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1. Definition of Foliation

X : algebaic surface,
TX : tangent bundle of X .
L−1 ⊆ TX : maximal sub-line bundle.

Foliation F is a section

s ∈ H0(X ,TX ⊗ L).

Open covering X = ∪αUα,

s|Uα = A(xα, yα)
∂

∂xα
+ B(xα, yα)

∂

∂yα
, (xα, yα) ∈ Uα.

s|Uα = gαβs|Uβ
, L = {gαβ}.
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1. Definition of Foliations

TF := L−1 tangent bundle of F ,
KF := L canonical bundle of F .

Exact sequence

0 → TF
·s→ TX → IZ(s) ⊗ NF → 0,

NF line bundle,
IZ(s) ideal sheaf of Z (s) (zero set of s).

Canonical bundle

ωX := ∧2ΩX = KF ⊗ N−1
F

ΩX cotangent bundle of X ,
N−1
F conormal bundle of F .
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1. Definition of Foliation

Equivalently,

0 → N−1
F → ΩX → IZ(s) ⊗ KF → 0.

The second definition of Foliation F :

ω ∈ H0(X ,ΩX ⊗ NF ).

ω|Uα = B(xα, yα)dxα − A(xα, yα)dyα, (xα, yα) ∈ Uα.

ω|Uα = fαβω|Uβ
, NF = {fαβ}.
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2. Example (1): fibration

Fibration f : X → C ,
C smooth curve, f holomorphic and surjective.

Fiber Ft = f −1(t), t ∈ C .
Local equation

Ft : f (x , y) = t.

Smooth (Singular) fiber Ft
def⇐⇒ Ft smooth (singular) curve.

Foliation F generated by f :

ω =
1

µ(f )

(
∂f

∂x
dx +

∂f

∂y
dy

)
(local eq.),

µ(f ) = gcd(∂f
∂x , ∂f

∂y ).
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2. Example (1): fibration

Canonical bundle of F :

KF = ωX/C (−D(f )),

where

ωX/C := ωX ⊗ f ∗Ω−1
C (relative canonical bundle)

D(f ) :=
∑
t∈C

(Ft − Ft,red) (zero divisor of df ).

Conormal bundle of F :

N−1
F = f ∗ΩC (D(f )).
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2. Example (2): Foliations on P2

Foliation F on C2:

ω = f (x , y)dx + g(x , y)dy

Extension of F on P2 (Darboux): [X ,Y ,Z ] ∈ P2,

ω = F (X ,Y ,Z )dX + G (X ,Y ,Z )dY + H(X ,Y ,Z )dZ ,

deg F = deg G = deg H = d .

Canonical bundle of F : KF = OX (d − 2).
Conormal bundle of F : N−1

F = OX (d − 1).
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3. F -invariant curve

F foliation: {(Uα, ωα)} (or {(Uα, sα)}),

sα = Aα
∂

∂xα
+ Bα

∂

∂yα

or
ωα = Bαdxα − Aαdyα.

C ⊆ X curve defined by fα = 0 on Uα.

C is F-invariant
def⇐⇒

∀p ∈ C , vector s(p) is tangent to C at p.
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3. F -invariant curve

C is F-invariant iff

fα | s(fα)

iff fα is the solution of ODE

ωα = 0.

Example

Let F be a foliation generated by a fibrationf : X → C . Then
C ⊆ X is F-invariant iff C lies in the fibers of f .
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3. F -invariant curve

s := the number of irreducible compact F-invariant curves.

Question 1: When does s = ∞?

F generated by a fibration =⇒ s = ∞.

Theorem (Jouanolou, 1978)

If
s ≥ h0(X ,KF ) + h1,1(X )− h1,0(X ) + 2,

then F is generated by a fibration.

Question 2: How to determine all F-invariant curves when
s < ∞?
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1. Canonical bundle KF

Pseudo-effective divisor D
def⇐⇒ DH ≥ 0, ∀ampleH.

Theorem (Miyaoka,1985)

If KF is not pseudo-effective, then F is generated by a rational
fibration.

(Zariski decomposition) KF pseudo-effective =⇒

KF = P + N, PN = 0,

Positive part P: nef Q-divisor.
Negative part N: effective Q-divisor, Supp(N) negative curve.
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