ²�, l λ = 1 ∈ π1(D
′ −K ′, an), �b�gñ! �

2.6 G+�¢y

� H1, · · · ,Hn−1 ´ Bn := Bn[D,K] �Ie. w,G(½
 K ´�����. ÏdkÓ�

pn : Bn → Sn, pn(Hi) = σi, ùp σi = (i, i + 1). d·K 1.2.1, ù´÷Ó�. ·�� Pn = Kerpn.

�Ä+

Bn = 〈x1, · · · , xn | [xi, xj ] = 〈xi, xj〉 = 1, |i− j| > 1〉,

ùp [x, y] := xyx−1y−1, 〈x, y〉 = xyxy−1x−1y−1. ·��k÷Ó� p̄n : Bn → Sn, p̄n(xi) = σi.

·�� Pn = Kerp̄n. Pn ´ Bn ¥�¹Ã x2
i ����5f+.

?�Ú, ·�½ÂÓ� ψn : Bn → Bn, ψn(xi) = Hi. d·K 2.3.2, ψn �´÷�. N´�y

±e��ã¤á.

1 // Pn
//

ψn|Pn

��

Bn

p̄n //

ψn

��

Sn // 1

1 // Pn // Bn
pn // Sn // 1.

w� ψn|Pn
´÷�. ¯¢þ, ·�k�r�(Ø.
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½n 2.6.1 (Artin ½n) ψn|Pn
: Pn → Pn Ú ψn : Bn → Bn Ñ´Ó�. AO/,

Bn = 〈H1, · · · ,Hn−1 | [Hi,Hj] = 〈Hi,Hi+1〉 = 1, |i− j| > 1〉.

y² y² ψn|Pn
´Ó�'�(J. ·�ùpØ2?Ø. y3b�®�T(Ø¤á. d�/

Ún´� ψn ´Ó�. Ï� ψn(xi) = Hi, ¤± Hi ¤÷v�'XÑ5gu xi ÷v�'X. �

e¡·�5éÑXG+ Pn �)¤�. �

Zij := xj−1 · · · xi+1xix
−1
i+1x

−1
i+2 · · · x

−1
j−1, i < j.

·�Û��
{ü�5�, �ÖögC�y.

Ún 2.6.1 (1) ψ(Zij) = Zi,j ,

(2) Z
2
ij ∈ Pn, Z

2
i,j ∈ Pn,

(3) 〈Zij, xi〉 = 〈Zij , xi−1〉 = 1,

(4) Zi−1,j = Zijxi−1Z
−1
ij , Zi+1,j = Z

−1
ij xiZij

·K 2.6.1 Pn dÃ Z
2
ij )¤.

y² 5¿� Zi,i+1 = xi, ¤±·��Iy² x±1
k Z

2
ijx

∓1
k �±dÃ Z

2
lh �¦ÈL�. ?�

Ú, 5¿�

x−1
k Z

2
ijxk = x−2

k (xkZ
2
ijx

−1
k )x2

k,

¤±·��I��y x−1
k Z

2
ijxk, xkZ

2
ijx

−1
k ¥���÷v(Ø=�. ±e�gÛ���/�L�

ª, �ÖögC�y.

(1) x±1
k Z

2
ijx

∓1
k = Z

2
ij , k 6∈ [i− 1, j].

(2) x−1
i−1Z

2
ijxi−1 = Z

2
i−1,j .

(3) xiZ
2
ijx

−1
i = Z

2
i+1,j.

(4) xkZ
2
ijx

−1
k = Z

2
ij, k ∈ [i+ 1, j − 2].

(5) x−1
j−1Z

2
ijxj−1 = Z

2
i,j−2.

(6) xjZ
2
ijx

−1
j = Z

2
i,j+1. �

íØ 2.6.1 Pn dÃ Z2
ij )¤.

2.7 �G� Dehn Û=

� B+
n := B+

n (H1, · · · ,Hn−1) ´d/X QHiQ
−1 )¤��+.

Ún 2.7.1 � (H ′
1, · · · ,H

′
n−1) ´ Bn �,�Ie, K

B+
n (H1, · · · ,Hn−1) = B+

n (H ′
1, · · · ,H

′
n−1).

y² z � H ′
i Ñ � ± � ¤ QHiQ

−1, Q ∈ Bn (� S K 2.4). ù � Ò k

B+
n (H ′

1, · · · ,H
′
n−1) ⊆ B+

n . aq�y,��¹'X. �

ù�, B+
n �½Â´Ün�, ·�¡���G. z���ÛGÑá3 B+ ¥,  B+ ¥���

Ò´@
��ÛG. �½����ÛG H1, Ï�?ÛÙ¦��ÛÑ�§�Ý, ¤± Bn � Abel
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z´d H1 )¤�Ã�Ì�+. ù�, é B+
n ¥?Û�� z =

∏
QjH

εj

1 Q
−1
j (εj = ±1), K�½Â

deg z =
∑
j
εj .

� ℓ ∈ π1(D − K,u) ´ é A > . ∂D (� ½ �) � � �. · � ½ Â X e G ∆2
n (� P �

∆2
n[D,K]):

(Γk)∆
2
n = ℓΓiℓ

−1,

Ù«¿ãXe:

��

��
��
��
��

����
��

����

��

u

u

a1

an
ai

a1

ai

an

∆2
n Ù¢Ò´d Dehn Û=�)�G. 5¿� ℓ 3?ÛG�^eÑ´ØC�, dd9 ∆2

n �½

Â��, ∆2
n � Bn ¥�?ÛG��.

·K 2.7.1 � H1, · · · ,Hn ∈ Bn ´�|Ie, @o

∆2
n = (H1 · · ·Hn−1)

n = (Hn−1 · · ·H1)
n.

AO/, ∆2
n ∈ B+

n .

y² ��|m {Ti}
n
i=1 Ó (2-1), {Γi}

n
i=1 ´éA� g-Ä. ¿� G = H1 · · ·Hn−1. ·�k±

e�ª

(Γi)G =

{
Γi−1, i 6= 1,

ℓΓnℓ
−1, i = 1.

(2-2)

é i > 1, ·�k

(Γi)G
n = (Γi)G

i−1 ·Gn−i+1 = (Γ1)G ·Gn−i = (ℓΓnℓ
−1)Gn−i = ℓΓ1ℓ

−1.

é i = 1, Kk (Γ1)G
n = (Γ1)G ·Gn−1 = (ℓΓℓ−1)Gn−1 = ℓΓ1ℓ

−1. ùÒy²
1���ª. ·�

]À,�|Ie, ¦�Ie�^S�Ð��: Hn−1, · · · ,H1, ùÒ��,��ª. �

·K 2.7.2 � f : Bn−1[D,K − an] → Bn−1[D,K], f(Hi) = Hi (1 ≤ i ≤ n− 2). ·�k

∆2
n[D,K] =

n−1∏

i=1

Z2
in · f(∆2

n−1[D,K − an]).

y² d·K 2.7.1, ·�k ∆2
n = (Hn−1 · · ·H1)

n, ∆2
n−1 = (Hn−2 · · ·H1)

n−1. 2|^SK

2.7 (3) =�. �

XJ·�òþã� f ��w¤�¹N�, @oþã(Ø��u` ∆2
n =

n−1∏
i=1

Z2
in · ∆

2
n−1.

íØ 2.7.1 é?Û b ∈ Bn−1, b �
n−1∏
i=1

Z2
in ���. AO/, ∆2

n−1 �
n−1∏
i=1

Z2
in ���.

y² Ï� b � ∆2
n 9 ∆2

n−1 þ���, ��(Ø. �
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¯¢þ, ·�ke¡�r�(Ø (yÑ).

½n 2.7.1 G+ Bn[D,K] �XG+ Pn[D,K] �¥%Ñ´d ∆2
n[D,K] )¤�Ã�Ì�

+ (n > 2).

��o·�^ ∆2
n 5L« Dehn Û=éA�GQ? ù´Ï�·��±½Â¤¢�2Â�Û

G ∆n, Ù�*ãXe:

n

1 2 3 n−1 n

21 3 n−1 n
r2

r1

r3

r n−1

rn
r’n

r’n−1 r’n−2

r’2 r’1

u u

�½Ie H = (H1, · · · ,Hn−1) �, � Aj(H) := H1 · · ·Hj 9 Zn(H) = An−1(H) · · ·A1(H).

d��O���

íØ 2.7.2 ∆n(H) = Zn(H).

2Â��ÛG�Vg�,��±í2�?¿�eþ, ùp·�Ø2Kã
.

�ÙSK

SK 2.1 � D ´��, K ´ D S n �pØ���� f8�¿, u ∈ ∂D ´�½�>.

:. Γ1, · · · ,Γn ´ π1(D −K,u) � g-Ä. y²:

(1) ¦È Γ1 · · ·Γn = ∂D (_����).

(2) b� Γ′
1, · · · ,Γ

′
n ´,�| g-Ä, Kz� Γ′

i Ñ�Ýu,� Γji
.

(3) ?Û g-Ä3 Hurwitz C�eE´ g-Ä.

SK 2.2 �ÄE¼ê h(z) = |z|ei(arg z+α(|z|)π), ùp α(x) ´¢�1wüN¼ê, ÷v

α(x) =

{
1, x ∈ [0, 3

2 ],

0, x ≥ 2.

� D̃ = {z | |z| ≤ 2}, K̃ = [−1, 1], ũ = −2i, Γ̃1, Γ̃2 ©O´ π1(D̃ − K̃, ũ) ¥l ũ Ñu�7 −1,+1

��´. y²:

(1) h p�
 π1(D̃ − K̃, ũ) þ�gÓ� h∗, ÷v h∗(Γ̃1) = Γ̃1Γ̃2Γ̃
−1
1 , h(Γ̃2) = Γ̃1.

(2) � D,K, u ÓþK, � K ´k�:8, a, b ∈ K, Ka,b = K−a− b. � γ ´ D−∂D−Ka,b

¥�{ü�´, U ´�¹ γ ��K���. f : R2 → C1 ´�©Ó�, ¦� f(γ) = [−1, 1],

f(U) = {z ∈ C | |z| < 2}. @o (f ◦ h ◦ f−1)|D p�
 D ��©Ó�, TÓ�3 D−U þ´ðÓ

N�, �TÐ�� a, b. §éA
�ÛG H(γ).

SK 2.3 y²Ún 2.6.1 �(Ø.
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SK 2.4 � z1, z2 ´G+ Bn ���ÛG, y²: �3 Q ∈ Bn, ¦� z1 = Q−1z2Q.

SK 2.5 � K ´ D Sk�:8, a, b ∈ K, γ ´ D − (K − {a, b}) ¥ë� a, b �{ü�

´, l(γ) ´ π1(D −K) ¥éA��´, H(γ) ´éA��ÛG. � b ´d γ p��$Ä�G. y²:

b = H(γ)2.

SK 2.6 �yª (2-2).

SK 2.7 � H1, · · · ,Hn−1 ´ Bn ��|Ie, y²Ã�ªÑ´�d©):

(1) Hn−1 · · ·H1 ·Hi = Hi−1 ·Hn−1 · · ·H1, i ≥ 2.

(2) Hn−1 · · ·Hk ·Hk = Zk,n · Zk,n ·Hn−1 · · ·Hk+1, k ≤ n.

(3) (Hn−1 · · ·H1)
n =

k−1∏
i=1

(Zi,n · Zi,n) ·Hn−1 · · ·Hk(Hn−1 · · ·H1)
n−k · (Hn−2 · · ·H1)

k−1.
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3.1 Gü��½Â

�Ä C2 = C × C ��I (x, y). � E ´ x ¶þ�4��, D ´ y ¶þ�4��. � C ´

C2 ¥��ê�3 E × D ¥���. �ÄÝKN� π1 : E × D → E 9 π2 : E × D → D, �

π = π1|C : C → E, deg π = n. ��BÏm, ·�b� π ´�~��, = C Ø¹R�©|. �

N = {x ∈ E | ♯π−1(x) < n}, ¿b� N á3 E SÜ. � M ∈ ∂E, K = π−1(M) = {a1, · · · , an}.

N M

D

E

K

?��´ γ ∈ π1(E −N,M), γ �J,©Op�l ai Ñu��´ (i = 1, · · · , n). ò§�ÝK�

D S, K�� K �$Ä {a1(t), · · · , an(t)}. ù�$Äp�
 Bn[D,K] �G. ÓÔ��´p��

G´�Ó�, Ïd·���Ó�

ϕ : π1(E −N,M) −→ Bn[D,K].

ù�Ó�¡� C 'u (E ×D,π1,M) �Gü� (Braid monodromy).

·��±�Ä�����/. � M0,M1 ∈ E − N , T ´ E − N ¥ë� M0,M1 ��´.

Kx := π1(x) ∩ C, x ∈ E − N . ·��±é��©Ó�x ψ(t) : M0 ×D → T (t) ×D, t ∈ [0, 1],

¦� ψ(t)(KM0
) = KT (t) ±9 ψ(t)(M0, y) = (T (t), y), ∀y ∈ ∂D.

M0

M1

M0 X D M1 X D

E

D

T

ù�, T Òp�
±e�©Ó�: ΨT = ψ(1) : M0 ×D →M1 ×D, ¡��d T p�� Lefschetz

�©Ó� (Lefschetz diffeomorphism). XJ T ´ π1(E − N,M) ¥��´, @oG ϕ(T ) Ò´�

- 21 -



1nÙ Gü��Ä:�£

©Ó� ψT p��G.

?�Ú, ·�kp��G+N� ψ̄(t) : Bn[M0 × D,KM0
] → Bn[T (t) × D,KT (t)]. ·�¡

LT := ψ̄(1) �d T p�� Lefschetz Ó�. LT w,��6u E −N ¥ T �ÓÔa.

~ 3.1.1 � E = {x | |x| ≤ 1}, D = {y | |y| < R} (R ¿©�), C d�§ y2 = xm ½Â. d

�CXgê n = 2, N = {0}, K = {−1, 1}, π1(E − N, 1) d>. ∂E (��) )¤. �ÄGü�

ϕ : π1(E −N, 1) → B2[D,K]. � h ´'u�´ [−1, 1] ���ÛG, u´ ϕ(∂E) = hm. �

~ 3.1.2 òþ~¥� C �§O�� xn + yn = 0. ·�k ϕ(∂E) = ∆2
n[π

−1
2 (M),K(M)].�

aq/, ·���±�Ä�K���Gü�. � C ´ n g²¡�K�, L À�¿©���

Ã¡���. ù�·��±�Ä C2 = CP2 − L ���I (x, y). ,�·��±aq½Â C 'u

L, π1,M(∈ ∂D) �Gü�

ϕ : π1(E −N,M) −→ Bn[M ×D, (M ×D) ∩ C].

��Öö5¿, ·��¦ E,D v
�, ¦� N = {x ∈ C | ♯π−1
1 (x) ∩ C < n} ¹u E SÜ, ¿�

π−1
1 (E) ∩ C ⊆ E ×D.

·K 3.1.1 � Γ1, · · · ,Γr ´ π1(E −N,M) � g-Ä, K
r∏

i=1

ϕ(Γi) = ∆2
n[M ×D, (M ×D) ∩ C].

y² � E ¿©�, ·�4 C ��§ëY/C, �ª¦� C C¤ n ^���uÓ�: (Ï

� E ¿©�, ��¹T:). d~ 3.1.2 =�¤I(Ø. �

b� s ´ π := π1|C �Û:, Ù�IP� (x(s), y(s)). ·�©O3 x Ú y ¶þ�± x(s), y(s)

�¥%�¿©��� E′(s) Ú D′(s), ¦� x(s) × D′(s) ∩ C = {s}, ¿�é?Û x ∈ E′ − x(s),

x× int(D′(s))∩C ¥:��êÃ'u x �À�–ù�:ê¡� π 3 s ?�ÛÜgê, P� degs π.

� a(s) ∈ ∂E′, M ′ ∈ E −N , T ´ E − N − intE′ ¥ë� a(s) Ú M ′ ��´. ��Bå�. ·�

{P a = a(s), D′ = D′(s), ¿� Ka,s = (a′ × int(D′)) ∩C.

s
y(s)

x(s)

E’(s)

E’(s)

D’(s)

a(s)

Ka,s

M’
T

�Äd T p�� Lefschetz �©Ó� ΨT : a × D → M ′ × D 3 a × D′ þ��� ψT :=

Ψ|a×D′ : a ×D′ → M ′ ×D, ¡Ù�d T p�� Lefschetz i\ (Lefschetz embedding). dd·

��±��G+�;�i\

LT := ψ̄T : Bk[a×D′,Ka,s] −→ Bn[M
′ ×D,K],
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ùp k = degs π. TN�¡�d T p�� Lefschetz ü� (Lefschetz injection).

? � Ú, � Ä Bk = Bk[a × D,Ka,s] � � 5 I e (H ′) = (H ′
1, · · · ,H

′
k−1) 9 (M ′ ×

D,ψT (Ka,s)) ��|�e 〈ξ1, · · · , ξk−1〉, ÷v LT (Hi) = H(ξi) (i = 1, · · · , k − 1). ·�òù

|Ie��eÜ¡� T p�� Lefschetz "z4ó (Lefschetz vanishing cycle), P� L.V.C.(T ).

LT �,´d Lefschetz "z4ó��(½�.

3.2 �K��Gü�

·�æ^þ�!�PÒ. � N = {x1, · · · , xq}, M ∈ ∂E, 〈γ1, · · · , γq〉 ´ E − N �m. �Ã

¡�����¿©���, ·��±b�éz� xi ∈ N , π−1(xi) þ=k�� π �Û: si, �P

ÛÜgê mi = degsi
π.

éz� si, ·�©O���� E′
i,D

′
i Óc, ¿� xi ∈ ∂E′

i. b� γi ²L x′i. ·�� γ̃i ´ γi

¥l x′i � M �Ü©.

s3s5
s4

s2

s1

M

E’4

r5 r4 r3 r2
r1

E’1

E’2

x1

x2

x3

E’3

x4

x5
E’5

x’5

x’4
x’3

x’2

x’1

γ̃i p�
 Lefschetz ü�

Li := Lγ̃i
: Bmi

[x′i ×D′
i, (x

′
i ×D′

i) ∩ C] −→ Bn[M ×D,K].

·��±3z� Bmi
[x′i ×D′

i, (x
′
i ×D′

i) ∩C] ¥�½�5Ie (H ′
1,i, · · · ,H

′
mi−1,i). ùÒ�� Lef-

schetz "z4ó LV C(γ̃i), =k�|�e ξγi
:= 〈ξ1,γ̃i

, · · · , ξmi−1,γ̃i
〉, ÷v Li(H

′
j,i) = H(ξj,γ̃i

).

· � r � e S � (ξγ1 , · · · , ξγq
) ¡ � é A u m 〈γi〉

q
i=1 � Lefschetz ä (Lefschetz tree), P �

LT (〈γi〉). ?�Ú, ·���±½Â Lefschetz äþ� Hurwitz C�

R(ξγ1 , · · · , ξγq
) = (ξγ1 , · · · , ξγk−1

, (ξγk+1
)ϕ(Γk)

−1, ξγk
, ξγk+2

, · · · , ξγq
),

ùp (Γ1, · · · ,Γq) ´ π1(E − N,M) ¥'u 〈γ1, · · · , γq〉 � g-Ä, ϕ : π1(E − N,M) → Bn[M ×

D,K] ´Gü�. þªm>E´ Lefschetz ä��Ï5gu±eÚn (3�Öö�y).

Ún 3.2.1 Rk(LT (〈γi〉)) = LT (Rk(〈γi〉)).

5¿�z� Γi Ñ�±�¤ γ̃−1
i · ∂E′

i · γ̃i. Ïd�
O� ϕ(Γi), ·�I�©OO� Lefschetz

ü� Li ÚÛÜGü�

ϕsi
: π1(E

′
i − xi, x

′
i) −→ Bmi

[x′i ×D′
i,Kx′

i,si
].

äNó�, ·�k ϕ(Γi) = (ϕsi
(∂E′

i))Lγ̃i
.
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Ún 3.2.2 � sj ´ C �Û:, ÛÜ�§� y2 = xn, Ùd γ̃i p�� Lefschetz "z4ó�

� 〈ξγ̃j ,1〉. @o ϕ(Γj) = (H(ξγ̃j ,1))
n.

y² ϕ(Γj) = (ϕsj
(∂E′

j))Lγ̃j
= ((H ′

j,1)
n)Lγ̃j

= ((H ′
j,1)Lγ̃j

)n = (H(ξγ̃j ,1))
n. �

·K 3.2.1 � ϕ : π1(E −N,M) → Bn[M ×D,K] ´Gü�, {Γi} ´ π1(E −N,M) ��

| g-Ä, K¤k ϕ(Γi) ∈ Bn[D,K]+.

y² ·���^gê� C �Ó�1w� C(1), §¿©�C C. � π(1) = π1|C(1) ,

K(1) = π−1
1 (M) ∩ C(1). Ï�ü^�¿©�C, ¤±·��±ò Bn[M × D,K] Ú Bn[M ×

D,K(1)] �Ó.

π �z�Û: sj ©�¤ π(1) �k��Û: sji, Ù¥z��ÛÜ�§Ñ´ x = y2 (=ÚR

�n���). Ïdz� xj �©�¤ {xji} (ùp π1(sji)). ù�, ·���E π1(E −N (1),M) �

g-Ä {Γji}, ¦� Γj =
∏
i

Γji (ùp N (1) = ∪xji).

� ϕ(1) : π1(E −N (1),M) → Bn[M ×D,K(1)] ´ C(1) éA�G. ù�Òk

ϕ(Γj) =
∏

i

ϕ(1)(Γji).

dÚn 3.2.2, z� ϕ(1)(Γji) ´��ÛG, ÏdùÒíÑ¤I(Ø. �

d·K 3.1.1, é?Û π1(E −N,M) � g-Ä {Γi}, Ñk ∆2
n �©)

∆2
n =

∏

i

ϕ(Γi). (3-1)

·�r§¡�Gü�'u g-Ä {Γi} �¦È/ª (Product-form). b� {Γ′
i} ´,�| g-Ä. Ï�

§Ú {Γi} ���X� Hurwitz C�, ¤±©)ª ∆2
n =

∏
i
ϕ(Γ′

i) � (3-1) �,´�d�. �L5,

?Û� (3-1) �d�©) ∆2
n =

∏
i Zi �Ñ���X� Hurwitz C�, Ïdòù�X�C��^

� {Γi} ·�Ò���|#� g-Ä {Γ′
i}, §éA�GTÐ÷v ϕ(Γ′

i) = Zi. ��`5, Ø� C 1

w, ÄK ∆2
n �¦È/ªØ´�©).

3.3 ¢�ü��Gü�

�ü� (Line arrangement) Ò´��K²¡ CP2 þ�
�K���¿8�¤��ê�.

XJz^��Ñ�±¢Xê�§L�, ·�Ò¡T�ü��¢�ü�. ·�Eæ^c¡ÃPÒ,

¿�¦�� E,D �¥%þ3¢¶þ. E ×D S�¢�ü�Ò´�²¡¢�ü�3Ùþ���,

¿�¦ π−1
1 (x) ∩ C ⊆ x× int(D), ∀x ∈ E. ��BÖö£�c¡�PÒ, ·�Jøe«¿ã.

- 24 -



1nÙ Gü��Ä:�£

E

E

D

N

K x

x

� E′
R

= {x ∈ E−N | x ∈ R}, é?Û x ∈ E′
R
, Kx := π−1(x)∩C k n �¢�I: (x, yi(x))

(i = 1, · · · , n), ·��±�¦ y1(x) < y2(x) < · · · < yn(x). �
?Ø�B, ·��±ÏL�©Ó

�, r x×D À�Xe�²¡S��

D̃ = {x ∈ C | |z −
n+ 1

2
| <

n+ 1

2
}, K̃ = {1, 2 · · · , n}.

n+1
O

1 2 3 n
Re

Im

D

ù��©Ó�P� βx : x×D → D̃, �¦ βx(Kx) = K̃, ò�� D �¢ÜN� D̃ �¢Ü (�S),

¿���3>.�N�� x À�Ã'.

½Â H̃i := H([i, i + 1]), ·��� Bn[D̃, K̃ ] ��5Ie H̃ = (H̃1, · · · , H̃n−1). aq/,

� Hx,i = H([yi(x), yi+1(x)]) , §�Ñ
 Bn[x × D,Kx] �Ie. G+�;�Ó� β̄x : Bn[x ×

D,Kx] → Bn[D̃, K̃] �´d β̄x(Hx,i) = H̃i �Ñ.

�?Ø�B, ·�Ø��z� xi ∈ N éA�R�n�þ=k C ���Û: Aj , ¿� Yj ´

C ¥¤kL Aj �Ø��©|�¿. � x′j = xi + ε (ε > 0 ¿©�).

K ′
xj

:= Yj ∩ (x′j ×D) = {ykj
(x′j), ykj+1(x

′
j), · · · , ylj (x

′
j)}

TÐ´S� Kx′

j
¥�ã�ë�fS�. ·�rê| (kj , lj) ¡� Aj � Lefschetz �é (Lefschetz

pair). ��ã [ykj+r−1(x
′
j), ykj+r(x

′
j)] (r = 1, · · · , lj − kj) w,L«
 (x′j × D,Kx′

j
,K ′

x′

j
) ¥�

���e, ·�¡�� Aj �ÛÜ Lefschetz "z4ó (Local Lefschetz vanishing cycle), {P�

L.V.C. §�,´d Lefschetz �é (kj , lj) ��(½�, ¿��Ñ
 Bn[x
′
j ×D,K ′

x′

j
] ��5Ie.

��Bå�, ·�r Aj � L.V.C. 3 βx′

j
e��{P� 〈kj , lj〉, §´ (D̃, K̃, (kj , · · · , lj)) ��e.
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xj x’j

Aj
Yj

Kx’j

L.V.C

Ún 3.3.1 � Tj ´ E − N ¥l xj − ε � xj + ε, ÷X± xj ��%�e��±�¤��

´. @o βxj+ε · ψTj
· β−1

xj−ε ¢y
'u�e 〈kj , lj〉 �2Â��ÛG ∆〈kj , lj〉 ∈ Bn[D̃, K̃], ùp

ψTj
´ Tj p�� Lefschetz �©Ó�.

y² Ø�b� xj = 0. � E′ = {x | |x| ≤ ε.}. ·��±·�6Äù
��, ¦�Û:Ø

C, ¿� D = D̃, Kxj−ε = Kxj+ε = K̃. Yj ��©|���¤�§ y = (r − lj−kj

2 )xε + lj+kj

2 . C

�Ù¦©|K�¤ y = i (i = 1, · · · , kj − 1, lj + 1, · · · , n).

xj− xj+xj

Tj

Re

K

D

Yj

lj

lj−1

kj

kj+1

Aj

y=1

y=2

y=n

3ù«{ü�/e, d���§��, βxj+ε ·ψTj
·β−1
xj−ε Ò´±

lj+kj

2 �¥%Û=:� (kj , · · · , lj)

��, = ∆〈kj , lj〉. �

d~ 3.1.2, ·�k

Ún 3.3.2 � E′
j = {x ∈ C | |x − xj | ≤ ε}, D′

j ´ y ¶þ, ± y(Aj) ��%���, ¦�

C ∩ (x×D′
j) = Yj ∩ (x ×D′

j), ϕAj
: π1(E

′
j − xj, xj) → Bmj

[x′j ×D′
j ,K

′
x′

j
] ´ Aj �ÛÜGü�.

@o ϕAj
(∂E′

j) = ∆2〈local L.V.C.(Aj)〉 = ∆2
mj

[x′j ×D′
j ,D

′
x′

j
].

� T ´ E − N − int(E′
j) ¥ë� x′j ��½: M ′ ∈ E − N . L.V.C.(T ) ´éA� Lefschetz

"z4ó. w,·�k L.V.C.(T ) = (local L.V.C.(Aj))ψT . � γ ´ E −N ¥ë� xj Ú M ∈ ∂E

�{ü�´, ��¹�ã [xj , x
′
j ]. � γ′ ´ γ ��Ü©, §l x′j � M . � ϕ : π1(E − N,M) →

Bn[M ×D,KM ] ´ C 'u (E ×D,π1,M) �Gü�, Γ ∈ π1(E −N,M) ´ l(Γ) éA���.

íØ 3.3.1 ϕ(Γ) = ∆2〈L.V.C.(γ′)〉.
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� N = {x1, · · · , xq}, ¿�½¢�I: M ∈ ∂E, �¦ xq < xq−1 < · · · < x1 < M . � ε > 0

´¿©�ê, Tj ´ë� xj − ε, xj + ε �e��±, γj ´l xj � M ��´ (Xã)

γj = [xj , xj−1 − ε] · Tj−1 · [xj−1 + ε, xj−2 − ε] · Tj−2 · · ·T1 · [x1,M ].

xr x1x j−1xj M

T
j−1 Tr T1

r j

§3 E −N ¥w,ÓÔu γ̂j (3¢¶e�ë� xj,M ¿��¹ [xj , xj + ε] ��´). 〈γ̂1, · · · , γ̂q〉

´ E − N �m, §p�
 π1(E − N,M) � g-Ä Γ1, · · · ,Γq. � γ′j (�A/, γ̂′j) ´ γj (�A/,

γ̂j) ��Ü©, ë� x′j := xj + ε � M . w, L.V.C.(γ̂′j) = L.V.C.(γ′i).

·�Eb� Aj ´ xj éA���Û:, (kj , lj) ´ Lefschetz �é, 〈kj , lj〉 ´ (D̃, K̃, (kj , kj +

1, · · · , lj)) ¥'u Aj �ÛÜ L.V.C ��e.

dÚn 3.3.1 9���y��Xe(Ø.

½n 3.3.1

L.V.C.(γ̂′j) = L.V.C.(γ′j) =




β−1
M

(
〈kj , lj〉

1∏
m=j−1

∆〈km, lm〉

)
, j > 1,

β−1
M (〈kj , lj〉) , j = 1.

ùp
1∏

m=j−1

∆〈km, lm〉 := ∆〈kj−1, lj−1〉 · ∆〈kj−2, lj−2〉 · · ·∆〈k1, l1〉.

íØ 3.3.2 � ϕ : π1(E −N,M) → Bn[M ×D,KM ] ´ C 'u (E ×D,π1,M) �Gü�.

é?Û j = 1, 2 · · · , q, ·�k

ϕ(Γi) = β−1
M




1∏

m=j−1

∆〈km, lm〉)
−1(∆2〈ki, li〉)

1∏

m=j−1

∆〈km, lm〉)


 .

y² díØ 3.3.1 Ú½n 3.3.1, ·�k

ϕ(Γi) =∆2〈L.V.C.(γi)〉 = ∆2〈β−1
M ((〈kj , lj〉)

1∏

m=j−1

∆〈km, lm〉)〉

=β−1
M (∆2〈(〈kj , lj〉)

1∏

m=j−1

∆〈km, lm〉).

dSK 3.3, =�¤I(Ø. �

·��Ä±e�¢�ü� C. ùp A ´��Û:, Ù¥�� Lk, Lk+1, · · · , Ls 9 Ln ´L A

��Ü©|, Ù{��þ�Y². C �Ù¦Û:Ñ´(:, ¿�ù
(:TÐ´ Ln �@
ØL

A �������. ùp� E = {x ∈ C | |x−x(A)| < ε}, M = x(A)+ ε, yi(M) = Li∩ (M ×D)

(4OS�), N = {x1, . . . , xq} (4~S�), Ù¥ xi0 = x(A). é?Û i 6= i0, ·�5½ f(i) Xe:

xi = x(Lf(i) ∩ Ln).
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 n

n−1

n−2

s

k

2

1

k−1

A

x1xxq
i0

x2xq−1

Re D

Re E

M

M D

xq x x1

rq
rq−1

r i0

Mx2i0
xq−1

E

� 〈γ1, · · · , γq〉 ´ E − N �m, ùp�´ γi ë� xi � M , �3¢¶e�. � {Γ1, · · · ,Γq}

´éA� g-Ä (q = n − s + k − 1). �Ä Lefschetz ä L.V.C({γi}
q
i=1) = {ξ(i)}qi=1. díØ 3.3.1,

ϕ(Γi) = ∆2〈ξ(i)〉, ùp ϕ : π1(E −N,M) → Bn[M ×D,KM ]) ´ C �Gü�. Ïd·��8I

´O� ξ(i).

C ���Û:� Lefschetz �é¤éA�ÛÜ L.V.C ��e©O´

〈ki, li〉 =





[n− i, n − i+ 1], 1 ≤ i ≤ n− s− 1,

[q − i+ 1, q − i+ 2], n− s+ 1 ≤ i ≤ q,

{[k, k + 1], · · · , [s − 1, s], [s, s + 1]}, i = i0 = n− s.

d½n 3.3.1.

ξ(j) = L.V.C.(γ̂′j) = L.V.C.(γ′j) =




β−1
M

(
〈kj , lj〉

1∏
m=j−1

∆〈km, lm〉

)
, j > 1,

β−1
M (〈kj , lj〉) , j = 1.

±eü�{üÚn, ·�3�Öö�y.

Ún 3.3.3 � H̃i = H([i, i + 1]) ∈ Bn[D̃, K̃].

1∏

m=j−1

∆〈km, lm〉 =





H̃n−i+1H̃n−i+2 · · · H̃n−1, 2 ≤ i ≤ i0,

H̃q−i+2 · · · H̃k−1∆〈k, s〉H̃s+1 · · · H̃n−1, i0 + 2 ≤ i ≤ q,

∆〈k, s〉H̃s+1 · · · H̃n−1, i = i0 + 1.

Ún 3.3.4 � ζij ´ D̃ ¥ë� i, j �{ü�´, ��¦á3¢¶e�, 〈ζij〉 ´éA�ÓÔ

a. @o

(1)

(〈ζij〉)H̃r =

{
〈ζi,j+1〉, r = j,

〈ζi,j〉, r > j.

(2)

(〈ζij〉)∆〈k, s〉 =

{
〈ζis〉, j = k,

〈ζij〉, j < k.
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dùü�Ún, ·���±e(Ø.

½n 3.3.2 3±þb��PÒe, ·�k

ξ(i) =

{
〈Zf(i),n〉, i 6= i0,

〈[yk(M), yk+1(M)], · · · , [ys−1(M), ys(M)], Zs,n〉, i = i0,

d? Zi,n ´ M ×D ¥ë� yi(M), yj(M) �á3¢¶e��{ü�´, =÷v βM (Zi,n) = ζij .

AO/, ϕ(Γi) = ∆2〈ξ(i)〉.

3.4 ���ü��Gü�

XJ���ü��¹(:��ÙÛ:, ·�Ò`ù´���ü� (Generic line arrange-

ment). ù��u`, ¤k���?u�� �. d·K 3.1.1 Ú~ 3.1.1, ���ü��Gü��

¦È/ªÑ���

∆2
n =

∏

i

(Q−1
i H2

1Qi), (3-2)

ùp H1 ´ Bn ¥,���ÛG (��ë�SK 3.2).

Ún 3.4.1 � C ´ n g���ü�, ∆2
n =

∏
i
(Q−1

i H2
1Qi) ´Gü� ϕ �,�¦È/ª,

b ∈ Bn[M ×D,C ∩ (M ×D)] (ùp M ∈ ∂E). @o�3 π1(E −N,M) ��| g-Ä, ¦�Gü

�3TÄeéA�¦È/ªTÐ´

∆2
n =

∏

i

(b−1(Q−1
i H2

1Qi)b). (3-3)

AO/, ùü�¦Èª´ ∆2
n ��d©).

y² � K = C ∩ (M × D), b éA
 (M × D,K) ���$Ä M = {yi(t)}
n
i=1, ¦�

yi(0) = yi(1). ·��±�EëY/C����ü�x {C(t)}t∈[0,1], ÷v C(0) = C(1), K(t) :=

C(t)∩π−1
1 (M) TÐÒ´$Ä M. ?�Ú, ·��� N(t) = {x ∈ C | ♯(π−1

1 (x)∩C(t)) < n} ©ª

3 E �SÜ, π−1
1 (x) ∩C(t) �©ª3 D �SÜ, ¿� π−1

1 (x) ∩C(t) �õ�¹��Û: (x ∈ E).

� {Γi}
q
i=1 ´éA¦È/ª (3-2) � g-Ä. Ïd·��±�ÄTÄ��|/Cx {Γi(t)}

q
i=1

(π1(E − N(t),M) � g-Ä) ¦� Γi(0) = Γi(1), ±9 C(t) �Gü� ϕt : π1(E − N(t),M) →

Bn[M ×D,K(t)]. $Ä M �p�
Ó� jt : Bn[M ×D,K] → Bn[M ×D,K(t)]. ·�w,k

ϕ0 = ϕ1 = ϕ 9 jtϕ(Γi) = ϕt(Γi(t)). j1 w,´ Bn[M × D,K] �SgÓ�, = j1(Q) = b−1Qb,

∀Q ∈ Bn. y3·�k

ϕ(Γi(1)) = j1(ϕ(Γi)) = b−1ϕ(Γi)b = b−1(Q−1
i H2

1Qi)b.

ù�, {Γi(1)} Ò´·�I��Ä, §�Ð�Ñ
¦È/ª (3-3). �

·�Äk�Ä�«AÏ���¢�ü�. � C(k) = L1 ∪ L2 · · · ∪ Lk, Ek = {x ∈ C | |xk| ≤

Mk}, Nk = {x ∈ C | ♯(π−1(x) ∩ C(k) < k}, ùp Lk ´��, Mk ´~ê, ¿�¦ Nk ¹u Ek S

Ü, Lk K�~�CuR�� x = 2Mk+1.
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−M1 M1 2M1

L1

L2

L3

·�� E = En,M = Mn,D = Dn, N = Nn 9 K = C ∩ (M ×D) = {y1, · · · , yn} (4OS�).

� ℓij ´ M × D ¥ë� yi, yj �á3¢¶e��{ü�´, Zij = H(ℓij) ∈ Bn[M × D,K]. �

〈γ1, · · · , γq〉 ´ (E −N,M) �m, Ã�´©Oë� N ¥�:Ú N , 〈Γ1, · · · ,Γq〉 ´éA� g-Ä.

·K 3.4.1 ±þb�e, Gü�'u (Γ1, · · · ,Γq) k¦È/ª

∆2
n =

2∏

i=n

1∏

k=i−1

Z2
ki.

(3�Öö�y)

íØ 3.4.1 � C ´ n g���ü�, H = (H1, · · · ,Hn−1) ´ Bn[M × D,K] �Ie. @

o�3 π1(E −N,M) ¥� g-Ä, ¦�Gü�3TÄe�¦È/ªTÐ´

∆2
n =

2∏

i=n

1∏

k=i−1

Zki(H)2. (3-4)

y² Äk, ·�ÏLëY/C, ò�ü�8(¤þ¡�AÏ�/. d·K 3.4.1, �3�|

Ie H ′ = (H ′
1, · · · ,H

′
n−1) ¦�

∆2
n =

2∏

i=n

1∏

k=i−1

Zki(H
′)2.

d��3 b ∈ Bn[M ×D,K], ¦� Hi = bH ′
ib

−1. dÚn 3.4.1, ·�=é�¤I��Ä. �

íØ 3.4.2 é?Ûn g1w²¡� C, ±e©)

∆2
n = (H1 · · ·Hn−1)

n = H1 · · ·Hn−1 ·H1 · · ·Hn−1 · · ·Hn−1︸ ︷︷ ︸
n(n−1)��

´Gü��¦È/ª.

y² dëY/C, ·��±r¯K8(¤���ü��/. dSK 2.7, ª (3-4) m>Ú

(H1 · · ·Hn−1)
n �©)�d. qd1 3.2 �"�?Ø, ù¿�X§�´Gü����¦È/ª. �

�ÙSK

SK 3.1 �yÚn 3.2.1.

SK 3.2 b� C ´k:� (=�¹(:ÚÏ~k:), y²:

C �Gü��¦È/ª7U�¤ ∆2
n =

∏
i
(Q−1

i Hρi

1 Qi), ùp H1 ´��ÛG, ρi = 1, 2, 3.
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SK 3.3 � 〈ξ〉 ´ G + Bn[D,K] ¥ � � e, Q ∈ Bn[D,K], y ²: ∆2〈〈ξ〉Q〉 =

Q−1∆2(〈ξ〉)Q.

SK 3.4 �yÚn 3.3.4 ÚÚn 3.3.4 �(Ø.

SK 3.5 �y·K 3.4.1.
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1oÙ Zariski Van-Kampen ½n

4.1 Van-Kampen ½n

e¡·�^KÜÈ��ó#£�Ä�+� Van-Kampen ½n.

� X ´�´ëÏÿÀ�m, U1, U2 ´ X ��´ëÏm8, b ∈ U12 := U1 ∩ U2 ´�½:, ¿

÷v

(1) U1 ∪ U2 = X,

(2) U12 �´�´ëÏ�.

� ik : U12 → Uk 9 jk : Uk → X þ��¹N�, ik∗ : π1(U12, b) → π1(Uk, b) 9 jk∗ :

π1(Uk, b) → π1(X, b) ´p��Ä�+Ó� (k = 1, 2).

½n 4.1.1 3þãb�^�e, (π1(X, b), j1∗, j2∗) ´ i1∗, i2∗ �KÜÈ.

π1(U1, b)
j1∗

&&LLLLLLLLLL

π1(U12, b)

i1∗
88qqqqqqqqqq

i2∗ &&MMMMMMMMMM
// π1(X, b)

π1(U2, b)

j2∗

88rrrrrrrrrr

~ 4.1.1 (1) �Ä n ��g����± S1 ∨ · · · ∨ S1, d Van-Kampen ½n,

π1(S
1 ∨ · · · ∨ S1) ∼= Fn.

(2) � Σ = {p1, · · · , pn} ⊆ C, @o

π1(C \ Σ) ∼= Fn.

(3) � Σ = {p1, · · · , pn} ⊆ CP1, Kk

π1(CP1 \ Σ) ∼= Fn−1.

4.2 ÛÜ²�n��m

� p : E → B ´ÛÜ²�n��m, s : B → E ´�¡, =÷v p ◦ s = idB . � b ∈ B,

b̃ = s(b) ´�½:, Fb = p−1(b). � u : I → B ´± b �Ä:��´, w : I → Fb ´± b̃ �Ä

:��´, ùp I = [0, 1] ´ü «m. éz� t ∈ I, ·��±ëY//C w � p−1(u(t)) ¥±

s(u(t)) �Ä:��´ wt : I → p−1(u(t)). w, w1 �L
 π1(Fb, b̃) ¥���, ·�r§P�

[w][u]. ù�, ·�Ò½Â
 π1(B, b) 3 π1(Fb, b) þ�ü��^ (Monodromy action).

·K 4.2.1 b� E ´�´ëÏ�, @o·�kÓ�

π1(E, b̃) = π1(Fb, b̃) ⋊ π1(B, b),

ùp��È5gu π1(B, b) 3 π1(Fb, b̃) þ�ü��^.
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y² � i : Fb →֒ E ´�¹N�. ·�kÓÔ+��Ü�

· · ·
i∗−→ π2(E, b̃)

p∗
−→ π2(B, b) → π1(Fb, b̃)

i∗−→ π1(E, b̃)
p∗
−→ π1(B, b) → 1.

�¡p��Ó� s∗ : πk(B, b) → πk(E, b̃) (k = 1, 2) ÷v p∗ ◦ s∗ = id. Ï p∗ ´÷�, ùÒíÑ

á�Ü�

1 → π1(Fb, b̃)
i∗−→ π1(E, b̃)

p∗
⇋
s∗
π1(B, b) → 1. (4-1)

Ø�ò π1(Fb, b̃) À� π1(E, b̃) ��5f+. d·K 1.1.3, ùÒ��Ó�

π1(E, b̃) ∼= π1(Fb, b̃) ⋊ π1(B, b), w → (w · s∗(p∗(w))−1, p∗(w)), w ∈ π1(E, b̃).

Ù_N�� (γ, u) → i(γ) · s∗(u), ùp���È5gu π1(B, b) 3 π1(Fb, b̃) þ��^

γ −→ s∗(u)
−1 · γ · s∗(u), u ∈ π1(B, b), γ ∈ π1(Fb, b̃).

�±�y, ü��^�þã½Â��^��. �

5 4.2.1 þã(Ø��±w¤�©¤ã� Zariski Van-Kempen ½n3ÛÜ²�n��m

�/�AÏ/ª, §�duÓÔ+�Ü� (4-1). �

·��±^ÛÜ²�n��m�ü��^5#)ºc¡¤ù�Gü�. � D ´E²¡S

±�:��%�»� R �m�� (R ´¿©��ê),

M ′
n = {(z1, · · · , zn) ∈ Dn | zi 6= zj ,∀i 6= j}, M

′
n := M ′

n/Sn,

ùp Sn ´ n ���+. G+ Bn ∼= π1(M
′
n,K) (�1 2.2 !). �

C′ = {(K,u) |M
′
n ×D | u 6∈ K},

ùp D ´éA�4��.

·��±p�ÛÜ²�n��m

p : C′ −→M
′
n.

� u � D ��½>.:. é?Û K ∈ M
′
n, n� p−1(K) ´�K K �4�� D −K, ÙÄ�+

π1(D −K,u) Ò´gd+ Fn. �Ä�¡N�

s : M
′
n −→ C′, K → (K,u).

ù�, ·�Òp�
G+ Bn = π1(Mn,K) 3gd+ π1(D −K, s(K)) þ�ü��^, =c¡`

�Gü�.

4.3 Ö�m�Ä�+

� M ´ëÏE6/, V ´ M ��²�)Û4fq, i : M−V →֒M ´�¹N�, b ∈M−V .

·�kp��Ó�

i∗ : π1(M − V, b) −→ π1(M, b).
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Ún 4.3.1 þãÓ� i∗ ´÷�. AO/, XJ V �E{�ê�u�u 2, @oTÓ��´

Ó�.

y² � γ : I → M ´?Û± b �Ä:��´. Ï� V �¢{�ê�u�u 2, ¤±·�

�±6Ä γ,¦�#�´ γ′ � V Ø��, l [γ′] ∈ π1(M − V, b), ¿� [γ] = [γ′] ∈ π1(M, b). ù

Òy²
 i∗ ´÷�.

b� V �E{�ê�u�u 2, KÙ¢{�ê��´ 4. � σ : I → M − V ´���´,

¦� [σ] ∈ Keri∗, = σ 3 M ¥ÓÔ�du"�´ 0b. Ïd·�kÓÔN� F : I × I → M ,

¦� F |I×{0} = g, F |I×{1} = 0b. Ï�¢{�ê�u�u 4, ¤± F �±6Ä�#�ÓÔN�

F ′ : I × I → M Ó�÷v±þ�¦, ¿� F ′ ��� V Ø��. ùÒíÑ σ 3 M − V ¥�ÓÔ

u"�´. �

·��e��8IÒ´ïÄ M �{�ê 1 4fq�/¥þãÓ� i∗ �Ø. Ø�b�

V =
∑n

i=1 Vi ´�¡, Ù¥ Vi ´Ø��©|, V 0
i = Vi − (Vi ∩ singV ). ?��: p ∈ V 0

i , ·

�é M ¥����� ∆, ¦� Vi � ∆ î���u p (ÃÙ¦�:). ò ∆ >.w����´

u : I → ∂∆. ��´ v ë� b � u(0) = u(1). ù�·�Ò�� M − V ¥��´ vuv−1, ¡��

Vi �@¢ (Lasso) ½²� (Meridian).

������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������

v

Dj

Di
u

b

Ún 4.3.2 Vi �?Ûü�@¢Ñ3 π1(M − V, b) ¥�Ý. ��, Vi �?�@¢3 π1(M −

V, b) ¥��Ý��´ Vi �@¢. Ïd Vi �@¢ÓÔa�N�¤
 π1(M − V, b) ����Ýa.

y² � v1u1v
−1
1 , v2u2v

−1
2 ©O´ Vi �ü�@¢. d V 0

i �ëÏ5, ·���EÓÔN�

F : I × I → M − V , ¦� F |I×{0} = u1, F |I×{1} = u2, F (0, s) = F (1, s), ∀s ∈ I. �Äl u1(0)

� u2(0) ��´ w : I →M − V . w(s) = F (0, s). 5¿� u1 � wu2w
−1 3 M − V ¥ÓÔ, Ïd

·�k

[v1u1v
−1
1 ] = [v1wu2w

−1v−1
1 ] = [(v1wv

−1
2 )(v2u2v

−1
2 )(v1wv

−1
2 )−1] ∈ π1(M − V, b).

ùL²ü�@¢*d�Ý.

����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����
����

v1

v2

w

u1

u2
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� L 5, � ½ Vi � @ ¢ vuv−1 ± 9 ± b � Ä : � � ´ w : I → M − V , w(vuv−1)w−1 =

(wv)u(wv)−1 w,�´ Vi ���@¢. �

·K 4.3.1 i∗ : π1(M − V, b) → π1(M, b) �ØTÐ´ π1(M − V, b) ¥�¹ Σ(V1) ∪ · · · ∪

Σ(Vn) ���f+, ùp Σ(Vi) ´ Vi �@¢��Ýa.

y² ?Û Vi �@¢3 M ¥ÑÓÔu"�´, Ï Σ(Vi) ¹u Keri∗ ¥.

� γ : I →M − V ´± b �Ä:��´, éA Keri∗ ¥���, =3 M ¥ÓÔu"�´. �

Ä½àÓÔN� F : I × I → M , ¦� F |I×{0} = γ, F |I×{1} = 0b. ·��±6Ä F ¤#�ÓÔ

N� G : I × I → M , �±±þÃ�¦, ¿� Im(G) � V Ø�� (5¿� Sing(V ) {�ê��´

2), G(∂(I × I)) � V Ø��, Im(G) � V �~�.

� G−1(V ) = {q1, · · · , ql}. éz� qi, ·�3 I × I ¥�E��± (0, 0) �Ä:�@¢ vi. �

α : I → I × I ´± (0, 0) �Ä:�7ü ��/>._��71��´.

v6

v1v3

v4

v5

v2

w,, α 3 I × I −G−1(V ) ¥ÓÔuÃ@¢ vi �¦È. 5¿� G ◦ vi ´ V ��
Ø��©|þ

�@¢½Ù_ (À��½),  γ 3 M − V ¥ÓÔ�du G ◦ (α−1), ùÒí� γ ÓÔ�duù


 G ◦ vi �¦È. Ï [γ] ¹ud ∪Σ(Vi) ⊆ π1(M − V, b) )¤f��f+. �

íØ 4.3.1 b� V1 ´ V �1wØ��©|. ·�� V1 ���Ü·�+G�� W , ¿b

� V 3 W ¥´�5��. � γ ´ V1 �@¢. @o

π1(W − V ) −→ π1(W )

´÷�, ÙØÒ´ γ )¤�f+, Ï γ ∈ π1(W − V ) ´¥%�.

íØ 4.3.2 � p : M̃ →M ´�kCX, Ṽ = p−1(V ), Kk�Ü�

1 → π1(M̃ − Ṽ ) → π1(M − V ) → π1(M) → 1.

y² �ÄXeü1�Ü����ã.

1 // K1
//

��

π1(M̃ − Ṽ )

p∗

��

j1 // π1(Ṽ )

p∗

��

// 1

1 // K2
// π1(M − V )

j2 // π1(M) // 1

w� K1 → K2 ´ü�. Ï� p ´Ã©ÜCX, �d·K 4.3.1, �� K1
∼= K2. du π1(M̃ ) =

{1}, ¤± K1
∼= π1(M̃ − Ṽ ). ùÒy²
(Ø. �
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4.4 Zariski Van-Kampen ½n

ù�!¥, ·�ob� f : M → C ´�X÷��, Ù¥ M ´ëÏE6/, C ´ 1 �üë

ÏE6/, ¿��3�X��¡N�s : C → M ¦� f ◦ s = id. ?�Ú, b��3k�:8

Z = {a1, · · · , an} ⊆ C, ¦�

f0 : M0 := f−1(C − Z) → C0 := C − Z

´ÛÜ²�n��m (=IÿÀ¿Âe). � b ∈ C0, b̃ = s(b) ∈ M0, Fb = f−1(b) ´n�,

i : Fb →֒M ´�¹N�.´� M0, Fb Ñ´�´ëÏ�.

Ä�+ π1(C0, b) 3 π1(Fb, b̃) þ��^��

a 7→ aµ, a ∈ π1(Fb, b̃), µ ∈ π1(C0, b).

½n 4.4.1 (Zariski Van-Kampen ½n) (1) 3þãb�^�e, ·�k÷��

i∗ : π1(Fb, b̃) → π1(M, b̃).

(2) ?�Úb�éz� p ∈ Z, f−1(p) Ñ´Ø���, @oØ Keri∗ ´ π1(Fb, b̃) ¥�¹±e

8Ü���f+

S = {a−1aµ | a ∈ π1(Fb, b̃), µ ∈ π1(C − Z, b)}.

y² � Di = f−1(ai). s : C → M ½Â��¡�z� Di �~�u��1w:, Ïd Di

k���Ø��©| D1
i ²LT�:, ·�ò Di ¥Ù¦©|P� D2

i . �

M ′ = M −
⋃

i

D2
i ,

f ′ : M ′ → C ´��N�. d�·�E,k�¡N� s : C →M ′. 5¿� f ′ ÷v·K (1)(2)��

Ü^�, ¿�·�k÷Ó� π1(M
′, b̃) ։ π1(M, b̃) (Ún 4.3.1)§Ïd�
y² (1), ·��I�

y² (2) Òv

.

±e·�Ø�b� f : M → C ÷v·K (2) �^�. � s0 : C0 → M0 ´�¡N����,

i0 : Fb →֒M0 Ú j : M0 →֒M ´�¹N�. d·K 4.2.1, ·�kÓ�

π1(Fb, b̃) ⋊ π1(C0, b) −→ π1(M0, b̃), (w,µ) 7→ i0∗(w)s0∗(µ).

� gi : I → C0 ´± b �Ä:, �7 ai @¢. d C �üëÏ5�� π1(C0, b) dù
@¢)

¤. ,��¡, s0 ◦ gi �´± b̃ �Ä:�7 Di �@¢. d·K 4.3.1 9b�^�, j∗ : π1(M0, b̃) →

π1(M, b̃) �ØÒ´ π1(M0, b̃) ¥�¹ s0∗[gi] ��Ýa���f+, =�¹ Ims0∗ ����5f+.

- 36 -



1oÙ Zariski Van-Kampen ½n

y3·�k±e���ã, Ù¥pî�Ñ´á�Ü�.

1

��
Kerj∗

��

1 // π1(Fb, b̃)

i∗ &&LLLLLLLLLL

i0∗ // π1(M0, b̃)

j∗
��

f0∗ // π1(C0, b) //

s0∗
ffMMMMMMMMMMM

1

π1(M, b̃)

��
1

£�·K 1.1.4 �PÒ, - N = π1(Fb, b̃), H = π1(C0, b), K = Kerj∗, Kd·K 1.1.4 á�(Ø.�

íØ 4.4.1 3±þ½n (2) �b�^�e, XJ π1(Fb, b̃) ´d α1, · · · , αd )¤�gd+,

π1(C0, b) d g1, · · · , gn )¤, @o π1(M, b̃) �¢y�

〈α1, · · · , αd | α
gj

i = αi, i = 1, · · · , d, j = 1, · · · , n〉.

y² �SK 1.3. �

5 4.4.1 ½n¥�Ä�+)¤� αi k���¡�AÛ)¤� (Geometric generator). �

4.5 �Û:�ü�ÚÄ�+

� ∆ε,∆ρ ´E²¡S±�:��%�»©O� ε, ρ (¿©��ê) �m��. � C ´

∆ε×∆ρ S�ÛÜ�, ÛÜ�§� f(x, y) = 0, �3 (0, 0) �	??1w. �ÝK p̄ : ∆ε×∆ρ →

∆ε,

Y = p̄−1(∆∗
ε) ∩ (∆ε × ∆ρ − C) ,

ùp ∆∗
ε = ∆ε − {0}. ÏL��� Y þ, ·���ÛÜ²�n��m p : Y → ∆∗

ε. ÏL�Ü

·� ε, ρ, ·���±b���ÝK C − {0, 0} → ∆∗
ε ´²"�, ¿� C ∩ p̄−1(0) = {(0, 0)}.

� ∆∗
ε S�½: b = ε

2 , 2� ∆ρ S�½: u, ¦�é?¿: x ∈ ∆∗
ε, C ∩ p̄−1(x) Ñá3��

∆|u| = {z ∈ C | |z| < |u|} S.

C

b

u

- 37 -



1oÙ Zariski Van-Kampen ½n

·�k���¡N� s : ∆ε → Y , x → (x, u). � Fb = p−1(b), b̃ = s(b), ·��� π1(∆
∗
ε, b) 3

π1(Fb, b̃) þ�ü��^.

~ 4.5.1 � C �ÛÜ�§´ xp − yq = 0, Ù¥ p, q ´p����ê. γ ∈ π1(∆
∗
ε, b) éA

��´�� γ(t) = ε
2e

2πit. n� Fb Ó�u ∆ρ −K, ùp

K = {ak ∈ ∆ρ | ak =
(ε

2

)p/q
· e2kπip/q, k = 0, · · · , q − 1}.

� γi ´ë� aq−i−1, aq−i ��ã, (T1, · · · , Tn) ´ ∆ρ −K ¥± u �Ä:�m, Ù¥ Ti ë� u �

aq−k, §�÷vª 2-1 Ã�¦. d�·���G+��|�5Ie (H1, · · · ,Hq−1).

T5

T1

a0

a3

a4

a2

a1

T4

r4

T3

r3

r2

r1

T2

u

p=2,q=5

π1(∆ε, b) 3 π1(Fb, b̃) þ�ü��^Ò´ (H1 · · ·Hq−1)
p m�^3þã g-Äþ.

þã(Øé p, q Øp���/�¤á. ù´Ï�Tü��^��u (1, q) �/�ü��^E

Ü p g (l p-gÄC��Ýw). AO/, xq − yq = 0 éA�ü��^Ò´ Dehn-Û= ∆2
q[∆ρ,K]

(�·K 2.7.1). �

� X = ∆ε × ∆ρ − C, �ÄÝKN� p : X → ∆ε. π1(Fb, u) ´d α1, · · · , αd )¤�gd+,

π1(∆
∗
ε, b) = 〈γ〉. díØ 4.4.1, ·�k

π1(X) = 〈α1, · · · , αd | α
γ
i = αi, i = 1, · · · , d〉.

~ 4.5.2 · � E ? Ø ~ 4.5.1 � � / (p, q p �). � (Γ1, · · · ,Γq−1) ´ é A m

(T1, · · · , Tq−1) � g-Ä, α = Γ1 · · ·Γq. ��B?Ø, ·�5½ Γj−aq = αaΓjα
−a, ∀a ∈ Z. �

β = Γq−p+1Γq−p+2 · · ·Γq.

��ê Aj , Bj ÷v Ajq +Bjp = j. �±�yXe�ª

Γj = αA1+Aq−jβB1α−Aq−j ,

αp = βq.
(4-2)

Ïd, π1(X) = 〈α, β | αp = βq〉. AO/, Ï~k:�Ä�+´ 〈α, β | α2 = β3〉. �

5 4.5.1 �(: x2 − y2 = 0 �Ä�+´ Z ⊕ Z. �

4.6 ²¡��Ä�+

� C ⊆ P2 ´d�§ F (X,Y,Z) = 0) ½Â� d gQ�²¡�ê�. ÏL��Ü·��I
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C�, ·��±b� a = [0, 0, 1] Øá3 C þ, �ó� F ¥Ñy Zd �. � L ´d Z = 0 ½Â�

��.

y3·��Ä�u ρ : (X,E) → (P2, a), E = ρ−1(a). � X = X − ρ−1(C), f : X → L ´g

,p��ÝKN�. f ��3 C þÒ´��� L �k�CX. � Z ⊆ L ´ f |C : C → L �©Ü

:ÚÛ:éA� L þ��:8.

E

L

a

−1
(L)

−1
(C)

C

Z

Ï� X − E ∼= P2 − (C ∪ {a}), ¤±dÚn 4.3.1, ·�k±e�Ü���ã

1

��
1 // π1(X − E) //

��

π1(P2 − (C ∪ {a}))

��

// 1

1 // π1(X)
(ρ|X)∗

//

��

π1(P2 − C)

��

// 1

1 1

f0 : X0 := f−1(L − Z) → L0 := L − Z w,´ÛÜ²�n��m, E ´ f ��¡. � b̃ ∈

E − (E ∩ f−1(Z)), b = f(b̃). L ´üëÏ�, f �z^n�Ñ´Ø���. d	, π1(F, b̃) ´d

�7 F ∩ ρ−1(C) ¥� d − 1 �:�@¢ α1, · · · , αd−1 )¤�gd+. � Z d e �:�¤, Ïd

π1(L0, b) d�7Ù¥ e− 1 �:�@¢ γ1, · · · , γe−1 )¤.

y3d Zariski Van-Kempen ½n=�

½n 4.6.1

π1(P
2 − C) = 〈α1, · · · , αd−1 | α

γj

i = αi, i = 1, · · · , d− 1, j = 1, · · · , e− 1〉.

5 4.6.1 � x ∈ C ´Û:, U ´ x ����, þ¡�?Ø¢Sþ��Ñ
��Ó� (�6

u´»�À�)

ψ : π1(U − C) → π1(P
2 − C).

~ 4.6.1 ([Shi07]) �Äng� C : Y 2Z = X2(X + Z) �éó� C∨:

G(U, V,W ) := −4WU3 + 36UV 2W − 27V 2W 2 − 8U2V 2 + 4V 4 + 4U4 = 0.

C∨ ´�kn�k:�og�.

·�3 a = [1, 0, 0] ∈ P2 ?�u. d½n 4.6.1, ·���Ä�+

π1(P
2 − C∨, a) = 〈α, β | α3 = β2 = (βα)2〉.
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5¿� β−2 = (β−1α2)2 = (β−1α3)2 = β2, ¤± β4 = α6 = 1, ÏþãÄ�+´ 12 �k���

�+. �

~ 4.6.2 ([Bar97]) � Cd,a,b ⊆ P2 ´ d knk:� (=�5z�´kn�), a ≥ b > 0

÷v a+b = d−2. Cd,a,b �kn�k:, §�� Puiseux �é (Puiseux pair) ©O´ (d−1, d−2),

(2a+ 1, 2), (2b+ 1, 2) (¤¢ Puiseux �é (m,n), ùp�n)�Û:3ÿÀ¿Âe�dudÛÜ

�§ xm − yn = 0 ¤½Â). d�·�k

Gd,n := π1(P
2 − Cd,a,b) = 〈c1, c2 | (c2c1)

d−1 = cd−2
2 , (c2c1)

nc2 = c1(c2c1)
n〉,

ùp 2n+ 1 = gcd(2a+ 1, 2b+ 1). C4,1,1 Ò´~ 4.6.1 ¤£ã��kn�k:�og�.

Gd,n �Ú d, n k'. ù�~f�±w�, Ö�mÄ�+ØU��(½²¡��Û:�

a.Ú�ê, 'X C13,10,1 Ú C13,7,4 k�Ó�Ä�+ G13,1. �

·K 4.6.1 ~ 4.6.2 ¤ã��Ö�mÄ�+ Gd,n ÷v±e5�:

(1) Gd,n ´��+��=� n = 0. � n = 0 �, Gd,n ´ d gÌ�+;

(2) �Ä+

Tp,q,r = 〈x, y, z | xp = yq = zr = xyz = 1〉.

� n > 0 �, Gd,n ´ T2,2n+1,d−2 �¥%*Ü.

(3) (d, a, b) = (4, 1, 1) éA�+ G3,1 ´ 12 ����k�+; (d, a, b) = (7, 4, 1) éA�+ G7,1 ´

840 ����k�+;

(4) XJ (d, a, b) 6= (4, 1, 1), (7, 4, 1) � n > 0, @o Gd,n ´���Ã�+.

²¡�ê��Ö�mÄ�+�o�ÿ´��+? ù´��ék���¯K. e¡·�Û

��
²;�(J.

½n 4.6.2 (Zariski-Deligne-Fulton, [Zar71, Deg08, Ful80]) XJ C ´�^²¡(:�,

@o π1(P2 − C) ´��+.

½n 4.6.3 (Nori, [Nor83]) XJ C ´�^ d g²¡k:�, �k c �k:, n �(:,

�÷v d2 > 6c+ 2n 9 c > 0, @o π1(P2 −C) ´��+.

½n 4.6.4 (Shimada, [Shi98]) XJ C ´�^ d g²¡k:�, Ù¥�k n �(:, �

÷v 2n ≥ d2 − 5d+ 8, @o π1(P2 − C) ´��+.

�ÙSK

SK 4.1 �yª (4-2).

SK 4.2 �y·K 4.6.1.

- 40 -



1ÊÙ ¡���CX

1ÊÙ ¡���CX

5.1 �
²;��Kq

·�£�A�²;��Kq.

~ 5.1.1 d g Veronese N�

vd : Pn −→ PN , [X0, · · · ,Xn] → [· · ·XI · · · ], N =

(
n+ d

d

)
− 1,

ùp XI �H¤k'u X0, · · · ,Xn � d gü�ª. Imvd ¡� Veronese q. v2(P2) ⊆ P5 �{¡

� Veronese ¡. �

~ 5.1.2 Segre N�

σ : Pn × Pm −→ P(n+1)(m+1)−1, [X0, · · · ,Xn] × [Y0, · · · , Ym] → [· · ·XiYj · · · ],

ùp XiYj �H¤k�¦È. Σn,m := Imσ ¡� Segre q. �

~ 5.1.3 � O = [a0, · · · , an] ∈ Pn ´:, X ⊆ Pn ´d�§ F (X0, · · · ,Xn) = 0 ½Â��

¡. ·�½Â�4�f (Polarizing operator)

∆O =

n∑

i=0

ai
∂

∂Xi
.

∆OF = 0 ½Â
���êq, ¡� X ��4�¡ (Polar hypersurface), {P� ∆OX, O ¡�

4: (Pole). e X ´²¡�ê� (�A/, P3 ¥�¡), KéA��4�¡�¡��4

� (�A/, �4¡). �

~ 5.1.4 � X ⊆ Pn ´1w�Kq, ∆ ⊆ X ×X ´é��. é?¿ (p, q) ∈ X ×X − ∆,

�3����K�� 〈p, q〉 ²L p, q, ·�¡����. X �¤k���¿8�¤ Pn ¥��ê

q, ¡� X ��q (Secant variety) ½uq (Chordal variety), P� Sec(X). XJ�^����

X kü��:, Ò¡��V:�� (Bisecant); ÄK¡�õ:�� (Multisecant). aq/, ·�

��±½Ân:�� (Trisecant) ��.

X 3z�:?���m�¿8��¤��q, ¡��q (Tangential variety), P� Tan(X).

±þ�Vg��±í2� X ´ÛÉq��/, ùpØ2Kã. �

~ 5.1.5 �Ä Veronese N�

v2 : P2 −→ P5, [X,Y,Z] → [X2, Y 2, Z2,XY,XZ, Y Z].

��: O = [x, y, 1] ∈ P2, �Ä P5 �àg�I [U0, · · · , U5]. v2(P2) 3: v2(O) ?��²¡�§

� 



U0 + x2U2 − 2xU4 = 0

U1 + y2U2 − 2yU5 = 0,

xyU2 + U3 − yU4 − xU5 = 0.

- 41 -



1ÊÙ ¡���CX

dd���q�§

U2U
2
3 + U1U

2
4 + U0U

2
5 = U0U1U2 + 2U3U4U5.

aq��{�±y², Ù�qÚ�q�Ó, Ïd�´dþã�§½Â. �

½Â 5.1.1 � Σ ⊆ P4 ´�òz¡ (�UÛÉ). XJ P ∈ Σ ´ü�1w©|��:¿�

ü��²¡î���, ·�Ò¡����~�: (Improper double point). XJ Σ �õ�k

��~�:, ·�Ò¡Ù� P4 ¥���¡ (Generic surface).

½Â 5.1.2 � Σ ⊆ P3 ´�¡. XJ§�Û:;,´�^� Γ—¡� Σ ���

(Double curve)—�÷v±e^�, ·�Ò` Σ �kÏ~Û: (Ordinary singularity):

(1) Γ �õ�kk��n: (Triple point), ÙÛÜ�§� xyz = 0.

(2) Γ �1w:�o´ Σ �(: (nodal point)—½¡î��: (Transverse double point),

ÙÛÜ�§� x2 − y2 = 0; �o´ Σ �Ø: (Pinch point)—½¡²": (Flat point) ½k:

(Cuspidal point), ÙÛÜ�§� x2 = zy2.

(3) Γ �?ÛØ��©|þ���:Ñ´(:, Σ �kk��Ø:.

��Bå�, ·��r1w�¡8\�Ï~Û:��¡. ±e´(:!n:ÚØ:�

ÛÜã�.

~ 5.1.6 ùp·�äN¢y�Ï~Û:�¡ S0 ⊆ P3 �)� (ë� [GH78, Ch. IV, Sec.

6.4]). � p1, · · · , pt ´ S0 �n:, ��Ä P3 'u p1, · · · , pt ��u σ1 : Y → P3, Ei ∼= P2 ´'

u pi �~	Øf. � S1 ´ S 3�ue�î���. 3z� Ei NC���S, S1 ÛÜ/GXã

¤«

� π2 : X → Y ´÷X S1 ��� C̃ ��u, S̃ ´ S1 �î���. d π1 9Ï~�:½Â

��, C̃ ´d�
1w�Ø��©| C̃i �¤. � Di ´ C̃i �î���, K π2 : Di → C̃i ´�

CX, C̃i þ�©Ü:Ò´@
Ø:.
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Ïd, π = π1 ◦ π2 : S̃ → S0 ´ S0 �)�. �

5.2 ��ÝKN�

~ 5.2.1 � Λ = Pk ´ Pn ��½f�m, Pn−k−1 ´§���Ö�m. �Ä±eN�

πΛ : Pn − Λ −→ Pn−k−1, q → q,Λ ∩ Pn−k−1,

ùp q,Λ ´d q,Λ Ü¤��m. b� X ⊆ Pn ´?Û� Λ Ø����êq, @oπΛ 3 X þ��

�Òp�
�KN�, §�� πΛ(X) Ò¡� X l Λ � Pn−k−1 �ÝK (Projection).

· � � ± � Ä X e A Ï � Ý �. � Λ = {[X0, · · · ,Xn] | Xk+1 = · · · = Xn = 0},

πΛ([X0, · · · ,Xn]) = [Xk+1, · · · ,Xn]. �

·���±^Xe�ª5�ÝKN�. � V ´ n + 1 ��5�m, W ´{�ê� n − k �

�5f�m, Λ = P(W ) = Pk. ù�, ÝK π : Pn = P(V ) 99K P(V/W ) Ò´dÏ~��5�mÝ

K V → V/W p�. XJ W ?u�� �, X ∩ P(W ) = ∅, @op��ÝK π : X → P(V/W )

Ò¡���ÝKN� (Generic projection map). AO/, XJ W �{�êTÐ´ dimX + 1, @

oÒ����k�CX π : X → PdimX , Ù¥ deg π = degX, ·�Ò` π ´ X � PdimX ���

CX (Generic cover) . N´w�, é�¡ X ⊆ Pn, ÝK πΛ : X → Pn−1 �©ÜØfÒ´ X Ú

∆OX ��.

·K 5.2.1 ?Û�KN� ϕ : Pn → Pm Ñ�±d±eN�EÜ: Veronese N� vd :

Pn → PN , ± Λ �¥%�Ý� πΛ : PN → Pm
′

(ùp Λ � Veronese q vd(Pn) Ø��), �¹N�

i : Pm
′

→֒ Pm.

·K 5.2.2 � X ⊆ Pn ´ r �1wq, � n ≥ 2r + 2, @o�3: Λ 6∈ X, ¦�± Λ �4

:�ÝKN�p�
4E\ πΛ : X → Pn−1.

y² �q Sec(X) ÛÜ/´±eN���

(X ×X − ∆) × P1 −→ Pn, (p, q, t) → t(∈ 〈p, q〉).

Ïd dimSec(X) ≤ 2r + 1.

Ó�/, �q Tan(X) ÛÜþ´ X×Pr ��, Ï�êØ�L 2r. ù�, Sec(X)∪Tan(X) 6=

Pn. ·��I�: Λ Øá3�qÚ�q¥, K��4E\. �

íØ 5.2.1 � X ⊆ Pn ´ r �1wq, � n ≥ 2r + 2, @o X Ó�u P2r+1 ¥�1w r �

q. AO/, ?Û1w�K¡Ñ�±i\� P5 ¥; ?Û1w�Ñ�±i\� P3 S.
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·K 5.2.3 � X ⊆ P3 ´�òz�1w�, @o�3 P3 ¥� X Ø���m8, éÙ¥

?�: Λ, ± Λ �4:�ÝKN� πΛ : X → P2r Ñ´Vkn��, ¿�Ù��´�õ�kk

�õ�(:.

y² ±ey²5gu [Har77, Ch. IV, Sec. 3, page 310-314].

(1) yky²���3�^ X �V:��. b�z^��Ñ´õ:��. �½�: R ∈ X,

�ÄÝKN� ψ : X − R → P2. � T ´ ψ(X) �1w:. db�^�, ψ−1(T ) ���¹ü�Ø

Ó: P,Q. � TP (X), TQ(X) ´éA���. Ï�ùü���mÑN� ψ(X) ⊆ P2 3 T ?��

�, ¤± TP (X), TQ(X) �u�:. ù�5�éA�¤k�:é (P,Q) ∈ X ×X Ñ¤á, ¤±ù

´��m^�. ,�¡, TP (X), TQ(X) �u�:w,�´��4^�, Ïé?Û P,Q ∈ X, Ù

��Ñ÷vT5�.

8�ü�ØÓ: P,Q ∈ X, � A = TP (X) ∩ TQ(X), H ´ TP (X), TQ(X) Ü¤�²¡§w

, X ∩H ´k��:. é?Û R ∈ X −X ∩H, �� TR(X) ©O�� TP (X), TQ(X) ��, qÏ

� TR(X) Øá3²¡ H S, ùÒ½¦ TR(X) ²L A. 5¿�ù�5��´4^�, Ï§é

�þz�:Ñ¤á. ù�, l A Ñu�ÝK�oò�N¤��: (= X ´òz��), �o?

?©Ü (ù3Eê�þ´Ø�U�), ÏdÑÚ·Kb�gñ. ùÒy²
���3�^ X �V

:��

(2) dþ?Ø, X k�^V:��, �k�^��þkü�:éA���Ø��. ��6Ä

ùüa��, w,E÷vù��5�, Ïd X ×X ¥k��m8, Ù¥�z�:é (P,Q) éA�

��Ø�´V��, �§����Ø��. �ó�, Ø÷vù�5��:é�õ�k 1 �, l

Lù
:é����¿83 P2 ¥��ê�õ´ 2. ,��¡, c¡®y�q Tan(X) �õ´ 2

��. ù�, �3 P3 ¥�m8 U , é?Û Λ ∈ U , l Λ Ñu�?Û��ÑØ� X ��, Ù¥��

�Ñ´V:��, ¿��:?���Ø��. ùn�^��du`���k(:.

(3) e�q Sec(X) �êØ�L 2, @o·��I� Λ Øá3�q¥=�. 8b��qÒ´

P3. d�, ·�kk��� (X ×X − ∆) → P3. Ïd�3 P3 ¥�m8, ¦�Ù¥z�:���

Ñdk��:|¤, =ù
:Ñ�á3k�^��þ. �ó�, �� ��ÝK´VknN�. �

5 5.2.1 XJ�^�K� X ⊆ Pn �3��: A, ¦�: A á3¤k X ���¥, ·

�Ò` X ´%É�. þãy²¥, ·�®`²�^�XJvkV:���{, K7´%É�,

¿�3Eê�þù����U´��. [Sam66] �
����(Ø: XJ�^�����K

�´%É�, @o§�½´½Â3A�� 2 ��þ�²¡�I� (��ë� [Har77, ½n

3.9]). �
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é P5 ¥�òz1w�K¡�ÝK, ·��kaq�(J.

~ 5.2.2 � S = v2(P2) ⊆ P5 ´ veronese ¡, ��: O = [1, 0, 0, 0, 0, 1]. d~ 5.1.5, ±

O �4:�ÝKò S 1wi\ P4 ¥, Ù�¡ Σ ´1wog¡, §��§´



U0U2U4 + U2
2U3 − U3

4 = 0,

U0U1U3 + U2
1U4 − U3

3 = 0,

U2
0U2 − U1U

2
2 + U2U3U4 − U0U

2
4 = 0,

U2
0U1 − U2U

2
1 + U1U3U4 − U0U

2
3 = 0,

U1U
2
4 − U2U

2
3 = 0.

�

5 5.2.2 P5 ¥ Veronese ¡ÝK� P4 ¥���¡� P4 ¥� Veronese ¡. �

·K 5.2.4 � S ⊆ P5 ´�òz1w�K¡.

(1) ��ÝK S → P4 ��¡ Σ ´ P4 ¥���¡.

(2) ([MP97, ½n 3]) S ���ÝK��¡1w��=� S = v2(P2) ´ Veronese ¡.

XJ·�ò¡ S ⊆ P5 kÝK� P4 ¥���¡ Σ, 2ò§��ÝK� P3 ¥, @o�

¡�kÏ~Û:.

½n 5.2.1 (��ÝK½n [MP97]) � Σ ´ P4 ¥���¡, K��ÝK Σ → P3 ��

¡kÏ~Û:. ?�Ú, e Σ Ø´ Veronese ¡, KÙ�¡���´Ø���; ÄK�

��¹n^�u�:�É¡��.

AO/, ?Û�K¡Ñ�±��ÝK� P3 ¥, ¦�Ù�¡�kÏ~Û:.

5 5.2.3 (1) ·���±��ò S ��ÝK� P3 ¥, =�,^�� ���� L, ± L �

4:�ÝKN� πL : S → P3, ,�y²��ÝK��¡ S0 kÏ~Û:. äN�ë� [GH78,

Ch. IV, Sec 6.3].

(2) d~ 5.1.6, ·��±��Ó�

S̃ − π−1({p1, · · · , pt}) −→ S − π−1
L ({p1, · · · , pt}).

Ïd S̃ → S ¢SþÒ´ S 3 π−1
L ({p1, · · · , pt}) (� 3t �:) þ��u, S → S0 ´4�)�. �

?�Ú, ·��±ò¡ÝK� P2 þ, ùÒp�
��CX π : S → P2.

½n 5.2.2 (��CX½n [CF11]) � S ⊆ Pr ´1wØ���K¡, π : S → P2 ´��

CX, B ⊆ P2 ´©Ü;, (�¡��CX��Oª�), @o

(1) B ´Ø���k:� (=�¹k(:ÚÏ~k:),

(2) f∗B = 2B∗ + C, ùp B∗ ´Ø���, C ´Q��,

(3) π|B∗ : B∗ → B ´ B ��5z.

5 5.2.4 �
©z�~±��CX½n¥�^� (1)(2)(3) ����CX�½Â. �

~ 5.2.3 � U ⊆ C2 ´�:NC����, ÛÜ�I� (x, y),

V = {(x, y, z) ∈ C3 | z2 − x = 0}.

·�kÛÜ�gCX

π : V → U, (x, y, z) → (x, y).
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V

U

B*

B

Ù©Ü;, B : x = 0 ÛÜþ´1w�, ©Ü� B∗ : z = 0 �3�:NC1w�. �

~ 5.2.4 � U ⊆ C2 ´�:NC����, ÛÜ�I� (x, y),

V = {(x, y, z) ∈ C3 | z3 − 3xz + 2y = 0}.

ùÒp�ÛÜngCX (�e¡�«¿ã)

π : V → U, (x, y, z) → (x, y).

Ù©Ü;, B kk: x3 − y2 = 0, ©Ü� B∗ : x− z2 = 0 3�:NC1w�, C : 4x− z2 = 0.

B∗, C 3�:��ê� 2.

B

B*

V

U 

d~ 4.5.2, π1(U − B) = 〈a, b | aba = bab〉. π p��Ó� ϕ : π1(U − B) → S3 d ϕ(a) =

(1, 2), ϕ(b) = (2, 3) �Ñ.

� W = {(z,w, u) | z+w+u = 0} ⊆ C3 ´ÛÜ�²¡, ·��±½ÂCX f : W → U Xe{
x = −1

3(wz + zu+ uw),

y = −1
2zwu.

ù´��8gCX, w, (z,w, u) n�©þÓ����:ÑÝK�Ó��þ. Ïd f �±©)�

π Ú���gCX

g : W −→ V, (z,w, u) → (z, x, y).

g �©Ü;,Ò´ C. � g∗C = 2C, g∗B∗ = B′ +B′′, K C,B′, B′′ ��§©O´

w = u, z = u, z = w.

w,§�üü��êÑ´ 1.

� V ′ = {(v, x, y) | v2 = 3(x3 − y2)} ∈ C3 ´ÛÜ�¡ (�k�� A2 .Û:), ·��½Â
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Ì�ngCX g′ : W → V ′ Xe



x = −1
3(wz + zu+ uw),

y = −1
2zwu,

v = 1
6(z − w)(w − u)(u− z).

(z,w, u) �©þn�Ó����:ÑÝK�Ó��þ, �:´���©Ü:. d	, ·��k�

gCX π′ : V ′ → U , (v, x, y) → (x, y). y3·���±e���ã

W
g //

g′

��

f

  A
AA

AA
AA

A V

π

��
V ′

π′

// U

¯¢þ, ?Ûk:NC���CXÛÜþÑ´ù«a.. �

5.3 k:�

XJ�^� C �õ�¹k(:ÚÏ~k:��ÙÛ:, ·�Ò¡Ù�(:-k:�

(nodal-cuspidal curve), ½{¡�k:�. ·�^ V (d, c, n) L«�k n �(:Ú c �k:� d

g��N. §�¤��q, ¡�k:�� Severi-Enriques q.

� C ∈ V (d, c, n), N´O�

pa(C) =
1

2
(d− 1)(d − 2), g(C) = pa(C) − c− n, χtop(C) = 2 − 2g(C).

�
{z?Ø, ·�~^ (d, c, χ) �O (d, c, n), ùp χ ´ χtop �{�, §� n ���'XXe:

n =
1

2
d(d− 3) − c+

1

2
χ.

e C ∈ V (d, c, n) � é ó  � C∨ � ´ k :  � (é A � Severi-Enriques q P �

V (d∗, c∗, n∗)), ·�Ò¡ C ´ Plücker �. ·�k±e� Plücker úª:


d∗

c∗

χ∗


 =




2 −1 −1

3 −2 −3

0 0 1






d

c

χ


 .

íØ 5.3.1 é Plücker � C ∈ V (d, c, n), ·�k±eØ�ª

2c− χ ≤ d(d− 3), χ ≤ 2, c+ χ ≤ 2d, 2c+ 3χ ≤ 3d.

y² ùo�Ø�ª©O�du n, g, d∗, c∗ ��K5. �

·K 5.3.1 ([Zar31]) � β = [d−1
6 ], K

c <
1

2
(d− β)(d − β − 3) + 2.

·K 5.3.2 é?Ûk:� C ∈ V (d, c, n), ·�k

2c+ χ ≤ d2 − d+ 2.
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y² �Ä C �ü��� �4:�Ñ��4� Ci (i = 1, 2). d Bézout ½n, C1C2 =

(d− 1)2. ,��¡, C1, C2 3 C �(:?��, 3 C �k:?��ê��� 2, Ï�

2c+ n ≤ (d− 1)2,

�du·K¤ã�Ø�ª. �

� B(d, c, n) ´ V (d, c, n) �fq, §d@
²¡þ���ÝKCXéA�©Ü;,��

¤. ¿Ø´¤k�k:�ÑU¤� B(d, c, n) ¥���, 'X B(d, c, n) ¥��Ñ´óêg�

(Ún 5.4.1). � B ∈ B(d, c, n) ´��CX π : S → P2 éA�©Ü;,�, ùp S ´,�1w

Ø���K¡, ν = deg π, g = g(B) (��5z��AÛº�). e¡·�Û��
²;(Ø.

Ún 5.3.1 � ψ : π1(P2 −B) → Sν ´ü�L«, ùp Sν ´ ν ���+, K ψ ´÷�. A

O/, e ν > 2, @o π1(P2 −B) Ø´��+, l c > 0.

y² � H = Imψ. Ï� π ´��CX, ¤± H d�
é�)¤. qÏ� S Ø��, � H

�[/�^3 ν �:þ. dSK 1.7, H = Sν, = π ´÷�. � ν > 2 �, ùÒí� π1(P2 −B) �

��. ?�Ú, d½n 4.6.2 �� c > 0. �

íØ 5.3.2 � B ∈ B(d, c, n), Kk

(1) 6c+ 2n ≥ d2 (= 4c+ χ− 3d ≥ 0),

(2) 2n < d2 − 5d+ 8 (= 2c− χ− 2d+ 8 > 0).

y² � ν = 2 �, d S �1w5�� C 7L1w, gñ! Ïd ν > 2, dÚn 5.3.1 �

c > 0 � π1(P2 −B) ´���+, �d½n 4.6.3 �� 6c+ 2n ≥ d2. Ón, d½n 4.6.4 =�1�

�Ø�ª. �

·K 5.3.3 (¡�êúª I) {
c21(S) = 9ν − 9

2d−
1
2χ,

c2(S) = 3ν − χ− c.

�d/, ·�k {
n = c2(S) − 3c21(S) + 24ν + d2

2 − 15d,

c = 2c21(S) − c2(S) − 15ν + 9d.

y² (1) �¿©���� L ∈ P2. d Hurwitz úª, ·�k KS = −3π∗L + R, ùp

R ⊆ S ´éA�©Ü�. Ï� π : R→ B ´ B ��5z, ¤± g(R) = g. d��úª,

2g − 2 = (KS +R)R = (−3π∗L+ 2R)R = −3d+ 2R2.

Ïd

c21(S) = (−3π∗L+R)2 = 9ν − 6d+R2 = 9ν −
9

2
d−

1

2
χ.

(2) �¿©��: p ∈ P2, L p ��åp�
 S þ� Lefschetz �å Ct. � s ´T�å¥ÛÉn

���ê, F ´Ù¥���n�. ·�kXeúª

c2(S) = 2χtop(F ) + s−C2
t . (5-1)
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�¿©����� L ⊆ P2, d Hurwitz úªá� χtop(S) = 2ν − d. d	w,k C2
t = ν. ,��

¡, s Ò´éó� B∨ �gê, =�u d(d− 1) − 3c− 2n. nÜ±þ�ª, Ò��¤I�ª.

c2(S) = χtop(S −R) + χtop(R)

= νχtop(P2 −B) + χ

= 3ν − νχtop(B) + χ

�d, ·��¤
y². �

íØ 5.3.3 ([Nemir]) (1) e S ØVknu?Û��K��«¡, Kk 10n+16c ≤ 5d2−6d

( = 5χ+ 6c− 9d ≤ 0 ).

(2) e¡ S Vknu,���K��«¡, Kk 10n + 16c < 5d2 ( = 15d− 5χ− 6c > 0 ).

y² (1) d Miyaoka-Yau Ø � ª 9 · K 5.3.3 á �. (2)� � /, � a q � Ä Ø � ª

c21(S) ≤ 2c2(S). �

íØ 5.3.4 ([MT90]) � B ∈ B(d, c, n), K c 7´ 3 ��ê, n 7´ 4 ��ê.

y² � d = 2d′ (Ún 5.4.1), Kd·K 5.3.3 �

χ(OS) = ν +
1

2
d′(d′ − 3) −

c

3
−
n

4
= ν +

1

12
(3g − 3 − 9d′ − c).

ddá�(Ø. �

íØ 5.3.5 � R ⊆ S ´��CX�©ÜØf, K§3 S þ´ ample �, R2 = 3
2d+ g − 1.

y² b� R Ø´ ample �, K�3Ø��� Γ ÷v ΓR ≤ 0. d·K 5.3.3 �y²,

R2 > 0. qÏ� R Ø��, ùÒíÑ RΓ = 0. d Hodge �I½n=� Γ2 < 0. 5¿ Γ ´Ø

���, Ï·�k KSΓ ≥ −1. d·K 5.3.3 �y², KS = −3π∗L + R (L ´��), l

KSΓ = −3π∗L · Γ +RΓ ≤ −3, gñ! ùÒy²
 R ´Ø���. �

5.4 P3 ¥�¡ÝK

¡ S �²¡ P2 ���ÝKCX π : S → P2 w,�±©)Xe:

S
f //

π
��?

??
??

??
? Σ

πO

��

⊆ P3

P2

(5-2)

ùp πO ´±�� �: O �4:�ÝK, Σ ´�kÏ~Û:�¡.

� (��V.Ø��)

B∗
Total = Σ ∩ ∆OΣ = Supp(ΩS/P2), B∗ = Σsmooth ∩ ∆OΣ, Q∗

Total = B∗
Total ∩ ∆2

OΣ,

F ∗ = supp(f∗ΩS/Σ) ´ Σ ���, E∗ = supp(HomOΣ
(f∗OS ,OΣ)) ´ Σ ����Q�

4fV., [F ∗] = 2[E∗] (�� Weil Øf). � BTotal, B, F,E ©O´ B∗
Total, B

∗, F ∗, E∗ �ÝK�.

·�k (��V.Ø�©))

B∗
Total = B∗ + F ∗, BTotal = B + F, [F ] = 2[E].
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·�P Q∗ � B∗ �1w:�N, §Ò´ B �k:���8Ü.

� E∗ = ∪ui=1E
∗
i ´¤k�Ø��©|,

e = degE∗, ei = degE∗
i , ν = deg Σ, d = degB∗.

� V ∗
i ´ E∗

i þ÷v±e^��:�N—¡�R�: (Vertical point): Σ 3T:?��²¡�¹

4: O. P V ∗ = ∪V ∗
i . � T ∗ ´ E∗ þn:�8Ü (�¹ t �:), ¿P τij ´Ñy3 Ei þ�

n: (± j üS), |
∑

i τ
∗
ij| = 3, |

∑
i,j τ

∗
ij| = 3t. � Pinch∗i ´ E∗

i þ�Ø:8Ü (� pi �), P

Pinch∗ = ∪Pinch∗i , p =
∑

i pi.

Ún 5.4.1 (1) deg π = degS = deg Σ = ν.

(2) degB = degB∗ = d = ν(ν − 1) − 2e, AO/, d ´óê.

(3) 0 ≤ e ≤ 1
2(ν − 1)(ν − 2).

(4) 2(ν − 1) ≤ d ≤ ν(ν − 1).

y² (1) w,. (2) � H ´ P3 ¥¿©����²¡.

degB∗
Total = B∗

Total ·H = Σ · ∆OΣ ·H = ν(ν − 1), degF = 2degE = 2e.

dd=� degB∗ = d = ν(ν − 1) − 2e.

�¿©���� L ⊆ P2, L := π∗O(L) �,´ Σ �¿©���²¡��, Ï�´ ν g²¡

�, ��k e �(:. �ÙAÛº� g(L) = 1
2(ν − 1)(ν − 2) − e. d Hurwitz úª,

2g(L) − 2 = −2ν + degB.

ddá� degB = d.

(3) d g(L) ≥ 0 á�. (4) ´ (3) ���íØ. �

·K 5.4.1 (Ø:�êúª) � gi = g(E∗
i ), ḡ =

∑u
i=1 gi.

(1) (ÛÜúª) pi = 2(ν − 4)ei − 2|
∑

j τ
∗
ij| − 4gi + 4.

(2) (�Núª) p = 2(ν − 4)e− 6t− 4ḡ + 4u.

y² æ^~ 5.1.6 �PÒ�Vg, ·�k�CX π2 : Di → C̃i, �d Hurwitz úª��

pi = 2g(Di) − 2gi = Di(KeS +Di) − 4gi + 4.

,��¡, d��úª��

Di(KeS +Di) = 2(ν − 4)ei − 2
∑

j

τ∗ij .

ùÒ��ÛÜØ:úª. �Núª´Ù��íØ. �

·K 5.4.2 (¡�êúª II)




c21(S) = ν(ν − 4)2 − (5ν − 24)e − 4(u− ḡ) + 9t,

c2(S) = ν2(ν − 4) + 6ν − (7ν − 24)e − 8(u− ḡ) + 15t,

χ(OS) = 1
6ν(ν − 2)(ν − 4) + ν

2 − (ν − 4)e − (u− ḡ) + 2t.

(5-3)

y² ë� [GH78, page 624]. �
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íØ 5.4.1 � c ´©Ü;, B �k:�ê, χ = 2 − 2g(B), K{
χ = −ν(ν − 1)(2ν − 5) + 10(ν − 3)e+ 8(u− ḡ) − 18t,

c = ν(ν − 1)(ν − 2) − 3(ν − 2)e + 3t.
(5-4)

y² d·K 5.3.3 Ú·K 5.4.2 9Ún 5.4.1 á�(Ø. �

·K 5.4.3 (1)

[Q∗
Total] = [∆2

OΣ ∩ F ∗] + [Q∗].

AO/, ∆2
OΣ ∩ E∗ �ÝK�Ñ´ B �1w:.

(2)

[B∗ ∩ E∗
i ] = [Pinch∗i ] + [V ∗

i ],

[B∗ ∩ E∗] = [Pinch∗] + [V ∗].

AO/, B∗ ∩ E∗ �ÝK�Ñ´ B �1w:.

(3)

[∆2
OΣ ∩ E∗

i ] = [V ∗
i ] +

∑

j

[τ∗ij],

[∆2
OΣ ∩ E∗] = [V ∗] + 3[T ∗].

(4)

[∆2
OΣ ∩B∗] = [V ∗] + [Q∗].

±e´«¿ã

B

E 

* 

* 

O
2

V
*

T*

Q*

Pinch*

The images of T, V and Pinch are smooth points of B* * *

The images of Q are cusps of B*

y² ë� [SR49, Ch. IX, Sec. 3.1,3.2] �y². �

5.5 Chisini ß�

Chisini ß� ´`, gêØ�u 5 �¡��CXATd©Ü;,��(½. Kulikov

[Kul99, Kul08] y²
Tß�. äNã�Xe:

½n 5.5.1 (Kulikov ½n) � π : S → P2 ´��CX, KØ
 Veronese ¡ v2(P2) ⊆ P5

�	, π 3�d¿Âe�©Ü;, B ⊆ P2 ��(½.
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5 5.5.1 ü���CX π1 : S1 → P2 9 π2 : S2 → P2 XJ÷v±e^�K¡��d: �

3Ó� ϕ : S1 → S2, ¦� π1 = π2 ◦ ϕ. �

�
y²þã½n, ·�I��
O�ó�. ·�b� πi : Si → P2 (i = 1, 2) Ñ´± B �©

Ü;,���CX, degπi = νi, π
∗
iB = 2Ri + Ci, Ri ´©Ü�. �ÄXe��ã

X
g2

**TTTTTTTTTTTTTTTTTTTTTT

g1

��7
7

7
7

7
7

7
7

7
7

7
7

7
7

7
7

$$J
JJ

JJ
JJ

JJ
J

S1 ×P2 S2
//

��

S2

π2

��
S1

π1 // P2

Ù¥ X ´n�È S1 ×P2 S2 ��5z. P



R̃ = g−1
1 (R1) ∩ g

−1
2 (R2),

C̃ = g−1
1 (C1) ∩ g

−1
2 (C2),

C̃1 = g−1
1 (R1) ∩ g

−1
2 (C2),

C̃2 = g−1
1 (C1) ∩ g

−1
2 (R2)

(5-5)

� π1,2 : X → P2 ´p�� ν1ν2 gCX, §p�
Ó�

ϕ1,2 := ϕ1 × ϕ2 : π1(P
2 −B) → Sν1 × Sν2 ⊆ Sν1ν2 ,

ùp ϕi : π1(P2 −B) → Sνi
´éA πi �÷Ó� (Ï� Si Ø��).

e¡·��	A�n�È S1 ×P2 S2 �~f.

~ 5.5.1 � πi : Si → P2 Ñ´± B �©Ü;,��gCX, π∗iBi = 2Ri. ·�ò?Ø��

3ÛÜ�/. � s ∈ B ´1w:, pi = π−1
i (s) ∈ Si, ©O����,

U = {(x, y) | x, y ∈ C}, V1 = {(x, y, z) ∈ C3 | z2 = x} ⊆ S1, V2 = {(x, y,w) | w2 = x} ⊆ S2,

�¦ s = (0, 0) ∈ U .

X

V1 V2

B

U

U

ÛÜ�gCX πi : Vi → Ui �n�È

V1 ×U V2 = {(x, y, z, w) | z2 = w2 = x},

§3ÛÜþw,kü�Ø��©|, ©OéA�§ z = w Ú z = −w. ÏdÙ�5z X =

˜V1 ×U V2 ÛÜþdü�Ø���1wØ��©|�¤, R̃ ��3z�©|þÑ´�^ÛÜ1w

�. Ï gi| eR : R̃→ Ri ´�gÃ©ÜCX. �

~ 5.5.2 � πi : Si → P2 Ñ´± B �©Ü;,�ngCX, π∗iBi = 2Ri +Ci. � s ∈ B ´

Ï~k:, pi = π−1
i (s) ∈ Si.
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·�òCX���ÛÜ�/ πi : Vi → U , ùp U = {(x, y) | x, y ∈ C},

V1 = {(x, y, z) ∈ C3 | z3 − 3xz + 2y = 0} ⊆ S1, V2 = {(x, y,w) | w3 − 3xw + 2y = 0} ⊆ S2.

ÛÜ�gCX πi : Vi → Ui �n�È

V1 ×U V2 = {(x, y, z, w) | z3 − 3xz + 2y = w3 − 3xw + 2y = 0},

§3ÛÜþkü�Ø��©|, ©OéA�§ z = w Ú z2 + zw + w2 − 3x = 0. ÏdÙ�5z

X = ˜V1 ×U V2 ÛÜþdü�Ø���1wØ��©| X1,1,X1,2 �¤, §��ÛÜ�§©O�

X(1,1) = {(x, y, z) | z3 − 3xz + 2y = 0},

X(1,2) = {(x, y, z, w) | z2 + zw + w2 − 3x = −w2z − wz2 + 2y = 0}.

π1,2 : X1,1 → U w,� πi : Vi → U �d. 5¿�

X1,2
∼= W = {(z,w, u) ∈ C3 | z + w + u = 0},

¤± π1,2 : X(1,2) → U Ò´~ 5.2.4 ¥�8gCX, gi : X → Vi ´± Ci �©Ü;,��gCX.

gi : R̃ ∩X(1,1) → Ri w,´Ó�,

gi : R̃ ∩X(1,2)
∼= {(z,w, u) | z + w + u = w − z = 0} → Ri

�´Ó�. ù�, gi : R̃→ Ri ÛÜþ´Ã©Ü�g��.

Ï� π1,2 : X1,1 → U � πi : Vi → U �d, ¤± X(1,1) ∩ C̃i = ∅. d	k

C̃1 ∩X(1,2)
∼= {(z,w, u) | z + w + u = z − u = 0},

C̃2 ∩X(1,2)
∼= {(z,w, u) | z + w + u = w − u = 0}.

Ïd R̃ � C̃i ÛÜþ�5�u�:, ¿�T�:á3 X(1,2) S, Ù3 U S�ÝK�Ò´k:

s ∈ B. d	w,k g∗iRi = R̃+ C̃i. �

5 5.5.2 ·���±^Xe�ªy²þ~¥ X ÛÜþkü�©| X1,1,X1,2. Äk5¿

π1,2 éAÓ�

ϕ1,2 := ϕ1 × ϕ2 : π1(U −B) → ∆ ⊆ S3 × S3.

G = ϕ1,2(π1(U − B)) �^3 9 �:þ. ´�Ù;�kü�, = (1, 1) �;�Ú (1, 2) �;�. Ï

d X ÛÜþkü�©| X(1,1), X(1,2). �[��?Ø�ë�[Cat86, Ún 1.6]. �

Ún 5.5.1 (1) gi| eR : R̃→ Ri ´Ã©Ü�gCX.

(2) (R̃, C̃i) = c, ùp c ´ B þ�k:�ê.

(3) g∗iRi = R̃+ C̃i.

y² ù´ÛÜ¯K, ·��±8(�~ 5.5.1 Ú~ 5.5.2 �ÛÜ�/, ddá�(Ø. �

Ún 5.5.2 XJ (S1, π1), (S2, π2) ´Ø�d�, K X ´Ø��1w¡.

y² � G = Imπ1,2. G �^3 {1, · · · , ν1} × {1, · · · , ν2} þ. Ø���5, ·��±b�

,�AÛ)¤� (5P 4.4.1) ��TÐ´ ((1, 2), (1, 2)). � St(1,1) ⊆ G ´�^3 (1, 1) þ�½

f+. ·��±p� X �Ø��©| X(1,1), ¦� degπ|X(1,1)
= [G : St(1,1)]. d·K 1.2.2, Ø
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±e�~, Ù{�/Ñk deg π|X(1,1)
= ν1ν2, l X = X(1,1) Ø��. T�~´� ν1 = ν2 = ν,

G ∼= ∆ ⊆ Sν × Sν , ù��u` (S1, π1), (S2, π2) ´�d�, ØÎÜ·K^�.

��y1w5, ·��I��	: z ∈ π−1
1,2(B) ?�1w5, ùp�¦ pi := gi(z) ∈ Ri ⊆ Si

(i = 1, 2). � s = π1,2(z), Vi ⊆ Si ´ pi ���, �÷v πi(Vi) = U ⊆ P2 ´ s ���. ù�, ¯K

Ò�±8(�~ 5.5.1 Ú~ 5.5.2 �ÛÜ�/, dd=�¤I(Ø. �

Ún 5.5.3 � m = 3d+ 2g − 2, ùp d, g ©O´ B �gêÚAÛº�. ·�k



R̃2 = m− c,

C̃2
1 = (ν2/2 − 1)m− c,

C̃2 = (ν1/2 − 1)m− c.

y² dÚn 5.5.1, g1| eR ´Ã©Ü�gCX. �
O�g�ê R̃2, ·�Äk�©ÛÛÜC

X gi : X → Vi ¥ R �©Ü�����/, ¿|^;�)�4 R̃ �î���Ø²L©Ü:. X

J s ∈ B ´1w:½ö(:, ùÒ´~ 5.5.1 ��/, d� R̃ kü^Ø���Ø��©|, ÑØ

L©Ü:. 8� s ´k:, æ^c¡ÃPÒ.

d~ 5.2.4 Ú~5.5.1, R1, C1 3z��:?���, R̃ � gi (��3 X(1,2) þ) �©Ü�

g∗(C1) = 2C̃2 ��. �d·�é R1, C1 ���:�uüg, ¿p�;�)� g̃ : X̃(1,2) → Vi. e

ã´ÛÜ)����gCX

R

C1−1

C2

−2

−2
−1

C1
R1

�

ùpE^ R̃, C̃i �©OL« R̃, C̃i �3;�)���î���. 3üg�u�, R1 Ú X̃(1,1) �g

�ê~� 2,  R̃ ∩X(1,2) �g�ê~� 1.

8é R1 þ¤kù��: (� c �) ��üg�u, ù� R2
1 ���~� 2c, R̃2 �g�ê~�

3c. R̃ ��)���î���, Ø�©Ü���, Ï·�k

R̃2 − 3c = 2(R2
1 − 2c).

díØ 5.3.5, R2
1 = 3

2d+ g − 1, ¤± R2 = 3d+ 2g − 2 − c.

Ï� deg g1 = ν2, dÚn 5.5.1 (3) 9þ¡�?Ø, ·���

ν2R
2
1 = (R̃+ C̃1)

2 = R̃2 + C̃2
1 + 2c.

ùÒíÑ

C̃2
1 = (ν1 − 2)(

3

2
d+ g − 1) − c.

·K 5.5.1 ([Kul99]) � B ´ ν g��CX π : S → P2 �©Ü;,. XJ

ν >
2(3d + 2g − 2)

(3d+ 2g − 2) − c
,

@o π d B ��(½, = Chisini ß�3T�/e¤á.
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y² díØ 5.3.1 9Ún 5.5.3, R̃2 > 0, �d Hodge �I½n∣∣∣∣∣
R̃2 R̃C̃i

R̃C̃i C̃2
i

∣∣∣∣∣ ≤ 0

=�

νi ≤
2(3d + 2g − 2)

(3d+ 2g − 2) − c
.

ùÒy²
(Ø. �

íØ 5.5.1 ([Nem01]) Chisini ß�égê ν ≥ 12 ���CX¤á. ?�Ú, XJ S Ø´

��.¡, @ogê ν ≥ 8 �, Chisini ß��¤á.

y² d·K 5.5.1 9íØ 5.3.3 �y²á�. �

íØ 5.5.2 XJ ν ≥ 5, ¿� c21(S) ≤ 3c2(S), @o Chinisi ß�¤á.

y² díØ 5.5.1, ·��±b� 5 ≤ ν ≤ 11. �

A = c−
(ν − 2)

ν
(3d − χ), B =

3

2
d−

5χ

6
− c.

·�k {
χ = −9d(ν−4)

12−ν − 6Aν
12−ν − 6Bν

12−ν ,

c = 6d(ν−2)
12−ν + 5Aν

12−ν + 6B(ν−2)
12−ν

díØ 5.4.1 9Ún 5.4.1, ·��k{
χ = 3ν(ν − 1)(ν − 2) − (5ν − 11)d − 8(e− u+ ḡ) − 18t,

c = −1
2ν(ν − 1)(ν − 2) + 3

2(ν − 2)d + 3t.
(5-6)

nÜ±þ�ª, =�{
t = d(ν−2)(ν−8)

2(12−ν) + 1
6ν(ν − 1)(ν − 2) + 5Aν

3(12−ν) + 2B(ν−2)
12−ν ,

e− u+ ḡ = −d(ν−3)(ν−4)
2(12−ν) − 3Aν

12−ν − 3B(5ν−12)
4(12−ν) .

·K 5.3.3, B ≥ 0. ,��¡, e − u+ ḡ ≥ 0, ùÒíÑ A < 0, =·K 5.5.1 �Ø�ª¤á, l

Chisini ß��(. �

íØ 5.5.3 ng��CXd©Ü;,��(½.

y² � A Óþ, aqíØ 5.5.2 �O���

9

8
t+ (e− u+ ḡ) = −

5

16
d+

9

8
−

3A

8
.

Ï� d ≥ 4 (Ún 5.4.1), ¤±þªíÑ A < 0, Ï·K 5.5.1 �Ø�ª¤á, l Chisini ß�

¤á. �

íØ 5.5.4 XJ ν ≥ 5, ¿� c21(S) ≤ 2c2(S) ≤ −2, @o Chinisi ß�¤á.
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y² díØ 5.5.1, ·��±b� 5 ≤ ν ≤ 7. � A Óþ, B′ = 9
2d−

3
2χ− 2c− 3ν. db�

^�, B′ ≥ 0. 



χ = 3d−
(

2ν
8−ν

)
(3ν + 2A+B′),

c = 6ν(ν−2)
8−ν + 3Aν

8−ν + 2B′(ν−2)
8−ν ,

t = −d
2(ν − 2) − (ν−2)(ν2−9ν−4)

6(8−ν) + Aν
8−ν + 2B′(ν−2)

3(8−ν) ,

e− u+ ḡ = d
4 (2ν − 5) − 3ν(5ν−12)

4(8−ν) − 7Aν
4(8−ν) −

B′(5ν−12)
4(8−ν) .

Ïd

(2ν − 5)t+ 2(ν − 2)(e − u+ ḡ) =

−
ν(ν − 2)2(2ν2 − 19ν + 44)

6(8 − ν)
−
ν(3ν − 4)

2(8 − ν)
A−

7ν2 − 30ν + 32

6(8 − ν)
B. (5-7)

� ν = 6, 7 �, dþª9 B′, t, (e − u+ ḡ) ≥ 0 íÑ A < 0, Ï Chisini ß�¤á.

� ν = 5 �, ª (5-7) �du

30t+ 36(e− u+ ḡ) = 15 − 55A− 19B.

XJ t ≥ 1 ½ e − u + ḡ ≥ 1 ½ B′ ≥ 1, K A < 0. Ø�� t = e− u + ḡ = B′ = 0, Ï A = 3
11 .

�d A �½Â, 5A = 5c− 3(3d − χ) ´�ê, ùÒ��gñ! �

½n 5.5.1 �y²: d±þ�?Ø, ·��I�Ä ν = 4 ��/. d�Ún 5.4.1 íÑ e ≤ 3.

� A Óc. b� A ≥ 0, Kd (5-6), ·�k

24 − 12e+ 8(e − u+ g) + 12t ≤ 0.

Ï 2 ≤ e ≤ 3. d�kn«�U

(1) e = 3, e− u+ ḡ = 1, t = 0,

(2) e = 3, e− u+ ḡ = 0, t = 1,

(3) e = 2, e− u+ ḡ = 0, t = 0.

?�Ú, d�êúª, ·�k

−χ = 36 − 18e+ 8(e − u+ ḡ) + 18t ≥ −2.

Ïd�/ (1) Ø�UÑy.

XJ�/ (3) Ñy, @o e = u = 3, ḡ = 0. dd�� d = 8, g = 1, c = 12, n = 8. bXd�

�3ü�CX πi : S′ → P2 �± B �©Ü;,, @od·K 5.5.1 � deg fi ≤ 4. 5¿� B k(

:, ¤± deg fi = 4. dÚn 5.5.1 ÚÚn 5.5.3, ·�k

R̃2 = C̃2
1 = C̃2

2 = R̃C̃1 = R̃C̃2 = 12.

Ïd ∣∣∣∣∣
R̃2 R̃C̃1

R̃C̃1 C̃2
1

∣∣∣∣∣ = 0

¤± C̃1 � R̃ 3 Neron-severity +¥�5�'. qÏ� R̃2 = C̃2
1 , ¤±§�´ê��d�. Ón

C̃2 � R̃ ´ê��d�. ù�, C̃1C̃2 = C̃2
1 = 12. �,��¡, C̃1C̃2 = c+ 2n = 28 (SK 5.6), g

ñ! Ïd�/ (3) Ø�UÑy.

- 56 -



1ÊÙ ¡���CX

�/ (2) éA Veronese ¡ v2(P2) ⊆ P5 � P2 ���ÝK. d�©Ü;, B ´�Ê�k:

�8g�. d²;�(J, §ko«Ø�d���CX (� [Cat86]). �

� π : S → P2 ´��CX, B ´©Ü;,. � pi ∈ B ´©Ü;,Û: (i = 1, · · · , n+ c), Ui

´ pi ����. d~ 4.5.2 95P 4.5.1, ·�k

π1(Ui −B) =

{
〈a, b | aba = bab〉, XJ pi ´Ï~k:,

Z ⊕ Z, XJ pi ´(:.

d5P 4.6.1, �3Ó� ψi : π1(Ui −B) → π1(P2 −B). ·�P

ψi(π1(Ui −B)) =

{
Gi, XJ pi ´Ï~k:

Γi, XJ pi ´(:

·K 5.5.2 ([Kul99]) äk�½©Ü;, B � ν g ��CX�8Ü�÷v±e^��÷

Ó� ϕ : π1(P2 −B) → Sν �8Ü�m�3��éA (ùp Sν ´ ν ���+):

(1) é?ÛAÛ)¤� γ ∈ π1(P2 −B), ϕ(γ) ´ Sν ¥�é�,

(2) é?Ûk: pi, ϕ(Gi) kü�é�)¤, ¿�Ó�u S3,

(3) é?Û(: pi, ϕ(Γi) kü�é�)¤, ¿�Ó�u S2 × S2.

5.6 ��CX�ÿÀ

5.7 Veronese ¡���CX

·��Ä P2 � P2 ���CX

π : P2 −→ P2, [X,Y,Z] → [F1(X,Y,Z), F2(X,Y,Z), F3(X,Y,Z)],

ùpÃ Fi ´ k gõ�ª, Ï degπ = k2. ù���w,�±Xe©):

P2 π //

vk $$J
JJJ

JJJ
JJ

J P2

P(k2+3k)/2

pr

::u
u

u
u

u

ùp vk ´ k � Veronese ��, pr ´�� ��ÝKN�.

Ún 5.7.1 ©ÜØf R ��§�

J(X,Y,Z) :=

∣∣∣∣
∂(F1, F2, F3)

∂(X,Y,Z)

∣∣∣∣ = 0,

AO/, degR = 3(k − 1).

y² π 3 P = [X0, Y0, Z0] ?©Ü��=�, �3Ø��"�~ê a, b, c ¦� G = aF1 +

bF2 + cF3 = 0 ½Â��3 P ?ÛÉ, ½=

∂G

∂X

∣∣∣
P

=
∂G

∂Y

∣∣∣
P

=
∂G

∂Z

∣∣∣
P

= 0.

ò a, b, c À�Cþ, ù
�§�duXêÝ

∂(F1,F2,F3)
∂(X,Y,Z) 3 P ?´òz�, �Ò´ä�'1�ª

J(P ) = 0. �
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Ún 5.7.2 � B ´ π �©Ü;,�, �k c �k:Ú n �(:, K

degB = 3k(k − 1), c = 3(k − 1)(4k − 5), n =
3

2
(k − 1)(k − 2)(3k2 + 3k − 8).

y² 3.�K²¡þ�¿©����� L, ¿� H = π∗L. d Hurwitz úª,

2g(H) − 2 = k2(−2) + degB.

Ï� H ´ k g1w²¡�, ¤± g(H) = 1
2(k − 1)(k − 2), ùÒíÑ degB = 3k2 − 3k.

d·K 5.3.3 ±9 c21(S) = 9, c2(S) = 3, á�Ù{Ãª. �

�ÙSK

SK 5.1 � X ⊆ Pn dàg�§ F = 0 ½Â, Q ∈ Pn −X, ∆Q ´�4�f.

(1) y²: �4�¡ ∆QX � X ��8TÐ´@
L Q �� X �������:�¤.

(2) y²: d�§ ∆2
QF = 0 ½Â����4�¡ ∆2

QX� X,∆QX �ú��8TÐ´@
�

:¥�$:�¤.

SK 5.2 �yúª (5-1).

SK 5.3 � X ⊆ P2r+1 ´�òz r �1w�Kq.

(1) y²: �3 X þ�ü�:, §����m�oØ��, �o�8�ê�u r − 1.

(2) |^þ��Ky²: �3V:��.

(3) y²: �3 Pn ¥� X Ø���m8, ¦�±Ù¥?Û:��ÝKN�´Vkn��, ?Û

��Ø� X ��, ¿��q�z�Û:ÛÜÑ´ü� r ���m��.

SK 5.4 � π : S → P2 ´��CX, ν = degπ, B ⊆ P2 ´©Ü;,, d = degB, g ´ B

�AÛº�. L ⊆ P2 ´¿©�����, E = π∗L. y²:

ν ≤
2d2

3d− χ
,

�Ò¤á��=� KS ê��du mE, m ∈ Q (J«: ^ Hodge �I½n).

SK 5.5 � (S1, π1), (S2, π2) ´ü��d���CX, X ´n�È S1 ×P2 S2 ��5z.

y²:

(1) X ´1w�;

(2) X dü�Ø���Ø��©| X(1,1), X(1,2) �¤, Ù¥ÝK gi|X(1,1)
: X(1,1) → Si Ñ´Ó�,

gi|X(1,2)
: X(1,2) → Si Ñ´ N − 1 gCX, ùp N = N1 = N2.

SK 5.6 � C̃1, C̃2 Xª (5-5) ¤½Â, y²: C̃1C̃2 = c+ 2n.
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6.1 �êq�Ä�+

b� X,Y Ñ´1wq, f : X → Y ´��. d Hironaka Û:)�, �b��3�~��

f̄ : X → Y , Ù¥ X ´1wq, i : X → X ´mE\, ÷v f = f̄ ◦ i, D = X − i(X) ´�5�Ø

f. � S ⊆ Y ´{�ê 2 �f8, ¦�é?¿ p ∈ Y − S, f−1(p) 3���^Ø��©|þ´�

�Q��.

·K 6.1.1 � X,Y, f Óþ.

(1) �3��� Zariski m8 U ⊆ Y ¦� f−1(U) → U 3Ï~ÿÀ¿Âe´n�m.

(2) � f ´|��, K [π1(Y ) : Imπ1(X)] < +∞.

(3) � F ´��n�, KkXe�Ü�:

π1(F ) → π1(X) → π1(Y ) → 1.

y² (1) � D1, · · · ,Dr ´ D �¤kØ��©|. é?Ûf8 B ⊆ {1, 2, · · · , r}, ½Â

D(B) =
⋂
i∈B

Di. ù
 D(B) ´1w�. d Sard ½n, ·��±é� Y ¥� Zariski m8 U , ¦�

f̄ ��3 f̄−1(U) ∩D(B) p���N�´÷�. ù�·�Ò��
¤I(Ø.

(2) � F = f−1(p), p ∈ U . ·�k�Ü�

π1(F ) → π1(f
−1(U)) → π1(U) → π0(F ).

Ï� F ´�êq, ¤± π0(F ) ´k��. Ïd π1(f
−1(U)) 3 π1(U) ¥��kk��I. 5

¿� π1(U) → π1(Y ) ´÷�, ¤± π1(f
−1(U)) 3 π1(Y ) ¥���kk��I. Ïd [π1(Y ) :

Imπ1(X)] < +∞.

(3) � T = {q ∈ Y | dim f−1(q) > dimF} (Ù{�ê ≥ 2), L = S∪T . � R ´ Y −U �?�

Ø��©|, r ∈ R ´�1w:�Ø3 L S, Ï f−1(r) k�1w: m � dimF = dim f−1(r).

d� f 3 m ?p����mN�´÷�. � M ´ f−1(R) ¥��²L m �Ø��©|, γ(M)

´ X ¥�7 M �@¢��Ýa. � γ(R) ´ Y ¥�7 R �@¢��Ýa.

R

M

X

Y

f (r)
−1

f
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�ÄXe��ã

1 // Kerb //

α

��

π1(f
−1(U))

α

��

b // π1(X)

d
��

// 1

1 // Kerc // π1(U)
c //// π1(Y ) // 1

w� α(γ(M)) ⊆ γ(R). d α �÷�5?�Ú�� α(γ(M)) = γ(R). Ï� Kerc ´dù
 γ(R)

)¤�, ¿� γ(M) ⊆ Kerb, ¤±ùÒíÑ Kerc ⊆ α(Kerb). ,��¡d��ãw,��,��

���¹'X, ¤± Kerc = α(Kerb). d�/Ún=�(Ø. �

6.2 ���²¡��

� X ´Eê�þ�1w���êq, R ´ X � Zariski 4f8.

½n 6.2.1 � φ : X → PN ´��, L ´ PN ¥¿©����5f�m, �¦ codimL <

dimφ(X), Kk

(1) φ−1(L) ´1wëÏ�,

(2) π1(φ
−1(L) −R) → π1(X −R) ´÷�.

R

X

L

−1
(L)

·�ò½n 6.2.1 �y²�3�¡. ùpk0�§��X�íØ.

½Â 6.2.1 � D ´ X þ�k�Øf, XJé,���ê m, d�5X |mD| p��kn

N� φ : X 99K PN ÷v dimφ(X) ≥ 2, ·�Ò` D Ø´�åEÜ.

� |mD| p���åEÜ�knN� φ : X 99K PN . ·��±p�Xe��ã

X

ψ

��

φ̄

  A
AA

AA
AA

A

X
φ // PN

ùp ψ : X → X ´1wq�m�Vkn��, φ̄ �´��.

� U ´þã D �|8��� (Ï~ÿÀe). ·���²¡ H0 ⊆ PN , ¦� φ−1(H0) �¹ D

�|8. ù�, φ̄−1(H0) ⊆ ψ−1(U). ù�, 8Ü

V := {H ∈ (PN )∗ | φ̄−1(H) ⊆ ψ−1(U)}

´éó�m (PN )∗ ¥�¹ H0 ���. ÷v½n 6.2.1 ^� (1)(2) ��²¡���N�¤ (PN )∗
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� Zariski m8 W , Ïd V ∩W ��, ·��±l¥À��²¡ H, ÏkXe���ã

π1(φ̄
−1(H) − ψ−1(R))

α // π1(φ̄
−1(U −R))

β //

��

π1(X − φ−1(R))

γ

��
π1(U −R)

δ // π1(X −R)

d½n 6.2.1, β ◦ α ´÷�, l β �´÷�. 5¿� ψ ´Vkn�, Ï γ �´÷�. Ïd δ ´

÷�. ùÒ��XeíØ.

íØ 6.2.1 � D Ø´�åEÜ, U ´ D �|8��� (Ï~ÿÀe), K±eN�´÷�:

π1(U −R) −→ π1(X −R).

íØ 6.2.2 � X ´¡, C ´ S þ�Ø���, C2 > 0, K

(1) é C �?Û�� U , π1(U −R) → π1(X −R) ´÷�,

(2) e C � R �5� (#N R = ∅), @o

π1(C − C ∩R) −→ π1(X −R)

´÷�.

y² (1) 5gíØ 6.2.1.

(2) � C �Ü·��� U , ¦� C − C ∩R ÓÔ�du U −R. 2d (1) =�(Ø. �

íØ 6.2.3 � X ´¡, C,D Ñ´�, ��5�, Ù¥ D ´(:�, D ¥z^Ø��

©| Γ Ñ÷v Γ2 > 0, @o

π1(X −D ∪ C) → π1(X −C)

�Ø3¥ π1(X −D ∪C) ¥´¥%�.

y² � Γ ´ D �?�Ø��©|, γ(Γ) ´éA�@¢. � Γ �Ü·�+G��� U . d

íØ 4.3.1, γ(Γ) ∈ π1(U −D ∪C) ´¥%�. díØ 6.2.2, π1(U −D ∪ C) → π1(X −D ∪C) ´

÷��, Ïd γ(Γ) 3 π1(X −D ∪ C) ¥�´¥%�.

d·K 4.3.1, π1(X −D ∪C) → π1(X − C) �Ødþãù
@¢)¤, ddá�(Ø. �

íØ 6.2.4 � X,D ÓíØ 6.2.2, φ : Y → X ´k�CX�)�. @o

φ∗ : π1(Y ) −→ π1(X)

�Ø�{ØÑ´k�8, ¿�Ø´¥%�.

y² �ÄXeü1�Ü����ã, Ù¥ Ki := Kerji, φ̄∗ ´ü�.

1 // K1
//

��

π1(Y − φ∗D)

φ̄∗

��

j1 // π1(Y )

φ∗

��

// 1

1 // K2
// π1(X −D)

j2 // π1(X) // 1

(6-1)

d�/Ún, ·��p��Ü�

1 → Kerφ∗ −→ K2/φ̄∗K1 −→ π1(X −D)/φ̄∗π1(Y − φ∗D) −→ π1(X)/φ∗π1(Y ) −→ 1.
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díØ 6.2.2, K2 ⊆ π1(X −D) ´¥%�, Ï K2/φ̄∗K1 ´dk��@¢)¤�k���+, �

Kerφ∗ ´k��. 5¿� φ �k�5, dþ¡�Ü�á�{Ø�k�5. �y Kerφ∗ ´¥%�,

·��Iy K := j∗1(Kerφ∗) ⊆ π1(Y − φ∗D) ´¥%� (Ï� j1 ´÷�). 5¿� φ̄∗K ⊆ K2, ¤

± φ̄∗K 3 φ̄∗π1(Y − φ∗D) ¥´¥%�, Ï�y. �

íØ 6.2.5 � φ : Y → X ´q X þ±1w ample Øf D �©Ü;,� n gÌ�CX�

dimX ≥ 2, @o π1(Y ) ∼= π1(X).

y² Eæ^ã (6-1) �PÒ. d�/Ún����Ü�

1 −→ Kerφ∗ −→ K2/φ̄∗K1 −→ π1(X −D)/φ̄∗π1(Y − φ∗D) −→ π1(X)/φ∗π1(Y ) −→ 1.

d�

K2/φ̄∗K1
∼= π1(X −D)/φ̄∗π1(Y − φ∗D) ∼= Zn.

ùÒ��¤I(Ø. �

íØ 6.2.6 � D ´ PN ¥�Øf, D þ¤k��5��Û:Ñá3{�ê 3 �f8S, K

π1(PN −D) ´��+.

y² �¿©����5f�m L ⊆ PN ¦� dimL = 2. d½n 6.2.1, π1(L − D) →

π1(PN −D) ´÷�, ¿� L ∩D ´ L ¥�(:�. d½n 4.6.2 =�(Ø. �

±e·�� G ´ PN ¥�¤k{�ê� l ��5f�m�N�¤��.dù6/.

Ún 6.2.1 � M ´Ø��E6/, dimM 6= l − 1, ψ : M → PN ´k���, ½Â

A(M) =

{
{L ∈ G|dimψ−1(L) > dimM − l}, e dimM ≥ l,

{L ∈ G|ψ−1(L) 6= ∅}, e dimM ≤ l − 2.

@o codimA(M) ≥ 2.

y² �

J = {(x,L) ∈M ×G|ψ(x) ∈ L}.

J w,´ M × G ¥{�ê� l �Ø��fq. � B(M) ´ A(M) 3 J → G ���. XJ

codim(M) ≤ 1, @o

dimB(M) ≥

{
dimA+ dimM − (l − 1) ≥ dim(M ×G) − 1, e dimM ≥ l,

dimA ≥ dimG− 1, e dimM ≤ l − 2.

31�«�/¥, dimB(M) > dim J , gñ! 31�«�/, dimB(M) ≥ dim J , Ïd J �Ø

��5� J = B(M). ù¿�X J → G Ø´÷�, gñ! �

íØ 6.2.7 � Z ´ k �q, U ´Ù Zariski m8, Z − U ´X{�ê 1 � (= Z − U =

∪hi=1Mi, Mi ´ k − 1 �Ø��©|). � g : Z → PN ´k���,

F = {L ∈ G|U ∩ g−1(L) = ∅}.

@o codimF ≥ 2.

- 62 -



18Ù f Lefschetz ½n

y² � ψi = g|Mi. ´� F ⊆ ∩hi=1A(Mi), �dÚn 6.2.1 �, codimF ≥ 2. �

½½½nnn 6.2.1 ���yyy²²²: �Ä φ : X → PN � Stein ©) φ = g ◦ f , Ù¥ f : X → Z ´n�ë

Ï�, g : Z → PN ´k���. � dimZ = k > l ≥ 2. é¿©��� L ∈ G, g−1(L) ´ëÏ�.

Ïdd Zariski ëÏ5½n, é?Û L ∈ G, g−1(L) Ñ´ëÏ�. 5¿� f �n�´ëÏ�, �

φ−1(L) �´ëÏ�.

8� Z � Zariski m8, ÷v

(i) f |f−1(U) ´1w,

(ii) g|U p���N�??Ñ´ü�.

(iii) U ´1w�,

(iV) é?Û x ∈ U , f−1(x) 6⊆ R,

(v) Z − U ´X{�ê 1 �.

�Äfq

S = {(x,L)|φ(x) ∈ L} ⊆ X ×G,

9

S′ = {(x,L)|g(x) ∈ L, g|U 3 x ∈ U ?'u L ∈ PN �î��K} ⊆ U ×G

(5: ¤¢'u L �î��K, ´���m��¹u L ¥). w� S → X, S′ → U ´ Zariski Û

Ün�m, Ù¥cö�n�´ PN−1 ¥{�ê l f�m�¤��.dù6/, �ö�n��ê

dimG − k − 1. ù�, 1 + dimS′ = dimG. ùL² S′ → G Ø
��{�ê� 2 �f8 H ⊆ G

	, äkk�n�.

8� F ÓíØ 6.2.7, T = F ∪ H. é?Û L ∈ G − T , U ∩ g−1(L) ����ê ≥ k − l, §

=kk��Û:. d U ½Â, ùÒíÑ φ−1(L) ∩ f−1(U) − R ¹k1w:. d·K 6.1.1 (5¿

S − (R ×G) → G ÷v·K^�) ±9 G �üëÏ5, ·�km8 W ⊆ G, ¦�é?Û L ∈ W ,

Ñk÷�� π1(φ
−1(L) −R) → π1(S − (R×G)). ,��¡, S − (R×G) → X − R w,´n�

ëÏ�1w�~��, Ïd�k÷� π1(S − (R ×G)) → π1(X −R). ùÒ��÷�

π1(φ
−1(L) −R) −→ π1(X −R).

ù�, ·�Ò�¤
y². �

6.3 ���/C

·�3ù�!¥��ÄE)Ûf�mÚ�XN�.

½Â 6.3.1 � f0 : P0 → Q 3z:��mp���N�´ü�, Ù¥ P0 ´;�, 1 +

dimP0 = dimQ. f0 �/C (Deformation) ´���ëê�m (S, s0), ÷v:

(1) �3�� f : P → S ×Q ¦� p1 ◦ f : P → S ´²"�~N�,

(2) �3 s0 ∈ S ±9Ó� j : P0 → (p1 ◦ f)−1s0, ¦� p2 ◦ f ◦ j = f0.

é?¿ s ∈ S, ·�5½ Ps := (p1 ◦ f)−1s 9 fs = p2 ◦ f |PS
: Ps → Q.

� P, S �Óþ, ·�½Â

P kS = P ×S P ×S · · · ×S P︸ ︷︷ ︸
k
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9 qk : P kS → S. -

T (k) = {(x1, x2, · · · , xk) ∈ q−1
k (s0)|xi 6= xj}.

½Â 6.3.2 � b ≥ 0, XJþã/C÷v±eÃ^�, Ò¡Ù3 s0 ?´ b-`³�:

(1) S 3 s0 ?1w,

(2) é?Û 1 ≤ k ≤ b, P kS 3 T (k) �z�:þÑ1w, ¿�k�ê

dims0 S + k · dimP0.

(3) é?Û 1 ≤ k ≤ b, P kS → Qk 3 T (k) �z�:?Ñ1w.

� Ps ´ P → S 3 s ∈ S þ�n�,

Bs(K) = {(x1, · · · , xk) ∈ Ps ×Q Ps ×Q · · · ×Q Ps︸ ︷︷ ︸
k

|xi 6= xj}.

-

G(k) = P ×S×Q P × · · · ×S×Q P ×S×Q P

9

F (k) = {(x1, · · · , xk) ∈ G(k)|xi 6= xj}.

Ún 6.3.1 � f : P → S ×Q ´ f0 : P0 → Q �/C´ b-`³. é?Û k ≤ b, �3 S �)

Ûýf8 F , ¦�é?Û s ∈ S − F , Bs(k) ´�ê� dimQ− k �1wf8.

XJ OP0
vk�~���N�¡, @o Ps ´1wëÏ�.

6.4 f Lefschetz ½n

� U ´�� 2 ��ëÏE6/, H ´ U ¥d,�ÛÜÌn��½Â�;E)Ûf�m (�

7Q�), ¿� OU (H)|H ´ ample �, i : H → U ´�¹N�. � X ´1w�Kq, R ⊆ X ´?

� Zariski 4f8, q : U → X ´ÛÜ�_��XN�, h = q ◦ i. � G ´XeN���:

π1(U − q−1(R)) −→ π1(X −R).

X
R

q(U)

h(H)

½n 6.4.1 (f Lefschetz ½n) 3þãPÒe, ·�k

(1) G 3 π1(X −R) ¥kk��I.

(2) e h(H) ∩R = ∅, K π1(H) → π1(X −R) ��äkk��I.

(3) e dimX = dimU = 2, K [π1(X −R) : G] ≤ (Divh)2/H2, ùp Divh ´ h∗OH �1��a.

�ÙSK
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