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1�Ù Eê�*¿E²¡

1�Ù Eê�*¿E²¡

1.1 Eê

��§ x2 = −1 ��� x1 =
√
−1, x2 = −

√
−1. P i :=

√
−1, ¡�Jêü . ù�,

i2 = −1.

½Â 1.1.1 ·�rXe/ª�ê
z := x+ iy¡�Eê, d? x, y´?¿¢ê. ·�r x¡� z�¢Ü, y¡� z�JÜ, ¿­#P�

x := Rez, y := Imz.

ù�, ·�k z = Rez + iImz.

� z1 = x1 + iy1, z2 = x2 + iy2 ´ü�Eê. ·�5½

z1 = z2
def⇐⇒ x1 = x2 � y1 = y2.

±9

z1 ´¢ê
def⇐⇒ Imz1 = 0.

½Â 1.1.2 Eê z = x+ iy��ÝEê½ÂǑ z̄ := x− iy.

w,·�k

Rez = Rez̄, Imz = −Imz̄

±9 ¯̄z = z.

aq¢ê�/, ·���±½ÂEê�m�\~¦$�:

z1 ± z2 := (x1 ± x2) + i(y1 ± y2),

z1 · z2 := (x1x2 − y1y2) + i(x1y2 + x2y1).

ù
$�÷v��Æ!(ÜÆÚ©�Æ (3�Öö�y).

~ 1.1.1 é z = x+ iy, ·�k

(1) z + z̄ = 2x = 2Rez,

(2) z − z̄ = 2iy = 2iImz,

(3) z · z̄ = x2 + y2. �

d	, ·���±½ÂEê z = x+ iy ��ê

1

z
:=

z̄

zz̄
=

x− iy

x2 + y2
=

x

x2 + y2
− i

y

x2 + y2
.

ù�, ·���±½ÂEê�m�Ø{$�

z2
z1

:= z2 ·
1

z1
.
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1�Ù Eê�*¿E²¡

k��
rNEêk\~¦ØoK$�, ·�Òr�NEê�¤�8Ü¡�Eê�, ¿P� C.

�N¢ê�¤�8Ü¡�¢ê�, ¿P� R. aq/, ·�òknê�P� Q, �ê8ÜP� Z.

w,

Z ⊆ Q ⊆ R ⊆ C.

|^ù
$�±9�ÝEê�½Â, ·����Xe(Ø

·K 1.1.1

Rez =
z + z̄

2
, Imz =

z − z̄

2i
.

1.2 E²¡

XÛòEê^�*��ªLyÑ5? ù´�k��¯K. 5¿�Eê z = x+ iy ´d¢Ü x

ÚJÜ y��(½�, Ïd·��±rEê z ��w¤²¡ R2 þ�: (x, y). �ó�, ·�ïá

±e���éA

Φ : C −→ R2, z = x+ iy → (x, y).

·�rù«L«�{¡�Eê��IL«. d�²¡ R2 ∼= C �¡�E²¡. UâêÆ[pd�

@Ú\
E²¡Vg, Ïdk�·��òd¡�pd²¡.

|^ù«L«, ·��±ò²¡þ�­��§O�¤ z, z̄ �L�ª.

~ 1.2.1 (1) ���§ ax+ by + c = 0 (a, b, c ∈ R). ò x = z+z̄
2 , y = z−z̄

2i �\=�

(a− ib)z + (a+ ib)z̄ + 2c = 0,

��±���{'�/ª Re((a− ib)z) = −c.
(2) �±�§ (x− a)2 + (y − b)2 = r2 (a, b, r ∈ R) aq��¤

zz̄ − (a− ib)z − (a+ ib)z̄ + (a2 + b2 − r2) = 0,

��±���{'�/ª |z − (a+ ib)| = r. �

����, �§ f(x, y) = 0 ½Â�­�o��¤

f(
z + z̄

2
,
z − z̄

2i
) = 0.

·�rù«�§¡� f �Ez�§. �L5, XJ¯k��Ez�§

F (z, z̄) = 0.

·��±ò z = x+ iy,z̄ = x− iy �\¦��©�§ f(x, y) = 0. ù�L§¡�E�§�¢z.

5 1.2.1 �5¿, éu����§ F (z, z̄) = 0, ¢z���§½Â�;,Ø�½��­

�. 'X z + 2z̄ = 0 ¢z� 3x− iy = 0. ddí� x = y = 0. �ó�, T�§½Â�;,T��

:. �
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1.3 Eê�L«

1.3.1 �þL«

du²¡þ�: (x, y) ��±w�l�:Ñu�� (x, y) ��þ, Ïd·���±ò

z = x+ iy À��þ ~z = (x, y). ù«L«�{¡�Eê��þL«.

Ún 1.3.1 Eê�Ǒ�þ�\{~{$�ÚEê���\~{$�´���, =
−−−−→
z1 + z2 = ~z1 + ~z2,
−−−−→
z1 − z2 = ~z1 − ~z2.

�þ���k�Ý�Vg, Ï
·���½ÂEê z = x + iy �� |z| =
√

x2 + y2. d~ 1.1.1

(3) �� |z|2 = zz̄.

·K 1.3.1 (n�Ø�ª) � z1, z2 ∈ C, Kk
|z1 + z2| ≤ |z1| + |z2|,
||z1| − |z2|| ≤ |z1 − z2|.

d	, Eê��w,÷v±eð�ª

|z1| · |z2| = |z1z2|. (1-1)

1.3.2 n�L«

·�r�þ ~z � x ¶�Y�P� θ, ¡�Eê x �ÌÆ. ��� r = |z|. Ï� x = r cos θ,

y = r sin θ, ¤±·���ò |z| �¤

z = r cos θ + ir sin θ = r(cos θ + i sin θ).

þãL«¡�Eê�nÆL«.

N´w�, ò θ �¤±e?Û���:

θ ± 2π, θ ± 4π, · · · , θ ± 2kπ, · · ·

ÑØ¬K�n�¼ê��, l
�Ø¬K�Eê z �n�L«. Ïd·�k�r

Argz := {θ + 2kπ | k ∈ Z}

¥��Ú¡� z �ÌÆ. Argz ¥?Ûü��Ñ�� 2π ��ê�. �·�AO�½ Argz ¥��

��, 'X θ, ·�Ò¡T�� z �ÌÌÆ, P� argz. Ï~�
?Ø�B, <�o´À�ÌÌ�

÷v −π < argz ≤ π. d	, z = 0 �Ì��±´?¿�.

·K 1.3.2 � z�ÌÌÆ3 (−π, π]S, ·�k
(1) z´� (K)¢ê��=� arg z = 0 (arg z = π).

(2) Imz > 0��=� 0 < arg z < π.

(3) � zØ´K¢ê�, arg z + arg z̄ = 0.
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~ 1.3.1 � z �ÌÌ�3 (−π, π] S.

(1) z = −2i ��� |z| = 2, ÌÌ� argz = −π
2 , n�L«�

−2i = 2
(

cos
(

−π
2

)

+ i sin
(

−π
2

))

.

(2) z = 1 + i ��� |z| =
√

2, ÌÌ� argz = π
4 , n�L«�

1 + i =
√

2
(

cos
π

4
+ i sin

π

4

)

.

XJ·�Ø�ÄÌ��m��� 2π �ê, @ow,k±eúª

Argz1 + Argz2 = Argz1z2.

1.3.3 �êL«

UâêÆ[î.òEê z = r(cos θ + i sin θ) �¤Xe��êL«
z = reiθ,

ùp

e = lim
n→∞

(1 +
1

n
)n = 1 +

∞
∑

n=1

1

n!
≈ 2.71828 · · · .

´g,éê.

ù«L«{wþ�éÛ%, Ù¢´kég,��µ�. ·�ò3�©)º��oî.�ùo

L«Eê. ùp·�k«@Xe¯¢.

·K 1.3.3 (1) r1e
iθ1 = r2e

iθ2 �¿©7�^�´
r1 = r2, θ1 − θ2 = 2kπ,é,�k ∈ Z.

(2) eiθ1 · eiθ2 = ei(θ1+θ2).

(3) eiθ1/eiθ2 = ei(θ1−θ2).

(4)
(

eiθ
)n

= einθ, ∀n ∈ Z.

d½Â r(cos θ + i sin θ) = reiθ =�

eiθ = cos θ + i sin θ.

AO/, � θ = π, ·�k

½n 1.3.1 (î.úª) eiπ + 1 = 0.

aq/, �k e
iπ

2 = i, e2ikπ = 1 ��.

~ 1.3.2 (1) d~ 1.3.1, z = −2i ��êL«� −2i = 2e−
iπ

2 .

(2) z = 1 + i ��êL«� 1 + i =
√

2e
iπ

4 .

(3) z = 1 − i �þ~¥� 1 + i �Ý, ��E�
√

2, ÌÌ��� −π
4 , l
k�êL«

√
2e−

iπ

4 .

(4)z =
(

1+i
1−i

)k
��êL«�±ÏL·K 1.3.3 �$�5K5{ü¦Ñ:

z =

( √
2e

iπ

4

√
2e−

iπ

4

)k

=
(

e
iπ

4
−(− iπ

4
)
)k

=
(

e
iπ

2

)k
= e

ikπ

2 .

Ïd§��� |z| = 1, ÌÌ���� arg z = kπ
2 . �

- 4 -



1�Ù Eê�*¿E²¡

d·K 1.3.3 (3) á�±eÍ¶(Ø.

½n 1.3.2 (�{6úª)

(cos θ + i sin θ)n = cosnθ + i sinnθ.

�{6úª�±O�Ñn�¼ê���úª.

~ 1.3.3 (1) Ðm

(cos θ + i sin θ)2 = (cos2 θ − sin2 θ) + 2i cos θ sin θ.

d�{6úª=�

cos 2θ = cos2 θ − sin2 θ,

sin 2θ = 2cos θ sin θ.

(2) aq/, ��n��úª

cos 3θ = cos3 θ − 3 cos θ sin2 θ,

sin 3θ = 3cos2 θ sin θ − sin3 θ. �

1.4 �êÆÄ�½n

þ�!¥, ·�ÏL¦�§ x2 = −1 ���ªÚ\
Eê�Vg. ùÒ�)
��g,�¯

K: ÏLÙ¦õ�ª�§�¦�, ´Ä¬Ú\Eê±	�#“ê”Q? �Y´Ä½! ùÒ´Í¶�

�êÆÄ�½n, dpd�@�Ñî��y².

½n 1.4.1 (�êÆÄ�½n) �
f(z) = anz

n + an−1z
n−1 + · · · + a1z + a0, an 6= 0,´ ngEXêõ�ª, K�§ f(z) = 0T�k n�Eê� z = γi, i = 1, · · · , n (ùp γi#N�Ó). �ó�, 3Eê�S, ·�kÏª©)

f(z) = an(z − γ1)(z − γ2) · · · (z − γn).

ù�½n�y²kNõ«, ·�ò3�©0�Ù¥�A«. I��Ñ�´, �êÆÄ�½n

�?Ûy²ÑØ�U´X�ê�, §�½¬�9�¼ê�ëY5ùaÿÀ5�.

�e���g,�¯K�,´XÛ¦Ñõ�ª�§��. éØ�Log�õ�ª�§, <�

®²é�
¦�úª. �¢Ã�´, =c@²�UâêÆ[C��y²
Êg9Êg±þ�§v

k���¦�úª. ,� UâêÆ[³ÛuMï
“+Ø”?�Ú�«
�§¦��+�'X.

1.5 ü �

¦+���õ�ª�§vk¦�úª, �´éu�
AÏ��§, ·��±O�¦�. 'X

±e� n g�§

zn − 1 = 0.
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4·�5¦)ù��§. ò z = reiθ 9 1 = ei0 �\�§�

rneinθ = ei0.

,��¡, d·K 1.3.3 (1) =�

r = 1, nθ = 2kπ, k ∈ Z,

½= |z| = 1, θ = 2kπ
n . - ω = e

2iπ

n , z = e
2kiπ

n = ωk ´�§ zn − 1 = 0 ��.

Ún 1.5.1 ωm = ωl ��=� m−l
n ´�ê.

y² ωm = ωl �du e
2imπ

n = e
2ilπ

n . d·K 1.3.3 (1), ùq�du 2mπ
n = 2lπ

n + 2kπ, d?

k ´,��ê. ù�^���u` m−l
n = k ´�ê. �

·K 1.5.1 �§ zn − 1 = 0��T�Ǒ±e n��:

1 = ω0, ω, ω2, · · · , ωn−1.�ó�, ·�k±eÏª©)
zn − 1 = (z − 1)(z − ω)(z − ω2) · · · (z − ωn−1). (1-2)

y² ·�ky² 1, ω, · · · , ωn−1 üüØÓ. be ωm = ωl, 0 ≤ m, l ≤ n−1. dÚn 1.5.1,
m−l

n ´�ê. du |l −m| < n, ¤±ùÒíÑ m = l.

d�êÆÄ�½n, �§ zn − 1 = 0 Tk n ��, � 1, ω, · · · , ωn−1 TÐ´�§�¤k�. �

½Â 1.5.1 ÷v�§ zn = 1��¡� ngü �. b� z´ ngü �, ¿�é?Û�u n���ê mÑk zm 6= 1, ·�Ò¡ z´ ng��ü �.

~ 1.5.1 (1) þã� ω = e
2iπ

n w,´ n g��ü �. 1 �,´ n gü �, �Ø´��

�.

(2) 2 gü �=k 1,−1, Ù¥ −1 ´���.

(3) 3 gü �k 1, ω = −1
2 +

√
3

2 i 9 ω2 = ω̄. ��ü �=k ω, ω2.

(4) 4 gü �k ±1,±i, Ù¥��ü �=k i,−i. �

n g��ü ���êP� ϕ(n), §�¡�î.¼ê. ù´Ð�êØ¥�­��êØ¼ê

��. d~ 1.5.1, ·�k ϕ(1) = 1, ϕ(2) = 1, ϕ(3) = 2, ϕ(4) = 2.

3ª (1-2) ¥, ·�|^��½n=�Xe(Ø.

íØ 1.5.1 ng��ü � ωǑ´�§ zn−1 + zn−2 + · · · + z + 1 = 0��, ½=
ωn−1 + ωn−2 + · · · + ω + 1 = 0.

íØ 1.5.2 ω̄ = ω−1 = −(ωn−2 + ωn−3 + · · · + ω + 1).

1.6 Eê��4�

�Ä z1 = x1 + iy1 9 z2 = x2 + iy2. ·�½Â z1, z2 �m�î¼ål
|z1 − z2| =

√

(x1 − x2)2 + (y1 − y2)2.
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·�w,k±eØ�ª

max{|x1 − x2|, |y1 − y2|} ≤ |z1 − z2| ≤ |x1 − x2| + |y1 − y2|. (1-3)

� {zn}∞n=1 ´EêS�, z0 ´�½Eê.

½Â 1.6.1 XJé?¿�¢ê ε, �3 N > 0, ��� n > N �ok
|zn − z0| < ε,·�Ò¡ {zn}∞n=1± z0Ǒ4�, ¿P� z0 = lim

n→∞
zn.

� zn = xn + iyn (n = 0, 1, 2, · · · ), �äEê�kÃ4��¯K�±z�¢ê�/5?Ø.

·K 1.6.1 z0 = lim
n→∞

zn��=�






x0 = lim
n→∞

xn,

y0 = lim
n→∞

yn.

y² (=⇒) ®� z0 = lim
n→∞

zn. d½Â, é?¿�¢ê ε, �3 N > 0, ¦�� n > N �o

k |zn − z0| < ε. ?�ÚdØ�ª (1-3) ��

|xn − x0| < ε, |yn − y0| < ε.

Ï
 x0 = lim
n→∞

xn, y0 = lim
n→∞

yn.

(⇐=) ®� x0 = lim
n→∞

xn, y0 = lim
n→∞

yn. é?¿�¢ê ε, �3 N > 0, ¦�� n > N �k

|xn − x0| <
ε

2
, |yn − y0| <

ε

2
.

dØ�ª (1-3) ��, |z − z0| < ε. ùÒíÑ z0 = lim
n→∞

zn. �

1.7 *¿E²¡

1.7.1 Ã¡�:

� {zn}∞n=1 ´EêS�. XJé?¿�ê M > 0, �3 N > 0, ¦�� n > N �, k

|zn| > M , ·�Ò½Â

∞ := lim
n→∞

zn.

∞ ¡�E²¡��¡�:. ·�¡ C := C ∪ {∞}�*¿E²¡
XJ lim

n→∞
|xn| = ∞ ½ö lim

n→∞
|yn| = ∞ k��¤á, @o lim

n→∞
zn = ∞. ��L5(Ø�7

¤á. e¡Þ��~f`²�.

~ 1.7.1 - zn = ne
inπ

2 . d� lim
n→∞

zn = ∞, �´4� lim
n→∞

|xn|, lim
n→∞

|yn| þØ�3. �

[%�Öö�U¬kù��¦¯, éuü�ØÓ�EêS�, 'X lim
n→∞

n � lim
n→∞

ni, §��

4�¬Ø¬½ÂÑØÓ�Ã¡�: ∞ Q? �
£�ù�¯K, ·�Äk��Ã¡�:��î�

½Â. ùÒ´e��!�?n�¯K.
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1.7.2 ¥4ÝK

�Än��m¥�ü ¥

S2 = {(x1, x2, x3) ∈ R3 | x2
1 + x2

2 + x2
3 = 1},

�4:P� N = (0, 0, 1). ·�ò²¡ x3 = 0 w�E²¡ C. �ó�, E²¡þz�: z = x+ iy

�±w�n��m¥�: (x, y, 0).

y3·��òü ¥ S2 \ {N} þ�:ÚE²¡ C þ�:��éAå5. äN�{Xe: l

�4: N Ñu����ÏL z , T���ü ¥�����:, P� Φ(z). |^)ÛAÛO�

��,

Φ(z) =

(

2x

x2 + y2 + 1
,

2y

x2 + y2 + 1
,
x2 + y2 − 1

x2 + y2 + 1

)

=

(

z + z̄

|z|2 + 1
,

z − z̄

i(|z|2 + 1)
,
|z|2 − 1

|z|2 + 1

)

. (1-4)

w,, lª (1-4) �±w�, é?Û z 5`, Φ(z) Ø�U´�4: N . ù�·�Ò��N�

Φ : C −→ S2 \ {N}, z = x+ iy → Φ(z).

�L5, é¥¡þØ
 N 	�z�: P = (x1, x2, x3), ·���±ë��� NP , §ÚE²¡�

�u�����:, P� Ψ(P ). d)ÛAÛO���

Ψ(P ) =
x1

1 − x3
+ i

x2

1 − x3
. (1-5)

ùÒ��N�

Ψ : S2 \ {N} −→ C, P → Ψ(P ).

N´�y, ΨΦ = IdC, ΦΨ = IdS2\{N}.

þ¡�N� Φ ½ Ψ ¡�¥4ÝK. ·��±ò Ψ �½Â*¿��4: N þ, =5½

Ψ(N) := ∞. �L5, ��±½Â Φ(∞) = N . ù�, ·�Ò��*¿�¥4ÝK

Φ : C −→ S2, ½ Ψ : S2 −→ C.

ùÒïá
*¿E²¡�¥¡�m���éA.

íØ 1.7.1 �ÄEê� {zn}∞n=1. ±e^��d:

(1) lim
n→∞

zn = ∞,

(2) lim
n→∞

Φ(zn) = N .

¥4ÝKkXe{©5� (3�Ööy²)

·K 1.7.1 (1) b� L´E²¡þ���, �o Φ(L)´ S2 þ²L N ��±, ��½,.

(2) b� C ´E²¡þ��±, �o Φ(C)´ S2þØ²L N ��±, ��½,.

1.8 ©ª�5C�

3p��ê¥, ·�²~ïÄ�þ�mþ��«C�N�. 'X�m���C� (^=!²

£!� ). ·��F"òù��ïÄí2�*¿E²¡þ.
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1.8.1 ©ª�5C�

�Äü�*¿E²¡, ©O^ z,w 5L«þ¡�Eê. ·�'%Xe/ª�N�

f : C −→ C, z → w :=
az + b

cz + d
,

ùp a, b, c, d ´�½�EXê, ¿�÷v ad − bc 6= 0. ù��N�¡�©ª�5C� ½ö

MöbiusC�. AO/,

f(∞) :=
a

c
, f(−d

c
) := ∞.

·�k�	�
AÏ�©ª�5C�.

~ 1.8.1 (1) w = z + h (h ´�½�Eê) Ò´Ï~�²£.

(2) w = eiθz (θ ´�½�¢ê) =Ï~�^=.

(3) w = rz (r > 0 ´�½��¢ê) K´Ï~�� N�.

ùnaN��EÜ�±Ú��¤Xe/ª

w = kz + h,

d? k, h ´�½�Eê. ·�rþª½Â�©ª�5C�¡��qC�. �

~ 1.8.2 w = 1
z ½Â�©ª�5C�¡��üC�. �

Ún 1.8.1 ?Û©ª�5C�Ñ�3_N�, ¿��öǑ´©ª�5C�.

y² �Ä©ª�5C�

f : C −→ C, z → w =
az + b

cz + d
.

N´�yXe©ª�5C�´ f �_.

f−1 : C −→ C, w → z =
dw − b

−cw + a
.

Ún 1.8.2 ©ª�5C��EÜǑ´©ª�5C�.

y² �Ä©ª�5C� f(z) = az+b
cz+d 9 g(z) = a′z+b′

c′z+d′
, K

f(g(z)) =
ag(z) + b

cg(z) + d
=
a(a′z + b′) + b(c′z + d′)
c(a′z + b′) + d(c′z + d′)

=
(aa′ + bc′)z + (ab′ + bd′)
(ca′ + dc′)z + (cb′ + dd′)

.

Ún 1.8.3 ?Û©ª�5C�7´�qC���üC��EÜ.

y² � f(z) = az+b
cz+d . e c = 0, K f ´�qC�, ·Kw,¤á. 8� c 6= 0. d� f ´±

e�qC���üC��EÜ

f(z) =

(

cb− ad

c

)(

1

cz + d

)

+
a

c
.
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1.8.2 ��±5

d·K 1.7.1, E²¡þ��± (�A/, ��) éA¥¡þØL (�A/, L) �4: N ��

±. Ïd3*¿E²¡S��Ú�±vk�o�O, Ã���´�¹
Ã¡�: ∞ ��±
®.

Ïd·�±eòùüöÑÚ¡�*¿E²¡S��±, Ø2\±«©.

Ún 1.8.4 *¿E²¡S?Û�±ÑU�¤XeIO�§:

Azz̄ +Bz +Bz̄ + C = 0, (1-6)ùp A,C ∈ R� |B|2 −AC > 0. AO/, A = 0��=�T�§½Â
E²¡S���.

½n 1.8.1 (��±5) ©ª�5C�o´ò�±NǑ�±.

y² dÚn 1.8.3, ·��I�?Ø�qC�Ú�üC��/=�. XJ´�qC�, (

Ø´w,�. ±e·��Ä�üC�.

dÚn 1.8.4, ·�ò w = 1
z �\ª (1-6) �n�

Cww̄ +Bw +Bw̄ +A = 0.

Ïddn 1.8.4 =�þã�§½Â
*¿E²¡S��±. �

~ 1.8.3 (1) ¦�±�§ |z − 1| = 1 3�üC�e��.

·�ò w = 1
z �\��§� |w − 1| = |w|. ü>²��

(w − 1)(w̄ − 1) = ww̄.

Ðmþª�n=�

w + w̄ = 1.

(2) ¦���§ iz − iz̄ = 1 3�üC�e��.

ò w = 1
z �\��§� i

w − i
w̄ = 1. �n�

ww̄ + iw − iw̄ = 0,

= |w − i| = 1. �

þ¡�~f��±8(�±e���5Qã.

íØ 1.8.1 E²¡�± |z − z0| = r3�üC� w = 1
z e��´

{

∣

∣

∣
w − z̄0

|z0|2−r2

∣

∣

∣
= r

||z0|2−r2| , er 6= |z0|,
Re(z0w) = 1

2 , er = |z0|.�� Re(z̄0z) = −c (c ∈ R¤3�üC�e��´
{

∣

∣w + z̄0

2c

∣

∣ = | z̄0

2c |, ec 6= 0,

Re(z0w) = 0, ec = 0.
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1.8.3 ��'5

?�*¿E²¡S�o�ØÓ: z1, z2, z3, z4 (#N�Ã¡�:). ·�½Â�'
(z1, z2, z3, z4) :=

(

z4 − z1
z4 − z2

)

/

(

z3 − z1
z3 − z2

)

. (1-7)

XJ zi ¥,:´Ã¡�:, �'½Â�±{z. 'X z4 = ∞ �,

(z1, z2, z3, z4) := 1
/

(

z3 − z1
z3 − z2

)

=

(

z3 − z2
z3 − z1

)

.

qX z1 = ∞ �,

(z1, z2, z3, z4) :=

(

1

z4 − z2

)

/

(

1

z3 − z2

)

=

(

z3 − z2
z4 − z2

)

.

½n 1.8.2 (��'5) ©ª�5C��±�'ØC, =é f(z) = az+b
cz+d 9 wi = f(zi)

(i = 1, 2, 3, 4)k
(w1, w2, w3, w4) = (z1, z2, z3, z4).

y² dÚn 1.8.3, ·��I�?Ø�qC�Ú�üC��/=�. XJ´�qC�, (

Ø´w,�. ±e�Ä�üC�. ·�ò w = 1
z �\ª (1-7) �

(w1, w2, w3, w4) :=

(

1
z4

− 1
z1

1
z4

− 1
z2

)

/

(

1
z3

− 1
z1

1
z3

− 1
z2

)

.

þªm>���n=� (z1, z2, z3, z4). �

~ 1.8.4 ¦©ª�5C� w = f(z) ¦� f(0) = ∞, f(1) = 1, f(1 + i) = 1
2 − i

2 .

d��'5, ·�k

(∞, 1,
1

2
− i

2
, w) = (0, 1, 1 + i, z).

Ðmþª=�
(

1

w − 1

)

/

(

1
1
2 − i

2 − 1

)

=

(

z − 0

z − 1

)

/

(

1 + i− 0

1 + i− 1

)

.

�n=� w = 1
z . �

1.8.4 �>.5

·�k)º�e�o´«�.

½Â 1.8.1 E²¡ Cþ�«� D ´�÷v±e�^��:8:

(1) (m^�)é D ¥?Û: z, Ñ�±é�±§Ǒ�%����, ��T����¹u D S;

(2) (ëÏ5)é D ¥?Û: z, z′, ·�Ñ�±é�ë� z, z′ �­�, ��T­���¹u D S.

«��>.Ú·�Ï~�n)����, ùpØ2î�½Â
. ·��±UXe�ª5½>

.�r�: �\÷X>.1r�, «�o´3\��Ã>. 8�XÃAO�², ·�o´%@ù

��>.r�����. «�9Ù>.�¿8Ï~¡�4�.

e¡0�A«AÏ�«�.
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~ 1.8.5 (1) þ�²¡

H := {z ∈ C | Imz > 0}.

§�>.Ò´¢¶ R = {z | Imz = 0} (�)Ã¡�:), Ù����l��m.

(2) ± z0��%�m��

B(z0, r) := {z ∈ C | |z − z0| < r}.

§�>.Ò´�± C = {z | |z − z0| = r}, Ù����_����.

(3) ± ∞��%�m��

B(∞, R) := {z ∈ C | |z| > R}.

§�>.Ò´�± C = {z | |z| = R}, Ù����^����.

(4) ± z0��%�V>��

H(z0, r, R) := {z ∈ C | r < |z − z0| < R}.

§�>.kü^, �^´�± C1 = {z | |z − z0| = r}, ±^�������; ,�^´�±

C2 = {z | |z − z0| = R}, ±_�������. �

½n 1.8.3 (�>.5) � D ´«�, w = f(z)´©ª�5C�. �of(D)Ǒ´«�, §�>.Ò´ D �>.3 f e��, �½�ØC.

~ 1.8.6 ¦þ�²¡ H 3�üC�e��«�.

H �>.´¢¶, Ïd�üC�e, T>.���´¢¶. d�>.5á�, �«��>.

�´¢¶, ���lm��. ÏdUì>.½��5½, �«�´e�²¡. �

1.8.5 �é¡5

b� C ´�±½ö��, z1, z2 ´*¿E²¡þü:.

½Â 1.8.2 XJ z1, z2, C ÷v±e^���, ·�Ò¡ z1, z2 'u C é¡.

(1) C ´��, z1, z2 'u C 3Ï~¿Âeº�é¡.

(2) C ´�± |z − z0| = r, z1, z2÷v (z1 − z0)(z2 − z0) = r2. �ó�, z0, z1, z2 n:��, ¿�
|z1 − z0| · |z2 − z0| = r2. AO/, � z1 = z0�, ·�5½é¡: z2 = ∞.

½n 1.8.4 (�é¡5) ©ª�5C��±é¡5ØC. �ó�, e z1, z2 'u*¿E²¡S��± C é¡, �o f(z1), f(z2)'u�­� f(C)Ǒé¡.

y² ·��I�y�üC��é¡5=�. ùp��Ä�«�¹, Ù{�/þ�aqí

Ñ. � C ´�± |z − z0| = r, � |z0| 6= r. díØ 1.8.1, �­� f(C) ��§
∣

∣

∣

∣

w − z̄0
|z0|2 − r2

∣

∣

∣

∣

=
r

||z0|2 − r2| .

�y²�üC�k�é¡5, ·��I�Uìé¡�½Â���yXe�ª
(

1

z1
− z̄0

|z0|2 − r2

)(

1

z̄2
− z0

|z0|2 − r2

)

=

(

r

|z0|2 − r2

)2

, (1-8)
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ùp z1, z2 'u C ´é¡:, Q÷v (z1 − z0)(z̄2 − z̄0) = r2, ÐmTª���u

|z0|2 − r2 = z1z̄0 + z̄2z0 − z1z̄2. (1-9)

ª (1-8) �>�u

1

z1z̄2
· 1

(|z0|2 − r2)2
·
(

|z0|2 − r2 − z̄0z1
) (

|z0|2 − r2 − z0z̄2
)

.

|^ª (1-9), þª?�Ú{z�

1

z1z̄2
· 1

(|z0|2 − r2)2
· (z̄2z0 − z1z̄2)(z1z̄0 − z1z̄2) =

1

(|z0|2 − r2)2
· (z0 − z1)(z̄0 − z̄2)

ÏdþªÒ�u (1-8) �m>. �

~ 1.8.7 ¦©ª�5C� w = f(z) ÷v f(0) = 1, f(i) = 2i, ¿�òþ�²¡EN�þ�

²¡.

þ�²¡�>.´¢¶. 5¿� −i Ú i 'u¢¶é¡, Ïdd�é¡5á� f(−i) �

f(i) = 2i �'u¢¶é¡, l
 f(−i) = −2i. ?�Úd��'5��

(1, 2i,−2i, w) = (0, i,−i, z).

ù�Ò�� w = −4z−2
z−2 . �

1.8.6 A^:«�C�

|^©ª�5C�, ·��±ò��«�C�,��«�. ù��¯K��©üa. �a´

®�©ª�5C�, ¦Ñ�«�. �k�aK´�½�«�, ¦Ñ�U�©ª�5C�.

~ 1.8.8 ü m�� B(0, 1) = {w ∈ C | |w| < 1} 3�üC�e��«�TÐC�ü �

��	Ü

B(∞, 1) = {z ∈ C | |z| > 1}.

�L5, ü ���	Ü3�üC�e¤�
ü ��SÜ. ù«S	�p��´“�ü”�c�

�¿. �

~ 1.8.9 � f(z) = z−1
iz+1 , «� D d>.­�

C1 : |z| = 1, C2 : Re((1 − i)z) = 1

¤�¤. ¦�«� f(D) 9�­� f(C1), f(C2).

·�k¦Ñ_C�

z =
w + 1

−iw + 1
(1-10)

òª (1-10) �\ C1 ��§ |z| = 1, =� |w + 1| = | − iw + 1|. ü>²��, �

ww̄ + w + w̄ + 1 = ww̄ − iw + iw̄ + 1,

= Re((1 + i)w) = 0, ùÒ´ f(C1) ��§. aq�� f(C2) ��§ Re(w) = 0.

�,·�y3��
�«��>., �´��U��(½´=�«�. kA«�{�±(½

§.
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C1

C2

f(C1)

f(C2)

�{�: ·��±� D ¥�: z0, @o f(z0) 7á3�«�¥, �ó��¹T:�«�Ò´·�

¤��. 'X- z0 = 1
2 + 3i

4 , @o f(z0) = 4
5 + 7i

5 . ùÒ(½
�«�� �.

�{�: d�>.5, �«��>.½��´���, Ïd·��I�(½>.�½�. 'X

3 C1 k�²Ln: 1, e
iπ

4 , i. Ïd f(C1) k�²Lùn:��, = 0, e
iπ

4 ,∞, ùÒ(½
 f(C1)

�½�. aq�(½ f(C2) �½�. �

~ 1.8.10 � f(z) = 1
z , «� D d>.­�

C1 : |z| = 1, C2 : Imz = 0

C1

C2 f(C1)

f(C2)

¤�¤. ^aq�{�¦Ñ�«�

f(D) = {z ∈ C | |z| > 1 � Imz < 0}.

äN�y3�Öö. �

~ 1.8.11 ¦¤k�©ª�5C� f(z) = az+b
cz+d , ¦�þ�²¡ H E,C�þ�²¡.

H �>.´¢¶. d�>.5±9b�^�, f ò¢¶E,N�¢¶, =é ∀z ∈ R, ok

f(z) ∈ R. ù�, d��'5�� a, b, c, d �¢ê.

?�Ú, �
�yþ�²¡N\þ�²¡, ·���H ¥?�:, ¦�T:���á\H

¥. 'X� z = i, @o f(i) ∈ H , =

0 < Im
ai+ b

ci + d
=
ad− bc

c2 + d2
,

½= ad− bc > 0.

�L5, ���y¤k÷v a, b, c, d ∈ R 9 ad− bc > 0 �©ª�5C�7ò H N�H . �

~ 1.8.12 ¦¤k�©ª�5C� f(z) = az+b
cz+d , ¦�þ�²¡ H C�ü m��

B(0, 1).

d�>.�n, ¢¶N�ü �±. �ó�, ∀z ∈ R, ok |f(z)| = 1. ·�b� z0 ∈ H ÷

v f(z0) = 0. d�é¡5, f(z̄0) = ∞. ùÒíÑ

f(z) = k · z − z0
z − z̄0

, k ∈ C.

dc?Ø�� |f(0)| = 1, �\þª�� |k| = 1, ���� k = eiθ.

�L5��y, e f(z) = eiθ · z−z0

z−z̄0
, Imz0 > 0, K7ò H N� B(0, 1). �
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~ 1.8.13 ¦¤k�©ª�5C� f(z) = az+b
cz+d , ¦�ü m�� B(0, 1) EN�ü m�

�.

� z0 ∈ B(0, 1) ÷v f(z0) = 0. d�, z0 'uü �±�é¡:� 1
z̄0

. d�é¡5�

f( 1
z̄0

) = ∞. ùÒíÑ

f(z) = k · z − z0
z̄0z − 1

, k ∈ C.

,��¡, f(0) = kz0 � f(∞) = k
z̄0

'uü �±é¡, ¤± |k|2 = 1, = k = eiθ.

�L5��y, e f(z) = eiθ · z−z0

z̄0z−1 , |z0| < 1, K7òü ��N�g�. �

~ 1.8.14 ¦¤k�©ª�5C� f(z) = az+b
cz+d , ¦�ü m�� B(0, 1) N�ü m��

�	Ü B(∞, 1).

aqþ~��

f(z) = eiθ · z − z0
z̄0z − 1

, |z0| > 1.

�,, ·���±|^~ 1.8.8 Ú~ 1.8.13 ����. �

�ÙSK

\ ∗ Ò�SKL«k�½JÝ.

SK 1.1 �yEê\{Ú�{÷v��Æ!(ÜÆÚ©�Æ.

SK 1.2 �Ñ z =
(

1+
√

3i
1−

√
3i

)n��êL«, ¿(½§3 (−π, π]S�ÌÌÆ.

SK 1.3 |^ª (1-1), y²±eð�ª
(a2 + b2)(c2 + d2) = (ac− bd)2 + (ad+ bc)2.

SK 1.4 � ω = e
2iπ

5 ´ 5g��ü �, λ = ω + ω4, µ = ω2 + ω3.

(1) y²: λ+ µ = λµ = −1, ¿�Ñ λ, µ.

(2) ?�Ú|^þ¡(ØO�Ñ ω�äN�.

(3) � cos 2π
5 ��ªL�ª.

(4*) Áí2±þ�{, �Ñ 17g��ü ��äN�.

SK 1.5 �yª (1-4), (1-5).

SK 1.6 y²·K 1.7.1.
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1�Ù E¼ê��È©

aqêÆ©Û�ïÄ, ·�3?Ø
Eê±9*¿E²¡�Ä�5���, ég,/I�?

�Ú�\&?EC¼ê��È©Æ. ùÒ´�Ù�Ì�?Ö.

2.1 EC¼ê

� D ⊆ C ´��f8 ('X«�), ·�rN� f : D → C ¡� D þ�EC¼ê , ~P�

w = f(z), ∀z ∈ D .

XJé?Û z ∈ D , ¼ê�dL�ª w = f(z)��(½, ·�Ò` f ´ü�¼ê; ÄKÒ¡

�õ�¼ê.

2.1.1 Ð�ü�¼ê

e¡~Þ�
²;�Ð�ü�¼ê.

~ 2.1.1 (1) ~�¼ê w = c (c ´�½�~ê), ½Â�´��E²¡ C.

(2) �¼ê w = zn (n ´��ê), ½Â�� C.

(3) õ�ª¼ê
w = anz

n + an−1z
n−1 + · · · + a1z + a0, ai ∈ C,

Ù½Â��´ C.

(4) w = 1
zn (n ´��ê), ½Â�´ C − {0}.

(5) kn¼ê w = f(z)
g(z) , ùp f(z), g(z) Ñ´õ�ª¼ê. ©ª�5C�´�{ü�kn¼ê�

�. �

~ 2.1.2 (1) �ê¼ê
w = ez := ex · eiy = ex(cos y + i sin y),

ùp z = x+ iy. §�½Âu´��E²¡ C. AO/, l½Â�±w� |ez| = eRez, ¿���Ì

Ì� arg ez = Imz.

(2) nÆ¼ê
w =

{

cos z := 1
2(eiz + e−iz),

sin z := 1
2i(e

iz − e−iz)

±9 w = tan z := sin z
cos z Ú w = cot z := cos z

sin z . dn�¼ê�½Â, ·���Xeúª
{

eiz := cos z + i sin z,

e−iz := cos z − i sin z.

e� z�¢ê, þª=�î.úª.

����äN~f, ·�� z = i, K sin i = 1
2i(e

−1 − e) = i
2(e− e−1). �

~ 2.1.3 (1) �Ý¼ê w = z̄.

(2) ��¼ê w = |z|2 = zz̄, aq�k w = Rez = 1
2(z + z̄), 9 w = Imz = 1

2i(z − z̄). �
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2.1.2 Ð�õ�¼ê

·�Þ�
õ�¼ê�~f.

~ 2.1.4 Ì�¼ê w = Argz. e�½ÌÌ� arg z, @o

Argz = arg z + 2kπ, k ∈ Z.

Ïdéz� z ∈ C − {0}, §ÑkÃ�õ���. �

~ 2.1.5 n-g�¼ê
w = n

√
z = n

√

|z| · e iArgz

n .

§´�¼ê z = wn ��¼ê. éu�½� z, �â�êÆÄ�½n, �§ wn = z 'u w Tk n

��. �ó�, n-g�¼ê w = z
1

n Tk n ���. �½ÌÌ� arg z �, ù n ��©O�

w = n
√
z = n

√

|z| · e i

n
(arg z+2kπ), k = 0, 1, · · · , n− 1.

N´�y, Ø
 z = 0	, ù n ���üüØÓ.

AO/, � z = 1, K
n
√

1 = 1, ω, · · · , ωn−1,

ùp ω = e
2πi

n ´ n g��ü �.

aq/, ·���±½Â�ê�©ê��¼ê w = z
m

n . �

~ 2.1.6 éê¼ê
w = ln z := ln |z| + iArgz, z 6= 0.

X�½ÌÌ� arg z, K

w = ln z := ln |z| + i(argz + 2kπ), k ∈ Z.

Ïdéê¼ê�kÃ¡���. 'X� z = 1, K ln 1 = 2kπi; X� z = −1, K ln(−1) =

(2k + 1)πi (k ∈ Z). �

~ 2.1.7 2Â�¼ê
w = zα := eα ln z = eα(ln |z|+iArgz),

ùp α ´�½Eê. XJ α ´�ê, ùÒ´Ï~��¼ê, Ï
´ü�¼ê. XJ α = 1
n , K§Ò

´ n-g�¼ê. é��� α 5`, T¼êkÃ�õ���.

'X� α = z = i, ·�k

ii = ei ln i = ei(ln |i|+ iπ

2
+2kπi) = e−2kπ−π

2 , k ∈ Z.

~ 2.1.8 �n�¼ê

w = arcsin z :=
1

i
ln
(

iz +
√

1 − z2
)

.

±9 w = arccos z := π
2 − arcsin z.

4·�)º�e�Û�n�¼êkù��½Âª. Äk, ·�k

z = sinw =
1

2i
(eiw − e−iw).
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�n�=�

(eiw)2 − 2iz · eiw − 1 = 0.

5¿�� w = 0 �, z = sinw = 0. éþª|^�g�§¦�úªKíÑ

eiw = iz +
√

1 − z2,

ùp·��¦
√

1 = 1. dd=� w = arcsin z �L�ª. �

2.1.3 ëY¼ê

� f : D → C ´«� D þ�ü�¼ê.

½Â 2.1.1 � z0 ∈ D , ¼ê4� A = lim
z→z0

f(z) �3, ´�é?Û ε > 0, Ñ�3 δ > 0, ¦

�� |z − z0| < δ �, k |f(z) −A| < ε.

f(z) 3 z = z0 ?ëY´��34� lim
z→z0

f(z) = f(z0). XJ w = f(z) 3«�Sz:Ñë

Y, ·�Ò`§´ D þëY¼ê.

� z = x+ iy, w = u+ iv. ¼ê w = f(z) �±��

w = u(x, y) + iv(x, y),

= u, v Ñ´ x, y �¢��¼ê.

aq·K 1.6.1 �?Ø, ·�k

Ún 2.1.1 � z0 = x0 + iy0. ¼ê w = f(z)3 z = z0?ëY, ��=�¢��¼ê
u = u(x, y), v = v(x, y)�3 (x0, y0)?ëY.

1 2.1.1 !�~fÑ´ëY¼ê, ·�Ø2Kã.

2.2 )Û¼ê

� f : D → C ´«� D þ�ü�¼ê, z0 ∈ D .

2.2.1 ��¼ê�)Û¼ê

½Â 2.2.1 (1) XJ�34�
lim
z→z0

f(z) − f(z0)

z − z0
,·�Ò` w = f(z)3 z = z0 ?�� (��), ¿òT4�¡� f(z)3 z = z0 ?��ê, P�

f ′(z0)½ df
dz |z=z0

(XJrN��Cþ w, Ǒ��� dw
dz

∣

∣

z=z0
).

(2) XJ w = f(z)3 z0�,���� B(z0, ε)S??��, ·�Ò` f 3 z0 ?)Û. XJ
f 3«� D þz:Ñ)Û, ·�Ò¡ f ´ D þ�)Û¼ê.

·��¡¬w�, )Û^��'��^�r
éõ. ùp~Þ��(Ø5`², y²�3�

¡20�.

½n 2.2.1 )Û¼êäk?¿��ê.
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ÃØXÛ, 3êÆ©Ûp, éõ~fÑL²==äk�êØ�½U�yk?¿��ê, $�ë�

��êÑØ�3.

EC¼ê�¦��êÆ©Û¥�¢¼ê¦�����. ·�ùp=ÞA~`².

~ 2.2.1 (1) w = zn ´ C þ�)Û¼ê, �¼ê dw
dz = nzn−1.

(2)w = ez ´ C þ�)Û¼ê, �¼ê dw
dz = ez.

(3) w = cos z ±9 w = sin z �´ C þ�)Û¼ê, �¼ê©O�

(cos z)′ = − sin z, (sin z)′ = cos z.

þã¦�úª�±��ln�¼ê�½Â (~ 2.1.2) ��. �

~ 2.2.2 w = z̄ �,??ëY�´??Ø��, =é?Û z0 ∈ C, Ø�34�

lim
z→z0

z̄ − z̄0
z − z0

.

��5¿�´, 3êÆ©Ûp, ��E??ëY�??Ø���¼ê´'�(J�. ù�lý¡

m��NÑE��5�ru¢��5. �

2.2.2 �Ü–iù^�

l�ê�½Â�±w�, 4�

lim
z→z0

f(z) − f(z0)

z − z0

� z ª�u z0 ��ªÃ'. ù¢Sþ´�������^�. 4·�£�êÆ©Û¥'u¢¼

ê�¦�. duCþ´¢ê, Ïdª�u4�:����k��½�mkü«, l
Òkm�ê

Ú��êü«4�. �k��m�ê���, ¼êâk�ê.

ù��g���±^uEC¼ê�¦�. � z = x + iy, f(z) = u(x, y) + iv(x, y), z0 =

x0 + iy0 ∈ D . ��BÖ�, ·�P

∆z = z − z0 = ∆x+ i∆y, ∆f = f(z) − f(z0) = ∆u+ i∆v.

b� f ′(z0) �3. ·�Äk4 z ÷Xç���ª�u z0, = ∆x = 0. ùÒk

f ′(z0) = lim
∆z→0

∆f

∆z
= lim

∆y→0

∆u+ i∆v

i∆y
= −i lim

∆y→0

∆u

∆y
+ lim

∆y→0

∆v

∆y
= −i∂u

∂y

∣

∣

∣

(x0,y0)
+
∂v

∂y

∣

∣

∣

(x0,y0)
.

Ó�/, 4 z ÷XY²��ª�u z0, = ∆y = 0, l
k

f ′(z0) = lim
∆z→0

∆f

∆z
= lim

∆x→0

∆u+ i∆v

∆x
= lim

∆x→0

∆u

∆x
+ i lim

∆x→0

∆v

∆x
=
∂u

∂x

∣

∣

∣

(x0,y0)
+ i

∂v

∂x

∣

∣

∣

(x0,y0)
.

'�üª, ·�Ò��¤¢��Ü–iù^�
{

∂u
∂x

∣

∣

(x0,y0)
= ∂v

∂y

∣

∣

(x0,y0)
,

∂u
∂y

∣

∣

(x0,y0)
= − ∂v

∂x

∣

∣

(x0,y0)
.

����(ØXe, ·�Ø2�[y²§.

½n 2.2.2 f ′(z0)�3��=�
(1) f(z)3 z = z0 ?÷v�Ü–iù^�.

(2) u(x, y)Ú v(x, y)3: (x0, y0)?��.
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3EC¼êp��Ú��´�£¯. �3õ�¢¼êp, ��5�'��5r
éõ. þ¡�(

Øw�·�, EC¼ê���5�Ù¢JÜ���¼ê��5�'�r�õ, ¦�I�÷v4�

����Ü–iù^�.

íØ 2.2.1 ¼ê w = f(z)3«� D S)Û, ��=� u, v´ D þ���¼ê, �3 DSð÷v�Ü–iù^�
{

∂u
∂x = ∂v

∂y ,
∂u
∂y = − ∂v

∂x .

5 2.2.1 �Ü-iù^�3ïÄ�F�¯K¥kX­�A^. êÆ¥kéõÄ�nØ, ¦

+L¡þwq�ly¢é�, �¢Sþ§�~~¤�ÔnÆ½Ù¦Æ��rkåóä. �

~ 2.2.3 - z = x+ iy, f = u+ iv. ·�5�y�
)Û¼ê��Ü-iù^�.

(1) w = z2 ´ C þ)Û¼ê. d�k u = x2 − y2, v = 2xy,
{

∂u
∂x = 2x = ∂v

∂y ,
∂u
∂y = −2y = − ∂v

∂x .

(2) w = ez, d� u = ex cos y, v = ex sin y,
{

∂u
∂x = ex cos y = ∂v

∂y ,
∂u
∂y = −ex sin y = − ∂v

∂x .

(3) w = 1
z ´ C − {0} þ�)Û¼ê, d� u = x

x2+y2 , v = − y
x2+y2 ,

{

∂u
∂x = y2−x2

(x2+y2)2 = ∂v
∂y ,

∂u
∂y = −2xy

(x2+y2)2 = − ∂v
∂x .

�

~ 2.2.4 (1) dc®� w = z̄ ??Ø��. d� u = x, v = −y �,Ñ´��¼ê, �Ø÷

v�Üiù^�. äNó�,
{

∂u
∂x = 1 6= ∂v

∂y = −1,
∂u
∂y = 0 = − ∂v

∂x .

(2) w =
√

|xy|, d� u =
√

|xy|, v = 0. N´�y, 3 (0, 0) ?

∂u

∂x
=
∂u

∂y
=
∂v

∂x
=
∂v

∂y
= 0.

� u 3 (0, 0) ?Ø��. Ïd w =
√

|xy| ��E¼ê3 z = 0 ?Ø��. �

íØ 2.2.2 XJ��¼ê u, v3«� D S÷v�Ü-iù^�, ¿�§�äk�� �ê, �o
{

∂2u
∂x2 + ∂2u

∂y2 = 0,
∂2v
∂x2 + ∂2v

∂y2 = 0.

k�·�{P ∆ := ∂2

∂x2 + ∂2

∂y2 , §¡�.Ê.d�f. ÷v'Xª

∆u = 0

���¢��¼ê¡�NÚ¼ê. íØ 2.2.2 Ò´`, )Û¼ê�¢ÜJÜÑ´NÚ¼ê, ¿�

÷v�Ü-iù^�. ��k��¯K´, XJ�½��NÚ¼ê u, ´Ä�3,��NÚ¼ê v,

¦� f(z) = u+ iv ´)Û¼ê? eù�� v �3�{, ·�Ò` v ´ u ��ÝNÚ¼ê.
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2.2.3 ¢���E��'X

�Ä«� D þ�¼ê (Ø�¦��)

f(z) = u(x, y) + iv(x, y), z = x+ iy ∈ D .

·�b� u, v ´���. w, f(z) �±w¤ x, y ���E�¼ê.

£�·K 1.1.1, ·�k

x =
z + z̄

2
, y =

z − z̄

2i
. (2-1)

Ïd f(z) ��� z, z̄ ���E¼ê

f(z) = u

(

z + z̄

2
,
z − z̄

2i

)

+ iv

(

z + z̄

2
,
z − z̄

2i

)

.

y3·�F"éþã f ¦/ª �ê ∂f
∂z Ú ∂f

∂z̄ . |^óª{K, ·�k
{

∂f
∂z = ∂f

∂x
∂x
∂z + ∂f

∂y
∂y
∂z ,

∂f
∂z̄ = ∂f

∂x
∂x
∂z̄ + ∂f

∂y
∂y
∂z̄ .

dª (2-1), ·�k
∂x

∂z
=
∂x

∂z̄
=

1

2
,

∂y

∂z
= −∂y

∂z̄
=

1

2i
.

�\óª¦�úª�, =�






∂f
∂z = 1

2

(

∂f
∂x − i∂f

∂y

)

,

∂f
∂z̄ = 1

2

(

∂f
∂x + i∂f

∂y

)

.
(2-2)

þª��±�L5¦Ñ �ê ∂f
∂x , ∂f

∂y , =
{

∂f
∂x = ∂f

∂z + ∂f
∂z̄ ,

∂f
∂y = i

(

∂f
∂z − ∂f

∂z̄

)

.

�5¿, ùp� �ê ∂f
∂z Ø´·�c¡`��ê df

dz , Ï�·�¿v�¦¼ê´���.

,��¡,
∂f

∂x
=
∂u

∂x
+ i

∂v

∂x
,

∂f

∂y
=
∂u

∂y
+ i

∂v

∂y
”

ò§��\ª (2-2), =�






∂f
∂z = 1

2

(

∂u
∂x + ∂v

∂y

)

+ i
2

(

∂v
∂x − ∂u

∂y

)

,

∂f
∂z̄ = 1

2

(

∂u
∂x − ∂v

∂y

)

+ i
2

(

∂v
∂x + ∂u

∂y

)

.
(2-3)

·K 2.2.1 ±e�^��p�d:

(1) ∂f
∂z̄ = 0;

(2) u, v´÷v�Ü-iù^����¼ê;

(3) f(z)´���;

(4) f(z)�L�ª¥ØÑy z̄�.

y² (1) Ú (4) ��d5´w,�, ù5gu �ê�"�½Â. (2) Ú (3) ��d55g

u½n 2.2.2. (1) Ú (2) ��d55guª (2-3). �
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~ 2.2.5 � f(z) = ax2 + by2 + 2cxyi, ùp z = x+ iy, a, b, c ∈ R.

(1) ·�k¦/ª �ê ∂f
∂z ,

∂f
∂z̄ . |^ª (2-2), =�

∂f

∂z
= (a+ c)x+ (c− b)yi,

∂f

∂z̄
= (a− c)x+ (c+ b)yi.

�,·���±ª (2-1) kò f(z) ��

f(z) = a

(

z + z̄

2

)2

+ b

(

z − z̄

2i

)2

+ 2ci

(

z + z̄

2

)(

z − z̄

2i

)

.

,�¦/ª �.

(2) ¦ f(z) )Û�¿©7�^�. d·K 2.2.1, f(z) )Û�¿�^�´

0 =
∂f

∂z̄
= (a− c)x+ (c+ b)yi,

= a = c = −b, ±9 f(z) = az2. ,�«�ª´��|^�Ü-iù^�5�y. �

2.2.4 3©ª�5C�¥�A^

� f(z) = az+b
cz+d ´©ª�5C� (ad− bc 6= 0). N´¦ÑÙ�¼ê

f ′(z) =
ad− bc

(cz + d)2
.

k�·��ò f �¤ f(z) = k · z−z1

z−z2
, @o

f ′(z) = k · (z1 − z2)

(z − z2)2
.

AO/, X� z = z1, K f ′(z1) = k
z1−z2

.

~ 2.2.6 ¦©ª�5C� w = f(z), òþ�²¡ H N�ü �� B(0, 1), ¿� f(i) = 0,

arg f ′(i) = −π
2 .

d~ 1.8.12 9^� f(i) = 0, �� f(z) ���

f(z) = eiθ · z − i

z + i
.

Ïd f ′(i) = eiθ

2i = 1
2e

i(θ−π

2
). ?�Úd^� arg f ′(i) = −π

2 á� θ = 0.

nþ��, f(z) = z−i
z+i . �

2.3 EÈ©

4·�£�êÆ©Û¥�½È©
∫ b

a
f(x)dx.

§dn����¤: ¢Cþ x, È©¼ê f(x), È©«m [a, b]. ·�Äk3È©«m [a, b] �\:

�

a = x0 < x1 < · · · < xn−1 < xn = b,
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òÈ©«m©�¤��ã [xi−1, xi], ¿3Ù¥À��: mi. ,�·�^±e4�½Â
½È©
∫ b

a
f(x)dx := lim

||T ||→0

n
∑

i=1

f(mi)(xi − xi−1),

ùp ||T || = max
1≤i≤n

(xi − xi−1).

a=x0 b=xn

x1 x2 x3 x4

f(m3)

f(m1) f(m2)

2.3.1 EÈ©�½Â

y3·���ù�g´½ÂEÈ©. ·�ò¢Cþ x O��ECþ z, ¢¼ê f(x) O��

E¼ê f(z), È©«m [a, b] O��E²¡þ�ëê­�

C : z(t) = x(t) + iy(t), t ∈ [a, b].

·�5½­� C �½�: là: A = z(a) Ñu�à: z(b) = 0 (å. ·��3 C þ�\:�

A = z0, z1, · · · , zn−1, zn = B,

B=z(b)

z3

z1

z2

A=z(a)

t=bt=a
t

l
ò C ©�¤�lã z̃i−1zi, ¿3Ù¥À��: mi. ,�·�^±e4�½Â
 f(z) �EÈ©
∫

C
f(z)dz := lim

||T ||→0

n
∑

i=1

f(mi)(zi − zi−1),

ùp ||T || = max
1≤i≤n

|zi − zi−1|.

5 2.3.1 (1) ·�^ C− L« C ���, =là: B Ñu�à: A ª�. ·�5½
∫

C−

f(z)dz := −
∫

C
f(z)dz

.

(2) C k�«AÏ�/: {ü4­�, =à: A = B, ¿�­���Ø¬Ñyg�.

A=B A=B

A=B

Non−simple closed curveSimple closed curve Simple closed curve

·�5½{ü4­��_�������. ±eXÃAO(², ·�o´%@{ü4­���

�.
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(3) b� C = C1 + C2 ´dü^­� C1, C2 ë�å5���, ·�Ò5½
∫

C
f(z)dz :=

∫

C1

f(z)dz +

∫

C2

f(z)dz.

(4) EÈ©�÷v�55
∫

C
(αf + βg)dz = α

∫

C
f(z)dz + β

∫

C
g(z)dz,

ùp α, β ∈ C. �

2.3.2 EÈ©�O�

�êÆ©Û¥�¢È©O�aq, EÈ©��±ÏLCþO�5O�. � C ´dëê�§

z(t) = x(t) + iy(t), t ∈ [a, b]

½Â�­�, ¿�§´Åã1w�—= x(t), y(t) ´ t �Åã1w¼ê.

Ún 2.3.1 (CþO�úª)
∫

C
f(z)dz =

∫ b

a
f(z(t)) · z′(t)dt. (2-4)

~ 2.3.1 ¦
∫

C
1
zn dz (n ´��ê), ùp C : |z| = r.

·�ò C ëêz

z = reiθ, θ ∈ [0, 2π].

dCþO�úª
∫

C

1

zn
dz =

∫ 2π

0

(reiθ)′

(reiθ)n
· dθ =

∫ 2π

0

1

rn−1
· ie

iθ

einθ
dθ =

i

rn−1

∫ 2π

0
ei(1−n)θdθ.

XJ n = 1, @odþª��
∫

C

1

zn
dz = 2πi.

XJ n > 1, @o
∫

C

1

zn
dz =

i

rn−1

(

ei(1−n)θ

(1 − n)i

)∣

∣

∣

∣

∣

2π

0

= 0.

[%�Öö¬uy, ù�È©�(J�È©­���» rÃ'. ¯¢þ, ù¿�ó,y�. ·�ò

3�¡�Ñ)º. �

~ 2.3.2 � f(z) = Re(z2), é±e�­� C ¦È©
∫

C f(z)dz.

(1) C : z(t) = t+ it (t ∈ [0, 1]). d� z2 = it2, � f(z) = 0, ∀z ∈ C. Ïd
∫

C f(z)dz = 0.

(2) C = C1 + C2, ùp C1 ´l 0 � i ���, C2 ´l i � 1 + i ���.

0

i 1+i

C1
C2
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·�kO� C1 þÈ©. C1 ëêz� z(t) = ti, t ∈ [0, 1]. �dCþO�úª�
∫

C1

f(z)dz =

∫ 1

0
(−t2) · (ti)′dt = −i

∫ 1

0
t2dt = − i

3
.

aq/, C2 ëêz� z(t) = t + i, t ∈ [0, 1], ·�k
∫

C2
f(z)dz = −2

3 . nÜ��
∫

C f(z)dz =

−2
3 − i

3 .

(3) C = C1 + C2, ù p C1 ´ l 0 � 1 � � �, C2 ´ l 1 � 1 + i � � �. a q � �
∫

C f(z)dz = 1
3 + 2i

3 . äN�y3�Öö�¤. �

EÈ©��±8(�¢¼ê�1�a�È©O�. Ï�

f(z)dz = (u+ iv)(dx+ idy) = (udx− vdy) + i(vdx + udy),

¤±
∫

C
f(z)dz =

∫

C
udx− vdy + i

∫

C
vdx+ udy. (2-5)

XJò C �ëê�§ z = z(t) = x(t) + iy(t) (a ≤ t ≤ b) �\(2-5), Kk
∫

C udx− vdy =
∫ b
a (u(x(t), y(t))x′(t) − v(x(t), y(t))y′(t)) dt,

∫

C vdx+ udy =
∫ b
a (v(x(t), y(t))x′(t) + u(x(t), y(t))y′(t)) dt.

(2-6)

nÜª (2-5) Ú (2-6), ·�Ò��CþO�úª (2-4).

2.3.3 �ÜÈ©½n

3êÆ©Û¥, �­��½n´Úî-4ÙZ[úª, = f(x) k�¼ê F (x) ÷v

(1) F ′(x) = f(x),

(2)
∫ b
a f(x)dx = F (b) − F (a).

��ég,�¯K, �,´¯: EC¼ê¥´Ä�kaqÚî-4ÙZ[úªù���È©

Ä�½nQ? 4·�k5©Û�e. b� w = f(z) ´��ëY¼ê, ­� C là: a Ñu�à

: b ª�. ·��O�È©
∫

C f(z)dz. b�·��Ué�¤¢�”�¼ê” F (z) ¦�

(1) F ′(z) = f(z),

(2)
∫

C f(z)dz = F (b) − F (a).

^� (1) `² F (z) ´)Û�, Ï
d½n 2.2.1 �� f(z) �´)Û¼ê. ^� (2) �ªm>�Ú

­��à: a, b k', Ú­��´»ÀJÃ'. ·�Ø�À�,�^­� C ′, §�´± a�å:,

± b�ª:, ¿b� C,C ′ vkÙ¦�:. @o·�k
∫

C
f(z)dz = F (b) − F (a) =

∫

C′

f(z)dz.

?�Ú, ·��Ä C ′ �_� C ′−. d·K 2.3.1 9þª, ·�k
∫

C+C′−

f(z)dz =

∫

C
f(z)dz −

∫

C′

f(z)dz = 0.

�5¿ C + C ′− ´�^{ü4­�.

b

a

C’−

C
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Ïd·�w�, XJ f(z) k¤¢�”�¼ê” , @o§Ø�´)Û�, 
�3?Û{ü4­

�þ�È©Ñ�". ¯¢þ, =¦vk�¼êù�^�, þã(Øé)Û¼ê�´¤á�. ?�

Ú, ·���±b�­� C ´����­�: E��.

½Â 2.3.1 E��
C = C0 + C−

1 + · · · +C−
n´d�
pØ���{ü4­� C0, C1, · · · , Cn�¤ (C−

i L«�A���­�). ù
{ü4­�÷v±e^�
(1) C1, · · · , Cnþ¹u C0�SÜ,

(2) C1, · · · , CnüüpØ�¹. AO/, C �¤��k.«� D T�± C Ǒ��>..

C1
− C2

−

C3
−

Contour Non−contour

XJE��=d�^{ü4­� C0 �¤, ·�Ò`§¤��«�´üëÏ�, �Ò´` C0 �

SÜ«�p¡vk”Éú”.

½n 2.3.1 (�ÜÈ©½n) � D dE�� C �¤�«�, f(z)´ D þ�)Û¼ê, ¿�34� D = D + C þëY, Kk
∫

C
f(z)dz = 0.

y² ·�ùp��ÄAÏ�/, �¦�¼ê f ′(z) �3 D þëY. £�ª (2-5),
∫

C
f(z)dz =

∫

C
udx− vdy + i

∫

C
vdx+ udy.

du C ´E��, ·��±¦^��úª
∫

C udx− vdy =
∫ ∫

D

(

∂(−v)
∂x − ∂u

∂y

)

dxdy,
∫

C vdx+ udy =
∫ ∫

D

(

∂u
∂x − ∂v

∂y

)

dxdy.

?�Ú, d�Ü-iù^�, þ¡üªm>þ�u". ùÒíÑ
∫

C f(z)dz = 0. �

(Ü5P 2.3.1, ·�k

íØ 2.3.1 � C = C0 + C−
1 + · · · + C−

n ´E��, D ´d C ¤��«�, f(z)´ D þ�)Û¼ê, ¿�34� D = D + C þëY. �o
∫

C0

f(z)dz =

∫

C1

f(z)dz + · · · +
∫

Cn

f(z)dz.

íØ 2.3.2 � D ´üëÏ�, f(z)3 D þ)Û, �o�3�¼ê F (z), ��
(1) F ′(z) = f(z),

(2) (Úî-4ÙZ[úª)
∫ z2

z1

f(z)dz = F (z2) − F (z1),
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y² À��: z0 ∈ D . ·�½Â

F (z) :=

∫ z

z0

f(ξ)dξ.

d�ÜÈ©½n±9c¡�?Ø, þã�È©Ø�6u´»À�, �Úà:k', Ï
½Â´Ü

n�. �e��y3�Öö�¤. �

~ 2.3.3 � C ´ë� 0 Ú iπ ���ã, ¦È©
∫

C sin zdz.

�«�{´UìCþO�úª��¦È©. �XJ·�5¿� sin z ´ C þ�)Û¼ê, @

oþãÈ©w,�È©´»Ã'. ÏddíØ 2.3.2 �Úî4ÙZ[úª,
∫

C
sin zdz = (− cos z)

∣

∣

∣

iπ

0
= cos 0 − cos iπ = 1 − 1

2

(

eπ + e−π
)

.

~ 2.3.4 XJ«� D Ø´üëÏ�, @oÈ©
∫ z2

z1
f(z)dz   ÚÈ©´»À�k'. �

,·��U½Â”�¼ê”, �ù���¼êÏ~´õ�¼ê. 'X� f(z) = 1
z ½Â3��

H(0, 1, 3) = {z ∈ C | 1 < |z| < 3} þ. À��´ C1 : z = 2eiθ, θ ∈ [0, π] 9 C2 : z = 2e−iθ, θ ∈
[0, π].

3−3 −1 1

C1

C2

2

d���O���
∫

C1

f(z)dz = iπ,

∫

C2

f(z)dz = −iπ

C = C1 + C−
2 ´{ü4­�,

∫

C f(z)dz = 2πi. XJ·�^ ln z �� 1
z ��¼ê. @o

ln z =
∫ z
1

1
ξdξ ��ÒØUdà:��(½. � z ©O÷X C1, C2 l 1 r� −1 �, ln z ��TÐ

�� 2πi. �

2.3.4 �ÜÈ©úª

� D dE�� C �¤�«�, f(z) ´ D þ�)Û¼ê, ¿�34� D = D +C þëY. |

^�ÜÈ©½n, ·��±�Ñ����úª.

½n 2.3.2 (�ÜÈ©úª) � z0 ∈ D , �o·�k
f(z0) =

1

2πi

∫

C

f(z)

z − z0
dz.
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y² ·��Ä­�

Cε : |z − z0| = ε.

5¿� C ′ = C + C−
ε ´E��, ¿�

f(z)
z−z0

3 C ′ ¤¢«�S)Û, 3Ù>.þëY, �díØ

2.3.1 ��
∫

C

f(z)

z − z0
dz =

∫

Cε

f(z)

z − z0
dz.

Ï� Cε ����ëê/ª z = z0 + εeiθ (0 ≤ θ ≤ 2π), ¤±�\þãm>�È©, ¿|^CþO

�úª=�
∫

C

f(z)

z − z0
dz =

∫ 2π

0

f(z0 + εeiθ)

εeiθ
· εieiθdθ = i

∫ 2π

0
f(z0 + εeiθ)dθ.

5¿�þª�>� εÃ', ¤±ü>�4�=�
∫

C

f(z)

z − z0
dz = i lim

ε→0

∫ 2π

0
f(z0 + εeiθ)dθ = i

∫ 2π

0
f(z0)dz = 2πif(z0).

ùÒ�¤
y². �

5 2.3.2 (1) �ÜÈ©úª¥��È¼ê3 D −{z0} þ´)Û¼ê, �´3 z0 v½Â. d

u C Ø²L z0, ¤±È©�´k½Â�.

(2) �ÜÈ©úªm>�È©�Ú C þ�¼ê�k', �´�>%�Ú¥%: z0 �¼ê�k',

Ú­� C þ��Ã'.

(3) Xò f(z) = (z − z0)g(z) �\�ÜÈ©úª, Ká��ÜÈ©½n, ùp g(z) ´)Û¼ê. �

~ 2.3.5 � C : |z − z0| = r. é±e� f(z), ¦È©
∫

C
f(z)
z−z0

dz.

(1) � f(z) = 1. d�ÜÈ©úªá�
∫

C
1

z−z0
dz = 2πi.

(2) � f(z) = zn. d�
∫

C
zn

z−z0
dz = 2πi · zn

0 . �

~ 2.3.6 é±e�­� C, ¦È©
∫

C
1

z2+1dz.

i

−i

·�5¿�, 1
z2+1 Ø
3 z = ±i	, Ù¦:þÑ´)Û�.

(1) C : |z + i| = 1. d� 1
z2+1 3 C ¤�«�SÜ=k z = −i v½Â. d�ÜÈ©úª, ·�

k
∫

C

1

z2 + 1
dz =

∫

C

(

1
z−i

)

z + i
dz = 2πi

(

1

z − i

)

∣

∣

∣

z=−i
= −π.

·���±Xe¦)
∫

C

1

z2 + 1
dz =

1

2i

∫

C

(

1

z − i
− 1

z + i

)

dz =
1

2i

∫

C

1

z − i
dz − 1

2i

∫

C

1

z + i
dz
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5¿� 1
z−i 3 C ¤�«�SÜ)Û, �d�ÜÈ©½n�

∫

C
1

z−idz = 0. ,��¡, qd�ÜÈ

©úª��
∫

C
1

z+idz = 2πi. �\þªm>�=�)�.

(2) C : |z − i| = 1. d� 1
z2+1 3 C ¤�«�SÜ=k z = i v½Â, �k

∫

C

1

z2 + 1
dz =

∫

C

(

1
z+i

)

z − i
dz = 2πi

(

1

z + i

)

∣

∣

∣

z=i
= π.

(3) C : |z| = 3. d� z = ±i þ3 C ¤�«�S. ·��{ü4­�

C1 : |z − i| =
1

2
, C2 : |z + i| =

1

2
.

5¿�3E�� C ′ = C + C−
1 + C−

2 ¤¢�«�S, 1
z2+1 ´)Û�, ÏddíØ 2.3.1 �

∫

C

1

z2 + 1
dz =

∫

C1

1

z2 + 1
dz +

∫

C2

1

z2 + 1
dz.

aq (1)(2) ?Ø=�
∫

C
1

z2+1dz = 0. �

~ 2.3.7 � z1, z2 ∈ C � z1 6= z2. �Ä­� C : |z| = R (R > max{|z1|, |z2|}). ·�¦È

©
1

2πi

∫

C

f(z)

(z − z1)(z − z2)
dz.

�þ~aq, ·��Ä��± Ck : |z − zk| = ε (k = 1, 2), ùp ε ¿©�. Ïdk

1

2πi

∫

C

f(z)

(z − z1)(z − z2)
dz =

1

2πi

∫

C1

(

f(z)
z−z2

)

(z − z1)
dz +

1

2πi

∫

C2

(

f(z)
z−z1

)

(z − z2)
dz =

f(z1) − f(z2)

z1 − z2
.

AO/, XJ·�4 z2 ª�u z1, @oþªü>�4�=�

1

2πi

∫

C

f(z)

(z − z1)2
dz = f ′(z1).

ù´e�!�Ü�êúª�A~. �

2.3.5 �Ü�êúª

·��|^�ÜÈ©úª?�Ú�Ñ�Ü�êúª, §á�íÑ½n2.2.1, =)Û¼êäk

?¿��ê.

½n 2.3.3 (�Ü�êúª) � D dE�� C �¤�«�, f(z)´ D þ�)Û¼ê, ¿�34� D = D + C þëY. � z0 ∈ D , ·�k
f (n)(z0) =

n!

2πi

∫

C

f(z)

(z − z0)n+1
dz.

y² ·�é n �8B{. n = 0 �, ùÒ´�ÜÈ©úª. Ø�b� < n �/®y. d8

Bb�,

f (n−1)(z0 + ∆z) − f (n−1)(z0) =
(n− 1)!

2πi

∫

C
f(z)

(

1

(z − z0 − ∆z)n
− 1

(z − z0)n

)

dz.

,��¡, N´O�4�

lim
∆z→0

(

1
(z−z0−∆z)n − 1

(z−z0)n

)

∆z
=

n

(z − z0)n+1
.
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ù�Òk

f (n)(z0) = lim
∆z→0

f (n−1)(z0 + ∆z) − f (n−1)(z0)

∆z
=

(n− 1)!

2πi

∫

C
f(z)

n

(z − z0)n+1
dz.

�n�=�(Ø. �

~ 2.3.8 � C : |z| = 1. ¦±e�È©.

(1)
∫

C
ez

z2dz. |^�Ü�êúª, TÈ©�u 2πi(ez)′|z=0 = 2πi.

(2)
∫

C
ez

z2(z−2)dz. 5¿� z = 2 ¿�ü ��S�Ã½Â:, Ïd·����

∫

C

ez

z2(z − 2)
dz =

∫

C

(

ez

z−2

)

z2
dz = 2πi

(

ez

z − 2

)′
|z=0 = −3πi

2
.

2.4 EÈ©�A^

3þ�!�Ä:þ, ·��±��NNõõ���k���(Ø. ù
(Ø3êÆ©Û¥ 

 ´vk�, �ÏÒ3u)Û¼ê�)Û^� (�Üiù^�) ��ruÏ~�¢¼ê���^

�.

2.4.1 �ÜØ�ª

·�k�
O�ó�. é?ÛEÈ©, l½ÂÑu, ·�k±e{üØ�ª.

|
∫

C
f(z)dz| ≤

∫

C
|f(z)||dz| ≤

(

max
z∈C

|f(z)|
)

·
∫

C
|dz| =

(

max
z∈C

|f(z)|
)

· l(C), (2-7)

ùp l(C) ´­� C ��Ý.

½n 2.4.1 (�ÜØ�ª) � f(z)3m�� |z − a| < RS)Û, �34�� |z − a| ≤ RþëY. �M(R) := max
|z−a|=R

|f(z)|. �o
|f (n)(a)| ≤ n!

Rn
M(R).

y² dØ�ª (2-7), ·���

|f (n)(a)| =

∣

∣

∣

∣

n!

2πi

∣

∣

∣

∣

·
∣

∣

∣

∣

∫

C

f(z)

(z − a)n+1
dz

∣

∣

∣

∣

≤ n!

2π
· max
|z−a|=R

∣

∣

∣

∣

f(z)

(z − a)n+1

∣

∣

∣

∣

· 2πR.

5¿�

max
|z−a|=R

∣

∣

∣

∣

f(z)

(z − a)n+1

∣

∣

∣

∣

=
M(R)

Rn+1
.

ddá�(Ø. �

2.4.2 4��½n

� f(z) ´��E²¡ C þ�)Û¼ê. ·�rùa¼ê¡��¼ê.

½n 2.4.2 (4��½n) XJ f(z)´k.�¼ê, �o f(z)7½´~�¼ê.
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y² b� |f(z)| ≤ M , ∀z ∈ C, ùp M ´~ê. ?��: z0 ∈ C, �Ä�± CR :

|z − z0| = R. d�ÜØ�ª�

|f ′(z0)| ≤
M

R
.

5¿�±þØ�ª�à� RÃ'. ·�4 R ª�uÃ¡�, K� |f ′(z0)| = 0, = f ′(z0) = 0. d

z0 �?¿5��, f ′(z) 3 C þð�", = f(z) ´~�¼ê. �

|^aq��{, ù�(Ø��±í2�±e�õ�ª�/. ·�3�Ööy².

·K 2.4.1 � f(z)´�¼ê, M(R) = max
|z|=R

|f(z)|. XJ lim
n→∞

M(R)
Rn = 0, K f(z)´gêØ�L n− 1�õ�ª.

2.4.3 �êÆÄ�½ny²

·�£��epd��êÆÄ�½n 1.4.1. �

f(z) = anz
n + · · · + a1z + a0, an 6= 0.

§äó f(z) = 0 Tk n �� (#N�Ó). �y²d½n, ·��I�y²T�§��k���.

ù´Ï�, e z = α ´���, @odõ�ª�{êØ{��

f(z) = (z − α)f1(z),

ùp f1(z) ´gê n − 1 �õ�ª. ù�, ·��±éõ�ªgê�8B{, ¿d8Bb���

f(z) = 0 TÐk n ��.

y² (�êÆÄ�½n) �y{. b� f(z) = 0Ã�, K g(z) = 1
f(z) 3 C þ??)Û, =

��¼ê. 5¿�4�

lim
z→∞

f(z)

zn
= lim

z→∞

(

an +
an−1

z
+ · · · + a0

zn

)

= an 6= 0.

Ïd·���½¿©�� R > 0, ¦�� |z| > R �, |f(z)
zn | > c > 0, ùp c ´���~ê. ù�,

|g(z)| =

∣

∣

∣

∣

1

zn

∣

∣

∣

∣

· 1
∣

∣

∣

f(z)
zn

∣

∣

∣

≤ 1

cRn
, |z| > R.

,��¡, � |z| ≤ R �, d |g(z)| �ëY5��, �3~ê M , ¦� |g(z)| ≤ M , |z| ≤ R. nÜ

��

|g(z)| ≤ max{ 1

cRn
,M}, ∀z ∈ C,

´k.¼ê. Ïdd4��½ní� g(z) ´~�¼ê, = f(z) ´~�¼ê, gñ! ��§

f(z) = 0 ��k�¢�. �

2.4.4 þ�úª

·�b� f(z) ´m�� |z − a| < R þ�)Û¼ê, ¿�3 |z − a| ≤ R þëY, KdCþO

�úª, ·�á���±e(Ø.

·K 2.4.2 (þ�úª) � f = u+ iv÷v±þ�^�§K
f(a) = 1

2π

∫ 2π
0 f(a+Reiθ)dθ,
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u(a) = 1
2π

∫ 2π
0 u(a+Reiθ)dθ,

v(a) = 1
2π

∫ 2π
0 v(a+Reiθ)dθ.

ù
úª�A:´, �>��ûu a :?�¼ê�, ��» RÃ'; �màÈ©%�Ú�±þ�

:�¼ê��'.

2.4.5 ����n

|^þ�úª, ·��±��±e­�(Ø.

½n 2.4.3 (����n) � f(z)´«� D þ�)Û¼ê, ¿�Ø´~�¼ê. �
M = sup

z∈D

|f(z)|,�o·�kî��Ø�ª f(z) < M , ∀z ∈ D . ùpM #N� +∞. �ó�, |f(z)|Ø�U3 DS�����.

y² e M = +∞, (Ø´²��. 8� M ´k�ê. ·�^�y{. b��3 z0 ∈ D ,

¦� |f(z0)| = M . ·��±?�Ú�¦ z0 ÷v±e^� (3�Öö�y): �3 z0 ����

B(z0, r) = {z | |z − z0| < r} ⊆ D ,

¦�>.�± |z − z0| þ��k�: z1 ÷v |f(z1)| < M .

dþ�úª, ·�k

M = |f(z0)| =
1

2π

∣

∣

∣

∣

∫ 2π

0
f(z0 + reiθ)dθ

∣

∣

∣

∣

≤ 1

2π

∫ 2π

0

∣

∣

∣f(z0 + reiθ)
∣

∣

∣ dθ,

l


1

2π

∫ 2π

0

(∣

∣

∣
f(z0 + reiθ)

∣

∣

∣
−M

)

dθ =
1

2π

∫ 2π

0

∣

∣

∣
f(z0 + reiθ)

∣

∣

∣
dθ −M ≥ 0. (2-8)

du (2-8) �à�È©¼ê�ðk
∣

∣

∣
f(z0 + reiθ)

∣

∣

∣
−M ≤ 0,

ÏdùÒ½¦
∣

∣

∣
f(z0 + reiθ)

∣

∣

∣
≡M, ∀θ.

�Ò´`>.�± |z − z0| þ�:ð÷vþª. �db�^� |f(z1)| < M , gñ! nþ, ·��

y(Ø. �

íØ 2.4.1 � C ´k. D �>., D = D +C ´éA�4�. XJ�~�¼ê f(z)3 DS)Û, 3 D þëY, �oé?¿ z0 ∈ D , ·�kî�Ø�ª
|f(z0)| < sup

z∈C
|f(z)| < +∞.

y² du4�D ´k.�, � f(z) ëY, ¤± |f(z)| 3 D þ7k���. �d����

n, ������:Ø�U3 D S, l
7½3>. C þ. �
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2.4.6 N�[Ún

3ù��!¥, ·�?Øü m�� B(0, 1) = {z | |z| < 1} þ�)Û¼ê f(z), ¿b�

f(0) = 0 9 |f(z)| < 1, ∀z ∈ B(0, 1).

lAÛã�þw, ÷vù
^�� w = f(z), ��u�Ñ
ü m���m�N�, ¦��

«���á3ü m��S. ¯¢þ, §��÷v�°[�5�.

½n 2.4.4 (N�[Ún) b� f(z)÷v±þ�^�, �o·�k
|f(z)| ≤ |z| < 1.

w=f(z)

|z|<1 |f(z)|<|z|<1

?�Ú, e�3,� z0 ∈ B(0, 1), �� |f(z0)| = |z0|, K f(z) = eiθz, ùp θ ∈ R´�½~ê.

y² �Ä¼ê

F (z) =

{

f(z)
z , z 6= 0,

f ′(0), z = 0.

N´u�§´ü m��þ�)Û¼ê, � F ′(0) = 1
2f

′′(0).

8?� z0 ∈ B(0, 1), 9�¢ê r ¦� |z0| < r < 1. díØ 2.4.1, ·�k

|F (z0)| < max
|z|=r

|F (z)| = max
|z|=r

|f(z)|
r

≤ 1

r
,

l
 |f(z0)| ≤ |z0|
r . 4 r ª�u 1, ·�Ò�� |f(z0)| ≤ |z0|, = |F (z0)| = 1. d |z0| À��?¿

5, =�N�[Ø�ª.

e�3 |f(z0)| = |z0|, K |F (z0)| = 1. d����ná� F (z) ´~�¼ê, ��� F (z) =

eiθ, = f(z) = eiθz. �

2.5 ?ê

3?n��È©�Vg��, ·�ég,/¬UìêÆ©Û�g´�ïÄ�?ênØ. ù�

´�Ù!�Ì�8���.

2.5.1 ?ê�Ä�5�

�Ä«� D þ�¼êS� {un(z)}∞n=1. ·�òÃ¡�¦Ú
∞
∑

n=1
un(z) ¡�?ê, ¿�Ü©Ú

Sn(z) :=

n
∑

k=1

uk(z).

êÆ©Û¥�éõVgÑ�±ì�L5.

(1) XJé,� z = z0, 4� lim
n→∞

Sn(z0) �3, ·�Ò`?ê
∞
∑

n=1
un(z0) 3 z = z0 ?Âñ, d�
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z0 ¡�Âñ:; ÄKÒ¡uÑ. ¤kÂñ:��N¡�Âñ�. þã?ê�,3ÙÂñ�þÂñ.

(2) aq/, XJ±e?êÂñ
∞
∑

n=1

|un(z0)|,

@o·�Ò`?ê
∞
∑

n=1
un(z) 3 z = z0 ?ýéÂñ.

(3) � E ⊆ D ´,�f8, XJé?¿ ε > 0, �3 N > 0, ¦�� m > n > N �ok
∣

∣

∣

∣

∣

m
∑

k=n+1

uk(z)

∣

∣

∣

∣

∣

< ε, ∀z ∈ E,

·�Ò`?ê
∞
∑

n=1
un(z) 3 E þ��Âñ.

(4) XJ?ê
∞
∑

n=1
un(z) 3 D S�?Û4�þÑ��Âñ, ·�Ò`§´S4��Âñ .

~ 2.5.1 (1) ?ê
∞
∑

n=0
zn �Âñ�´ü m�� B(0, 1) = {z | |z| < 1}. d�§Âñ�¼

ê 1
1−z .

(2) ?ê
∞
∑

n=0

zn

n! 3��E²¡þýéÂñ. ù´Ï�

∞
∑

n=0

∣

∣

∣

∣

zn

n!

∣

∣

∣

∣

= e|z|.

·�ò3�¡y²§Âñu�ê¼ê ez.

(3) ?ê
∞
∑

n=0
n!zn =3 z = 0 Âñ. �

êÆ©Û¥'u��Âñ�5���±ì�L5.

·K 2.5.1 (1) (`?ê^�) b� {an}∞n=1´�|�¢êS�, ÷v |un(z)| ≤ an, ¿�
∞
∑

n=1
anÂñ. �o ∞

∑

n=0
un(z)��Âñ.

(2) (�ëY5) XJ� un(z)´ D þ�ëY¼ê, ¿� ∞
∑

n=0
un(z)3 D þS4��Âñu¼ê

S(z), �o S(z)´ëY¼ê.

(3) (�È©5) XJ� un(z)´­� C þ�ëY¼ê, ¿� ∞
∑

n=1
un(z)3 C þ��Âñu S(z),�o S(z)3 C þëY, ¿�÷v

∫

C
S(z)dz =

∞
∑

n=1

∫

C
un(z)dz.

(4) (�)Û5, ½¡��dA.d½n) XJ� un(z)´ D þ�)Û¼ê, ¿� ∞
∑

n=0
un(z)3 DþS4��Âñu¼ê S(z), �o S(z)3 D S)Û, ¿�é l��êkXe�ª

S(l)(z) =

∞
∑

n=1

u(l)
n (z).

y² (1)(2)(3) 9 (4) �c�Ü©�y²�êÆ©Û�/aq, ùpØ2�[?Ø. 8y
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(4) ¥�ª. d�Ü�êúª9 (3), ·�k
∞
∑

n=1

u(l)
n (z) =

∞
∑

n=1

l!

2πi

∫

C

un(ξ)

(ξ − z)l+1
dξ =

l!

2πi

∫

C

( ∞
∑

n=1

un(ξ)

(ξ − z)l+1

)

dξ =
l!

2πi

∫

C

S(ξ)

(ξ − z)l+1
dξ.

þªmàw,�u S(l)(z). �

2.5.2 �?ê

�êÆ©Û��, ·�'%±e/ª�?ê
∞
∑

n=0

an(z − z0)
n. (2-9)

§¡��?ê. aqêÆ©Û�/, ·�k±e{ü(Ø

Ún 2.5.1 (1) XJ�?ê (2-9)3 z = z1?Âñ, �oé?Û÷v |z − z0| < |z1 − z0|�: z, T?êýéÂñ.

(2) XJ�?ê (2-9) 3 z = z1?uÑ, �oé?Û÷v |z − z0| > |z1 − z0|�: z, T?êouÑ.

y² (1) d� lim
n→∞

|an(z− z0)
n| = 0, Ïd�3~ê M > 0, ¦� |an(z− z0)

n| < M é?

Û n ¤á. ù�§�� |z − z0| < |z1 − z0|, ·�Òk
∞
∑

n=0

|an(z − z0)
n| =

∞
∑

n=0

|an(z1 − z0)
n| ·
∣

∣

∣

∣

z − z0
z1 − z0

∣

∣

∣

∣

n

≤M

∞
∑

n=0

∣

∣

∣

∣

z − z0
z1 − z0

∣

∣

∣

∣

n

=
M

1 −
∣

∣

∣

z−z0

z1−z0

∣

∣

∣

.

d·K 2.5.1 (1) =�ýéÂñ5.

(2) e�3Âñ: z ÷v |z − z0| > |z1 − z0|, Kd (1) á� z1 �Âñ, �b�^�gñ! �

d� z 7½uÑ.

íØ 2.5.1 �3Âñ�» 0 ≤ R ≤ +∞,��� |z−z0| < R��?êÂñ;� |z−z0| > R�, �?êuÑ. ?�Ú, R�±U±e�ªO� (XJ4��3�{)

R = lim
n→∞

∣

∣

∣

∣

an

an+1

∣

∣

∣

∣

= lim
n→∞

1
n
√

|an|
.AO/, �?ê3Âñ� |z − z0| < R¥´S4��Âñ�.

½n 2.5.1 (�VÐm) � f(z)3 B(z0, R) = {z | |z − z0| < R}S)Û, �o§�±�m¤�?ê
f(z) =

∞
∑

n=0

an(z − z0)
n,d?Xê

an =
f (n)(z0)

n!
=

1

2πi

∫

Cρ

f(ξ)

(ξ − z0)n+1
dξ. (2-10)��± Cρ : |z − z0| = ρ��»�'.
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y² f(z) Ðm¤�?ê�?Ø�êÆ©Ûaq, ùpØ2Kã. Xê�È©L�ª��

5gu�Ü�êúª. �

E)Û¼ê��VÐm�êÆ©/�/����, ù�¯¢¿�w
´�.

íØ 2.5.2 � z0 ∈ R. b� f(z)3 B(z0, r)S)Û, ¿�é?Û¢ê x ∈ B(z0, r), f(x)o�¢�. �o f(z)3 z = z0 ?��V�mÒ´Ù��3¢êþ��V�m.

y² �Ä f(z) 3 z = z0 ?��VÐm

f(z) =
∑

n=0

an(z − z0)
n.

8�¢ê z ∈ B(z0, r). d·K^�, ·�k

f(z) = f(z) =
∞
∑

n=0

ān(z − z0)
n

=
∞
∑

n=0

ān(z − z0)
n, z ∈ R.

d�VÐm��5, á� an = ān (∀n). Ïd f(z) ��VÐm�¢¶þ�Ðm��, ÙXêÑ´

¢ê. �

~ 2.5.2 ùp=ÞA~~���?êÐmª.

(1) sin z =
∞
∑

n=1
(−1)n−1 z2n−1

(2n−1)! ,

(2) cos z =
∞
∑

n=0
(−1)n z2n

(2n)! ,

(3) ez =
∞
∑

n=0

zn

n! .

(4) 1
1−z =

∞
∑

n=0
zn, |z| < 1. �

éª (2-10) A^�ÜÈ©Ø�ª, ·�á�±e(Ø.

íØ 2.5.3 �?ê (2-9)¥��Xê÷v±eØ�ª
|an| ≤

max
|z−z0|=ρ

|f(z)|

ρn
.

2.5.3 î.½ny²

31 1.3.3·�Ú\
î.��êL�ª, ¿ddÚ\
Í¶�î.úª

eiθ = cos θ + i sin θ. (2-11)

�´î.��o�Ú\XdØg,��êL�ªQ? ¯¢þ, î.´kÏL�?ê½Â
�ê¼

ê, ,�âuy�êúª�.

Äk·���ò~ 2.5.2 (3) ���ê¼ê�½Â, =5½

ez :=
∞
∑

n=0

zn

n!
= 1 + z +

z2

2
+
z3

6
+ · · · + zn

n!
+ · · · .

duT?êé?ÛEê z ÑýéÂñ, Ïdù�½Â��ê¼ê??k½Â.
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y3·�ò z = iθ (θ ∈ R) �\þª, =�

eiθ =

∞
∑

n=0

(iθ)n

n!
=

∞
∑

m=0

(iθ)2m

(2m)!
+

∞
∑

m=1

(iθ)2m−1

(2m− 1)!
=

∞
∑

m=0

(−1)mθ2m

(2m)!
+ i

∞
∑

m=1

(−1)m−1θ2m−1

(2m− 1)!

5¿þªmà1��´ cos θ ��VÐm, 1��´ sin θ �VÐm, dd=�î.úª (2-11).

2.5.4 ":�á5½n

½Â 2.5.1 � f(z)3m�� B(z0, r) = {z | |z − z0| < r}S)Û�ØðǑ". XJ
0 = f(z0) = f ′(z0) = · · · = f (k−1)(z0), � f (k)(z0) 6= 0,·�Ò¡ z = z0´ f(z)� k?":.

w,, 3 k-?":?, ·�k

f(z) = ak(z − z0)
k + ak+1(z − z0)

k+1 + ak+2(z − z0)
k+2 + · · · ,

=
f(z)

(z − z0)k
= ak + ak+1(z − z0) + ak+2(z − z0)

2 + · · ·

þªmà3Âñ�Sw,E´)Û¼ê, ·�P� g(z). du ak 6= 0, ¤± g(z0) 6= 0. Ïd·�

k±e(Ø.

Ún 2.5.2 � f(z)3 z = z0?)Û, �o z = z0´ k?":��=� f(z)�±�Ǒ
f(z) = (z − z0)

kg(z),ùp g(z)3 z = z0?)Û, � g(z0) 6= 0.

½n 2.5.2 (":�á5½n) � f(z)3m�� B(z0, r)S)Û�ØðǑ". XJ z = z0´Ù":, �o7�3 ρ < r, �� f(z)3m�� B(z0, ρ) = {z | |z − z0| < ρ}S=k���": z = z0.

y² 5¿� f(z) Øð�", �dÚn 2.5.2, ·��±� f(z) = (z − z0)
kg(z). du g(z)

)Û� g(z0) 6= 0, ��3��� B(z0, ρ), ¦� g(z) 3T��S??Ø�". Ïd z = z0 ´

f(z) 3T��S���":. �

~ 2.5.3 XJvk)Û^�, ":�á5½n´Øé�. 'X3¢¼ê�/, ·��

f(x) =

{

xk · sin 1
x , x 6= 0

0 x = 0.

§3 x = 0 ?k�� k − 1 ���ê f(0) = f ′(0) = · · · = f (k−1)(0) = 0. �´ x = 0 ¿��á"

:, Ï�·�k":S� xk = 1
nπ (n = 1, 2 · · · ) ª�u x = 0. �

íØ 2.5.4 � f(z)3m�� B(z0, r)S)Û. � {zn}∞n=1´m�� B(z0, r)S�:�, ÷v
(1) f(zn) = 0, ∀n.

(2) {zn}∞n=1k��à:á3 B(z0, r)S,�o f(z)ðǑ".
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y² Ø���5, ·��±b� lim
n→∞

zn = a ∈ B(z0, r). d f(z) �ëY5�� f(a) =

lim
n→∞

f(zn) = 0. Ï
 a w,Ø´�á":. ù�, d":�á5½ná�(Ø. �

2.5.5 f5½n

":�á5½nwq²�, ¢Sþ�±íÑ±e�­�(Ø—)Û¼êf5½n. �ö�y


)Ûòÿ���5.

½n 2.5.3 (f5½n) � f(z), g(z)´«� D þ�)Û¼ê, XJ�3 D S�:�
{zn}∞n=1, ÷v
(1) f(zn) = g(zn), ∀n.

(2) {zn}∞n=1k��à:á3 D S,�o f(z) ≡ g(z), ∀z ∈ D .

y² Ø���5, ·��±b� lim
n→∞

zn = a ∈ D . - h(z) = f(z) − g(z). d·Kb�^

�, h(zn) = 0, ∀n. ÏddëY5�� h(a) = 0.

?� D ¥�: b, ·��I�y² h(b) = 0 =�. 83 D S��^ò� T ë� a Ú b. ·�

3 T S�\:� a = a0, a1, · · · , an = b. ±z�: ai��%, ��»� ρ ��� Di. ��:�

��v
�, �» ρ v
�, ·�o´�±b�

(1) ¤k�� B(ai, ρ) á3 D S,

(2) |ai−1 − ai| < ρ, = ai−1 ∈ B(ai, ρ), ∀i.

b

a
a1 T

díØ 2.5.4 �� h(z) 3 D0 þð�". 5¿� D0 ∩D1 6= ∅ � h(z) 3Ùþð�", l
2

gdíØ 2.5.4 í� h(z) 3 D1 þð�". �daí, ·��±y² h(z) 3 Dn þð�", Ï


h(b) = 0. ù�, d b �?¿5=�(Ø. �

íØ 2.5.5 � f(z), g(z)´«� D þ�)Û¼ê, ¿� D �¹¢ê¶þ�,�m«m
(a, b). XJ f(x) ≡ g(x), ∀x ∈ (a, b), �o3��«� D SǑðk f(z) ≡ g(z).

~ 2.5.4 |^þãíØ, ·�éN´y²Ãn�¼êúª3Eê�/�¤á. 'X��ú

ª

sin 2z = 2 sin z cos z.

�,, Öö��±Uì½Â���y, �ù��5O�þÒ¬O\. �

~ 2.5.5 f5½n¥ {zn}∞n=1 kà:3«� D Sù�^�ØU�K, ÄK(ØØ�½¤

á. 'X� f(z) = sin z, g(z) = 0. ¦+3:� {nπ}∞n=1 þðk f(nπ) = g(nπ), �´ùü�¼ê

¿Ø�Ó. �
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2.5.6 V>�?ê

��þ�)Û¼ê�Ðm¤�?ê. @o��þ�)Û¼ê´Ä�UÐm¤�?êQ? ù

Ï~´�Ø��. 'X f(z) = 1
z , 3�� H(0, 0, 1) = {z | 0 < |z| < 1} þØU�¤/X

∞
∑

n=0
anz

n

�?ê, ÄK� z ª�u"�, �?êA�ª�uk��, �é 1
z 5`ùw,´Ø�U�. �d,

·�I�í2�?ê�Vg.

½Â 2.5.2 V>�?ê´�Xe/ª�?ê
· · · + c−n

(z − z0)n
+ · · · + c−1

(z − z0)
+ c0 + c1(z − z0) + · · · + cn(z − z0)

n + · · · (2-12)

k�·�òV>�?ê (2-12) ©)¤üÜ©
∞
∑

n=−∞
cn(z − z0)

n =

∞
∑

n=0

cn(z − z0)
n +

∞
∑

m=1

c−m

(

1

z − z0

)m

.

þªmà1��¡� z = z0 ��KÜ©, 1��¡� z = z0 �Ì�Ü©. d�?ê�nØ, �K

Ü©3,�Âñ� |z − z0| < R ¥S4��Âñ; 
Ì�Ü©�� 1
z−z0

��?ê, 3,�Âñ�
∣

∣

∣

1
z−z0

∣

∣

∣ < 1
r ¥S4��Âñ, =3 |z − z0| > r ¥��Âñ. ù�, V>�?ê (2-12) 3��

H(z0, r, R) = {z ∈ C | r < |z − z0| < R}

¥S4��Âñ. éw,, ùpÛ¹
��^�, = r < R.

�L5, þã��S�)Û¼ê��±Ðm¤V>�?ê.

½n 2.5.4 (ÛKÐm) 3�� H(z0, r, R)S�)Û¼ê f(z)��mǑV>�?ê
f(z) =

∞
∑

n=−∞
cn(z − z0)

n,�Xê
cn =

1

2πi

∫

Cρ

f(ξ)

(ξ − z0)n+1
dξ, n ∈ Z,ùp Cρ : |z − z0| = ρ, r < ρ < R.

·�ùp�ÑT½ny², �´I��Ñ±eA:, J2Öö5¿.

5 2.5.1 (1) du¼ê f(z) 3 z = z0 �7k½Â, ¤± cn ØU�Ï~��VÐm@��

�¤ n ��ê�L�ª
f (n)(z0)

n! ; ¹�� n < 0 � n ��ê�vk¿Â. lù�:þ��±wÑ,

·�^È©5O�ÐmªXê�'^�ê5O���Bí2.

(2) XJ f(z) 3�� B(z0, R) = {z ∈ C | |z − z0| < R} S)Û, @oÙ�VÐm�ÛKÐ

m��—=Ì�Ü©�". �

~ 2.5.6 (1) V>�?ê

1

zk(1 − z)
=

∞
∑

n=−k

zn

3 0 < |z| < 1 SýéÂñ. ÙÌ�Ü©�kk��, ÏdéÂñ5vkK�.
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(2) V>�?ê
∞
∑

n=−∞
zn

??uÑ. ù´Ï�Ù�KÜ©3 |z| < 1 SÂñ; 
Ì�Ü©3 |z| > 1 SÂñ. Ïdé?Û

z ∈ C, üöØ�UÓ�Âñ.

(3) f(z) = ez + e
1

z − 1 �ÛKÐm

f(z) =
∞
∑

n=−∞

zn

|n|! = · · · + 1

2z2
+

1

z
+ 1 + z +

z2

2
+ · · ·

3 H(0, 0,∞) = C − {0} þýéÂñ. �KÜ©Ò´ ez ��VÐm, Ì�Ü©K´ò e
1

z − 1 '

u 1
z ��VÐm. �

~ 2.5.7 ò±e���þ�)Û¼êÐm¤ÛK?ê.

(1) f(z) = 1
z , 0 < |z − 1| < 1.

5¿� 1
z = 1

1+(z−1) � |z − 1| < 1, Ïdé§'u z − 1 ��VÐm=�ÛK?ê

1

z
=

∞
∑

n=0

(−1)n(z − 1)n.

(2) f(z) = 1
z , 1 < |z − 1|.

5¿�
∣

∣

∣

1
z−1

∣

∣

∣ < 1, ·�k

1

z
=

1
z−1

1 + 1
z−1

=
∞
∑

n=1

(−1)n−1

(z − 1)n

(3) f(z) = 1
z(z2+2) , 0 < |z| <

√
2.

f(z) =
1

2z
· 1

1 + z2

2

=
1

2z

∞
∑

n=0

(−1)n
z2n

2n
=

∞
∑

n=0

(−1)n

2n+1
z2n−1.

(4) f(z) = 1
z(z2+2) ,

√
2 < |z|.

f(z) =
1

z3
· 1

1 + 2
z2

=
1

z3

∞
∑

n=0

(−1)n · 2n

z2n
=

∞
∑

n=0

(−2)n

z2n+3
.

2.5.7 Fp�?ê

êÆ©Û¥, ·�Ø
?Ø�?ê�	��ïÄFp�?ê. §¢Sþ�±8(�,«V>

�?ê. �Ä±Ï¼ê f(θ) �Fá�?êÐm

f(θ) =
a0

2
+

∞
∑

n=1

(an cosnθ + bn sinnθ) , ai, bi, θ ∈ R.

dî.úª,

f(θ) = a0

2 +
∞
∑

n=1

(

an

(

einθ+e−inθ

2

)

+ bn

(

einθ−e−inθ

2i

))

= a0

2 +
∞
∑

n=1

(

an−ibn

2

)

einθ +
∞
∑

n=1

(

an+ibn

2

)

e−inθ
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- z = eiθ,

cn =











an−ibn

2 , n > 0,
a0

2 , n = 0,
a−n+ib−n

2 , n < 0.

·�Ò��

f(θ) = F (z) :=
∞
∑

n=−∞
cnz

n, z = eiθ.

·�Ø�Äî�5, ==l/ªþí�Fá�Xê�O�úª. dÛKÐm�Xêúª, ·�k

cn =
1

2πi

∫

|ξ|=1

F (ξ)

ξn+1
dξ =

1

2π

∫ 2π

0
f(θ)e−niθdθ =

1

2π

∫ 2π

0
f(θ) cosnθdθ − i

2π

∫ 2π

0
f(θ) sinnθdθ.

ddá�
{

an = 1
π

∫ 2π
0 f(θ) cosnθdθ,

bn = 1
π

∫ 2π
0 f(θ) sinnθdθ.

�ÙSK

\ ∗ Ò�SKL«k�½JÝ.

SK 2.1 �±e¼ê w = f(z)�)Û«�.

(1) f(z) = x2 + y2 + 2xyi,

(2) f(z) = |x2 + y2| + 2|xy|i.

SK 2.2 � b´m�� |z−a| < RS?�:, f(z)3T��þ)Û, 34�� |z−a| ≤ RþëY, �o
|f (n)(b)| ≤ n! · R · M(R)

(R− |b− a|)n+1
,ùpM(R)½ÂÓ½n 2.4.1.

SK 2.3 ò±e���þ�)Û¼ê�m¤ÛK?ê.

(1) f(z) = 1
z(z2+1) , 0 < |z| < 1.

(2) f(z) = 1
z(z2+1) , 0 < |z − i| < 1.
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1nÙ Û:�íê

� f(z) ´EC¼ê. XJ��: z = z0 Ø´ f(z) �)Û: ($��Uvk½Â), ¿� f(z)

��k�|)Û:�Âñu z0, @o·�Ò` z = z0 ´ f(z) �Û:.

�Ù�8IÒ´^V>�?êù�k�óäïÄ5,
­��Û:a.. Ööò¬uy, é

õÈ©�O��Ù¢Ñ´dù
Û:(½�. ùÒ´¤¢�íê½n, §´�ÜÈ©½n�?�

Úí2. Ïd·��±@�, ïÄÛ:�8���Ò´�
O�È©.

3.1 Û:©a

3.1.1 �áÛ:

½Â 3.1.1 b� f(z)3Û: z = z0 �,��%��� 0 < |z − z0| < rS)Û, ·�Ò¡
z = z0´�áÛ:

b� z = z0 ´ f(z) ��áÛ:, @odÛKÐm, ·�k

f(z) =

∞
∑

n=−∞
cn(z − z0)

n. (3-1)

4·�£�±eVg. þã?ê (3-1) �Ì�Ü©´�

−1
∑

n=−∞
cn(z − z0)

n =

∞
∑

k=1

c−k

(z − z0)k
,

�KÜ©´�
∞
∑

n=0

cn(z − z0)
n.

½Â 3.1.2 � z = z0´ f(z)��áÛ:.

(1) XJ (3-1)�Ì�Ü©�u", ·�Ò¡ z = z0Ǒ f(z)���Û:,

(2) XJ (3-1)�Ì�Ü©dk��|¤
m
∑

k=1

c−k

(z − z0)k
,·�Ò¡ z = z0Ǒ f(z)�m??:,

(3) XJ (3-1)�Ì�Ü©d���|¤, ·�Ò¡ z = z0Ǒ f(z)��5Û:.

~ 3.1.1 (1) f(z) = ez−1
z 3 z = 0 ?�ÛKÐm f(z) =

∞
∑

n=1

zn−1

n! , w,vkÌ�Ü©. Ï

d z = 0 ´ f(z) ���Û:.

(2) f(z) = sin z
z 3 z = 0 ?�ÛKÐm f(z) =

∞
∑

n=0
(−1)n z2n

(2n+1)! , vkÌ�Ü©, Ï
´ z = 0 ´

f(z) ���Û:.

(3) f(z) = sin z
z4 = 1

z3 − 1
6z + z

120 + · · · , ÏdÌ�Ü©� 1
z3 − 1

6z , � z = 0 ´n?4:. (4)
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f(z) = e
1

z + ez − 1 3 z = 0 ?�ÛKÐm

f(z) =

∞
∑

n=−∞

zn

|n|!

�Ì�Ü©kÃ��, Ïd z = 0 ´�5Û:.

(5) f(z) = e
1

z2 3 z = 0 ?�ÛKÐm

f(z) =
∞
∑

n=0

1

n!z2n
.

�Ì�Ü©kÃ��, Ïd z = 0 ´�5Û:. �

|^V>�?ê, ·�éN´���a�áÛ:��O�{.

·K 3.1.1 � z = z0´ f(z)��áÛ:, K±e�^��d:

(1) z = z0 ´ f(z)���Û:;

(2) 4� lim
z→z0

f(z)�3;

(3) |f(z)|3 z0 �,���� B(z0, ρ) = {z | |z − z0| < ρ}S´k.¼ê.þã^���¤á�, ¼ê
F (z) =







f(z), z 6= z0,

lim
z→z0

f(z), z = z0.3 z = z0?)Û.

~ 3.1.2 � f(z) = ez−1
z . d���Ñ4� lim

z→0
f(z) = 1, Ïd z = 0 ´ f(z) ���Û:.

aq/, ��^d{�ä z = 0 ´ g(z) = sin z
z ���Û:. �

·K 3.1.2 � z = z0´ f(z)��áÛ:, K±e�^��d:

(1) z = z0 ´ f(z)�m?4:;

(2) 4� lim
z→z0

f(z)(z − z0)
m�3�ØǑ";

(3) 1
f(z) 3 z = z0??)Û, �km?":.þã^���¤á�, ¼ê

ϕ(z) =







f(z)(z − z0)
m, z 6= z0,

lim
z→z0

f(z)(z − z0)
m, z = z0.3 z = z0?)Û, ¿� ϕ(z0) 6= 0.

XJ·��I��½Û:´Ä�4:, 
Ø'%4:?ê�{, e¡�íØJø
�B$�

�½^�.

íØ 3.1.1 � z = z0´ f(z)��áÛ:, K z = z0´4:�¿©7�^�´
lim

z→z0

f(z) = ∞, ½= lim
z→z0

1
f(z) = 0.

(Ü·K 3.1.1 �íØ 3.1.1, ·�á����5Û:��½^�.
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íØ 3.1.2 � z = z0´ f(z)��áÛ:, K z = z0´�5Û:�¿©7�^�´4�
lim

z→z0

f(z)Ø�3.

~ 3.1.3 � f(z) = sin z
z4 . Ï� lim

z→0
f(z) = lim

z→0

sin z
z · lim

z→0

1
z3 = ∞, ¤± z = 0 ´4:. 5¿

� lim
z→0

z3f(z) = 1 6= 0, ¤± z = 0 ´ 3 ?4:. �

~ 3.1.4 (1) � f(z) = sin 1
z . ^ÛKÐm�±���ä? z = 0 ´�5Û:. �·

���±^íØ 3.1.2 5�ä. �Ä:� zn = 2
(2n+1)π (n = 1, 2 · · · ), w, lim

n→∞
zn = 0, �

sin 1
zn

= (−1)n. Ï
4� lim
z→z0

f(z) Ø�3.

(2) f(z) = e−
1

z2 3 z = 0 ´�5Û:. \Q�±^ÛKÐm��wÑ��±ÏL�yÙ4

�Ø�35`²�. ¯¢þ, � z ÷X¢ê¶ª�u 0 �, f(z) ªu 0. �� z ÷XJ¶ª�u 0

�, f(z) ª�u ∞. Ï
 lim
z→0

f(z) Ø�3.

(3) f(z) = ez + e
1

z − 1. � z ÷X�¢¶�u 0 �, f(z) ªu ∞; � z ÷XK¢¶ª�u 0

�, f(z) ªu ∞. Ïd lim
z→0

f(z) Ø�3, � z = 0 ´Ù�5Û:. �

'u�5Û:, ·�k±eÍ¶(Ø.

½n 3.1.1 (Picard ½n) � f(z)3�� H(a, 0, r)þ)Û, � z = a´�5Û:, �o�õØ���~	�, é?ÛEê A ∈ C, �§
f(z) = Aok���), ¿� a´ù
)�à:.

~ 3.1.5 � f(z) = e
1

z . z = 0 ´§��5Û:. é?Û�"Eê A, �§ e
1

z = A k��

�)

z =
1

lnA
=

1

ln |A| + i(argA+ 2kπ)
,

�w,ª�u z = 0. �é A = 0 
ó, e
1

z = 0Ã). �

3.1.2 Ã¡�:

z = ∞ Ï~�´¼ê f(z) Û:. ·��±aq½Â z = ∞ �Û:a.. Äk� w = 1
z , ·

��E¼ê

F (w) := f(
1

w
) = f(z).

w, z = ∞ éA w = 0.

½Â 3.1.3 z = ∞´ f(z)��áÛ: (�A/, ��Û:!m?4:!�5Û:), XJ
w = 0´ F (w)��áÛ: (�A/, ��Û:!m?4:!�5Û:).

±e·��Ä z = ∞ ´�áÛ:�/ (= w = 0 ´ F (w) ��áÛ:). d½Â, F (w) 3�

� H(0, 0, 1
r ) = {0 | 0 < |w| < 1

r} S�±Ðm¤ÛK?ê

F (w) =

−1
∑

n=−∞
cnw

n +

∞
∑

n=0

cnw
n =

∞
∑

m=1

c−m

wm
+

∞
∑

n=0

cnw
n.
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·�Q²òþªmà1�Ü©¡�Ì�Ü©, 1�Ü©¡��KÜ©. éA/, f(z) 3 z = ∞ ?

�ÛKÐm

f(z) =

−1
∑

n=−∞

cn
zn

+

∞
∑

n=0

cn
zn

=

∞
∑

m=1

cnz
m +

∞
∑

n=0

cn
zn
.

Ïd·��¡þªmà1�Ü©� f(z) 3 z = ∞ ?�Ì�Ü©, 1�Ü©¡��KÜ©. ù�

ÐÚk�:þ�Ðm�/��.

aq/, ·��±ÏL±e�{�ä�áÛ:a..

Ún 3.1.1 (1) z = ∞´��Û:��=�4� lim
z→∞

f(z)�3;

(2) z = ∞´m?4:��=�4� lim
z→∞

f(z)
zm �3��"; Ǒ��=� z = ∞´ g(z) = 1

f(z)�m?":;

(3) z = ∞´�5Û:��=�4� lim
z→∞

f(z)Ø�3ǑØ�u∞.

íØ 3.1.3 z = ∞´4:��=� lim
z→∞

f(z) = ∞.

~ 3.1.6 (1) � f(z) = 1
sin 1

z

. 5¿�

lim
z→∞

f(z)

z
= lim

z→∞

1
z

sin 1
z

= 1,

¤± z = ∞ ´�?4:.

(2) � f(z) = e
1

z2 . Ï� lim
z→∞

f(z) = 1, ¤± z = ∞ ´Ù��Û:.

(3) � f(z) = ez + e
1

z − 1. � z ÷X�¢¶�u +∞ �, f(z) ªu ∞; � z ÷XK¢¶ª�u

−∞ �, f(z) ªu 0. Ï
4� lim
z→∞

f(z) Ø�3. ùÒ`² z = ∞ ´§��5Û:. �

~ 3.1.7 �Äkn¼ê

f(z) =
anz

n + an−1z
n−1 + · · · + a1z + a0

bmzm + bm−1zm−1 + · · · + b1z + b0
, anbm 6= 0.

(1) XJ n = m, @od lim
z→∞

f(z) = an

bm
�� z = ∞ ´��Û:.

(2) XJ n < m, @o lim
z→∞

f(z) = 0, Ï
 z = ∞ E´��Û:.

(3) XJ n > m, @o lim
z→∞

f(z)
zn−m = an

bm
, Ï
 z = ∞ ´ n−m ?4:. �

3.1.3 ��áÛ:

��áÛ:´'�JuïÄ�, Ï�d�·�vkÛKÐmùak�óä. ùp=Þ�
�

¹��áÛ:�~f.

~ 3.1.8 � f(z) = 1
sin 1

z

. ¦Ñ¤kÛ:¿�Ñ§��Û:a.. ·�k�Ñ¤k�U�

Û::

z = ∞, 0,
1

kπ
(k ∈ Z − {0}).

(1) d~ 3.1.6, ·�®� z = ∞ ´�?4:.

(2) zk = 1
kπ ´�áÛ:. du

lim
z→zk

(z − zk)f(z) =
(−1)k−1

k2π2
,
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¤± z = zk ´�?4:.

(3) 5¿� lim
k→∞

zk = 0, ¤± z = 0 ´��áÛ:. �

~ 3.1.9 � f(z) = 1
ez−1 − 1

z . ¦Ñ¤kÛ:¿�Ñ§��Û:a.. ·�k�Ñ¤k�

U�Û::

z = ∞, 0, 2kπi (k ∈ Z − {0}).

(1) z = 0 ´��Û:,

lim
z→0

f(z) = lim
z→0

1 + z − ez

z(ez − 1)
= lim

z→0

− z2

2 − z3

6 − · · ·
z(z + z2

2 + · · · )
= −1

2
.

(2) zk = 2kπi ´�áÛ:. du

lim
z→zk

(z − zk)f(z) = lim
z→zk

(z − zk)

ez − 1
= 1,

¤± z = zk ´�?4:.

(3) 5¿� lim
k→∞

zk = ∞, ¤± z = ∞ ´��áÛ:. �

3.2 íê

3.2.1 k�Û:�íê

� f(z) ´ 0 < |z − z0| < r þ�)Û¼ê, z = z0 ´Ù�áÛ:. �ÄÛKÐm

f(z) =
∞
∑

n=−∞
cn(z − z0)

n, (3-2)

ùpXê

cn =
1

2πi

∫

Cρ

f(ξ)

(ξ − z0)n+1
dξ, Cρ : |z − z0| = ρ (0 < ρ < r).

·�AO'%� 1
z c�Xê

c−1 =
1

2πi

∫

Cρ

f(ξ)dξ.

·�r c−1 ¡� f(z) 3 z = z0 ?�íê (Residue), P� Res(f(z), z0). k�Uì±c�S.,

·��ò§¡�3ê. d½Â, ·�k

Res(f(z), z0) = c−1 =
1

2πi

∫

Cρ

f(ξ)dξ.

��g,�¯K´, ��o·��'%ÛKÐª¥�Xê c−1 
Ø'%Ù¦XêQ? ·�@

k3ïÄÚî4ÙZ[úª�uy, �
¦ù�úª¤á, 7L��y�ÜÈ©½n¤á, =
∫

Cρ

f(z)dz = 0.

ùpw,�¦ f(z) ´)Û�. XJ f(z) k�áÛ: z = z0, @où�(Ø��´Ø¤á�. d

�, <�g,I���
∫

Cρ
f(z)dz äN´õ�, �Ò´�O�íê Res(f(z), z0) ��.
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@o�Û·�òù�È©¡�“íê”Q? 4·�éÛKÐmª (3-2) ü>¦È©

1

2πi

∫

Cρ

f(z)dz =

∞
∑

n=−∞

cn
2πi

∫

Cρ

(z − z0)
ndz. (3-3)

4·�O�ª (3-3) mà�È©.

(1) � n ≥ 0 �, È©�´)Û¼ê, Ïdd�ÜÈ©½ná�
∫

Cρ
(z − z0)

ndz = 0.

(2) � n < −1 �, d�Ü�êúª�
∫

Cρ
(z − z0)

ndz =
∫

Cρ

1
(z−z0)−n dz = 0.

(3) � n = −1 �, d�ÜÈ©úª�
∫

Cρ

1
(z−z0)

dz = 2πi. Ïdª (3-3) {z�

1

2πi

∫

Cρ

f(z)dz = c−1.

ùÒ´`3O�þãÈ©L§¥, Ù¦XêéA���È©�Ñ��
, ��eXê c−1, =§

´“í3”�ê.

~ 3.2.1 XJ z = z0 ´ f(z) ���Û:, @o f(z) �ÛKÐªÒ´�VÐ«

f(z) = c0 + c1(z − z0) + · · · + cn(z − z0)
n + · · ·

Ï
 Res(f(z), z0) = c−1 = 0. �

XJ z = z0 ´ f(z) � m ?4:, ·��±ò f(z) �¤

f(z) =
g(z)

(z − z0)m
, g(z0) 6= 0,

ùp g(z) 3 z = z0 ?)Û. ò g(z) ��VÐm

g(z) = a0 + a1(z − z0) + · · · + am−1(z − z0)
m−1 + am(z − z0)

m + · · · .

ù�Òk

f(z) =
a0

(z − z0)m
+

a1

(z − z0)m−1
+ · · · + am−1

(z − z0)
+ am + · · ·

Ïd·���

Res(f(z), z0) = am−1 =
g(m−1)(z0)

(m− 1)!
=

1

2πi

∫

Cρ

g(ξ)

(ξ − z0)m
dξ.

AO/, ·�k

íØ 3.2.1 XJ z = z0 ´ f(z)��?4:, �o
Res(f(z), z0) = lim

z→z0

(z − z0)f(z) = g(z0),ùp g(z) = (z − z0)f(z)3 z = z0?)Û� g(z0) 6= 0.

~ 3.2.2 (1) f(z) = 1
sin z 3 z = 0 ?k�?4:. díØ 3.2.1,

Res(f(z), 0) = lim
z→0

zf(z) = 1.

(2) f(z) = 1
ez−1 − 1

z 3 z = 2kπi (k 6= 0) ?k�44: (�~ 3.1.9). íØ 3.2.1 íÑ

Res(f(z), 2kπi) = lim
z→0

(z − 2kπi)f(z) = 1.
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�´ z = 0 ´��Û:, Ï
 Res(f(z), 0) = 0.

(3) f(z) = sin z
z4 3 z = 0 ? k n ? 4 :( 3.1.3), d � V Ð ª sin z = z − z3

6 + · · · , � �

Res(f(z), 0) = −1
6 . �

3.2.2 Ã¡�:�íê

� z = ∞ ´ f(z) ��áÛ:. �ÄÙÛKÐm

f(z) =
∞
∑

−∞
cnz

n, r < |z| <∞.

·�½Â z = ∞ ?�íê

Res(f(z),∞) := −c−1 = − 1

2πi

∫

CR

f(z)dz,

ùp CR : |z| = R (r < R < +∞).

5 3.2.1 XJ z = ∞ ´��Û:, @o cn = 0 (∀n ≥ 0). �ù¿Ø¿�X c−1 7L�u

", Ï
��Û:�íêk�U�"! ù´Úk���Û:��/ØÓ�. �

c¡·�?ØL z = ∞ XÛÏL�üC�8(�k�Û:��/. Ó�|^ù��{,

·���±rÃ¡�Û:�íê8(�k�Û:íê5O�. � F (w) = f( 1
w ), �Ä F (w) 3

w = 0 ?�ÛKÐm

F (w) =
∞
∑

n=−∞

cn
wn

=
∞
∑

m=−∞
c−mw

m.

XJ�Ä CR �_��½�, @o§3�üC� w = 1
z eC¤�7�:�^��½��± C−

1/R.

dCþO���
∫

CR

f(z)dz =

∫

C−

1/R

F (w)d

(

1

w

)

= −
∫

C1/R

F (w)d

(

1

w

)

=

∫

C1/R

F (w)

w2
dw.

Ïd·��k

Res(f(z),∞) = −Res(
F (w)

w2
, 0) = − 1

2πi

∫

C1/R

F (w)

w2
dw.

~ 3.2.3 (1) z = ∞ ´ f(z) = e
1

z ´��Û:, ·�kÛKÐm

f(z) = 1 +
1

z
+

1

2z2
+ · · ·

Ï
 Res(f,∞) = −1.

(2) z = ∞ ´ f(z) = 1
sin 1

z

´�?4:. � w = 1
z 9 F (w) = 1

sin w . d�

F (w) =
1

sinw
=

1

w
+
w

6
+ · · · ,

Ïd
F (w)
w2 = 1

w3 + 1
6w + · · · . ùÒíÑ

Res(f,∞) = −Res(
F (w)

w2
, 0) = −1

6
.

(3) z = ∞ ´ f(z) = ez

zn ´�5Û:. dÛKÐm��� Res(f,∞) = − 1
(n−1)! .
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(4) �Ä©ª�5¼ê f(z) = az+b
cz+d . � c 6= 0 �, z = ∞ ´��Û:. d�� w = 1

z 9

F (w) = f( 1
w ) = a+bw

c+dw . ·�kÛKÐm

F (w) =
a

c
− ad− bc

c2
w + · · ·

Ï
 Res(f,∞) = −Res(F (w)
w2 , 0) = ad−bc

c2 .

� c = 0 �, f(z) = a
dz + b

d . d� z = ∞ ´�?4:, Ùíê Res(f,∞) = 0. �

3.3 íê½n

3.3.1 k.«�íê½n

½n 3.3.1 (íê½n) � D ´dE�� C �¤�k.«�, f(z)3 D ¥Øk��Û:
a1, · · · , an	??)Û, 3 D = D + C þëY, �o�: z = ai��áÛ:, �k±e�ª

1

2πi

∫

C
f(z)dz =

n
∑

k=1

Res(f(z), ak).

y² �¿©���± Ck : |z−ak| = ε (k = 1, 2, · · · , n), ¦�Ã Ck ¤�����á3 D

¥. �Kù
����, ·�����#«� D′, Ù>.TÐ´E�� T := C−
1 + · · ·+C−

n +C.

a1 a2

a3

a4

C1
C2

C3

C4

du f(z) 3 D′ ¥)Û, 3 D
′
= D + T þëY, Ï
d�ÜÈ©½n��

∫

T f(z) = 0, =
∫

C
f(z)dz =

∫

C1

f(z)dz + · · · +
∫

Cn

f(z)dz.

ù�, díê�½Â, þªm>�u 2πi
n
∑

k=1

Res(f, ak), ��(Ø. �

íØ 3.3.1 XJf(z)3 D ¥Øk����Û:	??)Û, �ëY�>., �o
1

2πi

∫

C
f(z)dz = 0.AO/, � f(z)´ D S)Û¼ê�, =Ǒ�ÜÈ©½n.

y² 5¿��Û:�íê��", �díê½ná�(Ø. �

íØ 3.3.2 íê½n%¹�ÜÈ (È©)�êúª.

y² � f(z) ´ D S)Û¼ê, a ∈ D . Cε : ´¿©��±, á3 D S. � F (z) =
f(z)

(z−a)n+1 . dc¡?Ø, F (z) �íê

Res(F (z), a) =
f (n)(a)

n!
.

dd9íê½n, á��êúª. �
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~ 3.3.1 (1) ¦È©
∫

|z|=1 e
1

z dz.

f(z) = e
1

z 3�� |z| < 1 S�Û:=k z = 0. §´�5Û:, íê Res(f, 0) = 1. díê½

n,
∫

|z|=1
e

1

z dz = 2πiRes(f, 0) = 2πi.

(2) ¦È©
∫

|z−1|=1
1

z2−1dz.

f(z) = 1
z2−1 3�� |z| < 1 S�Û:=k z = 1. §´�?4:, íê Res(f, 1) = 1

2 . díê

½n,
∫

|z−1|=1

1

z2 − 1
dz = πi.

(3) ¦È©
∫

|z|=2
1

z2−1dz. d� f(z) = 1
z2−1 Ø
4: z = 1	�k�?4: z = −1, Ùí

ê� Res(f,−1) = −1
2 . díê½n,
∫

|z|=2

1

z2 − 1
dz = 2πi (Res(f, 1) + Res(f,−1)) = 0.

(4) ¦È©
∫

|z|=2
z3

z4−1dz. d� f(z) = z3

z4−1 ko��?4: z = −1, 1, i,−i, §��íê

Res(f,−1) = Res(f, 1) = Res(f, i) = Res(f,−i) =
1

4
.

l
díê½n�
∫

|z|=2

z3

z4 − 1
dz = 2πi.

3.3.2 Ã.«�íê½n

b� Ck (k = 1, · · · , n) ´pØ���{ü4­�, Dk ´ Ck ¤�k.«�. ·�r²¡

�K¤k Dk 9>. Ck �¤�«�P� D , ¡��.«�. w, D �¹ ∞, Ù>.� C =

C−
1 + · · · + C−

n .

C1

C2

C3

C4

½n 3.3.2 (Ã.«�íê½n) � f(z)3�.«� D ¥Øk��Û: a1, · · · , an9∞	??)Û, 3 D = D + C þëY, �o�: z = ai9∞��áÛ:, �k±e�ª
1

2πi

∫

C
f(z)dz =

n
∑

k=1

Res(f(z), ak) + Res(f(z),∞).

y² �¿©��»��± CR : |z| = R ¦�Ã ak 9 D �>.�á3 CR ¤�«�S.

CR + C �¤E��, ��¤k.«�. dk.«�íê½n, ·�k
∫

CR

f(z)dz +

∫

C
f(z)dz =

∫

C+CR

f(z)dz = 2πi

n
∑

k=1

Res(f(z), ak).
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,��¡, dÃ¡�:íê�½Â,
∫

CR
f(z)dz = −2πiRes(f(z),∞). nÜüª=�¤I. �

íØ 3.3.3 (Ã.«�È©úª��êúª) � D ´�.«�, C ´ D �>., z0 ∈ D .� f(z)3 D S)Û, �3 D = D + C þëY. e z = ∞´ f(z)���Û:, �o
(1) f(z0) = f(∞) + 1

2πi

∫

C
f(z)

(z−z0)
dz;

(2) f (n)(z0) = n!
2πi

∫

C
f(z)

(z−z0)n+1dz

y² � F (z) = f(z)
(z−z0)n+1 (n = 0, 1, · · · ). F (z) 3 D Skü�Û: z = z0,∞. d�ÜÈ

©úª½�êúª, ·�k

Res(F (z), z0) =
f (n)(z0)

n!
.

,��¡, du z = ∞ ´ F (z) ���Û:, Ï
ÙÛKÐmÌ�Ü©�". díê½Â, ùÒí

Ñ

Res(F (z),∞) =

{

−f(∞), if n = 0,

0, if n ≥ 1.

nÜþ¡�íêO�±9Ã.«�íê½n, =�(Ø. �

~ 3.3.2 ¦È©
∫

C

cos 1

z

z−2 dz, ùp C : |z| = 1.

3Ã.«� |z| > 1 þ, z = ∞ ´ f(z) := cos 1
z ���Û:, f(z) 3Ù¦:þÑ´)Û�.

5¿� C− ´Ã.«� |z| > 1 �>.. ÏddþãíØ=�
∫

C

cos 1
z

z − 2
dz = −

∫

C−

cos 1
z

z − 2
dz = −2πi(f(2) − f(∞)) = 2πi

(

1 − cos
1

2

)

.

Öö�U¬¯, ·�´Ä�±3k.«� |z| < 1 S|^�ÜÈ© (�ê) úª5¦þãÈ©

Q?�Y´Ä½�. ù´Ï�3 |z| < 1 S, z = 0 ´
cos 1

z

z−2 ��5Û:, 
�ÜÈ© (�ê) úª¥

�È©¼ê�Û:�U´4:.

¦+Xd, ·�%�±^k.«� |z| < 1 Síê½n5¦), =
∫

C

cos 1
z

z − 2
dz = 2πiRes

(

cos 1
z

z − 2
, 0

)

.

,
¦)þãíê¿�´¯, ù´Ï� z = 0 ´�5Û:. 5¿�

cos 1
z

z − 2
= −1

2

( ∞
∑

n=0

zn

2n

)

·
( ∞
∑

n=0

(−1)n

(2n)!z2n

)

,

Ðmþªmà����Ñíê

Res

(

cos 1
z

z − 2
, 0

)

= −1

2

∞
∑

n=1

(−1)n

(2n)!22n−1
= −

(

cos
1

2
− 1

)

.

dd��^Ã.«��íê½nO�ùaÈ©��{B. �

~ 3.3.3 ¦È©
∫

C

z2 cos 1

z

(z2−3)(z−3)dz, ùp C : |z| = 2.

3Ã.«� |z| > 2 þ, z = ∞ ´ f(z) :=
z2 cos 1

z

(z2−3) ���Û:� f(∞) = 1, f(z) 3Ù¦:þ

Ñ´)Û�.
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5¿� C− ´Ã.«� |z| > 2 �>.. Ïd
∫

C

z2 cos 1
z

(z2 − 3)(z − 3)
dz = −2πi(f(3) − f(∞)) =

(

2 − 3 cos
1

3

)

πi.

Öö��±}Á�Ä^k.«� |z| < 2 þ�íê½n5¦). �

~ 3.3.4 ¦È©
∫

C
1

sin 1

z

dz, ùp C : |z| = 1.

� f(z) = 1
sin 1

z

. d~ 3.1.8, z = 0 ´ f(z) ���áÛ:. Ïd·�Ø�U3k.«�

|z| < 1 S¦^íê½n. 3Ã.«� |z| > 1 þ (5¿Ù>.´ C−), d~ 3.2.3 (2), f(z) �k�

?4: z = ∞, �íê Res(f(z),∞) = −1
6 . dÃ.«�íê½n, ·�k

∫

C
f(z)dz = −

∫

C−

1

sin 1
z

dz = −2πiRes(f(z),∞) =
πi

3
.

3.4 íêoÚ½n

½n 3.4.1 (íêoÚ½n) � f(z)3*¿E²¡ C¥Øk��Û: a1, · · · , an9∞	??)Û, �o�: z = ai9∞��áÛ:, �k±e�ª
n
∑

k=1

Res(f(z), ak) + Res(f(z),∞) = 0.

y² �¿©��»��± C : |z| = R, ¦�Ãk�Û: z = ak þá3 C ¤���S. u

´díê½n�
n
∑

k=1

Res(f(z), ak) =
1

2πi

∫

C
f(z)dz.

,��¡, d z = ∞ ?íê½Â,
1

2πi

∫

C
f(z)dz = −Res(f(z),∞).

ùÒy²
(Ø. �

|^íêoÚ½n, ·��±{zéõÈ©�¦). 'X~ 3.3.2 9~ 3.3.2, ·�Q�±^

Ã.«� |z| > 1 S�íê½nO�, ��±^k.«� |z| < 1 S�íê½nO�. �´éw,,

üö�O�E,Ý´ØÓ.

~ 3.4.1 (1) ¦È©
∫

|z|=1 e
1

z dz.

díê½n±9íêoÚ½n,
∫

|z|=1
e

1

z dz = 2πiRes(e
1

z , 0) = −2πiRes(e
1

z ,∞) = 2πi.

(2) ¦È©
∫

|z−1|=1
1

z2−1dz.

d� 1
z2−1 3 |z − 1| < 1 S=kÛ: z = 1; 
3 |z − 1| > 1 SKkÛ: z = −1 9 z = ∞.

díê½n±9íêoÚ½n, ·�k
∫

|z|=1

1

z2 − 1
dz = 2πiRes(

1

z2 − 1
, 1) = −2πi

(

Res(
1

z2 − 1
,∞) + Res(

1

z2 − 1
,−1)

)

= πi.
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~ 3.4.2 ¦È©
∫

|z|=4
z13

(z−1)2(z4+2)3 dz.

� f(z) = z13

(z−1)2(z4+2)3 . díê½n±9íêoÚ½n, ·�kü«�ªO�TÈ©, =

∫

|z|=4
f(z)dz = 2πi

(

Res(f(z), 1) +
3
∑

k=0

Res(f(z), 2
1

4 e
2k+1

4
πi)

)

= −2πiRes(f(z),∞).

éw,, |^����ª´�B$�. 5¿� z = ∞ ´��Û:, � lim
z→∞

zf(z) = 1, ¤±íê

Res(f(z),∞) = −1. ùÒá�íÑ
∫

|z|=4 f(z)dz = 2πi.

�,, ·���±��O�k.«� |z| < 4 S�ÃÛ:3ê, �O�þ´�~��. �

3.5 Ë��n

·�ò3ù�!ïÄXeÈ©
∫

C

f ′(z)
f(z)

dz.

XJØ�Äõ�5�¯K, ==l/ªþw, ·�k

(ln f(z))′ =
f ′(z)
f(z)

.

Ïd·�ò
f ′(z)
f(z) ¡�éê�ê.

3.5.1 éê�ê�Û:�íê

b� f(z) 3 0 < |z − a| < r S)Û, �??Ø�". �
O�íê

Res

(

f ′(z)
f(z)

, a

)

=
1

2πi

∫

|z−a|=ρ

f ′(z)
f(z)

dz, ρ < r,

Ïdég,/, ·�I�ïÄ¼ê
f ′(z)
f(z) 3 z = a ?�Û:5�. �Ä±eü«�/:

(1) z = a ´ f(z) ���Û:½ö)Û:.

d�� z = a ´ f(z) � m ?": (e f(a) 6= 0, K5½ m = 0), ·�k

f(z) = (z − a)mϕ(z),

ùp ϕ(z) 3 z = a ?)Û, � ϕ(a) 6= 0. d��O���

f ′(z)
f(z)

=
m(z − a)m−1ϕ(z) + (z − a)mϕ′(z)

(z − a)mϕ(z)
=

m

z − a
+
ϕ′(z)
ϕ(z)

.

5¿� ϕ(a) 6= 0, �
ϕ′(z)
ϕ(z) 3 z = a ?)Û, Ïd

f ′(z)
f(z) 3 z = a ?k�?4:, Ùíê

Res

(

f ′(z)
f(z)

, a

)

=
1

2πi

∫

|z−a|=ρ

m

z − a
dz +

1

2πi

∫

|z−a|=ρ

ϕ′(z)
ϕ(z)

dz = m

(2) z = a ´ f(z) � n ?4:.

d�·���

f(z) =
ψ(z)

(z − a)n
,
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ùp ψ(z) 3 z = a ?)Û, � ψ(a) 6= 0. ·�k

f ′(z)
f(z)

= − n

z − a
+
ψ′(z)
ψ(z)

.

Ï

f ′(z)
f(z) 3 z = a ?k�?4:, Ùíê

Res

(

f ′(z)
f(z)

, a

)

=
1

2πi

∫

|z−a|=ρ

−n
z − a

dz +
1

2πi

∫

|z−a|=ρ

ψ′(z)
ψ(z)

dz = −n

XJ z = a ´ f(z) ��5Û:, ·��Ø��ok¿Â�(Ø.

·���±�ÄXe�����/.

Ún 3.5.1 � g(z)´3 z = a?)Û�¼ê, z = a´ f(z)�m?":, z = b´ f(z)� n?4:, K
Res

(

g(z) · f
′(z)
f(z)

, a

)

= mg(a), Res

(

g(z) · f
′(z)
f(z)

, b

)

= −ng(b). (3-4)

y² dc?Ø,
f ′(z)
f(z)

=
m

z − a
+
ϕ′(z)
ϕ(z)

,

ùp ϕ(z) 3 z = a ?)Û, � ϕ(a) 6= 0. ù�, d g(z) · ϕ′(z)
ϕ(z) �)Û5, ·�k

Res

(

g(z) · f
′(z)
f(z)

, a

)

= Res

(

g(z) · m

z − a
, a

)

.

w, z = a ´ g(z) · m
z−a ��?4:½��Û: (ù�ûu g(a) ´Ä�"), Ï


Res

(

g(z) · m

z − a
, a

)

= lim
z→a

(z − a) ·
(

g(z) · m

z − a

)

= mg(a).

ùÒy² (3-4) ¥�1�ª. aq�y��ª. �

3.5.2 éê�ê�È©

� D ´dE�� C �¤�k.«�, f(z) 3 D SØ
k��4:	??)Û, 3 D =

D + C þëY, ¿�3 C þ?Û:ÑØ�"�. � z = a1, · · · , ak ´ f(z) 3 D S¤k":, §

��?ê©O� m1, · · · ,mk; aq/, � b1, · · · , bl ´ f(z) 3 D S¤k":, §��?ê©O�

n1, · · · , nl.

k���Bå�, ·�^

N(C, f) :=
k
∑

i=1
mi,

P (C, f) :=
l
∑

j=1
nj

©OL« f(z) 3 D S�":Ú4:�ê. ¦^ù
PÒ��5¿, m ?": (4:) w¤ m �

­Ü�": (4:) 5Oê.

½n 3.5.1 (éê�ê�È©úª)

1

2πi

∫

C

f ′(z)
f(z)

dz = N(C, f) − P (C, f).
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y² |^1 3.5.1 !�?Ø±9íê½n, ·�k

1

2πi

∫

C

f ′(z)
f(z)

dz =
k
∑

i=1

Res

(

f ′(z)
f(z)

, ai

)

+
l
∑

j=1

Res

(

f ′(z)
f(z)

, bi

)

= N(C, f) − P (C, f).

ù�úª�Û©�?3u: �ªm>¾,´�ê! ù¿�w
´��¯.

·��Uòdúªí2�\��/.

½n 3.5.2 (éê�ê�\�È©úª) æ^½n 3.5.1��PÒ9b�. � g(z)´ D þ)Û¼ê, �3 D = D + C þëY, �o
1

2πi

∫

C
g(z) · f

′(z)
f(z)

dz =

k
∑

i=1

mig(ai) −
l
∑

j=1

njg(bj).

y² dÚn 3.5.1 9íê½ná�. �

3.5.3 Ì�Oþ

b� C ´{ü4­�, f(z) ´ C þ�ëY¼ê. � z l C þ,��½: z0 Ñu÷X C �

�ëY£Ä�, Ì� argf(z) �¬ëYCz. � z 7 C �±£� z0 �, Ì� argf(z) �ëYCz

þØ�½�u", ·�^ ∆C arg f(z) L«ù�Czþ, �¡� f(z) ÷X C �ÌÆOþ. Ì�O

þÏ~�Ñu: z0 �À�Ã'.

~ 3.5.1 � C : z = eiθ, z0 = eiθ0 . ·�4 z l z0 Ñu÷Xü �±71�±. w, z �

��Ì�l θ0 ëYCz� θ0 + 2π.

(1) f(z) = zn (n ≥ 1). d� f(z) �Ì�l nθ0 ëYCz� n(θ0 + 2π). Ïd f(z) �Ì�O

þ�

∆C arg f(z) = n(θ0 + 2π) − nθ0 = 2nπ.

�ó�, � z _��7�:�±�, f(z) = zn _��7�: n ±.

(2)f(z) = 1
zn (n ≥ 1). d� f(z) �Ì�l −nθ0 ëYCz� −n(θ0 + 2π). Ïd f(z) �Ì

�Oþ�

∆C arg f(z) = −n(θ0 + 2π) − (−nθ0) = −2nπ.

�ó�, � z _��7�:�±�, f(z) = 1
zn ^��7�: n ±.

(3) f(z) = 2 + z. ��Bå�, Ø�� θ0 = 0. � z �Ì�l 0 Cz� 2π
3 �, f(z) �Ì�l

0 ëYCz� π
6 ; � z �Ì�l 2π

3 Cz� 4π
3 �, f(z) �Ì�l π

6 ëYü� −π
6 ; � z �Ì�l

4π
3 Cz� 2π �, f(z) �Ì�l −π

6 ëY£,� 0.

arg f(z)

arg z

P3
P4

P1P2

f(P4)

f(P2) f(P1)

f(P3)

z w

w=2+z

Ïd f(z) �Ì�Oþ´". �
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þ~¥� (3) �±í2����/.

Ún 3.5.2 � C ´{ü4­�, f(z)´ C þëY¼ê, a ∈ C´�½��"~ê. XJ
|f(z)| < |a|, ∀z ∈ C,�o ∆C arg (a− f(z)) = 0.

y² � F (z) = f(z)
a , @o |F (z)| < 1. � M = max

z∈C
{|f(z)|}. Ï� f(z) 3 C þëY, ¤

± |f(z)| �±3 C þ,:�� M �, Ï
 M < 1. w�

∆C arg (a− f(z)) = ∆C arg a (1 − F (z)) = ∆C arg (1 − F (z)) .

Ïd·��Iy² ∆C arg (1 − F (z)) = 0 =�.

ò 1−F (z) À��þ, Ä:²£��:þ. 5¿�, � z ÷ C �±�, ¼ê� w = f(z) ©ª

á3�� |w| ≤M S, 
 1 K3T��	.

M 1

w

w2

w3

w5
w6

w4
w7

1−w2

1−w5

1−w6

1−w4

1−w7w8 w1

1−w1
1−w8

1−w3

−M

ù�, �þ 1 − F (z) ©ª3m�²¡{Ä; 3 z 71�±�, §�ª£�Ð©G�. Ïd

∆C arg (1 − F (z)) = 0. �

5 3.5.1 ¯¢þ, 3õ�ëY¼ê�/, ·��U½ÂÌ�Oþ, §Ø�6u¼êõ�5.

'X

∆C arg n
√
z :=

∆C arg z

n
.

���/, éu­� C þëY¼ê g(z), ·�k

∆C arg n
√

g(z) :=
∆C arg g(z)

n
.

~ 3.5.2 � f(z) =
√

z(z − 1), z ÷X­� C l 2 � i, ¦ ∆C arg f(z).
y

2

i

xO 1

z−1z

C

�

|^Ì�Oþ½Â, ·���

∆C arg f(z) =
1

2
(∆C arg z + ∆C arg(z − 1)) =

1

2

(

π

2
+

3π

4

)

.

- 56 -



1nÙ Û:�íê

3.5.4 Ë��n

·�Eæ^1 3.5.2 !�ÃPÒ�b�. l/ªþw, éê�ê��¼ê�´ ln f(z) =

ln |f(z)| + iArgf(z). � z 7E�� C r���, ln f(z) �¢Ü ln |f(z)| ¿vu)Cz; ,
Ì

� arg f(z) ��´�u)Cz�. äNó�,

1

2πi

∫

C

f ′(z)
f(z)

dz =
1

2π
∆C ln f(z) =

1

2π
∆C arg f(z).

(Üéê�ê�È©úª, ·�á�

½n 3.5.3 (Ë��n) � D ´d{ü4­� C �¤�k.«�, f(z)3 D SØ
k��4:	??)Û, 3 D = D + C þëY, ¿�3 C þ?Û:ÑØ�"�.

∆C arg f(z)

2π
=

1

2πi

∫

C

f ′(z)
f(z)

dz = N(C, f) − P (C, f).

íØ 3.5.1 b� f(z), g(z)þ÷vËÆ�n¥�^�, �o
(1) ∆C arg f(z)

2π ´�ê. AO/, XJ f(z)3 D S)Û, �o∆C arg f(z)
2π ´�K�ê.

(2) ∆C arg (f(z) · g(z)) = ∆C arg f(z) + ∆C arg g(z).

(3) ∆C arg
(

f(z)
g(z)

)

= ∆C arg f(z) − ∆C arg g(z).

(4) ∆C arg(f(z))n = n∆C arg f(z), ∀n ∈ Z.

y² (1) ´w,�. (3)(4) Ñ´ (2) ���íØ. 8y (2).

5¿�
(fg)′

fg
=
f ′

f
+
g′

g
,

Ï
(ÜË��ná�¤I. �

íØ 3.5.2 � f(z)÷vËÆ�n�^�, a ∈ C´�½��"~ê, � |f(z)| < |a|, é?¿ z ∈ C, �o
N(C, a− f(z)) = P (C, f(z)).AO/, f(z)3 C ¤�k.«� D Sk4:��=� f(z) = a3 D Sk�.

y² dÚn 3.5.2, ∆C arg(a − f(z)) = 0. dË��ní� N(C, a − f(z)) = P (C, a −
f(z)). 5¿� a− f(z) � f(z) k�Ó�4:,� P (C, a− f(z)) = P (C, f(z)). dd=�(Ø. �

~ 3.5.3 � f(z) = (ez−1)2 sin z
z2+2 , �� C : |z| = 4, � z ÷X C _��71�±�, ¦Ì�

Oþ ∆C arg f(z).

3 C ¤�«�S, f(z) k��n?": z = 0, ,kü��?": z = ±π; kü��?4:

z = ±
√

2i. Ïd N(C, f) = 5, P (C, f) = 2. dË��n, ∆C arg f(z) = 2π(N − P ) = 6π. �

3.6 V�½n

½n 3.6.1 (V�½n) � D ´d{ü4­� C ¤�¤�k.«�, f(z), g(z)´ D þ�)Û¼ê, 3 D = D +C þëY. XJ
|f(z)| > |g(z)|, ∀z ∈ C,
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N(C, f) = N(C, f + g) = N(C, f − g).�ó�, f , f + gÚ f − gnö3«� D S�":�ê�Ó.

y² díØ 3.5.1,

∆C arg(f(z) ± g(z)) = ∆C arg f(z) + ∆C arg

(

1 ± g(z)

f(z)

)

.

5¿�
∣

∣

∣

∣

g(z)

f(z)

∣

∣

∣

∣

< 1, ∀z ∈ C,

ÏddÚn 3.5.2 ��

∆C arg

(

1 ± g(z)

f(z)

)

= 0,

�k ∆C arg(f(z) ± g(z)) = ∆C arg f(z). Ï� f(z), g(z) ´)Û�, Ï


N(C, f ± g) = ∆C arg(f(z) ± g(z)) = ∆C arg f(z) = N(C, f).

ùÒy²
(Ø. �

~ 3.6.1 �Äõ�ª�§ z4 − 5z + 1 = 0.

(1) ¦T�§3 |z| < 1 S���ê.

3>. C1 : |z| = 1 þ, ·�k

| − 5z + 1| ≥ | − 5z| − 1 = 4 > 1 = |z4|.

Ïd N(C1, z
4 − 5z + 1) = N(C1,−5z + 1) = 1, =�§3 |z| < 1 S=k��.

(2) ¦T�§3 1 < |z| < 2 S���ê.

3>. C2 : |z| = 2 þ, ·�k

|z4| = 16 > 11 = | − 5z| + 1 ≥ | − 5z + 1|.

Ïd N(C2, z
4 − 5z + 1) = N(C2, z

4) = 4, =�§3 |z| < 2 STko�.

d (1), �§3 |z| < 1 S=k��, ¿� |z| = 1 þÃ� (Ï� |z4| < |5z − 1|). ù�, 3

1 < |z| < 2 STkn��. �

~ 3.6.2 � p(z) = zn − λz + 1, |λ| > 2. 3ü �± |z| = 1 þ, ·�k

|λz| = |λ| > 2 = |zn| + 1 ≥ |zn + 1|.

Ïd p(z) = 0 3 |z| < 1 STk��. �

~ 3.6.3 � p(z) = anz
n + an−1z

n−1 + · · · + a1z + a0 ´ n gEXêõ�ª, Xê÷v

|an| > |a0| + · · · + |an−1|.

dV��n, f(z) = 0 3ü m�� B(0, 1) STk n ��. �
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~ 3.6.4 ¦�§ ez − 4zn + 1 = 0 3 |z| < 1 S���ê. 3ü �± C : |z| = 1 þ, ·�

k

|ez| ≤ e|z| = e < 3 = | − 4zn| − 1 ≤ | − 4zn + 1|.

Ïd�§3 |z| < 1 S���ê�u N(C,−4zn + 1) = n. �

3.7 Ì��n�V�½n�A^

3.7.1 �êÆÄ�½n,�y²

·�Q²|^4��½ny²
pd�êÆÄ�½n. 3ù��!¥, ·�ò^V�½n­

#y²�ö.

�êÆÄ�½n�y². �

p(z) = anz
n + an−1z

n−1 + · · · + a1z + a0, an 6= 0.

´ n gEXêõ�ª, ·��

f(z) = anz
n, g(z) = an−1z

n−1 + · · · + a0.

� C : |z| = R ´�±. 5¿� lim
z→∞

∣

∣

g(z)
f(z)

∣

∣ = 0, Ï
� R ¿©��, ·�k

|f(z)| > |g(z)|, ∀z ∈ C.

dV�½n, N(C, p) = N(C, f) = n. �ó�, p(z) = 0 3 C ¤�m��STk n ��. qd R

�?¿5��, p(z) = 0 3��E²¡STk n ��. 2

3.7.2 N�[Ún,�y²

4·�£�N�[Ún.

½n 3.7.1 (½n 2.4.4) � f(z)3 |z| < 1S)Û, |f(z)| < 1� f(0) = 0, K
|f(z)| ≤ |z| < 1.?�Ú, e�3 z0�� |z0| = |f(z0)| < 1, �o f(z) = eiθz (θ´�½¢ê).

·�ò|^V�½n­#�Ñ��y². �dI���Ún.

Ún 3.7.1 b� f(z)÷vN�[Ún^�. � λ ∈ C÷v |λ| > 1. -
Fλ(z) = f(z) − λz.�o�§ Fλ(z) = 03 |z| < 1Sk��) z = 0.

y² �Ä�± Cρ : |z| = ρ ( 1
|λ| < ρ < 1). 5¿�

|λz| = |λ|ρ > 1 > |f(z)|, ∀z ∈ Cρ.

Ï
dV�½n��, N(Cρ, Fλ) = N(Cρ, λz) = 1. �ó�, Fλ(z) = 0 3 |z| < ρ S=k�)

z = 0.

d ρ �?¿5, ·��±4 ρ ª�u 1, ùÒy²
 Fλ(z) = 0 3ü m��Sk��)

z = 0. �
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N�[Ún�y². b��3 z = α, ¦� |α| < 1 � |f(α)| > |α|. - λ = f(α)
α . db���

|λ| > 1.

�Ä�§ f(z) − λz = 0. dÚn 3.7.1, T�§3 |z| < 1 S=k) z = 0, � z = α w,�´

), gñ! ùÒy²
é?Û |z| < 1, Ñk |f(z)| ≤ |z|.
·K��Ü©Ed����n�Ñ, d?Ø2Kã. 2

3.7.3 ü�5½n

·�kQã��k^�Ún.

Ún 3.7.2 � f(z)3«� D þ)Û, z0 ∈ D , w0 = f(z0). é?¿ w ∈ C, ½Â Fw(z) :=

f(z) − w. b� z0 ´ Fw0
(z)�m?":. �o�3�ê ε9 δ, ���

0 < |z − z0| < δ, 0 < |w − w0| < ε�, Fw(z)Tkm��?":, ½= Fw(z) = 0Tkm�ØÓ�.

y² d":�á5½n, �3 δ > 0, ¦� Fw0
(z) 9 F ′

w0
(z) = f ′(z) 3 0 < |z − z0| < δ

S??Ø�".

-

ε = min
|z−z0|=δ

|Fw0
(z)| .

� w ÷v 0 < |w − w0| < ε �, ·�k

|Fw0
(z)| ≥ ε > |w − w0|, ∀z ∈ Cδ,

ùp Cδ : |z − z0| = δ.

? � Ú 5 ¿ � Fw(z) = Fw0
(z) − (w − w0), � d V � ½ n í �, N(Cδ, Fw(z)) =

N(Cδ , Fw0
(z)) = m. �Ò´` Fw(z) = 0 k m �":. ,��¡, Ï�d� F ′

w0
(z) = f ′(z)

??Ø�u", Ïdù
":Ñ´�?":, l
�§Tk m �ØÓ�":. �

·�Þ�{ü�~f5`²þã(Ø.

~ 3.7.1 � f(z) = zm. §3 z = 0 ?k m ?":. é?Û�"� w, �§ zm − w = 0 T

k m ��, =éA�ª m
√
w � m ��. �

� f(z) ´«� D þ�)Û¼ê, XJé D S?Ûü�ØÓ: z1, z2, ok f(z1) 6= f(z2), ·

�Ò¡§� D þ�ü�)Û¼ê. ü�¼ê´êÆ©Û¥üN¼ê�í2, �,3Eê�/·

�vk��'X�'�, Ïdü�¼ê½Â/ªþw�'üN¼ê½Âf�:.

½n 3.7.2 (ü�5½n) XJ f(z)´«� D þ�ü�)Û¼ê, �o f ′(z) 6= 0. �L5, XJ f(z)3,: z = z0 ?)Û� f ′(z0) 6= 0, �o�3 z0 ���� U , �� f(z)´ U þ�ü�)Û¼ê.

y² (1) b� f(z) ´«� D þ�ü�)Û¼ê. XJ�3 z0 ∈ D , ¦� f ′(z0) = 0, @

o z0 ´ f(z) − f(z0) �����?":. dÚn 3.7.2, é¿©�C w0 = f(z0) �� w, �§
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f(z) − w = 0 ��kü�":. �ó�, f(z) Ø´ü��, gñ! Ï
�¼ê f ′(z) 3 D þ??

Ø�".

(2) b� f(z) 3,: z = z0 ?)Û� f ′(z0) 6= 0. d� z = z0 ´ f(z) − w0 ��?":. d

Ún 3.7.2, �3�ê ε 9 δ, ¦��

0 < |z − z0| < δ, 0 < |w − w0| < ε

�, f(z) −w = 0 Tk���?":, =3T��S=k��� z ¦� f(z) = w. 5¿ f(z) ´ë

Y�, Ïd·� � δ, ¦�� |z − z0| < δ �, k |f(z) − w0| < ε ¤á, l
 f(z) ´ü��. �

~ 3.7.2 �Ä©ª�5C� f(z) = k z−z1

z−z2
(z1 6= z2). §´ C − {z2} þ�ü�)Û¼ê,

3 z = z2 ?k�?4:. d1 2.2.4 !?Ø, ·�k

f ′(z) = k · (z1 − z2)

(z − z2)2
.

w,T�¼ê3 C − {z2} þ??�". ù�ü�5½n¤£ã�5�����. �

~ 3.7.3 � f(z) = zn. c¡�~fL²§Ø´ C þ�ü�¼ê. �Ä D = {z | −π
n <

arg z < π
n , z 6= 0}. �±�y f(z) 3 D þ´ü��. �

3.7.4 �«�5½n

£�½n 1.8.3, ·��^V�½ny²Ù¥�1�Ü©.

½n 3.7.3 (�«�5½n) � f(z)´«� D þ��~�)Û¼ê, �o f(D)Ǒ´«�.

y² � z0 ∈ D , ·��y² w0 = f(z0) ∈ f(D) ´S:, =�3 w0 �m��¹u f(D)

S. dÚn 3.7.2, �3�ê ε 9 δ, ¦��

|z − z0| < δ, |w − w0| < ε

�, �§ f(z) − w = 0 k). �ó�, é |w − w0| < ε ¥�z�� w, �3 z ¦� f(z) = w. ù

�, ·�Òé�
 w0 3 f(D) S�m��. �

d�«�5½n, ·�éN´­#íÑ����n (3�Öö�¤).

3.7.5 ¢Xê�§3�²¡S��ê

� f(z) = anz
n +an−1z

n−1 + · · ·+a1z+a0 ´¢Xê n gõ�ª (an 6= 0), =ÃXê ai ∈ R.

·�b� f(z) = 0 ��Øá3J¶ L þ. ·�5½ L ���´lþ e. Ø���5, ·��

±b� an = 1.

ÄkO� ∆L arg f(z).

·K 3.7.1 3þãb�^�e, ·�k
(1) ∆L arg f(z) = kπ, ùp k´� nk�ÓÛó5��ê, � |k| ≤ n.

(2) �§ f(z) = 03m�²¡S����êT�´ n+k
2 ; 3��²¡S����ê´ n−k

2 .

y² � f(z) = 0 3m�²¡STk r ��. �Ä�»� R ���±

CR : z = eiθ, −π
2
≤ θ ≤ π

2
.
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CR 3J¶þ�Ñ�ã LR : z = it, −R ≤ t ≤ R. ·��Äd CR + LR �¤�k.«�

DR = {z | Rez > 0, |z| < R}.

Ri

−Ri

R

C

L

R

ÏddË��n, ·�k

N(CR + LR, f(z)) =
1

2π
(∆CR

arg f(z) + ∆LR
arg f(z)) . (3-5)

5¿� ∆CR
arg zn = n∆CR

arg z = nπ, �díØ 3.5.1 �

∆CR
arg f(z) = ∆CR

arg zn
(

1 +
an−1

z
+ · · · + a1

zn−1
+
a0

zn

)

= nπ + ∆CR
arg
(

1 +
an−1

z
+ · · · + a1

zn−1
+
a0

zn

)

.

?�Ú, Ï�

lim
z→∞

(

1 +
an−1

z
+ · · · + a1

zn−1
+
a0

zn

)

= 1,

¤±aqÚn 3.5.2 �?Ø��

lim
R→∞

∆CR
arg
(

1 +
an−1

z
+ · · · + a1

zn−1
+
a0

zn

)

= 0,

l
 lim
R→∞

∆CR
arg f(z) = nπ. d	, w,�k ∆L arg f(z) = lim

R→∞
∆LR

arg f(z).

,��¡, � R ¿©��, «� DR S�¹¤km�²¡��. Ïddª (3-5) 9Ù¦4�

ª, ·�k

r = lim
R→∞

N(CR + LR, f(z)) =
1

2π
(nπ + ∆L arg f(z)) ,

=

k :=
∆L arg f(z)

π
= 2r − n

´�ê, �� n Ûó5�Ó. qÏ� 0 ≤ r ≤ n, ÏdþªíÑ |k| ≤ n. �

� z = it, � z ÷XJ¶ L lþ er�, ��u t ÷X¢¶lm��r. ò z = it �\

f(z) ¿�¤¢Ü�JÜL�ª

f(it) =





∑

0≤m≤n

2

a2m(−1)mt2m



+ i





∑

0≤m≤n−1

2

a2m+1(−1)mt2m+1



 .

f(it) �� t �ëê­�, � t ÷X¢¶l +∞ � −∞ �, ·��±��O�Ñ ∆L arg f(z). ù

�ÒU�Ñ�§ f(z) = 0 3m�²¡S��ê.

~ 3.7.4 � f(z) = z6 + z5 + 6z4 + 5z3 + 8z2 + 4z + 1, ¦�§ f(z) = 0 3m²¡S��

�ê.
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ò z = it �\�§�

f(it) =
(

−t6 + 6t4 − 8t2 + 1
)

+ i
(

t5 − 5t3 + 4t
)

.

f(it) �� t �ëê­�kXeã�.

Ïd� t l +∞ � −∞ �, ∆L arg f(z) = −6π. d·K 3.7.1, �§ f(z) = 0 3m�²¡Ã�. �

~ 3.7.5 � f(z) = z4 + 2z3 + 3z2 + z + 2, ¦�§ f(z) = 0 3m²¡S���ê.

ò z = it �\�§�

f(it) =
(

t4 − 3t2 + 2
)

+ i
(

−2t3 + t
)

.

f(it) �� t �ëê­�kXeã�.

Ïd� t l +∞ � −∞ �, ∆L arg f(z) = 0. �§ f(z) = 0 3m�²¡k 2 ��. �

íØ 3.7.1 (Bring-Jerrard õ�ª) � f(z) = zn + az + b, a, b ∈ R, ab 6= 0. ��§
f(z) = 03m�²¡STk r��, �o
(1) e n´Ûê, K

r =

{

n−1
2 , if (−1)

n−1

2 b > 0,
n+1

2 , if (−1)
n−1

2 b < 0,

(2) e n´óê, ¿� (−1)
n

2 b > 0, K r = n
2 .

(3) e n´óê, ¿� (−1)
n

2 b < 0, K
r =

{

n
2 − 1, if ab > 0,
n
2 + 1, if ab < 0,

3.8 íê½n�A^

3.8.1 n�kn¼ê�È©

b� R(x, y) ´'u x, y �kn¼ê, = R �±�¤ R = f(x,y)
g(x,y) , ùp f, g ´'u x, y �õ

�ª. ·�F"O�Xe/ª�È©
∫ 2π

0
R(sin θ, cos θ)dθ.
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�Äü � C : z = eiθ, 0 ≤ θ ≤ 2π. éü �þ�: z, ·�k

cos θ =
z + z̄

2
, sin θ =

z − z̄

2i
, dθ =

dz

iz
.

òþª�\È©=�
∫ 2π

0
R(sin θ, cos θ)dθ =

∫

C
R

(

z − z̄

2i
,
z + z̄

2

)

dz

iz
.

,	, éü �þ�: z 5`, z̄ = 1
z , òÙ�\þªmà�

∫ 2π

0
R(sin θ, cos θ)dθ =

∫

C
R

(

z − 1
z

2i
,
z + 1

z

2

)

dz

iz
.

Ïd·�Ò�±��A^íê½nO�þ¡�È©.

~ 3.8.1 (1) ¦È©
∫ 2π

0

dθ

2 + cos θ
.

þãÈ©�u
∫

|z|=1

1

2 +
z+ 1

z

2

· dz
iz

=
2

i

∫

|z|=1

dz

z2 + 4z + 1
= 4πRes

(

1

z2 + 4z + 1
,
√

3 − 2

)

=
2π√

3
.

(2) ¦È©
∫ π

0

dθ

2 + cos θ
.

5¿�È¼ê´ó¼ê�± 2π�±Ï, ÏdþãÈ©�u

1

2

∫ π

−π

dθ

2 + cos θ
=

1

2

∫ 2π

0

dθ

2 + cos θ
=

π√
3
.

~ 3.8.2 ¦È©
∫ 2π

0

dθ

1 + 2p cos θ + p2
, |p| 6= 1.

þãÈ©�u
1

i

∫

|z|=1

dz

pz2 + (p2 + 1)z + p
=

1

i

∫

|z|=1

dz

(pz + 1)(z + p)
. �

XJ |p| > 1, @oü ��S=k�?4: z = −1
p , l


Res(f,−1

p
) =

1

p2 − 1
.

XJ |p| < 1,@oü ��S=k�?4: z = −p, l


Res(f,−p) =
1

1 − p2
.

ù�, díê½n=�
∫ 2π

0

dθ

1 + 2p cos θ + p2
=

2π

|p2 − 1| .

~ 3.8.3 ¦È©
∫ 2π

0
cosn θdθ, |p| 6= 1.
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þãÈ©�u
1

i2n

∫

|z|=1

(

z +
1

z

)n dz

z
=

1

i2n

∫

|z|=1

(

z2 + 1
)n

zn+1
dz.

z = 0 ´ü ��S���4:. ÏL��O�, ·�k

Res

(

(

z2 + 1
)n

zn+1
, 0

)

=

{

(2m)!
(m!)2 , n = 2m,

0, n = 2m− 1.

Ïddíê½n�
∫ 2π

0
cosn θdθ =

{

(n−1)!!
n!! · 2π, n = 2m,

0, n = 2m− 1,

ùp n!! ´�V�¦, =¤kØ�L n �� n k�ÓÛó5���ê¦È. �

~ 3.8.4 aq/, ·�k
∫ 2π

0
sinn θdθ =

{

(n−1)!!
n!! · 2π, n = 2m,

0, n = 2m− 1,
�

3.8.2 kn¼ê�2ÂÈ©

� f(z) = P (z)
Q(z) ´kn¼ê, = P,Q ´õ�ª. b� f ÷v±e^�:

(1) �§ Q(z) = 0 vk¢�;

(2) degQ− degP ≥ 2;

(3) P,Q vkúÏf.

½n 3.8.1 b� {aj}k
j=1´ f 3þ�²¡S�¤kÛ: (Ø�)∞). ·�k
∫ +∞

−∞

P (x)

Q(x)
dx = 2πi

k
∑

j=1

Res

(

P (z)

Q(z)
, aj

)

.

(y²�1 3.8.4 !.)

~ 3.8.5 ¦È©
∫ +∞

−∞

dx

x2 + x+ 1
.

f(z) = 1
z2+z+1 3þ�²¡=k�?4: z = e

2πi

3 , Ùíê

Res
(

f, e
2πi

3

)

= lim
z→e

2πi
3

(z − e
2πi

3 )f(z) =
1√
3i
.

Ïd
∫ +∞

−∞

dx

x2 + x+ 1
=

2π√
3
.

�,, ·���±|^CþO� y = 2√
3
x+ 1√

3
��O�, =

∫ +∞

−∞

dx

x2 + x+ 1
=

2√
3

∫ +∞

−∞

dy

y2 + 1
=

2π√
3
.
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~ 3.8.6 ¦È©
∫ +∞

−∞

dx

x4 + 1
.

f(z) = 1
z4+1 3þ�²¡kü��?4: z = e

πi

4 9 z = e
3πi

4 .

Res
(

f, e
πi

4

)

=
1

4
e−

3π

4 , Res
(

f, e
3πi

4

)

=
1

4
e−

π

4 .

Ïd
∫ +∞

−∞

dx

x4 + 1
=

π√
2
.

3.8.3 \�kn¼ê�2ÂÈ©

·�é1 3.8.2 !�kn¼ê f = P
Q �b�^� (2) ��?U, ��¦ degQ > degP =�.

� ν ´?Û�¢ê.

½n 3.8.2 b� {aj}k
j=1´ f 3þ�²¡S�¤kÛ: (Ø�)∞). ·�k

∫ +∞

−∞

P (x)

Q(x)
eiνxdx = 2πi

k
∑

j=1

Res

(

P (z)

Q(z)
eiνz, aj

)

.=
∫ +∞

−∞

P (x)

Q(x)
sin νx dx = Im

(

2πi
k
∑

j=1
Res

(

P (z)
Q(z)e

iνz, aj

)

)

,

∫ +∞

−∞

P (x)

Q(x)
cos νx dx = Re

(

2πi
k
∑

j=1
Res

(

P (z)
Q(z)e

iνz, aj

)

)

.

(y²�1 3.8.4 !.)

~ 3.8.7 ¦È©
∫ +∞

−∞

x sinx

x2 + 1
dx.

f(z) = z
z2+1e

iz 3þ�²¡=k�?4: z = i, Ùíê

Res (f, i) =
1

2e
.

Ïd
∫ +∞

−∞

x

x2 + 1
eixdx =

π

e
i.

�
∫ +∞

−∞

x sinx

x2 + 1
dx = Im(

π

e
i) =

π

e
.

~ 3.8.8 ¦È©
∫ +∞

−∞

cos2 x

x2 + 1
dx.
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|^��úª cos 2x = 2cos2 x− 1, ·�k
∫ +∞

−∞

cos2 x

x2 + 1
dx =

1

2

∫ +∞

−∞

dx

x2 + 1
+

1

2

∫ +∞

−∞

cos 2x

x2 + 1
dx.

ù�, ·�ÒòÈ©8(¤®���/. Äk

1

2

∫ +∞

−∞

dx

x2 + 1
= πiRes

(

1

x2 + 1
, i

)

=
π

2
.

Ùg, d½n 3.8.2,

1

2

∫ +∞

−∞

cos 2x

x2 + 1
dx =

1

2
Re

(

2πiRes

(

1

z2 + 1
e2iz , i

))

=
π

2e2
.

nþ��
∫ +∞

−∞

cos2 x

x2 + 1
dx =

π

2

(

1 +
1

e2

)

.

3.8.4 ½n 3.8.1 �½n 3.8.2 �y²9Ù¦A^

·�ùpk0�eZÚn, §�3?n�«¢È©$���~k�. �Ä±eü«÷/«�

D1 : 0 < |z − a| < r, θ1 ≤ arg(z − a) ≤ θ2,

D2 : r < |z| < +∞, θ1 ≤ arg z ≤ θ2,

a 1

2

1

2

D1 D2

R

r

r

Ún 3.8.1 (1) b� f(z)´ D1 þ�ëY¼ê, ��34� lim
ρ→0

(z − a)f(z) = λ, �o
lim
ρ→0

∫

Γρ

f(z)dz = iλ(θ2 − θ1),ùp Γρ : z = a+ ρeiθ, 0 < ρ < r, θ1 ≤ θ ≤ θ2.

(2) b� f(z)´ D2 þ�ëY¼ê, ��34� lim
R→+∞

zf(z) = λ, �o
lim

R→+∞

∫

ΓR

f(z)dz = iλ(θ2 − θ1),ùp ΓR : z = Reiθ, r < R < +∞, θ1 ≤ θ ≤ θ2.

y² (1) ?� ε > 0, �3 δ > 0, ¦�� |z − a| < δ �,

|(z − a)f(z) − λ| < ε.

Ïd� ρ < δ �, k
∣

∣

∣

∣

∣

∫

Γρ

f(z)dz − iλ(θ2 − θ1)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫

Γρ

(z − a)f(z) − λ

z − a
dz

∣

∣

∣

∣

∣

≤ ε

(θ2 − θ1)
· 1

ρ
· (θ2 − θ1)ρ = ε.
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ùÒy²
(Ø.

(2) �±ÏL�üC�8(��/ (1). �

�ÄXe÷/«�

D3 : r ≤ |z| < +∞, Imz > 0.

aq/, ·��kXeÚn (yÑ).

Ún 3.8.2 b� f(z)´ D3þ�ëY¼ê, ��34� lim
ρ→0

f(z) = 0, �oé?Û�¢ê
k, ·�k

lim
R→+∞

∫

ΓR

eikzf(z)dz = 0,ùp ΓR : z = Reiθ, r < R < +∞, 0 ≤ θ ≤ π.

½n 3.8.1 �y². �

CR : z = Reiθ, 0 ≤ θ ≤ π, LR : z = t,−R ≤ t ≤ R.

−R RO

D

L R

CR

D ´± CR + LR�>.�k.«�, ùp R ´¿©��ê, ¦� D �¹ f(z) ¤k�þ�²¡

S�Û:. díê½n,
∫

CR+LR

P (z)

Q(z)
dz = 2πi

k
∑

j=1

Res

(

P (z)

Q(z)
, aj

)

.

éþª�>�4��

lim
R→+∞

∫

CR+LR

P (z)

Q(z)
dz =

∫ +∞

−∞

P (x)

Q(x)
dx+ lim

R→+∞

∫

CR

P (z)

Q(z)
dz.

Ï� degQ− degP ≥ 2, ¤± lim
R→+∞

zf(z) = 0. dÚn 3.8.1 =�

lim
R→+∞

∫

CR

P (z)

Q(z)
dz = 0.

(Ü±þÃª=�(Ø. �

½n 3.8.2 �y²´aq�, �|^íê½nÚÚn 3.8.2 ��, ùpØ2Kã.

|^Ún 3.8.1 ÚÚn 3.8.2 �aq�O, ·���¦ÑÙ¦�
²;�2Â¢È©.
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~ 3.8.9 ¦È©
∫ +∞

−∞

sinx

x
dx.

5¿ù�È©¼êØ÷v½n 3.8.2 �^� (1), Ïd·�ØU��^T½nO�. � f(z) = eiz

z .

�Äd±eÈ©´»

ΓR : z = Reiθ, 0 ≤ θ ≤ π, Γε : z = εeiθ, 0 ≤ θ ≤ π,

±9¢¶þ��ã [−R, ε] Ú [ε,R] ¤�¤�«� D . d�ÜÈ©½n

0 =

∫

ΓR

eiz

z
dz −

∫

Γε

eiz

z
dz +

∫ −ε

−R

eiz

z
dz +

∫ R

ε

eiz

z
dz. (3-6)

8éþªm>�4�. dÚn 3.8.1 ÚÚn 3.8.2, ·�k

lim
R→+∞

∫

ΓR

eiz

z
dz = 0, lim

ε→0

∫

Γε

eiz

z
dz = iπ.

,��¡,
∫ −ε

−R

eiz

z
dz +

∫ R

ε

eiz

z
dz = 2i

∫ R

ε

sinx

x
dx.

Ïd

lim
R→+∞

lim
ε→0

(
∫ −ε

−R

eiz

z
dz +

∫ R

ε

eiz

z
dz

)

= 2i

∫ +∞

−∞

sinx

x
dx.

òÃª�\ (3-6) =�(Ø. �

3.8.5 V±Ï¼ê

3êÆ©Û¥, ·�Q²;�ïÄ
½Â3¢¶þ�±Ï¼ê. �Ä��±Ï¼ê�,´n

�¼ê sinx 9 cosx. Ù¦�±Ï¼ê  �±dFá�Ðm��X�n�¼ê��.

EC¼ê¥, ·�ég,/�±í2ù�Vg. �,d��¼ê½Â�l��C¤
E²

¡, Ï
ù�¼êATä�ü�ØÓ���±Ï.

½Â 3.8.1 XJ���X¼ê (=3E²¡þØ
4:	??)Û) f(z)÷v±e^�,Ò¡ǑV±Ï¼ê½ý�¼ê:

f(z + ω1) = f(z) = f(z + ω2),ùp ω1, ω2 ∈ C´�½��"~ê (¡�±Ï), ¿�§��Ǒ�þw, ���5�'.

·�ïÄê©¥�±Ï¼êÏ~����3�ã�Ý�±Ïü �«mþwÒ1
. 3E

C¥, éuV±Ï¼ê5`�´Xd. ·��I��	Xe�²1o>/«� P

1

2

1 2

P

·�ò§¡�Ä�²1o>/.

½n 3.8.3 (4��½n) � f(z)´± P ǑÄ�²1o>/�V±Ï¼ê, �3 P �>. Lþvk4:Ú":. � {ai}n
i=1 (�A/, {bj}m

j=1)´ f(z)3 P S�¤k4: (�A/, "
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1nÙ Û:�íê:). � ni (�A/, mj)´4: (�A/, ":) ai (�A/, bj)��ê. �o
(1)

n
∑

i=1
Res(f, ai) = 0.

(2)
n
∑

i=1
ni =

m
∑

j=1
mj.

(3) �3�ê a, b, ��
−

n
∑

i=1

niai +

m
∑

j=1

mjbj = aω1 + bω2.

y² (1) �ÄÈ©
∫

L f(z)dz. §�±©)¤²1o>/o^>þ�È©. 5¿� f(z) �

V±Ï5, Ïdé>þ�È©�ÚTÐ�". ùÒíÑ
∫

L
f(z)dz = 0.

2díê½ná�(Ø.

(2) 5¿� f ′/f E,´± P �Ä�²1o>/�V±Ï¼ê, Ïdd (1) á�
∫

L

f ′(z)
f(z)

dz = 0.

2déê�ê�È©úª (½n 3.5.1) =�¤I.

(3) d\�éê�ê�È©úª, ·��

2πi



−
n
∑

i=1

niai +

m
∑

j=1

mjbj



 =

∫

L
z
f ′(z)
f(z)

dz.

,��¡,
∫

L
z
f ′(z)
f(z)

dz =

∫ α+ω1

α
z
f ′(z)
f(z)

dz +

∫ α+ω1+ω2

α+ω1

z
f ′(z)
f(z)

dz +

∫ α+ω2

α+ω1+ω2

z
f ′(z)
f(z)

dz +

∫ α

α+ω2

z
f ′(z)
f(z)

dz

�ÄÙ¥�|é>�È©
∫ α+ω1

α
z
f ′(z)
f(z)

dz +

∫ α+ω2

α+ω1+ω2

z
f ′(z)
f(z)

dz.

|^±Ï5��þã��

−ω2

∫ α+ω1

α

f ′(z)
f(z)

dz.

5¿� f(α) = f(α+ ω1), �
∫ α+ω1

α

f ′(z)
f(z)

dz = i∆[α,α+ω1] arg f(z) = 2πib,

ùp b ´�ê. Ï
þãé>þ�È©
∫ α+ω1

α
z
f ′(z)
f(z)

dz +

∫ α+ω2

α+ω1+ω2

z
f ′(z)
f(z)

dz = 2πibω2.

aq/, ,�|é>�È©
∫ α+ω1+ω2

α+ω1

z
f ′(z)
f(z)

dz +

∫ α

α+ω2

z
f ′(z)
f(z)

dz = 2πiaω1, a ∈ Z.

ùÒy²
(Ø. �
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~ 3.8.10 �Í¶�V±Ï¼ê´��dA.d¼ê
℘(z) =

1

z2
+

∞
∑

n,m∈Z

′
(

1

(z − nω1 −mω2)2
− 1

(nω1 +mω2)2

)

,

ùp¦ÚÒ
∞
∑

n,m∈Z

′ L« n,m �H�N�ê, �ØUÓ��". �

·�ùpÛ�A�'uV±Ï¼ê�­�(Ø.

½n 3.8.4 (1) ?ÛV±Ï¼êÑ��¤'u ℘(z)Ú ℘′(z)�kn¼êL«. ��½,.

(2) �3�Ú±Ï ω1, ω2k'�~ê a, b, ��
℘′(z)2 = 4℘(z)3 + a℘(z) + b, a3 + 27b2 6= 0.

�ÙSK

\ ∗ Ò�SKL«k�½JÝ.

SK 3.1 �©Û f(z) = 1
ez−1 − 1

sin z �¤kÛ:a., ¿�Ñ�
4:�?ê.

SK 3.2 � D ´d{ü4­� C �¤�k.«�, f(z)´ D S)Û¼ê, 3>.ëY,� |f(z)| < 1, ∀z ∈ C. y²: f(z) = 13 D S���ê�u N(C, f).

SK 3.3 �§ z4 − 8z + 10 = 03 |z| < 1SkA��? 3 1 < |z| < 3SkA��?

SK 3.4 � f(z) = (sin z)2

(1+z2)3 , C : |z| = 4, Á�ÌÆOþ ∆C arg f(z)�ÌÆOþ.

SK 3.5 ^�«�5½ny²����n.

SK 3.6 ?Ø�§ zn + azn−1 + b = 03m�²¡S���ê.

SK 3.7 �È©
∫ +∞

−∞

dx

x2 + λx+ 1
, |λ| < 2.
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�ÝNÚ¼ê, 20

�ÝEê, 1

�áÛ:, 42
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4�, 7

?ê, 33
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)Û, 18

)Û¼ê, 18

ål, 6

ýéÂñ, 34
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m��, 12
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�ÜØ�ª, 30

�Ü�êúª, 29

�ÜÈ©½n, 26

�ÜÈ©úª, 27

��, 18

��Û:, 42

��, 18

*¿E²¡, 7

.Ê.d�f, 20

ëY¼ê, 18
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":�á5½n, 37

3ê, 46

ÛKÐm, 39

�¼ê, 17
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�, 3

S4��Âñ, 34

î.úª, 4

î.¼ê, 6

Û:, 42

¥4ÝK, 8

«�, 11

V�½n, 57

n�L«, 3

n�¼ê, 16

þ�²¡, 12

¢Ü, 1

¢ê�, 2

Âñ, 33

Âñ�», 35

Âñ�, 34

V>�?ê, 39

V±Ï¼ê, 69

�VÐm, 35

ý�¼ê, 69

��dA.d½n, 34

��dA.d¼ê, 71

Ã.«�, 50

Ã¡�:, 7

�qC�, 9

JÜ, 1

Jêü , 1

N�[Ún, 33

kn¼ê, 16

�¼ê, 30

�KÜ©, 39, 45

�êL«, 4

�ê¼ê, 16

±Ï, 69

ÌÌ�, 3
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����n, 32
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