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1 ����
1.1 ���	
��
�

(I) 
��
������(��)

π : X → Y ���
��
, p ∈ X ;
π̃ : X̃ → Ỹ ����;

X̃
σ′

- X

Ỹ

π̃

? σ
- Y

π

?

σ = σ1 · · ·σk, σi+1�� p̃i��� ;
pg : p�!"#$;
mi : %&'(� p̃i��)*, wi = [mi

2 ].

pg =
1

2

k∑
i=0

(wi − 1)wi

• p�� ⇔ wi ≤ 1, ∀i ⇔ mi ≤ 3, ∀i.
• ADE ��+,.

An : z2 = x2 + yn+1

Dn : z2 = y(x2 + yn−2)

E6 : z2 = x3 + y4

E7 : z2 = x(x2 + y3)

E8 : z2 = x3 + y5
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(II) -��
������

• (dLM, NO, @A., iP, 2005) ./-��
01+
,234��
)�5678��-)�.
• 901+, z3 + sz + t = 0:;<=>
?��, @A.

BC<5DEF.

�� 1.1.1 (*+,, 2003) � π : X → Y ��������, p ∈ X,
p̃ = π(p)�	
��. π
 p������ z3 + a0a1z + b0a1 = 0��. �
� p����������� !"#$%&'(:
(1) A0 + A1
 p�)*;
(2) B0 + A1
 p�����, � Milnor + ≤ 4;
(3) B0 + A1
 p�����, � Milnor + ≥ 5, ,-./ A0 + A1�01
+ ≤ 3;
(4) B0 + A1
 p23�)*���., / A0 + A1�01+ ≤ 3.

45 Ai(B0)67 ai(b0)89�:;.

G 1. (*+,, 2003)z3 + ylz + x2 + yk = 0��<�����.

(1) Aµ (k = 2 or l = 1); (2) Dµ ( k = 3 or l = 2); (3) E6 (k = 4, l ≥ 3);

(4) E7 (k ≤ 5, l ≥ 3); (5) E8 (k = 5, l ≥ 4).

G 2. (-...) z3 + x(x2 + y3)z + x(x2 + y3)2yk = 0, n = 3k + 2��<�
���� Fn,6=.

G 3. (-...) z3 + xy2z + xy2 = 0, z3 + xyz + xy2 = 0>��<?&@
����� A0,0,0=.
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• H"I:��-��
����J��.

-KL�:
(1)MNO��PQ�%&'(,��RSTDUVN(WX3);
(2) H"I:���!"#$ pg "YZ[;
(3) H"\:]��J^%&.

• (2), (3)2_EZ
`
abc�d8ef,01�ghijklKmno�Np
q (L�).

• rs, tLuvwx
��
y����z{.

• |}�~�:
(1) ./-��
�����;
(2) ����PQ�X��, 56-��
������%&
'(�� ����X��;
(3) 	
���q
��y�������.
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1.2 Horikawa �
��
(I) -��
��

A π : X → Y BCDEFGHI, X JK, p ∈ X LM, p̃ = π(p).
π : X → Y ENOPQR z3 + sz + t = 0.

a =
4s3

gcd(s3, t2)
, b =

27t2

gcd(s3, t2)
, c = a + b. (1)

• FGHIST (a, b, c) UV: a = 4a1a2
2a0

3, b = 27b1b0
2, c = c1c0

2,

gcd(ai, bj) = gcd(ai, cj) = gcd(a1, a2) = 1. (2)

WXa1, a2, b1, c1YZ[P\].

• Ai, Bj, Ck ( A, B, C )U^_` ai, bj, ck ( a, b, c)abEc];
D1 = B1 + C1 : deUfgh; D2 = A1 + A2 : iUfgh.

• π EjkVl:

X̃
σ′k - Xk−1

σ′k−1 - . . . - X1

σ′1 - X

. . .

Ỹ

π̃

?
σk - Yk−1

πk−1

? σk−1 - . . . - Y1

π1

? σ1 - Y

π

?

p̃i(∈ Yi) : πiEUfghLM;
σi+1 : p̃imEno, σ := σ1 · · · σk;
EiB σiEpqCr;
Ei : Eis Ỹ tEuivw.
Aj

(i)x : πi : Xi → YiEFGHIST;

Ã
(i)
j x : yzEFGHIST Aj s YitE{|vw.

• mp̃i
(∗)_` p̃imE}S;

di = min(mp̃i
(A(i)),mp̃i

(B(i)),mp̃i
(C(i)));

mi = [
mp̃i

(D
(i)
1 )

2
], wi = mi + ni, ~m

ni =

{
mp̃i

(D
(i)
2 ) 3 | di −mp̃i

(A(i)),

mp̃i
(D

(i)
2 )− 1 otherwise.

(3)
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• Y�����( ciB πE trace-free �E��):

χ(OX̃) = 3χ(OY ) +
1

2
(c2

1 − c1KX)− c2 − pg(τ), (4)

pg =
1

2

k−1∑
i=0

(wi − vi)(wi − vi − 1) +
1

2

k−1∑
i=0

vi(vi − 1)

− deg ∆ + deg ∆̃, (5)

K2
X̃

= 3K2
Y + 2c2

1 − 4c1KY − 3c2

−
k−1∑
i=0

(2w2
i − 3wivi + 3v2

i − 4wi + 3) + 3(deg ∆− deg ∆̃). (6)

A ρ : X̂ → X̃ B πE��Vl(	
�pqCr�
��E (−1)Cr).

�� 1.2.1 �p̃ = π(p)�
�����. εp���
 ρ",�� (σπ)−1(p̃)
�����.�#+.

Hp :=
1

2

∑
i

(2− wi)(wi − 3) + εp = 0.

�� i��
����� p̃
����� !�"". Hp#$�� p�
%& Horikawa +.

(': WXENO, (�t)vNO*+Y,,- Upper bound on the
slope of a genus 3 fibration, Z. -J. Chen, S. -L. Tan, 2005 )

./+:

K2
X̂
− 3χ(OX̂) = 3(K2

Y − 3χ(OY )) +
1

2
(c2

1 − 5c1KY ) +
∑

p

Hp. (7)

WX p̃01
+UfghELM.
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(II) Horikawa *�#$ 3�?�

� f : S → C �gP������#$3�?�.
 � f �NK!� Γ, "#NK$!"u%� P0� 3 : 1�

�&'φ′ : S 99K P0. ()�*T+:

Ŝ
ε

- S0 ¾ S̃

S

π̂

? φ′
- P0

π0

?
¾

σ
P̃

π̃

?

φ = φ′ ◦ π̂ : Ŝ → P0�NK,';
φ = π0 ◦ ε� φ� Stein %�, π0�-��
;
π̃ : S̃ → P̃ � π0�����.

• f : S → C -.�� S̃ → C �gP��o/.

• τ̃ : S̃ → S �0��,'.

S̃
π̃

- P̃

S

τ̃

? φ′
- P0

σ

?

@
@

@
@

@
@

@

f
R ª¡

¡
¡

¡
¡

¡
¡

ϕ0

C
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• (Horikawa) K2
f − 3χf =

∑
F

HF .

F 12 f : S → C ����?.
HF = length coker (S2f∗ωS/C ↪→ f∗(ω⊗2

S/C))
p
, p = f(F ).

• �-��
�USb34, F � Horikawa * HF 56:

HF =
∑

ϕ0(q)=f(F )

Hq + ε′F

ε′F : 7�89 (−1)�:�K*.

• Miles Reid ;<

χf =
1

9
(a0 + a1 + 3a2 + 5a3), (8)

K2
f =

1

3
(a0 + 4a1 + 9a2 + 14a3), (9)

K2
f − 3χf = a1 + 2a2 + 3a3. (10)

=> ai?@ABCDE.

• efF4 Horikawa * Hp.
�~F4: Hp = s1 + 2s2 + 3s3, si ≥ 0.
si: GHi π0 : S0 → P0������.
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2 ����

X̃
σ′k - Xk−1

σ′k−1 - . . . - X1

σ′1 - X

. . .

Ỹ

π̃

?
σk - Yk−1

πk−1

? σk−1 - . . . - Y1

π1

? σ1 - Y

π

?

Ek−1, p̃k−1 E1, p̃1 p̃

p̃i(∈ Yi) : πiEUfghLM;

σi+1 : p̃imEno, σ := σ1 · · · σk;

EiB σiEpqCr;

Ei : Eis Ỹ tEuivw;

wi = mi + ni, mi = [
mp̃i

(D
(i)
1 )

2
], ni = mp̃i

(D
(i)
2 )2mp̃i

(D
(i)
2 )− 1.

�	 2.0.2 314 5 p̃i�	
��, � π−1
i (p̃i) = {pi} , 678 Zpi

$ pi

���9 Epi
(⊆ X̃):89�;<=>;

3245 p̃i(∈ Yi)�&?
��, � π−1
i (p̃i) = {pi, qi} , πi
 pi23����

���, Zpi
@�?A;

3345 p̃i(∈ Yi)�B
��, � π−1
i (p̃i) = {pi, qi, ri} , Zpi

@�?A.
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2.1 �������
����
�� 2.1.1 � π : X → Y ��������, p ∈ X, p̃ = π(p), C�!
"
�

π̃∗Ei+1 = Zpi
+ Z

(i)
1 + Z

(i)
2 , i = 0, · · · , k − 1. (11)

45D� Z
(i)
j = 0, D� supp(Z

(i)
j )�EF�G��., Z

(i)
j � supp(Z

(i)
j )

A�;<=>, H�� :

Zpi
Z

(i)
1 = ZpZ

(i)
2 = Z

(i)
1 Z

(i)
2 = 0. (12)

I&J, 
K�1L Z
(i)
j �""M, 67�

(1)NO p̃i�	
��, �� 0 ≤ Z
(i)
2 ≤ Z

(i)
1 < Zpi

;

(2)NO p̃i�&?
��, �� supp(Z
(i)
2 )�P&Q���.,

0 ≤ Z
(i)
1 < Zpi

, � supp(Z
(i)
2 )/ Epi

= supp(Zpi
)BRS
T;

(3)NO p̃i�B
��, �� Epi
U supp(Z

(i)
j ) (j = 1, 2)>�P&Q��

�., H�VVBRS
T.

�� 2.1.2 pi, p̃i, Zpi
, wi ?A, C

wi = pa(Zpi
) + pa(Z

(i)
1 ) + pa(Z

(i)
2 ). (13)

WX wi ≥ 0, H� wi = 0���� π−1(p̃)���>�)*�.

�� 2.1.3 � p̃	
�, w0 = 1, C pY�!"ZQ��%&:

(1) �����;

(2) [\]��, Z2
p = −1, supp(Z1), supp(Z2)�P&Q���..

�� 2.1.4 � p̃	
�, w0 = 2, C pY�!"ZQ��%&:
(1) �����;
(2) [\]��, Z2

p = −2, supp(Z1)�P&Q���.;
(3) [\]��, Z2

p = −1, supp(Z1)�[\]�., supp(Z2)�P&Q�
��.;
(4) ^\]��, pa(Zp) = 2, Z2

p = −1, supp(Z1), supp(Z2)�P&Q��
�..

��, � w0 ≥ 3_, p`a�����.
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2.2 ���	
��
�
�� 2.2.1 � p ∈ X, p̃ = π(p)�	
��, p����������
w0 = 1�� !"b%%&:
(1) E1&?
�;
(2) E1	
�, E1A�Vc
�����;
(3) E1	
�, E1A�d&�
����� p̃1, E2a�	
�;
(4) E1	
�, E1A�d&�
����� p̃1, E2	
�, E2Aef�&
c
����� p̃2� w2 = 1.

��, (1), (2)89 An=; (3)89 Dn=; (4)89 E6, E7, E8=.

�� 2.2.2 � p ∈ X, p̃ = π(p)�	
��, p����������
w0 = 2�� !"b%%&:
(1) E1B
�;
(2) E1&?
�, E1Aef�Vc
�����;
(3) E1&?
�, E1A�d&�
����� p̃1, w1 ≤ 2;
(4) E1	
�, E1Aef�Vc
����� p̃1, p̃2,
�� w1 = 1, w2 = 2;
(5) E1	
�, E1A�d&�
����� p̃1, w1 = 2, E2B	
�.
��, (1)89 An,m,k =; (2)89 Bn,m, Cn,m=; (3)89 Dn,5, Fn,6=;

(4)89 Gn,0, E6,0, E0,7=; (5)89 E7,0=.

���������	
 (p̃��
�
)
p��� ������ D1�	
 ����� D2 �	
 �


An 1 x2 + y2 A2

x2 + y3m+1 y A2

(x2 + y3m+1)(x2 + y3l+1) 1 A2

x x + y2m A3m−1

(x + y2m)(x2 + y3l+4m) 1 A3m−1

x3 + y2n+2 1
Dn 1 x2 + y3 D4

(x2 + y3)2 + xm+3 1 D4

(x2 + y3)(x2 + yn−1) 1 n ≥ 5
E6 1 x2 + y4

x2 + y3m+2 x + y2

(x2 + y3n+2)((x + y2)2 + y3m+2) 1
E7 x4 + y9 1

E8 1 x2 + y5

(x2 + y5)2 + y3n+9 1
(x2 + y5)2 + x3y3n 1

8I2J��-)��%&'(01+,(K).
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���
���
����
 (p̃��
�
)
p��� E1 ��� E1 ������ ( p̃i ) Ei+1 ���

E6,0 t A0,0,0, A5 n, g
E7,0 t A6,0,0 n
E0,7 t A0,0,0, E6 n, t
G3,0 t A0,0,0, A2, A2 n, t(g), t(g)

Gn,0 (n ≥ 4) t Gn−3,0, A2 t, t(g)
B0,3 g cusps (t), A1 (g), A1 (g) t, n, n

Bm,3 (m ≥ 1) g Am−1,0,0, A1 (g), A1 (g) n, n, n
B0,n (n ≥ 4) g An−2 (t), A1 (g) g, n

Bm,4 g Am−1,2,0, A1 (g) n, n
Bm,n g Bm−1,n−2, A1 (g) g, n
C0,4 g cusps (t), A3 (g) t, n

C0,n (n ≥ 5) g cusps (t), Dn−1 (g) t, g
Cm,4 (m ≥ 1) g Am−1,0,0, A3 (g) n, n

Cm,n g Am−1,0,0, Dn−1 (g) n, g
D0,5 g A4 (t) g

Dn,5 (n ≥ 1) g An−1,4,0 n
A0,0,0 n cusps (t) t
An,0,0 n An−1 t

An,m,0 (m ≥ 1) n An−1, Am−1 t,t
An,m,k (k ≥ 1) n An−1,m−1,k−1 n

F0,6 g D5 (t) t
Fn,6 (n ≥ 1) g Cn−1,5 g

E6 t G3,0 t
E7 t E6,0 t
E8 t E0,7 t
D4 t A1,1,1 n

Dn (n ≥ 5) t C1,n−2 g
A2 t A0,0,0, A0,0,0 n, n

An (n ≥ 2) g An−2,0,0 (t) n
A1 g cusps (t) t

': _ A �, g t hiiUf, g g hideUf, g n hiYUf.
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2.3 �� Horikawa �
j zp̃i

(x) = (x−wi)(x−pa(Z
(i)
1 ))(x−pa(Z

(i)
2 )),k hi_` zp̃i

(x)s x = 0
mE}S.

�� 2.3.1 � π : X → Y ��������, X lm, p ∈ X , C p�%
& Horikawa +

Hp =
k−1∑
i=0

(hi +
1

2
(wi − 2)(3− wi)), (14)

no

εp =
k−1∑
i=0

hi. (15)

�� 2.3.2 p� wi ≤ 3, i = 1, · · · , k. 67�

Hp =
∑
wi≤2

pa(Zpi
) +

∑
wi=3

(pa(Zpi
)− 1) (16)

WX
qr#$", Hp ≥ 0.
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�� 2.3.3 !"#$st:
(1) p��;
(2) Hp = 0, � wi ≤ 2, i = 1, · · · , k.

�� 2.3.4 p� p̃	
�, mp̃(D
(0)
1 ) + 2mp̃(D

(0)
2 ) ≤ 5. 67�

Hp = a1 + 2a2; (17)

a1 = #{p̃i | mp̃i
(D

(i)
1 ) + 2mp̃i

(D
(i)
2 ) = 5}; (18)

a2 = #{p̃i | wi = 1, pa(Zpi
) = 1}. (19)

45 #{∗}67��9�uvc+.

• t�� a2abEiUfLM+wxyz(deUf{(+�|}~).

�� 2.3.5 � p̃	
�, w0 = 1, pa(Zp) = 1. p̃1� E1A�
�����.
E2� p̃189����.. 67�:
(1) E1	
�, p̃1�d&�
�����, w1 = 2;
(2) E2	
�, E2(⊆ Y2)A�Vc
����� p̃2, p̃3,
� Z2

p2
= Z2

p3
= −3, w2 = 2, w3 = 3.

• a3 =?, ������mp̃(D
(0)
1 ) + 2mp̃(D

(0)
2 ) ≤ 7.
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3 	
��
�� 1. �N Z2

p E�.

• \R 1 ≤ −Z2
p ≤ 3, 
w�wU{(}~.

�� 3.0.6 � p̃	
�, Z2
p = −1. p̃1� E1 A�
�����, C E1	


�. ��, −2 ≤ Z2
p1
≤ −1, Zp1Z

(0)
1 = 0, H�

(1)NO Z2
p1

= −1, C Zp1 < Z
(0)
2 , Zp1Zp = 0;

(2)NO Z2
p1

= −2, C Zp1 = Zp − Z
(0)
2 , Zp1Zp = −1.

�	
, � pa(Z
(0)
2 ) = 0_, E1A�d&�
����� p̃1, �� 

Z2
p1

= −2.

�� 3.0.7 � p̃	
�, Z2
p = −2. p̃1� E1 A�
�����. 
8�

2.0.2", 67� −1 ≤ Zp1Zp ≤ 0. ��,

(1)NO Z2
p1

= −1, C Zp1Zp = 0, Zp1 < Z
(0)
1 ;

(2)NO Z2
p1
≤ −2, C Zp1Zp = −1. ��, � �#$��e
�Vc;

(3)NO E1AY�Vc
����� p̃1, p̃2, � Zpi
Zp = −1, C E1	


�. ��67�, Zp = 2Z
(0)
1 + Zp1 + Zp2, Z2

p1
= Z2

p2
= −3, E2, E3B
�.
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�� 2. �N w0E�.

(�����}~E w0 ≤ 2E{()

�� 3.0.8 � p̃	
�, Z2
p = −2, pa(Z

(0)
1 ) = 0, H� pa(Zp) ≤ 1. �� p

� !"b%%&:

(1) E1&?
�, ZpC
(0)
2 = −2. �_ E1A�d&�
����� p̃1, �

p̃1�	
�� cusp �. ��, p� A1=��;

(2) E1&?
�, ZpC
(0)
2 = −1. �_ E1A�d&�
����� p̃1, �

p̃1�	
��, Z2
p1

= −3, Zp = Z ′ + Z
(0)
1 + Zp1, pa(Zp) = pa(Zp1);

(3) E1	
�, E1A��Vc
����� p̃1, p̃2. �_,

Zp = 2Z
(0)
1 + Zp1 + Zp2, Z2

p1
= Z2

p2
= −3, E2, E3B
�;

(4) E1	
�, E1A�d&�
����� p̃1, �� Zp1Zp = −1. �_,

67� Zp ≥ 2Z
(0)
1 + Zp1.

�~��+�LME�^��.

�� 3. �N�d�pqCr EiE������ �w
�ECr.

• 
+�w!
�ECr( �" εp ) #$s supp(Z
(i)
j )�.

(�" π̃∗Ei+1 = Zpi
+ Z

(i)
1 + Z

(i)
2 , i = 0, · · · , k − 1. )

y%, �&'��((� Horikawa SE��)�.
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