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1�Ù n�zÄ:�£

1�Ù n�zÄ:�£

1.1 Ä�VgÚ5�

� S ´1w�K­¡, C ´º�� b �1w�ê­�. ­¡ S þ�n�z (Fibration) Ò´

l S � C ��X÷�� f : S → C§¦�z�: p(∈ C) 3 f e��� Fp ´ëÏ­�. C ¡�

f �.­� (Base curve).

·�¡ Fp � f 3: p ?�n� (Fiber). XJ�^n� Fp ´1wQ�­�, @o·�Ò¡

��1wn�; ��, K¡�ÛÉn� (Singular fiber), ¿òÙ�: p ¡��.:. S þ��^Ø

��­� Γ XJÙ� f(Γ) ´��:, K¡�R��; ÄK¡�Y²�. XJY²­� Γ ���

n���ê� 1, K¡�� f ��¡ (Section). w��¡ Γ ∼= C.

·K 1.1.1 � f : S → C ´n�z, K

(1) f ´²"��, �?Ûn�Ñk�Ó��âº�;

(2) f �õ�kk�^ÛÉn�.

y² (1) ëw [Hat77, III9.10/IIIex10.9].

(2) 5gu Bertini ½n. ùp·��Ñ,�«���*�ÛÜO�5y². � p ∈ C, Fp ´

éA�n�. ?��: q ∈ Fp, �Ä q NCÛÜ�I (x, y) ±9 p ∈ C NC�ÛÜ�I t. d�,

n�z f 3 q NC�ÛÜ�§��� f(x, y) = t. (F, q) ´­�Û:��=� q ÷v (df)q = 0,

= {
f(x, y) = t,
∂f
∂x = ∂f

∂y = 0.

·�- Σ ´­¡ S þ¤kþãÛ:�¤�8Ü�4�. w� Σ ´)Ûf8, � dim Σ ≤ 1.

XJ�3Ø��­� Γ ⊆ Σ, K·��±äó Γ ´R�©|. eØ,, f : Γ → C p���k�

CX. Ïd·��� Γ ���1w:9ÙÛÜ�� V , ¦� f : Γ |V→ ∆ ´ÛÜÓ�, d? ∆ ´

C ¥�A����. �ó�, �3ÛÜ�X¼ê g(t), h(t), ¦�

t ≡ f(g(t), h(t)), ∀t ∈ ∆.

ü>¦���

1 ≡
∂f

∂x
· g′(t) +

∂f

∂y
· h′(t).

�d Γ �À���, 3 Γ |V þðk ∂f
∂x = ∂f

∂y = 0, ù�þª��gñ!

ù�·��ò Σ ��

Σ = Γ1 ∪ · · · ∪ Γr ∪ Σ0,

ùpÃ Γi ´R�©|, Σ0 �k�:8. Ïd f �kk�^ÛÉn�. �

é��n� F , PÙº�� g = g(F ). du g Ø�6u F �À�, Ïd·��¡��n�z

f �º�; f �~¡�º� g n�z (Fibration of genus g). � g = 0 �, f : S → C ½¡�AÛ

- 1 -



1�Ù n�zÄ:�£

�«¡ (Ruled surface). � g = 1 �, f ¡�ý�n�z (Elliptic fibration), 
 S Ø
�ê�/

�	Ñ´ý�­¡.

� g ≥ 2 �, XJ��n� F Ñ´�ý�­�, =��K�� P1 þk�gCX, @o·�

Ò¡ f ´�ý�n�z (Hyperelliptic fibration); ÄKÒ¡���ý�n�z (Nonhyperelliptic

fibration). aq/, XJ��n� F ��K�� P1 þÑkngCX, K¡ f ´n:ªn�z

(Trigonal fibration). º� 2 n�z7½´�ý�n�z. º� 3 ��ý�n�zK7½´n:

ªn�z.

·K 1.1.2 � F,F ′ ´ü^n�, K

(1) OF (F ) ∼= OF , F 2 = 0;

(2) e F 1w, K ωF = OF (ωS), AO/, ·�k 2g − 2 = KSF ;

(3) F � F ′ ê��d.

y² � p ∈ C, Fp = f∗(p) ´�An�. d Moving Ún, �� p ≡ H1 −H2, ùp Hi ´

C þØ¹ p ��~´LØf. u´

Fp = f∗(p) = f∗H1 − f∗H2 =
∑

a∈H1

Fa −
∑

b∈H2

Fb.

ddá�

F 2 = F (
∑

a∈H1

Fa −
∑

b∈H2

Fb) = 0.

Ó�/, OF (f∗Hi) ∼= OF . Ïd

OF (F ) ∼= OF (f∗H1) ⊗OF (−f∗H2) ∼= OF .

?�Ú, d��úª�� ωF = OF (ωS ⊗OS(F )) = OF (ωS)

e¡·�y²(3). £�Xe�Ü�

0 −→ Z −→ OS −→ O∗
S −→ 0.

§p�
þÓN�Ü�

H1(S,OS)
αS−→ H1(S,O∗

S)
c1−→ H2(S,Z),

ùp H1(S,O∗
S) = Pic(S) ´ Picard +, Imc1 = NS(S) ´d�ap�� Neron-Severi +, Ùê

��da�8Ü=�¤ê��da+ Num(S). Ó�/, ·��k�Ü�

H1(C,OC )
αC−→ Pic(C)

deg
−→ H2(C,Z),

ùp deg �À�¦­� C þØf�gê. ·�P Pic0(S) = ImαS , Pic0(C) = ImαC .

� F = f∗(p), F ′ = f∗(p′). ·�k±e��ã

H1(S,OS)
αS // Pic(S)

c1 // NS(S)

H1(C,OC)

OO

αC // Pic(C)

f∗

OO

// H2(C,Z)

β

OO

Ï� p− p′ ∈ Pic0(C), ¤± c1(F −F ′) = c1(f
∗(p− p′)) = β(deg(p− p)) = 0, = c1(F ) = c1(F

′),

½= F � F ′ ê��d. �

- 2 -



1�Ù n�zÄ:�£

dþã(Ø, ·��±2gy²n���âº�Ñ´ g.

íØ 1.1.1 (Zariski Ún) � F0 =
r∑
i=1

niCi ´ÛÉn�, ùpÃ Ci ´pØ�Ó�Ø��

Q�©|, ©|­ê ni > 0.

(1) é?Ûn� F , ·�k FCi = 0, i = 1, · · · , r.

(2) � D =
r∑
i=1

miCi, mi ∈ Z. @o7k D2 ≤ 0. ?�Ú, D2 = 0 ��=� D = γF , ùp γ ´

,�knê. �ó�, F0 ´�K½­�.

y² (1) w,. (2) �y²�ë�[Art62], äNXe.

d(1) �,

C2
i = −

1

ni

∑

k 6=i
nkCkCi.

qÏ�

D2 =

r∑

i=1

m2
iC

2
i + 2

∑

i<j

mimjCiCj ,

¤±k

D2 = −
∑

i<j

(
m2
inj
ni

+
m2
jni

nj
)CiCj + 2

∑

i<j

mimjCiCj

= −
∑

i<j

(
mi

ni
−
mj

nj
)2ninjCiCj

≤0.

w,, D2 = 0 ��=� mi

ni
= mj

nj
(i 6= j), = D = γF , γ = m1

n1
. �

b� n ´����ê, ¦� 1
nF ´�Øf. XJ n > 1, @où�� F Ò¡�õ­n� (Multiple

fiber), d� n ¡� F �­ê.

�� Zariski Ún���{üA^, ·��Ñ±eíØ, �¡ò¬^�§.

íØ 1.1.2 � F ´ÛÉn�, D,D′ ´|8á3 F ¥�Øf, � D2 = D′2 = −1, K

(1) �o D ≥ 0, �o D ≤ 0.

(2) b� D ≥ 0, D′ ≥ 0, �§��|8����, K±e�/��7½¤á (γ ∈ Q).

(a) D ≥ D′, ½ D′ ≥ D,

(b) D +D′ = γF ,

(c) D ∧D′ = γF , ùp D ∧D′ �Ø�L D Ú D′ ���k�Øf,

(d) D +D′ −D ∧D′ = γF .

AO/, XJ D + D′ �|8´K½­�, @o�k�/ (a) Ñy; �� D 6= D′ �, ðk

DD′ = 0.

y² (1) � D = D1 − D2, ùp D1 ≥ 0, D2 ≥ 0, �üövkú�©|. 8b�

D1,D2 6= 0. e D2
1 = 0, K D1 = γF , γ ∈ Q. ùÒíÑ D2 = 0, �b�gñ! � D2

1 ≤ −1, Ón

k D2
2 ≤ −1. u´

−1 = (D1 −D2)
2 ≤ D2

1 +D2
2 − 2D1D2 ≤ D2

1 +D2
2 ≤ −2,

- 3 -



1�Ù n�zÄ:�£

gñ! nþ���o D ≥ 0, �o D ≤ 0.

(2) 5¿ −2 ± 2DD′ = (D ± D′)2 ≤ 0, l
 −1 ≤ DD′ ≤ 1. XJ (D − D′)2 = 0, K

D−D′ = γF , γ ∈ Q. u´ D ≥ D′, ½ö D′ ≥ D. XJ (D+D′)2 = 0, K D+D′ = γF , γ ∈ Q,

=�/ (b). XJ (D1 ∧D2)
2 = 0, @oá��/ (c). ±eØ�b� (D ±D′)2 < 0, = DD′ = 0,

±9 (D1 ∧D2)
2 < 0.

� A = D−D∧D′, B = D′−D∧D′. d½Â9b�^�, w,k A,B ≥ 0, � A,B Ãú�

©|, (D−A)2 < 0, (D′ −B)2 < 0. A = 0(�A/, B = 0) ��=� D ≤ D′ (�A/, D′ ≤ D).

?�Ú, XJ (D+B)2 = 0, ½ö (D′ +A)2 = 0, @Ò���/ (d). ±eØ�?�Úb� A 6= 0,

B 6= 0, � (D +B)2 < 0, (D′ +A)2 < 0.

du D,D′ |8��, � DD′ = 0, ¤± D ∧ D′ 6= 0, = A 6= D, B 6= D′. ?�Ú§XJ

A2 = 0, K A = γF , du A Ú B Ãú�©|, � B = 0, �b�gñ! Ïd A2 ≤ −1, Ónk

B2 ≤ −1. d

−2 = (D −D′)2 = (A−B)2 = A2 +B2 − 2AB ≤ A2 +B2 ≤ −2.

íÑ A2 = B2 = −1, AB = 0. (Üc¡b�^���

DA ≥ 0, D′B ≥ 0, D′A ≤ 0, DB ≤ 0.

,��¡,

BD = DD′ −D(D ∧D′) = −D(D ∧D′) = AD −D2 = AD + 1.

ùÒíÑ BD ≥ 1, gñ! �

Ún 1.1.1 b� F = nF0 ´­ê� n �­n�, @o OF (F0) 9 OF0
(F0) Ñ´ n �L�.

y² ë� [BPV04, Ún 8.3, page 111], ½ö [Xia92, Ún 2.4.3]. �

� f : S → C 9 f ′ : S′ → C ′ ´n�z. XJ�3VknN� ϕ : S 99K S′ ¦�e¡���

ã¤á,

S
ϕ //___

f

��

S′

f ′

��
C C

K¡§�´Vkn�d�.

XJ f : S → C �?Ûn�¥ÑØ¹k (−1)-­�, @o·�Ò¡Ù��é4�n�z

(Relatively minimal fibration). ��n�z

·K 1.1.3 � f : S → C ´n�z, @o

(1) o�3��Vkn�du f ��é4�n�z, ·�¡�����ééé444������... (Relatively

minimal model);

(2) � g > 0 �, �é4��.´���;

(3) e b = g(C) > 0, @o f �é4���=� S ´4�­¡.
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y² (1)(3) ´w,�. e¡y²(2). b� fi : Si → C (i = 1, 2) ´ü�ØÓ���é4

��.. ·���E­¡ S′, ¦�ρi : S′ → S (i = 1, 2) ´�X��u, �k��ã

S′ ρ2 //

ρ1

��

S2

f2
��

S1
f1 // C

� E ´ S′ þ� (−1)-­�, �� ρ1 Â . Ø���5, ·��±b� E Ø� ρ2 Â (ÄK

·��±^Â K E ��#­¡�O S′ ). ù�, ρ2(E) ´­�, P� E2.

E á3 f1·ρ1 : S′ → C �,�n� F ′ ¥, Ïd·��� F ′ 3 Si ¥��n�� Fi (i = 1, 2).

du S2 �é4�� E2 ⊆ F2, ¤± E2 Ø´ (−1)-­�. Ïdd ρ2 �½Â��, E2
2 > E2 = −1.

,��¡, d Zariski Ún, E2
2 ≤ 0, �� E2

2 = 0, = F2 = γE2, é,�knê γ ¤á. 5¿� E

´kn­�, ¤± E2
∼= P1.

d{üO���. KS2
F2 = γKS2

E2 = −2γ, = g = g(F2) = 1 − γ, l
 γ = 1, g = 0, �b

�gñ! �

lþãy²��wÑ, AÛ�«¡�4��.Ø��.

�!��, ·��ÑXe(Ø:

·K 1.1.4 � f : S → C ´º� g n�z, F ´?¿n�, Kk

h0(F,OF ) = 1, h1(F,OF ) = g.

�y²·K 1.1.4, ·�I�e¡�
'uØfE|�Ún (�õSN�ëw [Men88]).

Ún 1.1.2 � Γ ´­¡ S þk�Øf, L ´ Γ þ��_�, �§3 Γ �?ÛØ��©|

þ���Ñ´"g�. b�k�"�¡ s ∈ H0(L ), � Γ = Γ1+Γ2, ¦� Γ1 ≤ Γ ´÷v s |Γ1
= 0

�4�Øf, @o·�k Γ1Γ2 ≤ 0.

y² �Ä�Ü�

0 −→ L ⊗OΓ2
(−Γ1) −→ L −→ OΓ1

⊗ L .

·���þÓN�Ü�

0 −→ H0(Γ2,L (−Γ1) |Γ2
)
Res
−→ H0(Γ,L ) −→ H0(Γ1,L |Γ1

)).

d Γ2 ½Â�, s ∈ H0(Γ2,L (−Γ1) |Γ2
), � s p�ü�� s : OΓ2

→֒ L ⊗OΓ2
(−Γ1). �Ä�A�

Ü�

0 −→ OΓ2
−→ L ⊗OΓ2

(−Γ1) −→ Q −→ 0.

§p�


0 −→ OΓ2
(Γ1) −→ L ⊗OΓ2

−→ Q⊗OΓ2
(Γ1) −→ 0.

du Γ1 ´÷v s |Γ1
= 0 �4�Øf, ¤± s 3 Γ2 þ�":8´k�8, l
 Supp(Q) ⊆

Div(s) ´k�|8. ù�·�k

χ(L ⊗OΓ2
) − χ(OΓ2

(Γ1)) = χ(Q⊗OΓ2
(Γ1)) = h0(Q⊗OΓ2

(Γ1)).
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,��¡, d Riemann-Roch ½n, ·�k

χ(L ⊗OΓ2
) = χ(OΓ2

) + deg L |Γ2
= χ(OΓ2

).

χ(OΓ2
(Γ1)) = χ(OΓ2

) + degOΓ2
(Γ1) = χ(OΓ2

) + Γ1Γ2.

Ïd Γ1Γ2 = −h0(Q⊗OΓ2
(Γ1)) ≤ 0. �

Ún 1.1.3 � Γ Ú L ÷vÚn 1.1.2 �^�, � Γ ´ 1-ëÏØf, K h0(L ) ≤ 1. ?�Ú,

h0(L ) = 1 ��=� L = OΓ. AO/, ·�k h0(OΓ) = 1.

y² b��3�"�¡ s ∈ H0(L ), �Ä Γ = Γ1 + Γ2 ÓÚn 1.1.2. du s 6= 0, ¤±

Γ2 6= 0. Ún 1.1.2 9 Γ � 1-ëÏ5½¦ Γ1 = 0, = Γ2 = Γ. qÏ� L 3 Γ �?ÛØ��©|

þgê�", ¤± Q = 0 (�Ún 1.1.2). ùÒíÑ L ∼= OΓ, l
 h0(L ) = 1. �

·K 1.1.4 �y². d�Ü�

0 −→ OS(−F ) −→ OS −→ OF −→ 0

±9 Riemann-Roch ½n, ·���

χ(OF ) = χ(OS) − χ(OS(−F )) = 1 − g.

Ïd, �Iy h0(OF ) = 1.

b� n ´���ê, ¦� F0 = 1
nF ´�Øf. ·�ky² F0 ´ 1-ëÏØf. eØ,§�

� F0 = A + B, A,B ≥ 0, AB ≤ 0. d Zariski Ún, 2AB = −A2 − B2 ≥ 0. Ïd AB = 0,

A2 = B2 = 0, l
 A,B Ñk γF0 �/ª. ùòíÑ F0 E´�Ø�, =� n ���5gñ! Ï

d F0 ´ 1-ëÏØf. ù�, dÚn 1.1.3 �, h0(OF0
) = 1. AO/, é�­n�5`, T(Ø¤

á. Ïd±e�I�Ä­n��/.

é��ê k < n, �Ä�Ü�

0 −→ OF0
(−kF0) −→ O(k+1)F0

−→ OkF0
−→ 0.

du OF0
(F0) ´ n �L�(Ún1.1.1), ¤± h0(OF0

(−kF0)) = 0. Ïd

h0(O(k+1)F0
) ≤ h0(OkF0

), 1 ≤ k ≤ n− 1.

ùÒíÑ h0(OF ) = h0(OF0
) = 1. �

1.2 �é;���ØCþ

� f : S → C ´�é4�º� g n�z, b = g(C). ·��±½Â f ��é;�� (Relative

canonical sheaf) ωS/C = ωS ⊗ f∗ω∨
C . §k��¡��ééó� (Relative dualising sheaf). éA

ωS/C �Øf KS/C = KS − f∗KC ¡��é;�Øf (Relative canonical divisor). aq/, ��

±½Â�é ν-;�� ω⊗ν
S/C .

|^±e�Ü���½Â� ΩS/C :

0 −→ f∗ΩC −→ ΩS −→ ΩS/C −→ 0.

��5`, ΩS/C 6= ωS/C , §$�Ø´ÛÜgd�.
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Ún 1.2.1 � D(f) =
∑
F

(F − Fred), ùp F �H¤kÛÉn�, Fred ´ F �Q�Ü©.

(1) � ω ∈ ΩC , K div(f∗ω) = f∗div(ω) +D(f).

(2) c1(ΩS/C) = KS/C −D(f).

(3) �3ü�� Ω∨∨
S/C

∼= ωS/C(−D(f)) →֒ ωS/C .

y² (1) ÛÜþ� ω = h(t)dt, f �ÛÜ�§ t = f(x, y). ù� f∗ω = h(f(x, y))∂f∂xdx +

h(f(x, y))∂f∂y dy. l


div(f∗ω) = Z(h(x, y))
⋃

(Z(
∂f

∂x
)
⋂
Z(
∂f

∂y
)) = f∗div(ω) + div(df).

� Γ ´ F �,�Ø��©|, ­ê� n, q ∈ Γ ´��:. 3Ü·��Ie, f 3 q ?ÛÜ�§�

�� t = xn. u´ dt = nxn−1dx, � div(df |Γ) = (n− 1)Γ. ùÒíÑ div(df) =
∑
F

(F − Fred).

(2) (3)w,. �

� c1(S), c2(S) ´­¡ S þ�1�!1��a. lê�þw, k c21(S) = K2
S , c2(S) =

χtop(S). ·��±½Â f ��éØCþ (Relative invariants).

K2
f := c21(S) − 8(g − 1)(b− 1),

ef := c2(S) − 4(g − 1)(b− 1),

χf := χ(OS) − (g − 1)(b− 1),

±9�éØ5K5 qf = q(S) − b. d��O��� K2
f = K2

S/C . d	, ·��k�éØCþ�m

� Noether úª

12χf = K2
f + ef .

d	, <��~'%±eØCþ:

Sign(S) = K2
S − 8χ(OS) = K2

f − 8χf .

§¢SþÒ´ H2(S,Q) þ��.�ÎÒ� (Signature), k��¡�ÿÀ�I (Topology index,

[Mat90]).

én� F 
ó, ·��±½ÂÛÜØCþ eF = χtop(Fred) + 2g − 2, ùp Fred � F �ÿÀ

|8§½¡ F �Q�Ü©.

·K 1.2.1 � F1, · · · , Fs ´ f �¤kÛÉn�, @o

ef =
s∑

i=1

eFi
.

y² � pi = f(Fi) (i = 1, · · · , s), C ′ = C−{p1, · · · , ps}, S
′ = S−

s⋃
i=1

Fi. � f ′ : S′ → C ′

´p��n�z. du f ′ ´ÿÀn�m, ¤±

χtop(S
′) = χtop(C

′)χtop(F ),

ùp F ´��n�.

|^eãÿÀ¯¢

χtop(S
′) = χtop(S) −

s∑

i=1

χtop(Fi,red),
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·�á�(Ø. �

ù�(Ø�­�53u: §ò�NØCþ ef �O�=z¤
ÛÉn��ÛÜ�z�O�,

�ö��ûuÛÉn����|Ü�ÿÀ(�.

ïÄn�z���Ì�óä´�é;��3 C þ���� f∗ωS/C . ·�Äk£�­�þ�

þm�eZ¯¢.

Ún 1.2.2 � f : S → C ´n�z, F ´ S þ�ÛÜgd�.

(1) (Grauert) XJ Rif∗F 3 C þz�:�ªÑk�Ó��, @o§´ C þÛÜgd�.

(2) (�ééóúª)

Rif∗F ⊗R1−if∗(ωS/C ⊗F∨) ∼= OC .

AO/, XJ Rif∗F 9 R1−if∗(ωS/C ⊗F∨) Ñ´ÛÜgd�, @o

Rif∗F ∼= (R1−if∗(ωS/C ⊗F∨))∨.

(3) (Leray ÌS�)

(3a) H0(S,F) ∼= H0(C, f∗F).

(3b) H2(S,F) ∼= H1(C,R1f∗F).

(3c) ·�k�Ü�

0 −→ H1(C, f∗F) −→ H1(S,F) −→ H0(C,R1f∗F).

AO/, h1(S,F) = h1(C, f∗F) + h0(C,R1f∗F).

(4) f∗F �´ÛÜgd�.

éÛÜgd� F 5`, 3���/e, ·�ØU�y h0(F,F |F ) ´Ø�6un� F À��~

ê. d��küÓ� f∗F |p →֒ H0(Fp,F |Fp
), ùp Fp = f∗(p).

·K 1.2.2 � b = g(C), qf = q(S) − b. ·�k

(1) R1f∗ωS/C ∼= f∗OS
∼= OC .

(2) R1f∗OS
∼= (f∗ωS/C)∨, f∗ωS = f∗ωS/C ⊗ ωC , ±9 f∗ωS/C Ñ´�� g �ÛÜgd�.

(3) ÓN�êúª

(3a) h1(C,R1f∗ωS) = 1, h0(C,R1f∗ωS) = h1(C, f∗OS) = b.

(3b) h1(R1f∗OS) = h0(f∗ωS) = pg(S), h0(R1f∗OS) = h1(f∗ωS) = qf .

íØ 1.2.1 deg f∗ω
⊗ν
S/C = ν(ν−1)

2 K2
f + χf , ν ≥ 1.

y² ùp�?Ø ν = 1 ��/, Ù{�/aq.

d�ééóúª9 Riemann-Roch ½n, ·�k

deg f∗ωS/C = − degR1f∗OS = −χ(R1f∗OS) + g(1 − b).

qd·K 1.2.2 (3) �

χ(R1f∗OS) = −χ(f∗ωS) = −χ(OS) + 1 − b.

(Ü±þ�ª=�(Ø. �
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3?näN¯K�, ò f∗ωS/C À����þm, ¬w����B. oÑ/ù, 3 C ����

�� V þ,

f∗ωS/C ≈
⋃

p∈V
H0(Fp, ωFp

), Fp = f∗(p).

é��n� Fp, H
0(Fp, ωFp

) d g ��5Ã'�¡ ω1p, · · · , ωgp )¤. �þm f∗ωS/C 3 p ?�ª

Ò´�þ�m H0(Fp, ωFp
). Ïd·��±ò {ω1p, · · · , ωgp} w¤T�þ�m��|Ie, 
Ø

r§����¡5w, Ø�P� {ω̃1p · · · ω̃gp}.

·K 1.2.3 � L ´ S þ��m, K

(1) �3g,�� f∗f∗L −→ L ;

(2) L ½Â
 C þ�knN� ΦL ,C : S 99K P(f∗L ), =k±e��ã

S
ΦL ,C //_______

f ��>
>>

>>
>>

>
P(f∗L )

{{ww
ww

ww
ww

w

C

ùp P(f∗L ) ´�A��Km.

y² (1) 5gu f∗ Ú f∗ ���5�(ëw [Hat77, II, page 110]). ·�± L = ωS/C �

~, lÛÜþ5)ºdN�. � q ∈ Fp. TN�ÛÜþ��u

OS,qω̃1p ⊕ · · · ⊕ OS,qω̃gp −→ OC,pω1p ⊕ · · · ⊕ OC,pωgp.

(2) f∗L |p éA H0(L |Fp
) �f�m Λp, KkknN� ΦL ,C |Fp

: Fp 99K Λp. Ïdp�


�Nþ�knN� ΦL ,C : S 99K P(f∗L ). �

�·�� L = ω⊗ν
S/C �, þãN�¡��é ν-;�N�. ν = 1 ��¡�é;�N�

(Relative canonical map).

·�Ú\�é©Ü�ê�Vg. §3?n�ý�n�z�O�¥�~k^. � D ´ S þ�

?�k�Øf. ·�½Â r(D) := D2+DKS/C , ¡� D ��é©Ü�ê (Relatively ramification

index). én� F ¥�?ÛQ�Ø��©| Γ, ·�k r(Γ) = 2pa(Γ) − 2.

d��O�, ·�k

·K 1.2.4 (�é��úª) � D ´ S þ�Y²Q�­�, σ : (S̃, D̃) → (S,D) ´ D ��

5z, δ ´ D þ¤kÛ:�AÛº��Ú. @o (fσ) | eD: D̃ → C p�
��k�CX, Ù©Ü�

êT� r(D) − 2δ. AO/, r(D) ≥ 0, �Ò¤á��=� D ´�¡.

éun�z­¡þ�Øf�5X, �±�·��©Û. ùpk£��
��5�¯¢, äN

[!�ë� [Tan03]. � S ´�ê­¡, D ´ S þØf, ∆ ´"�fV., deg ∆ = k, I∆ ´n�

�. XJ h0(S,I∆(D)) = h0(S,OS(D)) − k, ·�¡ ∆ é�5X | D | �Ñ
Õá5^�, ½ö

` ∆ �±«© ∆ ¥�:. XJ?Ûgê� k �"�fV. ∆ Ñé | D | �ÑÕá5^�, @o

·�¡ | D | ´ k-�©�(k-separated), ½ö (k − 1)-very ample. d	·�5½ | D | ´ 0-�©

���=� h1(S,OS(D)) = 0.
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·K 1.2.5 ([Tan03]) � L2 > 4k, | KS + L | Ø´ k �©�, ∆ ´gêØ�L k �é

| KS + L | Ø�ÑÕá5^��4�"�fV.. @o�3k�Øf D, ¦� ∆ ⊆ D, �÷v

DL− k ≤ D2, DA <
1

2
LA,

ùp A ´ nef �, �Øê��du 0.

� T ≥ 0, L = nF + T −KS , ùp F ´��n�. � d = TF , @o·�k±e(Ø

íØ 1.2.2 � f : S → C ´º� g �é4�n�z, F ´��n�, b = g(C). �

T ∈ Pic(S), d = TF , ÷v

2(n+ 2 − 2b)(d+ 2 − 2g) + (T −KS/C)2 > 4k.

XJ | nF + T | Ø´ k �©, @o�3 D ≥ 0 ÷v

(n+ 2 − 2b)DF ≤ r(D) −DT + k,

DF <
1

2
(d+ 2 − 2g).

1.3 ÄC��­½�z

� f : S → C ´º� g n�z, C̃ ´1w­�, π : C̃ → C ´k���; S ×C C̃ ´n�È,

Π′ : S ×C C̃ → S ´�A��; ρ1 : S1 → S ×C C̃ ´ S ×C C̃ ��5z, ρ2 : S2 → S1 ´ S1 �4

�Û:)�; ρ̃ : S2 → S̃ ´�é4��.. ·�k±e��ã

S̃

f̃
��

S2
ρ2 //ρ̃oo

f2
��

S1
ρ1 //

f1
��

S ×C C̃
Π′

//

��

S

f

��
C̃ C̃ C̃ C̃

π // C

(1-1)

·�¡ π : C̃ → C �ÄC� (Base change), f̃ � f 3ÄC� π : C̃ → C e�.£. �Σ ´ C þ

�.:�N�¤�8Ü. XJ π 3 Σ þØ©Ü, K¡ π ´�� Σ-ÄC� ½Ð�ÄC�. ±e·

�o� Π2 = Π′ρ1ρ2 : S2 → S, Π : S̃ 99K S ´��ã 1-1 p��knN�.

ÄC�¢�þ�±8(�ÛÜ�/, =3 C �ÛÜ���þ�EÄC�. ·�ÄkÚ\Û

Ün�z�Vg. � f : S → ∆ ´lE­¡ S �ü �� ∆ = {t ∈ C | |t| < 1} ��©�X÷

�, ¦� Ft = f−1(t) ´º� g ≥ 1 �1w­�, ∀t ∈ ∆∗ = ∆ − {0}. f ¡�ÛÜn�z, ½º�

g ­��òz (Degeneration), F0 = f−1(0) ¡�¥%n�, k�·��¡T­�òz� F0 �n

�Þ (Fiber germ). eT­�òzØ¹ (−1)-­�, K¢�4�. eé,�­�òz f ′ : S′ → ∆′,

�3Ó� H : S → S′ 9 h : ∆ → ∆′, ¦� h(0) = 0 � hf = f ′H, K¡ f � f ′ ÿÀ�d. ��

`5, äk�Ó¥%n��­�òzØ�½ÿÀ�d, �Ø�½)Û�d.

� πn : ∆ → ∆ ´N� t → tn, =± 0 ∈ ∆ ��©Ü:�ÛÜ n gÛÜÌ�CX. πn : ∆̃ →

∆ �Ñ
ÛÜn�z�ÄC�

S(n)

f (n)

��

S2
ρ2 //ρ̃oo

f2
��

S1
ρ1 //

f1
��

S ×∆ ∆
Π′

//

��

S

f

��
∆ ∆ ∆ ∆

πn // ∆

(1-2)
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·�¡ f (n) : S(n) → ∆ ´dÄC� πn : ∆ → ∆ p�� n-g�n�z (n-th root fibration). d

� Π′ : S ×∆ ∆ → S ´ÛÜÌ� Galois CX. � q ∈ F0 ÛÜ�I (x, y), f �ÛÜ�§���

f(x, y) = t. Ïd S ×∆ ∆ �ÛÜ�§� tn = f(x, y).

?�Ú, b� F0 ¥²L q �¤kØ��©|� Γ1, · · · ,Γr, ni ´ Γi 3 F ¥�­ê. Γi 3 q

:�ÛÜ�§��� fi(x, y) = 0, l
 f(x, y) =
r∏
i=1

fni

i (x, y). ·�� dq = gcd(n, n1, · · · , nr).

u´

tn − f =

dq−1∏

j=0

(tn/dq − e2πj
√
−1/dq

r∏

i=1

f
ni/dq

i ).

Ïd S1 ÛÜþ©)� dq �*dÓ�� n/dq gÌ� Galois CX.

Ún 1.3.1 � f : S → ∆ ´¥%n� F0 �n�Þ, f (n) : S(n) → ∆ ´ n g�n�z. �

q ∈ F0, dq ½ÂÓþ. ·�k

(1) (Π′ρ1)
−1(q) Tk dq �:|¤.

(2) � Γ ´ F0 ¥�Ø��©|, Γ̃ ´ Γ 3 Π2 .£eî���¥�Ø��©|. � Γ, Γ̃ 3�g

n�¥�­ê©O� m, m̃. @o m̃ = m
(m,n) .

(3) XJ F0 = nH ´ n ­n�, @o S1 ´�ÛÉ­¡, = S1 = S(n), � S2 → S ´Ã©ÜCX.

f (n) : S(n) → ∆ �¥%n�Ø´­n�. AO/, üëÏn�Ø�U´­n�.

y² (1) æ^c¡�PÒ. dþ?Ø®� S1 ÛÜþk dq �*dÓ��CX. Ø��

dq = 1. � qi ∈ Γi ´��:, K (Π′ρ1)
−1(qi) k di = (n, ni) �:. du Π′ρ1 ´ n gÌ� Galois

CX, ¤± ♯(Π′ρ1)
−1(q) | di§i = 1, · · · , r. Ïd ♯(Π′ρ1)

−1(q) = 1.

(2) - ñ = n
(n,m) , m̃ = m

(n,m) . � q ∈ Γ ´��:. 3Ü·�Ie, S1 ÛÜþk (n,m) �*d

Ó��CX, z�ÛÜ�§��� tñ = xm̃. dd´� Γ̃ 3 Π∗
2(Γ) �î���¥�­ê� ñ.

8± F2 L« F0 3 Π2 e���n�. d��ã 1-2 �,

nF2 = Π∗
2(F0) = Π∗

2(mΓ + ...) = mñΓ̃ + ...,

¤± Γ̃ 3 F2 ¥�­ê� m̃.

(3) d(1)(2)á�. �

�^�é4�n� F XJ´Q�­�§� F �¤kÛ:�õ´(:, @o·�Ò¡ F ´

�­½n� (Semistable fiber). XJ�^�­½n�Ø¹?Û (−2)-­�, K¡��­½n�

(Stable fiber). XJ���é4�n�z f �z^ÛÉn�Ñ´�­½�, @o·�Ò¡Ù��

­½n�z (Semistable fibration).

?Û�é4�n� F o´�±ÏL�uÙþ�Û:, �ª�����k(:�n� F , ¿

� F ¥�?Û (−1)-­����ÚÙ¦©|�� 3 �:. ù�� F ´��(½�. ·�¡��

F �4��5��. (Minimal normal-crossing model).

½n 1.3.1 (­½�z½n, [DM69], [AW71]) � f : S → C ´?¿n�z, K�3ÄC

� π : C̃ → C, ¦�.£�n�z f̃ : S̃ → C̃ ´�­½�. ù��ÄC�¡� f ��­½�

z(Semistable reduction).
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y² w,·��I��ÄÛÜn�z��/. � f : S → ∆ ´¥%n� F0 �n�Þ,

F 0 ´4��5��., F2 ´ F 0 3 Π2 .£���n�. ·�- M ´ F 0 ¥¤kØ��©|�

­ê���ú�ê. d 1.3.1, F 0 ¥�Ø��©|.£�î���©|3 F2 ¥Ñ´ü­�. �e

�Ò´�y: S1 �Û:éA�~	­�©|3 F2 ¥�´ü­�.

� q ∈ F 0 ´��(:, S1 �ÛÜ�§�� tM = xni y
n
j , ùp ni, nj ´²L q �©|­ê. Ï

dù
Û:�~	­�´�
d (−2)-­�|¤�ó. d Zariski Ún��, z^ù�� (−2)-­

�3 F2 ¥­ê� 1. �

½n 1.3.2 (Kodaira-Parshin �E [Voj88]) � f : S → C 3 C þk s ��.:, K�3 f

�ÄC� π : C̃ → C, ÷v

(1) π 3 s ��.:þ��©Ü, � π 3z�©Ü:?�©Ü�êT� e;

(2) XJ g(C) > 0, K e �±´?Û��ê; XJ g(C) = 0, K e �±´?ÛÛê.

5 1.3.1 XJ�.:�ê s ≥ 3, @oØ+ C �º�´õ�, ·�oUé���ù��

­½�z, ¦�þã e �z^n�4��5��.¥�?Û©|�­ê�Ø, � e �±?¿�

([Tan96, ½n 4.7]).

±e·�� K1 = ρ̃∗KS̃/C̃ , K2 = Π∗
2KS/C . � Γ ´ f2 : S2 → C̃ n� F2 ¥Ø� Π2 Â

 �Ø��©|, � Π2(Γ) Ø´:. - nΓ ´ π 3 f2(Γ) ?�©Ü�ê, mΓ ´ Π2(Γ) 3�n�

¥�­ê, lΓ = gcd(nΓ,mΓ). c®y Γ 3n� F2 ¥�­êTÐ´ mΓ/lΓ. ·�½Â kΓ =
1
lΓ

(nΓmΓ − nΓ −mΓ) + 1.

Ún 1.3.2 (Beauville) � π : C̃ → C ´ f �ÄC�, K

KS2/C̃
= K2 −

∑

Γ

kΓΓ − Z,

ùp Z ´d~	­��¤�k�Øf; Γ �HÛÉn�¥Ø� Π2 Â �Ø��©|; kΓ ½ÂX

þ.

?�Ú, D = K2 −K1 ≥ 0, �¹3n�¥.

y² d KS2/C̃
−K2 = (KS2

−Π∗
2KS)− f∗2 (KC̃ − π∗KC) ��ù´��ÛÜ¯K, ·�Ø

��ÄÛÜn�z�/ f : S → ∆, π : ∆ → ∆ p� n g�n�z, = nΓ = n. u´

KS2
− Π∗

2KS =
∑

Γ

(
n

(mΓ, n)
− 1)Γ + Z1,

f∗2 (KC̃ − π∗KC) =
∑

Γ

(n− 1)mΓ

(mΓ, n)
Γ + Z2,

ùp Zi Ñ´~	Øf. - Z = Z2 − Z1, ·�=�·K¥�L�ª.

� E ´?�~	­�©|. 5¿� E á3n�¥, �d Zariski Ún� KS2/C̃
E = KS2

E ≥

−1. qÏ� ρ2 ´4�)�, ¤± KS2/C̃
≥ 0. Ï� K2E = 0, ΓE ≥ 0, ¤± KS2/C̃

E ≤ −ZE, l


 ZE ≤ 0. ùL² Z ≥ 0 ´4ó.

D′ = KS2/C̃
− K1 w,´� ρ̃ Â �~	­�|8�¤�Q�k�Øf. nþ, D =

K2 −K1 ≥ 0 ´R��Øf. �
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íØ 1.3.1 � f : S → C ´�­½n�z, @o f2 �´�­½�, � KS2/C̃
= K2. ?

�Ú, XJ f ´�é4��, @o f2 : S2 → C̃ �´�é4��, = S2 = S̃, l
 K2
S2/C̃

=

deg π ·K2
S/C .

y² dÚn 1.3.1(2) ±9 Zariski Ún, ´� f2 �´�­½�. d� kΓ = 0, S2 ¥?�

~	­�©| E Ñ´ (−2)-­�, l
 ZE = KS2/C̃
E = 0, � Z = 0.

XJ E′ ´ f2 : S2 → C̃ ¥R� (−1)-­�, K −1 = KS2/C̃
E′ = KS/C · Π2∗E′. ù¿�X,

Π2∗E′ ´ f ¥R� (−1)-­�. �

XJn�z f : S → C 3,�k�²ÐÄC� π : C̃ → C ���²�n�z, @o·�¡ f

�ÛÜ²�n�z (Local trivial fibration), ½ö)Ûn�m. XJ f : S → C 3,�ÄC��

¤�²�n�z, K¡� Isotrivial n�z, ½¡�~�N�.

1.4 Albanese N�

ù�!¥, ·��£��eAlbanese N��Ä:�£. §´?nn�z¯K��«k�ó

ä.

� S ´1w�ê­¡. éz�ÓNa [γ] ∈ H1(S,Z), ·��±½Â H0(S,ΩS) þ�N�∫

γ
: H0(S,ΩS) −→ C, [ω] →

∫

γ
ω.

d Stockes ½n��, þã½Â´Ün�, =Ø�6uÓNa�À�.

ù�·�Òp�
XeN�

i : H1(S,Z) −→ H0(S,ΩS)∨, [γ] →

∫

γ
.

Ún 1.4.1 � q(S) ´ S ���K5.

(1) Keri TÐ´ H1(S,Z) �Lf+;

(2) rankRImi = 2q(S). Ïd H0(S,ΩS)∨/Imi ´E�¡.

(Öögy)

·�½Â Alb(S) = H0(S,ΩS)∨/Imi � S � Albanese q. �±y²§´�� Abel q. �½

S ¥��: p0, @oé?¿ p ∈ S, �½Â Alb(S) ¥���
∫ p
p0

(·) ∈ Alb(S). w,ùp�È©´

»��� H1(S,Z) ¥�4Ü£´, Ïd
∫ p
p0

(·) ��� Imi p���, �½Â´Ün�. ù�Òp

�
 Albanese N�.

α : S −→ Alb(S), p→

∫ p

q
(·).

·K 1.4.1 � A = Alb(S), α : S → A ´ Albanese N�, α(p0) = 0. @o

(1) α∗ : H0(A,ΩA) → H0(S,ΩS) ´Ó�.

(2) (�5�) � T ´?¿ Abel q, f : X → T ´?¿N�, ¦� f(p0) = 0. @o�3����

XN� g : A→ T ¦� gα = f .

(3) α(S) ��Ä�+)¤ A.
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y² (1) � H0(S,ΩS) = C〈ω1, · · · , ωq〉. - zi(p) =
∫ p
p0
ωi (û��), @od A ½Â��

z1, · · · , zq ´ A �ÛÜëê�I. w,k H0(A,ΩA) = C〈dz1, · · · , dzq〉.

�
q∑
i=1

βidzi ∈ Kerα∗, Kk

0 = α∗(
q∑

i=1

βidzi) =

q∑

i=1

βid(

∫ p

q
ωi) =

q∑

i=1

βiωi.

Ïd βi = 0, ∀i. ùÒy²
 α∗ ´ü�. du H0(A,ΩA) Ú H0(S,ΩS) k�Ó�ê, Ïd α∗ ´

Ó�.

(2) d��ã

H0(S,ΩS)∨
(f∗)∨ // H0(T,ΩT )∨

H1(S,Z)

iS

OO

f∗ // H1(T,Z).

iT

OO

�p� g : A→ Alb(T ) ∼= T , �Ò´±e��ã

S

f

��

α // A

��

g

{{vvvvvvvvvv

T // Alb(T ).

Ù��5��5gu (3).

(3) b� H = 〈α(S)〉 ´ α(S) 3 A ¥)¤�f+. d�5�, �3N� h : A → H, ¿k�

�ã (i : H → A �¹N�, j : H → Alb(H) ∼= H)

S

α

��

α // A

h
��

A

H
j

// H H

i

OO

dd�� H ∼= A. �

íØ 1.4.1 � f : S → C ´n�z, @o�3 Abel q�÷Ó� g : A→ J(C) ¦eã��

S

f

��

α // A

g

��
C // J(C)

ùp J(C) ´ C �ä�'q.

·K 1.4.2 � S ´1w­¡.

(1) XJ dimα(S) = 2, @o pg(S) > 0.

(2) XJ α(S) = C ´­�, @o C 1w, � α n�ëÏ. d� Alb(S) = J(C), q(S) = g(C).

�y²·K 1.4.2, ·�I���
O�ó�.

Ún 1.4.2 � h ∈ Rat(S) ´ S þ�kn¼ê, �Ø´~ê, @o

(1) h p�
knN� h : S 99K P1;
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(2) �34�gê�)� σ : S → S, ò h J,��XN� h̄ : S → P1;

(3) �Ä h̄ � Stein ©)(�±e��ã), ùp h0 : C → P1 ´k�CX, f : S → C n�ëÏ.

S

σ

��

f //

h̄

��?
??

??
??

? C

h0

��
S

h
//___ P1

XJ h Ø´�XN� (= σ 6= id), @o C ∼= P1.

(4) dh Ø�U´ S þ��"�X 1-/ª.

y² (1) div(h) = H0 −H∞ = div(s0)− div(s∞), ùp H0 (H1) ´ h ": (4:) éA�

ØfÜ©. u´p�kn h : S 99K P1, h(x) = [s0(x), s∞(x)].

(2) �ud H0,H∞ �¤�f�5X¥¤kÄ:=�.

(3) d� S ¥kY²� (−1)-­� E, l
p�k�CX f |E : E → C. d Hurwitz úª�

�, g(C) = 0.

(4) dh = ∂h
∂xdx+ ∂h

∂ydy. e dh ´�X 1-/ª, @o ∂h
∂x Ú ∂h

∂y �X, íÑ h �X, l
 h ´~

ê, gñ! �

Ún 1.4.3 � 0 6= ω ∈ H0(S,ΩS). XJ�3kn¼ê ϕ, h ∈ Rat(S), ¦� ω = hdϕ. @

o�3n�z f : S → C ±9kn¼ê ϕ0, h0 ∈ Rat(C), ÷v±e^�:

(1) α = h0dϕ0 ∈ H0(C,ΩC) ´�X�, l
 g(C) > 0;

(2) ϕ = f∗ϕ0, h = f∗h0, ω = f∗α.

y² dÚn 1.4.2 �, h Ø´~ê, div(h) = H0 −H∞, �k��ã

S

σ

��

f //

h̄

��?
??

??
??

? C

h0

��
S

h
//___ P1

h̄ = f∗h0 = σ∗h �±w�´ S þ�¼ê, P div(h̄) = H0 −H∞ = div(s̄0) − div(s̄∞). Ó�/,

�±�Äkn¼ê ϕ̄ = σ∗ϕ, P div(ϕ̄) = G0 −G∞. ·�©AÚ5�¤y².

Claim 1. H0 ≥ G∞ + (G∞)red. ùp (G∞)red � G∞ �Q�Ü©.

b� Γ ´ G∞ �Ø��©|, 3 G∞ ¥­ê� n. ·��I�y² H0 ≥ (n + 1)Γ =�. �

p ∈ Γ ´���1w:, Γ �ÛÜ�§ x = 0, ϕ̄ = 1
xn . 5¿� σ∗ω = −nh̄ dx

xn+1 ´�X�, ùÒ¿

�X xn+1 | s̄0, = H0 ≥ (n+ 1)Γ.

Claim 2. ϕ̄ : S → P1 ´�X�.

H0 = h̄∗([0, 1]) = f∗h∗0([0, 1]) = f∗(p1 + · · · + pk) = F1 + · · · + Fk w,d�
n��¤.

d Claim 1 �, G∞ á3n�¥, l
d Zariski ÚníÑ G2
∞ ≤ 0. ,��¡, G∞ ≡ G0, ¤±

G2
∞ = G∞G0 ≥ 0, � G∞G0 = G2

∞ = 0. ùL² ϕ̄ : S → P1 ´�X�.

Claim 3. �3 C þkn¼ê ϕ0, ¦� ϕ̄ = f∗ϕ0.

5¿� ϕ̄ �n�Ñ� G0 �5�d, � G0F = 0, ùÒL² ϕ̄ �n�Ñ� f Â , =�3k
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�CX ϕ0 : C → P1 ¦eã��

S

ϕ̄

��

f // C

ϕ0

��
P1 P1

Claim 4. α = h0dϕ0 ´�X�, l
 g(C) ≥ 1. ?�ÚdÚn 1.4.2 �, h ´�X� (= σ = id).

ù´��ÛÜ¯K. ·�Ø�� F ´?¿n�, Γ ´ F ¥��^Ø��©|, ­ê� n; �

q ∈ Γ ´���1w:. f 3 q ?�ÛÜ�§��� t = xn, ùp t ´ p = f(F ) �ÛÜ�I. �

α = h0(t)dϕ0(t) = tνdt · u(t), u(0) 6= 0. u´

σ∗ω = h̄dϕ̄ = f∗(α) = f∗(tνdt · u(t)) = nxn−1+nνdx · u(xn).

5¿� σ∗ω ´�X�, Ïd n− 1 + nν ≥ 0, = ν ≥ 0. ùÒy²
 α ��X5.

�d, ·��¤
y². �

Ún 1.4.4 � ω1, ω2 ´ S þ C-�5Ã'��X 1-/ª, ÷v ω1 ∧ ω2 = 0. @o�3n�

z f : S → C ±9 α1, α2 ∈ H0(C,ΩC), ¦� ω1 = f∗α1, ω2 = f∗α2. d�w,k g(C) ≥ 2.

y² 3ÛÜ��þ, ω1 = f1dx + g1dy, ω2 = f2dx + g2dy. ^� ω1 ∧ ω2 = 0 ��u

(f1g2 − f2g1)dx ∧ dy = 0, Ïd�±½ÂÛÜkn¼ê ϕ = f1
f2

= g1
g2

. d��O���y ϕ �½

ÂØ�6u�IÀ�, Ïd�±òÿ� S þ�kn¼ê. Ïd ω1 = ϕω2. du ω1, ω2 ´ C-�5

Ã', ¤± ϕ Ø´~ê.

5¿� 0 = dω1 = dϕ ∧ ω2, ·�k ω2 = hdϕ, h ∈ Rat(S). dÚn 1.4.3, �3n�z

f : S → C ±9 C þkn¼ê h0, ϕ0, ¦� h = f∗h0, ϕ = f∗ϕ0. - α1 = ϕ0h0dϕ0, α2 = h0dϕ0,

@o·�k ω1 = f∗α1, ω2 = f∗α2. aquÚn 1.4.3�y², �u� αi ��X5. �

···KKK 1.4.2 ���yyy²²². (1) Ï� q(S) ≥ 2, ¤±�3�5Ã'��X 1-/ª ω1, ω2. b�

pg(S) = h0(S,ΩS) = 0, K ω1 ∧ ω2 = 0. dÚn 1.4.4, �3n�z f : S → C ±9 C þ�X 1-/

ª α1, α2, ¦� ωi = f∗αi. ·�k��ã

S

f

��

α // A

h
��

C
j

// J(C)

ùp A := Alb(S). Ï� g(C) ≥ 2, ¤± j ´ü�. 5¿� hα(S) = jf(S) = j(C), � α(S) (�A

/, j(C)) )¤ A (�A/, J(C)), ¤± h(A) )¤ J(C), l
 h(A) = J(C). Ïd q(S) ≥ g(C).

�½�|Ä H0(S,ΩS) = C〈ω1, · · · , ωq(S)〉. dÚn 1.4.4 ��, ω1 ∧ ωi = 0 p��n�zÑ

´�Ó�, l
 ωi = f∗αi, αi ∈ H0(C,ΩC). ùÒíÑ g(C) ≥ q(S). Ïd g(C) = q(S).

ù�, f∗ : H0(C,ΩC) → H0(S,ΩS) ´Ó�, l
 h : A → J(C) ´k�N�. Ïd h |α(S):

α(S) → J(C) �´k�N�. �´ dimα(S) > dim J(C), gñ!
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(2) �Ä α : S → α(S) � Stein ©).

S

α !!DD
DD

DD
DD

f // C

ε
��

α(X)

©O|^ α 9 ε éA� Albanese N��5�, ·��� h : A → J(C) 9 g : J(C) → A, �k±

e��ã

S

f

��

α // A

h
��

A

C

ε

==zzzzzzzzz

j
// J(C) J(C)

g

OO

dd´� A ∼= J(C). d� g(C) ≥ 1, � j ´i\, Ïd ε = gj ´Ó�, = α(S) ∼= C. �

�ÙSK

SK 1.1 � f : S → C ´n�z, F1 · · · , Fs ´¤kÛÉn�, li ´ Fi �Ø��©|�ê,

ρ(S) ´ê��d+��. y²: ρ(S) ≥ 2 +
s∑
i=1

(li − 1). Á�E�an�z, ¦�þãØ�ª�Ò

¤á.

SK 1.2 � D ´ f : S → C �Y²Ø��­�. y²: �3ÄC� π : C̃ → C, ¦�3#

n�¥ D ���d�¡|¤.

SK 1.3 � f : S → C ´�­½n�z. y²: �3N� u : ΩS/C → ωS/C . b�

N = cokeru, �Ñ N �(�, ¿O� degN .

SK 1.4 � f : S → C ´n�z, F ´ S þ�ÛÜgd�, y²: f∗F ´ÛÜgd�. Þ

~`²pg��� R1f∗F �7´ÛÜgd�.

SK 1.5 é·K 3.4.1 ¥� 22 aÛÉn�Þ��­½�z.

SK 1.6 y²Ún 1.4.1 �(Ø.

SK 1.7 � ω ∈ H0(S,ΩS) ´­¡ S þ��"�X 1-/ª, y²: dω = 0.

SK 1.8 (Beauville) � f : S → P1 ´�­½º� g n�z, Π : S̃ → S ´Ã©ÜCX, y

²: �3d Π p���­½º� g̃ n�z f̃ : S̃ → P1, ¦� 2g̃ − 2 = deg Π · (2g − 2).

SK 1.9 ��E��ÛÜ²��n�z.

SK 1.10 � f : S → C ´º� g ≥ 2 ��é4�n�z, y²: �3¿©���ê n, ¦

� (KS + nF ) ´ nef, big �, � h0(S,KS + nF ) > 0.
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ù�Ù¥, XÃAO(², ·�ob� f : S → C ´�é4�º� g ≥ 1 n�z, F1, · · · , Fs

´¤k�ÛÉn�.

2.1 �éØCþ��K5

� F ´?�n�, F ´ F �4��5��.. ·�½Â F ��
ê�þ.

(1) NF = g − pa(Fred), NF = g − pa(F̄red);

(2) g(F ) =
∑
Γ
g(Γ̃), d? Γ �H F red ¤k�Ø��©|, Γ̃ ´ Γ ��5z;

(3) l(F ) (�A/, l(F )) ´ Fred (�A/, F red) �Ø��©|�ê;

(4) é q ∈ F , µq(F ) ´Û: (F, q) � Milnor ê, δq ´Û:�AÛº�. µF ´ F þ¤kÛ:�

Milnor êoÚ. ù�½Â�·^u?ÛQ�­�.

Ún 2.1.1 � B ´Q�­�, q ∈ B ´Û:, K

(1) (Milnor úª [Mil68]) µq = 2δq − kq + 1, ùp kq ´ B 3 q NC�ÛÜ©|ê.

(2) ([Tan94, Ún 1.1]) χtop(B) = 2χ(OB) + µB .

(3) ([Tan94, Ún 1.3]) � m ´Û: q �­ê, σ : (B̄, E) → (B, q) 'u q ��g�u, E ´~	

­�. B̄ � E ��: q1, · · · , qr.@o

µq(B) =
r∑

i=1

µqi
(B̄) +m(m− 1) − (r − 1),

µq(B) =

r∑

i=1

µqi
(B̄ + E) +m(m− 3) + 1,

y² ·�^(1) y²(2). � B̃ → B ´ B ��5z, Kk

χtop(B) = χtop(B̃) −
∑

q∈B
(kq − 1),

χ(OB) = χ(OB̃) −
∑

q∈B
δq,

χtop(B̃) = 2χ(OB̃).

ddá�(Ø.

(3) 5gu��O�, ·�3�ÖögCy². �

·�£�ÿÀþ eF = χtop(Fred) − (2 − 2g). Ún 1.2.1 y²


ef =
∑

F

eF .

Ún 2.1.2 (1) eF = 2NF + µF = 2NF + µF − σF . d? σF ´ F ¥ (−1)-­��ê.

(2) ([Tan94, Ún 1.4]) 0 ≤ NF ≤ NF ≤ g.
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(3) (Hirzebruch) µF = l(F ) +α(F )− 1, d? α(F ) ´ F �Eªéóã¥¤¹���£´�o�

ê, ½¡éóã�1� Betti ê.

(4) α(F ) = pa(F red) − g(F ). �ó�, ·�k g = g(F ) +NF + α(F ).

y² (1) ´Ún 2.1.1 ���íØ.

(2) Ï� pa(F ) ≥ 0, ¤± NF ≤ g. d�é4�5�, é F ¥�?�Ø��©| Γ, KS/CΓ =

KSΓ ≥ 0, � = KS/C(F − Fred). Ïd NF = 1
2KS/C(F − Fred) −

1
2F

2
red ≥ 0. d(1), �y

NF ≤ NF , ·��Iy µF − µF̄ + σF ≥ 0. Ø���5, �� σF = 1, KdÚn 2.1.1, á�TØ

�ª.

(3) �duO�î.«5ê.

(4) � F red =
∑
Γ

Γ, ùp Γ �H¤kØ��©|. Γ̃ ´ Γ ��5z. d(3) á�

pa(F red) =
∑

Γ

pa(Γ) − l(F ) + 1 + µF =
∑

Γ

pa(Γ̃) + α(F ).

íØ 2.1.1 (1) NF = 0 ��=��o F Q�, �oF = nFred ´º� 1 n�.

(2) NF = g ��=� F ´4��5��.� Fred ´d1wkn­��¤�ä.

(3) ef ≥ 0, �Ò¤á��=� f vkÛÉn� (g > 1), ½öz^ÛÉn�Ñ´,�1wý�­

���ê� (g = 1).

·�£�íØ 1.2.1, deg f∗ωS/C = χf .

½n 2.1.1 (1) (Fujita [Fuj84]) f∗ωS/C ´��½�, =§�?Ûû��gêÑ´�K�.

AO/, χf ≥ 0. d	, f∗ωS/C k��� qf �²��Úf�, = f∗ωS/C = F ⊕ O
⊕qf

C , F ´ÛÜ

gd�.

(2) (Parshin-Arakelov, [Par68][Ara71]) χf = 0 ��=� f ´ÛÜ²�n�z (g > 1), ½öz^

ÛÉn�Ñ´,�1wý�­���ê� (g = 1).

y² ��ëw [Xia92, §6.2, Page 130]. �

e¡·��y² KS/C �ê��5. �d·�I��
O�ó�.

Xc¤ã, 3­� C ������ V þ, �þm f∗ωS/C |V = OV ω1 ⊕ · · · ⊕ OV ωg. ù

p�Ä ωi ��3��n� F þ, Ò�¤
 H0(F,ωF ) ��|Ä. 3 F ��: q ÛÜ, ��

ωi |F= hi(t)dt. ·�- dk

dtkωF i := dkhi

dtk (dt)k+1 ∈ H0(F,ωk+1
F ). q ´ F � Weierstrass :��=�

[ωF1, · · · , ωFg](t) :=

∣∣∣∣∣∣∣∣∣∣

ωF1 · · · ωFg
d
dtωF1 · · · d

dtωFg
...

...
dg−1

dtg−1ωF1 · · · dg−1

dtg−1ωFg

∣∣∣∣∣∣∣∣∣∣

∈ H0(F,ω
⊗ g(g+1)

2

F )

3 q :�u". þãL�ª�±LÞ��N�¡þ, Ï
 div([ωF1, · · · , ωFg]) ≡ g(g+1)
2 KF Ò

´ Weierstrass :�8Ü. ?�Ú, ·��±ò div([ωF1, · · · , ωFg]) òÿ� ω
⊗ g(g+1)

2

S/C �ÛÜ�¡

div([ω1, · · · , ωg]). ·��±½ÂØf D �¤k1wn�þ� Weierstrass :8Ü�4�, ¡� S

þ� Weierstrass Øf .
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·K 2.1.1 (Arakelov) � OC(δ) := det(f∗ωS/C). ·�k

D ≡
g(g + 1)

2
KS/C − f∗δ.

y² � ω′
i =

g∑
j=1

aijωj ,�|Ä(aij 3n�þ�~ê). u´

[ω′
1, · · · , ω

′
g] = det(aij)[ω1, · · · , ωg].

ùÒp�
�N��

f∗OC(δ) −→ ω
⊗ g(g+1)

2

S/C , ω1 ∧ · · · ∧ ωg −→ [ω1, · · · , ωg].

l
p��Ü�

0 −→ OS
s

−→ ω
⊗ g(g+1)

2

S/C ⊗ f∗OC(−δ).

w, div(s) ≡ D. ùÒ��(Ø. �

Ún 2.1.3 � f : S → C ´�­½n�z, @o KS/C ´ nef �. AO/, K2
S/C ≥ 0, �Ò

¤á��=� χf = 0 (g > 1) ½ö g = 1.

y² díØ 1.3.1, 3,�ÄC��, ·��±Ø�b� Weierstrass Øf D d�
�¡

�¡9n�©|�¤. Ïd

g(g + 1)

2
KS/C ≡

r∑

i=1

niΓi +

k∑

j=1

mjEj + f∗δ,

ùp Γi ´n�©|, Ej ´�¡.

� Γ ´�^Ø��­�. ·�©�¹?Ø.

(1) XJ Γ 6= Γi, Ej , @o
g(g+1)

2 KS/CΓ ≥ χf · FΓ ≥ 0.

(2) XJ Γ ´R�©|, Kdn���é4�5, KS/CΓ = KSΓ = 2pa(Γ) − 2 − Γ2 ≥ 0.

(3) XJ Γ = Ej , ´� KS/CΓ = −Γ2. e Γ2 > 0, K

g(g + 1)

2
KS/CΓ ≥ mjΓ

2 + χf > 0,

gñ! Ïd KS/CΓ ≥ 0.

XJ K2
S/C = 0, K

0 =
g(g + 1)

2
K2
S/C =

r∑

i=1

niΓiKS/C +

k∑

j=1

mjEjKS/C + (2g − 2)χf .

Ù¥mªz��Ñ´�K�, ÏdùÒíÑ χf = 0 (g > 1), ½ö g = 1.

XJ χf = 0§d Noether úª9 ef ��K5, á� K2
S/C = 0. e g = 1, K K2

S/C = 0 ´²

;(J. �

½n 2.1.2 (Beauville) � f : S → C º� g ≥ 1 �é4�n�z, K KX/C ´ nef �, l


 K2
S/C ≥ 0. ?�Ú, e g ≥ 2, K K2

S/C = 0 ��=� χf = 0.

y² � π : C̃ → C ´ f ��­½�z. dÚn 1.3.2 �y², ·�k

K2 = K1 +
∑

Γ

kΓΓ + Z +D′,
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ùp Z ´dÛ:)�~	­��¤�k�Øf; Γ �HÛÉn�¥Ø� Π2 Â �Ø��©|;

D′ ´� ρ̃ Â �~	­�|8�¤�Q�k�Øf.

� B ´ S þ�Ø��­�. e B R�, Kk�é4�5� KS/CB ≥ 0. 8� B ´Y²­�.

dÚn 2.1.3, ·��� KS̃/C̃ ´ nef �, l
 Π∗
2B ·K1 ≥ 0. du Z ¥�­�©|Ñ� Π2 Â ,

¤± Π∗
2B · Z = 0. 5¿� D′ ´R��, Ïd Π∗

2B ·D′ = B · Π2∗D′ ≥ 0. ù�Òk KS/CB ≥ 0.

½n��Ü©y²aquÚn 2.1.3 �y². �

éu�ÛÜ²��n�z f : S → C, ·��±½Â f ��Ç(Slope) λf = K2
f/χf . dìA

úª±9�éØCþ��5, ·�w,k±e(Ø.

íØ 2.1.2 � f : S → C ´º� g > 1 ��ÛÜ²�n�z, @o λf ≤ 12. �Ò¤á�

�=� f ¤k�n�Ñ1w. ù��n�z�¡����²²²nnn���zzz(Kodaira fibration).

2.2 ÄC�Ø�ª

·�£�ÄC����ã (1-1)

S̃

f̃
��

S2
ρ2 //ρ̃oo

f2
��

S1
ρ1 //

f1
��

S ×C C̃
Π′

//

��

S

f

��
C̃ C̃ C̃ C̃

π // C

Π2 = Π′ρ1ρ2 : S2 → S, Π : S̃ 99K S ±9 K1 = ρ̃∗KS̃/C̃ , K2 = Π∗
2KS/C . � d = degπ. ·�½Â

K2
π = K2

S/C −
K2
S̃/C̃

d
, χπ = χf −

χf̃
d
, eπ = ef −

ef̃
d
.

§�¡� π �ÄC�ØCþ. w,k Noether úª 12χπ = K2
π + eπ.

d�é;�Øf�ê��5�� K1, K2 ´ nef �. qdÚn 1.3.2, D = K2 −K1 ≥ 0 á3

n�¥. XJ K1 = K2, ·�Ò¡ π ´ØCÄC� (Invariant base change).

·K 2.2.1 K2
π ≥ 0, χπ ≥ 0.

y² d K2
2 = K2

1 +K1D +K2D ≥ K2
1 á�1��Ø�ª.

5¿�

f̃∗ωS̃/C̃ = f2∗OS2
(K1) ⊆ f2∗OS2

(K2) = π∗f∗ωS/C ,

Ïd·�k χf̃ = deg f̃∗ωS̃/C̃ ≤ d · deg f∗ωS/C = dχf . �

� q ∈ F ´n� F þÛ:, ^ÛÜ�§ f(x, y) = 0 ½Â. XJ zd = f(x, y) ½Â����á

­¡Û:´ ADE Û:, @o·�Ò¡ (F, q) ´ d-{üÛ:. � dF ´ π 3 f(F ) þ���©Ü

�ê, XJ f(F ) Ø3©Ü:þ, ½ö F Q��§�Û:��Ò´ dF -Û:, @o·�Ò` F ´

π-ØCn�.

·K 2.2.2 � g ≥ 2, ±e�·K*d�d:

(1) π ´ØCÄC�.
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(2) K2
π = 0.

(3) χπ = 0.

(4) S2 �é4�, ρ1 ´Ó�(= S ×C C̃ �5), S1 þ�Û:Ñ´kn�­:.

(5) f �¤kn�Ñ´ π-ØCn�.

y² (1) ⇒ (2) w,.

(2) ⇒ (1) XJ K2
2 = 0, @o f ´ÛÜ²�� (½n 2.1.1 9 2.1.2). d�w, π ´ØC�. e

K2
2 > 0, K K1D = K2D = D2 = 0. d Hodge �I½n�� D = 0, = K1 = K2.

(1) ⇒ (3) w,.

(3) ⇒ (1) d� deg f2∗OS2
(D) = 0. dÚn 1.1.3 �, f2∗OS2

(D) = OC̃ .

(1) ⇒ (4) £�Ún 1.3.2 �'Xª

D = K2 −K1 =
∑

Γ

kΓΓ + Z +D′.

d� D = 0 w,%¹ S2 �é4�(= D′ = 0), kΓ = 0 (= S ×C C̃ ´�5­¡), Z = 0. u´

KS2/C̃
= K2. � E ´Û:)�¥~	©|, @o KS2/C̃

E = K2E = 0, ùL² E ´ (−2)-­�.

(4) ⇒ (1) d�w,k kΓ = 0, D′ = 0. KS2/C̃
= K2 − Z. é?Û Z ¥�~	©| E, Ï� E ´

(−2)-­�, ¤± 0 = KS2/C̃
E = K2E − ZE, = ZE = 0. ùÒíÑ Z = 0. Ïd K1 = K2.

(4) ⇒ (5) w,.

(5) ⇒ (4) Ø���5, ·�b� f(F ) þ�©Ü. � F2 ´ F 3 f2 : S2 → C̃ þéA���n�.

·��Iy F2 �é4�.

db�^�, KS2/C̃
= K2 − Z, Z d (−2)-­�|¤. Ïd Z2 = (K2 − KS2/C̃

)Z = 0, �

Z = 0, l
 KS2/C̃
= K2. � E ´ F �Ø��©|, E′ ´ E 3 F2 ¥�?�î���©|. ·

�k E′KS2/C̃
= E′K2 = KS/CE ≥ 0. Ïd E′ Ø�U´ (−1)-­�. ùL² F2 ¥vk (−1)-­

�. �

[Xia92] Qßÿ eπ ��K5. duù´�ÛÜ¯K, ¤±·�Ø��Ä± F �¥%n��Û

Ün�Þ, ÄC� π 3 p = f(F ) ?�©Ü, deg π = d. ¢Sþ, ·��I�y² deF − eF2
≥ 0

=�. ù�(Ø� [Tan94] y².

·K 2.2.3 eπ ≥ 0. ?�Ú, � g ≥ 2, K eπ = 0 ��=� π ´ØCÄC�.

� F =
∑
Γ
nΓΓ, ùp Γ �H F ¥¤kØ��©|, nΓ ´ Γ 3 F ¥�­ê; Γ̃ = ρ−1

1 Π′(Γ);

dΓ = (d, nΓ). � Sing(F ) ´ Fred þ¤kÛ:|¤�8Ü. � p ∈ Sing(F ), dp = gcd{dΓ | p ∈ Γ},

Ep = Π−1
2 (p).

Ún 2.2.1 sΓ ´ Sing(F ) ¥á3©| Γ þ�Û:�ê, ·�k

(1) χtop(F2) = χtop(F1) +
∑

p∈Sing(F )

(χtop(Ep) − dp).

(2) χtop(F1) = χtop(F ) +
∑
Γ

(dΓ − 1)(χtop(Γ) − sΓ) +
∑

p∈Sing(F )

(dp − 1).

(3) (Ü±þ�ªKk

deF − eF2
=2(d− 1)NF −

∑

Γ

(dΓ − 1)(χtop(Γ) − sΓ)
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+
∑

p∈Sing(F )

((d − 1)µp − (χtop(Ep) − 1)).

y² (1)

χtop(F2) =χtop(F2 \
∑

p

Ep) +
∑

p

χtop(Ep)

=χtop(F1 −
∑

p

dp∑

i=1

pi) +
∑

p

χtop(Ep)

=χtop(F1) +
∑

p

(χtop(Ep) − dp).

(2)

χtop(F1) =χtop(F1 −
∑

p

dp∑

i=1

pi) +
∑

p

dp

=
∑

Γ

χtop(Γ̃ −
∑

p∈Γ∩Sing(F )

dp∑

i=1

pi) +
∑

p

dp

=
∑

Γ

dΓχtop(Γ −
∑

p∈Γ∩Sing(F )

p) +
∑

p

dp

=
∑

Γ

dΓ(χtop(Γ) − sΓ) +
∑

p

dp.

5¿� χtop(F ) =
∑
Γ

(χtop(Γ) − sΓ) +
∑
p

1, =��ª. �

[Tan94] éþãÚn� (3) ª?1
[���O. duy²L§���¡, ·�Ø2�[?

Ø. k,��ÖöØ����ÖT©z.

2.3 ArakelovØ�ª

¤¢ Arakelov Ø�ª=�Xe·K.

½n 2.3.1 (Arakelov-Faltings) � f : S → C ´�ÛÜ²��­½n�z, s ´ÛÉn�

�ê, K

χf ≤
g − qf

2
(2b− 2 + s). (2-1)

Arakelov Ø�ª����f/ª�

íØ 2.3.1 (Arakelov [Ara71]) χf <
g
2(2b− 2 + s).

ù�!¥, ·��y²U?� Arakelov .Ø�ª.

½n 2.3.2 � s1 ´@
÷v g(F ) < g �ÛÉn��ê. ·�k

χf ≤ (g − qf )(b− 1 + s1). (2-2)
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?�Ú, e f ´�­½n�z, @o·�k

χf ≤
g − qf

2
(2b− 2 + s1). (2-3)

d� s1 Ò´ä�'ÛÉn� (Jacobian singular fiber)–=éóã¹k��n�–��ê.

3ù�!¥, ·�Äkòy²Xe�ª.

½n 2.3.3

2χf + (h1,1(S) − 2qf b− 2 −
s∑

i=1

(l(Fi) − 1)) (2-4)

= (g − qf )(2b− 2) +

s∑

i=1

NF i
+

s∑

i=1

(g − g(F ))

y² d ef , χf �½Â9 Hodge ©), ·�k

ef = 2 − 4q + 2pg + h1,1(S) − 4(g − 1)(b − 1),

χf = 1 − q + pg − (g − 1)(b− 1).

ù�Òk

2χf − ef = 2q + 2(g − 1)(b− 1) − h1,1(S). (2-5)

,��¡, d l(Fi) = l(F i) − σ(F i), ·�k

ef =

s∑

i=1

NF i
+

s∑

i=1

(g − g(F )) +

s∑

i=1

(l(Fi) − 1). (2-6)

(Üúª (2-5) Ú (2-6), =�(2-4). �

�y²Ø�ª (2-2) Ú (2-3), ·�I��
Ún.

Ún 2.3.1 g(F i) ≥ qf .

y² � F̃ ´ F ��5z, d Albanese �5�, ·�kN� β : J(F̃ ) → Alb(S). �Ä

Abel q Q = Alb(S)/Imβ, K�p�N� ᾱ : S → Q. du J(F̃ ) → Q ´"N�, ¤± ᾱ(F ) ´ Q

¥�:. df5½n, ᾱ Â  f ¤k�n�. ùL² ᾱ �±ÏL f ©)

S
ᾱ //

f

��

Q

C

??�������

l
d�5�?�Úp�
N� v : J(C) → Q. ·�k±e��ã

F̃ //

��

J(F̃ )

β

�� ""D
DD

DD
DD

DD

S
α //

f

��

Alb(S) //

g

��

Q

C
j

// J(C)

v

<<yyyyyyyyy
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Ï� α(S) )¤ Alb(S), ¤± ᾱ(S) )¤ Q. e g(C) = 0, @o Q �u". �ó�, J(F̃ ) →

Alb(S) ´÷�. ù� g(F̄ ) = dimJ(F̃ ) ≥ dimAlb(S) = q. e g(C) > 0, K Imv = Imᾱ, l
 Imv

)¤
 Q. ù� J(C) → Q ´÷�. �

g(C) = dimJ(C) ≥ dimQ = q − dimImβ,

= dimImβ ≥ qf , Ïd g(F̄ ) = dimJ(F̃ ) ≥ dimImβ ≥ qf . �

·K 2.3.1

h1,1(S) − 2qfb− 2 −
s∑

i=1

(l(Fi) − 1) ≥ 0. (2-7)

y² �Ä©) H0(ΩS) = V1 ⊕ V0, ùp V0 = f∗H0(ΩC), dimV1 = qf . �

V0 = 〈α1 · · ·αb〉, V1 = 〈θ1, · · · , θqf
〉,

d?Ã αi (�A/, Ã θj ) ´ V0 (�A/, V1) ��|Ä�þ.

·��±½ÂXe��

h : V0 ⊗ V 1 ⊕ V 0 ⊗ V1 −→ H1,1(S),

÷v h(x⊗ y) = x ∧ y, x⊗ y ∈ V0 ⊗ V 1 ⊕ V 0 ⊗ V1.

� V2 ´ Pic(S) ¥d¤kn�¥�©|)¤�f�m. d�a½Â, ·��±g,p���

c1 : V2 → H1,1. u´ Imc1 = 1 +
s∑
i=1

(l(Fi) − 1).

Claim 1. ·�äó, é?Û´LØf H, c1(H) /∈ Imh+ Imc1 .

¯¢þ, bX H ∈ Imh + Imc1. ·����n� F . ?� α ∈ Imh, d h �À�, éN´w

� α |F= 0. Zariski Ún%¹X β |F= 0, é?Û β ∈ Imc1 ¤á. Ïd HF = 0, gñ!

Claim 2. 5¿ αi ∧ ᾱk ´ H1,1(C) ¥,�/ª�.£, 
 h1(C,ΩC) = h0(C,OC ) = 1. Ï

d·��±b� αi ∧ ᾱk = εikα1 ∧ ᾱ1. y3·�5y² E = (εik)1≤j,k≤b ´�_�.

bX�3�þ (λ1, · · · , λb) 6= 0 ¦� E · (λ1, · · · , λb)
T = 0, =

∑
k

εikλk = 0, ∀i. @o

∑
k

εikλkα1 ∧ ᾱ1 = 0. �ó�, ·�k

∑

k

λkαi ∧ ᾱk = αi ∧
∑

k

λkᾱk = 0, ∀i.

�k
∑
k

λ̄kαk ∧
∑
k

λkᾱk = 0, ½=
∑
k

λkᾱk = 0. ¤±é?Û i k λi = 0, gñ!

Claim 3. ·�äó h ´ü�. b� h �Ø¥�3�"�, =
qf∑

j=1

b∑

i=1

aijαi ∧ θ̄j +

qf∑

j=1

b∑

i=1

bijᾱi ∧ θj = du.

ü>	È ᾱk ∧ θl ��
qf∑

j=1

b∑

i=1

aijαi ∧ θ̄j ∧ ᾱk ∧ θl = d(u ∧ ᾱk ∧ θl).
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��
qf∑

j=1

b∑

i=1

aijεikα1 ∧ ᾱ1 ∧ θ̄j ∧ θl = d(−u ∧ ᾱk ∧ θl).

� ωk =
qf∑
j=1

b∑
i=1

āij ε̄ikθj. ·��� α1 ∧ ᾱ1 ∧ ω̄k ∧ θl = d(−u ∧ ᾱk ∧ θl) éz� l nÜþãù
�

ª, KíÑ α1 ∧ ᾱ1 ∧ ω̄k ∧ ωk = d(−u ∧ ᾱk ∧ ωk).

d Stokes úª,

0 =

∫

S
α1 ∧ ᾱ1 ∧ ω̄k ∧ ωk =

∫

S
(α1 ∧ ωk) ∧ (α1 ∧ ωk).

� α1 ∧ ωk = 0, = ωk = f∗βk, é,� βk ∈ H0(C,ΩC). ù� ωk ∈ V0 ∩ V1, = ωk = 0, ∀k. Ï

d·���
∑
i
aijεik = 0, ∀i, k. ù� Claim 2 iíÑ¤k� aij Ñ´ 0. aq/, ·�k bij = 0,

∀i, j. ùÒ�b�gñ!

Claim 4. Imh ∩ Imc1 = 0.

b��3 L ∈ V2 ÷v c1(L) ∈ Imh ∩ Imc1, � c1(L) 6= 0. �

c1(L) =

qf∑

j=1

b∑

i=1

aijαi ∧ θ̄j +

qf∑

j=1

b∑

i=1

bijᾱi ∧ θj.

5¿� c1(L) ´¢/ª, � h ´ü�, ¤±´� āij = bij 9 c1(L) = β + β̄ + du, d? β =
qf∑
j=1

b∑
i=1

aijαi ∧ θ̄j .

du αi∧αk = 0, ¤±��ÓNak β∧β = β̄∧ β̄ = 0. � c1(L)∧c1(L) = β∧ β̄+ β̄∧β+dγ.

Ïd

L2 =

∫

S
c1(L) ∧ c1(L) = 2

∫

S
β ∧ β̄ ≥ 0.

Ï� L á3n�p, ¤± L2 ≤ 0. ùÒíÑ
∫
S β ∧ β̄ = 0, = β = 0. ù���ÓNaÒk

c1(L) = 0.

Claim 5. nÜþ¡�Øä, ·�k h1,1 ≥ 1 + dimImh+ dimImc1, �Ò´Ø�ª (2-7). �

íØ 2.3.2 XJ f ´�­½�, @o·�k

χf ≤
g − qf

2
(2b− 2 + s1).

y² d� F = F , NF = 0, g = g(F ) + α(F ). (2-2) 5guÚn 2.3.1 Ú½n 2.3.1. �

íØ 2.3.3 XJ f ��­½, K

χf ≤ (g − qf )(b− 1 + s1).

y² d NF ≤ g − g(F ), ·��� (2-2). �

�� Arakelov Ø�ª�A^, ·�kXe(Ø.

½n 2.3.4 XJ C ∼= P1, � f : S → C ´�­½�, @o

pg ≤
(g − qf )

2
(s1 − 4). (2-8)
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?�Ú, s1 = 4 ��=� f : S → C ÷v±e^�,

(1) pg(S) = 0;

(2) h1,1(S) = 2 +
s∑
i=1

(li − 1);

(3) g(F i) = qf , i = 1, · · · , s1;

(4) q(S) ≤ 1.

y² úª (2-8) 5gu (2-3). w,½n 2.3.4 ¥�^�%¹
 s1 = 4. ��, e s1 = 4,

K½n 2.3.4 ¥�^� (1)-(3) ¤á. Ïd·��I�y(4).

b� q ≥ 2. du pg(S) = 0 9 q ≥ 2, ¤± S ´�«¡. � α : S → Alb(S) ´ Albanese N

�. K B = Imα ´º� q �­�. α ���n�Ó�u P1.

Ï� g(F i) = q ≥ 2, F i �,�Ø��©|(P� Γi) Øá3 α �n�p. Ïdd Hurwitz ú

ª�� g(Γi) ≥ q = g(B). ù� g(Γi) = q, � Γi ´ α : S → B ��¡. du g(F i) = q, ùÒí

Ñ Γi ´ Fi ����Y²Ø��©|. � F ′ (�A/, F ) ´α (Resp. f) ���n�. ·�k

F ′Fi = F ′Γi = 1, l
 F ′F = 1. Ïd F ∼= B, � f ´ isotrivial. ?�Ú, ·��±äó f ´²

��. �

éup�n�z�/, �xÚ E. Viehweg �Ñ
�r� Arakelov Ø�ª [VZ01, VZ06]. ·

�ùp0��e­¡n�z�/�ù�(J.

½n 2.3.5 � F ´ f∗ω
⊗ν
X/Y �f�, Kk

µ(F) ≤
ν

2
(2b− 2 + s), v > 0, (2-9)

ùp µ(F) ´ F ��Ç.

2.4 ;�aØ�ª

·�Äk£� Miyaoka-Yau Ø�ª (�õ[!�ë� [Hir86]).

·K 2.4.1 ([Miy84]) � E1, · · · , Er ´­¡ S þ�pØëÏ� ADE ­�, � KS ´ nef

�, @o

3c2(S) − c21(S) ≥
s∑

i=1

m(Ei).

ùp m(E) ½ÂXe

m(E) =





3(r + 1) − 3
r+1 , E = Ar,

3(r + 1) − 3
4(r−2) , E = Dr,

21 − 1
8 , E = E6,

24 − 1
16 , E = E7,

27 − 1
40 , E = E8.

� f : S → C ´�é4�º� g ≥ 2 �­½n�z, k s ^ÛÉn�, b = g(C). �

f ♯ : S♯ → C ´ f �­½�.(=Â  f �ÛÉn�¥�¤k (−2)-­�). � q ´ S♯ � An Û:,

µq = n ´ (S♯, q) � Milnor ê. éuÛÉn�3 S♯ þ1wÜ©¥�Û: q, ·���±5½ q �

Milnor ê� 0.
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Ún 2.4.1 � f : S → C ´�é4�º� g ≥ 2 �­½n�z, K

K2
S/C ≤

∑

q

3

µq + 1
+ (2g − 2)(2b − 2).

y² d ef �O�´� ef =
∑
q

(µq + 1). |^ Miyaoka-Yau Ø�ª, ·�á�(Ø. �

�Ä3ù s ��.:þ��©Ü� Kodaira-Parshin �EÄC� π : C̃ → C, deg π = de, �

π 3z�©Ü:?�©Ü�êT� e. ·�ke¡�{üÚn.

Ún 2.4.2 � f̃ ´þãÄC�éA�#n�z, s̃ ´ÛÉn��ê, b̃ = g(C̃), u´

(1) s̃ = ds, µq̃ + 1 = e(µq + 1);

(2) 2b̃− 2 = de(2b − 2) + d(e− 1)s;

(3) K2
S̃/C̃

= deK2
S/C .

AO/, ·�k

K2
S̃/C̃

− (2g − 2)(2b̃ − 2 + s̃) = de(K2
S/C − (2g − 2)(2b − 2 + s)).

3þãÄ:þ, ·���;�aØ�ª(Classical canonical inequality), k��¡ Vojta Ø

�ª .

½n 2.4.1 (;�aØ�ª [Voj88]) � f : S → C ´�é4�º� g ≥ 2 �­½n�z,

k s ^ÛÉn�, b = g(C), @o

K2
S/C ≤ (2g − 2)(2b − 2 + s).

?�Ú, XJ s > 0, @où�Ø�ª´î��.

y² � s = 0 �, dÚn 2.4.1 á�Ø�ª. ±eØ�� s > 0. én�z f̃ ¦^Ún

2.4.1 ÚÚn 2.4.2�(Ø, ��

K2
S/C − (2g − 2)(2b− 2 + s) ≤ −

(2g − 2)s

e
+

1

e2

∑

q

3

µq + 1
.

w,, �¿©�� e �, þãØ�ªm>�u 0. �d, ·K�y. �

5 2.4.1 [Liu96] ^�©AÛ��{y²þã;�aØ�ª3?Û�¹eÑ´î��.

;�aØ�ª��þ�dum­¡þ�éê Miyaoka-Yau Ø�ª. �
`²ù�:,

·�Äk£��
�'SN. � D ´ S þ���k(:�Q�k�Øf, ·�¡m­¡

S′ = S\D �éê­¡ (Logarithmic surface). Γ = KX+D ¡���Øf, P̄m := dimH0(S,mΓ).

� P̄m > 0 �, d�5X | mΓ | p��N� Φ|mΓ| ¡� (S,D) � m-­éê;�N� (m-th

logarithmic canonical map), κ̄(S) = maxm>0 dimΦ|mΓ|(S) ¡�éê�²�ê (Logarithmic

Kodaira dimension).

·��±½Â� Ω1
S(logD), ÛÜþw, §´d@
4:á3 D ¥��X 1-/ª|¤�. '

X� q ´ D �(:�, Ω1
S(logD) 3 q �ÛÜ���þ��¡��u adxx + bdyy + a′dx+ b′dy, d

? a, b, a′, b′ ´�X¼ê. éê­¡þ��a½Â�

c̄1(S
′) := −c1(Ω

1
S(logD)) c̄2(S

′) := c2(Ω
1
S(logD)).
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Ún 2.4.3 ([Sak80][Kob85]) ·�k±e(Ø

(1) c̄21(S
′) = (KS +D)2, c̄2(S

′) = χtop(S) − χtop(D).

(2) XJ κ̄(S) = 2, @o c̄21(S
′)2 ≤ 3c̄2(S

′), �Ò¤á��=� S′ ��kCX�XÓ�uE¥

B2.

·K 2.4.2 � f : S → C ´�é4�º� g ≥ 2 �­½n�z, F1, · · · , Fs ´ÛÉn�

(b� s > 0), D =
s∑
i=1

Fi. � S′ = S \ D, c̄1(S
′), c̄2(S′) Óþ, u´éê Miyaoka-Yau Ø�ª

c̄21(S
′)2 ≤ 3c̄2(S

′) �du;�aØ�ª. AO/, Ø�ª´î��.

y² ò D =
s∑
i=1

Fi �\Ún 2.4.3, á�Ø�ª. XJ�Ò¤á, KÃ Fi �Â ¤:, l


d Grauert �K [Gra62], Fi ´K½­�, gñ! ÏdØ�ª´î��. �

5 2.4.2 ;�aØ�ª��±l�xÚ E. Viehweg � Arakelov .Ø�ª (½n 2.3.5) �

�. �I� F = f∗ω
⊗ν
X/Y , ,�4 ν ª�uÃ¡, ù� Arakelov .Ø�ª�4��/TÐ´;�

aØ�ª.

|^éê Miyaoka-Yau Ø�ª�Uy²�¡�ê�k�5.

Ún 2.4.4 � f : S → C ´º� g ≥ 2 �ÛÜ²�n�z, E ´���¡. @o·�k

K2
S/C

4g(g − 1)
≤ −E2 ≤ 3ef −K2

S/C + (g(C) − 1)(4g − 2).

y² 1��Ø�ª5gu [Szp81]. ·�^ Hodge �I½n5í�. ���n� F , 9k

nê γ, ¦� (KS/C − (2g − 2)E + γF )KS/C = 0, Ïd

K2
S/C + 4g(g − 1)E2 = (KS/C − (2g − 2)E + γF )2 ≤ 0.

ém­¡ S′ = S − E $^éê Miyaoka-Yau Ø�ª

(KS + E)2 ≤ 3c2(S) − 3χtop(E).

�nþª=�1��Ø�ª. �

½n 2.4.2 (Grauert-Manin, [Gra65, Man66]) � f : S → C ´º� g ≥ 2 �ÛÜ²�n

�z, @o f �kk�õ��¡.

y² � E ´���¡, Ẽ = (2g − 2)E + (E2)F , K ẼKS/C = 0, Ẽ2 = 4g(g − 1)E2. Ï

d Ẽ 3 NS(S) ¥��á3 KS/C ���Ö�m¥. du KS/C ´ nef, big �, � Ẽ2 ke. (Ú

n 2.4.4), ¤±ù�� Ẽ �kk��. �

2.5 �fØ�ª

·�Äk£��
'u­�þ�ÛÜgd��SN. b� C ´1w�K­�, E ´ C þ�

� r ÛÜgd�. XJÛÜgdf� F éA�û� E/F �´ÛÜgd, @oÒ¡ F � E ��

Úf�. ·�½ÂÛÜgd� E ��Ç (Slope) µ(E) = deg E
r . XJé?Û�ÛÜgdf� F , k

µ(F) ≤ µ(E), ·�Ò¡ E ´�­½�.
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Ún 2.5.1 ([Xia92], N¹ §A1) � E ´ C þ�� r ÛÜgd�.

(1) E ¥�f��´ÛÜgd�.

(2) � F ´ E �f�, K�3 E ¥����Úf� F̃ , ¦� F ⊆ F̃ , rk(F̃) = rk(F). F̃ ¡� F

����ÚÚÚzzz. ·�½Â rk(E/F) = rk(E/F̃), l
k rk(E) = rk(F) + rk(E/F).

(3) �

0 −→ E1 −→ E −→ E2 −→ 0

´ÛÜgd���Ü�, K deg E = deg E1 + deg E2.

(4) χ(E) = deg E + rk(E)(1 − g).

(5) �3ê M = M(E), ¦�?Û�ÛÜgdf� F ��Ç µ(F) ≤M .

Ún 2.5.2 � E1, E2 ´ C þ�­½ÛÜgd�, α : E1 → E2 ´�"N�, @o µ(E1) ≤

µ(E2).

y² � F = Imα 6= 0, N = Kerα. d�­½��½Â µ(N ) ≤ µ(E1). dgêÚ���

\5íÑ µ(F) ≥ µ(E1). Ó�/, µ(F) ≤ µ(E2). Ïd·�k µ(E1) ≤ µ(E2). �

E ���ÈL

0 = E0 $ E1 $ · · · $ En = E

XJ÷v±e^�, Ò¡� Harder-Narashimhan ÈL:

(1) Ei/Ei−1 ´�­½�, i = 1, · · · , n;

(2) µ(Ei/Ei−1) < µ(Ei−1/Ei−2), i = 2, · · · , n.

·�¡ µ(E/En−1) � E ����Ç (Final slope), P� µf (E). e E ����Ç µf (E) > 0 (�A

/, µf (E) ≥ 0), @o·�Ò¡Ù��½� (�A/, ��½�). aq/, e E∨ (�)�½, K¡ E

�(�)K½.

·K 2.5.1 z�ÛÜgd� E Ñk��� Harder-Narashimhan ÈL.

y² ·�é rk(E) �8B{. � E ´�­½��, (Øw,. AO/, �§´�_��,

7´�­½�. Ïd·�Ø�� E Ø´�­½�.

� µ1 = max{µ(F) | F ⊆ E} 9 r1 = max{rk(F) | F ⊆ E , µ(F) = µ1}. ·��f� E1 ¦�

µ(E1) = µ1, rk(E1) = r1. d½Âw� E1 ´�­½�, � E/E1 ´ÛÜgd�, Ù�' E ���.

Ïdd8Bb�, E/E1 k Harder-Narashimhan ÈL, l
�p�
 E Xe�ÈL:

0 = E0 $ E1 $ · · · $ En = E .

ùp Ei/Ei−1 ´�­½� (1 ≤ i ≤ n) � µ(Ei/Ei−1) < µ(Ei−1/Ei−2), 3 ≤ i ≤ n.

- µ2 = µ(E1/E2), r2 = rk(E2). u´d E1 �À�á�

µ1 − µ2 =
r2(µ(E1) − µ(E2))

r2 − r1
.

ù�Òy²
þãÈL´ E � Harder-Narashimhan ÈL.

b� E k,� Harder-Narashimhan ÈL:

0 = E ′
0 $ E ′

1 $ · · · $ E ′
m = E .
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dþ¡ E1 �À�, ·�k µ(E1) ≥ µ(E ′
1). d��3eI i, ¦� E1 ⊆ E ′

i, E1 * E ′
i−1. u´�3�

­½��m��"N� E1 → E ′
i/E

′
i−1. dÚn 2.5.2, ·�k µ(E ′

i/E
′
i−1) ≥ µ(E1) ≥ µ(E ′

1). ùÒí

Ñ i = 1, µ(E1) = µ(E ′
1), E1 ⊆ E ′

1, l
d E1 �À�� rk(E1) = rk(E ′
1), deg E1 = deg E ′

1. �Ä�

Ü�

0 −→ E1 −→ E ′
1 −→ I −→ 0,

ùp I ´L�, |8´"��. u´d Riemann-Roch ½n9î.«5a��\5�

h0(I) = χ(E ′
1) − χ(E1) = 0.

Ïd E1
∼= E ′

1. d E/E1 þ�8Bb�, ·�Ò�Ñ
ÈL���5. �

íØ 2.5.1 E∨ � Harder ÈLTÐ´

0 = (E/En)
∨ $ (E/En−1)

∨ $ · · · $ E∨.

AO/, E �½ (��½) ��=� E �?Ûû���Ç > 0 (≥ 0).

� π : C̃ → C ´ d gk�CX, @o E 3 π e�.£ Ẽ = π∗E �´ÛÜgd�, w,k

rk(Ẽ) = rk(E), deg Ẽ = d · deg E , µ(Ẽ) = d · µ(E).

?�Ú, C þ��Ü�

0 −→ E1 −→ E −→ E2 −→ 0

3 π e�.£´ C̃ þ��Ü�. aq/, ��ÛÜgd�ÈL�.£´�A��ÈL.

·K 2.5.2 (1) Ẽ = π∗E �­½��=� E �­½.

(2) � E � Harder ÈL�

0 = E0 $ E1 $ · · · $ En = E ,

K

0 = π∗E0 $ π∗E1 $ · · · $ π∗En = Ẽ

´ Ẽ � Harder ÈL.

(3) Ẽ = π∗E �½ (�A/, ��½, K½, �K½) ��=� E �½ (�A/, ��½, K½, �K

½).

y² (1) =⇒ w,. ey ⇐=. Ø���5, �� π : C̃ → C ´ Galois CX. XJ

Ẽ Ø´�­½, @od Harder ÈL, �3���4��Çf� Ẽ1, ����4�. é?Û

g ∈ Gal(C̃/C), w� g(Ẽ1) �÷vd^�, Ïdd��5� g(Ẽ1) = Ẽ1. ùL² Ẽ1 = π∗E1, é,

�f� E1 ⊆ E . u´

µ(E1) = µ(Ẽ1)/(deg π) > µ(Ẽ)/(deg π) = µ(E).

¤± E Ø´�­½�.

(2)(3) Ñ´��íØ. �

� f : S → C ´º� g ≥ 2 �é4�n�z.
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�Ä f∗ωS/C � Harder-Narashimhan ÈL

0 = E0 $ E1 $ · · · $ En = f∗ωS/C .

� ri = rk(Ei), µi = µ(Ei/Ei−1). d�w,k

r1 < · · · < rn = g, µ1 > · · · > µn ≥ 0 := µn+1.

£�;��� α : f∗f∗ωS/C → ωS/C . w� α p�
��N� αi = α |f∗Ei
: f∗Ei → ωS/C .

·�� Imαi = I∆i
(−Zi) ⊗ ωS/C . ùp I∆i

(−Zi) ´n��, Ù¥ ∆i ´"�fV., Zi ≥ 0 ´

ØfÜ©. é��n� F 5`, Zi ∩ F �±w¤´ H0(F,ωF ) �Af�m��½Ü©. AO/,

H0(F,ωF ) ÃÄ:, Ïd α ��3 F þ´÷�. ùL² Zn á3,
ÛÉn�¥. ��/, ·�

k

Z1 ≥ · · · ≥ Zn ≥ 0 := Zn+1.

y3·�½ÂØf Ni = KS/C − Zi − µiF .

Ún 2.5.3 Ni ´ nef Øf.

y² � Γ ´ S ¥�Ø��­�, σ : Γ̃ → Γ ´�5z, π := fσ. ´� σ∗αi : π∗Ei →

σ∗(ωS/C(−Zi)) ´�"N�.

XJ Γ R�, = f(Γ) ´:, @o π∗Ei ´²��, Ïdk�"N� OΓ̃ → σ∗(ωS/C(−Zi)). ù

L² σ∗(ωS/C(−Zi)) k�"�¡, � deg σ∗(ωS/C(−Zi)) ≥ 0, = NiΓ = (KS/C − Zi)Γ ≥ 0.

±e·�b� Γ ´Y²­�. b� j(< i) ÷v: σ∗αi(Ej) = 0, σ∗αi(Ej+1) 6= 0. u´k�"

N� π∗(Ej/Ej+1) → σ∗(ωS/C(−Zi)). dÚn 2.5.2, ·�k

µ(π∗(Ej+1/Ej)) ≤ µ(σ∗(ωS/C(−Zi))).

��u deg π · µj ≤ (KS/C − Zi)Γ. Ïd NiΓ ≥ (µj − µi)FΓ ≥ 0.

�d·�y²
(Ø. �

·K 2.5.3 � di = NiF . ��IS� 1 ≤ i1 < · · · < im ≤ n, K

K2
S/C ≥

m∑

p=1

(dip + dip+1
)(µip − µip+1

),

ùp im+1 := n+ 1. AO/, ·�k

K2
S/C ≥

n∑

i=1

(di + di+1)(µi − µi+1).

y² é i > j, w,k Ni = Nj + (Zj − Zi) + (µj − µi)F . dc�� Zj ≥ Zi, µj > µi. q

dÚn 2.5.3, Ni, Nj ´ nef �, l


N2
i ≥ NjNi + (µj − µi)FNi

≥ Nj(Nj + (µj − µi)F ) + (µj − µi)FNi

= N2
j + (µj − µi)(dj + di).

= N2
i −N2

j ≥ (µj − µi)(dj + di). Ïd

K2
S/C =

m∑

p=1

(N2
ip −N2

ip+1
)
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≥
m∑

p=1

(dip + dip+1
)(µip − µip+1

). �

£� ri = rk(Ei), ·�k

Ún 2.5.4 di ≥ 2ri − 2.

y² ò ÷ � � f∗Ei −→ I∆i
(KS/C − Zi) −→ 0 � � 3 n � F þ, · � á �

h0(F,ωF (−Zi)) ≥ ri. qÏ h1(F,ωF (−Zi)) = h0(F,OF (Zi)) ≥ 1, ¤±·�k Clifford Ø�

ª

ri ≤ h0(F,ωF (−Zi)) ≤
1

2
degωF (−Zi) + 1 =

di
2

+ 1.

ù�·�Ò��
Ø�ª. �

£�n�z f : S → C ��Ç λf := K2
f/χf . y3·�òy²�f��ÇØ�ª.

½n 2.5.1 (�ÇØ�ª [Xi87a]) � f : S → C ´º� g ≥ 2 ��é4�n�z, @o

λf ≥
4(g − 1)

g
,

=

K2
f ≥

4(g − 1)

g
χf .

y² XJ f∗ωS/C �­½, @o Harder-Narashimhan ÈL� 0 = E0 $ E1 = f∗ωS/C . d

� d1 = d2 = 2g − 2, µ1 = χf , µ2 = 0. d·K 2.5.3 á�

K2
S/C ≥ (d1 + d2)(µ1 − µ2) = (4 −

4

g
)χf .

±e� f∗ωS/C Ø´�­½. (Ü·K 2.5.3 9Ún 2.5.4, ·�k

K2
S/C ≥

n∑

i=1

(di + di+1)(µi − µi+1)

≥
n−1∑

i=1

(2ri + 2ri+1 − 4)(µi − µi+1) + (dn + dn+1)µn

≥
n−1∑

i=1

(4ri − 2)(µi − µi+1) + (4g − 4)µn

= 4χf − 2(µ1 + µn).

ùp·�^�
�ª χf =
n∑
i=1

ri(µi − µi+1) (3�Öögy).

,��¡, é�I8 {1, n}, ·K 2.5.3 íÑ

K2
S/C ≥ (d1 + dn)(µ1 − µn) + (dn + dn+1)(µn − µn+1)

≥ (2g − 2)(µ1 − µn) + (4g − 4)µn

= (2g − 2)(µ1 + µn).
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òþ¡�ü�Ø�ªnÜå5

K2
S/C ≥ 4χf − 2(µ1 + µ2) = 4χf −

K2
S/C

g − 1
,

�n�=��ÇØ�ª. �

5 2.5.1 3�­½�/, Cornalba Ú Harris [CH88] ���
ù�Ø�ª, Ïdk�·�

�¡Ù� Cornalba-Harris-Xiao Ø�ª.

d	, (Ü�ÇØ�ªÚ;�aØ�ª·�á���f/ª� Arakelov Ø�ª (íØ

2.3.1). �
U?�ÚíÑ²;� Arakelov Ø�ª, �fßÿk±e�r��ÇØ�ª

K2
f ≥

(
4g − 4

g − qf

)
χf .

5 2.5.2 |^aq��O�{, [Kon96] �Ñn:ªn�z (Trigonal fibration) ��Çe

., =

λf ≥ 14(g − 1)/(3g + 1).

[Che93] Ky²º� 4 ��ý�n�z��Ç λf ≥ 24
7 , �Te.´�±���.

d	, [SF00] ^Ù¦�{y²
�­½n:ªn�z��Ç÷v±eØ�ª

λf ≥
24(g − 1)

5g + 1
.

ÏL Harder ÈL©?�O�Ç��{�U^3Ù¦�
¯K¥. e¡Þ�
¢S�A^.

Ún 2.5.5 � f : S → C ´º� g ≥ 2 ��é4�n�z, F ´��n�, K KS/C −

(χf/g
2)F ´ nef � Q-Øf.

y² Eæ^c¡�ÃPÒ. éu j = 1, · · · , g, �é���� i ¦� ri ≥ j > ri−1. ·�

½Â hj = µi. u´

h1 ≥ h2 ≥ · · · ≥ hg,

�÷v
g∑

j=1

2g − 2j + 1

g2
χf = deg f∗ωS/C =

n∑

i=1

ri(µi − µi+1) =

n∑

j=1

hj .

Ïd�3 j ¦� hj ≥ (2g − 2j + 1)χf/g
2, l
�3 i ¦�

µi ≥ (2g − 2ri + 1)χf/g
2.

d	, dÚn 2.5.4, di ≥ 2ri − 2, l
 ZiF ≤ 2g − 2ri. AO/, Z ¥��R�©|�­êØ�L

2g − 2ri.

� Γ ´ S ¥�Ø��­�, D = KS/C − (χf/g
2)F . XJ Γ ´R�©|, Kw, DΓ ≥ 0. 8

� Γ �R�. XJ Γ Øá3�½Ü© Zi ¥, @o

DΓ = NiΓ + ZiΓ + (µi −
χf
g2

)FΓ ≥ 0.

XJ Γ á3 Zi ¥, �­ê� m, @o m ≤ 2g − 2ri. d�é��úª·�k

(m+ 1)DΓ = mKS/CΓ +NiΓ + ZiΓ + (µi −
m+ 1

g2
χf )FΓ
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≥ mKS/CΓ + ZiΓ + (µi −
2g − 2ri + 1

g2
χf )FΓ

≥ m(KS/C + Γ)Γ

≥ 0.

ùÒy²
 D ´ nef �. �

Ún 2.5.6 � E ´ C þ�ÛÜgd�, deg E > 0, K7½�3 Σ-ÄC� π : C̃ → C, ¦�

π∗E k�gê��¡. AO/, ?ÛØ´�K½�ÛÜgd�7½3,� Σ-ÄC�e�.£ä

k�gê��N�¡.

y² y²aqu [Xia92, ½n 1.2.5]. �

·K 2.5.4 � f : S → C ´º� g ≥ 2 ��é4�n�z, F ´��n�, γ ∈ Q ´¦�

KS/C − γF ´ nef ��Kknê. @o µf (f∗ω
⊗ν
S/C) ≥ (ν − 1)γ, ∀ν ≥ 2.

y² ?�knê c < γ, ·��y² µf (f∗ω
⊗ν
S/C) ≥ (ν − 1)c, l
�y(Ø.

Ø���5, ·��±b� c, γ Ñ´�ê (7���±�·�� Galois ÄC�). � Dγ =

KS/C − γF , Dc = KS/C − cF . ù�, D2
c = D2

γ + (4g − 4)(γ − c) > 0. d Mumford ��½n,

h1(S, (1 − ν)Dc) = 0. 2déó½n

h1(S, νKS/C + f∗KC − (ν − 1)cF ) = 0.

|^ Leray ÌS�9þã(Ø, ·���

h0(C, (f∗ω
⊗ν
S/C)∨ ⊗OC(c(ν − 1)f(F ))) = 0.

bX E := (f∗ω
⊗ν
S/C

)∨ ⊗OC(c(ν − 1)f(F )) Ø´�K½�, @odÚn 2.5.6, §3�� Σ-ÄC�

�äk�gê�¡. duþã��ªé¤kØCÄC��.£Ñ¤á, ùÒ��gñ! Ïd E ´

�K½�, ½= f∗ω
⊗ν
S/C

⊗OC(c(1 − ν)f(F )) ´��½�. O��Ç=�¤IØ�ª. �

½n 2.5.2 � f : S → C ´º� g ≥ 2 ��é4�n�z, K

µf (f∗ω
⊗ν
S/C) ≥ (ν − 1)χf/g

2.

AO/, XJ f Ø´ÛÜ²��, @o f∗(ω
⊗ν
S/C) ´�½�.

y² (Ü·K 2.5.4 ÚÚn 2.5.5 á�. �

Ún 2.5.7 � f : S → C ´º� g ≥ 2 �n�z, F ´ f∗ωS/C ��Úf�, K

µ(F) ≤
6

(g − 1)
χf .

y² � E1 ´ f∗ωS/C � Harder ÈL1��. éÈL 0 ( E1 ( f∗ωS/C , A^·K 2.5.3, =

�

(2g − 2)µ(F) ≤ (2g − 2)µ(E1) ≤ K2
S/C ≤ 12χf .

�n�=�(Ø. �
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2.6 �éØ5K5�O

Ún 2.6.1 0 ≤ qf ≤ g. ?�Ú, qf = g ��=� f ´²�� (g > 1), ½ö f �z^n�

Ñ´,^1wý�­���ê� (g = 1).

y² d·K 1.2.2 9Ún 2.3.1 á� 0 ≤ qf ≤ g (½ö��d½n 2.1.1). 8b� g = qf .

d½n 2.3.2 �� χf = 0, l
 ef = K2
f = 0. � g = 1 �, d½n 5.2.3 á�(Ø. ±eb�

g ≥ 2, ·��y f ´²��.

d� h0(KS/C) = h0(f∗ωS/C) = h0(O⊕g
C ) = g. ·�ky² | KS/C | Ã�½Ü©. �

| KS/C |=|M | +Z, Z ´�½Ü©. Ï�

K2
S/C = M2 +MZ +KS/CZ ≥M2 ≥ 0,

¤± M2 = MZ = Z2 = 0. duz^n�1w, ¤± Z vkR�©|. Z ���n� F ��´

| KS/C | 3 F þ�����½Ü©. db� f∗ωS/C = O⊕g
C , ¤± | KS/C | 3 F þ���Ò´

| KF | �N, ¤±Ã�½:, Ïd Z = 0.

ù�, | KS/C | ½Â
�� Φ : S → Pg−1. Ï� K2
S/C = 0, ¤± ImΦ ´­�. d Stein ©),

·�����n�z ϕ : S → D, w, F Øá3 ϕ �R�©|p. � F ´��ý�­��, ϕ 3

F þ���p�
;�Ó� F ∼= D. Ïd�� F ´ ϕ ��¡. ùÒ�� S ∼= C ×D.

y3�Ä F ´�ý��/, d� ϕ p�
�ý��gCX F → D ∼= P1. Ïd ϕ ���n

�� C þ�ÝK´�g�. |^�é��úª��, TÝK´²Ð�. dd·�p�
�gCX

θ : S → C ×D, p→ (f(p), ϕ(p)).

©Ü;, B ≡ 2(p∗1δ1 + p∗2δ2), ùp δ1 ´ C þ���L�, δ2 ´ D þ� g + 1 gØf. d�gC

XO��

f∗ωS/C = p1∗(ωP/C ⊗ p∗1δ1 ⊗ p∗2δ2) = p1∗p
∗
2(ωD ⊗ δ2) ⊗ δ1.

d f∗ωS/C �²�5=� δ1 �²�5. ù�, ϕ ���n�ØëÏ, gñ! �

íØ 2.6.1 � f : S → C ´º� g ≥ 2 �é4�n�z, ��Ç λf < 4, @o S ��êÄ

�+�R�Ü© Vf ´k�+. AO/, qf = 0.

y² b� Vf ´Ã�+, @oé?Û��ê n ≥ 2, �3 n �²ÐCX Π : S̃ → S,

f̃ : S̃ → C̃ ´p��º� g̃ n�z (�Ún 4.1.4). d� χ(OeS) = nχ(OS), K2
eS

= nK2
S 9

(g̃ − 1)(g(C̃) − 1) ≥ n(g − 1)(g(C) − 1),

�Ò¤á��=�p�CX π : C̃ → C �´²Ð�. ù�, λf̃ ≤ λf < 4. d�fØ�ª��,

4 − 4
g̃ ≤ λf < 4, = g̃ ≤ 4

4−λf
. 5¿� g ≥ 2, ¤± Π ��3 f̃ �n�þ�gê�kþ., ù´Ø

�U�. Ïd Vf ´k�+.

díØ 4.1.3 �� qf = 0. �

|^ Harder ÈL�{, ·��±U?Ún 2.6.1 �(Ø.

·K 2.6.1 � f : S → C ´º� g �²�n�z, K qf ≤ 5g+1
6 .
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y² �Ä©) f∗ωS/C = F ⊕O
⊕qf

C . XJ f Ø´ÛÜ²��, @o χf = degF > 0. du

µ(F) = χf

g−qf
, �dÚn 2.5.7 á�¤IØ�ª.

XJ f ´ÛÜ²��, K qf = g(F/G) ≤ (g+1)
2 ≤ 5g+1

6 , d? G ´ü�Ó� j : π1(C) →

Aut(F ) ��. �

éu P1 þ�n�z, qf k�°(��O. 3QãT(J�c, ·�k0���Ún.

Ún 2.6.2 ([Xi87c], ½n 2) � f : S → P1 ´º� g ≥ 2 n�z, F ´��n�, Albanese

N� α : S → Alb(S) ��´­¡. @o H0(ωS) 3 H0(ωF ) ¥����ê��� q(S) − 1.

·K 2.6.2 ([Xi87c]) � f : S → P1 �²�n�z, K qf ≤ 1
2(g + 1).

y² � α : S → Alb(S) ´ Albanese N�. XJ A = Imα ´­�, K A �º�� q(S)

(·K 1.4.2), ¿� α p�
 F � A �CX. Ï� f �²�, � F � A �CXgê��´ 2. ù

� g ≥ 2g(A) − 1 = 2q − 1, = q ≤ (g + 1)/2.

±eb� Imα ´­¡, KdÚn 2.6.2, H0(ωS) 3 H0(ωF ) ¥����ê��� q − 1. ,

��¡, f∗ωS = E ⊕ O(−2)⊕q. � E′ ´ f∗ωS ¥d H0(f∗ωS) ��N�¡)¤�f�. ù�,

rk(E′) ≤ rk(E) = g − q. ù�du`, H0(ωS) 3 H0(ωF ) ¥����ê�õ´ g − q. (Üù


(Ø, =�¤IØ�ª. �

~ 2.6.1 � C1, C2 ´1w­�, g(C1) = b, g(C2) = h > 0, P = C1 × C2. � Di ´ Ci þ

��"Øf, ¦� | 2Di | ���ÃÄ:, pi : C1 × C2 → Ci ´ÝKN� (i = 1, 2). d Bertini ½

n, �31wQ�­� R ∈| p∗12D1 + p∗22D2 |, u´·�U�E P þ± R �©Ü;,��gCX

π : S → P , l
p�n�z f : S → C1, º� g = 2h − 1 + degD2. d�gCXO�úª��,

q(S) = b+ h.

8� D2 �L�, K� qf = g+1
2 . X2� C1

∼= P1, =�÷v·K 2.6.2 �Ò¤á�~f. �

�ÙSK

SK 2.1 y²Ún 2.1.1 (3) �(Ø.

SK 2.2 � f : S → C ´º� g ≥ 2 �é4�n�z, Γ ´ S þØ��Q�­�, �÷v

KS/CΓ = 0. y²: Γ 7´R� (−2) ­�.

SK 2.3 � F ´ÛÜgd� E �f�, y² F ��ÚzÒ´ (E∨/(E/F)∨)∨.

SK 2.4 y²Ún 2.5.1(5)�(Ø, ¿Þ~`² M = M(E) ØU=d rk(E) Ú µ(E) û½.

SK 2.5 Þ~`²­½ÛÜgd�3ÄC�e�.£Ø�½´­½�.

SK 2.6 3·K 2.5.3 �PÒe, y² χf =
n∑
i=1

ri(µi − µi+1).

SK 2.7 � f : S → C ´�²n�z, y²: (g − 1)(b − 1) ≥ 3χf ≥ 3.

SK 2.8 � f : S → C ´º� g ≥ 2 �²�n�z. y²: XJ qf ≥ 3g+1
4 , @o

K2
S ≥ 8χ(OS).
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3.1 n��.�ÛÜØCþ

� f : S → C ´º� g n�z, F ´ÛÉn�. c¡·�®²�>�ÛÉn�� F A«�

.. ùp·�k£��e.

(1) F �4��.: Â  F ¤k� (−1)-­����n�.

(2) F �4��5��.: é4��.�·���u, ¦�n��Û:�õ´(:, � F ¥�?

Û (−1)-­���Ún�¥Ù¦©|�n�:. ·��¡���54��. [AK00], P� F . X

J·��K'u (−1)-­��^�, @où���.�¡��5��..

(3) F � n-g��.: ± F �¥%n��ÛÜÞ� n-g�ÄC��n�.

(4) F ��­½�.: F �­½�z����n�, P� F̃ . ��5`, §Ø��.

b� MF ´ F �4��5��. F ¥¤kØ��©|­ê���ú�ê. w�, � n ≡ 0

(mod MF ) �, Ù n-g��.7½´�­½�.. d	, ·��±½Â�«#��..

(5) F �éó�. (Dual model): F � d-g��., P� F ∗, ùp d ´÷v d ≡ −1 (mod MF )

���ê. ��5`, F ∗∗ Ø�½´ F .

d	, F éA
¤¢�Eªéóã GF : ò F �Ø��©|w�ã¥�º:, F �(:À�

ã¥�>; Ø��©| Γ þk pa(Γ) − g(Γ̃) ��´, ùp Γ̃ ´ Γ ��5z.

31 2.1 ·�®²½Â
�
ÿÀØCþ, ùp£��e.

(1) NF = g − pa(Fred), ÷v 0 ≤ NF ≤ NF ≤ g (Ún 2.1.2(2)).

(2) g(F ) =
∑
Γ
g(Γ̃), d? Γ �H F red ¤k�Ø��©|, Γ̃ ´ Γ ��5z;

(3) l(F ) ´ Fred �Ø��©|�ê;

(4) µq(F ) ´Û: (F, q) � Milnor ê, δq ´Û:�AÛº�. µF =
∑

q∈Sing(F )

µp.

(5) α(F ) ´ GF �1� Betti ê, ÷v(�Ún 2.1.2(3)(4))

g = g(F ) +NF + α(F ),

g(F ) = pa(F red) − α(F ),

µF = l(F ) + α(F ) − 1.

|^­�Û:�4�i\)�, ·��U½ÂÙ¦�
ÛÜØCþ. � (B, p) ⊆ C2 ´3

p = (0, 0) ��� U0 S�ÛÜ­� (Ø7Q�). (Bred, p) ´Û:. (B, p) = (B0, p0) �i\)�

´±e�S�

(U0, B0) (U1, B1)
σ1oo · · · · · ·oo (Ur, Br)

σroo

÷v±e^�:

(1) σi ´'uÛ: (Bi−1, pi−1) �)�, �¦ µpi−1
> 1.

(2) Br,red þ�Û:Ñ´Ï~�­:.
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(3) Bi ´ Bi−1 �����.

� mi ´ (Bi,red, pi) �­ê, ½Â αp =
r−1∑
i=0

(mi − 2)2. XJ¤k mi ÑØ�L 3, @oÒ¡

(B, p) �{üÛ: (� [BPV04, II. Sec. 8, page 78])

� q ∈ Br ´�­:, aq Ú bq ©O´L (Br, q) �ü^©|�­ê, ½Â βp :=
∑
q∈Br

[aq, bq],

Ù¥ [a, b] := (a,b)2

ab .

Ún 3.1.1 � µp Ú δp ©O´ (B, p) � Milnor êÚAÛº�, kp ´ÛÜ©|ê.

(1) µp =
r−1∑
i=0

(mi − 1)(mi − 2) + kp − 1.

(2) δp = 1
2

r−1∑
i=0

(mi − 1)(mi − 2) + kp − 1.

(3) αp + βp ≤ µp.

y² (1)(2) ´Ún 2.1.1 ���íØ.

(3) � p1, · · · , ps ´ p �1�g�u~	­� E1 þ�Ã¡�C:. ´� µp − (αp + βp) =

(m0 − 3) +
s∑
i=1

(µpi
− αpi

− βp+i). Ïd·��I��Ä m0 = 2 ��/=�. d� (B, p) �ÛÜ

�§ f(x, y) = 0, 3Ü·��Iekü«�/: f = xa(x+ yk)b ½ f = (x2 + y2k+1)n. ��O�

ùü«�/e� αp, βp, µp =���(Ø. �

XJò B ��ÛÉn� F , @oþã Br Ò´ F �4��5��. F .
∑

p∈Sing(F )

αp �

∑
p∈Sing(F )

βp Ñ´ F �ØCþ, Ø�6u)�L§�À�.

(ÜÚn 2.1.1, Ún 2.1.2 ±9Ún 3.1.1, éN´��±e(Ø.

Ún 3.1.2 � σF ´ F ¥¤¹ (−1)-­���ê, = σF = l(F ) − l(F ). ·�k

(1) µF = µF −
σF −1∑
i=0

(mi − 1)(mi − 2) + σF .

(2) NF = NF + 1
2

σF −1∑
i=0

(mi − 1)(mi − 2).

(3) F
2
red = F 2

red −
σF−1∑
i=0

mi(mi − 2) − σF .

(4) pa(F red) = pa(Fred) −
1
2

σF −1∑
i=0

(mi − 1)(mi − 2).

(3�Öögy)

~ 3.1.1 � (Bred, p) ´ ADE .Û:, §��ÛÜØCþXeL¤�. �

A2k−1 A2k D2k+2 D2k+3 E6 E7 E8

µp 2k − 1 2k 2k + 2 2k + 3 6 7 8

αp k − 1 k k k + 1 3 3 4

βp Ik
3k

2k+1 IIk IIIk 1 IV 4
5

β−p ≥ 1 − 1
k ≥ 6k−1

4k+2 ≥ 1
2 ≥ 11

12 ≥ 1
3 ≥ 11

15
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



Ik = 1 − 1
k + [k(n +m), n] + [k(n+m), m].

IIk = k(n,m+l)2

n(n+k(m+l)) + [n+ k(m+ l), m] + [n+ k(m+ l), l].

IIIk = 1
2 + [m, 2((2k + 1)m+ n)] + (2k+1)(n,2m)2

2n((2k+1)m+n) .

IV = 1
3 + 2(3m,n)2

3n(2m+n) + (m,3n)2

3m(2m+n) .

ùp n (�A/, m ½ l) ´ (F, p) �ÛÜ©|�­ê. n éAÙ¥�1w©|­ê. d��O�

��

Ik ≤ 1, IIk ≤ 1, IIIk ≤
3(k + 1)

2k + 3
, IV ≤

4

5
.

Ún 3.1.1 �(Ø�±����[�.

Ún 3.1.3 � (B, p) ´Û:.

(1) µp ≥ αp + βp, �Ò¤á��=� p ´ A1 ½ A2 ..

(2) XJ p Ø´ Ak . (k ≤ 4), @o µp ≥ αp + βp + 1.

(3) XJ p Ø´ Ak . (k ≤ 6) ½ö D5 ., @o µp ≥ αp + βp + 2.

(4) XJ 2(µp − αp − βp) + αp + 3β−p < 6, @o p ´ A1, A2, A3 ½ D4 ..

XJ 2(µp − αp − βp) + αp + 3β−p < 5, @o p ´ A1, A2 ½ A3 ..

XJ 2(µp − αp − βp) + αp + 3β−p < 7
2 , @o p ´(:.

y² XJ p ´ ADE Û:, @o·��±��dc¡�ØCþ�L�y(Ø.

XJ p Ø´ ADE Û:, @o��k�� mi ≥ 4. ·�ò (B, p) �4�i\)�©�üÜ

©: Äk�u¤k�� ADE Û: p0, · · · , pr′−1, ¦��e�Ã¡�C:Ñ´ ADE Û:. ù�

·�k

µp − αp − βp =

r′∑

i=1

(mi − 3) +
∑

p′∈B′

(µp′ − αp′ − βp′),

ùp B′ ´�u� p0, · · · , pr′−1 �������. �e�ó�Ò´�yþªm>�e.Û�÷v

·K�^�. ·�Ø2Kã. �

íØ 3.1.1 XJ p ÷v
∑r

i=1mi(mi − 2) ≤ 5, @o p ´ A1, A2, A3 ½ D4 .Û:.

3.2 ÛÉn��ê

31 2.2 !¥, ·�½Â
ÄC�ØCþ K2
π, χπ, eπ, ¿�Ñ
§���K5. ¯¢þ, ù


ÄC�ØCþ�±ÏLz^n��ÛÜ�z�5O�. � π : C̃ → C ´ d gÄC�. ·�E÷^

1 1.3 !�1 2.2 !�PÒ. Ø���5, ·�b� π 3 p1, · · · , ps þ�©Ü, Fi = f∗(pi); ρ2 ´

Û:�i\)�. � p ∈ Fi, Kp ´~	­� Π∗
2(p) éA�kn;�Øf. -

β−Fi
=

1

d
(Fi3 S2 ¥���n�S� ρ̃ Â � (-1)-­�^ê),

±9

LFi
=
∑

Γ⊆Fi

(nΓ − 1 −
nΓ − (d, nΓ)

d
)Γ,
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ùp Γ �H Fi ¤k�Ø��©|, nΓ � Γ �­ê. � d ¿©�Ø�, β−Fi
9 LFi

= Fi − Fi,red �

d �À�Ã', � Fi �d-g�ÄC��.w,´�­½�..

|^Ún 1.3.2 ��O�, �±��±e(Ø(�Öögy).

Ún 3.2.1 KS2/C̃
= Π∗

2(KS/C −
s∑
i=1

LFi
) +

s∑
i=1

∑
p∈Fi

Kp.

AO/, ·�kK2
π =

s∑
i=1

(2LFi
KS − L2

Fi
) −

s∑
i=1

∑
p∈Fi

1
dK

2
p −

s∑
i=1

β−Fi
.

íØ 3.2.1 b� d ´¿©�Ø�, @o

K2
π =

s∑

i=1

(4NFi
+ F 2

i,red) +

s∑

i=1

∑

p∈Fi

αp −
s∑

i=1

β−Fi
.

y² ùp·�^�
Ì� Galois CXÛ:i\)��5�. � p ∈ Fi, Kp ´~	­�

Π∗
2(p) éA�kn;�Øf. � d ¿©�Ø�, 1

dK
2
p = −αp. �

Ún 3.2.2 � g ≥ 1, π1 : C1 → C, π2 : C̃ → C1 ´ü�ÄC�. f1 ´ f 3 π1 e�.£, f2

´ f1 3 π2 e�.£; π = π1 ◦ π2. ·�kÄC��ª

K2
π = K2

π1
+

1

deg π1
K2
π2
,

eπ = eπ1
+

1

deg π1
eπ2

,

χπ = χπ1
+

1

degπ1
χπ2

.

AO/, 3�½n� F1, · · · , Fs þ�?Û�­½�z π, ÙÄC�ØCþ K2
π, eπ, χπ � π �À�

Ã'.

y² Únc�Ü©5gu��O�. ·�y²��Ü©. d�� πi : Ci → C, π =

π1 ×C π2 : C̃ = C1 × C2 → C, fi ´ f 3 πi e�.£ (i = 1, 2), pi : C̃ → Ci. w� π = πi ◦ pi.

du πi ´ F1, · · · , Fs þ��­½�z, ¤±´� pi ´ØCÄC�, l
 K2
pi

= 0. dÚn¥

�ÄC��ª�� K2
π = K2

π1
= K2

π2
. Ù{�/aq�y. �

éz^ÛÉn� F (Ø�½�é4�), ·�½Â

c21(F ) = 4NF + F 2
red +

∑

p∈F
αp − β−F ,

c2(F ) = 2NF + µF −
∑

p∈F
βp + β−F ,

χF =
1

12
(c21(F ) + c2(F )).

·�¡ c21(F ), c2(F ) ÚχF �ÛÉn��ê (Chern numbers of singular fibers). k�, ·��P

βF =
∑
p∈F

βp, β
+
F = βF − β−F .

dÚn 3.1.2 9�ê½Âá�±e(Ø.

Ún 3.2.3 (�uúª) � F ´ÛÉn�, F ′ = σ∗F ´ F 3: p ∈ F ?�g�u�.£

��n�, K

c21(F
′) = c21(F ) − 1, c2(F

′) = c2(F ) + 1, χF ′ = χF .
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½n 3.2.1 ([Tan96]§Lemma 2.4) �ÄC� π : C̃ → C ´ F1, · · · , Fs þ��­½�z,

@o·�k

K2
π =

s∑

i=1

c21(Fi), eπ =

s∑

i=1

c2(Fi), χπ =

s∑

i=1

χFi
.

y² dÚn 3.2.2, Ø�� d ¿©�Ø. díØ 3.2.1 á� K2
π =

s∑
i=1

c21(Fi).

eπ =
s∑
i=1

(eFi
− 1

deF̃i
+ β−Fi

), ùp F̃i ´ Fi 3 S2 ¥���n�. 5¿� d
∑
p∈Fi

βp = eF̃i
±9

eFi
= 2NFi

+ µF2
(Ún 2.1.2), ·��� eπ =

s∑
i=1

c2(Fi).

dÄC�ØCþ�ìAúª K2
π + eπ = 12χπ, =�1n�ªf. �

íØ 3.2.2 (�ê��5) � f : S → C ´�é4�º� g ≥ 2 n�z, F ´ÛÉn�.

c21(F ), c2(F ) Ú χF Ñ´�Kknê. §�¥?Û���u", ��=� F ´�­½n�.

y² ù´½n 3.2.1, ·K 2.2.1 Ú·K 2.2.3 ���íØ. �

5 3.2.1 é g = 1 �n� F , ðk c21(F ) = 0.

�
?Ø���/�ÄC�, ·�5½±ePÒ. � B = F1 + · · · + Fs, KP c21(B) :=

c21(F1) + · · · + c21(Fs). aq/�±½Â c2(B) 9 χB . 8� Bπ ´ π 3 C þ�©Ü;,, Bπ =

f∗(Bπ) K�©Ün��;,. � Rπ ´ Bπ 3 π e���:8, Rπ = f̃∗(Rπ) K� Bπ �.£.

½n 3.2.2 ([Tan96]§Theorem A) � f : S → C ´n�z, π : C̃ → C ´ d gÄC�. @

o·�k

K2
π = c21(Bπ) −

1

d
c21(Rπ), eπ = c2(Bπ) −

1

d
c2(Rπ), χπ = χBπ

−
1

d
χRπ

.

y² � π̂ : Ĉ → C ´'u Rπ ��­½�z. Ïd π ◦ π̂ �´�­½�z. |^Ún

3.2.2ÚÚn 3.2.1, ·�á�(Ø. �

íØ 3.2.3 � f : S → C ´º� g n�z, π : C̃ → C ´?ÛÄC�. ·�k

(1)

K2
π ≤ c21(Bπ), eπ ≤ c2(Bπ), χπ ≤ χBπ

.

� g > 1 �, §�¥?Û���Ò¤á��=� π ´©Ü;, Bpi þ��­½�z.

(2) ∑

F

c21(F ) ≤ K2
f ,

∑

F

χF ≤ χf ,
∑

F

c2(F ) ≤ ef .

� g > 1 �, cü�Ø�ª����Ò¤á��=� f ´ isotrivial, ����Ø�ª�Ò¤á�

�=� f ��­½�.�¤kn�Ñ1w.

� π : C̃ → C ´ f : S → C ��­½�z, f̃ : S̃ → C̃ ´�A��­½n�z. dþ?Ø

�� 1
dK

2
f̃

= K2
f −

∑
F
c21(F ) Ø�6u π �À�, Ïd´� f g�k'�þ. aq/, �k 1

def̃ Ú

1
dχf̃ . ·�ò§�­#½Â�

κ(f) := K2
f −

∑

F

c21(F ),
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δ(f) := e2f −
∑

F

c2(F ),

λ(f) := χf −
∑

F

χF .

§�¡� f ��ØCþ (Modular invariants).

5 3.2.2 f p�
l C º� g ­���m ��XN�:

J : C −→ Mg .

ù�, κ(f) = deg J∗κ, δ(f) = deg J∗δ, λ(f) = deg J∗λ, d? λ Ú δ ©O´ Hodge ØfaÚ>.

Øfa, � κ = 12λ− δ. 3ý�n�z�/, κ(f) = 0, δ(f) = j ´ J ¼ê�gê.

�!��, ·�?Ø�e β−F �O�. � F ´ F �4��5��., F �éóã GF ¥��

^kn­��¤� Hirzebruch-Jung ó©|´�Xe�fã
γ1
◦

−e1
−−−−−

γ2
◦

−e2
−−−−− · · · −−−−−

γr

◦
−er

−−−−−
γr+1

•

ùp
γi

◦
−ei

P1wkn­� Γi (g�ê −ei, 3 F̄ ¥­ê� γi). • PÌ©| (Principal component),

=T­��o÷v Γ 6∼= P1, �o´1wkn­���Ù¦©|���n�:. ·�¡ Γ1 � GF

�à:.

Ún 3.2.4 (Gang Xiao [Xia90]) b� n ≡ 0 (mod MF ). � F̄ ´ F �4��5��..

�Ä F̄ � n-g��.. @o� ρ̃ Â � (−1)-­�7½Ñy3 GF �,� Hirzebruch-Jung ó

©|¥.

y² ù�(Ø5gu [Xia90] ·K 1 �y². ·�3�SK4ÖögCy². �

5¿� Hirzebruch-Jung ó©|¥ù r ^kn­��±Â ¤ (n, q) Hirzebruch-Jung .

Û:, ÛÜ�§½Â� zn = xyn−q ([BPV04, III, §5]), ùp n Ú q ©O´Ý
 [e1, · · · , er] Ú

[e2, · · · , er] �1�ª. n Ú q �UUì±e�ª�(½.

d Zariski ÚnÚ γ0 = 0, �� γ1 �Ø γi, ∀i. ·�æ^ [BPV04, III, §5] �PÒ, γ1 < γ2 <

· · · < γr, γi = µiγ1, ∀i, � 1 = µ1 < µ2 < · · · < µr+1.

n = µr+1 =
γr+1

γ1
, q′ = µr =

γr
γ1

� q ´±eÓ{�§������K)

qq′ ≡ 1 (mod n), 1 ≤ q < n.

du µi Ú µi+1 p�, ¤±Tó©|é β−F ��z�

β′ =
1

µ1µ2
+

1

µ2µ3
+ · · · +

1

µrµr+1
.

�3±e'Xª ([BPV04, III,§5, eq(7)])

λkµk+1 − λk+1µk = n,
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i.e.,
λk
µk

−
λk+1

µk+1
= n

1

µkµk+1
. (3-1)

5¿� λ1 = q 9 λr+1 = 0. � (3-1) l k = 1 � r �Ú, ·�k

β′ =
1

n

(
λ1

µ1
−
λr+1

µr+1

)
=
q

n
.

Ún 3.2.5 þã Hirzebruch-Jung ó©|é β−F ��zT� q
n .

(Ü Ún3.2.4 ÚÚn 3.2.5, Kk

íØ 3.2.4 β−F =
∑
β′ Ò´ GF ¥¤k Hirzebruch-Jung ó©|��zoÚ.

~ 3.2.1 b� e1 = · · · = er−1 = 2 � er ≥ 2, @o n = r(er − 1) + 1, q = n − (er − 1) =

(r − 1)(er − 1) + 1, Hirzebruch-Jung ó©|é β−F ��z´

β′ =
(r − 1)(er − 1) + 1

r(er − 1) + 1
= 1 −

er − 1

r(er − 1) + 1
. �

5¿� γ2 = e1γ1, Ïd Hirzebruch-Jung ó©|é β−F ��z��´ [γ1, γ2] = 1
e1

. [Tan96,

page 666] �5P¥, �ò β−F P� c−1(F ). nβ−F Ò´ F ¥� ρ̃ Â � (−1)-­��ê.

3.3 ÛÜ Arakelov .Ø�ª

� F̄ =
∑k

i=1 niCi ´ F ��54��., Ã Ci ´ÙØ��©|. � n ≡ −1 (mod MF ), c

¡·�½Â F �éó�. F ∗ = n-g��.. ·�� F̄ ′ ´ F ∗ ��5��. (�� F̄ � n-g�

ÄC�3 S2 þ���n�).

P C∗
i ´ Ci 3 F̄ ′ ¥�î���. Ï�z� ni Ñ� n p�, ¤± C∗

i ´Ø���. C∗
i 3 F̄ ′

S�­êE� ni (Ún 1.3.1). d Hirzebruch-Jung Û:)���, ·��I��\kn­�ó

=�� F̄ ′,

F̄ ′ =

k∑

i=1

niC
∗
i +

∑

p

Γ∗
p,

d? p �H F̄ �¤k(:, Γ∗
p =

∑r
i=1 γiΓi. � p ´ü�ÛÜ©| Ci Ú Cj ��:. u´3 Γ∗

p

NC, F̄ ′ éóã(�Xe, ùp γ0 = ni, γr+1 = nj.

s c c p p p p p p c c sC∗
i Γ1 Γ2 Γr−1 Γr C∗

j

ni = γ0 γ1 γ2 γr−1 γr γr+1 = nj

Ún 3.3.1 (1) γi−1 + γi+1 ≡ 0 (mod γi), i = 1, · · · , r.

(2) γ1 + γr+1 ≡ 0 (mod γ0), γr + γ0 ≡ 0 (mod γr+1).

y² p :?�ÛÜÄC�½Â� zn = xniynj . 5¿� n ©O� ni Ú nj p�, ¤±T

Û:�§ÛÜ�du zn = xyn−q§ùp q §÷v nj + qni ≡ 0 (mod n), � 1 ≤ q < n (ë�
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[BPV04, III, §5]). d½Â, ni �Ø n + 1, Ïd q0 = −(n + 1)nj/ni = −(n + 1)γr+1/γ0 ´�ê,

÷v q ≡ q0 (mod n). p þ�Û:´ Hirzebruch-Jung .�.

�?Ø�B, ·�- Γ0 = C∗
i , γ0 = ni, Γr+1 = C∗

j ±9 γr+1 = nj. � ei = −Γ2
i . d Zariski

Ún, F̄ ′ · Γi = 0, i = 1, · · · , r, l
k



−γ0 + γ1e1 − γ2 = 0,

−γ1 + γ2e2 − γ3 = 0,
...

−γr−1 + γrer − γr+1 = 0.

ùÒy²
 (1). é�½� γ0 Ú γr+1, ù´'uCþ γ1, · · · , γr ��5�§|. ·�- A =

[e1, · · · , er] ´XêÝ
. dÙ��(J, A �1�ª�u n, �f
 [e2, · · · , er] �1�ª�u q.

d Gramer {K,

γ1 =
γ0q + γr+1

n
=
γ0q0 + γr+1

n
+ γ0

q − q0
n

= −γr+1 + γ0
q − q0
n

,

� γ0 | γ1 + γr+1. é¡/k, γr+1 | γr + γ0. �

Ún 3.3.2 pa(F̄red) = pa(F̄ ′
red).

y² ù�(Ø5guÚn 2.1.2 (4), = F̄red �âº��u�©|�5z��AÛº�\

þ F̄ �Eªéóã�1� Betti ê. 5¿� Ci Ú C∗
i �AÛº��Ó. qÏ��\ Hirzebruch-

Jung óqØK�éóã�1� Betti ê, ÏdØ¬UC�âº�. �

·�½ÂPÒ

χ(p, q) =
1

12

(
q

p
+
p

q
+

(p, q)2

pq

)
−

1

4
.

d��O���

χ(p, p) = 0, χ(p, q) = χ(p, p + q) + χ(p+ q, q).

XJ p Ú q p�, @o��7Ú (Dedekind’s sum)½Â�

s(p, q) =

q−1∑

i=0

((
pi

q

))((
i

q

))
,

ùp

((x)) =

{
x− [x] − 1

2 , x /∈ Z,
0, x ∈ Z,


 [x] ´Ø�L x ����ê, ((x)) ´±Ï� 1 �ó¼ê.

XJ p Ú q Øp�, @o·�½Â s(p, q) := s (p/(p, q), q/(p, q)). Ïd s(−p, q)+s(p, q) = 0,

s(p+ kq, q) = s(p, q)(é¤k�ê k). AO/, e p+ p′ � q �Ø, @o

s(p, q) + s(p′, q) = 0.

±e´Ù����7p�Æ
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Ún 3.3.3 (Dedekind’s Reciprocity Law) s(p, q) + s(q, p) = χ(p, q).

£� NF̄ = g − pa(F̄red), F̄ =
∑k

i=1 niCi, ·�k

·K 3.3.1

χF =
1

2
NF̄ −

∑

i<j

χ(ni, nj)CiCj.

y² dÚn 3.2.3, χF ´VknØCþ, �

χF = χF̄ =
1

2
NF̄ +

1

12
(µF̄ − βF̄ + F̄ 2

red).

d½Â�,

µF̄ =
∑

i<j

CiCj, βF̄ =
∑

i<j

(ni, nj)
2

ninj
CiCj, F̄ 2

red =
∑

i<j

2CiCj +

k∑

i=1

C2
i .

Ï� CiF̄ = 0, C2
i = −

∑
j 6=i

nj

ni
CiCj, ¤±

∑k
i=1 C

2
i = −

∑
i<j

(
ni

nj
+ nj

ni

)
CiCj. ù�

µF̄ − βF̄ + F̄ 2
red =

∑

i<j

(
3 −

(ni, nj)
2

ninj
−
nj
ni

−
ni
nj

)
CiCj = −12

∑

i<j

χ(ni, nj)CiCj.

ÏdχF = 1
2NF̄ −

∑
i<j

χ(ni, nj)CiCj . �

½n 3.3.1 (éó½n [LT10]) � F ∗ ´ F �éó�.. @o χF + χF ∗ = NF̄ = NF̄ ∗ .

AO/, ·�k χF = χF ∗∗.

y² dc?Ø, F ∗ ��5��. F
′

k±e(�.

F
′
=

k∑

i=1

niC
∗
i +

∑

p

Γ∗
p,

ùp p �H F̄ ¥¤k��­:, � Γ∗
p = γ1Γ1 + · · · + γrΓr Xe,

s c c p p p p p p c c sC∗
i Γ1 Γ2 Γr−1 Γr C∗

j

γ0 = ni γ1 γ2 γr−1 γr nj = γr+1

dÚn 3.3.1(1), e i = 1, · · · , r,K γi �Ø γi−1 + γi+1, ��

s(γi−1, γi) + s(γi+1, γi) = 0, for i = 1, · · · , r.

dÚn 3.3.1(2), Kk

s(γ1, γ0) = −s(γr+1, γ0), s(γr, γr+1) = −s(γ0, γr+1).

�
r+1∑

i=1

χ(γi−1, γi)Γi−1Γi =

r+1∑

i=1

(s(γi−1, γi) + s(γi, γi−1))

= s(γ1, γ0) + s(γr, γr+1) +
r∑

i=1

(s(γi−1, γi) + s(γi+1, γi))
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= −s(γr+1, γ0) − s(γ0, γr+1) = −χ(ni, nj).

ù�

µF̄ ∗ − βF̄ ∗ + F̄ ∗2
red = −(µF̄ − βF̄ + F̄ 2

red).

dÚn 3.3.2, pa(F̄ ∗
red) = pa(F̄red), �NF̄ ∗ = NF̄ . ·��� χF + χF ∗ = NF̄ . �

½n 3.3.2 (ÛÜ Arakelov .Ø�ª) 1
6NF̄ ≤ χF ≤ 5

6NF̄ . e F ��­½, @o 1
6 ≤ χF ≤

5g
6 .

y² ·�Ø�b� F 4�. d��úª, 2NF = KX(F − Fred) − F 2
red. d F �Û:)

�, ·�k pa(Fred) = pa(F̄red) +
∑

i
1
2(mi − 1)(mi − 2), �2NF = 2NF̄ −

∑
i(mi − 1)(mi − 2),

d? mi ≥ 2 ´Ñy3 F 34�i\)�¥�A�Û:­ê. αF =
∑

i(mi − 2)2. d½Â,

12χF = 6NF + F 2
red + αF + µF − βF

= 2NF + (2NF + F 2
red) + (µF − αF − βF ) + (2NF + 2αF )

= 2NF + (F − Fred)KX + (µF − αF − βF ) + 2NF̄ +
∑

i

(mi − 2)(mi − 3),

Ï� F 4�, ¤± (F − Fred)KX ≥ 0. dÚn 3.1.1�, µF − αF − βF ≥ 0. Ïd 12χF ≥ 2NF̄ .

aq/k, 12χF ∗ ≥ 2NF̄ ∗ = 2NF̄ . ,��¡, χF + χF ∗ = NF̄ , � 12χF ≤ 10NF̄ . �

íØ 3.3.1 � F ´4��, @o χF = 1
6NF̄ (�A/, χF = 5

6NF̄ ) ��=� F (�A/,

F ∗) ´�^�õ�¹Ï~�­:ÚÏ~k:�Q�­�.

y² ù´Ún 3.1.1 ���íØ. �

íØ 3.3.2 � s ´ f : S → C �ÛÉn��ê. e f ´ isotrivial n�z, @o χf ≤ 5gs
6 .

3.4 ÛÜ;�aØ�ª

� g = 1 �, ðk c21(F ) = 0. ±eob� g ≥ 2, � F 4�. ·�F"O� c21(F ) ��Zþ

..

½n 3.4.1 (ÛÜ;�aØ�ª [LT10]) c21(F ) ≤ 4g − 24
5 . �°(/, e g ≥ 7 ½ö g = 5,

K c21(F ) ≤ 4g − 11
2 .

c21(F ) ≤





16
5

, g = 2

7, g = 3

54
5

, g = 4

130
7

, g = 6

íØ 3.4.1 ([Tan96]) � g ≥ 2, @o·�kî�Ø�ª c21(F ) < 4g − 4.

íØ 3.4.2 � f : S → P1 ´º� g ≥ 1 ��²�n�z, @o f ��kü^ÛÉn�.
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y² ùp·�|^®�(Ø K2
f ≥ (4g − 4). XJ f =k�^ÛÉn�, @o§7½´

isotrivial �. Ïd K2
f = c21(F1) < 4g − 4, gñ!

·���±lü���Ý�y². �7 p1 = f(F1) ���´ γ, ÓÔu"�´, Ïdp��

ÿÀü�´²��, �Ò´` F1 ´1w�, gñ! �

íØ 3.4.3 � s ´ f : S → C �ÛÉn��ê, � g ≥ 2. e f ´ isotrivial, K K2
f ≤(

4g − 24
5

)
s.

íØ 3.4.4 � f : S → C ´º� g ≥ 2 ��²�n�z, s ´ÛÉn��ê, K

K2
S/C ≤ (2g − 2)(2b − 2 + 3s).

y² dþ¡Ã(Ø, ·�Ø�� f ´� isotrivial. |^ Kodaira-Parshin �E , ��3 s

��.:þ��©Ü�ÄC� π : C̃ → C, deg π = de, � π 3z�©Ü:?�©Ü�êT� e

(�Ún 2.4.2 �). ·�k

K2
f − (2g − 2)(2b − 2 + 3s) =

1

de
(K2

f̃
− (2g − 2)(2b̃ − 2 + s̃))

+
2g − 2

de
(s̃−

s

e
) +

s∑

i=1

(c21(Fi) − (4g − 4)).

´�m¡z��Ñ´�K�, ��(Ø. �

e¡�~fL², é g ≥ 2, �3ê�þ�n�, Ù1��ê�� 4g − 11
2 .

~ 3.4.1 F = (g − 1)F0, d? F0 ´º� 2 ­�, ÙéóãXe.

s��
@@

c
c

c@@

��
c2

3

3

4 2

�

½n 3.4.1 �duÅ��y¤k÷v c21(F ) > 4g − 11
2 �n� F ��U�/, =±e·K.

·K 3.4.1 � g ≥ 2, F ´4�ÛÉn�, ÷v c21(F ) > 4g − 11
2 . @o g ≤ 6, � F ´±e

22 an���. ùp ◦ L« (−2)-­�, • L« (−3)-­�.

b b b b b b b b b bp p p p p p p b bb br
3 6 9 12 15 18 21

14 7

10 9 8 2 1
1)

b rb b b bb b p p p p p p p p p p b b
3 6 15 14

10 5

2 1
2)

b b b b br p p p p p p p p p p b b
3 6 9 12 11

4

2 1
3)

b b b b b b b b b b b br b
1 2 3 4 9 14 12 10 8 6 4 2

7

4)

rb b b b b b b b b b bb b
2 4 6 8 10 7 4 5

5

6 4 2

3

5)
b b b b b b b b b b b b br b b
1 2 3 4 9 8 7 6 5 4 3 2 1

6 3

6)

b b b b b b b b b bbb r
1 2 3 4 5 6 7 8 9 10 6 2

5

7)
b b b b b b b b b b br
1 2 3 4 5 46 5 3 2 1

2

8)

- 48 -



1nÙ ÛÜØCþ5�

b b b b b b b b b b bbr
1 2 5 8 7 6 5 4 3 2 1

4

9)
b bbp p p p p p p b b b br
3 6 6 6 4 2

3 2

10)

b rb b b b bb b
1 2 4 6 4 2

1 4 2

11)
b rb b b b b b bb
1 2 4 6 8 6 4 2

1 4

12)

b rb b b b b b b bb
1 2 4 6 8 10 12 8

1

4

6

13)
b bp p p p p p p b rb b b b bb b
1 2 2 2 4 6 4 2

1 4 2

14)

b bp p p p p p p b rb b b b b b bb
1 2 2 2 4 6 8 6 4 2

1 4

15)
b bp p p p p p p b rb b b b b b b bb
1 2 2 2 4 6 8 10 12 8

1

4

6

16)

r bb b b b b b b b b
1 2 3 4 15 24 3

2 1

17)
b rb b b b b b b bb
1 2 4 6 5 4 3 2

1

1

3

18)

b bp p p p p p p b rb b b b b b bb
1 2 2 2 4 6 5 3 2 1

1 3

19)
b b b b b b r b b b b b bb b
2 4 6 5 4 3 2 3

3

4 5 6 4 2

3

20)

r r r b bb
2

−5

10

−1

3

−4

2 1

5

21)
b b b b b b r b b b b bb b
2 4 6 5 4 3 2 3

3

4 3 2 1

2

22)

±e·���Ä c21(F ) > 4g − 11
2 �ÛÉn�. d c21(F ) �½Â, ù�^��du

4pa(F red) − F 2
red + β−F +

r∑

i=1

mi(mi − 2) <
11

2
. (3-2)

5¿�úª (3-2) �>z��Ñ´�K�.

Ún 3.4.1 (1) mi ≤ 3, ∀i. �õ�k�� mi U�� 3. Ïd Fred �õ#N���(: p.

�°(/, p �õ´±ea.��: A2, A3 ½ D4.

(2) F̄ 2
red ≤ −1.

(3) pa(F red) = 0, l
 F̄ ´1wkn­��¤�ä.

(4) pa(Fred) ≤ 1, �Ò¤á��=� Fred ¹k (1) ¥��(: p.

y² (1) ��5gu
r∑
i=1

mi(mi − 2) < 11/2, d�´� F þ�Û:�õ´ ADE Û:. d

������, p �õ´ A2, A3 ½ D4.

2) (3-2) w,%¹X pa(F̄red) ≤ 1, = KF̄red + F̄ 2
red ≤ 0. bX F̄ 2

red = 0, Kd Zariski Ún,

F̄ = nF̄red (n ´,���ê). du KF̄red ≤ 0, � 2g − 2 = KF̄ = nKF̄red ≤ 0, gñ! Ïd

F̄ 2
red ≤ −1.
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3) 5¿ pa(F̄red) ≤ 1. ·�b� pa(F̄red) = 1, @o
r∑
i=1

mi(mi − 2) ≤ 3/2, l
 mi = 2. d

dá� Fred = F̄red ´�¹(:�­�. Ó�/, �k −F 2
red < 3/2, � F 2

red = −1, KFred = 1, l


 F d�^(−3)-­�ÚeZ (−2)-­��¤. y3d (3-2), ·��� β−F < 1
2 .

XJ F ¥�,^ (−2)-­� E �ÚÙ¦©|���:, @o E ´,� H-J ó©|�à:,

l
 E é β−F ��z´ 1
2 , gñ! Ïd?Û (−2)-­�7½Ñy3éóã GF ,�£´ (��½�

´)p. db�^� pa(Fred) = 1, éóã¥=k��£´. Ïd GF ¢SþÒ´kù�£´�¤.

ù�, w,Òk FredΓ ≤ 0, é?ÛØ��©| Γ ¤á. (Ü F 2
red < 0, á� F ´K½­�, gñ!

4) (ÜÚn 3.1.2 á�. �

·K 3.4.1 �y²g´Ò´|^Ún 3.4.1 ���aÛÜØCþ��, l
é F �(��Ñ

��. �uy²[!Lu�¡, ·�±e�Jø��V�. k,��Öö�±ëw [LT10].

é pa(Fred) = 1 ��/, F ¹k�(: p (�Ua.� A2, A3 ½ D4). pa(Fred) = 1,±9

−F 2
red + β−F < 5

2 . du pa(F̄red) = 0, ¤± F̄ �éóã´kn­��¤�ä. ·�Uì p ��U

a.Å��y A2, A3 9 D4 ��/, Kk±e(Ø

Ún 3.4.2 ([LT10], ·K 5.4) e F ¹k�(:, @o Fred k A3 .Û:. F ��5��

.´·K 3.4.1 ¥1 21 .n�.

±e·�Ø�b� pa(Fred) = 0,= Fred ´1wkn­��¤�ä. d� (3-2) ��u

−F 2
red + β−F < 11

2 , ½= FredKX + β−F < 7
2 .

Ún 3.4.3 ([LT10], Ún 5.5) 3þãb�^�e, ·�k FredKX = 1, � F 2
red = −3. �

ó�, Fred d�^ (−3)-­�ÚeZ (−2)-­�|¤. Ïd β−F < 5
2 .

dþ�� F d�^ (−3)-­� C0 Ú�
ëÏ� ADE ­� Γ1, · · · ,Γr �¤. � Zi ´ Γi þ

�Ä�4ó. u´ Z2
i = −2 (Zi äN�(�ë� [BPV04, III, §3]).

du (C0 + Zi)
2 ≤ 0, ¤± 1 ≤ C0Zi ≤ 2. be C0Zi = 2, @o Zi Ø�U´ An ., ÄK Zi

Q�, l
 C0Zi = 2 íÑ F Ø´��ä, gñ! Ïd Zi �U´ Ek ½ Dn.

Ún 3.4.4 ([LT10], Ún 5.6) XJ C0Zi = 2 é,� i ¤á, @o7k g = 2, � F ´·K

3.4.1 ¥1 10 ∼ 16 a..

±e ?�Úb� C0Zi = 1, ∀i. Ïd C0 Ú Zi ¥,�­ê� 1 �©|�~��. d Zariski

Ún, �� C0 ­ê(½, ·�Ò�±(½ Zi ¥��©|3 F ¥�­ê. ±e´ C0 Ú Zi ��

éóã GF fã�¤k�U�/.

r b b b b b bb
2n 3n 4n 5n 6n

3n

4n 2n

C0 + E7 : r b b b b bb
3n 4n 5n 6n 4n

3n

2n

C0 + E6 :

r b b b p p p p p p p p p p b bb
2n

(k+3)n
2

kn+n

kn
(k + 1)n/2

2n n

C0 + Dk+3 : r b b p p p p p p p p p p b b bb
2n 2n 2n 2n

n

2n n

C0 + D∗
m :

b b b p p p p p p p p p pp p p p p p p p p p b bb b r
lm kn 2n n

m + n

2mm

C0 + Ak+l+1 :

(0 ≤ l ≤ k)
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£� Fred − C0 d r �ëÏ©| Γ1, · · · , Γr |¤, � β−F < 5
2 . |^þã C0 + Γi ��«�U

|Ü�/, ·�k

Ún 3.4.5 ([LT10], Ún 5.7) (1) r ≤ 3. ?�Ú, XJ r = 3, @o F ´·K 3.4.1 ¥1 18

.n�.

(2) XJ r = 2, �¤k Γi Ø´ An ., @o F ´·K 3.4.1 ¥1 5, 19, 20, 22 .n�.

(3)XJ r = 2, � Γ1´ An ., @o F ´·K 3.4.1 ¥1 1, 2, 4, 6, 9, 17 .n�.

(4) XJ r = 1, @o F ´·K 3.4.1 ¥1 3, 7, 8 .n�.

�d, ·��¤
·K 3.4.1 �?Ø.

3.5 ÛÜ Miyaoka-Yau .Ø�ª

� f : S → C ´�é4�n�z, F ´ÛÉn�. e¡�(Ø�±w�ÛÜ� Miyaoka-Yao

.Ø�ª

½n 3.5.1 (ÛÜ;�aØ�ª [Tan96]) c21(F ) ≤ 2c2(F ), = c21(F ) ≤ 8χF . �Ò¤á��

=� Fred ´(:­�, � F = nFred, d? n ´,���ê.

y² Äk, ·�k

2c2(F ) − c21(F ) = 3β−F − F 2
red +

∑

p∈F
(2µp − 2βp − αp).

dÚn 3.1.1(3), µp − βp ≥ αp. Ïd

2c2(F ) − c21(F ) ≥ −F 2
red +

∑

p∈F
αp ≥ 0.

�Ò¤á� F 2
red = αp = 0, ∀p ∈ F . ùíÑ Fred ´(:­�, � F = nFred. _·K´w,�. �

[Ash10] ½Â
ÛÜÎÒ�ºþ (Local signature defect)

Lsd(f, F ) = c21(F ) − 8χF =
1

3
(c21(F ) − 2c2(F )).

Ïdþã½n��±�� Lsd(f, F ) ≤ 0. d½n 3.2.1, é d g�­½�z π : C̃ → C, ·�k

Sing(S) −
1

d
Sing(S̃) =

∑

F

Lsd(f, F ),

ùp f̃ : S̃ → C̃ ´�A��­½n�z, Sing(S) := K2
f − 8χf ´ÎÒ�.

íØ 3.5.1 e f : S → C ��­½, � λf > 8, Ké?Û�­½�zk λf̃ > λf .

|^Ún 3.1.3, ·��±���°[�Ø�ª. duy²���¡, ·�Ø2Kã, �Öö

ë� [LT10, §8].

·K 3.5.1 � g ≥ 2. XJ 2c2(F ) − c21(F ) < 6, K�o F = nC, é,�1w­� C; �

oFred Ø
(:�	, �õk��Û: p, �e¡�/��Ñy.

I) F = nFred.
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1) Fred �õ�k(:.

2) p ´ A2 .Û:.

3) p ´ A3 .Û:, �?Û (−2)-­�ØL p.

4) p ´ A3 .Û:, �Tk�^ (−2)-­�L p.

5) p ´ D4 ..

II) F = nA + 2nB, A Ú B ´��(:�Q�­�, �Ãú�©|. AB = 2, A2 = −4 �

B2 = −1. A �õkkü�ëÏ©| A1 Ú A2.

6) A ∩B = {p, q}, �?Û (−2)-­�ÑØ´ A �ëÏ©|.

7) A kü�ëÏ©|, �Ù¥��´ (−2)-­�.

8) A Ú B��u p.

ù
n� F �ØCþXe, ùp 0 ≤ N = g(F ) − pa(Fred) ≤ g.

F 1 2 3 4 5 6 7 8

2c2 − c21 0 7
2

9
2

21
4 5 3 9

2
11
2

c21 − 4N 0 1
6

1
2

1
4 1 −1 −3

2 −1
2

c2 − 2N 0 11
6

5
2

11
4 3 1 3

2
5
2

χ− 1
2N 0 1

6
1
4

1
4

1
3 0 0 1

6

5¿ 2c2 − c21 < 6 �du 8χ− c21 < 2. Ïd÷v c2(F ) ≤ 3 ½ö χF ≤ 1
4 �n�¹3©a�

L (1) ∼ (8) ¥. é��­½n�5`, c21, c2 Ú χ ´��. Ïd·�k

íØ 3.5.2 � F ´��­½n�, @o

c2(F ) ≥
11

6
, χF ≥

1

6
.

§�¥����Ò¤á��=� F ´�¹��k:ÚeZ(:�Q�­�.

´�, 5gu (2) � (8) �n�Ø�U´ isotrivial n�z¥�n�, Ï�§���­½�.

Ø1w. Ïd·�k

íØ 3.5.3 XJ F ��­½�.1w, � F Ø´,^1w­���ê�, @o 2c2(F ) −

c21(F ) ≥ 6.

��íØ 3.5.3 �A^, ·�k

íØ 3.5.4 b� f : S → C ´ isotrivial. � s ´�1w­��ê��ÛÉn��ê,

KK2
S ≤ 8χ(OS) − 2s.

ùÒ�
 Polizzi ½n [Pol08]: K2
S 6= 8χ(OS) − 1 (ùp f : S → C ´ isotrivial) ���#y².
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�ÙSK

SK 3.1 y²: eF ≥ l(F ) − 1.

SK 3.2 y²:
∑
p∈F

αp ≤ 2pa(Fred).

SK 3.3 y²: XJ F ¥¤k­©|Ñ´ (−2)-­�, @o c21(F ) ≤ c2(F ).

SK 3.4 y²Ún 3.1.2 �(Ø.

SK 3.5 y²Ún 3.2.1 �(Ø.

SK 3.6 � P ´ d gÌ� Galois CXÛ:, (B, p) ´éA�©Ü;,Û:. Kp ´i\)

�éA�~	­�þ�kn;�Øf. y²: � d ¿©�Ø�, 1
dK

2
p = −αp.

SK 3.7 O�·K 3.4.1 ¥� 22 aÛÉn���ê.

SK 3.8 y²Ún 3.2.4 �(Ø.

SK 3.9 b� F 3­½�z��C�1wn�, y²: F = F ∗∗.

SK 3.10 Áò­¡Û:Ä�4ó� Laufer �{í2�ÛÉn�þ.

SK 3.11 � n,m ´p����ê, n′ ´÷v nn′ ≡ 1 (mod m) �����ê. ·�½

Â 〈 nm〉 := n′

m . y²p�Æ

〈
n

m
〉 + 〈

m

n
〉 = 1 +

1

nm
.

|^T(Ø­#y²Ún 3.2.5.

SK 3.12 � (n, q) = 1, a = qq′−1
n , ùp q′ ´÷v qq′ ≡ 1 (mod n) �����ê. �

n

q
= e1 −

1

. . . −
1

er

,
n

n− q
= e′1 −

1

. . . −
1

e′s

´ Hirzebruch ë©êL«.

(1) |^Ã ei 9 e′i, ©O¦ n
q′ ,

n
n−q′ ,

q
a ,

q′

a Ú
n+q′

a+q �ë©êL�.

(2) y²p�Æ
r∑
i=1

(ei − 2) = s− 1,
s∑
j=1

(e′j − 2) = r − 1.

(3) b� K ´ Hirzebruch Û: zn = xyn−q éA�~	­�þ�kn;�Øf, y²:

K2 =
r∑

i=1

(2 − ei) + 2 −
q + q′ + 2

n
.

(4) y² Holzapfel úª:

s(q, n) =
1

12
(

r∑

i=1

(ei − 3) +
q + q′

n
).

¿òTúª)º� Hirzebruch Û: zn = xyn−q �ØCþ�m�'Xª, =í2 Laufer .úª.

SK 3.13 (1) ^þK­#y²��7p�Æ.

(2) ¦ s(1, n), s(2, n).

(3) Á|^��7p�Æ�Ñ | s(q, n) | �þ.�O.

- 53 -



1oÙ n�zÿÀ5�

1oÙ n�zÿÀ5�

4.1 Ä�+�R�Ü©

·�Äk£��
Ä�+�¯¢.

Ún 4.1.1 � X ´�5q, Y ´E6/, π : X → Y ´ Y þ�CX, B ´ Y þQ�Øf,

p ∈ Y \B.

(1) � i : Y \B → Y ´�¹N�, @o�3÷Ó� i∗ : π1(Y \B, p) → π1(Y, p).

(2) � ∆π ´ π �©Ü;,, @o�3 π1(Y \ ∆π, p) �f+ Hπ, Ù�IT� deg π.

(3)� H ´ π1(Y \B, p) �f+, @o�3��Ã©ÜCX πH : X0 → Y \B, ¦� π1(X0, p̂) ∼= H,

πH(p̂) = p, �§�±��*Ü� Y þ�CX, EP� πH . d� deg πH = [π1(Y \ B, p) : H], �

πH �©Ü;, ∆πH
´ B ¥�f8.

(4) e H ´ π1(Y \ B, p) ��5f+, @o�3 Galois CX πH : X → Y , ¦� AutY (X) ∼=

π1(Y \B, p)/H.

y² (1) ë� [Shima, Prop5.6.1, page 19]. (2)-(4) ë� [Gro71, EXPOSE XIII]. �

íØ 4.1.1 � X ´ n � Kaehler 6/, � h1(X,OX ) 6= 0, @o�3 X þ?¿gê�²

ÐCX (étale cover).

y² h1(X,OX ) 6= 0 ¿�X H1(X,Z) = π1(X)/[π1(X), π1(X)] ¹kÃ�Ì�f+, l


�¹k�I�?¿�ê d �f+. Ïd π1(X) �¹k�I d �f+ H. ù� H Òp�
�� d

g²ÐCX.

,�«�êAÛ��{, K´�Ä�Ü�

H1(X,Z) −→ H1(X,OX ) −→ H1(X,O∗
X ) −→ 0.

5¿� H1(X,O∗
X ) = Pic(X) �¹�¡ Cq(X)/∧, Ïdd�ö��Ø5�, �3Øf η, ¦�

dη ≡ 0, � d ´÷vT^�����ê. �

� f : S → C ´n�z, F ´��n�. ·�kg,�� η : π1(F ) → π1(S). P Vf = Imη,

·�¡Ù� π1(S) �R�Ü©. � p1, · · · , ps ´ C þ¤k�.:, Fi = f∗(pi) ´éA�ÛÉn

�. C ′ = C − {p1, · · · , ps}, S
′ = S − {F1, · · · , Fs}.

Ún 4.1.2 (1) � η : π1(F ) → π1(S) ´g,��, Kk±e��ã

π1(F )
η′ //

η

$$II
III

II
II

π1(S
′)

ι

��
π1(S)

ùp ι : π1(S
′) → π1(S) ´÷Ó�.

(2) ·�k±e+�Ü�

1 −→ π1(F )
η′
−→ π1(S

′)
π′

−→ π1(C
′) −→ 1.
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ùp π′ = f |S′ .

(3) Vf ´ π1(S) ��5f+, l
Ù½ÂØ�6u1wn� F �À�.

y² (1)(2)´w,�. e¡y² (3). d (2) �, π1(F ) �±À� π1(S
′) ¥��5f+. q

Ï� ι ´÷�, ¤± Vf ´ π1(S) ��5f+. �

·�P Hf = π1(S)/Vf . u´k�Ü�

1 −→ Vf
i

−→ π1(S)
π

−→ Hf −→ 1.

Ún 4.1.3 (1) é ∀ρ ∈ Kerη, k η′(ρ) ∈ Kerι, l
k��N�

η′′ = η′ |kerη: Kerη → Kerι.

?�Ú, §´ü�.

(2) �3Ó� α : π1(C
′) → Hf , ¦eã��

π1(S
′) π′

//

ι

��

π1(C
′)

α

��
π1(S) π

// Hf

(3) é ∀γ ∈ Kerι, k π′(γ) ∈ Kerα, l
k��N�

π′′ = π′ |kerι: Kerι→ Kerα.

?�Ú, §´÷�.

(4) Imη′′ = Kerπ′′.

y² (1) ρ ∈ Kerη = ρ ∈ Ker(ιη′), ½= η′(ρ) ∈ Kerι. 5¿� η′ ´ü�, �Ù�� η′′ �

´ü�.

(2) � λ ∈ π1(C
′). d π′ �÷�5, �3 Λ ∈ π1(S

′), ¦� π′(Λ) = λ. ·�½Â α(λ) =

πι(Λ) ∈ Hf . 8y α �Ün5. � Λ′ ∈ π1(S
′), ¦� π′(Λ′) = λ. ù� Λ′Λ−1 ∈ Kerπ′, =�3

ρ ∈ π1(F ), ¦� Λ′ = Λη′(ρ). Ïd ι(Λ′) = ι(Λ)ι(η′(ρ)) = ι(Λ)η(ρ), l
 πι(Λ′) = πι(Λ). α �÷

�55gu ι, π �÷�5.

(3) � (1) aqy², ·�3�Öö.

(4) w� Imη′′ ⊆ Kerπ′′. � γ ∈ Kerπ′′, K γ ∈ Kerπ′ = Imη′, ��3 ρ ∈ π1(F ), ¦

� γ = η′(ρ). Ïd ι(γ) = ιη′(ρ) = η(ρ). 5¿� γ ∈ Kerι, �k ρ ∈ Kerη. ùÒy²


Kerπ′′ ⊆ Imη′′. �
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nþ, ·�k±e�Ü����ã

1

��

1

��

1

��
1 // Kerη

��

η′′ // Kerι

��

π′′

// Kerα

��

// 1

1 // π1(F )
η′ //

η

��

π1(S
′) π′

//

ι

��

π1(C
′)

α

��

// 1

1 // Vf
i //

��

π1(S)
π //

��

Hf //

��

1

1 1 1

íØ 4.1.2 �3g,÷Ó� ᾱ : Hf → π1(C), ¦�eã��

π1(C
′)

p //

α

��

π1(C)

Hf

ᾱ

::uuuuuuuuu

� [λi] ´�7�.: pi ���´3 π1(C
′) ¥éA�ÓÔa, α[λi] ´Ù3 Hf ¥éA��, @o

Kerᾱ = 〈α[λ1], · · · , α[λs]〉.

y² 5¿� Vf w,á3Ó� π1(S) → π1(C) �Ø¥, ��� ᾱ : Hf → π1(C). -

W0 = 〈λ1, · · · , λs〉, W = 〈α[λ1], · · · , α[λs]〉. N´�y±e���ã¤á, �1�1´�Ü�

1 // W0

α|W0

��

// π1(C
′)

α

��

p // π1(C) // 1

1 // W // Hf
ᾱ // π1(C) // 1

dd�Ñ α̃ �÷�5. y3y²1�1�´�Ü�. w� W ⊆ Kerᾱ. � x ∈ Kerᾱ. d α �

÷�5�, �3 y ∈ π1(C
′), ¦� α(y) = x. u´d ᾱα(y) = 1 � y ∈ Kerp = W0. ùÒíÑ

Kerᾱ ⊆W . �

� ϕ : S̃ → S ´k�²ÐCX, KküÓ� ϕ∗ : π1(S̃) → π1(S). ϕ d H = Imϕ∗ p�. XJ

f : S → C ���n�3 S̃ ¥���´ëÏ�, @o·�¡CX ϕ R��. ��
ó, ϕ Ø�½

R�. Ïd·�I�� Stein ©).

S
f

��?
??

??
??

?

S̃
ψ //

f̃ ��=
==

==
==

=

ϕ
??��������
Ŝ

σ

OO

f̂
��

// C

C̃

π

@@��������

ùp f̃ : S̃ → C̃ ´n�ëÏ�, π : C̃ → C ´k�CX. f̂ : Ŝ → C̃ ´dÄC� π p��n�z.

·�� F (éA/, F̂ , F̃ )´ f (éA/, f̂ , f̃) ´���n�. ´� ψ ��3n�þÒ´ F̃ � F̂
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�²ÐCX; F̂ Ú F Ó�. ·�k±e��ã

π1(F̃ )
(ψ|eF )∗ //

η̃

��

π1(F̂ )

η̂
��

(σ|bF )∗ // π1(F )

η

��
Vf̃

ψ∗|V
f̃ //

��

Vf̂
σ∗|V

f̂ //

��

Vf

��
π1(S̃)

ψ∗ //

��

π1(Ŝ)
σ∗ //

��

π1(S)

��
Hf̃

ψ̄∗ // Hf̂
σ̄∗ // Hf

Ún 4.1.4 (1) þã��ã�¤kY²N�Ñ´üÓ�, � ψ̄∗ � σ∗ |Vf̂
Ñ´Ó�.

(2) Vf ⊆ H ��=� Ŝ = S̃, = S̃ ´d��k�ÄC� π : C̃ → C .£���­¡. d� ϕ ¡

�dddÄÄÄCCC���ppp���.

(3) ϕ �R�CX��=� H = Imϕ∗ � Hf �ÝK´÷�.

y² (1) ·�ky ψ̄∗ : Hf̃ → Hf̂ ´üÓ�. � γ ∈ π1(S̃), ¦� γ̄ ∈ Kerψ̄∗, = ψ∗(γ) ∈

Vf̂ , ��3 ρ ∈ π1(F̂ ), ¦� ψ∗(γ) = η̂(ρ). Ïd γ �,��Ý�á3 Vf̃ ¥. du Vf̃ �5,

¤± γ ∈ Vf̃ . ùÒy²
 ψ̄∗ �ü�5. ψ̄∗ �÷�55gu÷Ó� α̃ : π1(C̃
′) → π1(Hf̃ ) 9

α̂ : π1(C̃
′) → π1(Hf̂ ).

du (σ | bF )∗ : π1(F̂ ) → π1(F ) ´Ó�, � σ∗ |Vf̂
�´Ó�. Ù{(Ø´y.

(2) H = ϕ∗π1(S̃), ϕ∗Vf̃ = ϕ∗π1(S̃) ∩ Vf . Ïd

Vf < H ⇐⇒ ϕ∗Vf̃ = Vf ⇐⇒ ψ∗Vf̃ = Vf̂ ⇐⇒ π1(F̃ ) ∼= π1(F̂ ) ⇐⇒ S̃ = Ŝ.

(3) H = Imϕ∗ � Hf �ÝK´÷�, ��=� ϕ̄ : Hf̃ → Hf ´Ó�, Ïd��du

σ̄∗ : Hf̂ → Hf ´Ó�. du Vf̂
∼= Vf , �þã^�q�du π1(Ŝ) = π1(S), = σ∗ = id, ½= ϕ

´R�CX. �

·K 4.1.1 � F1, · · · , Fs ´ÛÉn�, mi ´ Fi �¤kØ��©|­ê���úÏf.

[λi] ´�7�.: pi = f(Fi) ���´3 π1(C
′) ¥éA�ÓÔa. � α : π1(C

′) → Hf 9

ᾱ : Hf → π1(C) ÓíØ 4.1.2. @o Kerα = 〈[λ1]
m1 , · · · , [λs]

ms〉. ?�Ú, Kerᾱ d@
÷v

mi > 1 � λi 3 α e����)¤.

y² dc¡�ÃN�'X��, Kerα ⊆ 〈[λ1], · · · , [λs]〉. Ïdù´��ÛÜ¯K. ��

B?Ø, ·�Ø��ÄÛÜn�z f∆ : S∆ → ∆, ∆ �¥% p1 éA���ÛÉn� F1. �

π : ∆̃ → ∆ ´± p1 �©Ü:� m1 gÌ�CX, l
p�ÄC�n�z f̃ : S̃e∆ → ∆̃. du F1

´ m1 ­n�, ¤± π̃ : S̃e∆ → S∆ ´dÄC�p��²ÐCX. dÚn 4.1.4 �, Vf ⊆ H, ùp

H ⊆ π1(S) ´TCXéA�f+.

Ï� H/Vf ⊆ Hf , ¤±

Hf/(H/Vf ) ∼= π1(S)/H ∼= Zm1
.
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qÏ� π1(∆
′)/Kerα ∼= Hf , ¤±�3 f+ W < π1(∆

′)/Kerα, ¦� (π1(∆
′)/Kerα)/W ∼= Zm1

.

� W ′ < π1(∆
′) ¦� W = W ′/Kerα, K π1(∆

′)/W ′ ∼= Zm1
. 5¿� π1(∆) = 〈[λ1]〉 ∼= Z, �

W ′ = 〈[λ1]
m1〉, l
 Kerα ⊆ 〈[λ1]

m1〉.

,��¡, � Γ ´ F1 �?�Ø��©|, 3 F ¥­ê� n, q ∈ Γ ´��:. �E S∆ �

ÛÜ­� D ¦�Ù�~� q. u´kÛÜCX π : D → ∆, 3 p1 ©Ü. � λ1 3 D ¥����

Λ(n). d� Λ(n) 3 Hf ¥���u α(λ1)
n. �du D üëÏ, � Λ(n) ÓÔu 0, l
 α(λn1 ) = 1,

= 〈λn1 〉 ⊆ Kerα. Ï�éuz�Ø��©| Γ Ñkþã(Ø, l
 〈λm1

1 〉 ⊆ Kerα.

·K���Ü(Ø��5guíØ 4.1.2. �

íØ 4.1.3 XJ Vf ´k�+, K qf = 0.

y² dÚn 4.1.1 9·K^�´� π1(S) → π1(C) ´÷�, �Ø¥��Ñ´k���. Ï

d H1(S,Z) → H1(C,Z) �´÷�, �Ø¥��Ñ´k���. Ïd H1(S,R) ∼= H1(C,R). d

Hodge ½n, á� qf = 0. �

Ún 4.1.5 � f∆ : S∆ → ∆ ´ÛÜn�z, F0 ´¥%n�, K�3l S∆ � F0 �/CÂ

 . AO/, χtop(S∆) = χtop(F0), π1(S∆) = π1(F0).

?�Ú, þã/CÂ p�Ó� δ : π1(F ) → π1(F0), ùp F ´��n�. η ÏL δ ©), =

k±e��ã.

π1(F )
δ //

η

$$IIIIIIIII
π1(F0)

η0

��
π1(S)

y² c�Ü©(Øë� [Xia92, Ún 2.1.12], ��Ü©´w,íØ. �

� γ ´ F ¥����´, [γ] �§3 π1(F ) ¥�a. XJ δ([γ]) = 0, @o·�¡ γ0 �ÛÉ

n� F0 �"z�´.

íØ 4.1.4 � H ´ F ¥¤k�"z�´éA�a)¤�f+, KVf ∼= π1(F )/H.

òþã�?ØLÞ��Nþ, ·�k

·K 4.1.2 ([Xia91], Ún 3) � f : S → C ´n�z, F0 ´ m ­n�, η0 : π1(F0) →

π1(S) ´g,��.

(1) π1(F0) 3 π1(S) ¥�� Imη0 �¹ Vf .

(2) π1(F0)/η
−1
0 (Vf ) ∼= (Imη0)/Vf ∼= Zm, �±À� Hf ¥d C ¥�7�: p0 = f(F0) ���´

éA�a)¤f+.

(3) XJ f ¹küëÏn�, @o7k Vf = {1}.

y² ùw,´�ÛÜ¯K, �Ø��ÄÛÜn�z f∆ : S∆ → ∆.

(1) ´Ún 4.1.5 ���íØ.

(2) 5¿�d� π1(S) ¥��´Ñ�±Â ¤ F0 ¥��´, � η0 ´÷�. d	dud� ∆

´üëÏ�, �dÚn 4.1.1 � Hf
∼= Zm. Ïd·�k

π1(F0)/η
−1
0 (Vf ) ∼= π1(S)/Vf ∼= Hf

∼= Zm.
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(3) XJ F0 ´üëÏn�, @o m = 1, � π1(F0) = 0. d (2) á�(Ø. �

d·K 4.1.1 Ú·K 4.1.2, á���±eíØ.

íØ 4.1.5 b� f : S → P1 �õ�kü^õ­n�, �3Tkü^õ­n���/e, §

��­êp�. XJ f ¹k�^üëÏn�, @o S ´üëÏ­¡.

4.2 N�a+��±ÏN�

��­¡ Σ = Σg,k ´��k k ^>.!º�� g �½�ëÏ;¢��6/. � k = 0 �,

�± Σg P�. erNÙE(�, K½¡�iù­¡. Σg,k �î.«5ê� χtop(Σg,k) = 2−2g−k.

±eeÃAO(², ob� Σ �î.«5ê�u�u 0.

Σ �N�a+ (Mapping class group)

Γ(Σ) := Homeo(Σ)/ ≃,

d? Homeo(Σ) � Σ �g��Ó�N��N�¤8Ü, ≃ �N��ÓÔ�d. Γ(Σ) ¥���¡

�N�a. � Homeo+(Σ, ∂Σ) ´d�N�½��3>. ∂Σ þ�ð�N��gÓ��N�¤�

+, K�éN�a+ (Relative mapping class group)

Γ∗(Σ) := Homeo+(Σ, ∂Σ)/(≃∂Σ),

d? ≃∂Σ ��é ∂Σ �ÓÔ�d.

5 4.2.1 (1) ,
©z�ò�éN�a+��½Â�N�a+, P� Mod(Σ), X [FM09].

(2) 3��½Â¥, ≃ (½ ≃∂Σ) �¦´Óè�d (Isotopy relation). ,
 Baer ½n [Bae27,

Bae28] L², � Σ 6= Σ0,1,Σ0,2 ½öN��½��, Óè�ÓÔ��. Ïd�©Ø2«©.

(3) �éN�a+��±À� Σ �ÿÀ"+.

~ 4.2.1 �¡ T2 �N�a+ Γ(T2) ∼= GL2(Z), �éN�a+ Γ∗(T2) ∼= SL2(Z). �

��� A = {(r, θ) ∈ R2 | 1 ≤ r ≤ 2, 0 ≤ θ ≤ 2π}, �Ä�½���½>.�Ó�

T : A → A, T (r, θ) = (r, θ − 2πr). � α ´­¡ Σ SÜ�{ü4­�, N ´Ù+G��. �Äl

A � Σ ��½�i\ φ : A → Σ, ¦� φ(A) = N . 'u α �mÃ Dehn Û= (Dehn twist) ´X

eÓ�N�:

Tα(x) =




x x ∈ Σ \N,

φ ◦ T ◦ φ−1(x) x ∈ N.

T−1
α K¡��Ã Dehn Û=.

� Σ S,�­� β. XJ��ê (α, β) = 0, K Tα(β) = β (3Óè¿Âe). XJ (α, β) 6= 0,

@o Tα(β) �Óèa (Isotopy class) �UXe�{(½: 3β B� α �z��:c, Äkm=,

÷X α r��, ,�2�=, Uì�k���UYc1.

5 4.2.2 (1) Dehn Û=´äkÃ����²�N�a.

(2) (α, β) = 0 ⇐⇒ Tα(β) = β ⇐⇒ TαTβ = TβTα. ùL² Dehn Û=3���/eØ÷v��

Æ.

(3) � (α, β) = 1 �, kG'X (Braid relation): TαTβTα = TβTαTβ.
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d	, Dehn Û=g,p�
4­¡ Σg þÿÀÓN+ H1(Σg,Z) �gÓ�, Ïd�L«��

� 2g �"Ý
. ·�kXe� Picard-Lefschetz ü�úª (ë� [BPV04, III, § 14]).

·K 4.2.1 �½4­¡ Σg þÏ~½�. � ei (i = 1, · · · , s) ´ÙþpØ���{ü4­

�. ?� γ ∈ H1(Σg,Z), ·�k

Te1 · · · Tes
(γ) = γ −

s∑

i=1

(γ, ei)ei. (4-1)

~ 4.2.2 ��¡ T2 � H1(T2,Z) ¥;�Ä α, β, ¦� (α, β) = 1. dþ(Ø��

Tα =

(
1 1

0 1

)
, Tβ =

(
1 0

−1 1

)
.

½n 4.2.1 (1) (Dehn-Lickorish [Lic64]) Σ ��é>.N�a+ Γ∗(Σ) d Dehn Û=)¤.

�ó�, ?Û�½���½>.�gÓ�ÑÓèueZ Dehn Û=�¦È.

(2) (Humphries) º� g 4­¡�N�a+�±d 2g + 1 ��½� Dehn Û=)¤.

� µ : Σg → Σg ´N�a+¥���, [µ] ´Ù�Ýa. XJ [µ] ¥�3���� µ̃ U


�¤�
 Dehn Û=�¦È, @oÒ¡Ù� [µ] � Dehn Û=L« (Dehn-twist presentation). e

µ̃ = µ, Ò��¡� µ �L«. XJ¦È¥�¤k Dehn Û=Ñ´mÃ�, K¡��L« (Positive

presentation). �L«¥Ñy� Dehn Û=�êXJ��4�, Ò¡� [µ] �L«�Ý, P�

L([µ]).

dc¡(Ø��, [µ] � Dehn Û=L«o´�3, �Ø��. �·���
��N�

� Dehn Û=L«, ÒU|^ Dehn Û=úª(4-1), O�Ñ µ 3 H1(Σg,Z) þp�� Picard-

Lefschetz ü�Ý
 (Monodromy matrix).

�½�: p0 ∈ Σ. b� h : Σ → Σ ´ Σ �g��Ó�, γ ´ë� h(p0) Ú p0 ��´. dd

·���ü�Ó�N�: h∗ : π1(Σ, p0) → π1(Σ, h(p0)) 9 θγ : π1(Σ, h(p0)) → π1(Σ, p0). Ïd

θγ ◦ h∗ ∈ Aut(π1(Σ, p0)). é,�ë� h(p0) Ú p0 ��´ γ′, θγ ◦ h∗ � θγ′ ◦ h∗ ����SgÓ

�. dd��+Ó�

Ψ : Γ(Σ) = Homeo(Σ)/ ≃−→ Out(π1(Σ, p0)) = Aut(π1(Σ, p0))/Inn(π1(Σ, p0)).

½n 4.2.2 (Dehn-Nielsen [Nie27]) éº� g ≥ 1 �4­¡ Σg, þãÓ�´Ó�.

'uN�a+��õSN�ëw [FM09] ½ [JY10].

� f : Σ → Σ ´�½�Ó�N�, ��3��ê n ≥ 2, ¦� fn = idΣ. @o·�¡ f ´±

ÏN� (Periodic map). ÷vþã^���� n ¡� f �� (Order) ½±Ï (Period).

5 4.2.3 [Ker83] y²éz�±Ï�Ó� f : Σg → Σg, Ñ�3)ÛÓ� f̄ : Σg → Σg Óè

u f , ¦� f̄n = idΣg
.

� P ∈ Σ, ·��é�����ê α(P ) ≤ n, ¦� fk(P ) 6= P (1 ≤ k < α(P )), �

fα(P )(P ) = P . e α(P ) = n, K¡ P ´{ü: (Simple point); ÄK¡�­: (Multiple point).
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b� C ´ Σ S�{ü½�4­�, ·��é������ê m, ¦� fm(C) = C (Óè¿

Âe), � fm �± C �½�. ´� λ = n
m ´�ê.

� Q ∈ C, u´�3�K�ê σ < λ, ¦� (σ, λ) = 1, ¿� Q 3 fm �^e�;���,

÷X C �½�üSTÐ� (Q, fmσ(Q), f2mσ(Q), · · · , f (λ−1)mσ(Q)). ��K�ê δ < λ ÷v

σδ ≡ 1 (mod λ). eò C À�ü �±, 3Ü·��Ie, ·��À fm ��^�÷X C �½�

^= 2πδ
λ .

þã C éA�o�| (m,λ, σ, δ) ¡� C 'u f �d (Valency). � DP ´­: P ����

�, >. ∂DP �^��½�, P �d�½Â� ∂DP �d. � Γ ´ Σ �>.­�, Ù½�d­¡

½�(½, Γ �d=T½�¤(½�d.

Ún 4.2.1 ([AI02]) � ∂1, · · · , ∂k ´­¡ Σ = Σg,k � k ^>.­�, f : Σ → Σ ´±ÏN

�. � (mi, λi, σi, δi) ´ ∂i 'u f �d (1 ≤ i ≤ k). @o�34­¡ Σ̃ �¹ Σ, ±9±ÏN�

f̃ : Σ̃ → Σ̃, ÷v

(1) Ö8 Σ̃ − Σ ´ k �m�� Di �¿ (1 ≤ i ≤ k);

(2) f̃ |Σ= f ;

(3) f̃ 3 Σ̃ − Σ þ�­:T�Ã�� Di �¥% Pi, � Pi �dÒ´ (mi, λi, σi, δi).

dþã(Ø, ·�±eØ�b� Σ ´4­¡±�B?Ø. ±ÏN� f p�
 n gÌ�C

X π : Σ → Σ/〈f〉. � Mf ´�N­:�¤8Ü, u´ Bf = π(Mf ) ´©Ü:8Ü. �½�:

x ∈ Σ/〈f〉 − Bf , � x̃ ´ x ��¥��:, γ ∈ π1(Σ/〈f〉 − Bf , x).u´γ ���J,�l x̃ Ñu

� f r(x̃) ��´, ùp r ´,�Ø�L n ���ê. dd·���±eÓ�

Ωf : π1(Σ/〈f〉 −Bf ) → Zn, Ωf (γ) = r.

du Zn ´��+, Ïd?�Úp�Ó�

ωf : H1(Σ/〈f〉 −Bf ) → Zn.

� Bf = {Q1, · · · , Qs}, Vi ´¹ Qi �¿©�����, ∂VQi
´ Vi �>.. � Q̃i ´ Qi ��

�¥�:, Ùd� (mi, λi, σi, δi). @o·�k

Ún 4.2.2 (1) mi Ò´ Qi ���:�ê, λi = n
mi

.

(2) ωf (∂VQi
) ≡ miσi (mod n).

du Qi ���¥z�:�d�Ó, Ïd·���±^ Q̃i �d��½Â©Ü: Qi �d.

½n 4.2.3 ([Nie37], §11) � f Ú f ′ � Σg þ�±ÏN�. @o f � f ′ 3N�a+¥�Ý

��=�±e�^�¤á:

(1) f � f ′ k�Ó�±Ï;

(2) Bf � B′
f :ê�Ó;

(3) 3Ü·�üSe, ωf (∂VQi
) = ωf ′(∂VQ′

i
).

�ó�, ±ÏN� f ��Ýa��dÙ­:�d(½.

±ÏN��dkXe5�.
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·K 4.2.2 � π : Σg → Σ′ = Σg/〈f〉 ´ ± Ï N � p � � C X, Qi ´ © Ü :, d �

(n/λi, λi, σi, δi), 1 ≤ i ≤ s. � g′ ´ Σ′ �º�. @o·�k

(1) Hurwitz úª: 2(g − 1)/n = 2(g′ − 1) +
∑s

i=1(1 − 1/λi);

(2) Nielsen [Nie37]:
∑s

i=1 σi/λi ´�ê;

(3) Wiman [Wim95]: n ≤ 4g + 2;

(4) Harvey [Hav66]: � g ≥ 2, M = lcm(λ1, · · · , λs). @o

(4.1) M = lcm(λ1, · · · , λi−1, λi+1, · · · , λs), 1 ≤ i ≤ s;

(4.2) n |M ; � g′ = 0 �, M = n;

(4.3) s 6= 1; ?�Ú, � g′ = 0 �, s ≥ 3;

(4.4) � h ´÷v 2h |M �4�g�. e h ≥ 1, KÃ λi ¥U� 2h �Ø����ê´óê.

5 4.2.4 þã(Ø(1) ��u
∑s

i=1 ∂VQi
∈ Ker(ωf ); (Ø (4.2) ��u ωf ´÷�, §�

éA
,aÛÉn�� Zariski Ún.

8��
�Bå�, ·�ò^ σ1/λ1 + · · · + σs/λs 5{P f ��­:�d§¡Ù��Nd

(Total valency).

dþã(Ø, ·��±w�, � g �½�, Σg �kk�a±ÏN���Ýa. [AI02] �Ñ


1 ≤ g ≤ 3 �¤k±ÏN��Ýa. �¡·�¬w�, ù
�Ýa��éAu�­½�z�1w

­��ÛÉn�ÿÀ(�. [Hir10] éº� g ≤ 4 ��/, �Ñ
¤k±ÏN�)¤�, ¿�Ñ


Dehn Û=L«.

~ 4.2.3 £�~f4.2.2. �¡ T2 �¤k±ÏN�ÑUL«¤ Tα, Tβ �¦È. §�3

H1(Σg,Z) p��ü�Ý
�

Tα =

(
1 1

0 1

)
, Tβ =

(
1 0

−1 1

)
.

Uì�²��'uÛÉn�©a (ëw½n 5.2.1), ·�k

Type II: d� 1
6 + 1

3 + 1
2 , ÿÀü�� Dehn Û=L«� TβTα.

Type II∗: 5
6 + 2

3 + 1
2 , (TβTα)

5.

Type III: 1
4 + 1

4 + 1
2 , TαTβTα.

Type III∗: 3
4 + 3

4 + 1
2 , (TαTβTα)3.

Type IV : 1
3 + 1

3 + 1
3 , (TβTα)2.

Type IV ∗: 2
3 + 2

3 + 2
3 , (TβTα)

4.

Type I∗0 : 1
2 + 1

2 + 1
2 + 1

2 , (TβTα)
3 = (TαTβTα)

2. �

� f : Σg → Σg ´º� g 4­¡��½�Ó�. XJ f Óèu÷v±eÃ^��Ó� f ′, @

oÒ¡ f ´�±ÏN� (Pseudo-periodic map):

(1) Σg S�3�|pØ���{ü4­��¿ C = C1 ∪ · · · ∪ Cr, ¦� f(C) = C (#N C ��

8);

(2) � B = Σg − C, u´ f ′ |B : B → B Óèu��±ÏN�.

?�Ú, XJ B �z�ëÏ©|�î.«5êÑ�u", @oþã C Ò¡�#N��|

(Admissible system of cut curves). d��3�����ê N ¦� (f ′ |Σg−C)N = idΣg−C . ·�

¡ N � f ��±Ï.
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5 4.2.5 (1) e χtop(Σ) < 0, ù��#N��|3Óè¿Âeo´�3.

(2) �±Ï��±ÏN�3�©©z [Nie44] ¥��¡��êk�.­¡C� (Surface transfor-

mation of algebraically finite type).

éu��©| Ci, �½��½�, ·��é���ê αi ¦� fαi(Ci) = Ci ��±½

�. ·��Ué����ê Li ¦� fLi |Ci
´ ei g Dehn Û= (ei < 0 ��=�mÃÛ=).

s(Ci) := eiαi/Li ¡� f 3 Ci ?��7ê. e¤k s(Ci) < 0 (1 ≤ i ≤ r), K¡ f ´K½.

(Negative type) �. e αi ´óê, fαi/2(Ci) = Ci �� Ci ½���, K¡ Ci ´V>� (Amphi-

drome); ÄK¡��V>�.

� Ai ´¹ Ci ��G��(=Ó�um��), ∂Ai = ∂A
(1)
i ∪ ∂A

(2)
i ´ Ai �ü^>.©|

�¿. - A = ∪Ai, B̃ ´ Σg − A �4�. ÏLÜ·�À�, ·�o�±b� f(A ) = A . B̃ �

½�g,p�
 ∂A
(j)
i �½�. Ai ��7êÒ´ s(Ci).

Ún 4.2.3 � (mi, λi, σi, δi) ´ ∂Ai �d (i = 1, 2, · · · , r) .

(1) Ci ´V>�, ��=� fαi/2(∂A
(1)
i ) = ∂A

(2)
i .

(2) XJ Ci ´V>�, @o m1 = m2 = αi/2, σ1/λ1 = σ2/λ2, δ1 = δ2 = δ. ?�Ú, K =

−s(Ci)/2 − δ/λ ´�K�ê.

(3) XJ Ci ´�V>�, @o m1 = m2 = αi, K = −s(Ci) − δ1/λ1 − δ2/λ2 ´�u�u (−1) �

�ê.

þã(Ø5gu Ci �Û=½Â. ± (3) �~, fαi 3 (Ai) þ��^��u4>.©| ∂A
(j)
i

÷Xg�½�^= 2πδi/λi, Ó��� A ��� K g Dehn Û=.

~ 4.2.4 mÃ Dehn Û=´�{ü�K½.�±ÏN�. �

� f : Σg → Σg ´K½.�±ÏN�, Σg = A ∪ B̃ Óþ. ±e·�ò0� [MM91, MM94]

¤½Â�4�2ÂûN� π : Σg → Sf . ùp Sf ´¤¢�ê�“��” �m (Numerical chorizo

space), =���(:iù­¡�.ÿÀ�m, Ù¥éz�Ø��©|D�����ê��. T

�m�¡� Matsumoto-Montesinos û (±e{¡ MM-û). e¡äN0�2ÂûN�9 MM-û

��E([!�ëw [AI02] [Ash10]).

(1) π(B̃) = B̃/〈f eB〉, =±ÏN� f eB p��Ì�CXû�m. π(B̃) ¥�ëÏ©|¡�Ø©|

(Core components). Ø©| Γ �D��½Â�N� π−1(Γ) → Γ �gê.

(2) � P ´ B̃ Sd� (m,λ, σ, δ) �­:. π(P ) =
l∑
i=1

niΓi ´d¥¡ Γi Ä��ë¤��^ó, Ù

¥ Γ1 �� π(B̃). ùp��S� {ni}
l
i=1 î�4~, �d±e'X��(½.

n0 = mλ, n1 = mσ, nl = m, ni−1 + ni+1 ≡ 0 (mod ni).

ù���^ó¡�� (Tail).

(3) � Ai ⊆ A ´#N��©| Ci ��G��. >. ∂A
(j)
i �d� (mj , λj , σj, δj). b½ Ai ´

�V>�, d� m1 = m2 = m. π(A ) =
l∑
i=1

niΓi ´d¥¡ Γi Ä��ë¤��^ó, Ù¥ Γ1,Γl

�� π(B̃) ¥�A�Ø©|. ùp��S� {ni}
l
i=1 d±e'X��(½.

n0 = mλ1, n1 = mσ1, nl−1 = mσ2, nl = mλ2, ni−1 + ni+1 ≡ 0 (mod ni),
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±9

(ni−1 + ni+1) ≥ 2ni,
l∑

i=1

m2

ni−1ni
= −s(Ci)

ù���^ó¡�l (Arc).

(4) b½ Ai ´V>�, d� ∂A
(j)
i ��Ñ��� (2m,λ, δ). π(A ) =

l∑
i=1

niΓi + h1T1 + h2T2 ´

d¥¡ Γi Ú Ti �ë¤���ä, Ù¥ Γ1, · · · ,Γl Ä�ë�¤�^ó, Γ1 �� π(B̃) ¥�A�Ø

©|, Γl ©O�� T1 Ú T2. ùp h1 = h2 = m, ��S� {ni}
l
i=1 d±e'X��(½.

n0 = 2mλ, n1 = 2mσ1, nl = 2m, ni−1 + ni+1 ≡ 0 (mod ni),

±9

(ni−1 + ni+1) ≥ 2ni,

l∑

i=1

8m2

ni−1ni
= −s(Ci)

ù���^ó¡��� (Quasi-tail).

(5) π(fhAi) = π(Ai), π(fhB̃i) = π(B̃i), π(fh(P )) = π(P ), é?Û h ≥ 1 ¤á. ùp B̃i ´

B̃ �ëÏ©|.

5 4.2.6 þã��S���39��5�±ëw [Ash10]. d	, [AI02] é�V>#N�

�©|�“��”�m(��
�[���x.

�
�B?Ø, ·�Ø�ò MM-û Sf À�\� Dynkin ã.

~ 4.2.5 (1) ±ÏN�� MM-û7�(/ã. 'X Σ2 þ�Nd� 9
10 + 3

5 + 1
2 �±ÏN�

kXe MM-û.

b b b b b b b b b bbb r
1 2 3 4 5 6 7 8 9 10 6 2

5

(2) Σ2 = B̃ ∪ A1, A1 ´V>�. B̃ ��Ndþ� 2
3 + 2

3 + 2

3
, Ù¥çNiL« A1 �>.©

|�d. d~¥#N�� C1 ´�©�.

b bp p p p p p p b rb b b b bb b
1 2 2 2 4 6 4 2

1 4 2

(3) Σ3 = B̃1 ∪A1, A1 ´V>�. B̃1 ��Nd� 1
6 + 1

6 + ((2
3 )), Ù¥V)ÒL« A1 �V>

©|�d. d~¥#N�� C1 ´Ø�©�.

b bp p p p p p p b rb r rb r
1 2 2 2 4 6 1

1 1

(4) Σ3 = B̃1∪B̃2∪A1, A1 ´�V>�. B̃1 ��Nd� 5
6 + 2

3 + 1

2
, B̃2 ��Nd� 3

4 + 3
4 + 1

2
.

d~¥#N�� C1 ´�©�.
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b b b b b b r b b b b bb b
2 4 6 5 4 3 2 3

3

4 3 2 1

2

�

5 4.2.7 ùp���¤¢�©´�÷X���m­¡�, ��­¡©�ü�9ü�±

þ�ëÏ©|; ÄK¡Ø�©. XJò��Â ¤(:, ·���±½Â�A� (Ø)�©l:

(Separable point) �Vg.

4.3 ÿÀü��©�/C

� Σg = C ∪ B, C ´#N��|, B = Σg − C ´±ÏÜ©. ·�Äk�E ½� ã Gf : º:

v éA B �ëÏ©| Bv, ��:�m�>éAÊÜ B �AëÏ©|�#N��©|, ¿�·

�¯k�½>���½�. ?�Ú, º: v D�� g(v) + ρ(v), ùp g(v) ´ Bv �º�, ρ(v) ´

�Ú Bv g��ë��#N��©|�ê. f 3 Gf þg,p�
��Ì�+�^. ·�òdã

{¡�'u f �©�ã (Partition graph).

½n 4.3.1 (Matsumoto-Montesinos [MM94]-Nielsen[Nie44]) Σg �K½.�±ÏN�3

N�a+¥��Ýad±e����(½.

(1) �|#N�� C = ∪Ci 9©| Ci ��7ê s(Ci);

(2) B S­: P �d9>.©|�d;

(3) f 3©�ã Gf þ¤p���^.

n�zïÄ���Ä�¯K, Ò´3ÿÀ�d¿Âeé4�­�òz?1©a. �

f : S → ∆ ´º� g ­�4�òz. À�{ü4´ γ : [0, 2π] → ∆∗ = ∆ − {0}, �½��

Ó�N� µγ0 : Σg → φ−1(γ(0)). ù�·�ÒUëY/÷X�´ γ ½ÂÓ�N� µγθ : Σg →

f−1(γ(θ)). ù�γ p�
�½�Ó� µγf = (µγ0)−1 ◦ µγ2π, ¡�÷X γ �ü�Ó� (Monodromy

homeomorphism). XJ·�� µγ0 = idf−1(γ(0)), @o µγf Ò´ f−1(γ(0)) �Ó�. d�·�¡

f−1(γ(0)) �ë�n� (Reference fiber).

ù�Vg��±LÞ��Nn�z�/. �´ γ �À�ØÓ, Ùü�Ó��m����

��Ý. Ïdü�Ó�3N�a+¥��Ýa���(½. ·�òd�Ýa¡� f �ÿÀü

�(Topological monodromy), P� m(f) ½ö [µγf ]. w�, ÿÀ�d�­�òzk�Ó�ÿÀü

�. ÿÀü�g,p�
 H1(Ft,Z) þ�Ó�, ¡��T­�òz� Picard-Lefschetz ü�, Ùé

A�Ý
¡�ü�Ý
 (Monodromy matrix).

½n 4.3.2 (Matsumoto-Montesinos [MM94]) º� g ­�4�òz φ : S → ∆ �ÿÀ�

da¤��(½�ÿÀü�´N�a+¥�,�K½.�±ÏN���Ýa. �L5, ?ÛK½

.�±ÏN���Ýa7´,�­�4�òz�ÿÀü�.

(Ü½n 4.2.2, ·�k±eíØ.

íØ 4.3.1 ÿÀü�3Ä�+ π1(Σg) þ��^(½
4�­�òz�ÿÀ�da. AO

/, XJ�^´²��, @o¥%n�´1w­�.
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5 4.3.1 ù�(Øé H1(Σg,Z) þ��^¿Ø¤á. äN~f�� [NU73a, NU73b].

~ 4.3.1 XJ��n�z (ÛÜ½�N) �z�ÛÉn�Ñ�¹k��(:, Ò¡�

Lefschetz . ½ Lefschetz n�z. ��­�òz´ Lefschetz .��=�§�ÿÀü�´mÃ

Dehn Û=��Ýa [Kas80, DK73]. �

·K 4.3.1 � F 0 ´ F0 ��54��.. @o µ éA� MM-û Sµ �n� F̄0 k�Ó�

ÿÀ(�, ¿� Sµ ¥�©|����� F0 éA©|�­ê��.

d	é F0 � d gÄC�����#n�¤éA�ÿÀü�Ò´ µd ��Ýa.

� Mg ´º� g iù­¡��m, M g ´ M g � Deligne-Mumford ;z. �N� ρ : ∆∗ →

Mg U��*¿¤ ρ̄ : ∆ → M̄g. ·�¡ ρ̄(0) � φ ��:(Moduli point).

·K 4.3.2 ò Σg �#N��| C ¥z�©|ÑÂ �:¤��­½iù­¡ Xf ��

: ρ̄(0) k�Ó�ÿÀ(�.

íØ 4.3.2 ¥%n� F0 �ÿÀ(�9Ù�©|­ê(½
±e��:

(1) �|#N�� C = ∪Ci 9©| Ci ��7ê s(Ci);

(2) B S­: P �d9>.©|�d;

(3) µ ��±Ï.

F0 ØU��(½ µ 3�:þ�+�^, ØLù��+�^o´k��, Ïd·��±�Ñ

¤k�U�ÿÀü�.

~ 4.3.2 ([MM94]) � Σ6 =
⋃5
i=1(Bi ∪ Ai), Bi �º�� 1, Ai ë� Bi 9 Bi+1. 8�

fk : Σ6 → Σ6 (k = 1, 2) ´�±ÏN�, ÷v fk(Bi) = Bi+k, fk(Ai) = Ai+k, f
5
k |B= id,

s(Ci) = −1 (¤keIþ� 5).

fk � MM-ûÑ´ F0 = 5C, Ù¥ C ´���(:�º� 2 Q�­�. �´ f1 Ú f2 Ø�

Ý. �

ù
(Ø¢Sþ�N
ÛÉn��ÛÉn�Þ (=­�òz) 3ÿÀ(�þ����O.

� φ : S → ∆ ´º� g ­�4�òz, F0 ´¥%ÛÉn�. F 0 ´�54��.. lÿÀ�

Ýw, F 0 ¥�Ì©|Ò´î.ÿÀ«5ê�u"��>iù­¡. l2Âû�Ýw, §¢SþÒ

´ Σg 'uK½.N� µ �±ÏÜ©3 MM-û ¥éA�Ø©|.

5 4.3.2 T. Ashikaga Ú M. Ishizaka [AI02] |^ MM-½n9þã�(Øéº� 3 ­�

òz�
��©a. �ö?�Ú©aÑ
�ý�º� 3 ­�òz (ëw[Is04a, Is04b]). d	,

[Is04a, Is04b] ���k�íØ�Ñ, ��m M 3 ¥��ý�;, H3 Ø�U²L,
a.�­

½­�;,. ù�(Ø��±ÏLngCX�{��, = M.Reid úª [Rei90] (��ë�½n

5.4.1).

l�±ÏN���Ýw, [Xia90] �Ì�(J, Ò´�ÑÿÀü�����±Ï�ê, §�Ú

º� g k'. ùÒ´±e(J.
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·K 4.3.3 ([Xia90], ½n 1, ½n 2) �

Ng =
∏

p≤2g+1

plp ,

ùp p �H¤kØ�L 2g + 1 ��ê, lp ´÷v±eØ�ª����ê,

2g ≥ plp − plp−1.

é?Ûº� g �é4�n�z f : S → C, XJ��gê� Ng �ÄC� π : C̃ → C 3¤k��

­½n�éA��.:þ�©Ü, @o π 7´­½�z, =p��#n�z´�­½�.

£�1 3.2 !½Â�ÛÉn� F0 ��ê [Tan94]. ·�ò^�±ÏN�*:�Ñ β−F 9 β+
F

�ÿÀ)º.

·K 4.3.4 � Σg = A ∪ B̃ ´'u�±ÏN� µ �����9±ÏÜ©; A1, · · · ,As ´

¤k�V>��©|��; As+1, · · · ,As+t ´¤kV>��©|��.

(1) � β ´ B̃ S¤k­:�d�Ú. @oβ−F = β + t.

(2) β+
F = −

∑s
i=1 s(Ai) −

1
2

∑t
i=1 s(As+i), ùp s(Ai) ´�A�7ê.

3�±ÏN�*:e, ·���Ú?�a#�ÿÀØCþ

K(Ai) =




−s(Ai) −

δ(∂A (1)
i )

λ(∂A (1)
i )

− δ(∂A (2)
i )

λ(∂A (2)
i )

e Ai �V>,

− s(Ai)
2 − δ(∂Ai)

λ(∂Ai)
e Ai V>.

dc��, ù´���u�u (−1) ��ê. ù�ØCþ3©aº� 3 �ý�­�òz¥�ü


­��Ú [Is04b].

?n­�òzÿÀ¯K�,�«�{´¤¢�©�/C (Morsification), äN[!��ë

� [AK00] ½ [Tak04]. � f : S → ∆ ´��� ∆ þ�º� g ­�òz, F0 = f−1(0) ´���Û

Én�. b��3��1w�n�q M , ��� ∆′ ±9�XN� Ψ : M → ∆ × ∆′, ¦�3:

u ∈ ∆′ ?���N� Ψu : Mu → ∆ × {u} ÷v±e^�:

(1) Ψ0 Ú f ��;

(2) Ψu (u 6= 0) k l �ÛÉn� Fu,1, · · · , Fu,l, ùp l Ø�6u u �À�.

·�¡ Ψ ´n�Þ F0 �©�x (Splitting family), P�

F0 −→ Fu,1 + · · · + Fu,l.

½ö{P� (Ψ,M,∆ × ∆′).

XJ l = 1, ·�¡ Ψ ´n�Þ F0 ��ÛÉ5/C (Equisingular deformation). XJ l ≥ 2,

·�¡ Ψ ´ F0 �ý©�x (Proper splitting family). XJ F0 =¦3�ÛÉ5/C��Ø�3

?Ûý©�x, @o·�¡n�Þ F0 ´�fn� (Atomic fiber).

� SF = {F (1), · · · , F (k)} ´�|�fn�Þ. XJn�Þ F0 U
ÏL�X�©�x�EÜ

�ª©)� SF ¥���, @o·�Ò¡n�Þ F0 ©�/C� SF . XJ F �ÏL��©�x=

�©�/C� SF , ·�Ò`§��©�/C� SF . XJ?Ûº� g n�ÞÑU©�/C� SF

¥�f8, @o·�Ò¡ SF ´º� g �fn���|.

½n 4.3.3 ([Tak04], ½n 2.0.2) � f : S → ∆ ´ÛÜn�z, F0 = f−1(0) ´���ÛÉ

n�. XJ F0 ÷v±e^���, @o F0 ´�fn�,

- 67 -



1oÙ n�zÿÀ5�

(1) F0 ´����(:�Q�­�;

(2) F0 ´,^1w­���ê�.

5 4.3.3 �fÚ M. Reid [Rei90] kXeßÿ.

Morsification conjecture: ½n 4.3.3 �_·K�¤á. �ó�, ?Û�fn��o´�k�

�(:�Q�­�, �o´��1w­���ê�.

5 4.3.4 Moishezon [Moi77] y²
Tß�3ý��/�(. é g = 2 �/, Horikawa

[Hor88] Ú�f [Xia85] ��y
ù�ß�. M.Reid ?�Ú&?
 g = 3 ��ý��/. pº�

�ý��/��ë� [AA01, AA04, AI02] �ó�.

n�Þ F0 ¥���(:XJ÷v±e^�, K¡�õ­(: (Multiple node): �o§´ F0

¥ü^�k�Ó­ê�Ø��©|��:; �o§´,�Ø��©|g��(:. e¡·��ã

[Tak04, List, page 117] 'u©�x�eZ�K.

·K 4.3.5 ([Tak04]) � f : S → ∆ ´�54��ÛÜn�z, F0 = f−1(0) ´���ÛÉ

n�.

(1) XJ F0 k��õ­(: (­ê�� 2), @o f k©�x, ò F0 ©�¤ F1, F2, Ù¥ F1

´���(:�Q�­�; F2 K´ÏLòTõ­(:O���Ó­ê����� (=ò F0 ¥L

T:�¤k©|ÊÜ��^3T:1w�Ø��©|, Ù­êØC).

AO/, XJ F0 ����õ­(: (­ê ≥ 1), @o§´�fn���=�§´=¹��

(:�Q�­�.

(2) XJ F0 k��­ê� 1 �Ø��©| Γ, ¦� F0 − Γ ØëÏ, Y1, · · · , Yl ´ F0 − Γ �ë

Ï©|, @o f k��©�x, ò F0 ©�¤ F1, · · · , Fl, Ù¥ Fi ´ÏLò¤k Yj(j 6= i) Ú Γ �

åO�¤��­ê� 1 �Ø��©|�� (dO�¥ Γ Ú Yj ��:C¤1w:, 
Ú Yi ��:

�±ØC).

(3) b� F0 k��­ê� 1 �Ø��©| Γ. � U ⊆ S ´ F0 − Γ �+G��, f ′ : U → ∆

´ f ���N�, Y + = U ∩ F0. XJ f ′ k��©�xò Y + ©�¤ Y +
1 , · · · , Y

+
l , @o f : S →

∆ �k��©�x, ò F0 ©�¤ F1, · · · , Fl, Ù¥ Fi ´ÏLò Y +
i � Γ− (U ∩ Γ) ÷X>.ÊÜ

��.

'u©�x�E��õSN, �±ëw Takamura [Tak02] �mM5ó�.

~ 4.3.3 (1) F0 ´º� 2 n�, ÷v½n 4.3.5(1) �^�, ©�¤ F1 Ú F2.

b b rb b b b b b bb
1 2 2 4 6 8 6 4 2

1 4

F0
- r r

1 1
F1 + b rb b b b b b bb

1 2 4 6 8 6 4 2

1 4

F2

(2) F0 ´º� 2 n�, ÷v½n 4.3.5(2) �^�, ©�¤ F1 Ú F2.
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b b b b brb b
b b1

2

1

2
1

1 1

1 1

- +b b rb
b1

2
1

1

1

F1
b br b
b1

2
1

1

1

F2

�

·�k±e�k�íØ (y²3�Öö).

íØ 4.3.3 b�n�Þ F0 ÷v½n 4.3.5 (1) ½ (2) �^�, KéA�©�x�±ÛÉn

��êØC, =

c21(F0) =

l∑

i=1

c21(Fi), c2(F0) =

l∑

i=1

c2(Fi), χF0
=

l∑

i=1

χFi
.

éu���©�x, ù�(Ø�7�(. ��Ì���Ï´ β−F 3©�eØ�½�±ØC.

� [φ] ´,�­�òz f : S → ∆ �ÿÀü�. XJ f �3��ý©�x (Ψ,M,∆ × ∆′),

@o·�Ò` [φ] ´�©�� (Splittable). 8b� [φ] �©�, �½ u ∈ ∆′ − {0}, Ψu : Mu →

∆u = ∆ × {u} ´©ax���N�. � Ψu ��.:� t1, · · · , tl, Q ´ ∆u ¥�½:. b� γi

´ ∆u ¥± Q �Ä:, ��7 ti �{ü4´, µγi

Ψu
´± Ψ−1

u (Q) �ë�n�, ÷X γi �ÿÀü�.

� Q′ ´ ∆0 = ∆×{0} ¥�:, γ ´�^ë� Q Ú Q′ ��´, �Ø²LΨu ��.: ( ∀u ∈ ∆′).

´��´ γ−1 ◦ γk ◦ · ◦ γ1 ◦ γ ÓÔu ∆0 ¥�7 φ0 = f �.:�{ü4´. ù�ÒkXe(Ø.

·K 4.3.6 3þãPÒe, ·�k [φ] = [µγl

Ψu
◦ · · ·µγ2Ψu

◦ µγ1Ψu
].

4.4 �ý�­�x�ÿÀ (I)

ù�!9��!¥, ·��Äº� g �ý�n�z (�N½ÛÜ) �ÿÀ5�. 'u�ý�

n�z�Ä:�£, �Ööëw1 5.3 !�SN. XÃAO(², ·�o´%@æ^1 5.3 !�Ã

PÒ9½Â��.

� f : S → C ´º� g �ý�n�z, π : S0 → P0 ´ f p��AÛ�«¡ ϕ0 : P0 → C

þ��gCX, R ´©Ü;,, (P0, R) ob�´5��.. � σ : P̃ → P ´'u©Ü;,�;

�)�, ¦��ª��gCX π̃ : S̃ → P̃ ´1w�, Ù©Ü;,P� R̃. P S̃′ = S̃ − π̃−1(R̃),

P̃ ′ = P̃ − R̃.

� R̃ ¥?ÛØ��©| Γ, � γ ´ P̃ ′ ¥�7 Γ �����´, � γ ¹3 P̃ ¥� Γ î��

��,^ÛÜ­�S. ù���´ γ ¡��7 Γ ���î��´ (Transversal loop). XJ?�

Ú γ á3 P̃ → C �,^n�¥, K¡§�R�î��´. w� γ �À� π1(P̃
′) ¥�a, �?Û

ü��7 Γ �î��´�a������Ý. d R̃ �1w5��, R̃ �z�Ø��©|þÑk

R�î��´.

� F ´ S̃ ���n�, Φ ´§3 P̃ ¥��n�. R̃ ��3 Φ k 2g + 2 �:: p1, · · · , p2g+2.

P Φ′ = Φ − p1 − · · · − p2g+2, F
′ = π̃−1(Φ′). � γi ´ Φ′ ¥�7 pi �R�î��´. 3Ø�· 

��/e, ·�E^ γi L«§3 π1(Φ
′) ¥�a. ÏLÜ·�ÀJ, ·��±b� γ1 · · · γ2g+2 = 1

´Ä�+ π1(Φ
′) = 〈γ1, · · · , γ2g+2〉 )¤�¤÷v���'Xª.
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� Z Ú W ©O´ π1(S̃
′) Ú π1(P̃

′) 3 C þ�R�Ü©. ·�k±e��ã

π1(F )

��

π1(F
′)oo //

��

π1(Φ
′)

��
Vf

��

Zoo //

��

W

��

π1(S̃) π1(S̃
′)oo // π1(P̃

′)

Ún 4.4.1 � B ´ γ2
1 , · · · , γ

2
2g+2 3 W ¥��)¤��5f+ ( γ1 · · · γ2g+2 = 1), @o

(1) Z ´ W ��I� 2 �f+, �k÷�� Z → Vf .

(2) π1(F
′) �� π1(Φ

′) �f+, d@
�L�óê� γi (½ γ−1
i ) �¦È����¤. AO/, k

π1(F ) = π1(F
′)/〈γ2

1 , · · · , γ
2
2g+2〉.

(3) Vf ∼= Z /(Z ∩ B), l
küÓ� Vf → W /B.

y² (1) 5¿� π̃ : S̃′ → P̃ ′ ´Ã©Ü�gCX, � π1(S̃
′) �±À� π1(P̃

′) ¥�I� 2

�f+. ,��¡, ·�k÷Ó� π1(S̃
′) → π1(S̃) = π1(S).

(2) ��5guÄ�+O�. (3) ´ (1)(2) �íØ. �

é?Û+ G, ·��±é���Ó�u Z⊕r
2 �4���û+, ¡� G �L 2 û (2-torsion

quotient), n ¡�L 2 û��. ·�P G̃ = G/[G,G] � G � Abel z, Ù¥ [G,G] ´��zf)

¤��5f+. b� N � G ´�5f+, ¦� G/N ´L 2 û, Kw,k [G,G] < N , � G̃ � G

k�Ó�L 2 û. d	, G �ü��Ý�3 G̃ ¥w,éAÓ���.

- A = W̃ /B ´ W /B � Abel z. dÓ� Vf → W /B, ·���p�Ó� Vf → A .

íØ 4.4.1 Vf 3 A ¥��Ò´ Vf �L 2 û. AO/, XJ W ´��+, K Vf ��´

L 2 û.

y² ·��I��ÄÛÜ�/, = π1(F ) 3 π1(F ) → G̃ ¥�� H TÐ´ π1(F ) �L 2

û, ùp G̃ ´ G = π1(Φ
′)/〈γ2

1 , · · · , γ
2
2g+2〉 � Abel z.

Äk5¿� γ1 · · · γ2g+2 = 1, Ïd

G̃ ∼= Z⊕2g+1
2 .

,��¡, H 3 G̃ ��I� 2, � H ∼= Z2g
2 . du π1(F ) �L 2 û��� 2g, Ïd H Ò´ π1(F )

�L 2 û. �

lþãy²�±w�Vf 3 A ¥��´ H �û+.

íØ 4.4.2 ([Xia91], Ún 5) (1) XJ W ´d��î��´)¤�Ì�+, @o Vf =

{1}.

(2) XJ W dü�î��´)¤, K�o Vf = {1}, �o Vf = Z2.

(3) XJ W dn�î��´ γ1, γ2, γ3 )¤, ��3,�î��´ γ4, ¦� γ1γ3γ2γ4 ∈ B, @o

Vf ´ Z ⊕ Z �û+.

- 70 -



1oÙ n�zÿÀ5�

y² ·��Ä (3). d� Vf = 〈γ1γ2, γ2γ3〉. qÏ� (3 Vf ¥)

γ1γ2 · γ2γ3 · (γ1γ2)
−1(γ2γ3)

−1 = (γ1γ3γ2)
2 = γ2

4 = 1,

¤± Vf ´��+. �

� R̃1, · · · , R̃m ´ R̃ ¤kY²Ø��©|, R̃m+1, · · · , R̃n ´ R̃ ¤kR�Ø��©|. � γ̃i

´�7 R̃i �î��´3 A ¥����. ��BO�, ·�ò A ¥�$��¤\{/ª, ü �

P� 0. dÚn 4.4.1 �, A d γ̃1, · · · , γ̃m )¤, Vf �L 2 ûd A �¤k�L�óê� γ̃i ��

Ú���)¤.

b� D ´�^R�Ø��­�, �Øá3 R̃ ¥, p1, · · · , pt ´ D � R̃ ��:, ri ´ D ¥7

pi ���´3 A ¥��. ·�Äk�á�Ù ri Ú γ̃i �m�'X. b�,� R̃j � D 3 pi ?�

ÛÜ��ê� d. XJ d = 1, @où´î���, l
 ri = γ̃j. XJ d > 1, Kd{ü�/C�

±w�, ri = dγ̃j . ,��¡, du D ∼= P1, �3 A ¥w,k
t∑
i=1

ri = 0, ¤±·���'Xª

n∑

i=1

(R̃iD)γ̃i = 0.

òd(Jí2�����/, =�Xe(Ø.

Ún 4.4.2 � D = D1 + · · · + D2s+1 ´ P̃ ¥ d 2s + 1 ^ Ø � � R � ­ � | ¤ � ó

(DiDi+1 = 1, DiDj = 0, | i− j |> 1), � D2,D4, · · · ,D2s ¹u R̃ ¥, K3 A ¥k'Xª
n∑

i=1

(R̃iD)γ̃i = 0. (4-2)

y² é s �8B{. s = 0 �/þ¡®y. b�é < s �/þ¤á. � δ ´�7 D2s �î

��´3 A ¥��. é D′ = D1 + · · · +D2s−1 ^8B^�=�

δ +

n∑

i=1

(R̃iD
′)γ̃i = 0.

é D2s+1, dþ¡?Ø, �k

δ +

n∑

i=1

(R̃iD2s+1)γ̃i = 0.

5¿�, R̃iD2s �o´", �o´Kóê, ��\þ¡�ª=�¤I. �

5 4.4.1 (1) D �©|3n�¥�­êéª (4-2) vkK�.

(2) R�©| R̃j (j > m) éA�î��´� γ̃j 3 A ¥�7�". dþ¡�?Ø, §��½�±

�Ù¦ γ̃i (i ≤ m) L«.

(3) du R̃ ´óØf, ¤±ª (4-2) ´óê� γ̃i �Ú, �§´ Vf �L 2 û¤�÷v�^�.

·�ò;�)� σ : (P̃ , R̃) → (P,R) ©)�üÜ©, σ1 : (P̃ , R̃) → (P̂ , R̂) Â Ü© (−1)-­

�, ¦� P̂ �©Ü;, R̂ �¹��ÑÛ:. σ2 : (P̂ , R̂) → (P,R) Â Ù¦ (−1)-­�, �z�g

Â ���Û:ÑØ´��ÑÛ:.

Ún 4.4.3 � R̃i Ú R̃j ´ R̃ ¥�ü�Ø��©|, §�3 P̂ ¥��©|ÏL��ÑÛ:

p, @o3 A ¥k γ̃i + γ̃j = 0.
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y² �I�	za��ÑÛ:�)�ã, ¿$^Ún 4.4.2 =�. äNy²3�Öö. �

íØ 4.4.3 R̂ �z��R�ëÏ©|¥?��Ø��©|�î��´, =�)¤ A .

� R̂ ¥ ¤ k ¹ � R � Ü © � ë Ï © | � R1, · · · ,Rk, = ¹ R � Ü © � ë Ï © | �

Rk+1, · · · ,Rl. P

R′ = R1 + · · · + Rk, R′′ = Rk+1 + · · · + Rl.

dþãíØ, �� γ̃i ´ Ri (i ≤ k) �î��´3 A ¥��. (ÜÚn 4.4.2, ·�kXe½n.

½n 4.4.1 Vf �L 2 ûd@
�L�óê� γ̃i �Ú���)¤, �=÷v±eùa'X

ª:

� D = D1+· · ·+D2s+1 ´ P̂ ¥ 2s+1 ^R�Øf|¤�ó (DiDi+1 = 1, DiDj = 0, | i−j |> 1),

Ù¥ D1,D3 · · · ,D2s+1 ´Ø¹u R̂ ¥�Ø��­�, D2,D4, · · · ,D2s ¹u R′′ ¥, � D Ø� R′′

Ù¦©|��, K
k∑

i=1

(RiD)γ̃i = 0. (4-3)

y² d½n^�, D2i ¢Sþ´,�R�ëÏ©|. du R̂ ´óØf, ¤±�o RjD =

0, �o RjD = R2
j = RjR̂ ´Kóê (j > k). Ón, R′D �´óê. ù�, (4-3) �>´óê� γ̃i

�Ú (i ≤ k).

díØ 4.1.4, Vf �L 2 û¥�'Xª�ûu P̃ ¥¤kn�Jø�'Xª. 5¿� P̃ ¥�

n�Ñ´kn­�ä, ¤± T ¥�'XªÑ5guÚn 4.4.2 ¥�'Xª. òÚn 4.4.2 LÞ�

P̂ �/, 'Xª (4-3) ¥Ã γ̃i �XêÛó5Øu)UC (�Öö�y). �

íØ 4.4.4 � R̂ k k �¹�R�Ü©�ëÏ©|, K Vf �L 2 û��Ø�L k − 1. X

JÙ¥���R�éÏ©|�.­� C �ÝK´Ûêg�, KT�Ø�L k − 2.

AO/, �º� g = 2 �, XJ¤këÏ©|� C �ÝK´óêg�, Ù��u k − 1; ÄK,

�� k − 2 (ë� [Xi87b, Ún 4]).

y² c�Ü©´½n 4.4.1 ���íØ.

yy��Ü©. ÷v'Xª (4-3) �óØ
��n��	, Ñd R � (3 → 3) .Û:�Ñ.

��)�ùaÛ:, �±w�ù��óp��'Xª�o²�, �oÚ��n�þp��'X�

�. Ïd Vf �L 2 û����ûu��n�Jø�'Xª, dd�y(Ø. �

½n 4.4.2 � f : S → C ´º� 2 n�z, τ ´ Vf �L 2 û��, @o 0 ≤ τ ≤ 4. ?�

Ú, XJ τ = 4, K λf = 7; XJ τ < 4, K λf ≥ τ + 2.

y² ©�/?Ø.

Case 1. � τ = 4 �, 7k k = 6, RiF = 1, l
ÛÉ5�ê s2 = 0, = λf = 7.

Case 2. � τ = 3 �, ·��±ò R̂ ©�ü�pØëÏ�Ü© R̂ = R̂1 + R̂2, ¦�

R̂1F = R̂2F = 3. � Ri ´ R̂i 3 P ¥�� (i = 1, 2). díØ 5.1.5, R1R2 = 3
10r(R). qdÚn

5.3.2 O��� r(R) = s2 + 12s3, l
 R1R2 = 3
10s2 + 18

5 s3.
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,��¡, R1 Ú R2 �U3 R �Ø��ÑÛ:��, ¤±3ùaÛ:?���ê� 4 (�5

¿, ùp��)Ã¡�CÛ:). ù� 4s3 ≥ R1R2, l
 4s3 ≥ 3s2. u´

λf =
2s2 + 14s3
s2 + 2s3

≥ 5.

Case 3. � τ = 2 �, �o R̂ = R̂1+R̂2, R̂1F = R̂2F = 3; �o R̂ = R̂1+R̂2+R̂3, R̂iF = 2,

i = 1, 2, 3. c�«�/®y λf ≥ 5, 8?Ø���/. Ø�� Ri Óþ, r(R1) ≥ r(R2) ≥ r(R3).

aq/, ·�k

R1R2 = r(R1) + r(R2),
1

5
r(R) = r(R1) + r(R2) + r(R3),

l
 R1R2 ≥ 2
15r(R) = 2

15s2 + 8
5s3. du3 R �z�Ø��ÑÛ:?, R1 Ú R2 ���êØ�

L 2, Ïd 2s3 ≥ R1R2, = 3s3 ≥ s2. u´

λf =
2s2 + 14s3
s2 + 2s3

≥ 4.

Case 4. � τ = 1 �, R̂ = R̂1 + R̂2, R̂1F = 2, R̂2F = 4. � Ri Óc, K·�aq/k

R1R2 ≥ 1
5r(R), s3 ≥ 1

4R1R2, l
 8s3 ≥ s2, = λf ≥ 3. �

½n 4.4.3 � f : S → C ´º� g �ý�n�z, ��Ç÷v

λf < 4 −
1

g − 1
,

@o Vf k²��L 2 û.

y² y²�½n 4.4.2 aq. ·�b� Vf �L 2 û�²�, K R̂ �±
¤pØëÏ�ü

Ü© R̂ = R̂1 + R̂2, R̂1F = d1, R̂2F = 2g + 2 − d1, d1 ≤ g + 1 ��óê. Ø�b� R̂2 �¹¤k

R̂ ��áR�©|. � Ri ´ R̂ 3 P ¥��.

díØ 5.1.5,

R1R2 =
d1

4g + 2
r(R) +

g + 1 − d1

d1 − 1
r(R1).

·��8I´�O r(R) �þ.. � p ´ R þ�Ø��ÑÛ: (�)Ã¡�C:��/), ιp ´

R1 Ú R2 3 p ���ê, rp � r(R1) 3 p þ�Ü©, Kk

R1R2 =
∑

p

ιp, r(R1) ≥
∑

p

rp.

� p ´ (2k + 1 → 2k + 1) .Û:�, � d � R1 3 p �­ê, K

ιp = 2d(2k + 1 − d), rp = 2d(d − 1).

� p ´ 2k �óÛ:�, Kk

ιp = d(2k − d), rp = d(d− 1).

ÏL·���O (�y3�Öö�¤), �ª·���

r(R)

4g + 2
≤

g+2∑

i=3

cisi,
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ùp

ci =

{
i− 1, i ´Ûê,

1
3 (i− 1), i ´óê.

,��¡, díØ 5.3.2 �

r(R) = s2 − 2sg+2 +

[ g+1

2
]∑

k=1

(8k2 + 4k)s2k+1 +

[ g+1

2
]∑

k=2

(4k2 − 2k)s2k. (4-4)

ddá� λf ≥ 4 − 1
g−1 , �Ò¤á��=� d1 = 1, sk = 0 (k ≥ 4). �

|^�Ó��{, [Xia91, Ún 12] y²
Xe(Ø. k,��ÖöØ�Áyd(Ø.

·K 4.4.1 XJ R̂ �±©)�ü�ØëÏ�Ü© R̂ = R̂1 + R̂2, ÷v 4 ≤ R̂1F ≤ R̂2F ,

K λf ≥ 4 + 1
2g−3 .

íØ 4.4.5 XJ λf < 4 + 1
2g−3 , @o Vf ´ Z ⊕ Z �û+.

5 4.4.2 [Xia91] �y²
, � λf < 4 � (g = 2 �, λf < 3.4), Vf = {1} ½ Z2 (��ë�

[Xi87a, ½n 1’]).

4.5 �ý�­�x�ÿÀ (II)

��º� g ­�òz f : S → ∆ XJ÷v±e^�, K¡��ý�­�x ( Hyperelliptic

family): Ft = f−1(t) ´�ý�­�, ∀t ∈ ∆∗ = ∆ − {0}. �ý�­�x (f, S,∆) V�X�,�

�gCX π0 : S0 → ∆ × P1 (� [Hor75]).

�8Ü PHg ´dº� g �ý�­�x¥äk±ÏN��ÿÀü�¤éA��Ýa|¤. d

u1w�ý�­��3g,�éÜN� (Hyperelliptic involution) I : Σg → Σg, I
2 = idΣg

, �Ù

�Ýa [I] ∈ PHg. � [φ] ´,��ý�­�x�ÿÀü�, @o [φ · I] = [I · φ] (3�Ööy²).

� (t, u) ´ ∆ × P1 �ÛÜ�I, Eg ´dXe�a�§½Â� ∆ × P1 þ�gCX�8Ü:

(I) z2 = (u− 1)
δ∏
i=1

(up − αit
q), (pδ = 2g + 1),

(II) z2 = u(u− 1)
δ∏
i=1

(up − αit
q), (pδ = 2g),

(III) z2 =
δ∏
i=1

(up − αit
q), (pδ = 2g + 2),

(IV) z2 = t
δ∏
i=1

(up − αit
q), (pδ = 2g + 2),

(V) z2 = (u− 1)
2g+1∏
i=1

(u− αit),

(VI) z2 =
2g+2∏
i=1

(u− αi).

ùp p, q ´p����ê, p 6= 1, �Ã αi ´üüØÓ�Eê.

½n 4.5.1 ([Is04b], ½n 1.5) �N� Θ : Eg → PHg ´ò Eg ¥��gCXéA�§ÿÀ

ü�. @oTN�Ün, ��÷�. �ó�, þã8a�gCXéA�­�òzÑ´�ý�­�

x; ��, ?Û�ý�­�x7�^Ù¥,a�gCX¢y.
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y² �uy²[!Lu�¡, ·�ùp�0����V�g´, äN?Øë� [Is04b].

Äk, 5¿�±ÏN���ÝadÛÉn��|Ü(���(½. du±ÏN�éA�ÛÉ

n�4��5��.=¹��Ì©|, Ïdé�A��gCX©Ü;,Û:äkér���^

�. �d/, ·��±�Ä;�)� σ : P̃ → ∆ × P1. ÏL[�©Û P̃ → ∆ ¥%n���©|

¤I÷v�(�'X, ·��ª���©�gCX¤k�U�ÛÜ�§. �

ÏLaqþãy²��{, [Is04a] ��©a
º� 3 �ý�­�x. ��þÒ´|^�«¡

þ�gCX;�)�, ò¥%n� F0 ��«¡þ�n� Π(F0) �,
©|­ê�'�, üØ�

�ý�ÿÀü�, ¿é�ý��/�Ñ
¤k�gCX�§. ùp·�~Þ±ÏN��/äN0

� [Is04a] ��{, §¢Sþ�´½n 4.5.1 ���íØ.

íØ 4.5.1 äk±ÏÿÀü��º� 3 ­�òz, XJ3,�ÄC��äk±e�d�

�, @o§Ø�U´�ý�­�x:
1

7
+

2

7
+

4

7
,

1

4
+

1

4
+

1

4
+

1

4
,

1

3
+

1

3
+

1

3
+

1

3
+

2

3
.

y² b�1
7 + 2

7 + 4
7 ´�ý��, K��E�«¡þ�gCXp�n�z, ¦�¥%n�

F0 T�TN�� MM-û. � F0 = 7C0 +C1 +2C2 +4C2 + · · · , C0 ´±ÏÜ©éA�Ø©|, Ù

{Ã Ci � C0 ë�. ^ Π(Ci) L« Ci 3;�)���gCXe��; F0 ��n�P� Π(F0).

du Ci 3n� F0 ¥�­êpØ�Ó, Ïd Π(Ci) 3 F0 ¥�pØ�Ó. qÏ�C0 � Ci

��, ¤±Π(C0) � Π(Ci) �mk����´ DC0Ci
ë�§�, ¿�ù
�´pØëÏ. 5¿

Π(F0)´knä, ¤±7k�^�´, 'X DC0C1
, 3 Π(C0) C� (−1)-­�c���Â . qÏ

� Π(C0) 3 Π(F0) ¥­ê´ 7, ¤±ùÒ½¦ Π(C1)3 Π(F0) ¥­ê´ 7 ��ê, gñ! ÏdØ

�3�ý�n�zk±þ�Nd. Ù{üa�/��aqüØ. �

5 4.5.1 ù«�{�U�í2�ngCX�/. [CDTY] A^ù��{�E
z�akn

n­:�ÛÜngCX�§.

ÏL ÛÜ�gCX�§�;�)�, ·��±��O�Ñùa�ý�­�x�ÿÀü�.

~ 4.5.1 Ø���5, ·�b�þã8a�§¥� αi = e2πi
√
−1/δ, i = 1, · · · , δ.

(1) 3 (I) .�§¥� p = 2g + 1, q = 1 � z2 = (u − 1)(u2g+1 − t). §éA
±Ïd�
1

4g+2 + g
2g+1 + 1

2 ��ý�­�x, ÙÿÀü�P� [φ1].

(2) 3 (II) .�§¥� p = 2g, q = 1 � z2 = u(u− 1)(u2g − t). §éA
±Ïd� 1
4g + 2g−1

4g + 1
2

��ý�­�x, ÙÿÀü�P� [φ2].

(3) 3 (III) .�§¥� p = 2g+2, q = 1 � z2 = u2g+2− t. §éA
±Ïd� 1
2g+2 + 1

2g+2 + g
g+1

��ý�­�x, ÙÿÀü�P� [φ3].

(4) 3 (IV) .�§¥� p = q = 1 � z2 = t(u2g+2 − t2g+2). §éA
±Ïd� 1
2 + · · · + 1

2 (�

2g + 2 �) ��ý�­�x, ÙÿÀü�TÐ´éÜN���Ýa [I]. �

Ún 4.5.1 � fi : Si → ∆ (i = 1, 2) ´ü��ý�­�x, Di ´ fi éA�ÛÜ�gCX

©Ü;,. b� D1 Ø¹R�n� Γ0, ¿� D2 = D1 + Γ0. � ωi ´ fi �ÿÀü�¥�,�N�

a, @o [ω2] = [ω1 · I].
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y² b� fi éA�ÛÜ�gCX�§©O� z2 = Fi(u, t), Ù¥ F2(u, t) = t · F1(u, t),

F1(u, 0) 6= 0. � t = eθ
√
−1, �7 t = 0 ÷X{ü�´r���,

z(θ) =
√
F2 = e

√
−1θ/2 ·

√
F1(u, eθ

√
−1)

TÐl��ü�5«�?\
,��, l
 z(2π) = −z(0). dd=�(Ø. �

·K 4.5.1 ([Ish07], Ún 1.3) � [φ] ∈ PHg, K�3��ê k ¦� [φ] 7�u±e,��

Ýa:

(a) [φk1 ], (b) [φk2 ], (c) [φk3 ], (d) [φk3 · I],

ùp φi ½Â�~ 4.5.1.

y² Ø���5, ·�b�½n 4.5.1 8a�§¥� αi = e2πi
√
−1/δ , i = 1, · · · , δ. �

fi : Si → ∆ ´ [φi] éA��ý�­�x.

�§ (I) �du z2 = (u−1)(u2g+1 − tqδ). �E f1 �ÄC� h : ∆ → ∆, h(t) = tqδ. w�, ù

�p�n�zéA�©Ü;,TÐ÷v�§ (I). Ïd§�ÿÀü� [φ] = [φk1 ], =·K¥� (a).

Ón��, �§ (V) Ú (VI) ©OéA·K¥� (b) Ú (c). dÚn 4.5.1, �§ (IV) éA (d). �

�Ä±e��ý�­� Σg, I ´éÜN�, p�
�gCX π : Σg → P1 = Σg/I, Pi ´ I �

ØÄ:, Qi = π(Pi). Ci ´�
{ü4�´.

��
��

��
��

��
��

- -- - -
- -

� �

-

�q q q q q q q q
C1 C3 C2g+1

C2 C4 C2g

?
IP0 P1 P2 P3 P2g P2g+1

éu�ý�n�òz, [BH71] �Ñ
éÜN� I � Dehn Û=�L«

[I] = [TC1
TC2

· · · TC2g+1
TC2g+1

· · ·TC2
TC1

],

d? TCi
´'u Ci �mÃ Dehn Û=. ·�ò?Ø����±ÏN��Ýa��L«. �dI

�±eÚn.

Ún 4.5.2 P1 ¥ë� Q0Qi ��ã�±��J,� Σg ¥L P0, Pi �{ü4´, P� di,

K

Tdi
= T−1

Ci
T−1
Ci−1

· · ·T−1
C2
TC1

TC2
· · · TCi−1

TCi
.

y² d��O���±eÓè'X

di = T−1
Ci
T−1
Ci−1

· · ·T−1
C2

(C1). (4-5)

(Ü [Lic64, Ún 1] =�¤I�ª. �
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½n 4.5.2 ([Ish06, Ish07]) � [φi] X~ 4.5.1, @o [φi] kXe Dehn Û=L«

(1) [φ1] = [TC1
TC2

· · ·TC2g
];

(2) [φ2] = [TC1
TC2

· · ·TC2g
TC2g

];

(3) [φ3] = [TC1
TC2

· · ·TC2g
TC2g+1

].

AO/, d·K 4.5.1 ��, �ý�­�x�±ÏÿÀü�Ñk�L«.

y² ·�± (3) �~, Ù{�/aq�y. ��B?Ø, ·�Ø��

∆ × ∆′ = {(t, s) ∈ C × C | | t |< 4(2g + 1), | s |< 2}.

� D ´ P1 × ∆ × ∆′ þ�óØf, ÙÛÜ�§½Â�

h(u, t, s) := u2g+2 − (2g + 2)su+ t = 0,

d? u ´ P1 �ÛÜ�I. ± D �©Ü;,, �E�gCX Θ : M → P1 × ∆×, ÛÜ�§�½Â

� y2 = h(u, t, s). ùÒp�
g,ÝK Ψ : M → ∆ × ∆′. d{ü�O��� Ψ−1(t, s) ´1w

­���=� t2g+1 − (2g + 1)2g+1s2g+2 6= 0. Ï
 Ψs : Ms → ∆s = ∆ × {s} Tk 2g + 1 ��.

: (s 6= 0):

tj = (2g + 1)s · s1/(2g+1)e2πj
√
−1/(2g+1), j = 0, · · · , 2g,

¿�z�ÛÉn�Ñ����(:. Ψ0 �k�^ÛÉn�, ÙÿÀü�éA [φ3].

�?Ø�B, 8Ø�� s = 1. ·��	 Ψ1M1 → ∆ − 1 �ü�Ó�. � Ψ−1
1 (0) �ë�n

�, §éA��n��©Ü;,�~� 2g + 2 �: Q0 := {u = 0} 9

Qj := {u = (2g + 2)1/(2g+1)e2πj
√
−1/(2g+1)},

Pi = Θ∗
(0,1)Qi TÐ´éÜN��ØÄ:. � Li ´ ∆1 ¥ë� t = 0 Ú t = ti ��ã, γi ´ ∆1 ¥

± t = 0 �Ä:, ��7�.: ti �{ü4´.

� di ´�ã Q0Qi J,� Ψ−1
1 (0) ¥�{ü4´. d{ü�O���, � t ÷X Li ëY£Ä

�, Q0 � Qi ª�uÓ�:, Ï
 P0 � Pi ª�uÓ�:. �ó�, di ´"z�´. d Kas ½n

[Kas80] (½�~ 4.3.1), Ψ−1
1 (0) ÷X li �ü�Ó�Óèu Tdi

. y3(Ü·K 4.3.6 Úþã?Ø,

·�k

[φ3] = [Dd2g+1
Dd2g

· · ·Dd2Dd1 ]. (4-6)

dÚn 4.5.2 9 Dehn Û=�G'X (�5 4.2.2), �±��O���

[φ3] = [TC1
TC2

· · ·TC2g
TC2g+1

].

�d·��¤
y². �

5 4.5.2 ù
(J����A^Ò´O� Picard-Lefschetz ü�Ý
. ¢SþÒ´|^·

K 4.2.1 � Picard-Lefschetz úªO� H1(Σg,Z) ¥�;�Ä3�X� Dehn Û=e��. c¡¤

Þ�ý�n�z~f 4.2.2 �´Ud�{O�Ñü�.

3½n 4.5.2 �y²¥, ·�òÛÉn��©�/C�8(��«¡þ�gCX©Ü;,�

Û:/C. ù��{�Ïé�ý�­�x��fn���|Jø
�15. e¡·�{�0�

Arakawa Ú Ashikaga [AA01] [AA04] 3ù�¡�ó�.
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Äk·�£�­�Û:©�/C� A’Campo-Gusein Zade nØ (ëw [Cam75, GZ74]). �

(C, p) ⊆ C2 ´3 p ��� U0 SÛÜ­�, (C, p) ´Û:. �Ä (C, p) = (C0, p0) ��X��u

(U0, C0) (U1, C1)
σ1oo · · · · · ·oo (Ur, Cr),

σroo

Cr ´ C �����, C̃r ´î���. � Q ´ Cr ¥�,�~	­�©| Ej0 þ�:, V ´ Q �

ÛÜ��, ÛÜ�I� (x, y), Q = (0, 0); y = 0 ´ Ej0 �ÛÜ�§. C̃
(1)
r , · · · , C̃

(k)
r ´ C̃r ¥²L

Q �ÛÜØ��©|, ÛÜ�§� g(j)(x, y) = 0 (j = 1, · · · , k). ù�
k∑
j=1

C̃
(j)
r �ÛÜ�§���

g(x, y) :=

k∏

j=1

g(j)(x, y) = 0.

·�kb� Ej0 	vkÙ¦~	­�©|²L Q. d�·��±½Â V × ∆ ¥�Øf D,

dÛÜ�§ g(x − ϕ(u), y − ψ(u)) = 0 ½Â, d? u ´ ∆ �ÛÜ�I, ϕ(u), ψ(u) ´�X¼ê,

�÷v ϕ(0) = ψ(0) = 0. b� Du ´ D 3 U × {u} þ���, KÏLÜ·�À�, ��¦­�

Du � Ej0 �~� (C̃r · Ej0)Q �ØÓ�:, �¹k���Û: Qu = (ϕ(u), ψ(u)) (Ø3 Ej0 þ).

�·�Â ­#K¤k~	­�©|, Du C¤�^�¹ü��áÛ:�­� Mu, Ù¥��

Û:3 p ?, ,��K� Q �Ó. ^©�x��ó5`, ·�k±en�z π : M → ∆, ¦�

M0 = π−1(0) � C ��, Mu = π−1(u) Óþ.

XJ�3,��~	­�©| Ej1 ²L Q (�§��� x = 0), @o�±À�Ü·� ϕ,ψ,

¦� Du � Ej1 ��~� (C̃r · Ej1)Q �ØÓ�:. ù�·����÷vþã^��n�z

π : M → ∆. ·�¡ù�� π � (C, p) � A .�C (Fisson), ½ö` (C, p) ÏL Q NC�6Ä

�C¤ (Mu, p) Ú (Mu, Q).

XJ Ej1 ²L Q, � ψ(u) ≡ 0, @o·�k,�«�C. d� Du k��Û: Qu = (ϕ(u), 0)

3 Ej0 þ, 
 Du � Ej1 �~� (Ej1 · C̃r) �ØÓ:. ù�·��±�E π : M → ∆, ¦� Mu

(u 6= 0) �k��Û:3 p ?, �TÛ:��5� (C, p) ØÓ. ·�¡ π � B .�C.

~ 4.5.2 (1) ­�Û: x3 + yn = 0 (0 < 3k < n)ÏL6Ä1 k g�u��Ã¡�CÛ:

�C¤Û: x3 + y3k = 0 Ú x3 + yn−3k = 0.

(2) ­�Û: x5 + y3 = 0 ÏL B .�C� (x4 + y2)(x+ y) = 0. �

�
�E�ý�­�x�©�/C, ·��I��E�«¡þ�gCX�©Ü;,Û:�

�C. � W = P1 ×∆ þk��ÛÜ�gCX, ©Ü;,� R, Γ0 ´ W �¥%n�. �?Ø�B,

·�k±eAaAÏ� (W,R).

aaa... 00: R Ø¹ Γ0 ���ö3�: P ?1w��ü­, 3Ù¦�:?�~�. §éA��ý�

n�Þ´=���Ø�©l:�­½­�.

aaa... I: R Ø¹ Γ0 �3�: P ∈ Γ0 ?kÏ~ 2g′ + 2 ­: (1 ≤ g′ ≤ [g−1
2 ]), ����� Γ0 Ø

Ó, R � Γ 3Ù¦�:?�~�. §éA��ý�n�Þ´�ü�Ø�©l:�­½­�, kü

�Ø��©|, º�©O� g′ Ú g − g′ − 1.

aaa... II: Γ0 ⊆ R, �ÄXe�X��u

(W,R) (W1, R1)
σ1oo · · · · · ·oo (Wn, Rn),

σnoo
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¦� Rn �Û:Ñ´Ï~Û:. � Γi ´ Γ0 3 Wi ¥�����. §�÷v±e^�:

(a) Rn �¹ Γi,

(b) Rn �Û:Ñ´óê­,

(c) Ri �óê­Û:Ñ´Ï~Û: (1 ≤ i ≤ n),

(d) XJ Ri � Γ0 3: P Ø´ 1-��, @o3�u�g P �, R1 − Γ1 � Γ1 ´ 3-��,

(e) XJ R k��Ï~�­:, @oÙY²Ü© Rhor � Γ0 ´ 3-��.

(ü^­�3�: Q ´ n-��, ´�§�3 Q ?��¹��ÛÜØ��©|, ¦�ùü�©|3

Q ?�u n g�E,��).

5 4.5.3 ÛÉn�¥��©l: (Separable point) ´�ù��(:: �KT:���n

�ØëÏ. ��, K¡T(:�Ø�©l:.

·K 4.5.2 ([AA01]) ?Û�ý�n�Þ7UÏL�X�©�x©�¤�
a. 00 ½a

. I ½a. II éA�ÛÉn�Þ. AO/, XJ Horikawa ê HF = 0, @o F U©�¤�
a.

00 �n�Þ.

íØ 4.5.2 ([AA04]) º� 3 �ý�n�zU©�¤±eAa:

aaa... 00: ÛÜ�§� z2 = (t+ u2)(u6 − 1), éA�n�Þ´���Ø�©l:�­½­�.

aaa... I: ÛÜ�§� z2 = (t4 + u4)(u4 − 1), éA�n�Þ´�ü�Ø�©l:�­½­�, dü

^1wý�­�|¤.

aaa... II(i): ÛÜ�§� z2 = (u3 + t6)(u5 − 1), éA�n�Þ´����©l:�­½­�.

aaa... II(ii): ÛÜ�§� z2 = (t2 + u4)(t2 + (u+ 1)4), éA�n�Þ´�^�­n�, �ü��

©l:, Q�Ü©dü^1wý�­�9�^ (−2) ­�|¤.

aaa... II(iii): ÛÜ�§� z2 = (t4 + u8), éA�n�Þ´�^�­1w­�.

AO/, ÏL�ÛÉ5/C, a. II(ii) n�Þ�±©��a. I Úa. II(iii).

5 4.5.4 a. II éA�º� g n�Þ´Ä�±?�Ú©)¤�{ü�ÛÉn�, E´�

�)û�¯K.

k��´, �ý�n�Þ�©�/CU�± Horikawa ê HF ±9 eF ØC.

·K 4.5.3 ([AA04]) ��ý�n�Þ F k©� F → Fu,1 + · · · + Fu,l, @o

HF =
l∑

i=1

HFu,i
,

eF =

l∑

i=1

eFu,i
.

AO/, �ý�n�z�/CØK�Ù�éØCþ.

y² 3�ý��/, ÿÀ�I Sign(S) = K2
f − 8χf �±ÏLn��ÛÜ�z�5O�,

= Sign(S) =
∑
F

σ(F ). [Ter00] �Ñ σ(F ) ´ [End00] ½Â�ÿÀÛÜÎÒ�. ù�, σ(F ) Ú eF

��ÿÀa.�ÛÜ�I, 3©�/Ce�±ØC. 5¿�

HF =
2g + 1

g
σ(F ) +

g + 1

g
eF .

Ï
 HF 3/Ce��±ØC. �
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'uiù­¡òz��õÿÀ5�, Öö�±ëw Ashikaga Ú Endo �nã5©Ù [AE06],

½cö� Konno �nã©Ù [AK00].

�ÙSK

SK 4.1 y²Ún 4.1.3 (3) ¥� π′′ ´÷�.

SK 4.2 � f∆ : S∆ → ∆ ´ F0 �ÛÜn�Þ, � F0 Ø´­n�. y²: π1(S∆) �uÙ

R�Ü©.

SK 4.3 � π : C̃ → C ´k�ÄC�, f̃ : S̃ → C̃ ´p��n�z, y²: π∗ |Vf̃
: Vf̃ → Vf

´÷�, AO/, � π ´ØCÄC��, §´Ó�. Þ~`²���/e, TN��7´Ó�.

SK 4.4 � K ´R�Ü© Vf �äkk��I��5f+, K�3 π1(S) ¥���äk

k��I�f+ J ¦� J ∩ Vf = K .

SK 4.5 Á^ÿÀ�{y²: üëÏn�Ø�U´­n�.

SK 4.6 ÁO��­½º� g ÛÉn�� Picard-Lefschtz ü�Ý
.

SK 4.7 �Ñ¤kº� 2 iù­¡�±ÏN�.

SK 4.8 y²íØ 4.3.3.

SK 4.9 �äNy²Ún 4.4.3 �(Ø.

SK 4.10 y²·K 4.4.1.

SK 4.11 � f : S → C ´ý�n�z, �¤kÛÉn�Ñ´1w­���ê�, y²:

Vf ∼= Z ⊕ Z.

SK 4.12 ÁO�~ 5.6.4 �R�Ü©�L 2 û.

SK 4.13 � Ṽ ´ Vf � Abel z, Ṽ �ÃLÜ©��� r. y²: qf ≤ r
2 .

SK 4.14 � f : S → ∆ ´�ý�­�­�x, ÿÀü�� [φ], I : Σg → Σg ´éÜN�.

y²: [φ · I] = [I · φ].

SK 4.15 y²úª(4-5).
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5.1 AÛ�«¡

ù�!¥·�� f : S → C ´º� 0 �é4�n�z. ·�ùpÚ¡�AÛ�«¡ (Ruled

surface).

Ún 5.1.1 � f : S → C ´AÛ�«¡, K

(1) �²�ê κ(S) = −∞.

(2) F 3ê��da+ Num(S) ¥Ø�Ø.

(3) Neron-Severi + NS(S) ∼= H2(S,Z).

(4) � D ´ S þ÷v DF = 1 �Øf, K� n≫ 0 �, k h0(D + nF ) ≥ 2.

y² (1) � F ´��n�, F ∼ P1, KSF = −2. b�é,���ê n, �5X | nKS | �

�. Ø�� E ∈| nKS |, Ïd EF = −2n, ùÒÚ F � nef 5gñ! � κ(S) = ∞.

(2) b� F 3ê��da+¥�Ø, = F ∼ nD, n > 1. u´ D2 = 0, DKS = − 2
n . 5¿�

DKS ´óê, ¤± n = 1, gñ! � F Ø�Ø.

(3) d�Ü� −→ H1(S,O∗
S) −→ H2(S,Z) −→ H2(S,OS) = 0 á�.

(4) �Ä�Ü�

0 −→ OS(D + (n− 1)F ) −→ OS(D + nF ) −→ OF (D + nF ) −→ 0.

§p�þÓN�Ü�

0 −→ H0(D + (n− 1)F ) −→ H0(D + nF )
an−→ H0(OP1(1))

−→ H1(D + (n− 1)F )
bn−→ H1(D + nF )−→H1(OP1(1)) = 0.

d bn �÷�5�, h1(D + nF ) ≤ h1(D + (n− 1)F ) ≤ · · ·h1(D). Ïd� n ¿©��, bn ´Ó�,

l
 an ´÷�. ù� h0(D + nF ) ≥ h0(OP1(1)) = 2. �

·K 5.1.1 � f : S → C ´AÛ�«¡, K7�3 f ��¡ Γ.

y² � F ´��n�. du {DF | D ∈ Pic(S)} ´ Z ¥�f+, �7�u dZ (d ≥ 1).

ùÒp�
÷Ó� NS(S) → Z, D → 1
dDF . 5¿� NS(S) ∼= H2(S,Z), d
\4éó½n,

��. ∪ : NS(S) × NS(S) → Z äkü�5. Ïdþã�Ó�L², �3 D′ ∈ Pic(S), ¦�

D′D = 1
dDF , � F ∼ dD′. dÚn 5.1.1 �� d = 1, l
�� D ¦� DF = 1.

dÚn 5.1.1, é¿©���ê n, �5X | D + nF | ¹kk�Øf D′,K D′F = 1. Ïd D′

¥k��Ø��©| Γ, ÷v ΓF = 1, = Γ ´�¡. �

íØ 5.1.1 � Γ ´AÛ�«¡ f : S → C ��¡, @o E = f∗OS(Γ) ´� 2 �ÛÜgd
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�, ��3Ó� π : S → P1(E), ¦eã��

S
π //

f ""DD
DD

DD
DD

D P1(E)

ϕ0

��
C

ùp ϕ0 : P1(E) → C ´�Km. AO/, S Vkn�du C × P1.

y² ·K�c�Ü©3�Öö; ��Ü©´·K 1.2.3 ���íØ. �

·K 5.1.2 � Γ ´AÛ�«¡ f : S → C ��¡, K Pic(S) ∼= f∗Pic(C) ⊕ Z[Γ].

y² � D ∈ Pic(S), d = DF . P D′ = D − dΓ, u´ D′F = 0. XJ D′ ≥ 0, @o D′ �

¤k©|Ñá3n�¥. 5¿�z^n�Ñ´1w�K��, ¤± D′ �z�Ø��©|Ñ´Ó

�u P1 n�, = D′ ∈ f∗Pic0(C).

XJ D′ Ø´k�Øf, @oÚn 5.1.1, é¿©���ê n, �5X | D + nF | ¹kk�Ø

f D′′. aqþã?Ø, D′′ ∈ f∗Pic(C), l
 D′ ∈ f∗Pic(C).

�e�Ò´y² f∗Pic(C)
⋂

Z[Γ] = 0. b��3 B ∈ Pic(C) 9,�ê n, ¦� f∗(B) ≡

nΓ. u´ 0 = nΓF = n, ��(Ø. �

íØ 5.1.2 � Γ ´AÛ�«¡ f : S → C ��¡, F ´��n�. @oê��d+

Num(S) ∼= Z⊕Z, d Γ Ú F )¤. ·�k KS ∼ −2Γ + (2g(C)− 2 + Γ2)F . AO/, K2
f = χf =

ef = 0.

íØ 5.1.3 q(S) = g(C), pg(S) = 0.

íØ 5.1.4 AÛ�«¡ f : S → C �õ�k���¡g�ê�K.

y² � Γ,Γ′ Ñ´g�ê�K��¡, Γ′ ∼ Γ + rF . u´ r = Γ′2 − ΓΓ′ < 0, 
 r =

ΓΓ′ − Γ2 > 0, gñ! �

£�k�Øf D ��é©Ü�ê r(D) = D2 +DKS/C .

íØ 5.1.5 � D ´AÛ�«¡ f : S → C ¥?¿k�Øf, F ´��n�, d = DF , K

r(D) = (1 − d)KS/CD,

dr(D) = (d− 1)D2.

� D′ ´,�k�Øf, d′ = D′F , @o

2(d− 1)(d′ − 1)DD′ = d′(d′ − 1)r(D) + d(d− 1)r(D′).

=

2DD′ = −d′KS/CD − dKS/CD
′.

y² (D,F,KS/C ) ´dn�Øf�¤���êÝ
. 5¿�d�ê��d+=dü��

)¤, ¤±TÝ
�1�ª� 0. ��ÐmT1�ª=�cüª. ?�Ú, é (D +D′, F,KS/C )

aq?Ø, =�1nª. �
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é�«¡þ�Øf�5X, ·��±��°[�©Û.

·K 5.1.3 � Γ ´AÛ�«¡ f : S → C ��¡, e = −Γ2, 0 ≤ k ≤ 2, b = g(C).

(1) � n > 2b− 2 + k + max e, 0 �, | nF + Γ | 7´ k-�©�;

(2) � e > 0, n = 2b+ e �, | nF + Γ | 3 U = X \ Γ þ´ 2-�©�, =�~´L.

y² (1) ��5guíØ 1.2.2.

(2) XJ | nF + Γ | Ø´ 2-�©�, @oØ÷vÕá5^��:�¹3Øf D S, D

÷v DF = 1, D ≤ 2b + r(D) − DΓ. b� D = Γ′ +
r∑
i=1

Fi, Γ′ ´�¡, Fi ´n�. ù�

n ≤ 2b− r − Γ′Γ ≤ 2b+ e. e n = 2b+ e, K r = 0, Γ′ = Γ, = D = Γ. �

�.­� C ∼= P1 �, ?Û� 2 ÛÜgd�Ñ©��ü��m�Ú, ÏdÙ�Kmo���

P(OC ⊕ OC(−e)), e ≥ 0. ù���Km½Â��«¡, ¡� Hirzebruch ­¡, P� Fe. díØ

5.1.1, P1 þ��«¡7´ Hirzebruch ­¡, �þã� e ´§�ØCþ.

� [t0 : t1] ´ P1 �àg�I, Ui = {ti 6= 0} (i = 0, 1). ·�P t = t1
t0

9 s = t0
t1

©O´ U0 Ú

U1 �ÛÜ���I. �Ä©�� OP1 ⊕OP1(e), Ù�¡��� si : Ui → C2, x → (si1(x), si2(x))

(i = 0, 1), ÷v

si =

(
1 0

0 ( titj )
e

)
sj.

^ s̄i := [si1 : si2] L« si 3�Kz�éA��¡, ·�w,�±�Eü�g,��¡:

σ0 = {s̄i : Ui → P1, x→ [1, 0] |},

σ∞ = {s̄i : Ui → P1, x→ [0, 1] |}

©OP C0, C∞ � σ0, σ∞ 3 Fe þéA�Øf.

íØ 5.1.6 Hirzebruch ­¡ Fe þäk�¡ C0, C∞, ¦�

(1) C0 ≡ C∞ + eF , C0C∞ = 0, C2
0 = −C2

∞ = e ≥ 0.

(2) | C0 |=| eF + C∞ | ½Â
�XN�

ϕ : Fe → Σe,

ùp Σe ⊆ Pe+1 ´ e gknI, v = ϕ(C0) ´I:, Fe \ C∞ ∼= Σe \ {v}.

m­¡ Fe \ C∞ ´��m8 Vi = Ui × C �¿, ùp Vi �ÛÜ�I©O� (t, u) Ú (s, v). §

��m��IC�� t = 1
s , u = v

se .

íØ 5.1.7 � b ≥ ea > 0, @o�5X | aC∞ + bF | ¥�Øf3 V0 ¥o�±^Xe/ª

��§L�:
a∑

i=0

di(t)u
a−i, deg di(t) ≤ b− ea+ ei.

AO/, ·�k

h0(aC∞ + bF ) = (a+ 1)(b + 1) −
a(a+ 1)

2
e,

h1(aC∞ + bF ) = 0.

ÏL�IC�, ·��U�� V1 �ÛÜL�ª.
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5.2 ý�n�z

ù�!¥, ·�� f : S → C ´º� 1 �é4�n�z. §¡�ý�n�z (Elliptic

fibration). � F ´ÛÉn�. 5¿� KS/CF = 0, ¤±� Fred ���, d Zariski Ún��, §�

z�Ø��©|Ñ´ (−2)-­�. |^ÿÀü�9 MM-½n�?Ø, ·��±��±e��²�

�ý�n�©a�L.

½n 5.2.1 (Kodaira ©a½n [Kod60]) � F = mF0 ´ÛÉn�, m ´n��­ê. F k

±eAa�/.

�/ A: F ´ü­n�, = m = 1.

I0 .: F ´�ÛÉý�­�, Ù Picard-Lefschetz ü�.(
1 0

0 1

)

I1 .: F ´�k��(:�kn­�, Ù Picard-Lefschetz ü�.(
1 1

0 1

)

Ib . (b ≥ 2): F d b ^ (−2)-­�Ä���ë¤���, éóãP� Ãb−1, Ù Picard-Lefschetz

ü�. (
1 b

0 1

)

II .: F ´�k��Ï~k:�kn­�, §�ÿÀü�éAd� 1
6 + 1

3 + 1
2 �±ÏN�, Ù

Picard-Lefschetz ü� (
1 1

−1 0

)

III .: F ´ü^��� (−2)-­�, §�ÿÀü�éAd� 1
4 + 1

4 + 1
2 �±ÏN�, Ù Picard-

Lefschetz ü� (
0 1

−1 0

)

IV .: F ´n^ (−2)-­��uÓ�:, §�ÿÀü�éAd� 1
3 + 1

3 + 1
3 �±ÏN�, Ù

Picard-Lefschetz ü� (
0 1

−1 −1

)

I∗0 .: F ´ D̃4 ., §�ÿÀü�éAd� 1
4 + 1

4 + 1
4 + 1

4 �±ÏN�, Ù Picard-Lefschetz ü�
(
−1 0

0 −1

)

I∗b . (b ≥ 1): F �éóã´ D̃b+4 ., §�ÿÀü�éA�kV>����±ÏN�, 3 2 gÄ
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C��=C� I2b .. Ù Picard-Lefschetz ü�(
−1 −b

0 −1

)

II∗ .: F ´ II .n��éó�., éóãP� Ẽ8, §�ÿÀü�éAd� 5
6 + 2

3 + 1
2 �±ÏN

�, Ù Picard-Lefschetz ü� (
0 −1

1 1

)

III∗ .: F ´ III .n��éó�., éóãP� Ẽ7, §�ÿÀü�éAd� 3
4 + 3

4 + 1
2 �±Ï

N�, Ù Picard-Lefschetz ü� (
0 −1

1 0

)

IV ∗ .: F ´ IV .n��éó�., éóãP� Ẽ6, §�ÿÀü�éAd� 2
3 + 2

3 + 2
3 �±Ï

N�, Ù Picard-Lefschetz ü� (
−1 −1

1 0

)

�/ B: F ´õ­n�, = m > 1. d� F ´ mIb . (b ≥ 0), = F0 ´ Ib ., ¿�üök�

Ó� Picard-Lefschetz ü�.

dþ¡�©aL, ·�w,k±eíØ.

íØ 5.2.1 ý�n�z�ü­ÛÉn�Þd Picard-Lefschetz ü���û½. ?�Ú, ü

­ÛÉn�´�­½���=�§Ø´üëÏ�.

� L ´ C þ�?¿�_�. |^·K 1.2.3 9�Kúª, ·�k;����N�

f∗(f∗ωS/C ⊗ L ) −→ ωS/C ⊗ f∗L .

5¿� f∗ωS/C d��´�m, �þã���", Ïd�3 S þ�k�Øf D , ¦�

ωS/C ⊗ f∗L = f∗(f∗ωS/C ⊗ L ) ⊗OS(D). (5-1)

Ún 5.2.1 � f : S → C ´ý�n�z, F ´n�, @o

(1) K2
S/C = 0.

(2) XJ F Ø´­n�, @o OF (ωS/C) ∼= OF .

(3) XJ F = mF0 ´ m ­n�, K OF0
(ωS/C) = OF0

((m− 1)F0).

y² � L ¿©´L�, (5-1) ª�>�mk�N�¡, �§éA�k�Øf� H. u´

HF = 0, l
 H �Ø��©|Ñá3n�¥, �k K2
S/C = H2 ≤ 0. qÏ� K2

S/C ≥ 0, �

K2
S/C = H2 = 0. éun� F , d Zariski Ún, H ∼ γF . AO/, e F ´ü­n�, K γ ´�ê.

ù�Òy²
 (1)(2).

þ¡�?Ø�`² OF0
(ωS/C) = OF0

(aF0), é,��ê a ¤á. dÚn 1.1.1, �� 0 ≤ a ≤

m − 1. |^��úª, ·�k OF0
((a + 1)F0) = OF0

(KF0
). 5¿� F0 ´ Ib . (b ≥ 0), dÚn

1.1.3 ��, OF0
(KF0

) = OF0
´²��, �Ún 1.1.1 íÑ m | (a+ 1), = a = m− 1. �
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½n 5.2.2 � {Fi = miDi}
r
i=1 ´¤kõ­n�, ùp mi > 1 ´ Fi �­ê, K

ωS/C = f∗f∗ωS/C ⊗
r∏

i=1

OS((mi − 1)Di),

=

ωS/C = f∗f∗ωS/C ⊗
r∏

i=1

OS((1 −
1

mi
)Fi).

AO/, KS/C ∼ (χ(OS) +
r∑
i=1

(1 − 1
mi

))F .

y² 3úª(5-1) ¥, �¿©´L�m L , �¦ D á3¤k­n�¥. aq/?Ø��

D2 = 0, � D =
r∑
i=1

aiDi. òª (5-1) ©O��3 Di þ, KdÚn 5.2.1 á�(Ø. �

íØ 5.2.2 XJ f : S → C ´ý�n�z, @o�²�ê κ(S) ≤ 1. �L5, XJ��4

�­¡ S ��²�ê κ(S) = 1, K§7k��ý�n�z.

y² XJ f : S → C ´ý�n�z, � F ´��n�. dc¡?Ø��, OF (KS) = OF ,

Ïd·�k±e�Ü�

0 −→ OS(nKS − kF ) −→ OS(nKS − (k − 1)F ) −→ OF −→ 0.

Ïd h0(S, nKS − (k− 1)F ) ≤ h0(S, nKS − kF ) + 1. AO/, ·�k h0(S, nKS) ≤ h0(S, nKS −

kF ) + k.

� S þ¿©´LØf H ±9�ê a > KSH
FH , u´ (KS − aF )H < 0, ùL² h0(KS − aF ) =

0. (Üþã?Ø, ·���h0(S, nKS) ≤ h0(S, nKS − naF ) + na = na. ùÒíÑ κ(S) ≤ 1.

�L5, � S ��²�ê�u 1. ·��±é��ê n, ¦� h0(S, nKS) ≥ 2, ���

| nKS |=| M | +Z, ùp Z ´�½Ü©, M ´£ÄÜ©. du K2
S = 0, � KS nef, � M2 =

MZ = KSM = KSZ = 0. Ïd |M | ÃÄ:, ½Â
���X�� ϕ : S → Σ ⊆ PN . du ϕ Â

  | M | S�?Ûk�Øf, � dim Σ = 1. |^ Stein ©), ·�Ò����n�z f : S → C.

é f ���n� F , k 0 ≤ KSF ≤ KSM = 0, = KSF = 0, l
 f ´ý�n�z. �

éu κ(S) = 0,−∞ �­¡, XJ§�ký�n�z, @o·��±|^½n 5.2.2 �Ñ��

°[�ØCþ�x. Öö�±ë� [Xia92, ½n 3.2.4], d?Ø2Kã.

½n 5.2.3 � f : S → C ´ý�n�z, �¹k�^�1wõ­n��ÛÉn�, KR�

Ü© Vf = {1}. AO/, XJ f : S → C Ø¹­n�, @o π1(S) = π1(C).

y² b� Vf 6= 0, ·���Ñgñ.

d·K 4.1.2 �� f : S → C Ø¹küëÏn�. Ïdd©a½n 5.2.1 �¤kÛÉn�Ñ

´ mIb .. ?�Ú, dSK 4.3 �, ?ÛÄC��, ÙR�Ü©Ñ�". ÏLÜ·�ÄC�, ·

�Ø�b� f : S → C �­½, �k�¡, §3z^1wn�þp�
��éÜN�, ¦�§

��3n�þ´ØÄ:. LÞ��Nþ=p�
��AÛ�«¡ ϕ0 : P0 → C þ��gCX

π : S0 → P0, S Vknu S0. ÏLÜ·�ÄC�±9 ϕ0 : P0 → C þ�VknC�, ·��±b

�©Ü;,d�¡|¤, �¤k©Ü;,Û:Ñ´�­:, � ϕ0 : P0 → C ?Û�^n��õk

��ù��Û:.
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db�, f : S → C �ÛÉn� F ′ Ñ´ Im .. � F0 ´§3 P0 ¥��n�. ù� F0 TÐ

k���­:; ØT:�	, F0 ��©Ü;,î���ü:. Ï�©Ü;, R d�¡|¤, �

RF0 = 4, �Ø�� R =
4∑
i=1

Ri, R1, R2 3 F0 þ�u�: p. d�«¡�5���, R1 + R2 �

R3 +R4 ��k���: q(6= p). � F ′′ ´ S ¥�n�, Ù3 P0 ¥��n�L q.

díØ 4.1.4, Vf = π1(F )/H, ùp F ´��n�, H ´¤kÛÉn�"z�´)¤f+.

dþ¡�?Ø, F ′, F ′′ Jø
 F ¥ü�ØÓÔ�"z�´. Ïd H = π1(F ), = Vf = {1}. ù�

·�m©�b�gñ!

·K��Ü©��5gu·K 4.1.1. �

íØ 5.2.3 � f : S → C ´� isotrivial �ý�n�z, �Ø¹õ­n�, K Neron-Severi

+ NS(S) Ø¹L�.

y² � η ´ Pic(S) � n �L�. §p�
²ÐCX Π : S̃ → S, = π1(S) = π1(C) ¥�

��I� n ��5f+ H. H �p�
 n �²ÐCX π : C̃ → C. ´� Π ´ π �.£, l
 η

´ Pic(C) ¥,� n �L� γ �.£, � γ ∈ Pic0(C). d��ã

H1(S,OS)
αS // Pic(S)

c1 // NS(S)

H1(C,OC)

OO

αC // Pic(C)

f∗

OO

// H2(C,Z)

β

OO

=� η ∈ Pic0(S). �

íØ 5.2.4 ([Moi77], ½n 10) � f : S → C ´�é4�ý�n�z, K S ´üëÏ­¡

��=�§÷v±e�^�:

(1) C ∼= P1;

(2) f ¹k�^Ø´1wõ­n��ÛÉn�;

(3) f �õkü^õ­n�, �e f Tkü^õ­n�, @o§��­êp�.

y² XJ (1)(2)(3) ¤á, @od½n 5.2.3 9·K 4.1.1�� π1(S) = {1}.

��, b� S üëÏ, @o Vf = Hf = {1}. u´d·K 4.1.1 9íØ 4.1.3 ��, (1)(3) ¤

á, � qf = 0, l
 (2) ¤á. �

5.3 �ý�n�z

� f : S → C ´º� g ≥ 2 ��ý�n�z, =��n�Ñ´º� g �1w�ý�­�. d

·K 1.2.3 (2), ·�kd f∗ωS/C p��knN� ΦK , ÷v±e��ã

S
ΦK //_______

f ��=
==

==
==

=
P(f∗ωS/C)

zzuuu
uu

uu
uu

u

C
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5¿���n�´�ý��, Ïd ΦK ��´��AÛ�«¡ ϕ0 : P0 → C. Ïd ΦK ¢Sþp

�
 S � P þ����gCX. ?�Ú, ·�k±e��ã

S0

π0

��~~
~~

~~
~~

S̃
τoo

ρ

��
P0

@@
@@

@@
@@

@@
@@

@@
@@

Ŝoo ǫ //

bΦ
��

τ0

OO

S

ΦK���
�

�
�

f

��
P0 ϕ0

// C

ùp ǫ : Ŝ → S ´�X��u�EÜ, ¦� Φ̂ : Ŝ → P0 ¤��g��, ¿��±b� Ŝ Ø¹R�

� (−1)-­�. é Φ̂ � Stein ©), ¦� π0 : S0 → P0 ¤��gCX. τ : S̃ → S0 ´é S0 ¤kÛ

:�;�)�¤���1w­¡. d�é4��.���5, ·��±ÏLÂ  S̃ ¥�¤kR

� (−1)-­��� S, = ρ : S̃ → S.

ù�, �
ïÄ�ý�n�z, ·��I�?ØAÛ�«¡ ϕ0 : P0 → C þ��gCX

π0 : S0 → P0. �¡·�¬w�, ^|Ü(�9ÿÀü���{?Ø�ý�ÛÉn��©a, v

k���¢Sd�; 
^�gCX©Ü;,�5�5�x�ý�ÛÉn�´����Úk��

�{. Ó�/, ^�gCXO�n�z�ØCþ��~��B, ¿��±��ß/w�ÛÜ�

�N�m�éX. ù«­��g��{�@5gu Horikawa [Hor77] éuº� 2 n�z�ïÄ.

Matsusaka [Mat90] ?Ø
������/. �f [Xia92] 3 Horikawa �Ä:þ�
��U?,

Ú\
ÛÉ5�ê�Vg.

�Ä�gCX π0 : S0 → P0 �;�)�.

S̃ = Sk
τk //

π̃=πk

��

· · · · · · // S2
τ2 //

π2

��

S1
τ1 //

π1

��

S0

π0=π

��
P̃ = Pk

σk // · · · · · · // P2
σ2 // P1

σ1 // P0

(5-2)

ùp σi+1 ´ Pi 3 πi �©Ü;,Û: pi ?��u. Si+1 ´ Pi+1 ×Pi
Si ��5z. π̃ = πk k1

w�©Ü;,. Ïd S̃ = Sk ´1w�. ·�P σ = σ1 · · · σr, Ei ´ σi éA�~	­�, Ei ´ Ei

3 σ e�����.

� mi ´©Ü;,Û: pi �­ê, wi = [mi

2 ]. π0 Ú π̃ �©Ü;,©OP� R Ú R̃. d

Hurwitz úª��, RF = 2g + 2. ?�Ú, d�gCX�O���,

R̃ = σ∗R− 2

k−1∑

i=0

wiEi+1,

K2
eS = 2K2

P0
+ 2KP0

R+
1

2
R2 − 2

k−1∑

i=0

(wi − 1)2 (5-3)

χ(OeS) = 2χ(OP0
) +

1

8
R2 +

1

4
KP0

R−
1

2

k−1∑

i=0

wi(wi − 1).

Ún 5.3.1 � f : S → C ´º� g �ý�n�z, π0 : S0 → P0 ´d f p���gCX,
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π̃ : S̃ → P̃ ´;�)�, ε ´ÏL ρ : S̃ → S Â �R� (−1)-­�^ê. @o

K2
f =

g − 1

2g + 1
r(R) − 2

k−1∑

i=0

(wi − 1)2 + ε,

χf =
g

4(2g + 1)
r(R) −

1

2

k−1∑

i=0

wi(wi − 1),

ef = r(R) − 2

k−1∑

i=0

(2wi + 1)(wi − 1) − ε.

ùp r(R) ´©Ü;, R ��é©Ü�ê.

y² díØ 5.1.5 9�gCXØCþúª (5-3) á�. �

5 5.3.1 ρ : S̃ → S Â R� (−1)-­�, ¿��==Â  S̃ þ@
�á�R� (−1)-­

�. ¯¢þ, k�Ü©R�K½­���¿� (−1)-­�, �´3Â 
Ù¦­���, §��C

¤
 (−1)-­�, ¤± ρ ��Â §�.

|^�é©Ü�ê�½ÂÚúª(5-3), á�±e(Ø.

Ún 5.3.2 � R̃ ´ π̃ �©Ü;,. @o

r(R) = r(R̃) + 2

k−1∑

i=0

wi(2wi − 1).

d	,

r(R̃) = r(R̃h) −
∑

E⊆ eRv

2,

ùp R̃h (�A/, R̃v) ´ R̃ �Y²(�A/, R�)Ü©, E �H¤kR��©Ü;,Ø��©|.

Ún 5.3.1 ÚÚn 5.3.2 `² f ��éØCþO�Ì��ûu©Ü;,Û:�)�êâ wi

±9R� (−1)-­��^ê. Ïd, ·�I�é©Ü;,Û:?1ê�þ�©a, ±B?�Ú{

zþã�ØCþO�úª. Äk·��±|^AÛ�«¡�VknC�, ò©Ü;, R 5�z.

Ún 5.3.3 ò π0 : S0 → P0 �©Ü;, R �Y²ÚR�Ü©©OP� Rh Ú Rv. @oÏ

LéAÛ�«¡ ϕ0 : P0 → C �Ü·�VknC�, o�±b� (P0, R) �é4�, �÷v±e

^�:

(1) Rh þz�Û:�­êØ�L g + 1. AO/, R �Û:­êØ�L g + 2, XJT� g + 2 �,

@oLTÛ:�n� F 7á3 Rv ¥.

(2) ϕ0 �n� F �õ�¹�� Rh þ� g + 1 ­Û:. ?�Ú, XJ g ´óê, � F ÏL Rh ¥

g + 1 ­Û:, @o F Øá3 Rv ¥.

÷vd^�� (P0, R) ¡�5��..

y² c�Ü©�ë� [Xia92, Ún 5.1.1], Ù{�/�Öögy. �

±eXÃAO(², ·�ob� (P0, R) ´5��..
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5 5.3.2 ·�ùp�5��.' [Xia92] �r�
. Ì�8�´�
üØ [Xia92, Ún

5.1.2] ¥ g �óê�üaAÏ�/.

£�;�)����ã (5-2), Ei+1(⊆ Pi+1) ´ÏL�u©Ü;,Û: pi(∈ Pi) ���~	

­�, Ù3 P̃ = Pk ¥������ Ei+1. ��Bå�, 3Ø�· ��¹e, ·�ò Ei+1 3

P̃ = Pk ¥�î����P� Ei+1. du pi ´©Ü:, ¤± π̃∗Ei+1 �|8´ëÏ�K½­�. ·

�^ Z1,i L«T|8þ�Ä�4ó (Fundamental cycle), ¿- Z2,i := π̃∗Ei+1 − Z1,i. ±e�k

�(Ø�±�Ï·�©a�gCXÛ:.

·K 5.3.1 þã©) π̃∗Ei+1 = Z1,i + Z2,i ÷v±e5�:

(1) Z1,i > Z2,i ≥ 0. ?�Ú, XJ Z2,i > 0, @o§�´g�|8þ�Ä�4ó.

(2) Z1,iZ2,i = 0.

(3) wi = pa(Z1,i) + pa(Z2,i), ùp wi = [mi

2 ], mi ´©Ü;,Û: pi �­ê.

·�¡ Zs,i � pi �1 s-Ä�4ó. AO/, ±e�/��7½¤á:

(a) π̃∗Ei+1 = Z1,i, Z2,i = 0. d� Z2
1,i = −2, pa(Z1,i) = wi − 1.

(b) Z2
1,i = Z2

2,i = −1, wi ≥ pa(Z1,i) ≥ pa(Z2,i) ≥ 0. d� Ei+1 á3©Ü;,¥. � π̃∗Ei+1 = 2Γ,

K Γ ≤ Z2,i < Z1,i.

y² 5¿ −2 = (π̃∗Ei+1)
2 = Z2

1,i+Z2
2,i+2Z1,iZ2,i, mªn�Ñ�u�u". e Z1,iZ2,i <

0, KíÑ Z2
1,i = 0, gñ! Ïd7k Z1,iZ2,i = 0, Z2

1,i+Z2
2,i = −2. XJ Z2

1,i = −2, @o Z2,i = 0.

±eb� Z2
1,i = −1, @o Z2

2,i = −1. d�díØ 1.1.2 á� Z1,i > Z2,i. é?ÛØ��

©| Γ ≤ Z2,i, Ï� Z1,iZ2,i = 0, ¤± ΓZ1,i = 0, l
 ΓZ2,i = Γπ̃∗Ei+1 = π̃∗ΓEi+1 ≤ 0, Ï

d Z2,i ´g�|8þ�4ó. � D ´ Z2,i |8þ�Ä�4ó, w,k Z2,i − D ≥ 0. 2d

−1 = Z2
2,i = D2 + (Z2,i − D)2 + 2D(Z2,i − D) ≤ D2 ≤ −1 íÑ Z2,i = D. ù�·�Òy²


 (1)(2). d�, ·��Ø��©| Γ ≤ Z2,i, ¦� ΓZ2,i < 0, l
 Γπ̃∗Ei+1 < 0, ,��¡

Z1,i > Z2,i ≥ Γ, ¤± 2Γ = π̃∗Ei+1, = Ei+1 á3©Ü;,¥.

d Hurwitz úª KeS = π̃∗(K eP + 1
2R̃) 9ª (5-3) á� pa(π̃

∗Ei+1) = wi − 1, =� (3). ·K�

�Ü©´��íØ. �

5 5.3.3 'u­¡Û:ÚÄ�4ó��õ¯¢, k,��Öö�±ëw [Art62, Art66],

[Mil68], [Lau71, La77, Lau77], [Tyr68], [Wag70], [Yau79, Yau80] ��.

£� ρ : S̃ → S Â ¤kR� (−1)-­��.

Ún 5.3.4 3;�)�ã (5-2) �PÒe, b� Γ ´� ρ Â �R�Ø��©|, E =

π̃(Γ) ´Ù3 P̃ ¥��©|. @o

(1) E ´á3©Ü;,¥� (−2)-­�, l
 Γ ´ (−1)-­�.

(2) XJ Γ 5g~	­�, @o3;�)�¥�3,�©Ü;,Û: pi ÷v·K 5.3.1�/ (b),

�k E = Ei+1, Z2,i = Γ.

(3) XJ Γ 5gu P0 �,^n� F0 �.£��, @o g ´Ûê, F0 á3R�©Ü;, Rv ¥,

� Rh � F0 ���� g + 1 ­: p0, ÛÜ��ê� 2g + 2.

y² ÏL�u�L§, ·��±�E S̃ þ��k�Øf D = ρ∗ρ∗Γ ÷v: DΓ = D2 =

−1, pa(D) = 0, � D ´g�|8þ�Ä�4ó.
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·�ò ρ ©�üÜ©: ρ1 : S̃ → S′ kÂ dÛ:�;�)��)� (−1)-­�, ρ2 : S′ → S

Â �e�R� (−1)-­�.

Step 1. Äk�Ä Γ � ρ1 Â ��/. d�þã D �|8��á3~	­�¥.

·�é���eI i ¦� π̃∗Ei+1 �¹ D �|8. d i ���5, π̃(D) 7½�¹ Ei+1, l


π̃∗Ei+1D < 0. Ï� Z1,i ≥ D, �dÄ�4ó�5��� Z1,iD = 0 (�SK 5.7, ½ [Wag70]).

ùÒ½¦ pi 7L÷v·K 5.3.1�/ (b), l
 Z2,iD < 0. díØ 1.1.2 � D = Z2,i. d�

2Γ = π̃∗Ei+1, Ei+1 á3©Ü;,p.

ùL², � ρ1 Â �~	©|�U5gu©Ü;,©|�.£; �ó�,@
Ø3©Ü;,

¥�©|.£�Ø�U�z� ρ1 Â �­�. du Ei+1 ´�á�©Ü;,©|, ¤±�
�y

Γ �Â , 7L�¦ E2
i+1 = −2, = Γ2 = −1, l
díØ 1.1.2 k Z2,i = Γ.

Step 2. Ùg�Ä Γ � ρ2 Â ��/, � Γ 5gu P0 �,^n� F0 �.£��. d ρ2

�½Â, §7LkÂ ù��©|.� F̃0 ´ F0 3 P̃ S�î���. ·�©�/?Ø:

(1) XJ π̃∗F̃0 dü�Ø��©||¤ (Γ ´Ù¥��), Kd1�Ú�� F̃0 ´ (−1)-­�, ù

35��.¥´Ø�U�!

(2) XJ π̃∗F̃0 Ø��, � F̃0 Ø3©Ü;,¥. Ï� Γ ´kn­�, ¤±ù� F̃0 �©Ü;

,�~�ü:. (Ü1�Ú, ·��±w�, � ρ1 Â �­�¥, �õkü^� Γ �� (Ï�§

�3 P̃ ��á3©Ü;,p), �3Â §�� Γ C� (−1)-­�. ùL² Γ2 ≥ −3, l
½¦

F̃ 2
0 = −1, ù35��.¥´Ø�U�!

(3) XJ F̃0 3©Ü;,¥, @od1�Ú�?Øá� F̃0 �U´�á� (−2) ­�, l
 Γ

´ (−1)-­�. d�, (Ü5��.��¦, éN´�y: g ´Ûê, F0 á3R�©Ü;, Rv ¥,

� Rh � F0 ���� g + 1 ­: p0, ÛÜ��ê� 2g + 2. ?�Ú, éþãù«AÏ�©Ü;,

Û:�;�)�. aq�/ (2) �?Ø��, ρ2 Ø2Â Ù¦?Û©|. �

y3·��Ñ�gCXÛ:�ê�©a. 3;�)�ã (5-2) �PÒe, pi 7½Ñy3±e

�/��:

(Iw) ...: ([Xia92]�¡Ù� (2w + 1 → 2w + 1) .Û:) Z2
1,i = Z2

2,i = −1, pa(Z2,i) = 0, wi = w.

d� Ei+1 á3©Ü;,¥, � π̃∗Ei+1 = 2Γ, K Γ = Z2,i. ?�Ú, �u�g pi �, Ei+1 þ=

k�����Ã¡�C: pi+1, §�)�êâ wi+1 = w + 1; 2g�u pi+1, Ei+1 ¤��á

(−2)-­�.

�
��@
@@

� �
(−1) (−2)

pi
pi+1

duù« pi Ú§�Ã¡�C: pi+1 o´¤éÑy, ¤±·�S.þo´r§�'�3�

å, w���“Û:”. ù���Ð?´, 3O��éØCþ�U
{zL�ª. � g ´Ûê�,

(I g+1

2
) .Û:=Ún 5.3.4 (3) ¤£ã�Û:.

(IIw) ...: ([Xia92]�¡Ù� 2w �Û:) pi Ø÷vþãa., �Ø´þãa.Û:'��Ã¡�

C:, � wi = w.

AO/, (II1) .Û:={üÛ: (�1 3.1 !i\)�), [Xia92] �¡Ù���ÑÛ:, Ï

�ùaÛ:éª (5-3) ¥Û:)�Ü©��z�� 0. ?�Ú, §éA��gCX­¡Û:Ò´

ADE Û:.
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d	, � f : S → C �­½�, (IIw) .Û:�du÷v Z2
1,i = −2, Z2,i = 0, wi = w �Û:.

~ 5.3.1 �©Ü;, R kÛ: p = (0, 0).

(1) XJ p �ÛÜ�§� x3 + y6 = 0 �Û:Ò´ (I1) .Û:, = (3 → 3) .Û:. §�~	­�

´á3©Ü;,, Ù.£Jø
�^ (−1)-­�. �u�g p �, ~	­�þk��Ï~o­:.

(2) XJ p �ÛÜ�§� x3 + y3 = 0 �Û:Ò´ (II1) .Û:, = 2 �Û: (¦+­ê´ 3). §

�~	­��á3©Ü;,¥, �Ù.£ØJø (−1)-­�. �u�g p �, ~	­�þkn�Ï

~�­:. �

� F ´ f : S → C �n�, F0 ´ F 35��. (P0, R) ¥éA��n�. ·�÷^ [Xia92]

�DÚPÒ, ± s2w+1(F ) L«©Ü;, R 3 F0 þ� (Iw) .Û:�ê (Ñy3;�)�¥�ù

aÛ:ÑA�)3Ù¥, eÓ); ± s2w(F0) (w > 1) L« R 3 F0 þ� (IIw) .Û:�ê. ·�

Ø^ s2(F ) L« R 3 F0 þ�{üÛ:�ê, §kÙ¦�¹Â, äNXe: � R̃h ´ π̃ �©Ü;

,�Y²Ü©. ·�^ r(R,F ) L« R̃h � C �ÝK3: f(F ) þ�©Ü�ê; l(R,F ) L« F 3

P̃ ¥��n�S¤�¹�� (−2)-­��Ø��©Ü;,©|�^ê. � ν(R,F ) ´ F þ¤k

{üÛ:�z�AÛº�oÚ. y3·�½Â

s2(F ) = 2ν(R,F ) + r(R,F ) − 2l(R,F ).

nþ, ¤kù
 sk(F ) (2 ≤ k ≤ g + 2) �¡� F �ÛÉ5�ê (Singularity counts).

duØ
k�� F �	, ù
 sk(F ) Ñð�", Ïd·��±½Â sk =
∑
F
sk(F ), ùp F

�H f : S → C ¤kn�. sk Ø�6u5��.�À� (� [Xia92, ½n 5.1.4]), ¡� f �ÛÉ

5�ê. �5¿, � g ´ó (Ûê) ê�, sk �eI k Ø�L g+ 1 (g+ 2). �Ú�å�, éu g ´

óê�/, ·�5½ sg+2 = 0.

íØ 5.3.1 � ε ´ ρ : S̃ → S ¤Â �R� (−1)-­�^ê, K

ε =

[ g+1

2
]∑

k=1

s2k+1 + sg+2.

y² ù´Ún 5.3.4 ���íØ. I�5¿�´, � g ´Ûê�, (I g+1

2
) .Û:Jø
ü

^ (−1)-­�, äN�Ún 5.3.4 �/(3). �

½n 5.3.1 [[Xia92], ½n 5.1.7] � f : S → C ´�é4��º� g �ý�n�z, sk

(2 ≤ k ≤ g + 2) ´ f �ÛÉ5�ê. ·�k

(2g + 1)K2
f = (g − 1)s2 + 3sg+2 +

[ g+1

2
]∑

k=1

aks2k+1 +

[ g+1

2
]∑

k=2

bks2k.

(2g + 1)χf =
g

4
(s2 − 2sg+2) +

[ g+1

2
]∑

k=1

k(g − k)s2k+1 +
1

2

[ g+1

2
]∑

k=2

k(g − k + 1)s2k,

ef = (s2 − 3sg+2) +

[ g+1

2
]∑

k=1

s2k+1 + 2

[ g+1

2
]∑

k=2

s2k,

ùp

ak = 12k(g − k) − 2g − 1, bk = 6k(g − k + 1) − 4g − 2.
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y² nÜÚn 5.3.1!Ún 5.3.2 ÚíØ 5.3.1 á�. �

� F ´n�z f : S → C �?Ûn�. £� eF = χtop(F ) − (2 − 2g). d�gCXÛ:�

Laufer úª (�SK 5.9) �í�

eF = (s2(F ) − 3sg+2(F )) +

[ g+1

2
]∑

k=1

s2k+1(F ) + 2

[ g+1

2
]∑

k=2

s2k(F ). (5-4)

§w�þã½n¥�NØCþ ef ���ÛÜz�/.

·�½Ân� F � Horikawa ê.

HF := sg+2(F ) +

[ g+1

2
]∑

k=1

(
4k(g − k)

g
− 1

)
s2k+1(F ) + 2

[ g+1

2
]∑

k=2

(
k(g − k + 1)

g
− 1

)
s2k(F ).

éº� 2 n�z
ó, Horikawa ê HF ��Xe½Â (�SK 5.12)

HF := length coker (S2f∗ωS/C →֒ f∗(ω
⊗2
S/C))p, p = f(F ) (5-5)

íØ 5.3.2 � F ´n�z f : S → C �n�.

(1) HF ≥ 0, �Ò¤á��=�©Ü;,3 F éA��n�þ�Û:�õ´��ÑÛ:.

(2) K2
f −

4(g−1)
g χf =

∑
F

HF ≥ 0, ùp F �H¤kn�.

(3) �NØCþ K2
f , χf Ú ef �±ÏLn�Þ�ÛÜ�z�5O�, =

K2
f =

3g

2g + 1

∑

F

HF +
(g − 1)

2g + 1

∑

F

eF ,

χf =
g

8g + 4

∑

F

HF +
g

8g + 4

∑

F

eF ,

ef =
∑

F

eF .

íØ 5.3.3 � f : S → C ´�é4�º� 2 �ý�n�z, K

(1) HF = s3(F ), eF = s2(F ) + s3(F ). AO/, s2(F ) ≥ 0.

(2)

K2
f =

1

5
s2 +

7

5
s3,

χf =
1

10
s2 +

1

5
s3,

ef = s2 + s3.

(3) 2 ≤ λf ≤ 7. ?�Ú, λf = 2 ��=� s3 = 0; λf = 7 ��=� s2 = 0.

(4) � f �­½�, s2(F ) ´ F �Ø�©l:�ê, s3(F ) ´��­½�ê.

(5) � f̃ : S̃ → C̃ ´ f �­½�z, ÙÄC�gê� d. � F ´ f �n�, F̃ ´éA�­½�z

n�, @o

s2(F ) =
s2(F̃ )

d
+ 14χF − c21(F ),

s3(F ) =
s3(F̃ )

d
+ c21(F ) − 2χF .
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y² du eF ≥ l(F ) − 1 (SK 8.1) 9 l(F ) − 1 ≥ s3(F ), � eF ≥ s3(F ), = s2(F ) ≥ 0.

Ù{(Øw,. �

íØ 5.3.4 � f : S → C ´�é4�º� g �ý�n�z, ��ÛÜ²�. @o f ��Ç

�OkXeØ�ª:

4(g − 1)

g
≤ λf ≤ 12 −

4g + 2

[g2/2]

y² ·��I�y²�Çþ.Ø�ª. � λ0 = 12 − 4g+2
[g2/2] .

g = 2 �/��5guþãíØ. 8� g ≥ 3. d�Ø�b� f : S → C ��Ç�u 8 (ÄK

(Øg,¤á). díØ 3.5.1, Ø���5, ·��±b� f ´�­½�. d� sg+2 = 0, s2 ≥ 0

(Ï� R̃ Ø¹R��� (−2)-­�©|). ò½n 5.3.1 Ãª�\� λ0χf −K2
f , Å��y�ÛÉ5

�ê sk c�Xê�K=�. �

5 5.3.4 -<¢Ã�´, ·�8cÃ{(�, 3���/e´Äk s2 ≥ 0, ½ö�(�/,

s2(F ) ≥ 0. 3 g = 2 ½ö f �­½�, þ¡®y². [Xia92] ¿vk���yd¯, �q�%@§

´�(�.

·K 5.3.2 � f : S → C ´�é4�º� 2 n�z, � S Ø´4�­¡. @o C ∼= P1,

K2
f ≤ 8, χf ≤ 4. ?�Ú, XJ S ´��.­¡, K K2

f = 8, χf = 4, qf = 0, ¿� f k���¡

TÐ´ (−1)-­�.

y² � E ´ S � Y ² (−1)-­ �. d Hurwitz ú ª � � C ∼= P1. � d = EF , K

KS/CE = 2d − 1. du (dKS/C − 2E)F = 0, 
 F �ê��du 0, �d Hodge �I½n�

(dKS/C − 2E)2 ≤ 0, l


K2
f ≤ 8 −

4

d
+

4

d2
≤ 8,

�Ò¤á��=� d = 1. Ïd χf ≤ 1
2K

2
f ≤ 4.

?�Ú� S ´��.�, S′ ´Ù4��., F ′ ´ F ��. du 1 ≤ KS′F ′ ≤ KS/CF − d, �

d = 1, KS′F ′ = 1. d Hodge �I½n?�ÚíÑ K2
S′ = F ′2 = 1. Ïd K2

S/C = 8, � E ´ S

þ��� (−1)-­�. l
 E 3 S ��ý�éÜ�^eØC, = E |F ´ F þ� weierstrass :,

ωF ≡ 2E |F . ùL² KS/C − 2E �5�du S ,�R�Øf. 5¿� (KS/C − 2E)2 = 0, �d

Zariski Ún, KS/C − 2E = nF . 2d KS/CE = 1 =� n = 3.

ù�, pg(S
′) = H0(KS/C − 2F ) ≥ 2. qd Noether Ø�ª, K2

S′ ≥ 2pg(S
′)− 4 í� pg(S

′) =

2. 5¿� K2
S′ < 2pg(S

′), �k qf = q(S′) = 0 (� [Bom73]). �

�gCX��{��^uÙ¦a.�n�zþ, 'X [BZ01]Ú [CS08] �Ä
 (g, γ) .�g

CXn�z ( =,3º� γ n�zþ�E�gCXp�Ñ�º� g n�z). ¦�y²
, �

g ≥ 4γ + 2 �, k

λf ≥
4(g − 1)

g − γ
.

XJ� γ = 0, Ò´�ý�n�z�/.
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5.4 º� 3 ��ý�n�z

� f : S → C ´º� 3 ��ý�n�z. d�·�k�Ü�

0 −→ S2f∗ωS/C −→ f∗ω
⊗2
S/C −→ N −→ 0,

ùp N |8´"��. � F f : S → C �?�n�, p = f(F ). ·��±½Â F � Horikawa

ê :

HF := length coker (S2f∗ωS/C →֒ f∗(ω
⊗2
S/C))p, p = f(F ) (5-6)

·K 5.4.1 ([Kon91], [Rei90], [Hor90], [Hor91]...) � f : S → C ´º� 3 ��ý�n�

z, Kk

K2
f − 3χf =

∑

F

HF ,

ùp F �H¤kn�. AO/, λf ≥ 3.

?�Ú, b� π : C̃ → C ´­½�z, F̃ ´ F éA��­½�., @o

HF =
HF̃

deg π
+ c21(F ) − 3χF .

y² (Ü·K 1.2.2 ÚíØ 1.2.1, ·�k

χ(f∗ω
⊗2
S/C) = 6χ(OC) +K2

f + χf ,

χ(S2f∗ωS/C) = 6χ(OC) + 4χf ,

5¿� χ(N ) = χ(f∗ω
⊗2
S/C) − χ(S2f∗ωS/C), �dþ¡�ªf�y¤I. �{�(Ø��5gu

[Tan96, ½n 4.8, Page 672]. �

íØ 5.4.1 � f : S → C ´º� 3 ��ý�n�z, KÙ�NØCþ�±8(�n�Þ�

ÛÜ�z�, =

K2
f =

∑

F

(
4

3
HF +

1

3
eF ),

χf =
∑

F

(
1

9
HF +

1

9
eF ),

ef =
∑

F

eF .

dSK 1.2, ·��±ÏLÄC�, ¦�#n�z�­½�äk�¡. dc¡�?Ø��, f

��NØCþ�±ÏLÄC�ØCþ9#n�z�ØCþ5O�. ÏdØ���5, ·�±eØ

�b� f : S → C ´�­½�, ��k�¡ Γ.

d f∗ωS/C(−Γ) p��knngN� ΦK , ÷v±e��ã

S
ΦK //_______

f ��=
==

==
==

=
P(f∗ωS/C(−Γ))

xxqqqqqqqqqqq

C
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ùp P(f∗ωS/C(−Γ)) Vkn�duAÛ�«¡ ϕ0 : P0 → C. aqu�ý��/, ·��±�E

AÛ�«¡ ϕ0 : P0 → C þ�ngCX π : S0 → P0, ±9;�)�ã

S̃ = Sk
τk //

π̃=πk

��

· · · · · · // S2
τ2 //

π2

��

S1
τ1 //

π1

��

S0

π0=π

��
P̃ = Pk

σk // · · · · · · // P2
σ2 // P1

σ1 // P0

ùp σi+1 ´ Pi 3 πi �©Ü;,Û: pi ?��u. Si+1 ´ Pi+1 ×Pi
Si ��5z. π̃ = πk k1

w�©Ü;,. Ïd S̃ = Sk ´1w�. ·�P σ = σ1 · · · σr, Ei ´ σi éA�~	­�, Ei ´

Ei 3 σ e�����. ·�^ D1,i,D2,i ©OL« πi ���©ÜÚ�©Ü;,. ��Bå�, P

Dj = Dj,0, D̃j = Dj,k (j = 1, 2).

·�P

mi = [
mpi

(D1,i)

2
]

9

ni =

{
mpi

(D2,i) e Ei+1 Øá3�©Ü;,¥

mpi
(D2,i) − 1 e Ei+1 á3�©Ü;,¥

ùp mpi
(·) L«­�3: pi ?�­ê. d	, ·�P

wi = mi + ni.

d�k

D̃1 = σ∗D1 − 2
k−1∑

i=0

miEi+1,

D̃2 = σ∗D1 −
k−1∑

i=0

niEi+1,

aqþ�!�?Ø, ·�k

Ún 5.4.1

r(D1) =

k−1∑

i=0

2mi(2mi − 1) + r(D̃1),

r(D2) =
k−1∑

i=0

ni(ni − 1) + r(D̃2).

� ρ : S̃ → S Â  S̃ ¥�R� (−1)-­�. � F ´ f : S → C �n�, ·�^ εF L« ρ 3

F éA���n�¥Â �R� (−1)-­�^ê. P ε =
∑
F
εF , ùp F �H¤kn�. dÚn

5.4.1 9ngCX�ØCþO�, ·�k

Ún 5.4.2

K2
f =

1

3
r(D̃1) +

2

3
r(D̃2) −

k−1∑

i=0

(
2

3
w2
i −

10

3
wi + 3) + ε,
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χf =
1

9
r(D̃1) +

2

9
r(D̃2) −

k−1∑

i=0

(
1

18
w2
i −

5

18
wi),

ef = r(D̃1) + 2r(D̃2) + 3
k−1∑

i=0

1 − ε.

� F0 ´�«¡þn�, P aj = DjF (j = 1, 2). du D1 �duóØf, � α1 ´óê. qd

Hurwitz úª�� 2g + 4 = α1 + 2α2. díØ 5.1.5, ·��U����#�'Xª:

D1D2 =
α2

2α1 − 2
r(D1) +

α1

2α2 − 2
r(D2), α2 6= 1.

5 5.4.1 'ungCX��õ¯¢, �±ëw [Mir85], [Tan91, Tan01, Tan02], [Tok92],

[AK91], [Ash92] ��.

�
?�Ú{zØCþO�, ·�Ó�I�?ØÛ:�ê�©a.

·K 5.4.2 3±þ;�)�ã�PÒe, � pi ´ngCX πi �©Ü;,Û:, ·�k

π̃Ei+1 = Z1,i + Z2,i + Z3,i, Zj,i ≥ 0, j = 1, 2, 3.

(1) Zj,i �o�u 0, �o´Ùg�|8þ�Ä�4ó;

(2) Z1,iZ2,i = Z1,iZ3,i = Z2,iZ3,i = 0. AO/, ·�k −3 = Z2
1,i + Z2

2,i + Z2
3,i;

(3) Z1,i ≥ Z2,i. ?�Ú, XJ pi �©Ü, @o�k Z2,i ≥ Z3,i; XJ pi ��©Ü, @o Z1,i Ú Z3,i

vkú�©|.

(4) wi = pa(Z1,i) + pa(Z2,i) + pa(Z3,i).

·�¡ù�� Zj,i �Û: pi �1 j-Ä�4ó.

y² aqu·K 5.3.1 �y². Öö��ë� [CLT07, CLT10] �

éu π �©Ü;,Û: p, [CT06] Ú\
Û: p � Horikawa ê:

Hp =
1

2

∑

pi∈p
(3 − wi)(wi − 2) + εp,

ùp pi �H p �Ã¡�CÛ:, wi ´�A�;�)�êâ; εp ´d p ;�)�¤�)� (−1)-

­�^ê. e¡�(ØJø
n�� Horikawa ê�ÛÜO��{.

Ún 5.4.3 � F ´º� 3 ��ý�n�z f : S → C �n�, π : S0 → P0 ´p���«

¡ ϕ0 : P0 → C þ�ngCX, F0 ´ F 3 P0 ¥éA��n�. @o

HF =
∑

p∈F0

Hp + εF ,

ùp εF ´�	Â � (−1)-­�^ê, =Ø
5gu;�)��)� (−1) ­��	�@
R�

(−1) ­�.

aq�ý��/?Ø, ·��±Jø�«¡þ©Ü;,���5��..

Ún 5.4.4 P̃ U
�Â ¤�é4��. P , d? ϕ : P → C´÷v±e5���«¡.

P̃
ψ̃ //

ϕ̃ ��?
??

??
??

P

ϕ
����

��
��

��

C
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(1) � R̃ = D̃1 + 2D̃2 ´ π̃ �©Ü;,, d? D̃1 (�A�, D̃2) ´��©Ü(�A�, �©Ü)

;,. � R = D1 + 2D2 ´ R̃ 3 P ¥��. @o ψ̃ : P̃ → P ´ R �;�)�.

(2) � Rh (�A�, D1,h, D2,h) ´ R (�A�, D1, D2) �Y²Ü©. � α = D2F0.

XJ α ≥ 2, @o D2,h �Û:�êØ�L α/2.

XJ α ≤ 1, @o Rh �Û:�êØ�L g + 2.

(3) � p ´ D2 Ún� F0 ��:. XJ α = 2 ¿� Rh �z�Ø��©|Ñ´�¡, @o

D1,h 3 p ?�­êØ�L g.

ù���AÛ�«¡ ϕ : P → C ëÓ©Ü;, R �¡�5��..

y² 'u (1) Ú (2) �aqy²�±ëw [CT06, Lemma 5.2]. ·��y² (3). d�,

α = 2 � D1,hF0 = 2g.

� R ÷v (1) Ú (2). db�, D2 dü�pØ����¡|¤, P� Γ1 + Γ2. � pi ´ Γi Ú

F0 ��:. d (2) �íÑ p1 6= p2.

XJ D1,h 3 p1 ?�­ê�u g, @o D1,h3 p2 ?�­ê�u g. ·��u p1, u´ F0 �

î���´�^ (−1)-­�. �·�Â Kù^ (−1)-­��,���^#��é4�n�, P�

F1. aq/, ·�­Eù�L§�� Rh�Û:÷v^� (3) ��. ù�ö�L§Ø�U��±Y

e�, Ï�zg�uÑ¬¦Û:�AÛº�î�~�. �

·�c¡b� f : S → C ´�­½�, Ïd�?¿õgÄC��, ØCþo´¤�O�. ù�,

Ø���5, ·��±Ø�b�p��ngCX π �©Ü;,Ñd�¡�¤.

e¡�Û:ê�©a(Jaqu�gCX�/, �u[!Lu�¡, Ø2�[?Ø. k,�

�Öö�±ë� [CLT10] ¥��'[!.

Ún 5.4.5 3þãb�^�e, ;�)�¥z�©Ü;,Û: pi �U´±ea.�� (ã

¥o��L«�©Ü;,, [��L«��©Ü;,):

(I0) : pi ´ good cusp, ½=, π̃∗Ei+1 = Z1,i + Z2,i + Z3,i, Z
2
i,i = −1 � pa(Zj,i) = 0

(j = 1, 2, 3). d	pi ´�©Ü�. d�, �©Ü;,ØL pi, 
��©Ü;,3: pi = (0, 0)

�ÛÜ�§��� x2 + y3n = 0. §o´�¹Ã¡�C: pi+1, pi+2 Ú pi+3, )�êâ÷v

wi+1 = 1, wi+2 = 2, wi+3 = 2. ·�o´r pi ëÓ§�ù
Ã¡�CÛ: pi+1, pi+2, pi+3 '�

3�åÀ���“Û:”, E,^ pi L«�. d� pi �z
 4 ^dÛ:Ú\� (−1)-­�.

� � �pi
pi+1

pi+2

pi+3
(−1)

(−2)

(−1) (−3) (−3)

(Iw): pi �©Ü¿� (Z1,i)
2 = −1, ÷v wi = w, Z2

j,i = −1 ±9 pa(Zj,i) = 0 (j = 2, 3), �

pa(Z1,i) 6= 0. §o´�¹Ã¡�C: pi+1, pi+2 Ú pi+3, )�êâ÷v wi+1 = w + 1, wi+2 = 2,

wi+3 = w + 2. ·�o´r pi ëÓ§�ù
Ã¡�CÛ: pi+1, pi+2, pi+3 '�3�åÀ��

�“Û:”, E,^ pi L«�. d� pi �z
 3 ^dÛ:Ú\� (−1)-­�.

� � �pi
pi+1

pi+2

pi+3
(−1)

(−2)

(−1) (−3) (−3)
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(IIw): pi �©Ü¿� Z2
1,i = −2, ÷v wi = w, Z2

2,i = −1, � pa(Z2,i) = 0. d	, Ei+1 á3

��©Ü;,p, þ¡k���Û: pi+1. )�êâ÷v wi+1 = w+ 1. ·�o´r pi ëÓ§�

Ã¡�CÛ: pi+1 '�3�åÀ���Û:, E,^ pi L«�. d� pi ��z
 1 ^dÛ:Ú

\� (−1)-­�.

� �pi

pi+1

(−1)
(−2)

(IIIw): pi ´�©Ü�, ¿� wi = w,(Z1,i)
2 = −3. pi ØJø?ÛdÛ:Ú\� (−1)-­�.

pi

pi+1

(−1)

(I∗w): pi ´��©Ü�, ¿� (Z1,i)
2 = −1, ÷v wi = w, Z2

j,i = −1 ±9 pa(Zj,i) = 0

(j = 2, 3), � pa(Z1,i) 6= 0. d	, Z1,i Ú Z3,i vkú�©|(ãÑ). )�êâ÷v wi+1 = w + 1.

·�o´r pi ëÓ§�Ã¡�CÛ:pi+1 '�3�åÀ���Û:, E,^ pi L«�. u´ pi

�z
 3 ^dÛ:Ú\� (−1)-­�.

(II∗w): p ´��©Ü�, ¿� Z2
1,i = −2, ÷v wi = w, Z2,i = 0, ±9 (Z3,i)

2 = −1,

pa(Z3,i) = 0 (ãÑ). d	, Z1,i Ú Z3,i vkú�©|. pi ��z
 1 ^dÛ:Ú\� (−1)-­�.

3�gCX�/ [Xia92], (I∗w) Û:TTéA (2w + 1 → 2w + 1) Û:; (II∗w) éA 2w �Û:.

� F ´ f : S → C �n�, F0 ´ F 3 P0 ¥éA��n�. Ñy3 F0 ¥� (Iw) (�A

/, IIw ��) .Û:��êP� ν(Iw, F ) (�A/, ν(IIw) ��). � ν(Iw, F ) = ν ′(Iw, F ) +

ν ′′(Iw, F ), Ù¥ ν(Iw, F )′′ L«ë��	Â � (Iw) .Û:��ê, �{�@
Û:�êP�

ν ′(Iw, F ) (Ù{�/aq). ù
 ν(·, F ) �¡� F �ÛÉ5�ê.

·�£�Â N� ρ : S̃ → S. ò ρ ©�üÜ©: ρ′ : S̃ → S′ Â d;�)��)�R�

(−1)-­�; ρ′′ : S′ → S Â �{� (−1)-­� (=�	Â ). ·�©O^ εP Ú εF 5L«n�

F 3 S̃ þéA���n�¥, d ρ′ Ú ρ′′ Â � (−1)-­�^ê.

Ún 5.4.6 3c¡�b�^�e, ·�k

(1)

εP =4ν(I0, F ) + 3
∑

w

ν(Iw, F ) +
∑

w

ν(IIw, F )

+ 3
∑

w

ν(I∗w, F ) +
∑

w

ν(II∗w, F ).

(2) XJ α2 = D2F0 ≥ 2, @o εF = 0, �Ò´`�	Â ØÑy.

XJ α2 ≤ 1, @o

εF =ν ′′(II2, F ) + 3ν ′′(II1, F ) + ν ′′(III2, F ) + ν ′′(II∗2 , F ) + 2ν ′′(II∗1 , F ).

Ù¥�"ü��3 α = 0 �Ñy.

y² �uy²Lu�¡, ·�Ø2�[?Ø, �Ööë� [CLT10]. �
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(Ü±þ�(Ø, ·��±y² M. Reid 3�­½º� 3 ��ý�n�z�/�ß�úª

[Rei90].

½n 5.4.1 � f : S → C ´�­½º� 3 ��ý�n�z, @o

K2
f =

1

3
s0 +

4

3
s1 + 3s2,

χf =
1

9
s0 +

1

9
s1 +

1

3
s2,

ef =s0 + s2,

ùp s0 ´n�¥Ø�©l:��ê; s2 ´�©l:��ê; s1 ´�ý�n���ê.

y² 3c¡��b�^�e, ·�P ν ′(·) =
∑
F

ν ′(·, F ) (�A/, ν ′′(·) �). -

s0 =3(ν ′(II1) + ν ′(II2) + ν ′(III2) + ν(III3)) + 2(ν ′(II∗1 ) + ν ′(II∗2 ) + ν(II∗3 ) + ν ′′(III2)),

s1 =ν ′(II2) + ν(I∗2 ) + ν ′(II∗2 ) + ν(II∗3 ) + ν ′′(III2) + 3ν ′′(II1) + ν ′′(II2) + 2ν ′′(II∗1 ),

s2 =ν(I1) + ν(I2) + ν(I∗1 ) + ν(I∗2 ) + ν ′′(II2) + ν ′′(II∗2 ).

,�u� sk �AÛ¿Â=�. äN[!ùpØ2Kã, �ëw [CLT10]. �

5 5.4.2 l��m M 3 ��Ýw, ·�éN´��þãúª. ½n 5.4.1 �¿Â3u, J

ø
n�Þéu�NØCþ�ÛÜ�z�–'X Horikawa ê–�äNO��{.

íØ 5.4.2 � α2 = D2F , @o

(1) XJ α2 ≥ 3, @o λf ≤ 9.

(2) XJ α2 = 2, @o λf ≤ 39
4 .

y² dc¡�?Ø, � α ≥ 2 �¤á, �	Â ØÑy, = εF = 0. ?�Ú, XJ α ≥ 3,

@o s5(2) = 0. d�d��O��� 2s0 ≥ s1. u´

9χf −K2
f =

1

3
(2s0 − s1) ≥ 0.

XJ α = 2, @odu s0 + s2 ≥ s1, Ïd·�k

39

4
χf −K2

f =
1

4
(3s0 + s2 − s1) ≥ 0. �

5 5.4.3 � α2 ≤ 1 �, �3º� 3 ��²n�z, = λf = 12 �n�z. Öö�±ë�

[Zaa95].

aq��{�±A^un:ªn�z (Trigonal fibration). [CLT07] �O
n:ªn�z�

�Çþ. (��n�ÝK�kn�� P1 þ��©Ü:�ê�½).

5.5 P1 þ�n�z

� f : S → P1 ´º� g �é4��²�n�z. XÃAO(², ob� g ≥ 2. d�w,k

KS/C = KS + 2F , qf = q(S).

d Ramanujia ��½n9 Riemann-Roch ½n, ·�k
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Ún 5.5.1 h0(−F ) = h1(−F ) = 0, l
k h0(KS + F ) = χf > 0.

·K 5.5.1 - A = KS + F = KS/C − F .

(1) � g ≥ 3 �, | 2A | ÃÄ:;

(2) � g = 2 �, | 3A | ÃÄ:.

AO/, ·�k A2 = K2
f − 4(g − 1) ≥ 0, �Ò¤á��=��31w­� C ±9�gCX

π : Z → P1 × C, ¦�±e��ã¤á.

S
τ //

f
��

Z

π
��

P1 P1 × C
pr2 //pr1oo C

ùp pri ´ÝKN�, τ ´4�)�, π �©Ü;,ê��du 2F1 + (2g + 2 − 4g(C))F2, Fi ´

pri éA���n�.

y² du h0(A) = χf > 0, ��� A ≥ 0. Ï AF = 2g − 2 > 0, ¤± A ¹Y²©| Γ,

l
 FΓ > 0 � KS/CΓ > 0 (�SK 2.2).

k�Ä g ≥ 3 ��/. 5¿�

K2
S/C = (A+ F )KS/C ≥ ΓKS/C + 2g − 2 ≥ 2g − 1 ≥ 5.

Ïdd Reider �{��, XJ | 2A |=| KS +KS/C | kÄ: p, K�3k�Øf D ÏL p, ¦�

�o DKS/C = 0, D2 = −1, �o DKS/C = 1, D2 = 0. ùíÑ D2 +DKS/C ´Ûê, gñ! Ï

d | 2A | ÃÄ:.

y3�Ä g = 2 �/. ky A ´ nef �, l
 A2 ≥ 0. eØ,, �éØ��­� Γ′, ¦�

AΓ′ ≤ −1. u´ Γ′ Ø�U´R� (−2)-­�, l
 FΓ′ = KS/CΓ′ −AΓ′ ≥ 2, Γ′ ´Y²�. du

AΓ′ < 0, h0(A) > 0, ¤± Γ′ ´ | A | ��½Ü©. � A = E + Γ′. Ï� 2 = AF ≥ FΓ′ ≥ 2, �

FΓ′ = 2, EF = 0, l
 E ¹3n�¥. 5¿� Γ′2 = AΓ′−EΓ′ ≤ −1, KSΓ′ = AΓ′−FΓ′ ≤ −3,

�k pa(Γ
′) < 0, gñ! ùÒy²
 A ´ nef �.

� L = 2A + F , K | 3A |=| KS + L |, L2 = 4A2 + 4AF ≥ 8. d Reider �{, XJ | 3A |

kÄ: p, K�3k�Øf D ÏL p, ¦��o LD = 0, D2 = −1; �o LD = 1, D2 = 0. XJ

LD = 0, @od A,F � nef 5, AD = FD = 0, l
 KSD = 0, ùÒ� D2 = −1 �Ûó5g

ñ! Ón, e LD = 1, K AD = 0, FD = 1, l
 KSD = −1, ù� D2 = 0 gñ! ù�Òy²


| 3A | ÃÄ:.

nþ��, | 6A | ´ÃÄ:�. XJ A2 = 0, Kd Stein ©)p�n�z ϕ : S → C.

S

ϕ
��@

@@
@@

@@
@

|6A| // P1

C

OO

� F ′ � ϕ ���n�, K AF ′ = 0. du AF = 2g − 2 ≥ 2, � F ′ Ø´ f ���n�, l


FF ′ ≥ 1. ù�, KSF
′ = AF ′ − FF ′ ≤ −1. qÏ F ′2 = 0, ¤± KSF

′ = −2, FF ′ = 2, �

F ′ ∼= P1. ·��±p����gCX π : S → P1 ×C. ��n� F1 �.£ π∗F1 ´º� g ­�,

F2 .£´ P1, Ïdd Hurwitz úª��©Ü;,ê��du 2F1 + (2g + 2 − 4g(C))F2.

- 101 -



1ÊÙ AÏn�zïÄ

�L5, XJk��÷v·K^���gCX, @o©Ü;,Û:�õ´��ÑÛ:, Ïd

;�)��´4�)�, l
p��n�z´�é4��. d�gCXO��� K2
S/C = 4g − 4,

= A2 = 0. �

|^þã(Ø�±y² Beauville ß� [Bea81].

íØ 5.5.1 ([Tan95], ½n 1) � f : S → P1 ´�­½��é4�º� g ≥ 2 n�z, K f

��k 5 ^ÛÉn�.

y² d½n 2.4.1, ·�kî��;�aØ�ª

K2
S/C < (2g − 2)(s − 2).

qÏ K2
S/C ≥ 4(g − 1), ddá� s ≥ 5. �

d Arakelov Ø�ª, ·�Q²�y²
±e(Ø.

·K 5.5.2 (½n 2.3.4) � f : S → P1 ´�­½�, s1 ´ä�'ÛÉn��ê, @o

pg ≤
(g − qf )

2
(s1 − 4).

?�Ú, s1 = 4 ��=� f : S → C ÷v±e^�,

(1) pg(S) = 0;

(2) h1,1(S) = 2 +
s∑
i=1

(li − 1);

(3) g(F i) = qf , i = 1, · · · , s1;

(4) q(S) ≤ 1.

XJØ�¦�­½^�, [Bea81] y² P1 þ�� isotrivial n�z��k 3 ^ÛÉn�. ·

�k±e�[��(Ø.

·K 5.5.3 f : S → P1 ��kü^ÛÉn�. XJ=kü^ÛÉn� F1, F2, @o f 7

´ isotrivial �, �ü^ÛÉn�p�éó�., = F
∗
1 = F 2, l
ÿÀü�k�Ó±Ï. d�

pg(S) = 0, q(S) = g(F 1) = g(F 2), �k

h1,1(S) = l(F1) + l(F2).

ùp l(F ) ´ F �Ø��©|ê.

y² íØ 3.4.2 `²��kü^ÛÉn�. 8b� f =kü^ÛÉn� F1, F2. �E­½

�z π : P1 → P1, ¦Ù=3ùü��.:þ�©Ü, K����­½n�z f̃ : S̃ → P1 �õ�

kü^ÛÉn�. díØ 5.5.1 á� f̃ ´²��n�z, l
 f ´ isotrivial �.

��7 pi = f(Fi) ���´ γi. 3Ä�+ π1(P1 − p1 − p2) ¥, w,k γ1γ2 = 1. Ïd·��

±3 Fi �ÿÀü� ¥�Ü·��L� µγi , ¦� µγ1µγ2 = 1. dud� Fi �ÿÀü�Ñ´±Ï

�, ¤± F 1 � F 2 éó.

�{�(Ø��5gu½n 2.3.2. �

5 5.5.1 [Be82b] � Ñ 
 P1 þ T k 4 ^ Û É n � � � ­ ½ ý � n � z � [ � © a.

[Szp81] 3A� p �/y²
 P1 þ��­½º� g ≥ 2 n�z��k 3 ^ÛÉn�; XJT

­¡´��.�, K��k 4 ^ÛÉn�.
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Ún 5.5.2 � f : S → P1 ´�é4�º� g ≥ 2 �²�n�z, ��²�ê κ(S) ≥ 0. @

o K2
S/C ≥ 6(g − 1), �Ò¤á��=� κ(S) = 0, f d S �4��. Σ þ��å Λ ⊆| C | p�,

ùp C2 = 2g − 2, � | C | �k 2g − 2 {üÄ: (�)Ã¡�CÄ:).

y² d4��.��5, ·�k���Â N� σ : S → Σ. � C = σ(F ), Λ = {σ(F ) |

F ´ f�n�}. � p1, · · · , ps ´ Λ �Ä:, C ∈ Λ ´��­�, ni ´ C 3 pi �­ê (�5¿, ù

p�)Ã¡�C:�/). w,k C2 =
s∑
i=1

n2
i .

Ï� κ(S) ≥ 0, ¤± KΣ ´ nef �, u´

0 ≤ KΣC = KSF −
s∑

i=1

ni = 2g − 2 −
s∑

i=1

ni,

l


m ≤
s∑

i=1

ni ≤ 2g − 2 −KΣC.

ù�, ·�k

K2
S/C = K2

S + 8(g − 1) = K2
Σ −m+ 8(g − 1) ≥ K2

Σ +KΣC + 6(g − 1) ≥ 6(g − 1).

K2
S/C = 6(g − 1) �du K2

Σ = KΣC = 0, ni = 1 (i = 1, · · · ,m), C2 = m = 2g − 2. ù
^

�%¹X KΣ ∼ 0, l
 κ(S) = 0. �

5 5.5.2 �5X Λ �Ä: p XJ÷v±e^�Ò¡{üÄ: (Simple base point): L p

����3 p ?1w.

ÏLaq�?Ø, ·�kXe(J.

·K 5.5.4 � f : S → P1 ´�é4�º� g ≥ 2 �²�n�z, ��²�ê κ(S) ≥ 1. @

o K2
S/C ≥ 6g − 5, �Ò¤á��=� κ(S) = 1, f d S �4��. Σ þ��å Λ ⊆| C | p�,

ùp C2 = 2g − 3, � | C | �k 2g − 3 �{üÄ: (�)Ã¡�CÄ:).

·K 5.5.5 � f : S → P1 ´�é4�º� g ≥ 2 �²�n�z, ��²�ê κ(S) = 2. �

Σ ´ S �4��., @o

K2
S/C ≥ 6(g − 1) +

1

2

(
K2

Σ +
√
K2

Σ

√
K2

Σ + 8(g − 1)

)
,

�Ò¤á��=� f d Σ þ��å Λ ⊆| C | p�, ùp C ∼ γKΣ, γ ∈ Q+, Λ �k{üÄ:.

y² � σ : S → Σ ´Â N�, F ´��n�, C = σ(F ). Ï� KΣC + C2 ≥ 2g − 2, 9

(KΣC)2 ≥ K2
ΣC

2, ��

KΣC ≥
1

2

(
−K2

Σ +
√
K2

Σ

√
K2

Σ + 8(g − 1)

)
.

,��¡, c¡®y

K2
S/C ≥ K2

Σ +KΣC + 6(g − 1).

(Üùüª, =�¤IØ�ª. Ù{(Ø�Öö�y. �
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íØ 5.5.2 � f : S → P1 ´�é4�º� g �²�n�z, ��²�ê κ(S) = 2.

(1) XJ g = 2, @o K2
S/C ≥ 8, �Ò¤á��=� K2

Σ = 1, C ∼ KΣ.

(2) XJ g = 3, @o K2
S/C ≥ 15.

íØ 5.5.3 � f : S → P1 ´º� g �é4��­½�²�n�z. XJ�.:�ê

s = 5, @o S Vknu P2 ½AÛ�«¡. �ó�, XJ κ(S) ≥ 1, @o s ≥ 6.

5 5.5.3 [TTZ05] y²
 2 ≤ g ≤ 4 �, XJ S ´��.­¡, @o s ≥ 7. � g = 5, s = 6

�, XJ S Ø´��.­¡, @o K2
Σ = 1, pg(Σ) = 2, q(Σ) = 0, � f d Σ þ�k 5 �{üÄ:

��åp�. ¢Ã�´, ù«~fvké�. ��ßÿ´: κ(S) = 2 �7k s ≥ 7.

Ún 5.5.3 � f : S → P1 ´º� g �é4��²�n�z, XJ K2
S/C > 4g − 4, @o

K2
S/C ≥ 5g − 5 − χ(OS).

AO/, XJ κ(S) = −∞, K K2
S/C ≥ 5g − 6 + q(S).

y² d� A = KS + F ´ nef � big �, d Mumford ��½n9 Riemann-Roch ½n,

·�k

0 ≤ h0(KS +A) = χ(−A) = χ(OS) +K2
f − 5(g − 1).

dd=�(Ø. �

3½n 2.4.1 �y²¥, ·�|^ Kodaira-Parshin �E��e¡�Ø�ª (�PÒ�äN

¹Â�ë�1 2.4 !).

K2
S/C − (2g − 2)(2b− 2 + s) ≤ −

(2g − 2)s

e
+

3

e2

∑

q

1

µq + 1
. (5-7)

±9

ef =
∑

q

(µq + 1) ≥
∑

q

1

µq + 1
. (5-8)

(Üüª=�

(e2 + 3)K2
S/C ≤ e(2g − 2)(e(2b − 2 + s) − s) + 36χf . (5-9)

�5¿, 3ù�!¥, b = 0, e ´Ûê.

íØ 5.5.4 ([Yu08]) � f : S → P1 ´º� g �é4��­½�²�n�z, � K2
S/C >

4g − 4. XJ g ≥ 18 ½ö q(S) > 0, @o�.:�ê s ≥ 6.

y² XJ s = 5, @o κ(S) = −∞. d� χf = g− q(S). ·�� e = 5, �\ª (5-9) =�

g ≤ 17, q = 0. �

5 5.5.4 u��<®²y², � g > 51 � κ(S) = 2 �, s ≥ 7.

5.6 �
~f

3ù�!¥, ·�Â8�
n�z�~f, øÖöë�.
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� Fe ´ Hurzibruch ­¡, Ã¡��¡ C∞ g�ê� (−e), F ´��n�. Fe þ�k�Øf

�ê�a aC∞ + bF {P� (a, b) .. m­¡ Fe \ C∞ ´��m8 Vi = Ui × C �¿, ùp Vi �

ÛÜ�I©O� (t, u) Ú (s, v). §��m��IC�� t = 1
s , u = v

se . 3Ã¡��¡NC��

IC� u′ = 1
u ( �A/, v′ = 1

v ). ·�P Ft �.­�ëê t éA�n� (#N t = ∞).

e¡�~fL²�3=¹�^ÛÉn��º� 2 �­½�²�n�z, ��Ç����.

~ 5.6.1 (4�X) � R ´ P1 ×P1 þ� (6, 4) .­�, R = R1 +F∞, Ù¥ R1 ´Ø��­

�, ÛÜ�§�

x6 + 15tx4 + 40tx3 − 45t2x2 − 24t2x+ 5t3 = 0.

± R �©Ü;,��gCX π : S0 → P1 × P1, p�º� 2 n�z f : S → P1. §��.:�

t = −1, 0,∞, Ù¥ F−1 �ÿÀü�´d� 1
10 + 2

5 + 1
2 �±ÏN�, F∞ �ÿÀü�´d� 1

2 + 1
2

�±ÏN� (Ì©|´1wý�­�). ÛÉ5�ê s2 = 18, s3 = 1, � K2
f = 5, χf = 2, ef = 19.

§�R�Ü© Vf = {1}.

�E 60 gÄC� φ : C → P1 ¦Ù3¤k�.:þ�©Ü. ·������­½n�z

f̃ : S̃ → C, §=¹�^ÛÉn�, Ù�:´����©l:���­�. K2
f̃

= 7, χf̃ = 1, ef̃ = 5,

�Ç λf̃ = 7 ����. §�R�Ü© Vf̃ = Z⊕4, �ÙL 2 û��� 4. �

±e~f�E
 Miyaoka-Yau Ø�ª�Ò¤á�­¡.

~ 5.6.2 ($~-!�|) � π : S0 → P1 × P1 þ´ 5 g Galois Ì�CX, dXeÛÜ�§

½Â

y5 = u(u− 1)(u − t).

§p�
 P1 þ�º� 4 n�z f : S → P1. f ��.:� t = 0, 1,∞, Ù¥ F0, F1 k�Ó�ÿ

Àü�. K2
f = 14, χf = 4, ef = 34.

�E 5 gÄC� φ : C → P1 ¦ÙTÐ=3�.:þ�©Ü. ·������­½n�z

f̃ : S̃ → C, �.:�ê� 3, g(C) = 2. K2
f̃

= 21, χf̃ = 2, ef̃ = 3. Ïd c21(S̃) = 45, c2(S̃) = 15,

χ(OeS) = 5.

f ��±w¤ P2 þ²¡­�xp��n�z, =3 OP2(5) ¥À�ü��¡ s1 = Y 5 −

X2(XZ2 − Z3), s2 = Y 5 − Z3X(X − Z), p�knN�

P2
99K P1, [X,Y,Z] 99K [s1, s2].

�uÄ:=� f : S → P1. ddá� χf = 4. �

Horikawa (� [Ino81] ½ [Xia92, §6.4]) �Q|^ 5 gÌ�CX�E
÷v Miyaoka-Yau Ø�ª

�Ò¤á�­¡n�z, n�º�� 16.

|^²¡­�å��±p�±e'uº� 3 ��ý��Í¶~f, d~¥ s1 = s = 5, =¤

kÛÉn�Ñ´ÛÉä�'�.

~ 5.6.3 �Ä²¡­�å

Ct : X4 + Y 4 + Z4 + t(X2Y 2 +X2Z2 + Y 2Z2), t ∈ P1.

·��±½ÂknN�

P2
99K P1, [X,Y,Z] 99K [X4 + Y 4 + Z4,X2Y 2 +X2Z2 + Y 2Z2].
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ÏL�uÄ:�º� 3 ��ý�n�z f : S → P1. §��.:� t = −2,−1, 2,∞. ØCþ�

K2
f = 9, χf = 3, ef = 27. �Ç λf = 3 ����. ùo^ÛÉn�Xe:

(1) F−2 =
4∑
i=1

Γi ´­½n�, ùp Γi ´ (−3)-­�, ΓiΓj = 1 (i > j).

(2) F−1 = Γ1 + Γ2 ´­½n�, ùp Γi ´ (−4)-­�, Γ1Γ2 = 4.

(3) F2 = 2Γ0 +
8∑
i=1

Γi �¹(:, Γ0 ´ (−4)-­�, Ù{ Γi ´ (−2)-­�, �÷v Γ0Γi = 1,

ΓiΓj = 0 (i > j).

(4) F∞ ´�k 3 �Ø�©l:�­½n�.

�E 2 gÄC� φ : P1 → P1, §=3 t = ±2 ?�©Ü. d� F2 ­½�z�1w�ý�­

�. � f̃ : S̃ → P1 ´�A�­½�z. ·�k K2
f̃

= 10, χf̃ = 3, ef̃ = 26.

f̃ Tk 5 ^ÛÉn�, �Ó��´ä�'ÛÉ�. d� κ(S̃) = −∞. �

5 5.6.1 (1) [Tan95] |^ P1 × P1 þ��gCX�E
 g = 2, s = 5 �~f.

(2) [TTZ05] �E g = 3, s = 6 � S Vknu K3 ­¡; ,	�E
 g = 4, s = 7 � S Vknu

��.­¡.

(3) [Tuy07] �E
 s = 6, κ(S) = 0 �º� g �±¿©��~f.

!�|�E
kn��þTk 4 ^ÛÉä�'n��n�z.

~ 5.6.4 (!�|) � pri : P1 × P1 ´�1 i �©þ�ÝKN�. � (2, 1) .Ø��1w

­� B0. d�7�3 pr2 �ü^n� Γ0
1,Γ

0
2 ©O� B0 ��. 2?� pr2 �Ù¦ü^��n�

Γ0
3,Γ

0
4. ·��E P1 × P1 þ��gCX, ± Bπ0

=
4∑
i=1

Γ0
i �©Ü;,.

- Bπ = π∗0B0, π
∗
0Γ

0
i = 2Γi. E ´ pr1 ���n�.£ (º�� 1). 5¿� Bπ ≡ 2L ´óØ

f (L = F1 + Γ3), ·��±± Bπ �©Ü;,��gCX π : S0 → E × P1. ddp�
 P1 þº

� 2 �­½n�z f : S → C, k 6 ^ÛÉn�, Ù¥Tko^´ä�'ÛÉ�. äN��yX

e.

� E1, E2 ´ pr1 �ü^n�, §�3 P1 × P1 ¥��n�TÐ©O²L B0 � Γ0
1,Γ

0
2 ��

:. � E3, · · · , E6 pr1 �,	o^n�, §���n�©O²L B0 � Γ0
3,Γ

0
4 ���:. �

Bπ |Ei
= 2pi, qi = L |Ei

, w,k 2pi ≡ 2qi.

(1) Ï� p1 6= q1, ¤± π−1E1 Ø��. Ïd§p�� f �n� F̃1 = C1 + C2, C1C2 = 2, C1

´1wý�­�, C2 ´ (−2)-­�. Ón, E2 p��Ó�ÛÉn�.

(2) p3 = q3 íÑ π−1E3 Ø��, Ïd§p�� f �n� F̃3 ´����©l:��­½n

�. E4 �´Xd.

(3) Ó�/, �� E5, E6 p��ÛÉn�Ñ´���Ø�©l:��­½n�.

?�Ú, ·�k K2
f = 4, χf = 1, ef = 8, pg(S) = 0, q(S) = 1. �

~ 5.6.5 (�f [Xia86]) ùp·��E�Ç�u 8 ��ý�n�z. � G � P1 ��Ì�

k�gÓ�+. �Ä P ′ = P1 × P1 þ�Øf

Γ = {(p, γ(p)) | p ∈ P1, γ ∈ G}.

� n =| G |, K Γ d n ^ (1, 1) .­�|¤. � p ∈ P1 ´ G �ØÄ:, @oé?Û γ ∈ G, :

(p, γ(p)) ´Ï~ k ­:, d? k ´ p ­½f+ Stab(p) ��.
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� pi : P ′ → P1 ´�1 i �©þ�ÝK. � D � P1 ¥¤k­½f+�óê�ØÄ:3 p2

e���, K R′ = Γ +D ´óØf, §�Û:Ñ´Ûê��.

du G 3 P1 þ��^�ØÄ:kóê�, ·��±±Ù�©Ü;,�E p1 ��gÄC�

π : C → P1. � ϕ : P → C ´éA�#n�z, R ´ R′ �.£. ´�, R ´Q�óØf, P ´ C

þ�AÛ�«¡, R �Û:Ñ´ (2k+ 1 → 2k+ 1) .. �E± R �©Ü;,��gCX, l
p

��ý�n�z f : S → C, Ù�Ç λf ≥ 9. �

5 5.6.2 [Che87] |^aq�{�� P1 þ�Ç�u 8 �n�z, �­¡ S ´üëÏ�.

�ÙSK

SK 5.1 � f : S → C ´º� 0 n�z, �Ø´�é4��.

(1) y²: 7�3ÛÉn� F1.

(2) � Γ ´ F1 ¥�?�Ø��©|, y²: 7�3 f ��é4��. f ′ : S′ → C ¦� Γ ��T

� f ′ �n�.

SK 5.2 � f : S → C ´AÛ�«¡, D ´ S þ�k�Øf, F ´��n�, d = DF . y

²: f∗OS(D) ´� d+ 1 �ÛÜgd�. AO/, f∗OS = OC .

SK 5.3 � f : S → C ´ý�n�z, F ´ü­ÛÉn�. �|^ ADE ­��(�­#

(½Ñ F éóã�¤k�U©a.

SK 5.4 Á�Eý�n�z f : S → C ¦�§¹kü^ n ­n�.

SK 5.5 � f : S → C ´ý�n�z, � κ(S) = 0 ½ −∞. �éùa­¡ S ?1©a.

SK 5.6 y²Ún 5.3.3 �(Ø.

SK 5.7 � C = C1 ∪ · · · ∪Cr ´­¡ S þ�K½­�, Z ´ C þ�Ä�4ó. � ρ : S̃ →

S ´�X��u�EÜ, C ′ ´���� ρ∗C �|8. y²: Z ′ = ρ∗Z ´ C ′ þ�Ä�4ó. AO

/, b� Γ ´5gu ρ �~	­�©|, K ΓZ ′ = 0.

SK 5.8 |^·K 5.3.1 ­#y²: �gCXÛ:´kn�­:��=�ÙéA�©Ü;

,Û:´{üÛ:. ?�Ú, (ÜÚn 5.3.4 ­#�Ñ{üÛ:�©Ü;,�§©a(3ÿÀ�d

¿Âe).

SK 5.9 � π : (X,Q) → (Y, q) ´1w­¡ Y þ��gCX, q = π(Q) ´©Ü;,Û:,

R ´©Ü;,. �E ´;�)� Q ���~	­�, KE ´ E éA�kn;�Øf, pg(Q) ´ Q

�AÛº�.

(1) Á^�gCX;�)�êâ wi (ëw (5-3)) 5O� K2
E Ú pg(Q) .

(2) �(Ü Milnor úª±9þã(J, ­#y² Laufer úª:

µq(R) = χtop(E) − 1 +K2
E + 12pg(Q),

ùp µq(R) � R 3 q ?� Milnor ê, χtop(E) ´ E �î.«5ê.
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SK 5.10 |^SK 5.9 �(Ø, y²�ª (5-4).

SK 5.11 y²: �ý�n�z�õ­n�7½´�­�. AO/, �º� g ´óê�, �

ý�n�zvk­n�.

SK 5.12 � f : S → C ´º� 2 n�z,

(1) y²: S2f∗ωS/C →֒ f∗(ω
⊗2
S/C) ´ü��, ���3���:þ�ªN�´Ó�.

(2) |^ Riemann-Roch ½ny²:

K2
f = 2χf + length coker{S2f∗ωS/C →֒ f∗(ω

⊗2
S/C)}.

SK 5.13 � f : S → C ´º� 2 n�z, b = g(C), � qf = 0. y²:

K2
f ≤ 6χf + 2b− 2.

SK 5.14 Á�Ñ~ 5.6.3 p��� P1 × P1 þ�ngCX.

SK 5.15 � π : X → Y ´ ngCX, p ´©Ü;,Û:, Hp ´ p � Horikawa ê.

(1) b� p �¤kÃ¡�C: pi �;�)�êâ wi ≤ 3, y²:

Hp =
∑

wi≤2

pa(Z1,i) +
∑

wi=3

(pa(Z1,i) − 1),

ùp Z1,i ´ pi �1 1-Ä�4ó. 1� (�A/, 1�) �¦ÚÒL«é¤k÷v wi ≤ 2 (�A/,

wi = 3) �Ã¡�C: pi éA�¦Ú.

(2) y²: �� π−1(p) ¥�Û:´knÛ:��=� Hp = 0 � wi ≤ 3, ∀i.

(3) � D1 + 2D2 ´ π �©Ü;,, E′
p ´ p éA�­¡Û:4�)��~	­�|8. y²í2

� Laufer .úª:

µp(D1) + 2µp(D2) = χ(E′
p) +Hp + 9τp +

1

2
(D1D2)p,

ùp µp(·) ´ Milnor ê, (D1D2)p ´ÛÜ��ê, χ(E′
p) ´î.«5ê,

τp :=
1

2

k−1∑

i=0

mi(mi − 1) +
1

18

k−1∑

i=0

ni(5ni − 9),

mi, ni Ñ´)�êâ.
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6.1 Øfþ��_�

� f : S → C ´º� g ≥ 2 �é4�n�z, Rν = f∗(ω
⊗ν
S/C) ´ �é ν-;��. ·�½Â f

��é;��ê (Relative canonical algebra)

R(f) =
⊕

ν≥0

Rν .

§´ OC-�ê. d	,

Rν ⊗OC/Ip
∼= H0(F, νKF ),

ùp F = f∗(p) ´n�. ·���±½Ân� F þ� C-;��ê

R(F,KF ) =
⊕

ν≥0

H0(F, νKF ).

d Nakayama Ún, 'u R(F,KF ) )¤��Ã5�Ñ�±LÞ� R(f) þ. ·��,���Ò

´ïÄ R(F,KF ) þ)¤�5�.

ù�!{�£�Øfþ��_���
Ä�¯¢ÚïÄE|, ��¡�?Ø��
O�ó

�. ù
E|3?nÙ¦�ê­¡¯K���~k^. [Men88] 3ù�¡�
��éÐ�În.

�õ�SN��ëw [Men96], [Cat82], [Rei75] 9 [KM99, KM08] �.

� D ´­¡ S þ�k�Øf. du ωD ´ Gorenstein �, ¤± D þ�éó� ωD ´�_�.

·�k��úª ωD = ωS ⊗OS(D)⊗OD. ��B?Ø, ωD �~�P� KD. XJ degKD |Γ≥ 0

(�A/, > 0), ∀Γ < D ¤á, ·�Ò¡ KD ´ nef � (�A/, ample).

� L ´ D þ��_�, ¿ò L⊗ν {P� νL. ·��±�	����©g�

R(D,L) =
⊕

ν≥0

H0(D, νL).

ù���¦{5gu�� L⊗ν ⊗ L⊗µ → L⊗(ν+µ).

1w­�þ��
(ØLÞ�k�Øf D þE,¤á.

·K 6.1.1 � F ´k�Øf D þ�� r �ÛÜgd�.

(1) (Serre éó½n)

H0(D,F) ∼= H1(D,KD ⊗F∨)∨,

H1(D,F) ∼= H0(D,KD ⊗F∨)∨.

(2) (Riemann-Roch ½n)

χ(F) = degF + rχ(OD).

(3) (�âº�)

pa(D) = 1 − χ(OD) = 1 +
1

2
(D2 +DKS).
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(4) (©)S�) � D = A+B, A,B > 0, ·�k�Ü�

0 −→ OA(−B) −→ OD −→ OB −→ 0

(5) (Castelnuvovo Ún [Mum70]) ��_� L d�Nä¡)¤, F ´và�� H1(F⊗L−1) = 0,

K±e��´÷�

H0(F) ⊗H0(L) −→ H0(F ⊗ L).

(6) (Bombieri [Bom73]-Francia) - α(D) = dimKer(H1(S,OS) → H1(D,OD)), K

α(D) = h1(S,OS(−D)) − h0(D,OD) + 1.

?�Ú, � σ : S → S′ ´1w­¡�m�VknN�, K α(σ∗D) = α(D).

k�Øf D XJ÷v±e^�, K¡� m-ëÏØf: é?Û©) D = D1 + D2 (d?

D1,D2 > 0), Ñk D1D2 ≥ m.

Ún 6.1.1 � D ´­¡ S þ�k�Øf, n ≥ 0. � H0(S,OS(KS + nD)) > 0, � KS +

nD ´ nef, big, @o

(1) ∀A ∈| KS + nD | ´ 1-ëÏØf;

(2) XJ n ´óê, K A ´ 2-ëÏØf.

y² Ø�� A = D1 +D2, D1,D2 > 0. Ï� KS + nD ´ nef �, ¤±

D2
1 +D1D2 ≥ 0, D2

2 +D1D2 ≥ 0.

5¿� (KS +D)2 > 0, Ïdþ¡�Ø�ª��´î��. Ø���5, � D2
1 +D1D2 > 0.

d Hodge �I½n� D2
1D

2
2 ≤ (D1D2)

2, �Ò¤á��=� D1 ∼ γD2, γ ∈ Q. be

D1D2 < 0, @o D2
1 > −D1D2 > 0, D2

2 ≥ −D1D2 > 0. üª�¦K� Hodge �I½ngñ!

XJ D1D2 = 0, Ó�/�� D2
2 = 0, D2

1D
2
2 = (D1D2)

2, l
 D1 ∼ γD2, D
2
1 = 0. ùÒíÑ

(KS + nD)2 = 0, gñ! Ïd D1D2 ≥ 1.

5¿ D1D2 = D2
1 −D1KS − nDD1. XJ n ´óê, @o D1D2 �´óê, � D1D2 ≥ 2. �

Ún 6.1.2 ([BC78], [CFM97]) � L ´ D þ�_�, s ∈ H0(D,L) � s 6= 0, K±e�/

��¤á:

(i) s ��3 D �?ÛØ��©|þÑØð�", � degD′ L ≥ 0, ∀D′ ≤ D, l
 degD L ≥ 0.

(ii) D ´���, � D1 < D ´÷v s |D1
≡ 0 ���Øf, l
 degΓ(L − D1) ≥ 0, é?Û

Γ < D −D1 ¤á. AO/, D1(D −D1) ≤ degD−D1
L.

y² b� D1 ´÷v (ii) ���Øf. @o D−D1 Ú s ∈ H0(OD−D1
(L−D1)) ÷v (i),

Ï
 degΓ(L−D1) ≥ 0, ∀Γ < D −D1. �

� s ∈ H0(D,L), s 6= 0, � s 3 D �,�©|þð�". � Zs ≤ D ¦� s |Zs
≡ 0 ���Ø

f. XJØ�3Ù¦�¡ t, ¦� Zs < Zt, @oÒ¡ s ´ 0-4��¡.

íØ 6.1.1 � D ´ 1-ëÏ�, L ´ D þ��_�, ¦� degΓ L ≤ 0, ∀Γ ≤ D, K�o

h0(D,L) = 0, �o h0(D,L) = 1 � L ∼= OD. XJ degD L < 0, @o7k H0(D,L) = 0.
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5 6.1.1 Ún 1.1.2 ÚÚn 1.1.3 ¢SþÑ´íØ 6.1.1 �A~.

íØ 6.1.2 � D ´ 1-ëÏØf, p ∈ D ´1w:, � h0(D,OD(p)) > 1, @o

(1) D ¥L p �©| Γ ∼= P1.

(2) XJ D ��, K�3 D′, ¦� Γ < D′ < D, D′(D −D′) = 1.

(3) e q ∈ Γ ´,�� D ¥�1w:, @o�k h0(D,OD(q)) > 1.

·K 6.1.2 ([Men96], ½n 4.1) � D ´ 0-ëÏØf, ¦� h0(D,OD) = n ≥ 2 (l
� 1-

ëÏ), @o�3©) D =
n∑
i=1

Di, Di ≥ 0, ÷v±e^�(1 ≤ i ≤ n− 1):

(1) h0(Di,ODi
) = 1,

(2) ODi
(Di+1 + · · · +Dn) = ODi

,

(3) �o Di ∩ (Di+1 + · · · +Dn) = ∅ �o Di ⊆ (Di+1 + · · · +Dn).

y² Ï� h0(D,OD) ≥ 2, ¤±�3�"�¡ s ∈ H0(D,OD), §3 D �,�©|þð�

". Ø�� s ´ 0-4��¡, D1 = D−Zs. s ��w¤´ OD1
(−Zs) ��¡, §÷vÚn 6.1.2(i)

�^�, (Ü D � 0-ëÏ5, ·��� D1Zs = 0, OD1
(−Zs) = OD1

. 8y h0(D1,OD1
) = 1. e

Ø,, �é��N�¡

t ∈ H0(D1,OD1
) = H0(D1,OD1

(−Zs)) ⊆ H0(D,OD),

¦�Ù3 D1 �,�©|þð�", l
§�� OD ��¡
ó, Ù�"�©| Zt > Zs, � Zs

�4�5gñ!

XJ D1∩Zs = ∅, @o(Ø¤á. 8� D1∩Zs 6= ∅. - A = D1−D1
∧
Zs, B = Zs−D1

∧
Zs.

be A 6= 0, Kd D1Zs = 0 � 0 = (D1 ∩ Zs)(D − D1 ∩ Zs) + AB ≥ AB ≥ 0, � AB = 0, =

A,B Ø��. Ï
dOA(−Zs) = OA í� OA(−D1
∧
Zs) = OA, l
��E H0(D1,OD1

) ¥�

�"�¡, ¦�Ù3 D1
∧
Zs þ�", ù� h0(D1,OD1

) = 1 gñ! �7k A = 0, = D1 ≤ Zs.

dþ?Ø, ��N� r : H0(D,OD) → H0(ZS ,OZs
) �Ø Kerr ´ 1 ��, � Imr ´ n − 1

�, � h0(Zs,OZs
) ≥ n− 1. d D1Zs = 0 �, Zs E´ 0-ëÏ� (SK 6.1). d8B{=�(Ø.�

� p ∈ D. XJ D ¥²L p �©|Ñ´ 1 ­�, K¡ p �Q�: (Reduced point). XJ p

´ D �Û:½ö�Q�:, @oÒ¡ p ´ D �­:.

·K 6.1.3 ([Fra91], [Men96]) � D ´ S þ � k � Ø f, p ´ D ¥ � ­ :, @ o p ´

| KS +D | �Ä:��=�±eN�

H0(Oσ∗D−E) −→ H0(Oσ∗D−2E)

Ø´÷�.

y² p ´ | KS +D | �Ä:��=� (SK 6.7)

h1(S̃, σ∗(KS +D) ⊗OeS(−E)) > h1(S̃, σ∗(KS +D)).

d Serre éó½n, ·�k

h1(−(σ∗D − 2E)) = h1(S̃, σ∗(KS +D) ⊗OeS(−E)),

h1(−(σ∗D −E)) = h1(S̃, σ∗(KS +D)).
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,	, p ´ D ­:¿�X σ∗D − E ≥ σ∗D − 2E ≥ 0. d·K 6.1.1 (6),

α(σ∗D −E) = α(σ∗D − 2E) = α(D),

Ï
2gd·K 6.1.1 (6)��

h1(−(σ∗D − 2E)) > h1(−(σ∗D − E)) ⇐⇒ h0(Oσ∗D−2E) > h0(Oσ∗D−E).

�d, ·��¤
y². �

íØ 6.1.3 3·K 6.1.3 �^�e, b� D ´ 1-ëÏ�, @o p ´ | KS +D | �Ä:��

=� D �3©) D = D1 +D2, ¦� p ∈ D1 ∩D2, D1D2 = 1, �k

h0(σ∗D1 − E,O(−(σ∗D2 − E))) > 0.

AO/, XJ D ´Q��, @o p ´ | KS +D | �Ä:��=� p ´ D ��©l(:.

y² Ï� D ´ 1-ëÏ�, ¤±díØ 6.1.1 � h0(Oσ∗D−2E) = 1. d·K 6.1.3 �, p ´

| KS +D | �Ä:��=� h0(Oσ∗D−2E) ≥ 2.

XJ h0(Oσ∗D−2E) ≥ 2, @oíØ 6.1.1 íÑ σ∗D − 2E Ø´ 1-ëÏ, l
 D k©) D =

D1 +D2÷v p ∈ D1 ∩D2, D1D2 = 1 (SK 6.7). ?�Ú, D1,D2 Ñ´ 1-ëÏ� (SK 6.1). ù�

�±íÑ σ∗D2 − E ´ 1-ëÏ�, ¤± h0(Oσ∗D2−E) = 1. �Ä�Ü�

0 // H0(Oσ∗D1−E(−(σ∗D2 − E))) // H0(Oσ∗D−2E) // H0(Oσ∗D2−E) ∼= C

du h0(Oσ∗D−2E) > 1, ¤± h0(σ∗D1 − E,O(−(σ∗D2 −E))) > 0. �

5 6.1.2 (Ü·K 6.1.2, ·��±òíØ 6.1.3 ¥�¿�^�Ñ�?U, =­: p ´

| KS +D | �Ä:��=�k©) D = D1 +D2, D1,D2 ≥ 0, D1D2 = 1, � p ´ D1 �1w:,

÷v OD1
(p) ∼= OD1

(D2). ?�Ú, �þã^�¤á�, �o D1 ∩D2 = {p}, �o D1 ≤ D2. ä

N[!�ëw [Men96, ½n 3.1].

íØ 6.1.4 XJ D ´ 2-ëÏØf, p ´ D �­:, @o p Ø�U´ | KS +D | �Ä:.

æ^Ú·K 6.1.3 ���Ó��{§·�k±e(Ø (�Öögy).

·K 6.1.4 � D ´ S þ�k�Øf, p, q ´ D þ­:, � p 6= q. � σ : S̃ → S ´3 p, q

?��u, E1 = σ−1(p), E2 = σ−1(q). � D′ = σ∗D− 2E1 −E2, D
′′ = σ∗D− 2E1 − 2E2, K p, q

ØUd | KS +D | «©��=�±eN�

H0(D′,OD′′) −→ H0(D′′,OD′′)

Ø´÷�.

5 6.1.3 (Ü·K 6.1.2, � D ´ 2-ëÏ�, ·���±ò·K 6.1.4 ¥�¿�^�­�?

U, =­: p, q U^ | KS+D | «©��=�k©) D = D1+D2, D1,D2 ≥ 0, D1D2 = 2, � p, q

´ D1 �1w:, ÷v OD1
(p+q) ∼= OD1

(D2). ?�Ú, �þã^�¤á�, �o D1∩D2 = {p, q},

�o D1 ≤ D2. äN[!�ëw [Men96, ½n 3.2].
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Ún 6.1.3 � D ´­¡ S ¥� 1-ëÏØf, p ´ D ¥�1w:, @o p ´ KD �¤k�

N�¡�ú�":8��=� H0(D,OD(p)) ≥ 2.

?�Ú, b� pa(D) ≥ 1, @oXJ p´ KD �¤k�N�¡�ú�":8, K D Ø´ 2-ë

Ï, D ¥L p �©| Γ ∼= P1, � ∀s ∈ H0(D,KD), k s |Γ≡ 0.

y² ´ � p ´ KD � ¤ k � N � ¡ � ú � " : 8 � � = � H1(D,Ip ⊗ KD) →

H1(D,KD) Ø´ü�, ½= H0(D,OD) →֒ H0(D,OD(p)) Ø´÷�, d? Ip � p ?�n�

�. 5¿� D ´ 1-ëÏ�, Ïd h0(D,OD) = 1. ùÒy²
(Øc�Ü.

(Ø��Ü��5guíØ 6.1.2. �

íØ 6.1.5 XJ D ´ 2-ëÏØf, K�o D ∼= P1, �o KD k�N�¡)¤. ?�Ú, X

J pa(D) = 1, @o KD
∼= OD.

y² ·Kc�Ü©5guíØ 6.1.4 ÚÚn 6.1.3. ·K��Ü©5guíØ 6.1.1. �

·K 6.1.5 � D ´ 1-ëÏØf, � KD Ø´ nef �, K±e�/��¤á:

(1) D ´Ø���, � D ∼= P1.

(2) D ´Q��, �k��Ø��©| Γ ∼= P1 ¦� Γ(D − Γ) = 1.

AO/, XJ D ´ 2-ëÏØf, K�o D ∼= P1, �o KD ´ nef �.

y² XJ D ´Ø���, Ká��/ (1) (SK 6.2). 8� D ��. d��úª�

degKD |C= degKC + C(D − C), ∀C ≤ D. (6-1)

|^ D � 1-ëÏ5=�¤I. �

·K 6.1.6 � D ´ 1-ëÏØf, � pa(D) ≥ 2. XJ D ÷v±e^���, @o KD ´

ample �:

(1) D Ø��;

(2) D ��, �é D ¥?Ûkn©| C ∼= P1, Ñk C(D − C) ≥ 3.

y² Ø�� D ��. d ample ½Â9úª (6-1) á�¤I(Ø. �

Ún 6.1.4 � D ´ 1-ëÏØf, pa(D) ≥ 2 � KD ´ nef �, @o h1(D,nKD) = 0, n ≥ 2.

?�Ú, � 0 < D1 < D, K7k h1(D1, nKD) = 0 (n ≥ 1).

y² déóúª,

h1(D,nKD) = h0(D, (1 − n)KD),

h1(D1, nKD) = h0(D1,KD1
− nKD).

Ï pa(D) ≥ 2, � degDOD((1 − n)KD) < 0, ∀n ≥ 2. du KD ´ nef �, ¤± degΓ OD((1 −

n)KD) ≤ 0, ∀Γ < D. díØ 6.1.1 =� h1(D,nKD) = 0.

d D � 1-ëÏ59 KD � nef 5,

degD1
(KD1

− nKD) = −D1(D −D1) − (n− 1) degD1
KD < 0
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,��¡, é?Û 0 < D′ < D1, d������

D′(D1 −D′) > degD1−D′(KD1
− nKD).

y3dÚn 6.1.2 =�(Ø. �

Ún 6.1.5 � D ´ 1-ëÏØf, KD ´ nef �. � 0 < D1(< D) �´ 1-ëÏ�. @o

(1) XJ degD1
KD > 0, K

h1(OD1
(nKD − (D −D1))) =

{
1 n = 1

0 n ≥ 2.

(2) XJ degD1
KD = 0, @o pa(D1) = 0, D1(D −D1) = 2, �k

h1(OD1
(nKD − (D −D1))) = 1, ∀n ≥ 1.

y² n = 1 �/�±léóúª9 D1 �ëÏ5��. 8� n ≥ 2. XJ degD1
KD > 0,

Kd KD � nef 5��y L = −(n − 1)KD ÷víØ 6.1.1 Ã^�, l
déóúª��¤I�

ª.

XJ degD1
KD = 0, K degC KD = 0, ∀C < D. dSK 6.4 �, KD |D1

∼= OD1
, dd��Ù

{�ª. �

½n 6.1.1 � D ´ 1-ëÏØf, KD ´ nef �. � 0 < D1 < D, ¦� D − D1 ´ 1-ëÏ

�. �Ä��N�

rn : H0(OD(nKD)) −→ H0(OD1
(nKD)),

K±e�/��¤á:

(1) degD−D1
KD > 0 � rn ´÷� (∀n ≥ 1).

(2) degD−D1
KD = 0, r1 ´÷�, Imrn(n ≥ 2) 3 H0(OD1

(nKD)) ¥{�ê� 1.

y² �Äd D = D1 + (D −D1) �©)S� (·K 6.1.1(4)) p��þÓN�Ü�:

0 // H0(OD−D1
(nKD −D1)) // H0(OD(nKD)) // H0(OD1

(nKD)) //

// H1(OD−D1
(nKD −D1)) // H1(OD(nKD)) // H1(OD1

(nKD)) // 0.

dÚn 6.1.4 ÚÚn 6.1.5 á�(Ø. �

��±þ?Ø���k�A^, ·�kXe(Ø.

·K 6.1.7 � f : S → C ´º� g ≥ 2 ��é4�n�z, F ´?�n�, K 2KF d�N

�¡)¤.

y² 5¿� OF (F ) ∼= OF , ¤±·��I�y² | 2KS + nF | 3 F þÃÄ: (n ´

¿©��ê). dSK 1.10, ·��±�¿©��óê n, ¦� (KS + nF ) ´ nef,big �, �

h0(KS + nF ) > 0. ·���±b��3 A ∈| KS + nF |, ¦� A 3 F þz�:?­êØ�u 2

(7��^ A+ 2F O� A, n+ 2 O� n).
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8� p ∈ F , σ : S̃ → S ´ P ��u, E = σ−1(p). d·K 6.1.1, A ´ 2-ëÏ�. db��

σ∗A− 2E ´k�Øf. Ï
 σ∗A− 2E ´ 1-ëÏ� (SK 6.4). (Ü·K 6.1.1 (6) =�

h1(S̃,−(σ∗A− 2E)) = h1(S̃,−(σ∗A−E)).

déóúª, þª�du

h1(S̃, σ∗(2KS + nF ) − E) = h1(S̃, σ∗(2KS + nF )).

Ïd p Ø´ | 2KS + nF | �Ä: (SK 6.7). �

Ún 6.1.6 ([CF96], [Lau83]) � D ´ 1-ëÏ�, pa(D) ≥ 1, L ´ D þ��m, L−KD ´

nef �. � p ´ | L | �Ä:, K�3k�Øf ∆ ≤ D, ÷v±e5���:

(1) p ´ ∆ �1w:, L |∆= O∆(K∆ + p).

(2) ∆ = D, p ´ ∆ �1w:, ��3 D þ,��1w: q, ¦� L = OD(KD + p− q), L 6= KD.

(3) ∆ = D, p ´ ∆ ��­:, O eD(σ∗(L −KD)) = O eD, L 6= KD, d? σ ´3 p ?��u, D̃ ´

D �î���.

6.2 Øfþ�;��ê

� f : S → C ´º� g �é4�n�z. ·�3ù�!¥?Ø;��ê R(F,KF ) �)¤�

gê. ·�Äk�	����©g� R(D,KD), d? D ´k�Øf.

XJ D Ø���k�� g1
2 , =�3�_� L ¦� deg L = 2 9 h0(D,L ) ≥ 2, K¡ D 3

��¿Âþ´�ý��. � pa(D) ≥ 2 � D 3��¿Âþ�ý��, §k��� g1
2 .

·�k±eÙ��(J.

·K 6.2.1 ([Sai73], [Re90b], [Cat82], [Kon01]) � D ´Ø��­�, � pa(D) ≥ 2, @o

(1) XJ pa(D) = 2, K R(D,KD) dgêØ�L 3 ��)¤.

(1) XJ pa(D) ≥ 3 � D ´�ý��, K R(D,KD) dgê� 1 Ú 2 ��)¤.

(2) XJ pa(D) ≥ 3 � D ´��ý��, K R(D,KD) dgê� 1 ��)¤.

·�k�	 2-ëÏº� 1 Øf�,
AÏ©g�(�. ù��/�é'�{ü, é·��¡

�ïÄk�½�ë��^.

Ún 6.2.1 ([Rei75]) � D ´ 2-ëÏØf, � pa(D) = 1, L ´ D þ�_�, ÷v degD L >

0, degC L ≥ 0, ∀C ≤ D.

(1) XJ degD L ≥ 2, @o L k�N�¡)¤.

(2) XJ degD L = 1, @o L = OD(p) (p ´ D þ�1w:), � H0(L) d��3 p ?�"��¡

)¤.

y² N´�y, D Ø���(Ø¤á. 8� D ��. díØ 6.1.5� KD
∼= OD, l


degC KD = 0, ∀C ≤ D. 2(ÜëÏ5=� C(D − C) = 2, C ∼= P1, pa(D − C) = 0, � D − C

´ 1-ëÏØf (SK 6.1).

�Ä D = C + (D −C) �©)S�p��þÓN�Ü�

H0(D,L)
r

−→ H0(C,L) −→ H1(D − C,L− C |D−C).
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déóúª

h1(D − C,L−C |D−C) = h0(D − C,KD − L |D−C)

e degLD−C > 0, Kþª�u", l
 r ´÷�, ùÒíÑ C þ�:Ø�U´ | L | �Ä: (Ï

C ∼= P1).

e degLD−C = 0, K C ´��¦� degC L 6= 0 �©|, � D − C Ø¹ C. ù��/e, X

J p ∈ C ´ | L | �Ä:, K7´ D ¥�1w:. eØ,�3,�©| C ′ L p, ¦� degC′ L = 0.

u´dþã?Ø�� C ′ þÃÄ:, gñ!

´� p ´ L �Ä:��=� H0(OD(−L+ p)) > 0, l
 degL |C= 1. dd�¤I(Ø. �

�Ö��B, ·�^ C[X1,X2 · · · , Y1, · · · , Z1] L«\�õ�ª�, Ù¥ Xi þ��� 1 �C

þ, Yj þ��� 2 �Cþ; Zk þ��� 3 �Cþ; Ù{�gaí.

½n 6.2.1 3Ún 6.2.1 �^�e, ·�k

(1) XJ degL = 1, @o

R(D,L) ∼= C[X,Y,Z]/(f6),

ùp f6 3Ü·��IÀ�e´/X Z2 − Y 3 − aY X4 − bX4 �\�àgõ�ª.

(2) XJ degL = 2, @o

R(D,L) ∼= C[X1,X2, Y ]/(f4),

ùp f4 3Ü·��IÀ�e´/X Y 2 −
4∑
i=0

aiX
i
1X

4−i
2 �\�àgõ�ª.

y² díØ 6.1.1 9éóúª=� h1(nL) = 0 (n ≥ 1), 2d Riemann-Roch ½n�

h0(nL) = n degL.

(1) dÚn 6.2.1, 2L d�N�¡)¤, l
d·K 6.1.1(5) ��

ϕ2,n : H0(2L) ⊗H0(nL) −→ H0((n+ 2)L)

´÷� (n ≥ 3); 
 Imϕ2,1 3 H0(3L) ¥�{�ê� 1. ù�, ·���?Ø H0(kL) (k ≤ 4) ¥

�)¤�=�.

dÚn 6.2.1, H0(L) d��� x )¤, � x 3,: p ∈ D ?�". Ï
 x2 ∈ H0(2L) ´�

"�¡. ��¡ y ∈ H0(2L), ¦� x2, y �¤Ù�|Ä. du 2L d�N�¡)¤, ¤± y(p) 6= 0.

aq/, ·��±� z ∈ H0(3L), ¦� (x3, x2y, z) �¤Ù�|Ä, � z(p) 6= 0.

8�Ä

ϕ1,3 : H0(L) ⊗H0(3L) −→ H0(4L).

5¿� x(p) = 0, � Imϕ1,3 3 H0(4L) ¥�{�ê� 1. Ï� y2(p) 6= 0, � y2 6∈ Imϕ1,3. ùíÑ

H0(4L) = Imϕ1,3 + Imϕ2,2. Ïd R(D,L) d x, y, z )¤. �ÄN�

h : C[X,Y,Z] −→ R(D,L), X → x, Y → y, Z → z.

þ¡�?Ø`²ù´÷�. d��O��� dim(Kerh)n = 0 (n ≤ 5), dim(Kerh)6 = 1. Ïd

�3 f ∈ (Kerh)6. 5¿� Imϕ = H0(6L), �ª�>�Ñy x, y, Ïd f ¥Ñy Z2 �. qÏ�

z2, y3 ´=k�Ø3 p ∈ D ?�"��¡, Ïd Y 3 Ñy3 f ¥.
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���� R(D,L) Ú C[X,Y,Z]/(f) 3z�àgÜ©��ê�Ó, =y�(Ø. (2) �?Ø

aq, 3�ÖööS. �

y3·�£�;��êþ.

½n 6.2.2 � D ´k�Øf, pa(D) ≥ 2, � h1(nKD) = 0 (n ≥ 2). @o

(1) XJ 2KD d�N�¡)¤, K R(D,KD) dgêØ�L 5 ��)¤.

(2) XJ D ´ 2-ëÏ, K R(D,KD) dgêØ�L 3 ��)¤. ù��/¥, XJ?�Úb�

pa(D) = 2, K

R(D,KD) ∼= C[X1,X2, Z]/(f6),

ùp f6 3Ü·��IÀ�e´/X Z2 − p6(X1,X2) �\�àgõ�ª.

y² y²�½n 6.2.1 aq, ùpØ2Kã. �

� D ´��Øf, D = A+B ´��©), L,M ´ D þ��_�. ·�P Nn
m := mL+nM .

Äk�Ä±e��ã (0 ≤ k ≤ m, 0 ≤ q ≤ n):

0 //
L
k,p

H0(A, N
n−p

m−k
− B) ⊗ H0(D, N

p

k
) //

α1

��

L
k,p

H0(D, N
n−p

m−k
) ⊗ H0(D, N

p

k
) //

β

��

L
k,p

H0(B, N
n−p

m−k
) ⊗ H0(D, N

p

k
)

γ1

��L
k,p

H0(A, N
n−p

m−k
− B) ⊗ H0(A, N

p

k
)

α2

��

L
k,p

H0(B, N
n−p

m−k
) ⊗ H0(B, N

p

k
)

γ2

��
0 // H0(A, Nn

m − B) // H0(D, Nn
m) // H0(B, Nn

m)

ùpeI k, p Ø�½�H�Ü�U�.

Ún 6.2.2 b�þãã¥ÃN� H0(D,Nn−p
m−k) → H0(B,Nn−p

m−k) ±9 α1α2, γ1, γ2 Ñ´÷

�, @o β �´÷�.

Ún 6.2.3 b� D ´ 1-ëÏØf, pa(D) ≥ 2, 2KD d�N�¡)¤, � h1(nKD) = 0

(n ≥ 2). XJ D ´Q��½ö´ nef �, @o R(D,KD) dgêØ�L 4 ��)¤.

y² Ï� 2KD ´d�N�¡)¤, ¤±dÚn 6.2.2, ·��I�y²

H0(2KD) ⊗H0(3KD) +H0(KD) ⊗H0(4KD) −→ H0(5KD)

´÷�, ¿��±b� D Ø´ 2-ëÏ�, =k©) D = D1 +D2, D1D2 = 1. Ø�b� D1 ´÷

v D1(D −D1) = 1 �4�Øf. ù�, D1 ´ 2-ëÏ�, D2 ´ 1-ëÏ�, ��o D1 ≤ D2, �o

D1,D2 Ãú�©| (SK 6.1).

Ó�/, Ï� 2KD d�N�¡)¤, ¤±dÚn 6.1.2 � KD ´ nef �. 5¿� degDi
KD =

degKDi
+ 1 ≥ 0, ¤± pa(Di) > 0, Ï
 degDi

KD > 0. y3·�|^½n 6.1.1 í���N�

ϕn,i : H0(D,nKD) −→ H0(Di, nKD)

´÷�. (ÜÚn 6.2.2, �
y²(Ø, ·��I�y²±eü�N�´÷�

H0(D2, 2KD) ⊗H0(D2, 3KD) → H0(D2, 5KD)

H0(D1,KD1
) ⊗H0(D1, 4KD) → H0(D1, 4KD +KD1

).
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Ï pa(D) ≥ 2, � 2KD, �dÚn 6.1.4 Ú·K 6.1.1(5) ��, þã1��N�´÷�.

díØ 6.1.5 Ú·K 6.1.1(5), �y1��N�´÷�, ·��I�y² h1(D1, 4KD −

KD1
) = 0 =�, �Ò´ h0(D1, 2KD1

− 4KD) = 0. dSK 6.5 �, h0(D1, 2KD1
− 2KD) = 0. Ï


±eN�

H0(D1, 2KD1
− 4KD) ⊗H0(D1, 2KD)

´"N�. Ï 2KD d�N�¡)¤, � h0(D1, 2KF ) > 0. ùÒ½¦ h0(D1, 2KD1
− 4KD) = 0.�

5 6.2.1 [Kon01, ·K 1.3.3] y², XJ D ´ 1-ëÏ�, KD ´ nef �¿�d�N�¡)

¤, @o� pa(D) ≥ 3 �, R(D,KD) dgêØ�L 2 ��)¤; � pa(D) = 2 �, @o R(D,KD)

dgêØ�L 3 ��)¤.

Ún 6.2.4 � D ´ 2-ëÏØf, pa(D) ≥ 3, XJ©) D = D1 +D2 ÷v±e�/��,

K R(D,KD) dgêØ�L 2 ��)¤:

(1) D1 ´ 2-ëÏØf, D2 ´ 1-ëÏ, degDi
KD > 0 (i = 1, 2), � h1(D1, 2KD −KD1

) = 0;

(2) D1
∼= P1, D2 ´ 1-ëÏ, � D1D2 ≥ 4.

y² aqÚn 6.2.3 �?Ø, ·��I�y²±eN�´÷�.

H0(D2,KD) ⊗H0(D2, 2KD) → H0(D2, 3KD)

H0(D1,KD1
) ⊗H0(D1, 2KD) +H0(D1,KD) ⊗H0(D1,KD +KD1

) → H0(D1, 2KD +KD1
).

Ï� KD d�Nä¡)¤, h1(D2,KD) = 0, �d·K 6.1.1(5) ��, þã1��N�´÷�. X

J D ÷v�/ (1), Kd·K 6.1.1(5) ��, þã1��N��÷. 8b� D ÷v�/ (2). Ï

D1
∼= P1, � OD1

(K +D+KD1
) = OD1

(m− 4), OD1
(KD) = OD1

(m− 2), d? m = D1D2 ≥ 2.

Ïd

H0(D1,KD +KD1
) ⊗H0(D1,KD) −→ H0(D1, 2KD +KD1

)

´÷�. �d·��¤
Ún�y². �

e¡´·�ù�!�Ì�½n.

½n 6.2.3 � f : S → C ´º� g ≥ 2 �é4�n�z, F ´ 1 ëÏn�, @o

(1) R(F,KF ) dgêØ�L 4 ��)¤.

(2) XJ F ´ 4-ëÏ�, � g ≥ 3, K R(F,KF ) dgêØ�L 2 ��)¤.

(3) XJ F ´ 2-ëÏ�, � g = 3, K R(F,KF ) dgêØ�L 2 ��)¤.

y² du F ´�é4��, Ïd F Ú KF ´ nef �. dÚn 6.1.4 �� h1(nKF ) = 0

(n ≥ 2). d·K 6.1.7 �, 2KF d�N�¡)¤. y3dÚn 6.2.3 á� (1).

(2) ��5guÚn 6.2.4.

y3?Ø (3), = g = 3 � F ´ 2-ëÏ. bX F ´ 4-ëÏ, Kd (2) á�. XJ F ´ 3-ëÏ,

K��E©) F = D1 + D2, D1D2 = 3 ÷vÚn 6.2.4(1) �^�, Ï
·��±b� F Ø´

3-ëÏ. d	, Ï� F ´ 2-ëÏ, ¤± F ¥?Û÷v 0 < D < F �Øf D �g�êÑØ�L

(−2).
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·�é F ¥�Ø��©| Γ, ¦� KSΓ > 0. XJ KSΓ = 1, @o Γ2 = −3. ·��

D1 = Γ, D2 = F − Γ. d� D2 ´ 1-ëÏ�. eØ,, k©) D2 = A + B, AB ≤ 0, Ï


Γ2 = D2
2 ≤ A2 +B2 ≤ −4, gñ! ù�, D = D1 +D2 ÷vÚn 6.2.4(1) �^�. XJ KSΓ = 3,

K�3,�©| Γ′ ¦� KSΓ′ = 1, l
=z�c��/.

KSΓ = 2, 4 �/3�Ööy². �

6.3 �º�n��;��ê

� f : S → C ´º� g n�z, F ´�^n�. ù�!¥, ·�ò0�º� g = 2, 3 �n�

;��ê R(F,KF ) (�. ·�I���
O�ó�.

XJ��k�Øf E ≤ F �÷v E2 = −1, KSE = 1, ·�Ò¡ A �ý�4ó (Elliptic

cycle). XJTý�4ó´4�� (= E Ø�¹?ÛÙ¦ý�4ó), ·�Ò¡§�ý��

(Elliptic tail). w�, ¹ký�4ó�n�º� g ≥ 2. XJ F = mF0 ´­n�, @oý�4ó

A Ø�U�¹ F0.

Ún 6.3.1 � A ≤ F ´ý�4ó, E ≤ A ´ý��, @o

(1) A ´ 1-ëÏ�; A ´ 2-ëÏØf��=� A ´ý�� (= A = E).

(2) E ´ A ¥���ý��;

(3) XJ A 6= E, @o±e�/��¤á:

(3a) AE = 1, F = (g − 1)(A+ E).

(3b) AE = 0, (A− E)2 = −2.

(4) XJ E ´���, @o E ¥�3Ø��©| Γ ¦� ΓKS = 1, Γ2 = −3, ΓE = −1. ?�Ú

E − Γ d (−2)-­�|¤, �§´g�|8þ�Ä�4ó, θE = 0, ∀θ ≤ E − Γ.

y² �Ä©) A = A1 + A2, d −1 = A2
1 + A2

2 + 2A1A2 ≤ 2A1A2 − 2 á� A � 1-ëÏ

5. XJ A = E, @o A1A2 ≥ 2, eØ, A1, A2 ¥k��ý�4ó, � E ½Âgñ! Ïd E ´

2-ëÏ�.

(A + E)2 ≤ 0 íÑ, AE ≤ 1, = E(A − E) ≤ 2. XJ A ´ 2-ëÏ, K�o A = E, �o

E(A−E) = 2. be A 6= E, @o A−E ´ 1-ëÏØf, l
 pa(A−E) ≥ 0. du KS(A−E) = 0,

� (A− E)2 = −2. ùÒíÑ A2 = E2 + 2E(A −E) + (A− E)2 > 0, gñ! �d�7k A = E.

±eb� A 6= E. XJ (A + E)2 = 0, Kd Zariski Úná� F = (g − 1)(A + E), l


AE = 1. XJ (A+ E)2 < 0, @o AE ≤ 0. du E(A− E) ≥ 1, ¤± AE = 0, (A− E)2 = −2.

be E′ ´ A �,��ý��, Kd KSA = KSE1 = KSE2 = 1 �é���©| Γ ≤ Ei

(i = 1, 2) ¦� KSΓ = 1. - Bi = Ei−E1∧E2 (∧ ½Â�íØ 1.1.2), D = A−B1−B2−E1∧E2.

´� D d (−2)-­�|¤. d Ei � 2-ëÏ5í� ED ≥ 0.

b� B1 6= 0, B2 6= 0. d E1, E2 � 2-ëÏ5, ¤± B1E2 ≥ 2, B2E1 ≥ 2, l
 E2A =

E2
2 +E2(B1 +D) ≥ 1. ù�, F = (g − 1)(A+E1) = (g − 1)(A+E2), ùÒíÑ B1 = B2, gñ!

� B1 = B2 = 0, = E1 = E2.

XJ E ��, @o E �4�5�y
Ù�©|Ñ´kn­�. d KSE = 1 ���3 Γ ≤ E

¦� KSΓ = 1, Γ2 = −3, � E − Γ d (−2)-­�|¤. d E � 2-ëÏ5, ΓE ≥ −1, θE ≥ 0,

∀θ ≤ E − Γ. 2d E2 = −1 í� ΓE = −1, θE = 0, l
 (E − Γ)2 = −2, θ(E − Γ) ≤ 0. �
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íØ 6.3.1 � F ´º� g ≥ 3 � 1-ëÏn�, A,D ´ F ¥�ý�4ó, @o

(1) AD ≤ 0, A,D �oØ��, �o�3�¹'X. AO/, XJ A,D Ñ´ý��, � A 6= D,

@o A,D Ø��.

(2) b� D < A, @o DA = 0 � A−D ´ An . (−2)-­�ó, θA ≤ 0, ∀θ ≤ A−D.

(3) XJ D ´ A �ý��� D ∧ (A−D) 6= 0, @o A−D = θ0 +B, ùp B ≤ D, ©| θ0 3 A

¥­ê� 1, θ0B = θ0D = 1.

y² (1) (A+D)2 ≤ 0 íÑ AD ≤ 1. XJ�Ò¤á, K A+D = (g − 1)F . d F � 1-ë

Ï59 g ≥ 2, ��ù´Ø�U�. Ïd AD ≤ 0. b� A,D ��, �pØ�¹, KíØ 1.1.2 (2)

¥�/(b)(c)(d) ��¤á, ùòíÑ F ´­n�, � F � 1-ëÏ5gñ! Ïdd�7½�3�

¹'X.

(2) ±eb� D < A. Kd A � 1-ëÏ5, AD = 0. �Ä�¹ A �4�ý�4ó A′, ±

9 A �ý�� E (l
 E ≤ D). � θ ≤ A′ ´ (−2)-­�. d (θ + A′)2 ≤ 0 � θA′ ≤ 1. be

θA′ = 1, @o θ(F − A′) = −1, l
 θ ≤ F − A′. ù� θ +A′ ´���ý�4ó, gñ! �7k

θA′ ≤ 0. d	, dc¡�(Ø�, θE ≥ 0, (A′−E)E = 1, Ï
�3 A′ ¥��� (−2)-­� θ0, ¦

� θ0E = 1, Ù{� (−2)-­�� E ��þ�". ù�, (A′ − E)θ ≤ 0, AO/, (A′ − E)θ ≤ −1.

d (A′ − E)2 = −2 í�, A′ − E ´g�|8þÄ�4ó. 5¿� θ0 3 A′ ¥­ê� 1, Ïd

A′ − E 7½´ An .ó. du A−D ≤ A′ − E, � (A−D)2 = −2, ¤± A−D �´ An .ó.

8� θ ∈ A−D. d (θ+A)2 ≤ 0 �, Aθ ≤ 1, Ón Dθ ≤ 1. XJ θA = 1, Kd (A−D)θ ≤ 0

íÑ θD = 1, θ(A −D) = 0. ù�, D1 := D + θ ≤ A �´ý�4ó, � D1A = 1, � (1) gñ!

� θA ≤ 0, ∀θ ≤ A−D.

(3) 8� D ´ý��, dc¡?Ø, A −D ´ An .ó, ��3 (−2)-­� θ0, ¦� θ0D = 1,

θ0 3 A ¥­ê� 1. ·�� A − D = θ0 + B1 + B2, ùp 0 < B2 ≤ D, B1 ∧ B2 = 0. du

B1D = 0, � B1 � D Ø��, l
� B2 �Ø��.

d θ0A ≤ 0 �� θ0(θ0 +B1 +B2) = θ0A− θ0D ≤ −1, = θ0(B1 +B2) ≤ 1. e B1 6= 0, @o

d A−D � 1-ëÏ5k θ0(B1 +B2) = 1, B1(θ+B2) = B1θ0 = 1 9 B2θ0 = 1, gñ! � B1 = 0,

=�¤I(Ø. �

daq/?Ø, ·�kXe(Ø (3�Ööy²)

·K 6.3.1 � F ´º� 2 n�, E ´Ùý��, K F �±©)�±eü«a.��:

aaa... I. F = E +E′ +A, ùp E,E′ ´ü�Ãú�©|�ý��; A = 0 � EE′ = 1, �o E,E′

Ø��� A ´ë� E,E′ � (−2)-ó.

aaa... II. F = 2E +B + θ0, d? θ0 ´�^ (−2)-­�, B �d (−2)-ó|¤��g�|8þ�Ä

�4ó; BE = θ0E = 1, θ0B = 0.

5¿�º� 2 n�vk­n�, Ïd7½´ 1-ëÏ�. XJ§Ø´ 2-ëÏ�, K7ký��.

Ún 6.3.2 3·K 6.3.1 �^�e, -

Γ =

{
E +A, F�a. I,

E + θ0, F�a. II.
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�ÄXe��N�

fn : H0(F, nKF ) → H0(F − E,nKF ),

gn : H0(F, nKF ) → H0(F − Γ, nKF ).

@o fn, gn Ñ´÷�, � Kerfn = Kergn (n ≥ 1). ?�Ú, Kerg1 dd��� x0 )¤, x0 |F−E=

0, �p�÷N� (n ≥ 1)

Kerg1 ⊗H0(F, nKF ) −→ Kergn+1.

y² 5¿� Γ2 = E2 = −1, KSΓ = KSE = 1, ¤± Γ, E Ñ´ 1-ëÏ�, �÷v½n

6.1.1 �Ã^�, ddá� fngn ´÷�.

d©)S�p��þÓN�Ü���

Kerfn =H0(E,nKF − (F − E)),

Kergn =H0(Γ, nKF − (F − Γ)).

Ø�b� Γ 6= E. ·�k�Ü�

0 −→ H0(E,nKF − (F − E)) −→ H0(Γ, nKF − (F − Γ)) −→ H0(Γ − E,nKF − (F − Γ)).

5¿ Γ − E ´ 1-ëÏ�, degΓ−E(nKF − (F − Γ)) = −1, degθ(nKF − (F − Γ)) ≤ 0, ùp θ ´

Γ − E ¥?¿ (−2) ­�. ù�, dÚn 6.1.2 =� Kerfn = Kergn.

Kerg1 = Kerf1 = H0(E,OE), � Kerg1 d��� x0 )¤, x0 |F−E= 0. d Kerfn = Kergn,

·��I�y Kerfn k÷N�

Kerg1 ⊗H0(F, nKF ) −→ Kergn+1.

|^ E � 2-ëÏ5ÚíØ 6.1.5 � Kerfn+1 = H0(E,nKF ). ·�k±e��ã

Kerf1 ⊗H0(F, nKF )
res //

**UUUUUUUUUUUUUUUUU
Kerf1 ⊗H0(E,nKF )

��
Kerfn+1

d½n 6.1.1 á�þã�N�Ñ´÷�. �

Ún 6.3.3 �n� F ÷v·K 6.3.1 �a. II, Γ = E + θ0, KXe��N�´Ó�

(n ≥ 1),

βn : H0(B + E,nKF ) −→ H0(E,nKF ).

AO/, Xe©g��m�p�N�´Ó�,

R(B + E,nKF ) −→ R(E,nKF ).

y² Kerβn = H0(B,nKF − E). ddÚn 6.1.2 =�(Ø. �

Ún 6.3.4 3Ún 6.3.2 ^�e, � E′ ´ F − Γ p�ý��, h : R(F,KF ) → R(E′,KF )

´d��N�p����, @o h ´÷�, Kerh ´ R(F,KF ) �Ìn�, d,��g� x0 )¤,

x0 |F−E= 0. ?�Ú, ÷�� R(F,KF ) → R(E,KF ) �Ø

J = {x ∈ R(F,KF ) | x0x = 0},
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§dØ�L 5 g�àg�)¤.

y² dÚn 6.3.2 =� h �÷5. 2(ÜÚn 6.3.3, ·�k

Kerh ∩H0(F, nKF ) = Kerfn,

ùp fn ÓÚn 6.3.2. Ï
 Kerh d�g� x0 )¤, x0 |F−E= 0.

n� J ´Xe���Ø, R(F,KF ) → R(F,KF ), x → x0x, Ïd§´àgn�, � Jn ´g

ê n �àgÜ©. ·�k

Jn = Ker
(
H0(F, nKF ) → H0(E,nKF )

)
= H0(F − E,nKF − E).

·�k±e��ã

Jn ⊗H0(F, 2KF )
res //

**TTTTTTTTTTTTTTTTTT
Jn ⊗H0(F − E, 2KF )

��
Jn+2

5¿ H0(F, 2KF ) → H0(F − E, 2KF ) ´÷�� (½n 6.1.1), 2KF d�N�¡)¤, Ïdd·K

6.1.1(5), � n ≥ 4 �,þãÃN���÷�. ùÒíÑ J �)¤�gêØ�L 5. �

e¡´�!���Ì�½n.

½n 6.3.1 ([Men88], ½n 3.1) � f : S → C ´º� 2 n�z, F ´n�, K

C[X0,X1, Y, Z]/(Q2, Q6),

ùp Qi ´±e�àg\�õ�ª (ÃPÒ�½Â�½n 6.2.1)

Q2 = λY − F2(X0,X1)

Q3 = Z2 − Y 3 − F6(X0,X1, Y ).

?�Ú, λ 6= 0 ��=� F ´ 2-ëÏØf. XJ λ = 0, @o F2 ��� X2
0 − αX0X1. d�, XJ

F ¹kü�ØÓ�ý��, K α 6= 0; XJ F ¹k���­�ý��, K α = 0.

y² X J F ´ 2-ë Ï �, K T ( J Ò ´ ½ n 6.2.2 (2) � � � í Ø. Ï d Ø � b �

F Ø ´ 1-ë Ï, = � 3 ý � �. · � E æ ^ Ú n 6.3.4 � Ã P Ò. 5 ¿ � E,E′ Ñ ´ 2-ë

Ï Ø f, degE KF = degE′ KF = 1, ¤ ± R(E,KF ), R(E′,KF ) k ½ n 6.2.1(1) � � ( �

C[X,Y,Z]/(F6). ùp F6 3Ü·��IÀ�e´/X Z2 − Y 3 − aY X4 − bX4 �\�àg

õ�ª.

·�P R = R(F,KF ), S = R(E′,KF ), I = (F6). Rn �L«gê� n �àgÜ©. y3

S = C[X1, Y, Z]/I. du h : R → S ´÷�, ÙØ´d x0 ∈ R1 )¤�Ìn�, x0 |F−E. d©g

��J,, ·�kR = C[X0,X1, Y1, Z]/Ĩ . Ï
 R(E,KF ) d y, z ±9,��5|Ü αx0 + βx1

)¤. �ó�, J d,�g� x )¤, x |E= 0.

XJ E = E′, K x0 |E= 0, l
 H0(E,KF ) = 〈x1 |E′〉, J d x0 )¤.

XJ E 6= E′, d x0 |F−E= 0 ��, x0 |E 6= 0, Ï
 x1 |E= αx0 |E , J d x1 − αx0 )¤. ·�

�b� α 6= 0, ��±ò)¤��� x0 − λx1, λ 6= 0.

(x0) ⊆ R ���þ�mÓ�u X0(C[X1, Y ] + ZC[X1, Y ]). Ïdd©g��5�, Ĩ =

(X2
0 − λX0X1, F̃6), ùp F̃6 = F6 −X0P5(X1, Y, Z), d	 λ 6= 0 ��=� E 6= E′.
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dÜ·��IC�, F̃6 ���

Z2 − Y 3 − α0X
4
1Y − α1X

6
1 − β0X0X

3
1Y − β1X0X

5
1 .

dÚn 6.3.4, ��� F̃6 |E≡ 0, = F̃6 ´ E ��§. �d, ·��¤
y². �

3º� 2 n�;��êïÄÄ:þ, [Men88] æ^aq��{��©a
º� 3 n�z�;

��ê(�, �d���¹òC���E,. ·�ùp���{ü�0�, Ø2�[y²ù
(

J. k,��Öö�±��ë��©z.

·K 6.3.2 ([Men88], ½n 4.2) � F ´ 1-ëÏº� 3 n�, K�3©) F =
l∑
i=1

Ai + D

(0 ≤ l ≤ 3), Ai ´ý�4ó, D ´ 2-ëÏØf. T©)÷v±e�^�:

(1) AiAj = 0, i 6= j.

(2) b� i < j, K�o Ai, Aj Ø��, �o Aj ≤ Ai.

(3) � k ≤ j, θ ´ Aj ¥?� (−2)-­�, K θ(
k∑
i=1

Ai) ≤ 0.

(4) � Ej ´ Aj �ý��, 1 ≤ i < j ≤ l, θ ´ Aj − Ej ¥?� (−2)-­�, K θAi = 0.

(5) e Aj − Ej 6= 0, K Ej(
∑
k>j

Ak +D) = 0.

(6) e l = 3, K D ∼= P1, D Øá3
3∑
i=1

Ai �|8¥.

÷vþã½n�©)¡� F �IOê�©) (Standard numerical decomposition). 'uù«©

)��õ5�, �ëw [Men88, Ch.2, Sec.4]

·K 6.3.3 ([Men88], ·K 5.4) � F ´ 1-ëÏº� 3 n�, kIOê�©) F =
l∑
i=1

Ai +

D, Ei ´ Ai �ý��. �Ä��N� (1 ≤ k ≤ l)

ϕn,k : H0(F, nKF ) −→ H0(F −
k∑

i=1

Ai, nKF ).

@o·�k

(1) ϕn,k ´÷� (k ≥ 1, n ≥ 2).

(2) ϕ1,1 ´÷�.

(3) Imϕ1,2 �{�ê�u h0(E2,OE2
(A1)).

(4) Imϕ1,3 �{�ê�u h0(E2,OE2
(A1)) + h0(E3,OE3

(A1 +A2)).

·K 6.3.4 ([Men88], ·K 6.3) � F = 2F0 ´º� 3 õ­n�. �Ä��N�

ϕn : H0(F, nKF ) −→ H0(F0, nKF ).

@o·�k

(1) ϕn ´÷� (n ≥ 1).

(2) Kerϕn = H0(F0,KF0
+ (n− 1)KF ), n ≥ 1.

(3) hn : Imϕ2 ⊗ Imϕn → Imϕn+2 ´÷� (n ≥ 3).

(4) XJ F0 ´ 2-ëÏ, @o±eN�´÷� (n ≥ 3)§

fn : Kerϕ1 ⊗H0(F0, nKF ) −→ Kerϕn+1.

Imf1 k{�ê 2, Imf2 k{�ê 1.
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dþã'�·K 6.3.3 Ú·K 6.3.4, ·���±e(Ø.

½n 6.3.2 � F ´º� 3 n�, K;��ê R(F,KF ) dgêØ�L 3 ��)¤.

� F ´ 1-ëÏ, �� 2-ëÏn�. [Men88] |^IOê�©), òù« F ­#©�n«¤¢

�)Ûa. I, II,III (Analytically of type I, II, III).

)))ÛÛÛaaa... I: XJ F �3IOê�©) F =
l∑
i=1

Ai +D, ¦� F − A1 Ø¹?Û÷v±e^��

ý�� E, OE(A1) ∼= OE.

)))ÛÛÛaaa... II: XJ F �3IOê�©) F =
l∑

i=1
Ai+D (l ≥ 2), ¦� OE2

(A1) ∼= OE2
, F −A1 −

A2 Ø¹?Û÷v±e^��ý�� E′, OE′(A1 +A2) ∼= OE′ (d?, Ei ´ Ai �ý��, eÓ).

)))ÛÛÛaaa... III: XJ F �3IOê�©) F =
3∑
i=1

Ai+D, ¦� OE2
(A1) ∼= OE2

, OE3
(A1 +A2) ∼=

OE3
.

½n 6.3.3 ([Men88], ½n 1.18) � F ´ 1-ëÏ, �� 2-ëÏ�º� 3 n�. @o F 7´

þã)Ûa.¥��«, Ù;��êkXe(�.

(1) e F ´)Ûa. I, @o

R(F,KF ) = C[X0,X1,X2, Y0, Y1, Z]/I,

ùp C[X0, · · · ] ´\�õ�ª, degXi = 1, deg Yj = 2, degZk = 3, ±e�Ó.

(2) e F ´)Ûa. II, @o

R(F,KF ) = C[X0,X1,X2, Y0, Y1, Y2, Z1, Z2]/I.

(3) e F ´)Ûa. III, @o

R(F,KF ) = C[X0,X1,X2, Y0, Y1, Y2, Z0, Z1, Z2, Z3]/I.

½n 6.3.4 ([Men88], ½n 5.1) � F = 2F0 ´º� 3 ­n�, KÙ;��êkXe(�:

R(F,KF ) = C[X0,X1,X2, Y0, Y1, Y2, Z1, Z2]/I.

þã�(Ø¥�n� I �±�°(¦Ñ. Öö�±��ëwT©z1nÙ�)¤�'X�L.

é 2-ëÏn�, (Ü½n 6.2.3, ·�k

½n 6.3.5 ([Men88], ½n 6.1) � F ´ 2-ëÏ�º� 3 n�, KÙ;��êkXe(�:

R(F,KF ) = C[X0,X1,X2, Y1]/(F2, F4),

ùp\�àgõ�ª F2, F6 ½ÂXe:

F2 = X2
2 − λY1 − P2(X0,X1) −X2P1(X0,X1).

F4 = Y 2
1 −Q4(X0,X1) −X2Q3(X0,X1) −X2

2Q2(X0,X1) −X3
2Q1(X0,X1).

λ 6= 0 ��=� F ´��ý��.

[Rei90] �[©Û
oaº� 3 �fn��;��ê(�, k,��Öö�±ë��e.
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6.4 1-2-3 ß�� Green ß�

� D ´­¡ S þ�k�Øf, L ´ D þ��_�. c¡A!¥, ·�é©g� R(D,L) )

¤��
ÐÚïÄ, �Ñ
;��ê R(D,KD) ��
�x, ¿äNO�Ñ
º� g = 2, 3 n�

�;��ê(�. ù
~fÑL²;��ê�)¤�gêØ�L 3. é����/, Miles Reid

QJÑXe�ßÿ.

1-2-3 Conjecture [Rei90]: � f : S → C ´º� g ≥ 2 �é4�n�z, @o�é;��ê

R(f) =
⊕

ν≥0

f∗ω
⊗ν
S/C

dgêØ�L 3 ��)¤.

ù�ß��±8(�ÛÜ�/, =n� F �;��ê R(F,KF ) )¤�gêØ�L 3. ¢Ã�´,

éu­n�5`, Tß�¿Ø�( (ë� [KM99]).

5 6.4.1 (1) [Lau87] y²�5­¡Û:�;��ê)¤�gêØ�L 3.

(2) [Cil83] �~fL²��.­¡�;��)¤�gê�U�L 3.

Konno y²
Xe�Ì�(J.

½n 6.4.1 ([Kon01], ½n III) � f : S → C ´º� g ≥ 2 �é4�n�z, F ´n�. X

J±e~	�/ØÑy, @o R(F,KF ) dgêØ�L 3 ��)¤: F ´õ­n�, ��¹��

ý�4ó E ¦� E á3 | KF | ��½Ü©¥.

XJ~	�/Ñy§@o R(F,KF ) �I�gê� 4 �)¤�.

�u�Ì, ·�Ø2äNy²ù�(J, k,��Öö�±���ÖT©z.

5 6.4.2 (1) [Kon01] ¢Sþy²
����(Ø: éu 1-ëÏØf D, XJ pa(D) ≥ 2 �

KD ´ nef �, @o R(D,KD) dgêØ�L 3 ��)¤.

(2) [Men96] �(J¢Sþ�±íÑ, é 1-ëÏn� F , KF ��½Ü©Ø�U�¹?Ûý��.

e¡·�5�E��õ­n��~f, `²½n 6.4.1 ¥�~	�/�±Ñy. �d, ·�

I��E��ý�4ó E á3 | KF | ��½Ü©¥. e¡�Ún�Ñ
ý�4óá3�½Ü©

¥���¿©5�K.

Ún 6.4.1 � f : S → C ´º� g ≥ 2 ��é4�n�z, F = mD ´ m ­n�, E < F

´ý�4ó, A = D − E ≥ 0. b� OA((m− 1)D) = OA, @o E á3 | KF | ��½Ü©¥.

y² �Ä D = A+ E �©)S�p��þÓN�Ü�

0 // H0(A,OA(KF − E)) // H0(D,KF ) // H0(E,OE(KF )) //

// H1(A,OA(KF − E)) // H1(D,KF ) // · · ·

d Riemann-Roch ½n9 Serre éó½n, ´�

h1(D,KF ) = 0,
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h1(A,OA(KF − E)) = h0(A,OA((1 −m)D)),

h0(E,OE(KF )) = 1.

qdb�, OA((m− 1)D) = OA, ùÒíÑ H0(D,KF ) → H0(E,OE(KF )) ´ 0-N�. de¡�

��ã

H0(F,KF ) //

((QQQQQQQQQQQQ
H0(D,KF )

��
H0(E,OE(KF ))

á�¤I(Ø. �

~ 6.4.1 ([KM99]) � Γ ´º� h �1w­�, P ∈ Γ ¦� | 3P | ÃÄ:. � W = Γ × P1,

∆ = {P} × P1, Γ0 = Γ × {[0 : 1]}, P0 = ∆ ∩ Γ. �¿©1w­� Cn ∈| 3∆ + (3n − 1)Γ0 |

(n >> 0), ¦� Cn � Γ0 3 P0 ?�� 3 ­. - C = Γ0 + Cn.

·��±�E W þ± C �©Ü;,�Ì�ngCX π : S0 → W , l
p�
 P1 þ�º�

g = 3h + 1 n�z f : S → P1. [0 : 1] ∈ P1 ?éA�n� F = 3(A + E), ùp A ´º� h 1w

­�, E ´1wý�­�, AE = KSE = 1, E2 = −1. �±�y, E ÷vÚn 6.4.1 �^�, l


á3 | KF | ��½Ü©¥. Ïd·���½n 6.4.1 �~	�/. d� R(F,KF ) ��I���

gê� 4 �)¤�. �

;��ê)¤��?ØÚÑ
��k��¯K, = | KF | ��½Ü©äkÛ«(�? 3�

fØ�ª�y²¥, ·�¢Sþ��9�ù�¯K. e¡�(Ø�Ñ
Ü©�£�.

½n 6.4.2 ([KM08], ½n A) � D ´ 1-ëÏØf, k�Øf Z ≤ D á3 KD ��½Ü©

¥, @o

(1) Z �z�©|Ñ´1wkn­�.

(2) � 0 < Z ′ ≤ Z, K pa(Z
′) ≤ 0, � h1(Z ′,OZ′) = 0.

(3) pa(Z) = 0 ��=� Z ´ 1-ëÏ�.

(4) h0(D − Z,OD−Z) = Z(D − Z) + pa(Z).

(5) XJ pa(Z) = 0, � Z(D − Z) = m, Kk©) D − Z =
m∑
i=1

Bi, ÷v±e5�

(5a) OBi
(−(Bi+1 + · · · +Bm)) = OBi

, i = 1, · · · ,m− 1.

(5b) BiZ = 1, Bi ´ 1-ëÏ�, i = 1, · · · ,m.

(5c) �oBi ≤ Bi+1 + · · · +Bm, �o Bi ∩ (Bi+1 + · · · +Bm) = ∅.

1-2-3 ½n�y²^�
 Koszul þÓN+�(J, �ö� Clifford �I9Í¶� Green ß�

k'. ·�ùp���{ü�0�.

� f : S → C ´º� g ≥ 2 �é4�n�z. � F ´�^1wn�. � g ≥ 4 �, F �

Clifford �I (Clifford Index) ½Â�

Cliff(F ) = min{degL− 2h0(L) + 2 | L ∈ Pic(F ), h0(L) > 1, h1(L) > 1}.

� g = 3 �, e F ´�ý�� (�A/, ��ý��), K½Â Cliff(F ) = 0 (�A/, Cliff(F ) = 1).

� g = 2 �, ½Â Cliff(F ) = 0.
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f � Clifford �I½Â�

Cliff(f) = max{Cliff(F ) | F´ f �1wn�.}

d Brill-Noether nØ, Cliff(F ) ≤ [g−1
2 ]. XJ F éA��m¥���:, @oTØ�ª�

�Ò¤á. F � gonality ½Â� F þkn¼ê���gê, =§� P1 ���CXgê, P�

gon(F ). d [CM91] �(J, gon(F ) − Cliff(F) = 2, 3. XJ F ´��� k-gonality ­�, @oÙ

Clifford �IÒ�u k − 2 (� [Bal86]). ùL² Clifford �I´­���mþ�e�ëY¼ê.

­�� Clifford �IÚ Koszul þÓN+� Green ß�k'. �d, ·�k0��e Koszul

þÓN+. � V ´�þ�m, S(V ) ´é¡�ê, B =
⊕
q∈Z

Bq ´©g S(V )-�. �ü � ι ∈

V ∗ ⊗ V ∼= Hom(V, V ), ·�kd ι p�� ¿N� yι : ∧pV → ∧p−1V ⊗ V , ÙéóN�=Ï~

	ÈN� ∧p−1V ∗ ⊗ V ∗ → ∧pV ∗. Þ~5`, � e1, e2, e3 ∈ V , K yι(e1 ∧ e2) = e1 ⊗ e2 − e2 ⊗ e1,

±9 yι(e1 ∧ e2 ∧ e3) = (e2 ∧ e3) ⊗ e1 − (e1 ∧ e3) ⊗ e2 + (e1 ∧ e2) ⊗ e3.

� mq : V ⊗Bq → Bq+1 ´¦{N�, ·��±l±e��ã½ÂN� dp,q.

∧pV ⊗Bq
yι⊗id //

dp,q **TTTTTTTTTTTTTTTT
∧p−1V ⊗ V ⊗Bq

id⊗mq

��
∧p−1V ⊗Bq+1

N´�y, (yι) ◦ (yι) : ∧pV → ∧p−2V ⊗ S2V ´"N�, l
 dp−1,q+1dp,q = 0. ù�, ·�p�


Koszul E/.

· · · // ∧p+1V ⊗Bq−1
dp+1,q−1// ∧pV ⊗ V ⊗Bq

dp,q // ∧p−1V ⊗Bq+1
dp−1,q+1 // · · ·

B � Koszul þÓN+½Â�

Kp,q =
Kerdp,q

Imdp+1,q−1
.

é?Û m, ·�k±e�ê�ª

∑

p+q=m

(−1)p dimC Kp,q(B,V ) =
∑

p+q=m

(−1)p

(
dimV

p

)
dimCBq.

� L ´ n �;E6/ X þ�)Û�m, F ´ X þ�)Ûvà�, V ⊆ H0(X,L) ´f�m.

-

B =
⊕

q∈Z

H0(X,F ⊗ L⊗q).

ù�, ·�Ò�� X þ� Koszul þÓN+ Kp,q(X,F ,L, V ). XJ� F = ωX , @oþã B ¡�

X,L � Arbarello-Sernesi � (� [AS78]), §´ S(H0(X,L))-�. Arbarello-Sernesi ��5��±

ëw [? , ½n 4.b.2],

·�k±e�éó½n.

½n 6.4.3 ([Gr84a], ½n 2.c.6) � L ´ n �;E6/ X þ��m, E ´ X þ��þm,
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�f�m V ⊆ H0(X,L) ÃÄ:, dimV = r + 1, �÷v (i = 1, · · · , n − 1)

H i(X,E ⊗ (q − i)L) = 0,

H i(X,E ⊗ (q − i− 1)L) = 0.

@o·�k

Kp,q(X,E,L, V )∨ ∼= Kr−n−p,n+1−q(X,KX ⊗ E∨, L, V ).

|^þ¡�éó½n9 Mumford ��½n, =�Xe(Ø.

íØ 6.4.1 � X ´ n �; Kähler 6/, L ´ X þ�)Û�m, V ⊆ H0(X,L) ÃÄ:,

dimV = r + 1. � dimϕ|mL|(X) = n, é,� m > 0 ¤á. @o� q ≥ n+ 1 �k

Kp,q(X,KX , L, V )∨ ∼= Kr−n−p,n+1−q(X,KX ⊗ E∨, L, V ).

XJ n = 1 ½ö Hn−1(X,OX ) = 0, @oþªé q = n �¤á.

�Ö��B, ·�P Kp,q(X,KX) := Kp,q(X,OX ,KX ,H
0(X,KX )).

½n 6.4.4 ([Gr84a], ½n 4.c.1) � X ´ n ���.1w6/, | KX | ÃÄ:. @o

(1) XJ q ≥ n+ 2 ½ö q = n+ 1 � Hn−1(X,OX ) = 0, K

Kp,q(X,KX)∨ ∼= Kr,s(X,KX),

ùp

r = h0(X,KX ) − (n+ 1 + p),

s = n+ 2 − q.

(2) XJ q ≥ n+ 3, K

Kp,q(X,KX ) = 0.

(3)

Kp,n+2(X,KX) =

{
C, p = h0(X,KX) − (n+ 1),

0, otherwise.

(4) e Hn−1(X,OX ) = 0, � dimϕKX
(X) ≥ n− 1, K

K0,n+1(X,KX ) =

{
Ch0(X,KX)−n−1, ϕKX

(X) ´n �4�gê�6/,

0, ϕKX
(X) Ø´n �4�gê�6/.

(5) e dimϕKX
(X) = n, Hn−1(X,OX ) = 0, ϕKX

(X) Øá3äk4�gê� (n + 1) �6/¥,

� degϕKX
(X) 6= h0(X,KX ) − n ½ h0(X,KX ) − n+ 1, K K1,n+1(X,KX) = 0.

£�­¡n�z��/, � X = F ´�^��n�. � q ≥ 4, ½ö q = 3 � p 6= g − 2,

@o Kp,q(F,KF ) = 0. � c ≤ cliff(F ), @où�(Ø�du±e Koszul S�3¥m��Ü

(0 ≤ i ≤ c− 2),

∧i+1H0(KF )⊗H0((c− i)KF ) −→ ∧iH0(KF )⊗H0((c− i+1)KF ) −→ ∧i−1H0(KF )⊗H0((c− i+2)KF ).
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dd�)��g,�¯K, Ò´ Kc−1,2(F,KF ) ´Ä�"? ùÒÚÑÍ¶� Green ß� .

Green’s Conjecture: Koszul S�

∧cH0(KF ) −→ ∧c−1H0(KF ) ⊗H0(2KF ) −→ ∧c−2H0(KF ) ⊗H0(3KF )

3¥m��Ü��=� c ≤ cliff(F ). ù�ß��éõ<ïÄL, Öö�±ëw [Kon99] 'uù�

¡?Ð���{áµã, d?Ø2Kã.

n�þ� Koszul E/�±LÞ��Nþ. £� Rν = f∗ω
⊗ν
S/C , ±e� c = Cliff(f), ·��

E Koszul E/

0 // ∧c+1R1
// · · · // ∧iR1 ⊗Rc+1−i

di,c+1−i // ∧i−1R1 ⊗Rc+2−i //

· · · // R1 ⊗Rc
// Rc+1

// 0

- Ki,j = Kerdi,j/Imdi+1,j−1. ´� Ki,c+1−i ´gdÜ©�� 0 �L� (0 ≤ i ≤ c− 2),

Kc,1
∼= Ker

(
∧cR1 ⊗R1

∧c+1R1

dc,1

−→ ∧c−1R1 ⊗R2

)

K´ÛÜgd�. ·�k
c+1∑

i=0

(−1)i deg(∧c+1−iR1 ⊗Ri) =

c+1∑

i=0

(−1)i degKc+1−i,i. (6-2)

dc¡�?Ø�,

rkRν :=





1 ν = 0,

g ν = 1,

(2ν − 1)(g − 1) ν ≥ 2.

±9

degRν :=





0 ν = 0,

χf ν = 1,
ν(ν−1)

2 K2
f + χf ν ≥ 2.

u´·�k

K2
S/C −

(g − 1)(g + 2 − 2c)

g − c
χf =

(
g − 3

c− 1

)−1 c+1∑

i=0

(−1)i degKc+1−i,i. (6-3)

±9 (
g − 3

c− 1

)
(g − 1 − c)(g − 1 − 2c)

c+ 1
= rk(Kc,1) − rk(Kc−1,2). (6-4)

(y²3�Öö)

� F = f−1(p) ´�^n�. XJ Kc−1,2 ´gdÜ©��"�L�, @o·��±½Â F �

Horikawa �I:

Ind(F ) :=

(
g − 3

c− 1

)−1 c+1∑

i=2

(−1)ilength(Kc+1−i,i)p.

d� Ind(F ) ≥ 0, �Ò¤á��=� | KF | d�N�¡)¤, � Kc−1,2(F,KF ) = 0; �õ�
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kk�^n�äk�"� Horikawa �I (ë� [Kon99, Page 216]). Ï
ù�k

K2
S/B −

(g − 1)(g + 2 − 2c)

g − c
χf = −

(
g − 3

c− 1

)−1

degKc,1 +
∑

F

Ind(F ).

XJ g ´Ûê, Cliff(f) = c = g−1
2 , Kd [HR98, TIB98] �� Green ß�¤á (��ë

�[AK00, Page 18]), l
 Kc−1,2 ´gdÜ©��"�L�. d�d��O��� Kc,1 = 0. Ï

d·�k

½n 6.4.5 ([Kon99], ½n 4.1) XJ g ´Ûê, Cliff(f) = c = g−1
2 , @o

K2
f =

6(g − 1)

g + 1
χf +

∑

F

Ind(F ).

AO/, λf ≥ 6(g−1)
g+1 .

5 6.4.3 � f : S → C ´�ý�n�z, = Cliff(f) = 0 �, Ind(F ) Ò´ª (5-5) ½Â�

Horikawa ê. � f ´º� 3 ��ý�n�z�, Cliff(f) = 1, üö½Â�´��� (�ª (5-6)

�½Â).

��k��¯K´: ´Ä�±é��«^� (∗), ¦� f ���n�Ñ÷vT^�; é�

��N� Ind : C(∗) → Q, ¦� Ind(F ) ≥ 0, �� F ÷v^� (∗) �T��"; é����ê

λ ∈ [4 − 4/g, 12], ¦�

K2
f − λχf =

∑

F

Ind(F ), (6-5)

ùp C(∗) �¤kù��n�Þ�¤�8Ü: §±����n�÷v^� (∗). �ª (6-5) ¡��

Ç�ª.

5 6.4.4 b� f : S → C ´º� 4 ��ý�n�z, ¿���n�#Nkü� g1
3 . Konno

y²d�k�Ç�ª

K2
f −

7

2
χf =

∑

F

Ind(F ).

�ÙSK

SK 6.1 � D = D1 +D2 ´ m-ëÏØf, D1,D2 > 0, D1D2 = m, y²:

(1) D1 Ú D2 Ñ´ [m+1
2 ]-ëÏ�.

(2) XJ D1 ´÷v D1(D −D1) = m �4�Øf, K D1 ´ [m+3
2 ]-ëÏ.

(3) e D Ø´ (m+ 1)-ëÏ, � D1 ÷v (2) �^�, K�o D1 ⊆ D2, �o D1,D2 Ãú�©|.

SK 6.2 � D ´ 1-ëÏØf.

(1) y²: pa(D) ≥ 0.

(2) y²: XJ D ´ 2-ëÏØf, @o pa(D) = 0 ��=� D ∼= P1.

(3) XJ D ´ m-ëÏØf, \U���o(Ø?

SK 6.3 � D ´ 1-ëÏØf, 0 ≤ Di ≤ D, Di(D −Di) = 1 (i = 1, 2). y²:

(1) XJ D1 ∧ D2 = 0, = D1,D2 vkú�©|, K�o D1,D2 Ø��, �o D = D1 + D2,
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D1D2 = 1.

(2) XJ D1 ∧D2 6= 0, � D1 ´÷v D1(D −D1) = 1 �4�ö, @o D1 ≤ D2.

SK 6.4 � D ´ 1-ëÏØf, pa(D) = 0. � L ´ D þ��_�, ÷v degΓ L ≤ 0,

∀Γ ≤ D, � degL = 0. y²: L ∼= OD.

SK 6.5 � D ´ ­ ¡ S þ � m-ë Ï Ø f, � D ´ nef ½ ö Q � �. �D1 ´ ¦ �

D1(D − D1) = m �4�Øf, y²: h0(D1, 2KD1
− 2KD) = 0. (J«: |^SK 6.1 ÚÚ

n 6.1.2)

SK 6.6 � D ´k�Øf, L ´ D þ��_�. � s0, s1 ∈ H0(D,L), s0 Ú s1 vkú�

":, � s0 3 D �?Û©|þÑØð�". � M ´ D þ�_�,

ϕ : H0(M) ⊕H0(M) −→ H0(M ⊗ L), (α, β) → αs0 + βs1.

y²: Kerϕ ∼= H0(M ⊗ L−1).

SK 6.7 � L = OS(L) ´­¡ S þ��_�, σ : (S̃, E) → (S, p) ´ p ∈ S ?��u,

E = σ−1(p).

(1) y²: p ´ | L | �Ä:��=� h1(S̃, σ∗L ⊗OeS(−E)) > h1(S̃, σ∗L ).

(2) b� L ´ 1-ëÏØf, p ´ L �­:, y²: σ∗L− 2E ´ 0-ëÏ�. ?�Ú, XJ

σ∗L− 2E = L′
1 + L′

2, L′
1, L

′
2 > 0, L′

1L
′
2 = 0,

@o�3 S þ�"Øf L1, L2 ¦� L′
i = σ∗Li−E (i = 1, 2), L = L1+L2, L1L2 = 1, p ∈ L1∩L2.

SK 6.8 y²·K 6.1.4 �(Ø.

SK 6.9 ��y½n 6.2.1 (2)��/±9½n 6.2.2.

SK 6.10 y²Ún 6.2.2 �(Ø.

SK 6.11 Á�Ñ¤k��ý���éóã.

SK 6.12 � F ´ 1-ëÏn�, E ´Ù���ý��, m ´¦� F −mE ≥ 0 ����ê.

� Γ ≤ E ´¦� KSΓ = 1 �Ø��©|, y²: Γ Øá3 F −mE ¥.

SK 6.13 y²·K 6.3.1 �(Ø.

SK 6.14 y²úª (6-2), (6-3) 9 (6-4).
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1ÔÙ Mordell-Weil �

7.1 ��ý��£

��� (Lattice) L ´���k��� Z-�, §�k���òzé¡V�5�é

〈, 〉 : L× L −→ Q.

XJþã�é� Z-�, K¡ L ´�� (Integral lattice). ±e·�o�Ä����/. XJ

〈x, x〉 ∈ 2Z, ∀x ∈ L, K¡ L ´ó�.

� {x1, · · · , xr} ´ L � Z-Ä.

I = (〈xi, xj〉)

´�A��.0Ý
. ·�½Â L �1�ª

detL := |det I|.

1�ª detL = 1 ��¡�N�� (Unimodular). XJ I ´�½� (�A/, K½�), @oÒ¡

L ´�½� (�A/, K½�). aq/, ·��U½Â L �ÎÒ�. w,, þãù
VgØ�6u

Z-Ä�À�.

~ 7.1.1 XJò L þ��éO�¤ −〈, 〉, ·�Ò���� (Opposite lattice) L−. �

~ 7.1.2 L �éó� (Dual lattice) ½Â�

L∗ = {x ∈ L⊗ Q | 〈x, y〉 ∈ Z, ∀y ∈ L}.

N´�y, detL∗ = (detL)−1. �

L ¥�äk�òzV�5�é�f�¡�f� (Sublattice). |^Ìn���þk��gd

��f�ØCþ½n, ·�kXe(Ø.

·K 7.1.1 � L ´� r ��, L′ ´� r′ �f�. @o�3 L ��| Z-Ä x1, · · · , xr, ¦�

d1x1, · · · , dr′xr′ �¤ L′ ��|Ä, ¿�

di | di+1, di > 0, i = 1, · · · , r′ − 1,

d1, · · · , dr′ d L′ ��û½ (¡� L′ �ØCþ). AO/,

L/L′ ∼= Zr−r
′

⊕ Zd1 ⊕ · · · ⊕ Zdr′
.

d·K 7.1.1 á�Xe­�íØ.

íØ 7.1.1 (�I-1�ªúª) � L′ ´ L �f�, ¿�äkk��I [L : L′], K

detL′ = detL · [L : L′]2.

AO/, � L∗ ´ L �éó�, K detL = [L∗ : L]. ?�Ú, XJ L ´N��, K L∗ = L.
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~ 7.1.3 � T ´ L �f�, ·�½Â

T⊥ = {x ∈ L| 〈x, y〉 = 0,∀y ∈ T}

� T ���Ö. ·�k�Ú T + T⊥, §3 L ¥äkk��I. Ïd

detT · detT⊥ = detL · [L : T + T⊥]2.

~ 7.1.4 � T ´ L �f�. XJ L/T ´ÃL�, K¡ T ´��� (Primitive).

é���f� T , ·�½Â

T ′ = {x ∈ L|nx ∈ T é,���ê n}.

� T ���4� (Primitive closure). �

·K 7.1.2 � L ´N�, T ´��f�, T⊥ ´ T ���Ö, K

detT = detT⊥ = [L : T ⊕ T⊥].

7.2 Ä:5�

� C ´º� b �ê­�, K = k(C) ´ C �¼ê�. �Ä K þ�º� g 1w�K­� Γ/K,

¿b� O ∈ Γ(K) ´ K-kn:. � J/K ´ Γ/K � Jacobi q. Γ/K éA���é4�n�z

f : S → C, §± Γ ���n�.

½Â 7.2.1 � A ´ K þ�C��q, A � K/k-,´�����| (τ,B), Ù¥ B ´ k þ

�C��q, τ : B → A ´ K þ�Ó�, ÷v�5�: XJ (τ ′, B′) ´,���|, K�3���

Ó� ψ : B′ → B ¦� τ ′ = τ ◦ ψ.

ù�� K/k-,o´�3�. 8�þã A = J(K), K

M = J(K)/τB(k)

¡� J/K (½ Γ/K) �Mordell-Weil +, §´k�)¤���+.

½n 7.2.1 � T ´ NS(S) ¥d�¡ O, n� F ±9¤kR��Ø��©|)¤�f+

T . J(C) ´ C �ä�'q, Pic0(S) ´ S � Picard q, @o

(1) ([Shi99]) J(K)/τB(k) ∼= NS(S)/T .

(2) ([Ray70]) �3C��q��Ü�

0 −→ J(C) −→ Pic0(S) −→ B −→ 0.

íØ 7.2.1 ±e^�*d�d:

(1) B = 0,

(2) f∗ : J(C) → Pic0(S) ´Ó�,

(3) qf = 0.

^�¤á�, J(K) ∼= NS(S)/T , l


rankJ(K) = ρ(S) − 2 −
s∑

i=1

(ℓ(Fi) − 1),

ùp F1, · · · , Fs ´¤kÛÉn�, ℓ(Fi) ´ Fi �Ø��©|�ê.
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íØ 7.2.2 b� C ∼= P1, q(S) = 0, @o Γ/K � K/k-,´²��, Ï
íØ 7.2.1 ¥�(

ØÑ¤á.

±e� L = T⊥ ���f�.

·K 7.2.1 �3���N� ϕ : M → NS(S) ⊗ Q ÷v

(1) ·�k��ã

M

ϕ

��

ϕ̄

((QQQQQQQQQQQQQQ

NS(S) ⊗ Q // NS(S)/T ⊗ Q

(7-1)

ùp ϕ̄ ´dÓ� M ∼= NS(S)/T p�.

(2) Imϕ ⊆ L∗.

(3) ϕ ´+Ó�, � Kerϕ = Mtor.

y² é?Û x ∈ M , � D ∈ NS(S), ¦� ϕ̄(x) = D (mod T ). ?�Ú, �b� DF = 0

(�± D − (DF )O O� D). � V ´¤kØ��¡ O ���R�©|�¿8. du V ´K½�,

¤±�3|83 V þ� Q-Øf Z, ¦�

(D − (DO)F − Z)Γ = 0

é V ¥�?�Ø��©| Γ ¤á. y3·�½Â ϕ(x) = D − (DO)F − Z. 5¿� ϕ(x)O = 0,

¤± ϕ(x) ∈ L∗. d½Â, ϕ w,÷v��ã (7-1).

y3·�`², ÷v (1)(2) �N�´���. b��3,�N� ϕ′ : M → NS(S) ⊗ Q �÷

vùü�^�. ?� x ∈ M , - t = ϕ(x) − ϕ′(x). d^� (1), t ∈ T , qd^� (2) � t ⊥ T . ù

Ò½¦ t = 0. Ïd ϕ(x) = ϕ′(x). d x �?¿5=� ϕ ���5.

2y ϕ ´+Ó�. ?� x, y ∈M . Ï� ϕ̄ ´+Ó�, �

ϕ̄(x+ y) = ϕ̄(x) + ϕ̄(y) = ϕ(x) + ϕ(y) (mod T ⊗ Q).

5¿ ϕ(x) + ϕ(y) ∈ L⊗ Q, �d ϕ ���5=� ϕ(x+ y) = ϕ(x) + ϕ(y).

� x ∈ Kerϕ, K ϕ̄(x) = 0 ∈ (NS(S)/T ) ⊗ Q, = ϕ̄(x) ∈ (NS(S)/T )tor. dd� Kerϕ =

Mtor. �

é?Û P,Q ∈ J(K), ·�P P ,Q � P,Q 3 M ¥��. 8½Âé¡V�5.

〈P ,Q〉 = −(ϕ(P ), ϕ(Q)).

§�Ñ
 M/Mtor þ��½�, ¡�Mordell-Weil �. TV�5.¡�pÝ�é (Height pairing).

±eþb� NS(S) ´ÃL�.

íØ 7.2.3 Mtor
∼= V ′/V , Ï
 |Mtor| = [V ′ : V ], ùp V = T− ´ T ���, V ′ ´ V �

��4�.

díØ 7.1.1, ·K 7.1.2 ÚíØ 7.2.3, ·�kXe(Ø.
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íØ 7.2.4 b� NS(S) ´N��, K

[L∗ : L] = detL = detV ′ =
detV

|Mtor|2
.

½Â 7.2.2 � τ = 0, f+ J(K)0 ⊆ J(K) ´ L 3Ó� J(K) ∼= NS(S)/T e���. §¡

�dÂ Mordell-Weil � (Narrow Mordell-Weil lattice).

� f : S → C ´º� g n�z, k�¡ O 9 s ^ÛÉn� F1, · · · , Fs. �

Fi =

ℓi∑

j=1

n
(i)
j Γ

(i)
j , i = 1, · · · , s,

ùp Γ
(i)
j ´ Fi �Ø��©|, ¿�÷v OΓ

(i)
ℓi

= 1. ·�Eæ^cA!�PÒ.

� G(i) ´ Fi − Γ
(i)
ℓi

�|8þ���Ý
, |^ÙK½5Ú Zariski Ún, ·��±�ET|

8þ��| Q-4ó A
(i)
j ≥ 0 (j = 1, · · · , ℓi − 1) ÷v

A
(i)
j Γ

(i)
j =





0, j 6= i, ℓi,

−1, j = i,

n
(i)
j , j = ℓi

?�Ú�� 


Γ
(i)
1
...

Γ
(i)
ℓi−1


 = −G(i) ·




A
(i)
1
...

A
(i)
ℓi−1




AO/, ��ê1�ª det(A
(i)
j A

(i)
k ) = G(i).

·K 7.2.2 (1) O,F 9Ã A
(i)
j �¤
éó� T ∗ ��|Ä.

(2) é?ÛØf D, ·�½Â

ZD =

s∑

i=1

ℓs−1∑

j=1

(
Γ

(i)
j D

)
A

(i)
j ,

K

ϕ(D) = D − (FD)O −
(
DO − (DF )O2

)
F + ZD,

ùp ϕ ½ÂÓ·K 7.2.1, D ´ D 3 Mordell-Weil +¥��.

dþã(Ø, Mordell-Weil �þ�pÝ�é�

〈D1,D2〉 = (D1O)(D2F ) + (D2O)(D1F ) −D1D2 − (D1F )(D2F )O2 + ZD1
ZD2

,

d?

ZD1
ZD2

= −D1ZD2
= −D2ZD1

.

� K
(i)
ℓi

´ Fi − Γ
(i)
ℓi

�|8þ�kn;�Øf. dþ?Ø, ·�k

−K
(i)
ℓi

=

ℓi−1∑

k=1

(KSΓ
(i)
k )A

(i)
k .

- 135 -



1ÔÙ Mordell-Weil �

7.3 äN~f

~ 7.3.1 � f : S → P1 ´d P1 ⊗ P1 þ��gCX y2 = (t − 1)(t + x2g+2) ��. §kn

^ÛÉn� F0 = C1 +C2, F1 = 2E0 +
2g+2∑
i=1

Ei, F∞ = C ′
1 +C ′

2, �¡ Di,D
′
i (i = 1, 2, · · · , 2g+ 2)

Xeã,

C1 C2 C2’C1’E0

D1

D2

Dg+1

Dg+2
D

g+3

D2g+2

D1

D1
D2 D2

D
g+1

Dg+2
Dg+3

D
2g+2

D2’

D’g+1

g+2

g+3

D’

D1’

D2’

D’g+1

D’g+2

2g+2

D’ D’
g+3

2g+2
D

D1’
D1’

E1

E2

D2’

D
2g+1

D’
2g+1

E2g+1

E
2g+2

D’
D’

2g+2

2g+2
D’

ùp Di,D
′
i Ñ´ (−1)-­�, Ei ´ (−2)-­� (i > 0), C1, C2, C

′
1, C

′
2, E0 Ñ´ (−g − 1)-­�.

NS(S) k�|Ä

E0, E1, · · · , E2g+2, D1, · · · , D2g+2, D
′
1.

3 NS(S) ¥,

C1 = E0 + (1 + g)(D1 +D′
1 + E1) −

2g+2∑

i=1

Di,

C ′
1 = E0 +

2g+2∑

i=g+2

Ei −

g+1∑

i=1

Di +

2g+2∑

i=g+2

Di.

8�

T = {D1, E0, E1, · · · , E2g+2, C1, C2, C
′
1, C

′
2},

K Mordell-Weil + MW(f) := NS(S)/T k)¤� D2, · · · , D2g+2, D
′
1, §�÷v'Xª





(1 + g)D
′
1 =

2g+2∑
i=2

Di,

g+1∑
i=2

Di =
2g+2∑
i=g+2

Di.

-

V =

g+1∑

i=2

Di −

[
g + 1

2

]
D

′
1.

K Mordell-Weil +�d

D3, · · · , D2g+1, D
′
1, V

)¤, ¿�§�=÷vXe���'Xª

2V =

{
D

′
1, 2 | g,

0, 2 ∤ g.
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ùÒíÑ Mordell-Weil +

MW(f) ∼=

{
Z⊕2g, 2 | g,

Z2 ⊕ Z⊕2g, 2 ∤ g.
�

~ 7.3.2 ([Tan95]) � f : S → P1 ´d P1 ⊗ P1 þ��gCX

y2 = (x4 − tx2 + a2)((t+ 2a)x2 − (t− 2a))

��, ùp a = −11+
√

5
2 . §Tk 5 ^�­½�ÛÉn� (eão�). ,k 8 ^�¡ (eã[�),

§�Ñ´ (−1)-­�.

C’1 C’2C1 C2 D0

D1

D2

D’1

D’2

D3

D’3

E0

E1

E’1

C3

O1

O2

O3

O4

O1

O4

O3

O2

O’1

O’2

O’3

O’4

O1

O2

O3

O4

O’1

O’2

O’4

O’3

O’1

O’2

O’3

O’4

O1O2

O’1O’2

O1O2

O3 O4

O’4O’3

O4 O3

O’1

O’4

O’2

O’3

NS(S) k�|Ä

C1, D1, D2, D3, D
′
1, D

′
2, D

′
3, E1, E

′
1, O1, O2, O3, O

′
1, O

′
3.

3 NS(S) ¥, ·�k'Xª

C2 = C1 + 2(O2 −O1 +O3 −O4) + (O′
2 +O′

3 −O′
1 −O′

4) + (D2 −D1 +D′
1 −D′

2),

C ′
1 = C1 + 2(O3 −O4) + (O′

3 −O′
4) +D′

1 −D′
2,

O4 = O1 +O2 −O3 +D1 +D2 +D3 −D′
1 −D′

2 −D′
3,

O′
2 = O1 +O2 +D1 +D2 +D3 −O′

1 −E1,

O′
4 = O1 +O2 +D1 +D2 +D3 −O′

3 −E′
1.

8�

T = {O1, C1, C2, C
′
1,D1,D2,D3,D

′
1,D

′
2,D

′
3, E1, E

′
1},

K Mordell-Weil + MW(f) = NS(S)/T k)¤� O2, O3, O
′
1, O

′
3, ÷v'Xª

O2 = −2O
′
2, 2(2O3 +O

′
3 + 3O

′
2) = 0.

ùÒíÑ Mordell-Weil +Ó�u Z2 ⊕ Z⊕2. �

~ 7.3.3 � f : S → P1 ´d P1 ⊗ P1 þ�Xe�gCX��

y2 = (x3 − 3x2 + t)(x2 − 4).

§3 t = ±2,∞ Tkn^ÛÉn� (eão�), x = ±2,∞ éA
n��¡ (eã[�), �Ñ´

(−1)-­�.
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C1

C2

C’1

C’2

O1

O2

O3

O2

O3

O1

2D0

O2

O1
D1

D2

4D3

6D4

3D5

5D6

4D7

3D8

2D9

D10

O3

NS(S) k�|Ä

D0, D1, · · · , D10, O1, O2, O3.

d� Mordell-Weil + ´k�+, ÷v=k�'Xª

2O2 = 2O3 = 0.

Ïd MW(f) = Z2 ⊕ Z2. �

�ÙSK

SK 7.1
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�kÙ¦�
�K�n�z�ïÄ�', §�ò3O��§¥äNÐm. ·�ùp�]À8

ca,���Ü©SN{�0��e.

8.1 p�n�z

­¡n�z�ïÄég,/�±í2�p��/. ,
Úcö�', p��/��E,, E

kNõk��¯Kk�)û. ù�!, ·�Ì��Ä m ��K6/ Y þ�­½� n ��K6/

x f : X → Y .

� L ´ X þ��m, L �NÈ½Â�

v(L ) = lim sup
dim(X)! · dim(H0(X,L ν))

νdim(X)
.

e L ´ nef �, @od [Vie82, Ún 3.1] ��

dim(H i(X,L ν)) ≤ ai · ν
dim(X)−i

Ï
d Hirzebruch-Riemann-Roch ½níÑ

v(L ) = c1(L )dim(X).

·�a,����¯K´: ­¡n�z��«Ø�ª´Ä�±k�í2�p��/? e¡

��(J�Ñ
Ü©£�.

Kawamata �Ñ
 v(ωX) ���e..

½n 8.1.1 ([Zha07], ½n 7.1)

v(ωX) ≥ (n+ 1) · v(ωY ) · v(ωF ). (8-1)

ù�Ø�ª�du v(KX/Y ) ≥ 0. 3­¡n�z�/, d=� K2
f ��K5.

� Y ´­��, Viehweg Ú�x��
'u�é;�� µ(f∗ω
⊗ν
X/C) � Arakelov .Ø�ª.

½n 8.1.2 ([VZ01], [VZ06]) � Y ´1w�º� b ­�, f : X → Y ´ Y þ�­½� n

��K6/x, s ´ f �ÛÉn��ê, @o

µ(f∗ω
⊗ν
X/C) ≤

nν

2
(2b− 2 + s), (8-2)

d? µ(f∗ω
⊗ν
X/C) ´ f∗ω

⊗ν
X/C ��Ç.

3­¡n�z�/, ·��±w�, ½n 2.3.2 ¢Sþ'þã(J��°[. ���)û�k�

¯K´, þãØ�ª´Ä´î��?

|^ Arakelov .Ø�ª, ·��±��p��/�;�aØ�ª.

½n 8.1.3 ([LTZ10], ½n 1.1) � Y ´º� b ­�, f : X → Y ´ Y þ� isotrivial ��

­½4� n �6/x, ½= f ¤k�1wn� Fy �;��m ωFy
Ñ´ semiample �. � S ⊂ Y
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´ f ��.:8Ü, s = #S = f �ÛÉn��ê. @o

v(ωX/Y ) ≤
(n+ 1)n

2
· v(ωF ) · deg Ω1

Y (log S). (8-3)

AO/, e b ≥ 1, @o·�k

v(ωX) ≤ v(ωF ) ·

(
(n + 1)(n+ 2)

2
v(ωY ) +

n(n+ 1)s

2

)
. (8-4)

� f : X → Y ´­¡n�z�, ½n 8.1.3 �du Vojta Ø�ª [Voj88] (�½n 2.4.1), �

öq�duéêm­¡þ� Miyaoka-Yau Ø�ª. k��´, 3­¡n�z�/, Arakelov Ø�

ª¢Sþd Vojta Ø�ªÚ�f�ÇØ�ª��|Ü��. ½n 8.1.3 y²�'�:´òØ�ª

(8-3) w� Viehweg-Zuo Ø�ª3 ν ª�uÃ¡��4��/.

þ¡�ü�(J��±?�Úí2�.6/´p���/, ØLØ�ªC���o÷. Äk

·�� Y ´�K m �6/, Y0 ´ Y ¥,��5�Øf S �Ö8, ¦� ωY (S) ´ semi-ample �,

�3 Y0 þ´ ample �. Y þ�và� K ��Ç µ(K ) ½Â� c1(K ) · c1(ωY (S))m−1/rk(K ).

d£¤Ð)û Calabi-ß� [Yau93] ¥���Ä�½n��, Ω1
Y (log S) �k Kähler-Einstein Ý

þ. Ïd, Sm(Ω1
Y (log S)) ´ µ- polystable � (∀m). 3ù
5)e, ·�k±e(J (Ì��û

u E. Viehweg Ú�x�ó�)

½n 8.1.4 ([LTZ10], ·K 2.1) � f : X → Y ´ n �6/x, X ´�K�, n� Fy =

f−1(y) ´4�� (∀y ∈ Y0), = ωFy
´ semiample �. ?�Úb� X þ,��_� L , ¦�

L |Fy
´ ample �,�k Hilbert õ�ª h ¦��� ϕ : Y0 → Mh ´��k��. ?�Ú�b�

f : X → Y 3{�ê 1 þ´�­½�.

3ù
^�e§K�3~ê ρ = ρ(Y, S) ≤ 1 ÷v±e5�:

� Kν ´ (f∗ωνX/Y )∨∨ ��Úf�, é,� ν ≥ 2. @o

µ(Kν) ≤ ν · n · ρ · µ(Ω1
Y (log S)).

(Ü½n 8.1.3, ÏLé.6/�ê�8By², ·��±�����/�;�aØ�ª.

½n 8.1.5 ([LTZ10], ½n 1.2) � f : X → Y ´ m ��K6/ Y þ� n �6/x, ÷v

½n 8.1.3 Ã^�. � l0 ´¦� |l0ωY (S)| U½ÂVknN�����ê, @o·�k

v(ωX/Y ) ≤ c · v(ωF ) · v(ωY (S)), (8-5)

d? c ´=�6u n, m Ú l0 �~ê.

3­¡�/, ·�®²w�
;�aØ�ªÚ�aØ�ª�m���'X. �3p��/,

<�éù«'X�
)�¤�$�. ±e´|^p�;�aØ�ª�Ñ,
AÏ 3 �6/þ�

�aØ�ª.

íØ 8.1.1 ([LTZ10], íØ 3.3) � f : X → Y ´º� b ­� Y þ���.4�­¡��

isotrivial 1wx. @o·�k

c31(X) < 18c3(X).

y² d;�aØ�ª��

c31(X) ≤ 6c21(F )c1(Y ) = 12(b − 1)c21(F ),
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d? F ´n�. d F � Miyaoka-Yau Ø�ª, c21(F ) ≤ 3c2(F ). ù�Ò��

c31(X) ≤ 18c2(F )c1(Y ).

�Ä f : X → Y ��Ü�,

0 → f∗Ω1
Y → Ω1

X → Ω1
X/Y → 0,

d�aO��� c3(X) = c2(F )c1(Y ) = 2(b− 1)c2(F ). ù�Ò�� c31(X) ≤ 18c3(X).

8b� c31(X) = 18c3(X), K F ÷v c21(F ) = 3c2(F ), = F ´¥û­¡. ù�, d¥û�f

5½níÑ f ´ isotrivial �, �b�gñ! Ïd·�kî�Ø�ª c31(X) < 18c3(X). �

­¡n�z��fØ�ª3p��/�kÜ©í2.

½n 8.1.6 ([Ohn92], Ì½n 1) � f : X → Y ´º� b ­� Y þ���.4�­¡x,

F ´ f ���n�.

(1) e pg(F ) ≥ 3, � | KF | ØUd�å©), @o

K2
X ≥

4(pg(F ) − 2)

pg(F )

{
(3K2

F − 2χ(OF ))pg(F ) + 4χ(OF )

2(pg(F ) − 2)
(b− 1) − χ(OX)

}
.

(2) e | KF | Ud�å©), � F Ø´÷v±e^��­¡: K2
F = 1, pg(F ) = 2, q(F ) = 0, @

o

K2
X ≥

4(pg(F ) − 1)

pg(F )

{
(3K2

F − 2χ(OF ))pg(F ) + 2χ(OF )

2(pg(F ) − 1)
(b− 1) − χ(OX)

}
.

(3) e K2
F = 1, pg(F ) = 2, q(F ) = 0, @o

K2
X ≥ 3(b− 1) − χ(OX).

(4) e pg(F ) = 1, @o

K2
X ≥ K2

F {(6 − χ(OF ))(b− 1) − χ(OX)}.

(5) e pg(F ) = 0, @o

K2
X ≥

{
6K2

F (b− 1) + 2
3 l(2), K

2
F ≥ 2,

6(b− 1) + 6
13 l(2), K2

F = 1.

ùp l(2) ´ X � Reid-Fletcher õ­º�úª¥�?�� (� [Fle87, ½Â 2.6]).

?�Ú, þãÊa�/¥�?¿���Ò¤á��=� f ´ isotrivial �.

8.2 A� p n�z

� k ´A� p �4�, f : S → C ´� k þº� g �é4��­½n�z (ù
Vg�Eê

��/�Ó). XJ f Ø´ isotrivial �¿�ØUd,�n�z� Frobenius ÄC���, @o·

�Ò¡§äk�²�� Kodaira-Spencer N�.

5 8.2.1 3Eê��/, Kodaira-Spencer N��²��du f ´ isotrivial �.

ÚEê��/aq, ·���±½Â�é;��!�éØCþ�. db�, f ´�­½�, Ï

d ef ´¤kn�¥�(:�ê, Ï
´�K�. Szpiro y²
Ù{�ü��éØCþ��K5.

Ty²�Eê��/��ØÓ, ^�
 Frobenius N�.
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·K 8.2.1 ([Szp78], ·K 1, 2, 3) � f : S → C ´º� g ≥ 2 �é4��­½n�z, K

12 deg f∗ωS/C ≥ ef ,

= (ωS/C · ωS/C) ≥ 0, �Ò¤á��=� f ´ isotrivial �. AO/, e f Ø´ isotrivial �, Kw

,k deg f∗ωS/C > 0.

y² Ø���5, �±b� b = g(C) ≥ 2 (7���±ÀJÐ�ÄC�). ·�k

c21(S) = 12deg f∗ωS/C + 8(g − 1)(b− 1).

�Ä n g�� Frobenius ÄC� FnC : C → C, ùÒp�#�n�z fn : S(pn) → C, �k

c21(S
(pn)) = pn(12 deg f∗ωS/C − ef ) + 8(g − 1)(b− 1).

XJ 12 deg f∗ωS/C − ef < 0, @oé¿©�� n, k c21(S
(pn)) < 0. d [Mum69] �­¡©a(J,

ùÒ¿�X S(pn) �¹Ã¡^kn­�. db� b ≥ 2, ùÃ¡^kn­�Ñ´R��. ,��¡,

ÛÉn���êk�, l
�Ñgñ! Ïd��Ø�ª. �{�(Ø���ëwT©z. �

5 8.2.2 þãy²¢Sþ��Ñ, Miyaoka-Yau Ø�ª3A� p �/¿Ø¤á. Ø=Xd,

Í¶� Ramanujam ��½n3A� p �/�Ø¤á ([Szp78]).

aq/, [Szp78, ½n 1] y², XJ f Ø´ isotrivial �, @o ωS/C ´ nef �, �¤k÷v

(ωS/C · Γ) = 0 �Ø��R�Ñ´ (−2)-­�. d	, Eê��/�;�aØ�ª�kaqí2.

·K 8.2.2 ([Szp78], ·K 4.2) � f : S → C ´º� g ≥ 2 �é4��­½n�z, �ä

k�²� Kodaira-Spencer N�, s ´ÛÉn��ê, b = g(C), @o

(ωS/C · ωS/C) < 4g(g − 1)(2b− 2 + s).

dd�±w�, 3A� p �/, P1 þ��­½º� g ≥ 2 n�z��k 3 ^ÛÉn�. XJT­

¡´��.�, K��k 4 ^ÛÉn� (� [Szp81]).

��fØ�ª�y²aq, ·�|^ Harder ÈL ±9þã� Szpiro ;�aØ�ª, �±�

�Xe� Arakelov .Ø�ª.

·K 8.2.3 ([LSZ09], ½n 1.2) � f : S → C ´º� g ≥ 2 �é4��­½n�z, �ä

k�²� Kodaira-Spencer N�, s ´ÛÉn��ê, b = g(C), � E ´ f∗ωνX/C ¥�vàf�,

ν ≥ 1. ·�k±eî�Ø�ª,

µ(E) < 2νg(2b − 2 + s).

�Ä�þm E � Harder ÈL,

0 = E0 $ E1 $ · · · $ En = E ,

·�P µmax(E) = µ(E1), µmin(E) = µ(E/En−1) (=���Ç).

½n 8.2.1 ([Sun99], ½n 3.1) � C ´� k þº� b ≥ 2 �1w�K­�, E ´ C þ��

r ��­½�þm. � FC : C → C ´ Frobenius N�, @o·�k±eØ�ª,

µmax(F
∗
CE) − µmin(F

∗
CE) ≤ 2(r − 1)(b− 1).
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8.3 ­���m

� Mg ´¤kº� g 1w­��Ó�a|¤�8Ü, ·�¡�º� g ­���m. ­���

m�q(��±ÏLõ«�ª��, 'X�� Teichüller �m�û, ½ö�� Siegel �²¡�û

(= g �Ì4zC��q���m Ag) �fq5¢y��.

��g,�¯K´XÛò Mg ;�z. ·�kü«~��;�z�ª:

(1) �É;z: � A g ´ Ag � Satake ;�z, ÏLò�ê­�éAÙä�'q, Ò�� Mg �

A g ���. d Torelli ½n, T��´i\. � M̃g � Mg ��3 A g ¥�4�, §¡� Mg �

�É;z.

(2) Mumford ;z: M g = Mg ∪ ∆ ´�Kq, Ù¥>.Øf ∆ d�
Ø��Øf�¿��:

∆ =
[g/2]∑
i=0

∆i, ùp ∆0 ´�k��(:�Ø��­��¤�;,�4�; ∆i (1 ≤ i ≤ [g/2]) ´�

k��(:���­� (d�^º� i Ú�^º� g − i �1w­�©|�¤) |¤�;,�4

�.

Mumford ;z��É;zk��;��Vkn��, §ò¤käk�Óä�'q�­�é

A�:N�Ó�:.

Harer [Hae83] Äk��±e'u��mÓN+�(J

H1(Mg,Z) = 0,g ≥ 3,

H2(Mg,Z) = Z,g ≥ 5,

Hk(Mg,Z) = 0,k > 4g − 3.

±9­½5½n [Hae85]

Hk(Mg,Z) = Hk(Mg+1,Z), g ≥ 3k + 1

AO/, ·�k Pic(Mg) = Z. d [AC87] �(J, ·��±�Ùþ� Hodge m�1��a λ �

�Ù)¤�, {¡� Hodge a (Hodge class). LÞ� M g þ, � δi (i 6= 1) ´ ∆i éA�a; δ1 ´

∆1/2 éA�a, @o Pic(M g) �)¤�Ò´Ã δi 9 Hodge a λ, §� Picard +T� Z[g/2]+2.

·�P δ = δ0 + · · · + δ[g/2], κ = 12λ− δ.

3 M g ¥k�«ØfaÉ�<�'5: aλ − bδ. 'X�¼fþ�;�a KM g
= 13λ − 2δ,

q'XÎÒ�Øf (Signature divisor) D ≡ 4λ− δ.

M g þ�3 ample �Øfa, �e a > 11.2b > 0, @o aλ − bδ ´ ample � (ëw [Knu83],

[Mum77]). XJé¿©�Ø� n, n(aλ− bδ) ´k��, @oÒ¡ aλ− bδ ´k��. ��m��

Ç½Â�

sg = inf
{a
b
| aλ− bδ ´k��, a, b > 0

}
.

[HM90] JÑXeß�,

Slope conjecture:

sg ≥ 6 +
12

g + 1
,

�Ò¤á��=� g + 1 ´Üê½ö g = 1, 2.
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·�kXe�
(J:

(1) [EH87] y², XJ g + 1 ´Üê, K sg ≤ 6 + 12/(g + 1).

(2) [HMu82] 9 [EH87] y², e g ≥ 23, K sg ≤ 13/2. ¯¢þ, Mg � Kodaira �ê�K��=

� sg ≤ 13/2.

(3) [HM90] 9 [CR91] �Ñ�º��/ sg ��:

s1 = 12, s2 = 10, s3 = 9, s4 = 17/2, s5 = 8, s6 = 47/6.

(4) [Tan98] y² 3 ≤ g ≤ 9 ½ g = 11 �, sg ≥ 6 + 12/(g + 1), �Ò¤á��=� g + 1 ´Üê.

(5) [FP02] y² g = 10 �, ß�Ø¤á, s10 = 7.

� f : S → ∆ ´º� g ÛÜn�z, ¥%n� F0 ´ÛÉ�. ò ∆∗ = ∆−{0} þz�:éA

�1wn�g,éA� Mg ¥�:, ·����� ∆∗ → Mg, ;�z��=����*Ü��

� µf : ∆ → M g. µf (0) ¡� f ��: (Moduli point). b� f̃ : S̃ → ∆ ´± ∆ ¥%�©Ü�­

½�z. Â  S̃ ¥�R� (−2)-­�, ù����­½¥%n�TÐ´�:éA�­�.

þ¡�?Ø�±LÞ��N�/. � f : S → C ´º� g ≥ 1 �é4�n�z, Kkg,�

p�N�

µf : C → M g.

�«AÏ��¹´, Imµ∗f ´��:, ù�� f ¡�~��, �Ò´ isotrivial �. e¡·�ob

� f Ø´~��.

� f : S → C ´�­½�, @o

K2
f = degC µ

∗
fκ,

χf = degC µ
∗
fλ,

ef = degC µ
∗
fδ.

´�ÎÒ� Sign(S) = degC µ
∗
fD.

é���n�z f , ·�Q²½Â
¤¢��ØCþ,

κ(f) = degC µ
∗
fκ,

λ(f) = degC µ
∗
fλ,

δ(f) = degC µ
∗
fδ.

ùn�þØ�6uÄC��À�.

��m¥��f-Cornalba-Harris �ÇØ�ª�du

degC µ
∗
fδ ≤ (8 +

4

g
) degC µ

∗
fλ.

� g ´Ûê�, ·�U½Â Mg ¥��^;,

DHM = {[C] ∈ Mg | gon(C) ≤ (g + 1)/2},

d?, gon(C) ´ C � gonality. � DHM ´Ù3 M g ¥�4�, §´ Weil Øf, ¡� Harris-

Mumford Øf. d [HMu82, ½n 5, page 62], DHM ∩ Mg = DHM .
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½n 8.3.1 ([HMu82]) � g = 2k − 1, K3 Pic(M g) ⊗ Q ¥k±e�ª

DHM =
(2k − 4)!

k!(k − 2)!

{
6(k + 1)λ− kδ0 −

k−1∑

i=1

3i(2k − 1 − i)δi

}
.

AO/, ±e Q-Øf´ M g �ÎÒ�Øf,

DsignHM :=
2 · k!(k − 2)!

3(k + 1)(2k − 4)!
DHM −

k + 3

3(k + 1)
δ0

+

k−1∑

i=1

2i(2k − 1 − i) − (k + 1)

k + 1
δi.

aq/, ·��U½Â Clifford ;,

Dcliff := {[C] ∈ Mg | Cliff(C) <
g − 1

2
} ⊆ Mg.

d gon(C) ≥ Cliff(C) + 2 ��, d� DHM ⊂ Dcliff .

� g = 2(k − 1) ≥ 4 �, � E1
k ´¤k÷v±e^��º� g ­� [C] 3��m¥�¤

�;,: C äk,��å V (5gugê� k ����5X L), ¦� V ⊗ H0(KC ⊗ L−1) →

H0(C,KC) Ø´ü�. � E
1
k ´Ù3 M g ¥�4�, §´ Weil Øf, ¡� Eisenbud-Harris Øf.

½n 8.3.2 ([EH87], ½n 2) � g = 2k − 2, K3 Pic(M g) ⊗ Q ¥k±e�ª

E
1
k =

2 · (2k − 4)!

k!(k − 2)!

{
(6k2 + k − 6)λ−

k−1∑

i=0

aiδi

}
.

ùp

a0 = k(k − 1), a1 = (2k − 3)(3k − 2), a2 = 3(k − 2)(4k − 3).

AO/, ±e Q-Øf´ M g �ÎÒ�Øf,

DsignEH :=
2 · k!(k − 2)!

(2k − 4)!(6k2 + k − 6)
E

1
k +

k−1∑

i=0

(
4ai

6k2 + k − 6
− 1

)
δi.

�5¿, Eisenbud-Harris �°(¦Ñ
þãúª¥�Ù¦Xê ai.

­���m�kNõ­��5�, ·�ùpØ2äNÐm
. k,��Öö�±ëw

[Has87, Has98]. 'uÎÒ��ïÄ��±ëw [AY09].

�ÙSK

SK 8.1 � C ´º� b ≥ 2 1w�K­�, Fn : C → C ´ n g�� Frobenius EÜN�

(n ≥ 1). � E ´ C þ� r �þm. Á^½n 8.2.1 y²:

µmax(F
∗
nE) − µmin(F

∗
nE) ≤ pn(µmax(E) − µmin(E)) + 4(r − 1)(b− 1)

pn − 1

p− 1
.

SK 8.2 Á^½n 8.3.1 ��y²: º� 3 ��ý�­½n�z��NØCþ÷v Miles

Reid ß�úª (�½n 5.4.1).

- 145 -



ë � © z

ë � © z

[AA01] T. Arakawa, T. Ashikaga: Local splitting families of hyperelliptic pencils, I, Tohoku

Math. J., 53(2001), 369–394.

[AA04] T. Arakawa, T. Ashikaga: Local splitting families of hyperelliptic pencils, II, Nagoya

Math. J., 175(2004), 103–124.

[Ara71] S. Ju. Arakelov: Families of algebraic curves with fixed degeneracy, Math. USSR

Izv., 5(1971), 1277–1302.

[AC87] E. Arbarello and M. Cornalba: The Picard groups of the moduli spaces of curves,

Topology, 26(1987), 153–171.

[AS78] E. Arbarello, E. Sernesi: Petri’s approach to the study of the ideal associated to a

special divisor, Invent. Math., 49(1978), 99–119.

[Art62] M. Artin: Some numerical criteria for contractability of curves on algebraic surfaces,

Amer. J. Math., 84(1962), 485–496.

[Art66] M. Artin: On Isolated Rational Singularities of Surfaces, Amer. J. Math., 88(1966),

129–136.

[AW71] M. Artin, G. Winters: Degenerate fibres and stable reduction of curves, Topology,

10(1971), 373–383.

[Ash92] T. Ashikaga: Normal two-dimensional hypersurface triple points and Horikawa type

resolution, Tohoku Math. J., 44(1992), 177–200.

[Ash10] T. Ashikaga: Local signature defect of fibered complex surfaces via monodromy and

stable reduction, Comment. Math. Helv., 85(2010), to publish.

[AE06] T. Ashikaga, H. Endo: Various aspects of degenerate families of Riemann surfaces,

Sugaku Expositions, 19(2006), 171-196.

[AI02] T. Ashikaga, M. Ishizaka: Classification of degenerations of curves of genus three

via Matsumoto-Montesinos’ theorem, Tohoku Math. J. (2) , 54, Number 2 (2002),

195–226.

[AK91] T. Ashikaga and K. Konno: Examples of degenerations of Castelnuovo surfaces, J.

Math. Soc. Japan, 43, No. 2(1991), 229–246.

[AK00] T. Ashikaga, K. Konno: Global and local properties of pencils of algebraic curves,

Algebraic Geometry 2000, Azumino, Advanced Studies in Pure Mathematics,

36(2000), 1–49.

- 146 -



ë � © z

[AY09] T. Ashikaga, Ken-Ichi Yoshikawa: A divisor on the moduli space of curves associated

to the signature of fibered surfaces (with an appendix by Kazuhiro Konno), Adv.

Stud. in Pure Math., 56(2009), Singularities-Niigata-Toyama 2007, 1–34.
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Astérisque 86(1981), 97–108.
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Birkhäuser, Basel-Boston-Berlin (1992).

[Fle87] A. R. Fletcher: Contributions to Riemann-Roch on projective 3-folds with only

canonical singularities and applications, Algebraic Geometry Bowdoin, 1985, Proc.

Sympos. Pure Math., 46, Amer. Math. Soc. (1987), pp. 221õ231.

[FM09] B. Farb, D. Margalit: A primer on mapping class groups, preprint (2009).

[FP02] G. Farkas, M. Popa: Effective divisors on Mg and a counterexample to the Slope

Conjecture, preprint (2002), Arxiv preprint math/0209171.

[Fra91] P. Francia: On the base points of the bicanonical system, Problems in the theory

of surfaces and their classification, Symposia Math. (1991), 141–150.

[Fuj84] T. Fujita: On Kaehler fiber spaces over curves, J. Math. Soc. Japan. 30/4(1984),

779–794.

[Gra62] H. Grauert: Ueber modifikationen und exzapionelle analytischen mengen, Math.

Ann. 146(1962), 331–368.

[Gra65] H. Grauert: Modell’s Vermutung uber rationale Punkte auf algebraischen Kurven

und Functionenkörper, Publ. Math. IHES, (1965).

[Gr84a] M. Green: Koszul cohomology and the geometry of projective varieties, J. Differ-

ential Geom., 19(1984), 125–171.

- 149 -



ë � © z

[Gr84b] M. Green: Koszul cohomology and the geometry of projective varieties, II J.

Differential Geom., 20(1984), 279–289.

[Gro71] A. Grothendieck: Revêtements étales et groupe fondamental. L.N.M 224, Springer-

Verlag, Berlin, 1971.

[GZ74] S. M. Gusein-Zade: Intersection matrices for certain singyularities of functions of

two variables. Funksional Anal. i Prilozhen, 8(1974), 11–15.

[Hae83] J. Harer: The second homology group of the mapping class group of an orientable

surface, Invent. Math., 72 (1983), 221–239.

[Hae85] J. Harer: Stability of the homology of the mapping class groups of orientable sur-

faces, Ann. Math., 121 (1985), 215–249 .

[Has87] J. Harris: Curves and their moduli, Algebraic Geometry, Bowdoin, Proc. of Sym-

posia in Pure Math. 49(1987), 99–143.

[HM90] J. Harris, I. Morrison: Slopes of effective divisors on the moduli space of stable

curves, Invent. Math., 99 (1990), 321–355.

[HMu82] J. Harris, D. Mumford: On the Kodaira dimension of the moduli space of curves,

Invent. Math., 67 (1982), 23–86.

[Has98] J. Harris: Moduli of curves, Graduate Texts in Math 187, Springer-Verlag (1998).

[Hat77] R. Hartshorne: Algebraic Geometry, Graduate Texts in Math 52, Springer-Verlag,

(1977).

[Hav66] J. Harvey: Cyclic groups of automorphisms of compact Riemann surfaces, Quart.

J. Math. Oxford Ser. (2), 17 (1966), 86–97.

[Hir10] S. Hirose: Presentations of periodic maps on oriented closed surfaces of genera up

to 4, Osaka J. Math., 47, Number 2 (2010), 385–421.

[HR98] A. Hirschowitz, S. Ramanan: New evidence for Green’s conjecture on syzygies of

canonical curves, Annales Scientifiques de l’École Normale Supérieure, 31, Number
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