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1�Ù ��Ä:�£

1�Ù ��Ä:�£

1.1 ê�

ê� (Number field) ´·�3p��ê¥�>'�õ��ê8Ü. ~��ê�k
(1) knê� Q,
(2) ¢ê� R,
(3) Eê�

C = {x+ y
√
−1 | x, y ∈ R}.

Ød�	, �kNõÙ¦�ê�. ·�Äk£��eê��½Â.

½Â 1.1.1 �P ⊆ C´����f8Ü, XJ§é\~¦ØoK$�µ4, Ò¡�ê�.

�·�3)�§��ÿ,   ¬uy�§�¦)�~/�6uê�. 'X�§

x2 + 1 = 0,

3knê�Ú¢ê�þÃ), �´3Eê�þ%k) x = ±
√
−1.

ê�w,÷v±eÃ5�. §��,wqw´�, �3·�½ÂÄ���Vg�, %�~
�.
(A0) \{µ45: é?Û a, b ∈ P, Ñk a+ b ∈ P,
(A1) \{(ÜÆ: é?Û a, b, c ∈ P, Ñk (a+ b) + c = a+ (b+ c),
(A2) \{��Æ: é?Û a, b ∈ P, Ñk a+ b = b+ a,
(A3) \{k"� 0 ∈ P: é?Û a ∈ P, Ñk 0 + a = a+ 0 = a,
(A4) \{k_�: é?Û a ∈ P, �3����� −a ∈ P, ÷v a+ (−a) = (−a) + a = 0,

(M0) ¦{µ45: é?Û a, b ∈ P, Ñk a · b ∈ P,
(M1) ¦{(ÜÆ: é?Û a, b, c ∈ P, Ñk (a · b) · c = a · (b · c),
(M2) ¦{��Æ: é?Û a, b ∈ P, Ñk a · b = b · a,
(M3) ¦{kN� 1 ∈ P: é?Û a ∈ P, Ñk 1 · a = a · 1 = a,
(M4) ¦{k_�: é?Û�"� a ∈ P, �3����� a−1 ∈ P, ÷v a · a−1 = a−1 · a = 1.

(AM) ©�Æ: é?Û a, b, c ∈ P, Ñk (a+ b) · c = a · c+ b · c,

5 1.1.1 (1) “N�” ���“ü �”. y3�Ü©�áÑæ^�¡�È{.
(2) ”~{” Ú”Ø{” w,�±^\{Ú¦{�_�5½Â, = a− b := a+ (−b), a

b = a · b−1. �

1.2 ��Ä�½Â

y3·��rê��Vgí2�����é�þ, ¿�F"U
�3ê��Ä�A5
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1�Ù ��Ä:�£

(A)(M) ��. �Ä����8Ü F . ·�Äk�)û�¯�´: XÛ½Â¤¢�”\{” Ú”¦
{”$�. ½ö���/, ·�XÛ½Â¤¢�“(�ê) $�””.

½Â 1.2.1 8Ü F þ� (�ê)$� (Operation)´�XeN�

µ : F × F → F.

'Xê� P þ�\{$��±n)�

+ : P ×P −→ P, (a, b) → a+ b.

¦{$�Ò´
· : P ×P −→ P, (a, b) → a · b.

�
�Bå�, ·�Ï~Eæ^ · 5L«Ä��$�, k�Ò{ü/¡�“¦{”. XJ$�

÷v��Æ, K  S.þU^“+”5L«T$�, ±rN§���5, ¿{ü/¡�“\{”. �

�[5¿, �,·�æ^
DÚ�$�ÎÒÚ¡{, �Ø�Lù��$�Ò´·�Ï~n)�\

{½¦{.

~ 1.2.1 (1) n��þ�m V k�þ�\{$�Ú�¦$�, §�Ñ´�ê$�. �´S
ÈUì·��½Â, Ø´�ê$�, Ï�ü��þ�SÈ´��ê���þ.
(2) �½8Ü X, §�¤kf8�¤�8xþk“¿”Ú“�”�$�, §�´�ê$�.
(3) �
�¦{´�ê$�, §Ø÷v��Æ. �

y3·��±½ÂÄ����Vg.

½Â 1.2.2 b� F ��¹ü���, �kü«$�”+”Ú”·”(E{¡�\{Ú¦{), ÷v
Ã5� (A0-A4), (M0-M4)9 (AM). ·�¡ F �� (Field).

5 1.2.1 (1) Ï�$����½ÂÒ�¦µ45, ¤± (A0)(M0) 3þ¡�½Â¥´g,

äk�.
(2) ½Â¥�"�ÚN��,E�¤ 0 Ú 1, ��7´·�Ï~n)�ê�"�ÚN�.
(3)Úc¡�5Paq, ·��±^\{Ú¦{�_�5½Â”~{” Ú”Ø{” .
(4) \{Ú¦{�_���5�±l��Æ�(ÜÆíÑ. 'X, ��"� a kü�¦{_�
b1, b2, = ab1 = ab2 = 1, K

b2 = b2(ab1) = (b2a)b1 = (ab2)b1 = b1.

ùÒy²
��5.

1.3 ��~f

Ø
~��ê��	, ·��kNNõõ���. ùp~Þ�
²;��.

~ 1.3.1 (kn¼ê�) �Ä C þkn¼ê�N�¤�8Ü

C(x) =

{
f

g

∣∣∣∣∣f, g ´EXêõ�ª, � g 6= 0

}
.
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1�Ù ��Ä:�£

·�kg,�\{“+”Ú¦{“·”. "�ÚN�Ò´ 0 Ú 1. ù�8Ü3þãü«$�e�¤�.
w, C ⊆ C(x).

XJ·�rEê�O�¤Ù¦?Û� k, ��±½Â� k þ�kn¼ê� (Field of rational
functions) k(x). 'X Q(x),R(x).

AO/, ·��±8B/½Âõ�kn¼ê�N�¤��

k(x1, x2, · · · , xn) := k̃(xn),

ùp k ´�½��, k̃ = k(x1, · · · , xn−1) ´ n− 1�kn¼ê�. �

~ 1.3.2 (�g*�) � d ´�"�ê, ¿��¦ d Ø¹²�Ïf. ·�½Â

Q(
√
d) :=

{
a+ b

√
d | a, b ∈ Q

}
.

�±�y, §3Ï~�\{Ú¦{e�¤ê�. ·�¡§��g*� (Quadratic field).

ùp, ·��y�e¦{_���35, Ù{�y3�Öö�¤.
1

a+ b
√
d

=
(a− b

√
d)

(a+ b
√
d)(a− b

√
d)

=
(a− b

√
d)

a2 − db2
=

a

a2 − db2
+

(−b)
a2 − db2

√
d ∈ Q(

√
d).

�5¿, ùp a2 − db2 6= 0 (ÄK d ´²�ê, �b�gñ).

d = −1 ��� Q(
√
−1), ´êØ¥�~��ïÄé�–�¤¢��g9ogp�ÆkX�

��'X. §´knê��g,í2. �

~ 1.3.3 (n g�êê) ·��±í2þ~�����/. �Äknê� Q þ���Ø�
�õ�ª

f(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0, ai ∈ Q.

� x = θ ´�§ f(x) = 0 ��. ·�¡ θ ´ ng�êê.

·�½Â8Ü

Q(θ) = {c0 + c1θ + · · ·+ cn−1θ
n−1 | c0, c1 · · · , cn−1 ∈ Q}.

·��y²þã8Ü´��ê�, ¿�Ù¥z���ÑU��L¤þã/ª.

1�Ú. ·�Äky²: XJ��knXêõ�ª g(x) ÷v g(θ) = 0, K f(x)|g(x).

� d(x) = gcd(f(x), g(x)). Ï� d(x) | f(x) � f(x) Ø��, ¤± d(x) = 1 ½ d(x) = f(x).
dÎ=�Ø{, �3knXêõ�ª s(x), t(x), ¦�

d(x) = s(x)f(x) + t(x)g(x).

�\ x = θ =� d(θ) = 0. ùÒ�� d(x) = f(x), Ï f(x) | g(x).

1�Ú. y²

c0 + c1θ + · · ·+ cn−1θ
n−1 (1-1)

¤L�êüüØÓ. b�

c0 + c1θ + · · ·+ cn−1θ
n−1 = d0 + d1θ + · · ·+ dn−1θ

n−1,

�é,�eI i k ci 6= di, K θ ÷vgêØ�L n− 1 �knXê�"õ�ª�§, ù�1�Ú

(Øgñ.
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1nÚ. y²\{µ45Ú¦{µ45.

�

α = g(θ) = c0 + c1θ + · · ·+ cn−1θ
n−1,

β = h(θ) = d0 + d1θ + · · ·+ dn−1θ
n−1,

w,, α+ β E÷v (1-1) �/ª. �Ä�{êØ{,

g(x)h(x) = q(x)f(x) + r(x), deg r < deg f = n.

Ï� f(θ) = 0, �3þª¥�\ x = θ =�g(θ)h(θ) = r(θ), T�ªm>E� (1-1) �/ª.

1oÚ. y²\{_�Ú¦{_��3.

\{_�w,�3. 8�Ä�"� α = g(θ) Óþ. d1�Ú9 f(x) �Ø��5�,
g(x), f(x) p�, ÏdÎ=�Ø{, �3knXêõ�ª s(x), t(x), ¦�

1 = s(x)f(x) + t(x)g(x).

�\ x = θ =� t(θ)g(θ) = 1, = g(θ)−1 = t(θ).

Ù¦5�ÑéN´�y, ·�3�Öö�¤. �·�� f = x2 − d, θ =
√
d, Ò���g*

� Q(
√
d). d	, Q(θ) ��±w¤� Q þ� n��þ�m, §k�|Ä 1, θ, · · · , θn−1. �

~ 1.3.4 (k��) ·�ùpkÚ\�{a8Ü. � N > 1 ´�½��ê. ·�3�ê8

Üþ½Â�d'X (¡�Ó{'X, Congruence relation)

n ∼ m⇐⇒ n Ú m � N Ø�{ê�Ó ⇐⇒ n−m

N
´�ê.

Ïd·����da (¡�� N ��{a, Residue class)

[n] = {n+Nk | k ∈ Z}

�Ä�da�N�¤�k�8Ü (¡�� N ����{X, Complete residue system)

ZN = {[0], [1], · · · , [N − 1]}.

·�½Â\{Ú¦{
[n] + [m] := [n+m], [n] · [m] := [n ·m].

(�Öö�yþã$��½Â´Ün�, =Ø�6u�L��À�). þ¡�\{Ú¦{w,÷v
��Æ!(ÜÆÚ©�Æ. d	, [0], [1] ©O´"�ÚN�; \{�_�w,�3.

ÃØXÛ, 3éõ�¹e, ZN ¥���7k¦{_�. 'X3 Z6 ¥ [2] vk_�.

·�5y²: ?Û�"�Ñk¦{_��¿©7�^�´ N ��ê.

(=⇒) 1e N Ø´�ê, ·�ò§�¤ N = N1N2, ùp Ni > 1. Ïd [N1] · [N2] = [0], l


[N1] = [N1] · ([N2] · [N2]−1) = ([N1] · [N2]) · [N2]−1 = [0] · [N2]−1 = [0],

�b�gñ!

(⇐=) b� N ´�ê, [n] 6= [0] (= n Ø� N �Ø). ·�`²±e N ���üüØÓ

[n · 0], [n · 1], · · · , [n · (N − 1)].
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ù��{, §�TÐ�¤ ZN , Ï�3, m, ¦� [n ·m] = [1]. �ó�, [m] = [n]−1.

Ø�b� [n ·m1] = [n ·m2], K [n ·(m1−m2)] = [0], = n(m1−m2) � N �Ø, l m1−m2

� N �Ø, = [m1] = [m2].

Ïd, � N ´�ê�, ZN ´�, �¡�� N ��{a� (Residue class field), Ï~�P�
FN . AO/, F2 = {[0], [1]} ´�{ü�k��. é Z3, ·�k±e��{a\{Ú¦{L.

+ [0] [1] [2]

[0] [0] [1] [2]

[1] [1] [2] [0]

[2] [2] [0] [1]

× [0] [1] [2]

[0] [0] [0] [0]

[1] [0] [1] [2]

[2] [0] [2] [1]

d	, [2]−1 = [2], [1]−1 = [1].

þã���·�~��ê�½¼ê���ØÓ. Äk, §´k��. Ùg, z���Úg��

\k�g��u"�. |^Ð�êØ�²;(J, ·���±y²T�¥�3ù���"� [g],
¦�?ÛÙ¦�"�ÑU�¤ [g] ���. ù«������ (Primitive Root). �

1.4 ��Ä�5�

·K 1.4.1 � F ´�. ·�kXe5�:
(1) "�ÚN�Ñ´���.
(2) é?Û a ∈ F , Ñk 0 · a = a · 0 = 0.
(3) é?Û a ∈ F , Ñk (−1) · a = a · (−1) = −a.
(4) é?Û a, b ∈ F , Ñk (−a) · b = a · (−b) = −(a · b).
(5) 0 6= 1 ±9 −0 = 0, 1−1 = 1 Ú (−1)−1 = −1.
(6) (Ã"Ïf) e ab = 0, K�o a = 0, �o b = 0.
(7) (��Æ) XJ a · c = b · c, � c 6= 0, @o a = b.

y² (1) � 0, 0′ Ñ´\{"�. d"��½Â, ·�k

0′ = 0 + 0′ = 0′ + 0 = 0.

Ó�/, � 1, 1′ Ñ´¦{N�. dN��½Â, ·�k

1′ = 1 · 1′ = 1′ · 1 = 1.

(2) d©�Æ

0 · a+ a = 0 · a+ 1 · a = (0 + 1) · a = 1 · a = a.

éþªüà\ (−a), ¿k(ÜÆ� 0 · a = 0.

(3) 5gu a+ (−1) · a = 1 · a+ (−1) · a = (1 + (−1)) · a = 0 · a = 0.

(4) (−a) · b = ((−1) · a) · b = (−1) · (a · b) = −(a · b).

(5) e 0 = 1, Ké?Û a ∈ F , 0 = 0 · a = 1 · a = a. ù¿�X F =¹����, gñ!

d"�ÚN��½Â´�, −0 = 0, 1−1 = 1. d (3) =� (−1)2 = 1, ½= (−1)−1 = −1.

(6) e a · b = 0 � b 6= 0, @o 0 = (a · b) · b−1 = a, gñ!

(7) 0 = a · c− b · c = (a− b) · c 9 c 6= 0 íÑ a− b = 0, = a = b. �
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1.5 f�ÚA�

c¡w�, Eê� C ¥�¹
éõê� (R, Q,...). ùÒÚÑ
f��Vg.

½Â 1.5.1 b� F ´���, E ⊆ F ´���¹ 0, 1���f8. XJ E 3 F �\{Ú

¦{e��¤���, K¡ E ´ F �f� (Subfield), F ¡� E �*� (Extension field).

~ 1.5.1 (1) ?Ûê� P Ñ´Eê� C �f�.
(2) � k ´kn¼ê� k(x) �f�.
(3) knê� Q ´�g*� Q(

√
d) �f�. ���/, é?Û�êê θ, Q ´ Q(θ) �f�, �ö

´ Q �*�, ¿�Uw¤ Q þ�k���þ�m. �

·K 1.5.1 (f���½�{) � F ´���, E ⊆ F ´���¹��ü������f

8. @o E ´ F �f���=�±eÃ5�¤á:
(1) é?Û a, b ∈ E, Ñk a− b ∈ E,
(2) é?Û�"� a, b ∈ E, Ñk a · b−1 ∈ E.

y² (=⇒) (Øw,.

(⇐=) ®�þã5�Ñ¤á, ·�5y² E ´ F �f�. db�^�, E ��¹k���"

�, 'X u. Ïd 0 = u − u ∈ E, 1 = u · u−1 ∈ E, ùÒy²
5� (A3, M3). ?� E ¥��"

� a, b, ·��� −a = 0− a ∈ E ±9 a−1 = 1 · a−1 ∈ E, =5� (A4, M4) ¤á. y3·���
$�µ45 (A0, M0):

a+ b = a− (−b) ∈ E, a · b = a · (b−1)−1 ∈ E (eb 6= 0).

Ù{Ã5�Ñ´w,�, Ø2Kã. �

·K 1.5.2 �½� F .
(1) ?¿õ�f����´ F �f�.
(2) �½f8 S ⊆ F , ¤k�¹ S �f���´�¹ S ���f�, ¡�d S )¤�f�.
(3) dü � 1)¤�f�´�����f� (¡���, Prime filed).

y² (1) � Eα (α ∈ I) Ñ´ F �f�, E =
⋂
α∈I

Eα. ·�^·K 1.5.1 ��½�{5

y² E ´f�. é?Û�� a, b ∈ E, d E �½Âw,k a, b ∈ Eα, l a − b ∈ Eα (∀α), �
a− b ∈ E. XJ a, b 6= 0, K a · b−1 ∈ Eα (∀α) íÑ a · b−1 ∈ E.

(2) � Eα (α ∈ I) Ñ´�¹ S ��Üf�. d (1) � E =
⋂
α∈I

Eα �´f�, ¿�w,��¹

S. ùL² E = Eβ , é,� β ∈ I. d E �½Â, ·�k E ⊆ Eα, ∀α ∈ I.

(3) b� E ´��. é?Ûf� H ⊆ F , Ï� 1 ∈ H, �d (2) �, E ⊆ H, = E ´���f
�. b� E′ ´,��4��f� (=Ø�3���f�¹u§), Kd E ⊆ E′ íÑ E = E′. ù
ÒíÑ
��5. �

·��±�[£ã F ��� E. é?Û�ê n, ±9?Û�� a ∈ F , ·�½ÂXe�B�
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PÒ

na :=


a+ · · ·+ a︸ ︷︷ ︸

n

, n > 0,

0, n = 0,
−(a+ · · ·+ a︸ ︷︷ ︸

−n

), n < 0,
±9 an :=


a · · · · · a︸ ︷︷ ︸

n

, n > 0,

1, n = 0,
(a · · · · · a︸ ︷︷ ︸

−n

)−1, n < 0,

k��
��¿Â· , 37��, ·��ò na UP� n · a. 3þãPÒe, ·�k

E = {(m1) · (n1)−1 | m,n ∈ Z, n1 6= 0}. (1-2)

·K 1.5.3 ±e^�*d�d:
(1) F ���´k��,
(2) �3�"�ê n, ¦� n1 = 0,
(3) �3�ê p, ¦� p1 = 0.
^�¤á�, þã p´���÷v p1 = 0���ê.

y² (1) =⇒ (2). Ø��é?Û�"�ê n, Ñk n1 6= 0. d�·��±`²é?Ûü�
ØÓ�ê m1,m2, Ñk m11 6= m21. eØ,, Kk (m1−m2)1 = 0, �b�gñ! ù�, ��¥�

¹
Ã�õ���, �b�^� (1) gñ!

(2) =⇒ (3) � p ´�����ê¦� p1 = 0. d·K 1.4.1 (5), p > 1. bX p Ø´�ê, K
p ��¤ü��u 1 ��ê¦È p = p′p′′. d�d p �4�5� p′1 6= 0, p′′1 6= 0. Ïdd·K
1.4.1 (6) �

p1 = (p′1) · (p′′1) 6= 0,

gñ! � p ´�ê.

(3) =⇒ (1) d���£ã (1-2) =�, Ïdd��â�ê��{êØ{, /X n1 ����

k 0 · 1, 1 · 1, · · · , (p− 1) · 1 Aa. �

dþ¡�?Ø, ·��±Ú\������ØCþ.

½Â 1.5.2 � F ´�. XJ F ���´k��, p´÷v p1 = 0�����ê, ·�Ò¡
� F kA� (Characteristic) p, ½ö{¡Ùk�A�; XJ F ���´Ã��, Ò¡� F kA

� 0. ·�òA�P� ch(F )½ χ(F ).

~ 1.5.2 (1) ?Ûê��A�Ñ´ 0.
(2) ��ê p ��{a� Fp (½P� Zp) A�� p.
(3) kn¼ê� k(x) �� k �A��Ó. ���/, ����§�f�k�Ó�A�. �

íØ 1.5.1 � F Ú§�?Ûf�7k�ÓA�.

íØ 1.5.2 XJ� F �A� ch(F ) = p > 0, @oé?Û�� x ∈ F , Ñk px = 0.

y² px = (p1) · x = 0. �
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1.6 �Ó�

b� E, F ´ü��. XJ·�F"
)ùü���(���q§Ýkõ��{, ·��±

ïá��·��N�
f : E → F

5ò§��(�éXå5. ùk:aqu�5�ê¥ïÄü��m(��m�'X. ·�ddÚ

ÑXe�Vg.

½Â 1.6.1 � σ : E → F ´��m�N�. XJ§÷v±eÃ^�, K¡���Ó�
(Field homomorphism):
(1) σ(x+ y) = σ(x) + σ(y), ∀x, y ∈ E.
(2) σ(x · y) = σ(x) · σ(y), ∀x, y ∈ E.
?�Ú, XJ σ´ü�, ·�Ò`§´üÓ� (monomorphism); XJ´÷�, Ò¡Ù�÷Ó
� (Epimorphism); XJ�3Ó� τ : F → E ¦� στ = IdF 9 τσ = IdE , K¡ σ��Ó�

(Isomorphism), τ = σ−1�_N�, k�{PTÓ�� E ∼= F .

5 1.6.1 (1) �5¿þ¡üª¥�müà�\{Ú¦{´½Â3ØÓ��¥�.
(2) σ : E → F ´�Ó���=� σ Q´üÓ��´÷Ó�. �

~ 1.6.1 (1) é?Û� F , ðÓN� IdF : F → F w,´�Ó�.
(2) "Ó� σ : E → F ½Â� σ(x) = 0, ∀x ∈ F . ·��¡Ù�²�Ó�.
(3) b� E ´ F �f�, �Äi\N� i : E ↪→ F , = i(x) = x (∀x ∈ E). d½Â����§´
�Ó�. �

~ 1.6.2 (�g*���ÝN�) � F = Q(
√
d) ´�g*�. ·�½ÂN�

σ : F → F, a+ b
√
d→ a− b

√
d.

·��y§´�Ó�, Ù_N�TÐ´ σ ��.

� x = a+ b
√
d, y = c+ h

√
d ∈ F . ·�k

σ(x+ y) = σ((a+ c) + (b+ h)
√
d) = (a+ c)− (b+ h)

√
d = σ(x) + σ(y)

±9

σ(x · y) = σ((ac+ bhd) + (bc+ ah)
√
d) = (ac+ bhd)− (bc+ ah)

√
d = σ(x) · σ(y)

Ïd σ ´�Ó�. Ï� σ2 = IdF , ¤± σ = σ−1 ´�Ó�.

d	, N´w� σ ��3f� Q þ´ðÓN�. �

~ 1.6.3 (Frobenius Ó�) b� F �A� ch(F ) = p > 0. ·�½ÂN�

Fr : F → F, x→ xp.

ù¢Sþ´���Ó�!

é?Û x, y ∈ F , d��ªÐm�

Fr(x+ y) = (x+ y)p = xp + yp +
p−1∑
k=1

Ckp · xkyp−k.
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5¿�Xê Ckp ´ p ��ê, ÏþªmàØ
cü�	, Ù{���". ù�,

Fr(x+ y) = xp + yp = Fr(x) + Fr(y).

,��¡, Fr(x · y) = (x · y)p = xp · yp = Fr(x) · Fr(y). ùÒy²
 Fr ´Ó�. §¡�
Frobenius Ó�. �

·K 1.6.1 b� σ : E → F ´�"�Ó�, @o
(1) σ(0) = 0, σ(1) = 1,
(2) é?Û�"� x ∈ E, ·�k

σ(−x) = −σ(x), σ(x−1) = σ(x)−1.

AO/, �"���7½�".
(3) σ´üÓ�, �8 Imσ´ F �f�.
(4) σ : E → Imσ´�Ó�.
(5) E,F k�ÓA�.

y² (1) Ï� σ(1) = σ(0 + 1) = σ(0) + σ(1), ¤± σ(0) = 0.

·�� a ∈ E, ¦� σ(a) 6= 0. dþ¡?Ø, ù�� a 7´�"�. Ï� σ(a) = σ(1 · a) =
σ(1) · σ(a), ¤± σ(1) = 1.

(2) Ï�

0 = σ(0) = σ(x+ (−x)) = σ(x) + σ(−x).

¤± σ(−x) = −σ(x). aq/,

1 = σ(1) = σ(x · x−1) = σ(x) · σ(x−1).

�d·K 1.4.1 (2) �, σ(x) 6= 0, � σ(x−1) = σ(x)−1.

(3) b�σ Ø´üÓ�, @o�3ü�ØÓ�� x, y ∈ E, ¦� σ(x) = σ(y). Ï

σ(x− y) = σ(x)− σ(y) = 0.

d (2) ��, x− y = 0, = x = y, gñ! � σ ´üÓ�.

�`²�8 Imσ ´ F �f�, ·�¦^·K 1.5.1. Äk5¿ 0, 1 ∈ Imσ. é?Û a =
σ(x), b = σ(y) ∈ Imσ, ·�k a − b = σ(x − y) ∈ Imσ. XJ a, b 6= 0, K x, y 6= 0, l
a · b−1 = σ(x · y−1) ∈ Imσ.

(4) ·��y_N� σ−1 : Imσ → E ´Ó�. ?� a = σ(x), b = σ(y) ∈ Imσ. ·�k

σ−1(a+ b) = σ−1(σ(x) + σ(y)) = σ−1(σ(x+ y)) = x+ y = σ−1(a) + σ−1(b),

±9

σ−1(a · b) = σ−1(σ(x) · σ(y)) = σ−1(σ(x · y)) = x · y = σ−1(a) · σ−1(b).

Ïd σ−1 ´Ó�.

(5) d (3) 9íØ 1.5.1, Imσ � F k�ÓA�. Ïdd (4), ·��±r?Ø8(� σ : E →
F ´�Ó���/. XJ ch(E) = p > 0, @o p1F = p · σ(1E) = σ(p1E) = σ(0) = 0, ld·
K 1.5.3 � ch(F ) = p. XJ ch(E) = 0, @o ch(F ) = 0, ÄKþ¡?ØíÑ ch(E) > 0, gñ! �
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~ 1.6.4 � F = Fp���ê p ��{a�. �Ä Frobenius Ó� Fr : F → F . d·
K 1.6.1(1), Fr([n]) = Fr(n · [1]) = n · Fr([1]) = n · [1] = [n], �§´ðÓN�. ùÒíÑ
Fr([n]) = [n]p = [n], ∀n ∈ Z. �ó�, [np] = [n], ½= p | (np − n). ùÒ´Ð�êØ¥�¤ê�
½n . �

íØ 1.6.1 � F ���Ó�u� p��{a� Fp (XJA� ch(F ) = p)½knê� Q
(XJA� ch(F ) = 0).

y² � E ´ F ���. ·�?Ø ch(F ) = p > 0 ��/, "A��/aq�y. ·��
E�Ó�

σ : Fp → E, [n] → n1

±9�Ó�
τ : E → Fp, (n1) · (m1)−1 → [n] · [m]−1.

w, τσ = IdFp
.

�Ä E ¥?Û�� a = (n1) · (m1)−1. 8��ê m∗, ¦� [m∗] = [m]−1, u´ [mm∗] = [1],
= (mm∗ − 1) ´ p ��ê. Ï

(m1F ) · (m∗1F ) = mm∗ · 1F = (mm∗ − 1)1F + 1F = 1F .

ùÒíÑ (m · 1F )−1 = m∗1F , � a = (nm∗)1F . ù�, στ(a) = (nm∗)1F = a. Ïd στ = IdE .
ùÒy² σ ´�Ó�. �

5 1.6.2 �Ó��Ñ
��m����d'X. ·��I�ïÄz��da¥��L�
=�, ù´Ï�Ó���3�ê(�þäk�Ó�5�. 'Xþã·KL²���(�Ù¢�k
ü«�U5, =�{a�½knê�, ¤±·��I�ïÄùü«��5�=�
)��. �

~ 1.6.5 (1) �y: Ø�3lkn¼ê� Q(x) ��g*� Q(
√
d) ��²��Ó�.

�y{. b� σ : Q(x) → Q(
√
d) ´�"�Ó�, σ(x) = a + b

√
d. Ï� σ(1) = 1, ¤±

σ(n) = σ(n1) = n · σ(1) = n, ∀n ∈ Z. Ïdé?Ûknê n
m , ·�k σ( nm) = σ(n)

σ(m) = n
m . ùíÑ

σ

((
x− a

b

)2
)

= σ

(
x− a

b

)2

=
(
σ(x)− σ(a)

σ(b)

)2

=
(
σ(x)− a

b

)2

= d = σ(d).

d�Ó��ü�5� (x−ab )2 = d. ù� x ´Ø½��¯¢gñ!

(2) �y: Ø�3�{a� Fp �knê� Q(
√
d) ��²��Ó�.

�y{. XJ�3�²�Ó�, @od·K 1.6.1 (5), ü��7Lk�ÓA�. ÃØXÛ,
ch(Fp) = p, ch(Q(

√
d)) = 0, gñ! �

~ 1.6.6 y²: � Q(
√
d) �g���"Ó�=kü«: ðÓN�Ú�ÝN� (�~ 1.6.2).

y² b� σ : Q(
√
d) → Q(

√
d) ´�²�Ó�. � σ(

√
d) = a+ b

√
d, aqþ~�?Ø,

d = σ(d) = σ(
√
d)2 = (a+ b

√
d)2 = (a2 + b2d) + 2ab

√
d.

ù¿�X ab = 0, a2 + b2d = d. XJ b = 0, @o d = a2, ù� d Ø¹²�Ïf�b�^�gñ!
Ïd a = 0, l b = ±1. 5¿�, é?Û s+ t

√
d ∈ Q(

√
d), k σ(s+ t

√
d) = s+ tb

√
d. Ïde

b = 1, σ Ò´ðÓN�; e b = −1, σ Ò´�ÝN�. �
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1.7 Ö¿á�: �ê4�

)�§kü�¥%¯K:
(1) �§3�½�ê�S´Ä�3)? kõ�)?
(2) UÄ°(�Ñ�§�úª)?

éEXêõ�ª

f(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0, ai ∈ C,

pdy²
XeÄ�(Ø:

½n 1.7.1 (pd�êÆÄ�½n) EXê�§ f(x) = 03Eê�STk n�Eê� (
�EO�).

ù�½nkNõØÓ�y², �´?Û�ay²ÑØ�U´X�ê�. �Ò´`, �êÆÄ
�½n�y²¥o´Ø�;�/�¹�Ü©AÛ5��$^ (·�rEê�w¤E²¡ùaA

Ûé�). ¯¢þù�½n�N���´AÛ�, ¦+L¡Qãþw´�ê�.

�êÆÄ�½n��±�dQã�

íØ 1.7.1 EXêõ�ª f(x) 7�©)�Eê�þ�gõ�ª¦È

f(x) = (x− α1)(x− α2) · · · (x− αn), αi ∈ C.

·��±l�êÆÄ�½n¥J�Ñ�ê�&E, Ú\XeVg.

½Â 1.7.1 XJ��� k÷v±e5�, Ò¡���ê4� (Algebraically closed field):
é?ÛXê�gu� k�õ�ª

f(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0, ai ∈ k,

o´�±©)��gÏª�¦È

f(x) = (x− α1)(x− α2) · · · (x− αn), αi ∈ k.

�êÆÄ�½n��u`Eê�´�ê4�. ����(Ø`, ?Û� k Ñ´,��ê4

� k̄ �f�. Ïdlù�¿Âþù, ?Ûõ�ª�§3*������o´�±¦�. ,	�5
¿, þ¡ù�(Ø�y²´�ê�, �´§3ê��/ØUíÑ¤����ê4�Ò´Eê�,
�ØU^§y²Eê�´�ê4�.

)�§�1��¥%¯K�Ó�I�·�ïÄXÛ3*�¥¦��¯K, ¿�I�?Øù
��*��m��«Ó���. ddÚÑ
*�ØÚ³ÛunØ. ·�ò3eþ�\&?ù
n
Ø. d?Ø2�[Ðm
.

�ÙSK

\ ∗ Ò�SKL«k�½JÝ.

SK 1.1 y²: Ø
Eê�	, Ø�3î��¹¢ê��ê�.
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SK 1.2 �y� N ��{Xþ�\{Ú¦{Ø�6u�{a��L�À�.

SK 1.3 �½��8Ü X, � Σ´ X ��8, =�Nf8�¤�8x. ÁÅ�u�
(Σ,∩,∪)´Ä÷v�� 11^5� (A0 −A4), (M0 −M4)9 (AM).

SK 1.4 3knê�þ½Â#�$�

a⊕ b = a+ b− 1,

a ∗ b = a+ b− ab.

Á¯: knê�3þãü«$�e´Ä�¤�?

SK 1.5 � F ´�, a, b ∈ F , n,m ∈ Z. y²:
(1) n(a+ b) = na+ nb9 (n+m)a = na+ma,
(2) n(ma) = (nm)a9 n(a · b) = (na) · b = a · (nb),
(3) an+m = an · am, (an)m = anm9 (a · b)n = an · bn.

SK 1.6 �Ä8Ü

Q(
√

2,
√

3) = {a+ b
√

2 + c
√

3 + d
√

6 | a, b, c, d ∈ Q}.

�y§´��ê�, ¿y² Q(
√

2,
√

3) = Q(
√

2 +
√

3).

SK 1.7 y²: Q(1 +
√
−1) = Q(4−

√
−1).

SK 1.8 y²: Q(
√
d) = Q(

√
d′)�¿©7�^�´�3�"knê c, ¦� d = c2d′.

SK 1.9 � F ´�, a ∈ F ´�"�. y²: XJ a 6= 1,−1, @o a 6= a−1.

SK 1.10 � F ´�, E ´ F ���f8, ���¹ü���. y²: E ´ F �f���

=�Xe^�¤á: é?Û a, b, c ∈ E, � c 6= 0, Ñk (a− b) · c−1 ∈ E.

SK 1.11 �yXe(Ø: σ : E → F ´�Ó���=� σQ´üÓ��´÷Ó�.

SK 1.12 y²½Ä½XeQã: Q(
√

3)� Q(
√
−3)���´Ó��.

SK 1.13 � θ´ ng�êê, y²: �3l Q(θ)��g*� Q(
√
d)��²��Ó��

¿©7�^�´ θ ∈ Q(
√
d).

SK 1.14 (*) � θ, θ′´�êê, \UÄ�Ñ Q(θ)� Q(θ′)Ó��¿©7�^�? ÁXy
²\�(Ø.

SK 1.15 b� F1, F2´ü��, E1, E2©O´§����. � σ : F1 → F2´�²�Ó

�. y²: σp�
��m�Ó� σ : E1 → E2. AO/, � F1 = F2�, σ : E1 → E2´ðÓN

�.

SK 1.16 �Ä� Fpþ�kn¼ê� Fp(x)�m� FrobeniusÓ�

Fr : Fp(x) → Fp(x).

y²: Fr(f(x)) = f(xp).

SK 1.17 (*) y²:¢ê� R�g���"Ó��kðÓN� (J«:y²ù��Ó�´
�SN�).
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2.1 �
���²;~f

þ�!·�ïÄ
�êé� (=äk�ê$��8Ü) ¥�AÏ��a: �. §kü«$�,
�÷v 11 ^Ä��$�ún (A0 − A4), (M0 −M4) 9 (AM). 3·�Q²ÆL��«�êé
�¥, kéõ%¿�´�–¦+§�kü«$�. 3·�m©ù�Ù�c, k5£��eù
ÙG

�~f.

~ 2.1.1 (�ê�) � Z ´¤k�ê��N. §kÏ~�\{Ú¦{$�, �k"� 0 ÚN

� 1. é Z ¥?ÛØ�u ±1 ��"�ê, ÑØ�U�3¦{_�. Ïd§Ø÷vún (M4). Ø
d�	, §÷vÙ¦¤kún.

^BJ�e, Ð�êØ�éõØ½�§¦Ñ'%�ê). ¦�§��ê)  ´�~(J�
¯K. �

~ 2.1.2 (õ�ª�) � R[x] ´ ¤ k ¢ X ê õ � ª � ¤ � 8 Ü (a q /, � ± � Ä

Q[x],C[x] ��)

Q[x] = {f | f = a0 + a1x+ · · ·+ anx
n, Ã ai ∈ R, n ´�K�ê}.

§kÏ~�õ�ª\{Ú¦{$�, �k"� 0 ÚN� 1. Ú�ê���, Ø
�"~ê	, ?Û
õ�ªÑvk¦{_�. Ï§Ø÷vún (M4), �÷vÙ¦¤kún. �

~ 2.1.3 (Ý
�) �Äê� F þ n ��
�N�¤�8Ü.

Mn(F ) :=


 a11 · · · · · · a1n

· · · · · · · · · · · ·
an1 · · · · · · ann

∣∣∣∣∣ aij ∈ F
 .

§kÏ~�Ý
\{Ú¦{, Ù"�´"Ý
, N�´ü Ý
. §Ø=Ø÷v¦{_���3
5ún (M4), �Ø÷v¦{���Æ (M2). Ù¦únE,¤á. �

~ 2.1.4 (�5C�) �Äê� F þ� n��5�m V . V þ��5C� f ´� V �g
���5N� f : V → V , =÷v

f(k1v1 + k2v2) = k1f(v1) + k2f(v2), ∀k1, k2 ∈ F, ∀v1, v2 ∈ V.

¤k�5C���N|¤�8ÜP� Endn(V ). §k\{$�

f + g : V −→ V, v → (f + g)(v) := f(v) + g(v).

±9EÜ$� (·�ò§À��«”¦{”$�)

(f · g) : V −→ V, v → (f · g)(v) := f(g(v)).

"N�w,´\{"�, ðÓN�K´¦{N�. �þ~aq, ����5C�Ñvk¦{_�
(Ø�´�5Ó�). d	, §�Ø÷v¦{��Æ.
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¢Sþ, dp��ê�²;?Ø�±��, 3À½ V ��|Ä�, Ý
� Mn(F ) Ú End(V )
�m�±ïá��éA, ù«éA�±�±\{Ú¦{�oN5 (8�·�¬^”Ó�”ù�â�
5£ãù��éA). �

~ 2.1.5 (� N �{a�) £�~ 1.3.4 ¥¤½Â�� N ����{X

ZN = {[0], [1], · · · , [N − 1]},

ùp
[n] = {n+Nk | k ∈ Z}

´ N ¤�L��{a, §´dÓ{'X

n ∼ m⇐⇒ n Ú m � N Ø�{ê�Ó ⇐⇒ n−m

N
´�ê.

¤½Â��da. ·�Q½Â\{Ú¦{

[n] + [m] := [n+m], [n] · [m] := [n ·m].

§�÷v(ÜÆ!��ÆÚ©�Æ, �"�ÚN�©O� [0], [1]. ·�®²y², XJ N Ø´�

ê, @o ZN ¥7k,��"��vk¦{_�. 'X Z6 ¥� [2], [3], [4] Ñvk¦{_�. �

~ 2.1.6 (ÃN�) �Nóê|¤�8Ü 2Z kÏ~�\{Ú¦{, §�÷v��Æ!(Ü
ÆÚ©�Æ. ¦+ 2Z k\{"�Ú_�, �´%vk¦{N�Ú_�. �

~ 2.1.7 (�(ÜÆ) �Än�¢�þ�m V . V ¥��þkÏ~��þ\{Ú�¦$�

(Cross Product). �-<¢Ã�´, �¦$�Ø÷v(ÜÆ. ØL§÷v±e�ä�'ð�ª

u× (v × w) + v × (w × u) + w × (u× v) = 0.

�kéõ~fÑØU÷v���Üún. ·�¬3�¡Å�0�§�, ¿òù
~fJõ¤
����Ä�Vg.

2.2 Ø� (N)

<�éêX�@£lknê��¢ê�, �ªuy
Eê�. ù«@£uÐÚ)�§kX�
��'X–ÏL�§�¦�5*¿êX. ��g,�¯K´, ·�UÄ�EÑ'Eê����ê
�? �Ò´Ú?¤¢�”�Eê”. �âc¡J9�pd�êÆÄ�½n, ÏL�§¦��²;�
{5Ïé”�Eê”®²´Ø�U
.

<�=lÙ¦�Ý5g�ù�¯K. 'XòEê�w����þ�m, Eêw�Ù¥��

þ, @o”�Eê”´Ä�±aqí2�p��þQ? ùÙ¢Ò´n�9p��þ�m©Û�{¤
Þ. �Xc¡¤w��, n��þ�m¥éJ½Â��Ð�¦{4§÷v@
ún ('X�¦
Ø÷v(ÜÆÚ��Æ, �vkN�Ú¦{_��Vg).

êÆ[M�î (Hamilton) 3éù�¯K²L��mg���, ªu¿£�����¯�:
XJ·��*¿Eê��{, @o7L�ï¦{��Æ! ¦u 1843 cuy
Í¶�o�êN. ù
�uy3êÆ¤þäky��¿Â. Ï�§ò�êÆlDÚ�â¥)�Ñ5, 4<�¿£�Mï

�«�êNX�7I�ÕYu���Ü$�ún. ��{ø
ù�g�X£, C���êÆâý
�m©uÐå5.
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2.2.1 M�îo�êN

e¡·�50�M�îo�êN (Hamiltonian quaternions).

�ÄXea.� 2 �EXêÝ
�N�¤�8Ü

H :=

{(
α β

−β̄ ᾱ

)∣∣∣∣α, β ∈ C

}
,

ùp x̄ L« x ��ÝEê. H w,´EÝ
� M2(C) �f8. ?�

A =

(
α β

−β̄ ᾱ

)
, B =

(
γ δ

−δ̄ γ̄

)
.

3Ý
�Ï~\{Ú¦{e, ·�k

A+B =

(
α+ γ β + δ

−β + δ α+ γ

)
∈ H, A ·B =

(
αγ − βδ̄ αδ + βγ̄

−αδ + βγ̄ αγ − βδ̄

)
∈ H

Ïd H ÷v\{Ú¦{�µ45, =ún (A0) Ú (M0). d	 H w,�¹"
Úü 
��"

�ÚN�, =÷vún (A3) Ú (M3). b� A �"
. 5¿�1�ª det(A) = |α|2 + |β|2 > 0,
·�k

−A =

(
−α −β
β̄ −ᾱ

)
∈ H, A−1 =

1
|α|2 + |β|2

(
ᾱ −β
β̄ α

)
∈ H.

ùÒy²
ún (A4) Ú (M4). �u(ÜÆ (A1)(M1) Ú©�Æ (AM) Ñ´w,�. H �,÷

v\{��Æ (A2), �´%Ø÷v¦{��Æ! ù´§Ú�����O.

H ¥ko�AÏ���, ·�^±e�çNPÒL«

1 =

(
1 0
0 1

)
, i =

(√
−1 0
0 −

√
−1

)
, j =

(
0 1
−1 0

)
, k =

(
0

√
−1

√
−1 0

)
.

d½Â, H ¥?Û��ÑU�� a1 + bi + cj + dk �/ª; ��ù�/ª����7á3 A ¥.

½Â 2.2.1 ·�òþã (H,+, ·)¡�M�îo�êN. H¥���¡�o�ê.

Xþ¤`, H �±w�´¢ê�þ� 4-��þ�m, §k�|Ä

1, i, j, k.

§��m�¦{÷vXe5K:
(1) i · i = j · j = k · k = −1 9 1 · 1 = 1.
(2) i · j = −j · i = k, j · k = −k · j = i 9 k · i = −i · k = j.
(3) 1 · i = i · 1 = i, 1 · j = j · 1 = j 9 k · 1 = 1 · k = k.
(4) i · j · k = −1. ��BPÁ, ·��¤Xe�¦{L.

1 i j k

1 1 i j k

i i −1 k −j

j j −k −1 i

k k j −i −1
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Ïd·���±��lo��mÑu, |^þã¦{L±9©�Æ5#½Âo�êN. ¢S

þ, <��ÐÒ´ù��Eo�êN�. XJ·�Òr 1 w¤Ï~�¢êü  1, r i w¤Jê
ü 

√
−1, @oo�êN��u�¹
Eê�. ùÒ�u*¿
Eê�. ¢Ã�´, o�êNØ

÷v¦{��Æ.

5 2.2.1 bX·�r (i, j,k) w¤mÃÚ^�n��m�Ie, @o§�üü�m�¦{
�±Uì�þ�¦�mÃÚ^{K5éA, ù�'��BPÁ. �

~ 2.2.1 �

v = a1 + bi + cj + dk, v̄ = a1− bi− cj− dk, N (v) := a2 + b2 + c2 + d2.

������
v̄ · v = v · v̄ = N (v)1.

·�¡ N (v)� v ��ê (Norm), v̄ ¡� v ��Ý�. ?Û�"� v �¦{_�

v−1 = v̄ · (|v|1)−1 =
a

|v|
1− b

|v|
i− c

|v|
j− d

|v|
k.

~ 2.2.2 � α = 31 + 4i + k, β = j− 2k.
(1) α+ β = 31 + 4i + j− k.
(2)

α · β = α · j− 2α · k

= (31 · j + 4i · j + k · j)− 2(31 · k + 4i · k + k · k)

= (3j + 4k− i)− 2(3k− 4j− 1)

= 21− i + 11j− 2k.

aq�� β · α = 21 + i− 5j− 10k.
(3) α · β−1 = α · β̄ · (N (β)1)−1 = −1

5α · β = −2
51 + 1

5 i−
11
5 j + 2

5k. �

2.2.2 Ø� (N) �Ä�½Â

½Â 2.2.2 b� H ´��¹kü����8Ü, ¿äk$� ”+”Ú ”·”. XJ H ÷vØ


¦{��Æ±	�¤kún (= (A0 − A4), (M0 −M1,M3 −M4)9 (AM)), K¡��Ø�
(Division ring). ?�Ú, XJ H Ø÷v¦{��Æ, K½¡��N (Body, Skew filed).

5 2.2.2 (1) k
Öþ, �òØ�ÚÈ�“N”; �
rN���5, òN¡��N (Skew
filed) ½���N.
(2) l½Âw, Ø�Ù¢�k� (÷v¦{��Æ) ÚN (Ø÷v¦{��Æ) üa.
(3) k��Ö��B, ·�E,ò"�P� 0, N�P� 1. �

~ 2.2.3 (1) �Ñ´Ø�, �Ø´N.
(2) M�îo�êN´N. �

·���±aqÚ?fØ� (fN) �Vg.
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½Â 2.2.3 b� H ´Ø�, F ⊆ H ´��f8. XJ F 3 H �\{Ú¦{$�e, �¤
��Ø�, K¡ F ´ H �fØ� (Division subring). XJ F Ø÷v¦{��Æ, K½¡�fN.

w,, ����fØ�Ò´§�f�, ùü�Vg3d�´��. N�fØ�k�U´�, ��
UØ´�.

~ 2.2.4 (1) �
F = {a1 + bi| a, b ∈ R} ⊆ H.

§´o�êN H �fØ�, ¿�´� (¢Sþ§ÚEê�Ó�).

(2) � E ´¢ê�¥�f�. ·�½Â

E = {a1 + bi + cj + dk| a, b, c, d ∈ E} ⊆ H.

§´ H �fN. �

~ 2.2.5 � H ´Ø�. ·�½Â8Ü

C(H) = {a| a · x = x · a, ∀x ∈ H}.

·�5�y, C(H) ´ H �fØ�, ¿�´�. ·�¡ C(H) ´ H �¥% (Center), C(H) ¥�
��¡�¥%��. d½Â, ¥%��Ò´ÚØ�¥?Û��¦{�����.

Äk, w,k 0, 1 ∈ H. � a, b ∈ C(H). é?Û x ∈ H, ·�k

(a · b) · x = a · (b · x) = a(x · b) = (x · b) · a = x · (b · a) = x · (a · b).

Ï a · b ∈ C(H). aq�y a+ b ∈ C(H). � a 6= 0 �,

a−1 · x = a−1 · x · (a · a−1) = a−1 · (x · a) · a−1 = a−1 · (a · x) · a−1 = (a−1 · a) · x · a−1 = x · a−1.

ùÒíÑ a−1 ∈ C(H). aq�� −a ∈ C(H).

d¥%�½Â, w� C(H) �¦{÷v��Æ. Ù{únN´�y, ·�Ø2Kã. �

Ó�/, ·���Ú?Ø��Ó�ÚÓ�Vg.

½Â 2.2.4 � σ : F → H ´Ø��m�N�. XJ§÷v±eÃ^�, K¡��Ø�Ó
�:
(1) σ(x+ y) = σ(x) + σ(y), ∀x, y ∈ F .
(2) σ(x · y) = σ(x) · σ(y), ∀x, y ∈ F .
?�Ú, XJ σ´ü� (÷�), ·�Ò`§´üÓ� (÷Ó�). XJ�3Ó� τ : H → F ¦�

στ = IdH 9 τσ = IdF , K¡ σ�Ó�, τ = σ−1�_N�, k�{PTÓ�� F ∼= H. Ø� H

�g��Ó�{¡�gÓ�.

~ 2.2.6 ·�kEê��o�êN�üÓ�:

C ↪→ H, a+ b
√
−1 → a1 + bi.

~ 2.2.7 �yo�êN�¥%Ó�u R.
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b� v = a1+bi+cj+dk ∈ C(H). u´ v ·i = i·v. ùÒíÑ c = d = 0. Ó�/, d v ·j = j·v
íÑ b = 0, Ï v = a1. ��, /X a1 ���Ñ3 C(H) ¥. ùÒL² C(H) = {a1| a ∈ R}. ·
��±ïág,�Ó�

σ : R −→ C(H), a→ a1.

äN�y3�Öö. �

~ 2.2.8 (SgÓ�) � H ´Ø�, q ∈ H ´�½��"�. ·�½ÂN�

σq : H −→ H, x→ q · x · q−1.

é?Û x, y ∈ H, w,k
(1) σq(x+ y) = q · (x+ y) · q−1 = (q · x+ q · y) · q−1 = q · x · q−1 + q · y · q−1 = σ(x) + σ(y).
(2) σq(x · y) = q · x · y · q−1 = q · x · (q−1 · q) · y · q−1 = (q · x · q−1) · (q · y · q−1) = σ(x)σ(y).
Ïd σq ´Ø�Ó�. ,��¡, �Ä q−1 ¤p��Ó�

σq−1H −→ H, x→ q−1 · x · q.

·�k
σqσq−1 = IdH , σq−1σq = IdH .

Ïd σ ´Ø� H �gÓ�. ù«gÓ��¡�SgÓ� (Inner automorphism).

w,, XJ H ´��{, þãÓ�Ò´ð�N�. �éN5`, SgÓ��7´ðÓ�. '

X3o�êN H ¥, � q = i, Kk�ðÓN�

σq : H −→ H, a1 + bi + cj + dk → a1 + bi− cj− dk.

~ 2.2.9 (�ÝN�) �Ä H ��ÝN�

σ : H −→ H, a1 + bi + cj + dk → a1− bi− cj− dk.

é?Û u, v ∈ H, ·�k

σ(u+ v) = σ(u) + σ(v), (2-1)

·��±�yXe'Xª

σ(u · v) = σ(v) · σ(u). (2-2)

�5¿, Ï~ σ(v) · σ(u) 6= σ(u) · σ(v). Ïd�ÝN�Ø´Ó�! ·�r÷vª (2-1) Ú (2-2) �
N�¡��Ó�. �

2.2.3 Ø��Ä�5�

��éõ5�3���Ø�¥�¤á, ¿�y²´��aq�. 'X·K (1.4.1) Ú·K
(1.6.1) 3Ø�¥�¤á. ��BÖö, ùpÛ��e (·�6�Ø?ØA��¯K).

·K 2.2.1 � H ´Ø�, ·�kXe5�:
(1) "�ÚN�Ñ´���, z��"��\{ (¦{)_��´���.
(2) é?Û a ∈ H, Ñk 0 · a = a · 0 = 0.
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(3) é?Û a ∈ H, Ñk (−1) · a = a · (−1) = −a.
(4) é?Û a, b ∈ H, Ñk (−a) · b = a · (−b) = −(a · b).
(5) 0 6= 1±9 −0 = 0, 1−1 = 1Ú (−1)−1 = −1.
(6) (Ã"Ïf) e ab = 0, K�o a = 0, �o b = 0.
(7) (��Æ) XJ a · c = b · c, � c 6= 0, @o a = b.
(8) ?¿õ�fØ����´fØ�.

� σ : F → H ´�²��Ø�Ó�. ·�k
(9) σ(0) = 0, σ(1) = 1,
(10) é?Û�"� x ∈ E, ·�k

σ(−x) = −σ(x), σ(x−1) = σ(x)−1.

AO/, �"���7½�".
(11) σ´üÓ�, �8 Imσ´ F �fØ�.
(12) σ : F → Imσ´Ø�Ó�.

5 2.2.3 duNvk¦{��Æ§�
3�¥²��5�3N¥K�7w´�, $�

�7�(. 'X3Ø� H ¥,
(1) ·�k±eð�ª (�SK 2.8)

(a · b)−1 = b−1 · a−1, ∀a, b ∈ H.

XJ H Ø´��{, þªm> a−1 Ú b−1 � �ØU�BN�.
(2) éu���ª a = b, ·�ü>¦±�� c �, �½�5¿7LÓ�m¦½Ó��¦, ù�â

U�±�Ò¤á, = ac = bc ½ ca = cb.
(3) 3N¥, ·�¢SþU½Âü«Ø{a · b−1 � b−1 · a. §�Ï~Ø�Ó, ¤±ØU· /�¤
a
b (�3�¥Ï~Ø¬kÜÂ). �

aq/, �½��f8 S ⊆ H, ·���±½Âd S )¤�fØ�, �Ò´ S ¥���ÏL
\!¦9¦_$�����«�U�����N. AO/, ��±½Â��ÚA��Vg. d?

Ø2Kã. y3·�F"ïÄØ��¥%ÚØ�����õ�. é�5`, ùüö´�Ó�. ·
��ÑXe(Ø.

½n 2.2.1 � H ´��N, a ∈ F ´¥%±	���. �

Sa = {q · a · q−1| q ∈ H, q 6= 0}.

@o H d Sa)¤, ùp Sa¡� a��Ýa.

�yd(Ø, ·�I���Ún.

Ún 2.2.1 � a, b ∈ H ÷v a · b 6= b · a. - c = (b− 1)−1 · a · (b− 1), K

b = (a− c) · (b−1 · a · b− c)−1.

AO/, bá3d Sa)¤�fØ�¥ (½Â�½n 2.2.1).

y² ù5gu��O�. äNXe:

b · (b−1 · a · b− c) = a · b− b · c = a · b− ((b− 1) · c+ 1 · c)
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= a · b− (a · (b− 1) + c) = (a · b− a · (b− 1))− c

= a− c.

y3·�`² b−1 ·a ·b−c 6= 0. eØ,, dþªíÑ a = c, Ïd c �½Â� (b−1)a = a(b−1),
�n=� ab = ba, �·K^�gñ! dd=�(Ø. �

5 2.2.4 ·���±y²þã(Ø¥ b−1 · a · b− c 6= 0. eØ,��

(b− 1)b−1ab = a(b− 1).

þª�>�u (1− b−1)ab = ab− b−1ab = a(b − 1) + a− b−1ab, ÏdÒ���ª a = b−1ab, =

ab = ba, gñ! �

Ún 2.2.2 �K ´d Sa)¤�fØ�. ·�k
(1) XJK 6= H, @oé?Û b ∈ H\K, b�K ¥�?Û��Ñ¦{���.
(2) K ¥7kü���¦{Ø���.

y² (1) XJ b � Sa ¥z���¦{���, @o§�,�Ú K ¥z����� (Ï�
K ´d Sa )¤�). Ø�b� b � K ¥,���¦{Ø���, @odþ?Ø, §Ú Sa ¥,�
�, Ø��� a, ¦{Ø���. ÏddÚn 2.2.1, b ∈ K, ù� b �À�gñ!

(2) b� K ¥?Ûü���¦{���. ?� y ∈ K, z ∈ H. XJ z 6∈ K, Kd (1) �,
y · z = z · y. XJ z ∈ K, Kdb�½� y, z ¦{���. Ïd y ∈ C(H), l K ⊆ C(H), g
ñ! �

½n 2.2.1 �y²: ·���u�y K = H. Ø�b� K 6= H, =�3�� x ∈ H\K. Ä
kdÚn 2.2.2 (2), �é�ü��� b1, b2 ∈ K, ¦� b1 · b2 6= b2 · b1. Ï� x, x · b1 6∈ K, �dÚ

n 2.2.2 (1), §�Ú K ¥��¦{���. ù�, ·�k

(x · b1) · b2 = b2 · (x · b1) = (b2 · x) · b1 = (x · b2) · b1,

3þªüà�¦ x−1, =� b1 · b2 = b2 · b1, gñ! �

·�ùp0���ÚØ�k'�Í¶(Ø.

½n 2.2.2 (Wedderburn �½n) k�Ø�7½´�.

§k��{'`{�Ð�y² (d Ernst Witt u 1931 c�Ñ). �u�Ö��Ì, ·�Ø2�[

0�, ´ò§�3SK 2.12 �SK 2.15 ¥.

'uØ��Ù¦5�, ·��Ø2�[0�
. k,��Öö�±ëw [HW10, 1�Ù,
§9− §11]. ·�òÙ¥�Ü©SN3�SKøÖööS.

2.3 �����N�

3ïÄ
N��, ·�F"
)Ù¦��êé�, 'Xc¡¤J���ê���. éõÙ�

��êé�Ñ÷v¦{��Æ, ���vk¦{_�. �éó, k¦{��Æ��êé�  

'vk��Æ�é�k�Ð�5� (£��eo�êNÚê��'�, ½öê�ÚÝ
��'

�). Ïd·�y3rïÄ81�3k¦{��Æ��êé�þ.
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2.3.1 ½Â

½Â 2.3.1 � R´��¹ü����8Ü, ¿k\{“+” Ú“·” ¦{ü«$�. b� RØ


¦{_��35ún (M4)	, ÷vÙ¦¤kún (= (A0-A4), (M0-M3), (AM)), K¡ R´

��N� (Commutative ring).

¦{_��35ún´�yØ{$��, ��N���
ù^ún, éõ�þ�5�ÒØ2
U�3e5. 'Xknê�þ��5�§ ax = b o´k), �´3�ê�þ, ù��§K�7k
). Ð�êØ��ØVg±9�ØnØ�Ò´ddÚÑ�.

·�F"^�
Ù¦únO�ún (M4), ¦þ�Öún (M4) "�¤�5���. 4·�£
��þ��^5�:
(¦{) ��Æ: � a, b, c ∈ R, c 6= 0. XJ ac = bc, K a = b.

�ún (M4) ¤á�, þã��ÆéN´��. �´3��N�¥, ��Æ�7�3. Ïd·

��±k�	Xea.���N�.

½Â 2.3.2 XJ��N� R÷v��Æ, @o·�¡ R��� (Domain).

5 2.3.1 þ¡�¦{��Æ�¡�m��Æ. Ó��k���Æ, =d ca = cb í� a = b.
�du3��N�¥¦{÷v��Æ, Ïd���ÆÚm��Ævk�O, ¤±·�Ø2r

N“�”Ú“m”
. �

8�·�¬½Â�����. �Öö�B, ·�ùp�Û��eù
Vg. �¡·�2�	
ù��é�. ù�Ù!Ì�'%��Ú��N�.

½Â 2.3.3 XJ R´��8Ü, ¿k\{“+” Ú“·” ¦{ü«$�, ÷vún (A0-A4),
(M0,M1), (AM), ·�Ò¡ R��. ?�Ú, XJ��� RkN� (=÷vún (M3)), K¡N
�.

N´w�
� ⊆ �� ⊆ ��N� ⊆ N� ⊆ �.

·���±½Â�Ó�Ú�Ó��Vg.

½Â 2.3.4 � σ : R→ R′´��m�N�. XJ§÷v±eÃ^�, K¡���Ó�:
(1) σ(x+ y) = σ(x) + σ(y), ∀x, y ∈ R.
(2) σ(x · y) = σ(x) · σ(y), ∀x, y ∈ R.
?�Ú, XJ σ´ü� (÷�), ·�Ò`§´üÓ� (÷Ó�). XJ�3Ó� τ : R′ → R¦�

στ = IdR′ 9 τσ = IdR, K¡ σ�Ó�, τ = σ−1�_N�, k�{PTÓ�� R ∼= R′. � R�

g��Ó�{¡�gÓ�.

2.3.2 ~f

·�k£�A�²;�~f.

~ 2.3.1 (1) Xþ¤`, ¤k��Ñ´��.
(2) �ê� (Z,+,−) ´��.
(3) knXêõ�ª� Q[x] (aq/, R[x], C[x]) ´��. �
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e¡0������, §3�êêØ¥äk��¿Â.

~ 2.3.2 (pd�ê�)

Z[
√
−1] = {a+ b

√
−1| a, b ∈ Z}.

·�5�y§3Ï~\{Ú¦{e�¤��. Äk, 0, 1 ∈ Z[
√
−1] ´w,�. \{Ú¦{�

µ45±9\{�_��35�±leª��wÑ5:

(a+ b
√
−1) + (c+ d

√
−1) = (a+ c) + (b+ d)

√
−1,

(a+ b
√
−1) · (c+ d

√
−1) = (ac− bd) + (bc+ ad)

√
−1,

−(a+ b
√
−1) = (−a) + (−b)

√
−1. �

5¿� Z[
√
−1] ⊆ Q[

√
−1], ¤±§g,÷v\{Ú¦{�(ÜÆ!��Æ!©�ÆÚ��Æ.

aq/, ��±½ÂXe��. � d ´Ø¹²�Ïf��ê,

Z[
√
d] = {a+ b

√
d| a, b ∈ Z}.

~ 2.3.3 (� N ��{a�) � ZN Ó~ 2.1.5. §´���, ¿�� N ´�ê�, §�´
�. XJ N Ø´�ê, ·�5y² ZN Ø´��.

b� N = n1n2, Ù¥ n1, n2 > 1. 5¿� [n1] 6= [0], �´

[n1] · [n2] = [0] = [0] · [n2].

ù`²��ÆØ¤á. �

~ 2.3.4 (é�Ý
) � F ´ê�, �ÄÝ
� Mn(F ) (�~ 2.1.3) ¥�f8Ü, =¤ké
�
�N

R =




a1

a2

. . .

an

 ∈Mn(F )

∣∣∣∣∣ ai ∈ F, i = 1, · · · , n


R �"�´"
, N�´ü 
. N´�y R ´��N� (¦+Ý
� Mn(F ) Ø÷v¦{��).
�� n > 1 �, R Ø´��. 'X�

Ei =



0
. . .

1
. . .

0


1 i 1

� i 6= j �, ·�k Ei · Ej = 0 · Ej , � Ei 6= Ej . ÏdØ÷v¦{��Æ. ù��Ù¢�±w�
ê� F þ� n��þ�m. �

�!��, ·�ÞA�~f{�`²��N��Ó���Ø÷v·K 2.2.1 �Ã5�. ·�
ò�Ó�5����¡2�[&?.
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~ 2.3.5 (Ó{N�)
σ : Z −→ ZN , n→ [n].

§Ø´üÓ�, 'X σ(0) = σ(N) = [0]. ù�`²�"����U�"�. �

~ 2.3.6 �Ä~ 2.3.4 �½Â3ê� F þ�é�Ý
� R. ·�k�Ó�

σ : F −→ R, a→


a

0
. . .

0


�,§´üÓ�, � σ(1F ) %Ø´ R �N�. �

2.3.3 Ä�5�

·�5�	�e, Ø��Ä�5� (·K2.2.1) ¥�k=
�±3��N�½��¥�3e

5, =
Ø2¤á.

·K 2.3.1 � R´��N�, ·�kXe5�:
(1) "�ÚN�Ñ´���, z��"��\{ (¦{)_��´���.
(2) é?Û a ∈ R, Ñk 0 · a = a · 0 = 0.
(3) é?Û a ∈ R, Ñk (−1) · a = a · (−1) = −a.
(4) é?Û a, b ∈ R, Ñk (−a) · b = a · (−b) = −(a · b).
(5) 0 6= 1±9 −0 = 0, 1−1 = 1Ú (−1)−1 = −1.

ÃØXÛ��N��7÷v·K2.2.1 ¥�Ã"Ïf5Ú��Æ. e¡·��y²ùü^5
�Ù¢´�d�. �d·��ÑXe½Â.

½Â 2.3.5 � R´��N�, a, b ∈ R´�"�÷v a · b = 0, @o·�¡ a, b� R�"

Ïf (Zero divisor).

5 2.3.2 î�/`, þã½Â¥, a ¡��"Ïf, b ¡�m"Ïf. �´3��N�¥, ¦
{÷v��Æ, Ïd·�Ø2«©�m���. �

~ 2.3.7 (1) �ê� Z ÚknXêõ�ª� Q[x] (aq/, R[x],C[x]) Ñvk"Ïf.
(2) � N ��{a�3 N Ø´�ê�7k"Ïf. d�� N = n1n2, n1, n2 > 1, K

[n1] · [n2] = [0], [ni] 6= [0],

l [n1], [n2] Ñ´"Ïf.
(3) ~ 2.3.4 �é�
�¤���N�¥, Ei Ñ´"Ïf. �

·K 2.3.2 R´����=� R´Ã"Ïf���N�.

y² (=⇒) ®�R ´��, ·�y² R Ø¹"Ïf. Ø�b��3"Ïf a, b ¦�
a · b = 0. Ïd·�k

0 = a · b = a · b− 0 · b,
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Ï a · b = 0 · b. Ïdd��Æ±9 b 6= 0 í� a = 0, gñ! � R vk"Ïf.

(⇐=) ®���N� R Ø¹"Ïf, ·�5y§´��, =÷v��Æ. b� a · c = b · c
(c 6= 0), K�

(a− b) · c = a · c− b · c = 0.

du RÃ"Ïf� c 6= 0, ¤± a− b = 0, = a = b. �

aqØ�¥� Wedderburn �½n, ·��kXe'u���(Ø.

·K 2.3.3 k���7´�.

y² � R = {a1, a2, · · · , an} ´k���, a1 = 1. ·��I�y² R ¥z��"�Ñk
_�. é?Û�"� a ∈ R, ·�k`²

aa1, aa2, · · · , aan

üüØÓ. b� aai = aaj , ·�^��Æ�� ai = aj , = i = j.

ÏdÃ aai ØE/�H R ¥¤k��. ù�, �3,� ai, ¦� aai = 1. ùÒ`²z��
"�Ñk¦{_�, Ï R ´�. �

íØ 2.3.1 (í2�¤ê�½n) � R´k���, @oé?Û�"� a ∈ RÑk an−1 =
1, ùp n´ R¥���ê.

y² æ^·K 2.3.3 �y²¥�¤kPÒ�b�. Ø�� an = 0. y3·�k�Ó�8

Ü
{a1, a2, · · · , an−1} = R \ {0} = {aa1, aa2, · · · , aan−1}.

Ïd
n−1∏
i=1

ai =
n−1∏
i=1

(aai) = an−1
n−1∏
i=1

ai.

Ï� ai 6= 0 (i = 1, · · · , n− 1), � R ´��, ¤± a1 · · · an−1 6= 0. éþ¡��ªA^��Æ, =

� an−1 = 1. �

3þãíØ¥���ê p ��{a� R = Fp, =�¤ê�½n [ap−1] = [1].

2.3.4 �E�{ (I): fN�

±eA!, ·�}Ál�«ØÓ�å»5�E��N�Ú��.

��f��Vg, ·���±½Â�¥�f�.

½Â 2.3.6 � R´�, L´ R���f8. XJ L3 R�$�e��¤�, ·�Ò¡Ù
� R�f�. XJ R´N�, ¿� L´�¹ 1R�f�, K¡ L´ R�fN�.

5 2.3.3 (1) ��N��fN���U«
¦{��5.
(2) fN�½Â¥�^�“L �¹ü � 1R” �~�. ·�e¡�~fL², ����N� R

�f� L �±´N�, �´ÙN� 1L 6= 1R, ÏØ´fN�. �
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~ 2.3.8 (�fN�) �Ä~ 2.3.4 � 2 �é�
�¤���N�

R =

{(
a

b

)
∈M2(F )

∣∣∣∣∣ a, b ∈ F
}

±9§�f8Ü

L =

{(
a

0

)
∈M2(F )

∣∣∣∣∣ a ∈ F
}

�±�y R � L Ñ´��N�, §��ü �©O´

1R =

(
1

1

)
, 1L =

(
1

0

)

Ïd L�´ R �f�, Ø´fN�. �

5 2.3.4 3Ø�¥, ·�vkrNfØ�ÚØ����N���, ù´Ï�T�/eéN

´|^¦{_��35y²ù�¯. b� E ⊆ F ´Ø� F �fØ�. Ï� 1E �´ F ¥��"

�, ¤±

1F = 1E · 1−1
E = (1E · 1E) · 1−1

E = 1E · (1E · 1−1
E ) = 1E · 1F = 1E .

~ 2.3.9 (1) Z ⊆ Q ´ Q �fN�.
(2) Z ⊆ Z[

√
d] ´ Z[

√
d] �fN�.

(3)

R =

{(
a

b

)
∈M2(Q)

∣∣∣∣∣ a, b ∈ Q

}

kfN�

L =

{(
a

b

)
∈M2(Q)

∣∣∣∣∣ a, b ∈ Z

}

·�3�Öö�y. �

aqf���½^�, ·���±�Ñf���½^�.

·K 2.3.4 � R´�, L´ R���f8, K L´ R�f��¿©7�^��: é?Û
a, b ∈ L, ok
(1) a− b ∈ L,
(2) a · b ∈ L.

AO/, XJ R´N�, ¿� L�¹ 1R, @o L´ R�fN���=�§÷vþãü�^

�.

y² aq·K 1.5.1 �y². ��5¿, d?�^� (2) ´¦{µ45^�, Ø´·K
1.5.1 ¥�Ø{µ45^� (d�vkØ{�Vg). �

·K 2.3.5 ���fN�7���. AO/, �¥�fN�o´��.

y² Ï���Æ3�5���¥®²¤á, Ï3fN�¥g,¤á. �

- 26 -



1�Ù ��Ä:�£

·���±�����/½Âd,���f8)¤�fN�.

½Â 2.3.7 � R´�, S ⊆ R´��f8, ¤k�¹ S �f����´f� (3�Öö�
y), ¡�d S )¤�f�. ?�Ú, XJ R´N�, S �¹ 1R, Kd S )¤�f����fN

�.

XJ� S = {1R}, ·�Ò�����fN�

L = {n1R| n ∈ Z}. (2-3)

ùp n1R ½Âaquª (1.5.1). � R ´���, ù�fN��¡��� (d·K 2.3.5, §�´�

�).

·K 2.3.6 � R´��, K±e^�*d�d:
(1) R���´k��� (Ï´k��),
(2) �3�ê p, ¦� p1 = 0.
^�¤á�, þã p´���÷v p1 = 0���ê, �Ù��Ó�u Fp.

y² y²�·K 1.5.3 aq. ��BÖö, ·�|^®�(Ø�Ñ��{zy².

(1) =⇒ (2) d·K 2.3.5, §´k��. d·K 1.5.3 =� (2).

(2) =⇒ (1) d���½Âª (2-3) á�§´k���. �

Ïd·���±½Â���A�: XJé,��ê p k p1R = 0, Ò¡��kA� p; ÄKÒ
¡§kA� 0. ·�{PA�� ch(R).

~ 2.3.10 Z, Z[
√
d] �A�Ñ´". �

~ 2.3.11 ·�Þ~`²������N��7�3�ê÷v·K 2.3.6 (2). 'X R = Z6

¥÷v n[1] = [0] �����ê n = 6. �

2.3.5 �E�{ (II): ���©ª�

±eob� R ´��, R∗ = R\{0}. ·��8I´��E��� F , ¦� R ⊆ F , ¿�ù�

��´���. �{ü�~f´ R = Z, ·��±é�ù��� Q. ��Ú��Ì��O3u¦
{_�, Ïdù��E�'�´, XÛÚ?¦{_�. �Ä8Ü

R×R∗ = {(a, b)| a ∈ R, b ∈ R∗}

Ún 2.3.1 ½Â R×R∗þ�'X

(a, b) ∼ (c, d) ⇐⇒ ad = bc,

K§´�d'X.

y² (1) g�5: Ï� ab = ba, ¤± (a, b) ∼ (a, b).
(2) é¡5: � (a, b) ∼ (c, d), K ad = bc, Ï cb = da, = (c, d) = (a, b).
(3) D45: � (a, b) ∼ (c, d), (c, d) ∼ (e, f), = ad = bc, cf = de. XJ c = 0, Kd d 6= 0 íÑ
a = e = 0, l af = be, = (a, b) ∼ (e, f). 8b� c 6= 0. d�

(ad)(cf) = (bc)(de).

d��Æ�� af = be, = (a, b) ∼ (e, f). �
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½Â�da [a
b

]
:= {(c, d)| (a, b) ∼ (c, d)}

·�r¤k�da�NP� F . y3½Â F þ�\{$�[a
b

]
+
[ c
d

]
:=
[
ad+ bc

bd

]
,

±9¦{$� [a
b

]
·
[ c
d

]
:=
[ac
bd

]
.

Ún 2.3.2 þã\{Ú¦{$�´Ün�.

y² b�
[
a
b

]
=
[
a′

b′

]
,
[
c
d

]
=
[
c′

d′

]
, = a′b = ab′, c′d = cd′.

(ad+ bc)b′d′ = adb′d′ + bcb′d′ = (ab′)(dd′) + (cd′)(b′b) = (a′b)(dd′) + (c′d)(b′b) = (a′d′ + b′c′)bd,

Ï [
ad+ bc

bd

]
=
[
a′d′ + b′c′

b′d′

]
.

Ó�/,
(ac)(b′d′) = (ab′)(cd′) = (a′b)(c′d) = (a′c′)(bd)

%¹X
[
ac
bd

]
=
[
a′c′

b′d′

]
. �

½n 2.3.1 F 3þãü«$�e�¤�, ¿��3üÓ�

σ : R −→ F, a→
[a
1

]
.

y² k�y F ÷v(ÜÆún (A1)(M1).

([a
b

]
+
[ c
d

])
+
[
e

f

]
=
[
ad+ bc

bd

]
+
[
e

f

]
=
[
(ad+ bc)f + (bd)e

bdf

]
=
[
adf + bcf + bde

bdf

]
,[a

b

]
+
([ c

d

]
+
[
e

f

])
=
[a
b

]
+
[
cf + de

df

]
=
[
a(df) + b(cf + de)

bdf

]
=
[
adf + bcf + bde

bdf

]
,([a

b

]
·
[ c
d

])
·
[
e

f

]
=
[ac
bd

]
·
[
e

f

]
=
[
ace

bdf

]
,[a

b

]
·
([ c

d

]
·
[
e

f

])
=
[a
b

]
·
[
ce

df

]
=
[
ace

bdf

]
.

2�y��Æún (A2)(M2).[a
b

]
+
[ c
d

]
=
[
ad+ bc

bd

]
=
[
cb+ da

db

]
=
[ c
d

]
+
[a
b

]
,[a

b

]
·
[ c
d

]
=
[ac
bd

]
=
[ca
db

]
=
[ c
d

]
·
[a
b

]
.

"�ÚN���yXe [
0
1

]
+
[a
b

]
=
[
0b+ 1a

1 · b

]
=
[a
b

]
,
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[
1
1

]
·
[a
b

]
=
[
1 · a
1 · b

]
=
[a
b

]
\{_��3 [

−a
b

]
+
[a
b

]
=
[
(−a) + a

b

]
=
[
0
b

]
=
[
0
1

]
.

¦{_��3 [a
b

]
·
[
b

a

]
=
[
a · b
b · a

]
=
[
ab

ab

]
=
[
1
1

]
.

©�Æún (AM):([a
b

]
+
[ c
d

])
·
[
e

f

]
=
[
ad+ bc

bd

]
·
[
e

f

]
=
[
ade+ bce

bdf

]
,[a

b

]
·
[
e

f

]
+
[ c
d

]
·
[
e

f

]
=
[
ae

bf

]
+
[
ce

df

]
=
[
ade+ bce

bdf

]
.

ù�, ·�Òy²
 F ´�. ·�½ÂN�

σ : R −→ F, a→
[a
1

]
.

5¿�

σ(a+ b) =
[
a+ b

1

]
=
[a
1

]
+
[
b

1

]
= σ(a) + σ(b), σ(a · b) =

[
a · b
1

]
=
[a
1

]
·
[
b

1

]
= σ(a) · σ(b).

Ïd σ ´Ó�. ,��¡, b� σ(a) = σ(b), K
[
a
1

]
=
[
b
1

]
. d�da½Â� a = b. ùÒy²


σ ´üÓ�. �

þã�E�� F ¡� R �©ª�(Field of fractions) ½û� (field of quotients) .

íØ 2.3.2 � R´¹u� E ¥���, F ´ R�©ª�, @o�3��üÓ� φ : F →
E. AO/, ·��±` F ´�¹ R����.

y² ½ÂN�
φ : F −→ E,

[a
b

]
→ a · b−1.

Äk`²ù�N�´Ün�. �
[
a
b

]
=
[
a′

b′

]
, = ab′ = ba′. Ï

a · b−1 = ab′ · (b′)−1 · b−1 = ba′ · (b′)−1 · b−1 = a′ · (b′)−1.

N´�y φ ´�Ó�, Ï´üÓ�. �

þ¡�©ª� F ¢SþÓ�u E �f�

F ′ = {a · b−1| a ∈ R, b ∈ R∗},

ùp R∗ = R \ {0}.

íØ 2.3.3 ���©ª�3Ó�¿Âe´���, ¿�§ÚT��k�Ó�A�.

~ 2.3.12 (1) Z[
√
d] �©ª�Ó�u�g*� Q(

√
d).

(2) knXêõ�ª� Q[x] �©ª�Ó�ukn¼ê Q(x). �
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2.3.6 �E�{ (III): ��N�þ�õ�ª�

ù�!·�ob� R ´��N�. ·�F"U½Â� R þ�õ�ª�

R = {a0 + a1x+ · · ·+ anx
n| ai ∈ R, ∀i}.

3 R = Q (R, C) �, ·�®²�>Lõ�ª� Q[x] (R[x],C[x]), �´éuØ½� x �Vg%v
k��î��ß�n). e¡·�òæ^�«��Ä���ª, 5î�/½ÂØ½�.

�ÄÃ�S�

α = (a0, a1, a2, · · · )

�N�¤�8Ü,·�P� R[[x]]. ·�½Â R[[x]] þ�\{Ú¦{$� (� β = (b0, b1, b2, · · · )):

α+ β :=(a0 + b0, a1 + b1, a2, b2, · · · , ),

α · β :=(c0, c1, c2, · · · ),

ùp
cn = a0bn + a1bn−1 + · · ·+ anb0 =

∑
i+j=n

aibj .

Ún 2.3.3 R[[x]]3þã$�e�¤��N�, ÙN� 1 = (1, 0, 0, · · · ). ·�¡ R[[x]]�
��/ª�?ê� (Ring of formal power series in one indeterminate).

y² éþã½Â�\{$�, éN´�yÙ÷v (A0-A4), ùpØ2Kã. d	, N´w
�

(1, 0, 0, · · · ) · (a0, a1, a2, · · · ) = (a0, a1, a2, · · · ) · (1, 0, 0, · · · ) = (a0, a1, a2, · · · ).

e¡·�k5�y©�Æ. � α, β Óc, γ = (r0, r1, r2, · · · ).

(α+ β) · γ = (a0 + b0, a1 + b1, a2 + b2, · · · ) · γ = ((a0 + b0)γ0, · · · ,
∑
i+j=n

(ai + bi)rj , · · · ).

,��¡,

α · γ + β · γ = (a0r0, · · · ,
∑
i+j=n

airj , · · · ) + (b0r0, · · · ,
∑
i+j=n

birj , · · · )

= ((a0 + b0)r0, · · · ,
∑
i+j=n

(ai + bi)rj , · · · ).

Ùg�y¦{��Æ:

α · β = (a0b0, · · · ,
∑
i+j=n

aibj , · · · ) = (b0a0, · · · ,
∑
i+j=n

biaj , · · · ) = β · α.

���y¦{(ÜÆ (α · β) · γ = α · (β · γ). �

α = (a0, · · · , ai, · · · ), β = (b0, · · · , bj , · · · ), γ = (r0, · · · , rk, · · · ).

u´
(α · β) · γ = (c0, · · · , cl, · · · ) · γ = (c′0, · · · , c′m, · · · ),
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ùp cl =
∑
i+j=l

aibj , c′m =
∑

l+k=m

clrk =
∑

i+j+k=m

aibjrk. ,��¡,

α · (β · γ) = α · (d0, · · · , dl, · · · ) = (d′0, · · · , d′m, · · · ),

ùp dl =
∑

j+k=l

bjck, d′m =
∑

i+l=m

aidl =
∑

i+j+k=m

aibjrk. �

5 2.3.5 (1) R0 = {(a0, 0, · · · )| a0 ∈ R}´ R[[x]]�Nf�, �Ó�u R. Ïd±��
�
Bå�, ·�ò a0Ú (a0, 0, 0 · · · )�Óå5.
(2) R[[x]]�±½ÂXeaq“ê¦”$�: a·α := (aa0, aa1, aa2, · · · ). ¢Sþ,ùÒ´(a, 0, 0, · · · )·
α = a · α. �

y3·�-

x = (0, 1, 0, 0 · · · ).

´�

xn := x · x · · · ·x︸ ︷︷ ︸
n

= (0, 0, · · · , 0, an, 0, · · · ),

ùp an = 1. Ï

(a0, a1, a2, · · · , an, · · · ) = a0 + a1x+ a2x
2 + · · ·+ anx

n + · · ·

þª¡���/ª�?ê (Formal power series in one indeterminate). x ¡�Ø½� (Indeter-
minate).

½Â 2.3.8 R[[x]]¥d8Ü R ∪ {x})¤�fN�¡���õ�ª�, P� R[x].

d½Â, R[x] ¥���Ñ�±��

a0 + a1x+ a2x
2 + · · ·+ anx

n.

·� ¡ ����õ�ª (Polynomial in one indeterminate). � ó �, ù � � � � � ��
(a0, a1, · · · , an, 0, 0, · · · ), =Ø
k��©þ a0, · · · , an	, Ù{©þÑ�".

~ 2.3.13 (1) ê� F þ�õ�ª� F [x]. 'X·�ÙG� Q[x], R[x], C[x].
(2) ��ê p ��{a� Fp þ�õ�ª� Fp[x].
(3) �ê� Z þ�õ�ª� Z[x]. �

5 2.3.6 (1) a0 + a1x+ · · ·+ anx
n = 0 ��=� a0 = a1 = · · · = an = 0.

(2) ?�Ú, ü�õ�ª

a0 + a1x+ a2x
2 + · · · = b0 + b1x+ b2x

2 + · · ·

��, ��=�éA�Xê�� ai = bi (∀i). �

~ 2.3.14 (õ�õ�ª�) � R ´��N�, R1 = R[x] ´��õ�ª�.

(1) ·�k�Ä� R1 þ�õ�ª� R2 = R1[y], ùp y ´Ø½�. d½Â��, R1[y] ¥�
���±��

a0(x) + a1(x)y + · · ·+ an(x)yn,

- 31 -



1�Ù ��Ä:�£

Ù¥ ai(x) ∈ R[x] ´'u x �õ�ª. Ïd, ù������±�¤
N∑

i,j=0

aijx
iyj , aij ∈ R.

·�Ò¡ R2���õ�ª�.

(2) ·��±8B/½Â n �õ�ª�

R[x1, · · · , xn] := R′[xn],

ùp R′ = R[x1, · · · , xn−1]. T�¥�õ�ª�±�¤

f(x1, · · · , xn) =
N∑

i1,··· ,in=0

ai1i2···inx
i1
1 · · ·x

in
n ai1···in ∈ R.

x1, · · · , xn ´ n �Ø½�.

d	, 0 ∈ R[x] �¡�"õ�ª. �

·K 2.3.7 � R´��N�, R[x1, · · · , xn]´ Rþ n�õ�ª�. � S ´��N�,
u1, · · · , un ∈ S ´�½��. σ : R → S ´�Ó�, � σ(1R) = 1S . @o σ�±��*¿�

Ó�

σu : R[x1, · · · , xn] −→ S,

¦� σu(xi) = ui.

y² ·�é n �8B{. k�Ä n = 1 ��/.

� f(x) = a0 + a1x+ · · · anxn ∈ R[x]. ·�½ÂN� σu Xe,

σu(f(x)) = σ(a0) + σ(a1)u+ · · ·+ σ(an)un,

ùp u ∈ S ´�½���.

� g(x) = b0 + b1x+ · · ·+ bmx
m. N´�y σu(f(x) + g(x)) = σu(f(x)) + σu(g(x)). y35

�y σu �¦{oN5, � f(x)g(x) = c0 + c1x+ · · ·+ cn+mx
n+m, d? ck =

∑
i+j=k

aibj . ·�k

σu(f(x) · g(x)) = σu(c0) + σu(c1)u+ · · ·+ σu(cn+m)xn+m

5¿�

σu(ck) = σu

 ∑
i+j=k

aibj

 =
∑
i+j=k

σu(ai)σu(bj),

�� σu(f(x) · g(x)) = σu(f(x)) · σu(f(x)). Ïd σu ´�Ó�.

8b� < n ��/®y. � R′ = R[x1, · · · , xn−1]. d8Bb�, ·�®k*¿�Ó�

σ′u : R′ → S,

¦� σ′u(xi) = ui (i = 1, · · · , n− 1). �âþ¡�Øy, σ′u �±*¿��Ó� σu : R′[xn] → S, ¦
� σu(xn) = un. 5¿� R[x1, · · · , xn] = R′[xn], ¤± σu Ò´·�����Ó�. ,��¡, σu
´d σ ÚÃ ui = σ(xi) (½�, ¤±ù��Ó�´��(½�. �
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b� R ´ S �fN�, σ ´i\Ó�, u1, · · · , un ∈ S ´�½��. ·�kg,�Ó�

σu : R[x1, · · · , xn] −→ S, f(x1, · · · , xn) → f(u1, · · · , un).

·�P

R[u1, · · · , un] := {f(u1, · · · , un)| f(x1, · · · , xn) ∈ R[x1, · · · , xn]}.

§¢Sþ´ S ¥d8Ü R∪ {u1, · · · , un} )¤�fN�. ��BQã, ·�¡ R[u1, · · · , un]�d
�� u1, · · · , un )¤�f�. ù������ R �k�)¤�. Ïd, þãN��Ñ
÷Ó�

σu : R[x1, · · · , xn] −→ R[u1, · · · , un](⊆ S).

~ 2.3.15 �Ä�Ó�

σ : Z[x] −→ Z[
√
d], f(x) → f(

√
d).

½Â 2.3.9 � R´��N�, R[x]´ Rþ�õ�ª�,

f(x) = a0 + a1x+ · · ·+ anx
n ∈ R[x], an 6= 0.

·�½Â

deg f(x) :=

{
n, XJ f(x)�"õ�ª,
−∞, XJ f(x)´"õ�ª.

Ún 2.3.4 ·�k±e�Ø�ª

deg(f(x) + g(x)) ≤ max{deg f(x),deg g(x)},
deg(f(x) · g(x)) ≤ deg f(x) + deg g(x).

� deg f 6= deg g�, 1��Ø�ª�Ò¤á. � f ½ g�Ä�XêØ´ R�"Ïf� (A
O� R´���), 1��Ø�ª��Ò¤á.

íØ 2.3.4 b� f, g ∈ R[x]´�"õ�ª. XJ f ½ g�Ä�XêØ´"Ïf, K
f(x)g(x) 6= 0.

½n 2.3.2 XJ R´��, @o R[x1, · · · , xn]�´��. ?�Ú, R[x1, · · · , xn]¥�¦{
�_�Ò´ R¥�¦{�_�.

AO/, �þ�õ�ª�7½´��.

y² |^8B{, ·��I�?Ø��õ�ª��/. �Ä R[x] ��"� f(x), g(x). d
u R ´��, ¤±§��Ä�XêÑØ´"Ïf. díØ 2.3.4, f(x)g(x) 6= 0. ù¿�X f, g Ø

�U´"Ïf, Ï R[x] ´��.

bX f(x) · g(x) = 1, K deg f = deg g = 0, = f, g Ñ´�"~ê, Ï f, g ´ R ¥��_
�. �

·��±rê�þ���õ�ª��{Ø{í2����þ�õ�ª��/.

½n 2.3.3 (�{Ø{) � R´��N�, R[x]´ Rþ�õ�ª�, f(x), g(x) ∈ R[x], �
g(x) 6= 0�Ä�´ R¥�_�, @o�3���õ�ª q(x), r(x) ∈ R[x], ¦�

f(x) = q(x)g(x) + r(x), deg r(x) < deg g(x).
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y² ky�35. � f, g L�ª�

f(x) = a0 + a1x+ · · ·+ anx
n,

g(x) = b0 + b1x+ · · ·+ bmx
m.

·�é n = deg f �8B{. n = ∞, 0 �, (Øw,. b� < n ��/®y. -

f1(x) = f(x)− (an · b−1
m ) · xn−m · g(x).

w� deg f1(x) < deg f(x).

d8Bb�, �3 q1(x), r(x) ∈ R[x] ÷v

f1(x) = q1(x)g(x) + r(x), deg r(x) < deg g(x).

ùÒíÑ
f(x) = (q1(x) + (an · b−1

m ) · xn−m)g(x) + r(x).

2y��5. � f(x) = q̃(x)g(x) + r̃(x) ´,��{Øª. ·���

(q(x)− q̃(x))g(x) = r̃(x)− r(x).

dÚn 2.3.4, þªm>�gê deg(r̃ − r) ≤ max{deg r̃,deg r} < deg g. XJþªm>Ø�u"

�{, Kgê��´ deg g, gñ! Ïd (q(x) − q̃(x))g(x) = 0. díØ 2.3.4, q(x) = q̃(x), ?
r̃ = r. �

AO/, þã(Ø3�þ�õ�ª�¥o¤á, ù´Ï�d��"õ�ª�Ä�Xêo´¦
{�_�.

~ 2.3.16 � R = ZN . � N ´�ê�, ZN [x] ´��. � N Ø´�ê�, ZN [x] Ø´��.
'X N = 6, Z6[x] ¥k"Ïf [2], [3], [4] ±9 [2]x+ [2] ��. �

íØ 2.3.5 � c ∈ R, f(x) ∈ R[x], K
(1) ({ê½n) f(x)�L�

f(x) = q(x)(x− c) + f(c).

(2) (Ïª½n) (x− c) | f(x)��=� c´ f(x)��.

íØ 2.3.6 � R´��, f(x) ∈ R[x]´ ngõ�ª, K f(x)3 RS�õk n��.

y² ·�é n = deg f �8B{. n = 0, 1 �, (Øw,. b� < n ��/®y.

XJ f(x)Ã R ¥�), K·K®¤á. Ø�b� a ∈ R ´ f(x) ��. dÏª½n, f(x) =
(x − a)f1(x). XJ a �´ f1(x) ��, K?�Úk f1(x) = (x − a)f2(x), Ï f(x) = (x −
a)2f2(x),...... �gaí, ·���� f(x) = (x− a)hg(x), ùp g(x) ´ R ¥õ�ª, � g(a) 6= 0.

bX f(x) vkÙ¦�, K f ����ê h < n. Ø�� b ∈ R ´ f(x) �,��. u´

0 = f(b) = (b− a)h · g(b).

du b− a 6= 0 � R ´��, �þªíÑ g(b) = 0. Ï� deg g = n− h, �d8Bb�, g(x) �õ
k n− h ��. ù�, f(x) �õk n ��. �
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5 2.3.7 þ¡�y²Ù¢�±íÑ

f(x) = (x− a)h(x− b)k · · · (x− c)lg(x),

g(x) 3 R ¥vk). �

~ 2.3.17 (1) ê� F þ�õ�ª�õk F ¥� n ��.
(2) � Fp ´��ê p ��{a�. Fp[x] ¥�õ�ªk�Uvk?Û). 'Xx2 + [1] = [0] 3 F3

¥Ã).
(3) � R = Z6 ´� 6 ��{a�, x3 − x ∈ Z6[x] 3 Z6 ¥k8�). ù`²íØ 2.3.6 p R �Ã
"Ïf^�Ø�½".
(4) � R = H ´M�îo�êN, x2 + 1 = 0 3 H ¥��kn�� i, j,k. ù`²íØ 2.3.6 p R

�¦{��Æ^��Ø�½". �

íØ 2.3.7 (¤ê�½nA^) � Fp´��ê p��{a�.
(1) 3 Fp[x]¥, ·�k©)Ïª

xp−1 − [1] = (x− [1])(x− [2]) · · · (x− [p− 1]). (2-4)

(2) (Wilson ½n) 3 Fp¥, k [(p− 1)!] = [−1].

y² (1) d¤ê�½n, xp−1 − [1] Tk p− 1 �� [1], · · · , [p− 1]. ùÒ��þêÏª©
).

(2) òª (2-4) m>Ðm, d5P 2.3.6(2), '�ü>�~ê�=�(Ø. �

~ 2.3.18 � R ´��, F ´ R �©ª�, K R[x] �©ª�´� F þ�kn¼ê�

F (x) =

{
f

g

∣∣∣∣∣ f, g ∈ R[x], g 6= 0

}
.

·�k�¹'X R ⊆ R[x] ⊆ F [x] ⊆ F (x). �

2.3.7 �E�{ (IV): n��û�

4·�l�Ó�m©. �Ä���Ó�

σ : R→ S.

·�½Â8Ü
Kerσ := {a ∈ R | σ(a) = 0S}.

§¡� σ �Ø (Kernel).

·K 2.3.8 Ø Kerσ´ R�f�, ¿�÷vXe5� (�¡�áÂ5):

ra, ar ∈ Kerσ, ∀r ∈ R, ∀a ∈ Kerσ.

y² é?Û a, b ∈ Kerσ, ·�k σ(a− b) = σ(a)− σ(b) = 0, Ï a− b ∈ Kerσ. ?�Ú,
é?Û r ∈ R, k

σ(ra) = σ(r)σ(a) = σ(r) · 0S = 0S .

Ón�k σ(ar) = 0S . Ïd ra, ar ∈ Kerσ. AO/, X� r ∈ Kerσ, K� Kerσ �¦{µ45. d
f��O{=�¤I(Ø. �
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íØ 2.3.8 Kerσ = {0R}��=� σ´üÓ�.

y² (=⇒) b� σ(a) = σ(b), K σ(a − b) = 0S , = a − b ∈ Kerσ. d^�, Kerσ = 0, Ï

 a = b.

(⇐=) � a ∈ Kerσ, = σ(a) = σ(0R). d σ �ü�5=�(Ø. �

~ 2.3.19 �Ä�ê��� N ��{a��Ó�

σ : Z → ZN , n→ [n].

§�Ø
Kerσ = {Nk | k ∈ Z}.

þã8Ü�Ï~P� NZ. �

~ 2.3.20 �½¢ê a, �Ä�Ó�

σ : R[x] −→ R, f(x) → f(a).

·�5y²
Kerσ = {(x− a)g(x) | g(x) ∈ R[x]}.

w,þªm>8Ü¹u�>8Ü. 8b� f ∈ Kerσ, = f(a) = 0. dÏª½n (�íØ 2.3.5(2)),
=� f = (x− a)g. ùÒy²þª�>�¹um>8Ü. k�·��òþãØ{P� (x− a). �

~ 2.3.21 �Ä~ 2.3.4 � 2 �é�
�¤���N�

R =

{(
a

b

)
∈M2(F )

∣∣∣∣∣ a, b ∈ F
}

±9§�f�

L =

{(
a

0

)
∈M2(F )

∣∣∣∣∣ a ∈ F
}
, M =

{(
0
b

)
∈M2(F )

∣∣∣∣∣ b ∈ F
}
.

·�kü��Ó�

σ : R→M,

(
a

b

)
→

(
0
b

)
,

±9

τ : R→ L,

(
a

b

)
→

(
a

0

)
.

��O���, Kerσ = L, Kerτ = M . �

~ 2.3.22 �Ä�{a��Ó�

σ : Z6 → Z2, [n] → [n].

§�Ø Kerσ = {[0], [2], [4]}. �

Ó��Ø´éAÏ�f�, ÷váÂ5. ·��±rùaf�Ä�Ñ5.
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½Â 2.3.10 � R´���, I ´ R�f�, ¿�é?Û r ∈ R, a, b ∈ I, Ñ÷v ra ∈ I

(�A/, ar ∈ I), @o·�Ò¡ I ´ R��n� (�A/, mn�). XJ I Q´�n�q´mn

�, K¡�n� (Ideal, ½V>n�).

·�Ì�'%V>n���/. AO/, ���¥��n�!mn�Ò´V>n�, ¤±·

�Ò{ü/¡�n�.

5 2.3.8 Ï�áÂ5��%¹
¦{µ45, ¤±n���u÷v±e^��f8Ü:
(i) a− b ∈ I, ∀a, b ∈ I,
(ii) ra, ar ∈ I, ∀r ∈ R, ∀a ∈ I. �

5 2.3.9 b� R ´N�.
(1) n� I ¹k 1R ��=� I = R.
(2) I = {0R} ´n�. ·�rþãn� I = {0R}, R ¡�²�n�. �

~ 2.3.23 ?Û�Ó� σ : R→ S �ØÑ´ R �n�. �

~ 2.3.24 � F vk�²�n�. Ø�b� I ´�²�n�. é?Û�"� a ∈ I, Ñk

1F = a−1 · a ∈ I.

Ïd I = F , gñ!

AO/, (Ü~ 2.3.23, ·��±äó, ?Û�����"Ó�7½´üÓ�.

�L5, ·�5y²: XJ��N� R (��¹ü��) �k²�n�, K§7´�. ?��
"� a ∈ R, �Än�

(a) := {ar| r ∈ R}.

db�^�, (a) = R, = 1R ∈ (a), ½=�3�"� r ¦� 1R = ra. ùÒ`² a k¦{_�. d
a �?¿5, =� R ´�. �

~ 2.3.25 �Ä�ê�¥�f�

nZ := {nk | k ∈ Z}.

§´n�. �L5, Z ¥?Ûn�Ñ/X dZ (d ≥ 0). ·�5{üy²�e. b� I ´ Z �n�.
XJ I ´²�n�, K I = 0Z,Z w,÷v^�. Ø�� I �²�. d� I ¹k�"�, Ï�7

¹k��ê. Ø�� d ∈ I ´Ù¥�����ê. Ï� I 6= Z, ¤± d > 1. w, dZ ⊆ I.

,��¡, é?Û n ∈ I, �Ä�{Ø{

n = dq + r, 0 ≤ r < d.

w� r = n− dq ∈ I. d d ���5á� r = 0, = d | n. ùÒíÑ I ⊆ dZ. Ïd I = dZ. �

·K 2.3.9 � R´�, K
(1) ?¿õ�n���E´n�.
(2) �½��8Ü E ⊆ R, ¤k�¹ E �n���´�¹ E ���n�, ¡�d E )¤�n�.
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AO/, XJ R ´��N�, E = {a1, · · · , an} ´k�f8. d E )¤�n�P�

(a1, · · · , an) = {r1a1 + · · ·+ rnan| r1, · · · rn ∈ R}.

AO/, d���� a )¤�n� (a) Ï~��Ìn�. 'X (N) = NZ Ò´ Z �Ìn�.

~ 2.3.26 � I ⊆ R ´��� R �n�, ·�½ÂXe8Ü
√
I = {a ∈ R| an ∈ I, é,���ê n}.

w� I ⊆
√
I. ·�5y²

√
I �´ R �n�, ¡��n�.

?� a, b ∈
√
I. d½Â, �3��ê n,m, ¦� an, bm ∈ I. �ÄXe��ªÐm (5¿ R

´���)

(a− b)n+m = an+m − (n+m)an+m−1b+ · · ·+ (−1)kCkn+ma
n+m−kbk + · · ·+ (−1)n+mbn+m.

*	mª�?�ü�ª an+m−kbk. XJ k ≤ m, an+m−kbk = (am−kbk)an ∈ I. XJ k > m,
an+m−kbk = (an+m−kbk−m)bm ∈ I. Ïd (a − b)n+m ∈ I, � a − b ∈

√
I. é?Û r ∈ R,

(ra)n = rnan ∈ I, � ra ∈
√
I. Ï

√
I ´n�. �

~ 2.3.27 � k ´�ê4� (�1 1.7 !), k[x1, · · · , xn] ´ k þ�õ�ª�, f1, · · · , fr ∈
k[x1, · · · , xn]. ·�kXen�

I = (f1, · · · , fr) = {f1g1 + · · ·+ frgr| g1, · · · , gr ∈ k[x1, · · · , xn]}.

�§| 
f1(x1, · · · , xn) = 0,
f2(x1, · · · , xn) = 0,
· · · · · ·
fr(x1, · · · , xn) = 0

3 k ¥�)8¡��êq, §Ú�n�
√
I �3��éA. ù«éAòAÛã/�5�Ú�§�

�ê5� (=þãn�) éXå5. ùÒ´�êAÛ���Ì�g�–í2
�;)ÛAÛ. �

y3·��|^n�5�E#��. � R ´�, I ´ R �n�. ·�½Â R þ��d'X

(�ÖögC�y)
a ∼I b⇐⇒ a− b ∈ I.

·�^
[a]I := {b ∈ R| a ∼I b}

5L« a ¤3��da, k��{P� [a] ½ ā. �N�da�¤�8ÜP� R/I. ·�3 R/I

þ½Â\{Ú¦{$�

[a] + [b] := [a+ b], [a] · [b] := [a · b].

Äk, �,I��yþãü«$��Ün5. b� [a] = [a′], [b] = [b′]. d½Â, r = a−a′ ∈ I,
s = b− b′ ∈ I. Ïd

(a+ b)− (a′ + b′) = r + s ∈ I,
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= [a+ b] = [a′ + b′]. ùÒy²
\{$��Ün5. ?�Ú, dn��áÂ5��

a′b′ − ab = (a− r)(b− s)− ab = −rb− as+ rs ∈ I.

Ïd [a′b′] = [ab]. ùÒy²¦{$��Ün5.

·K 2.3.10 � R´�, I ´ R�n�, K
(1) R/I ´�, ¡�û�. AO/, XJ R´��N�, @o R/I �´��N�, ÙN�� [1].
(2) �3g,Ó�

π : R −→ R/I, a→ [a],

§´÷Ó�¿� Kerπ = I. AO/, ?Ûn�Ñ´,�Ó��Ø.

y² (1) c¡®�yüa$�Ün5, Ù{��ún�y3�Öö�¤.

(2) ·�ùp��y Kerπ = I, Ù{(Ø�y3�Öö�¤. � a ∈ Kerπ, = [0] = π(a) =
[a], Ï a ∈ I. ùíÑ Kerπ ⊆ I. ,��¡, é?Û a ∈ I, π(a) = [a] = [0], = a ∈ Kerπ. ùÒ
y² I ⊆ Kerπ. �

5 2.3.10 �5¿, R/I � R\I ´��ØÓ�ü�PÒ. cöL«û�, �öL« I 3 R

¥�Ö8. �

~ 2.3.28 b� R ´�, I ´ R �²�n�.
(1) XJ I = (0), @o R/I ∼= R. ¯¢þ, é a ∈ R, §��da [a] = {a}. Ïd·�kw,�Ó
�

R −→ R/I, a→ [a].

(2) XJ I = R, @o R/I = {[0]}. ù´Ï� R ¥¤k��Ñ3Ó���da¥, = I. ·�Ò
Ø�� 0 ���L�, I = [0]. �

~ 2.3.29 � NZ = (N) ´ Z �n�. d�û� Z/NZ = ZN . �

~ 2.3.30 y² Z[
√
−1]/(1 +

√
−1) ´���.

?� a+ b
√
−1 ∈ Z[

√
−1]. XJ a, b ÓÛÓó, @o

a+ b
√
−1 = (1 +

√
−1)

(
a+ b

2
+
b− a

2
√
−1
)
∈ [0].

XJ a, b �Û�ó, @o

a+ b
√
−1 = 1 + (1 +

√
−1)

(
a+ b− 1

2
+
b− a+ 1

2
√
−1
)
∈ [1].

Ïd Z[
√
−1]/(1 +

√
−1) = {[0], [1]} ∼= F2. �

~ 2.3.31 3~ 2.3.20 �PÒb�e, ·�5�y R(x)/(x− a) ∼= R.

�EN�
σ̄ : R(x)/(x− a) ∼= R, [f(x)] → f(a).

k`²N��Ün5. b� [f(x)] = [g(x)], K f−g = (x−a)h, ùp h ∈ R[x]. Ï f(a) = g(a).

- 39 -



1�Ù ��Ä:�£

ÙgN´�y, ù´��Ó�. ´�§´÷Ó�, Ï�é?Û r ∈ R, Ñk σ̄([r]) = r.
·��y§´üÓ�. díØ 2.3.8, ·��I��yØ Kerσ̄ = {[0]}. b� [f ] ∈ Kerσ̄, K
0 = σ([f ]) = f(a). ùL² f ∈ Kerσ = (x− a) (�~ 2.3.20 �PÒ), = [f ] = [0]. �

~ 2.3.31 �(Ø�±í2�����(Ø.

½n 2.3.4 (�Ó�Ä�½n) � σ : R→ S ´��÷Ó�, @o
(1) �3����Ó� σ̄ : R/Kerσ → S, ÷v σ = σ̄ ◦ π, ùp π : R→ R/Kerσ´g,Ó�.
(2) �

A = {R¥¤k�¹ Kerσ�n�},

B = {S ¥¤kn�}.

�3��éA

Φ : A −→ B, I → σ(I).

y² �Ö��B, ·�P J = Kerσ.

(1) ·�½ÂN�
σ̄ : R/J → S, [a] → σ(a).

k�yù�N��Ün5. bX [a] = [b], @o a− b ∈ J , = σ(a− b) = 0, � σ(a) = σ(b). Ùg,
�y§´Ó�, ù5gu

σ̄([a] + [b]) = σ̄([a+ b]) = σ(a+ b) = σ(a) + σ(b) = σ̄[a] + σ̄([b])

σ̄([a] · [b]) = σ̄([a · b]) = σ(a · b) = σ(a) · σ(b) = σ̄[a] · σ̄([b])

2y²§´üÓ�. � [a] ∈ Kerσ̄, K 0 = σ̄([a]) = σ(a). Ïd a ∈ J , = [a] = [0]. ��`

² σ̄ ´÷�. ù´Ï�, é?Û r ∈ S, d σ �÷�^�, �3 a ∈ R ÷v σ(a) = r. Ïd

σ̄([a]) = σ(a) = r. ù�, ·�Ò���Ó� σ̄. w�

σ(a) = σ̄([a]) = σ̄(π(a)) = (σ̄ ◦ π)(a), ∀a ∈ R.

Ïd σ = σ̄ ◦ π.

��, ·�5`² σ̄ ���5. b�kÓ� τ : R/J → S ÷v σ = τ ◦ π. Ïé?¿

[a] ∈ R/J , k
τ([a]) = τ(π(a)) = (τ ◦ π)(a) = σ(a) = σ̄([a]).

ùÒ½¦ τ = σ̄.

(2) Äk`², é?Û�¹ J �n� I, σ(I) 7½´ S �n�. � σ(a), σ(b) ∈ σ(I), ùp
a, b ∈ I. Ï� a− b ∈ I, ¤± σ(a)− σ(b) = σ(a− b) ∈ σ(I). é?Û s ∈ S, 5¿� σ ´÷�, �
�3 r ∈ R, ¦� s = σ(r). Ï� ra, ar ∈ I, ¤± sσ(a) = σ(ra) ∈ σ(I), Ón σ(a)s ∈ σ(I). ù
Òy² σ(I) ´ S �n�. ÏdN� Φ : A→ B ´Ün�.

Ùg`² Φ ´÷�. é?Û S ¥�n� K, ½Â

σ−1(K) = {a ∈ R| σ(a) ∈ K}.

§´��n�. ù´Ï�é?Û a, b ∈ σ−1(K), σ(a−b) = σ(a)−σ(b) ∈ K, Ï a−b ∈ σ−1(K);
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é?Û r ∈ R, σ(ra) = σ(r)σ(a) ∈ K, � ra ∈ σ−1(K), Ón ar ∈ σ−1(K). w� J ⊆ σ−1(K).
d	, 5¿� σ ´÷�, ¤± σ(σ−1(K)) = K.

��`², Φ ´ü�. b� I, I ′ Ñ´ R ¥�¹ J �n�, ÷v σ(I) = σ(I ′). � a ∈ I, K
σ(a) ∈ σ(I) = σ(I ′), ��3 a′ ∈ I ′, ¦� σ(a′) = σ(a), = σ(a− a′) = 0, ½= a− a′ ∈ J . Ï�

J ⊆ I ′, ¤± a − a′ ∈ I ′, l a = (a − a′) + a′ ∈ I ′. d a �?¿5� I ⊆ I ′. Ón�� I ′ ⊆ I,
� I = I ′. �

5 2.3.11 (1) ½n 2.3.4 ¥�n��m�éA´�S�. äNó�, XJ I1 ⊆ I2 ´ R ¥

�ü�n�, @oéA� S ¥�n� σ(I1) ⊆ σ(I2) �÷v�¹'X.
(2) d�Ó�Ä�½n�y², ·����Xe(Ø: σ−1(σ(I)) = I, σ(σ−1(K)) = K. �

íØ 2.3.9 � σ : R→ S ´�Ó�, K Imσ´ S �f�, ¿� R/Kerσ ∼= Imσ.

íØ 2.3.10 � R´�, I ´ R�n�, @oR¥�¹ I �n�� R/I ¥�n��3��

éA, =
K 7→ K/I.

AO/, I éA R/I �"n�.

y² 3½n 2.3.4 ¥��� S = R/I, σ = π : R→ R/I =�. �

íØ 2.3.11 � σ : R→ S ´��÷Ó�, H ´�¹ Kerσ�n�, @o σp��Ó�

σ̄ : R/H −→ S/σ(H), [a]H → [σ(a)]σ(H).

y² Äkp�EÜN� σ′ : R→ S/σ(H) Xe:

R
σ−→ S

π−→ S/σ(H).

Ï� σ, π Ñ´÷Ó�, ¤± σ′ �´÷�. y3·��I�y² Kerσ′ = H, Ò�dÓ�Ä�½n
��¤I(Ø, �Ò´` σ′ p�Ó� σ̄.

Äk, é?Û a ∈ H, w,k σ′(a) = π(σ(a)) = [0]σ(H). Ïd a ∈ Kerσ′. d a �?¿5=

� H ⊆ Kerσ′. �L5, é?Û a ∈ Kerσ′, [0]σ(H) = σ′(a) = π(σ(a)), Ïd σ(a) ∈ σ(H), l
a ∈ σ−1(σ(H)). d a �?¿5, Kerσ′ ⊆ σ−1(σ(H)) = H. nþ=� H = Kerσ′. �

5 2.3.12 3íØ 2.3.11 ¥� H = Kerσ, Ò��Ó�Ä�½n¤p��Ó�N�. Ïd

§´Ó�Ä�½n�í2. �

íØ 2.3.12 � I ´ R�n�, @o π : R → R/I ´g,Ó�, H ´�¹ I �?Ûn�,
K πp�Ó�

π̄ : R/H −→ (R/I)/(H/I), [a]H → [σ(a)]H/I .

y² 3íØ 2.3.11 ¥� S = R/I =�. �

|^þãÓ�½n, ·��±O�éõû��(�.
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~ 2.3.32 � θ ´ n g�êê, =§�,� n gknXêØ��õ�ª f(x) ��. ·�½
ÂÓ�

σ : Q[x] → Q(θ), h(x) → h(θ).

d~ 1.3.3 �?Ø, Q(θ) ¥���Ñ�±�� h(θ) �/ª, ùp h ∈ Q[x] ´gêØ�L n− 1 �
õ�ª. Ï σ ´÷Ó�.

8� g ∈ Kerσ, = g(θ) = 0. d~ 1.3.3 �?Ø, f | g, = g ∈ (f). Ï Kerσ ⊆ (f). ��w

�, (f) ⊆ Kerσ, � Kerσ = (f).

d�Ó�Ä�½n, ·���Ó�

Q[x]/(f) ∼= Q(θ).

'X� θ =
√
d (d Ø¹²�Ïf), Kk

Q[x]/(x2 − d) ∼= Q(
√
d).

~ 2.3.33 � R ´��N�, u1, · · · , un ∈ R ´�½��. d·K 2.3.7, ·���÷�*¿
Ó�

σu : R[x1, x2, · · · , xn] → R, f(x1, · · · , xn) → f(u1, · · · , un).

·�5y²
Kerσu = (x1 − u1, · · · , xn − un).

�Iy Kerσu ⊆ (x1 − u1, · · · , xn − un). ?� f ∈ Kerσu, = f(u1, · · · , un) = 0. ·�é n �8
B{. � n = 1 �, dÏª½n (�íØ 2.3.5(3)) á� f ∈ (x1 − u1). 8b� < n �/®y.

d{ê½n (�íØ 2.3.5(2)), f(x1, · · · , xn) = (xn − un)g + f(x1, · · · , xn−1, un). 5¿�
f(x1, · · · , xn−1, un) ∈ R[x1, · · · , xn−1], Ïdd8Bb�,

f(x1, · · · , xn−1, un) ∈ (x1 − u1, · · · , xn−1 − un−1).

ùÒíÑ f ∈ (x1 − u1, · · · , xn − un). nþ��(Ø¤á.

ù�, k�Ó�Ä�½n=�

R[x1, · · · , xn]/(x1 − u1, · · · , xn − un) ∼= R.

AO/, R[x]/(x− u) ∼= R. ùÒ´~ 2.3.31 ��/. �

~ 2.3.34 y² R[x]/(x2 + 1) ∼= C.

¯¢þ, ·�k÷Ó�

σ : R[x] → C, f(x) → f(
√
−1).

é?Û a+ b
√
−1 ∈ C, w,k σ(a+ bx) = a+ b

√
−1, Ï σ ´÷�.

�e�, ·��Iy² Kerσ ⊆ (x2 + 1). � f(x) ∈ Kerσ. d�{Ø{,

f(x) = (x2 + 1)q(x) + ax+ b,

ùp a, b ∈ R. Ï� σ(f) = f(
√
−1) = 0, ¤± a

√
−1 + b = 0, ùÒ½¦ a = b = 0, =

(x2 + 1) | f(x), ½= f ∈ (x2 + 1). �
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~ 2.3.35 ·�5`² C[x]/(x2 + 1) 6∼= C.

Äk [x +
√
−1] 6= [0], ÄK x +

√
−1 ∈ (x2 + 1), = x2 + 1 | x +

√
−1, gñ! Ón

[x−
√
−1] 6= [0]. 5¿� [x+

√
−1] · [x−

√
−1] = [x2 + 1] = [0], ùL² [x+

√
−1], [x−

√
−1] ´

"Ïf. � C ´�, �üöØ�UÓ�.

XJ- θ = [x], @o

C[x]/(x2 + 1) ∼= {a+ bθ| a, b ∈ C, θ2 = −1}.

m>�¥��� θ wþ��´��”XJê”, �¢Sþ§��ÒØ´“ê”. w,ù���N��

¹
Eê�, �¢Ã�´§k"Ïf. �

~ 2.3.36 ·��±^Ó�Ä�½ny²XeÓ�

Z[
√
−1]/(a+ b

√
−1) ∼= Za2+b2 , [s+ t

√
−1] → [s− act],

ùp a, b ´p���ê, c ´÷v a2 + b2 | bc− 1 ��ê. ddÓ���, XJ a2 + b2 ´�ê, @
o (a+ b

√
−1) ´ Z[

√
−1] �4�n�. �

|^û�, ·��UEÑNõÛ%��.

~ 2.3.37 � F ´��N�, Ìn� (x2 + 1) �Ñû�

R[x]/(x2 + 1) ∼= {a+ bθ| θ2 = −1, a, b ∈ R}.

� R = Z,Q,R �, dc?Ø, §Ò´ Z[
√
−1],Q(

√
−1), C. � R = C �, =þ~.

8� R = Fp���ê p ��{a�, KP

Fp[
√
−1] := Fp[x]/(x2 + 1) ∼= {[n] + [m]θ| θ2 = −1, [n], [m] ∈ Fp}.

ù´��k��, §¢Sþk p2 ���. 'X� p = 3 �, F3[
√
−1] ¢Sþ´�. �¡·�¬&

?, ù���Û�´�. �

~ 2.3.38 ¦ ZN = Z/NZ �¤kn�.

�Äg,Ó�
Z −→ ZN , n→ [n].

�âíØ 2.3.10, ZN �n�Ú Z ¥�¹ NZ �n���éA. d~ 2.3.25, Z ¥�n�Ñ´Ìn
� (d) = dZ. NZ ⊆ dZ, ��=� d | N . Ïd ZN �n�TÐÒ´ dZ/NZ = ([d]), ùp d �H

N �¤k�Ïf.

�X, Z6 �n�k ([0]), ([1])(= Z6), ([2]) = {[0], [2], [4]}, ([3]) = {[0], [3]}.

� N ´�ê�, N ��Ïf�k 1 Ú N , §�TÐéA ZN �²�n�.

íØ 2.3.12 3T~¥��uXeÓ� Zd ∼= ZN/([d]). �

�!��, ·�þb� R ´��N�. � I ´ R �n�. d� R/I w,�´��N�. ·�
�¯K´: (1) R/I Û�´�? (2) R/I Û�´��?

k�Ä1��¯K. R/I ´���=�§=k²�n� (�~ 2.3.24) ��¹ü��, ���

=� R ¥vk�¹ I ��²�n� (íØ 2.3.10) � I 6= R.
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2w1��¯K. R/I ´����=�§vk"Ïf (·K 2.3.2), = [a][b] = [0] o%¹
[a] = [0] ½ [b] = [0]. ù�^���u ab ∈ I o%¹ a ∈ I ½ b ∈ I.

dd, ·��±Ú\üa��n�.

½Â 2.3.11 � R´��N�, I 6= R´ R�n�.
(1) XJØ�3�¹ I ��²�n�, K¡ I ´4�n� (Maximal Ideal).
(2) XJ I ÷vXe5�Ò¡��n� (Prime Ideal): ab ∈ I o%¹ a ∈ I ½ b ∈ I.

þ¡�?Ø��u`

·K 2.3.11 � R´��N�, I 6= R´ R�n�.
(1) I ´4�n���=� R/I ´�.
(2) I ´�n���=� R/I ´��.

AO/, 4�n�7´�n�.

~ 2.3.39 �¥�"n�´4�n�; ��¥�"n�´�n�. �

~ 2.3.40 Z ¥�n� dZ = (d) ´�n���=� d �ê, ���=�§´4�n�. �

~ 2.3.41 Q[x] ¥�Ìn� (f(x)) ´�n���=� f(x) ´ Q[x] S�Ø��õ�ª. ~
2.3.32 L², d� Q[x]/(f) Ó�u,��êê�*�, Ï�n��´4�n�. �

~ 2.3.42 R[x, y] ¥k4�n� (x − a, y − b). � (x2 + y) ´ R[x, y] ��n�, �Ø´4

�n�, ù´Ï�§î�¹u4�n� (x, x2 + y) = (x, y) �¥. �

íØ 2.3.13 � R´��N�, σ : R→ S ´��÷Ó�, K
(1) R´���=�"n�´4�n�.
(2) R´����=�"n�´�n�.
(3) R¥�¹ Kerσ�4�n�� S �4�n���éA.
(4) R¥�¹ Kerσ��n�� S ��n���éA.

y² (1)(2)(3) Ñ´w,íØ. ·�ùp�y (4).

� P ´ R ¥ � ¹ Kerσ � � n �. d í Ø 2.3.11, ·� k Ó � R/P ∼= S/σ(P ). Ï�

R/P ´��, ¤± S/σ(P ) �´��, Ï σ(P ) ´ S ��n�. �L5, é S ¥��n� K,
R/σ−1(K) ∼= S/K ´��, � σ−1(K) ´ R ��n�. �

~ 2.3.43 díØ 2.3.13 (4), ZN ¥��n�7´ ([p]), ùp p ´ N ��Ïf. �

·K 2.3.12 � P ´��N� R��n�, K P =
√
P .

y² w, P ⊆
√
P . 8y�L5��¹'X. � a ∈

√
P , K�3 m > 0, ¦� am ∈ P .

Ø��ù�� m ����. XJ m > 1, @o am = a · am−1 ∈ P . du P ´�n�, Ïd a ∈ P
½ am−1 ∈ P , � m ���5gñ! � m = 1, = a ∈ P . ùÒíÑ

√
P ⊆ P . �

½n 2.3.5 (�n��35) � R´��N�, a ∈ RØ´�"�, K R¥�3���n

� P , ¦� P Ø¹ a�?Û�� am, m > 0.
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ù�(Ø�y²I�^�8ÜØ¥���Ún. ·�d?Ø2�[Ðm
.

½n 2.3.6 (4�n��35) ?Û��N�Ñ¹k4�n�.

y² 3½n 2.3.5 ¥� a = 1 =�. �

íØ 2.3.14 � R´��N�, K R�¤k�n���, P� r(R), TÐ´d R��N�

"�|¤, = r(R) =
√

(0). §¡�Å"� (Nilradical).

y² � a ´�"�, am = 0. � P ´ R �?Û�n�, �3�ê r > 0, ¦� ar ∈ P . d
·K 2.3.12, a ∈

√
P = P . d P �?¿5, a ∈ r(R).

��, � a ∈ r(R). XJ a Ø´�"�, K�3Ø�¹ a ��n� P , Ï a 6∈ r(R), gñ!
� a 7´�"�. �

2.3.8 �E�{ (V): ���Ú

é?Û� R1, · · · , Rr, ·��Ä(k�È

R1 × · · · ×Rr = {(a1, · · · , ar)| ai ∈ Ri, i = 1, · · · , r}.

y3·��3þã8ÜþÚ\\{Ú¦{$�:

(a1, · · · , an) + (b1, · · · , bn) := (a1 + b1, · · · , ar + br),

(a1, · · · , an) · (b1, · · · , bn) := (a1 · b1, · · · , ar · br).

�±�yù´���, Ù"��� (0R1 , · · · , 0Rr
). §¡�� R1, · · · , Rr ��Ú (Direct sum), ·

�r§#P�

R := R1 ⊕ · · · ⊕Rr.

XJ R1, · · · , Rr Ñ´��N�, @o�Ú R �´��N�, ÙN��� 1R = (1R1 , · · · , 1Rr
).

~ 2.3.44 £�~ 2.3.4,

R =




a1

a2

. . .

an

 ∈Mn(F )

∣∣∣∣∣ ai ∈ F, i = 1, · · · , n

 ,

ùp F ´�½�ê�.

·��±�EÓ�N�

σ : R −→ F ⊕ F ⊕ · · · ⊕ F︸ ︷︷ ︸
n

,


a1

a2

. . .

an

 7→ (a1, · · · , an). �
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~ 2.3.45 (¥I�{½n) � 1 < m1 < m2 < · · · < mr ´ r �üüp���ê, M =
m1m2 · · ·mr. ¥I�{½näóXeÓ{�§|

x ≡ n1, (mod m1),
x ≡ n2, (mod m2),
· · · · · · · · · · · ·
x ≡ nr, (mod mr)

3� M ek���{a) x ≡ n (mod M). �È¤�{a���ó, Ò´`, �3�����

[n]M ∈ ZM , ÷v [n]mi
= [ni]mi

∈ Zmi
. (�/`, ¥I�{½n��ê��Xe:

ZM ∼= Zm1 ⊕ Zm2 ⊕ · · · ⊕ Zmr
.

·�5y²ù�(Ø.

8�EN�

σ : ZM −→ Zm1 ⊕ · · · ⊕ Zmr
, [n]M → ([n]m1 , [n]m2 , · · · , [n]mr

).

Äk`²N��Ün5. � [n]M = [n′]M . d½Â, M | (n − n′). Ï mi | (n − n′) (∀i), =

[n]mi
= [n′]mi

.

N´�y, σ ´�Ó�. 8y§´üÓ�. � [n]M ∈ Kerσ, = [n]mi
= [0]mi

(∀i), ½= mi | n
(∀i). duÃ mi ´üüp��, ¤± M | n, = [n]M = [0]M .

5¿� ZM k M ���, Zm1 ⊕ Zm2 ⊕ · · · ⊕ Zmr
����ê�m1 ·m2 · · ·mr = M . Ï�

σ ´ü�, ¤±ù¿�X σ �´÷�. ÏdùÒy²
 σ ´Ó�.

AO/, � M > 1 ´��ê, kIO��Ïf©)ª

M = pα1
1 · · · pαs

s ,

ùp p1 < · · · < ps Ñ´�ê. @o·�k

ZM ∼= Zpα1
1
⊕ · · · ⊕ Zpαs

s
.

ù�©)3·��^Se´���. �

5 2.3.13 �Ú R = R1 ⊕ · · · ⊕Rr ¥k r �n�:

R′
i = {(0, · · · , ai, · · · , 0)| ai ∈ Ri}, i = 1, · · · , r.

N´�y, Ri ∼= R′
i. �

~ 2.3.46 � R1, R2 ´��N�, K R = R1 ⊕ R2 k"Ïf (1, 0) Ú (0, 1), ÏØ�U´
��. é?Ûn� I ⊆ R, ·�Ñk I = I1 ⊕ I2, ùp Ii ´ Ri �n� (i = 1, 2). ?�Ú, dÓ�
Ä�½n��

R/I ∼= R1/I1 ⊕R2/I2.

dd��, R ¥��n� (�A/, 4�n�) Ñ�±�� R1 ⊕ P2 ½ P1 ⊕ R2, ùp Pi ´ Ri �
�n� (�A/, 4�n�). �
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2.4 ��þ��ØnØ

3ù�Ù¥, ·�òÐ�êØp��ØnØí2�������þ.

2.4.1 Ä�Vg�5�

±e�!¥, ·�þb� R ´��. Äk, ·�Ú\�Ø�Vg.

½Â 2.4.1 � a, b ∈ R. XJ�3 c ∈ R, ¦� a = bc, K¡ b�Ø a, {P� b | a. a¡�
b��ê, b¡� a�Ïf.

�Ø'X÷v
(1) (g�5) a | a.
(2) (D45) e c | b, b | a, K c | a.
(3) e c | a, c | b, K c | au+ bv, ∀u, v ∈ R.
(4) 1 | a, a | 0.

~ 2.4.1 (1) R = Z þk²;��ØVg. b | a ��u a
b ∈ Z.

(2) R = Z[
√
−1] ¥, (1 +

√
−1) | 2, Ï� 2 = (1 +

√
−1)(1−

√
−1).

(3) R = Q[x] ¥, x2 + 1 | x4 − 1. �

½Â 2.4.2 (1) XJ b | a, � a | b, K¡ a, b´���.
(2) XJ b | a, a - b, � bØ´¦{�_�, K¡ b´ a�ýÏf.

�±�y: ��'X´�d'X. ��Bå�, ·�Ï~^ a ∼ b L« a, b ��.

·K 2.4.1 (1) a, b´����"��¿©7�^�´�3¦{�_� u, ¦� a = bu.
(2) v ∈ R´¦{�_���=� v� 1��. ·��¡ù�����ü .
(3) b | a��=� (a) ⊆ (b). AO/, a, b����=� (a) = (b).

y² (2) ´ (1) ���íØ. e¡y² (1).

(=⇒) � a = bu, b = av, u, v ∈ R. ·�k a = auv. Ï� a 6= 0, �d��Æ� 1 = uv.

(⇐=) d b = au−1 á�.

(3) ´w,�. �

½Â 2.4.3 � a´�"�ü ���,
(1) XJ avkýÏf, K¡��Ø���.
(2) XJl a | bc, ðUíÑ a | b½ a | c, K¡ a���.

~ 2.4.2 (1) Z ¥�ü ´ ±1. ü��ê����=� |a| = |b|. �ê´ Z ¥�Ø���,
�´��.
(2) � F �õ�ª� F [x] ¥�ü ´ F ¥�¤k�"�. F [x] ¥�Ø��õ�ª´Ø���,
�´��. �
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~ 2.4.3 � R = Z[
√
−5], � a = s+ r

√
−5 ∈ R ´�"�. ·�½Â

N(a) = |a|2 = s2 + 5r2 ∈ Z

§¡� a ��ê. N(a) = 1 ��=� a = ±1. XJ a 6= ±1, K N(a) ≥ 4.

·�5y² 2 ´Ø���, �Ø´��.

b� 2 = bc, b, c ∈ Z[
√
−5]. u´

4 = N(2) = N(b)N(c).

Ïd N(b), N(c) ¥k���u 1. Ïd b, c ¥k��´�_�. Ï a ´Ø���.

5¿

2 | 6 = (1 +
√
−5)(1−

√
−5).

bX 2 | 1±
√
−5, @o N(2) | N(1±

√
−5) (�ê�S), = 4 | 6, gñ! � 2 - 1±

√
−5. �

·K 2.4.2 (1) a ∈ R´����=� (a)´�"�n�.
(2) ��7´Ø���.

y² (1) (=⇒) � a ´��. b�é b, c ∈ R, k bc ∈ (a). ù��u a | bc. du a ´�

�, � a | b ½ a | c, = b ∈ (a) ½ c ∈ (a). Ïd (a) ´�"�n�.

(⇐=) b�é b, c ∈ R, k a | bc. ù��u bc ∈ (a). du (a) ´�n�, Ïd b ∈ (a), ½
c ∈ (a), = a | b, a | c. Ïd a ´��.

(2) � a ´��. b� a = bc, � b, c ´ýÏf. Ïd a | b, ½ a | c. ùÒ½¦ a, b ��½ö
a, c ��, gñ! � a ´Ø���. �

½Â 2.4.4 e c | a, c | b, K c¡� a, b�úÏf. XJúÏf c�÷v±e5�, K¡�
��úÏf: é a, b�?ÛúÏf c′, ðk c′ | c.

þãVg� Z ½ F [x] (F ´ê�) ¥�½Â´�����. é�����N�5`, ?Ûü
�� a, b okúÏf 1, �´ a, b�7k��úÏf.

~ 2.4.4 3 Z[
√
−5] ¥, � a = 6, b = 2(1+

√
−5). 2 Ú 1+

√
−5 Ñ´ a, b �úÏf. �´

2 - 1 +
√
−5 � 1 +

√
−5 - 2. Ïd 2, 1 +

√
−5 ÑØ´��úÏf. ·�`² a, b vk��úÏf.

b��3��úÏf c. @o

2 | c, 1 +
√
−5 | c, c | b,

l 4 | N(c), 6 | N(c), N(c) | 24 (3�ê�¥). ùL² N(c) = 12, 24.

� d ∈ Z[
√
−5], ÷v b = cd. XJ N(c) = 12, K N(d) = 2, ùØ�U (Ï���_���ê

��´ 4). XJ N(c) = 24, K N(d) = 1, = d = ±1, Ï c = ±b. ù%¹X b | a, gñ! Ïd

a, b vk��úÏf. �

2.4.2 AÏ�� (I): îAp���

·�k5ïÄ�«�~AÏ���.
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½Â 2.4.5 � R´��, R∗ = R \ {0}. XJ�3�� R∗þ��u��ê�¼ê d(x), ¦
�é?Û�� a, b ∈ R, b 6= 0, Ñ�3�é�� q, r ∈ R, ÷v

a = qb+ r, (2-5)

Ù¥�o r = 0, �o r 6= 0� d(r) < d(b), @o R¡�îAp��� (Euclidean domain).

~ 2.4.5 kÞü�²;~f.
(1) R = Z ´îAp���, ·�� d(a) = |a|, ∀a ∈ R∗. d� (2-5) Ò´Ï~��{Ø{.
(2) R = F [x] (F ´�), ·�� d(f) := 1 + deg f . d� (2-5) Ò´½n 2.3.3 ¥��{êØ{. �

~ 2.4.6 (pd�ê�) � R = Z[
√
−1]. é?Û a = u + v

√
−1 ∈ R, � d(a) = |a|2 =

u2 + v2. y3·�5�y�{Ø{ (2-5), Ï Z[
√
−1] ´îAp���. � α, β ∈ R, β 6= 0. -

α

β
= s+ t

√
−1, s, t ∈ Q.

��ê u, v, ÷v |s− u| ≤ 1
2 , |t− v| ≤ 1

2 . -

q = u+ v
√
−1, r1 = (s− u) + (t− v)

√
−1,

K� α
β = q + r1, Ï

α = qβ + r1β.

Ï� α, q, β ∈ Z[
√
−1], � r1β ∈ Z[

√
−1].

5¿

d(r1) = (s− u)2 + (t− v)2 ≤ 1
4

+
1
4
< 1.

Ïd d(r1β) = d(r1)d(β) < d(β). � r = r1β, dd=�ª (2-5).

'X α = 3, β = 1 +
√
−1, K α = qβ + r ÷v (2-5), ùp q = 2− 2

√
−1, r = −1. �·��

k α = q′β + r′, ùp q′ = 1−
√
−1, r′ = 1. §�÷vª (2-5). ùL²îAp���½Â��{

Ø{�7´���. �

~ 2.4.7 �ì 2.4.5, ·��±�y Z[
√
−2], Z[

√
2], Z[

√
3] Ñ´îAp���. �

~ 2.4.8 - θ = −1
2 +

√
−3
2 ´ngü �. �Ä��R = Z[θ] = {a + bθ| a, b ∈ Z}. d�

Ó�Ä�½n��, Z[θ] ∼= Z[x]/(x2 + x + 1). é?Û a = s + tθ ∈ Z[θ], �¼ê d(a) = |a|2 =
s2 − st+ t2. é α, β ∈ R, β 6= 0, �

α

β
= s+ tθ, s, t ∈ Q.

k��ê v, ÷v |t− v| ≤ 1
2 , 2��ê u, ÷v |2s− t− 2u+ v| ≤ 1. -

q = u+ vθ, r1 = (s− u) + (t− v)θ.

aqc~�y r1β ∈ Z[θ]. dO��

d(r1) = (s− u)2 − (s− u)(t− v) + (t− v)2 =
(

2s− t− 2u+ v

2

)2

+ 3
(
t− v

2

)2

≤ 1
4

+
3
16

< 1.

Ïd d(r1β) < d(β). ùÒy²
 R ´îAp���. �
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2.4.3 AÏ�� (II): Ìn���

½Â 2.4.6 XJ�� R¥�?Ûn�Ñ´Ìn�, K¡ R�Ìn��� (Principal ideal
domain).

·�ky²Xe�(Ø.

½n 2.4.1 îAp���´Ìn���.

y² � R ´îAp���, d(x) ´½Â 2.4.5 ¥�¼ê. � I ´ R �n�.e I ´"n
� (0) ½� R = (1), Kw,´Ìn�. ±eØ�� I Ø´²�n�. 3 I ¥����"� b,
¦� d(b) ����, = d(b) ≤ d(r), ∀r ∈ I. é I ¥?Û�� a, du R ´îAp���, �
a = bq + r, Ù¥ r = 0 ½ d(r) < d(b). Ïd r = a − bq ∈ I. d d(b) ���5, =� r = 0, =

a ∈ (b),dd� I ⊆ (b). ,��¡, w,k (b) ⊆ I, Ïd (b) = I. �

~ 2.4.9 ?Û�Ñ´Ìn���, Ï�§�k²�n� (0) Ú (1). �

~ 2.4.10 Z, Z[
√
−1], F [x] (ùp F ´�) ��Ñ´Ìn���, Ï�§�´îAp��

�. �

·K 2.4.3 � R´Ìn���, K
(1) XJ a´Ø���, @o (a)´4�n�.
(2) Ø���Ò´��.
(3) z��"�n�Ñ´4�n�.
(4) �n� (a, b) = (d), K d´ a, b���úÏf.

y² (1) � a ´Ø���. I ´ R ¥�¹ (a) �n�. Ï� R ´Ìn���, ���
I = (b), l (a) ⊆ (b). ùÒ´`, a = bc, ùp c ∈ R. Ï� a Ø��, ¤±�o a, b ��, �o
b ´¦{�_� (�·K 2.4.1). ù��u I = (a) ½ I = R.

(2) d (1) �, (a) �´�n�, Ïd2d·K 2.4.2, =� a ´��.

(3) � P ´ R ��"�n�. Ï� R ´Ìn���, � P = (d). 2d·K 2.4.2, d ´��,
Ï´Ø���. 2d (1) � P = (a) ´4�n�.

(4) Ï� (a) ⊆ (d), ¤± d | a. Ón d | b. � c �´ a, b �úÏf, (a) ⊆ (c), (b) ⊆ (c). Ïd

(d) = (a, b) ⊆ (c), = c | d. �

~ 2.4.11 îAp���¥�Ø���Ñ´��. �

~ 2.4.12 y²: (2, x2 + 1) Ø´ Z[x] �Ìn�.

b� (2, x2 + 1) = (f(x)), Kd 2 ∈ (f), �� f | 2, l f(x) = ±1,±2 ´~�õ�ª. �´
,��¡, f ∈ (2, x2 + 1) %¹X f(x) = 2u(x) + (x2 + 1)v(x), ùp u, v ∈ Z[x]. � x = 1, =�
f(1) = 2(u(1) + v(1)), ùÒ%¹X f(x) = ±2. �Ò´`, (2, x2 + 1) = (2), l x2 + 1 ∈ (2), =

2 | x2 + 1, gñ! �
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íØ 2.4.1 � R´Ìn���, a�"�ü ��. @o±e^�*d�d:
(1) a´��,
(2) a´Ø���,
(3) R/(a)´��,
(4) R/(a)´�.

~ 2.4.13 (pd��¥���) Ï� Z[
√
−1] ´Ìn���, ¤±§�Ø���Ú��´

�£¯. ·�5y²: §�k±eAa (3��¿Âe):
(1) 1 +

√
−1,

(2) a+ b
√
−1, ùp p = a2 + b2 ´ Z ¥� 4 { 1 ��ê,

(3) p, ùp p ´ Z ¥� 4 { 3 ��ê.

Äk�yþ¡napd�ê´Ø���. ·�P N(a+ b
√
−1) = a2 + b2. � π ´ (1)(2) a

.. XJ π = α · β, K
p = N(π) = N(α)N(β)

%¹X N(α), N(β) ¥����u 1, �Ò´` α, β ¥k��´ü �. Ïd π ´Ø���.

� π ´a. (3), π = α · β, K

p2 = N(π) = N(α)N(β).

XJ p = N(α) = N(β), ùÒíÑ p �±L�ü�ê�²�Ú, Ï p ≡ 1 (mod 4), gñ! Ïd

N(α), N(β) ¥����u 1, 2gíÑ π ´Ø���.

Ùgy²z�Ø���7��uÙ¥�a. � π ´Ø���. ò N(π) 3�êS©)��ê
¦È

N(π) = ππ̄ = p1p2 · · · ps,

ùpÃ pk ´�ê (#N�Ó). 3 Z[
√
−1] pw, du π �´��, ¤± π | pk é,� pk ¤á. Ï

d N(π) | N(pk) = p2
k. XJ N(π) = pk, � π = a + b

√
−1, K pk = a2 + b2, ùL² π ��ua

. (1)(2) �Ø���.

XJ N(π) = p2
k, @od N(pk) = p2

k �� π, pk ��. Ï pk 7L´a. (3) �Ø���
(ÄKdc¡?Ø, §�±�cüaØ����Ø). �

5 2.4.1 ¤êÚî.y²: �ê¥� 4 { 1 �Û�êÑ�±�¤ü�²�ê�Ú, Ù{�
Û�êØ�U�¤ü�²�ê�Ú. ·�ùp���{�y². XJÛ�ê p �±��ü�²�
ê�Ú p = a2 + b2, Kw, a, b �Û�ó, Ï a2, b2 3� 4 e��� 1, ,��� 0, ùÒíÑ p

� 4 { 1.

�L5, b� p ´� 4 { 1 �Û�ê. �â²��{�(Ø, �é� x ÷v p | x2 + 1. Ïd

3 Z[
√
−1] ¥, p | (x+

√
−1)(x−

√
−1). Ï� x

p ±
1
p

√
−1 6∈ Z[

√
−1], ¤± p - x±

√
−1 (3 Z[

√
−1]

¥), ùL² p Ø´��, ÏdØ´Ø��� (íØ 2.4.1). Ø�b� p = αβ, α, β ∈ Z[
√
−1] ´ý

Ïf. Ïd p2 = N(p) = N(α)N(β). db�, N(α) Ú N(β) Ñ�u 1, ¤± N(α) = N(β) = p.
Ø�� α = a+ b

√
−1, ¤± p = a2 + b2. �

~ 2.4.14 � R = Z[
√
−1].
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(1) �y I1 = (1 + 2
√
−1) ´4�n�.

ù´Ï� 1 + 2
√
−1 ´��, R ´Ìn���, ¤±díØ 2.4.1 �� I1 ´4�n�.

(2) �y I2 = (1 + 3
√
−1) Ø´�n�. ù´Ï� 1 + 3

√
−1 = (1 +

√
−1)(2 +

√
−1) Ø´Ø

���, ¤±íØ 2.4.1 í� I2 Ø´�n�.

¯¢þ, ·��U���yû� R/I2 k"Ïf. 8� θ = [
√
−1] ∈ R/I2. θ ÷vXe'X

ª
[1] + [3]θ = [0], θ2 = [−1].

Ïd

[−9] = [9] · [−1] = [9]θ2 = ([3]θ)2 = (−[1])2 = [1].

ùÒíÑ [2] · [5] = [10] = [9]− [−1] = [0]. be [2] = [0], K 1 + 3
√
−1 | 2, l N(1 + 3

√
−1) |

N(2), gñ! � [2] 6= [0]. aq�� [5] 6= [0]. ùL² [2], [5] ´ R/I2 �"Ïf. �

½Â 2.4.7 � R´��,
(1) XJn�S� {Ii}∞i=1÷v

I1 ⊆ I2 ⊆ · · · ⊆ Ii ⊆ · · ·

·�Ò` {Ii}∞i=1´n�,ó. XJ�3m > 0, ¦� Im = Im+1 = · · · , K¡Tn�,ó÷vì
A^�.
(2) XJ R¥���S� {ai}∞i=1÷v

ai+1 | ai, i = 1, 2 · · · .

·�Ò` {ai}∞i=1´Ïfüó. XJ�3m > 0, ¦� am ∼ am+1 ∼ · · · (=*d��), K¡TÏ
füó÷vÏfó^�.

w,, 3Ìn���¥, Ïfüó {ai}∞i=1 éAÌn�,ó {(ai)}∞i=1; ��½,.

·K 2.4.4 � R´Ìn���, K
(1) ?�n�,ó {(ai)}Ñ÷vìA^�.
(2) ?�Ïfüó {ai}Ñ÷vÏfó^�.

y² (1)(2) ´�d�. ·��Iy (1).

- I = ∪∞i=1(ai). Äk`² I ´n�. ?� a, b ∈ I, Ø�� a ∈ (ar), b ∈ (as)), r ≤ s. du
(ar) ⊆ (as), ¤± a− b ∈ (as) ⊆ I. é?Û c ∈ R, ·�k ca ∈ (ar) ⊆ I. ùÒy²
 I ´n�.

du R ´Ìn���, ¤± I = (d). d d ∈ I �, d ∈ (am) (é,���ê m), Ï
I = (d) ⊆ (am). �L5w,k (am) ⊆ I. ùÒíÑ I = (am). Ïd (am) = (am+1) = · · · . �

2.4.4 AÏ�� (III): ��Ïf©)��

½Â 2.4.8 � R´��, XJ R÷vXeü�^�, K R¡���Ïf©)�� (
Unique factorization domain), ½pd��:
(1) R?��"�ü ��� ao�±��k�õ�Ø����È

a = p1p2 · · · ps.
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(2) þã©)3��¿Âe´���, =e ad,�Ø��Ïf�©)

a = q1q2 · · · qr,

K r = s, �3Ü·�üSe, pi, qi´��� (i = 1, 2, · · · , s).

½n 2.4.2 �� RXJ÷vXeü�^�, K7´��Ïf©)��:
(i) Ïfó^�.
(ii) z�Ø���Ñ´��.

y² ky²z��"�ü �Ñ�±©)¤k��Ø����¦È. be�3���"

�ü � a ∈ R, §Ø÷vd5�, @o§´���. � a = bc, b, c ´ a �ýÏf. d� b, c ¥7

k��E,ØU©)¤k��Ø����¦È, ÄKÒ� a �À�gñ! Ø�� b ´ù���
�, Ï§�´���. �gaí, ·��±����Ïfüóa, b, · · · , Ù¥z��Ñ´c��

�ýÏf. ùÒ�Ïfó^�gñ! �Ø�3ù�� a.

2yþãØ���©)ª���5 (3��¿Âe). � π ∈ R, b�kü«Ø���©)ª

π = p1p2 · · · ps = q1q2 · qr.

Ï� q1 | π, � q1 �´��, ¤±d1��©)ª�� q1 | pi (é,�eI i). 5¿� pi ´
Ø���, ¤± pi, q1 7´���. ÏLÜ·�üS, ·��±b� i = 1, = p1, qi ��, ½=

u = p1/q1 ´ü .
up2p3 · · · ps = q2q3 · · · qr.

Eþã?Ø, 3k�Ú�, ·��� pi, qi ��, r = s (²L·��üS). �

íØ 2.4.2 Ìn���7´��Ïf©)��. AO/, îAp���7´��Ïf©)
��.

��Ïf©)��Ú�ê���, ·��±3þ¡?Ø�âÄ�½n (5g½Â).

~ 2.4.15 (pd�ê�) Z[
√
−1] ´îAp���, Ï´Ìn���, ?´��Ïf©

)��. Ïdz�pd�êÑk�Ïf©)ª, �3��¿Âe´���. �

α = 3 +
√
−1, β = 2.

·�k�Ïf©) (3��¿Âe)

α = −
√
−1 · (1 +

√
−1) · (1 + 2

√
−1), β = −

√
−1(1 +

√
−1)2,

ùp −
√
−1 ´ü , 1 +

√
−1 Ú 1 + 2

√
−1 Ñ´��. dd´� α, β ���úÏf (3��¿Â

e)� 1 +
√
−1. �

~ 2.4.16 aq/, Z[θ] (θ ´ngü �) �´��Ïf©)��. |^ù��Ú Z[
√
−1]

��âÄ�½n (=��©)5), �±y²ngÚog¤ê�§Ã�ê):

Xn + Y n = Zn, XY Z 6= 0, n = 3, 4.

�u�Ì, d?Ø2�[Ðm. �
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~ 2.4.17 Z[
√
−5] Ø´��©)��, 'X

6 = 2 · 3 = (1 +
√
−5) · (1−

√
−5)

´ü«ØÓ�©). �

½n 2.4.3 e R´��Ïf©)��, @o R[x]�´��Ïf©)��.

2.5 ���N�

3ù�!¥, ·�{�0��
����N�, =Ø÷v¦{��Æ�¹N�.

2.5.1 �
{ü~f

~ 2.5.1 ùpÞA�{ü~f.
(1) ?ÛNÑ´���N�. AO/, o�êN´���N�.
(2) �Äo�êN�fN�

R = {a1 + bi + cj + dk ∈ H | a, b, c, d ∈ Z}.

§´���N�. �

~ 2.5.2 £�~ 2.1.4. �Äê� F þ� n(≥ 2)��5�m V . V þ��5C� �N|
¤�8Ü Endn(V ) 3\{$�

f + g : V −→ V, v → (f + g)(v) := f(v) + g(v).

±9EÜ$�

(f · g) : V −→ V, v → (f · g)(v) := f(g(v))

e�¤���N�. §�"N�´\{"�, ðÓN�´¦{N�. �

~ 2.5.3 £�~ 2.1.3. ê� F þ n ��
�N�¤�8Ü

Mn(F ) :=


 a11 · · · · · · a1n

· · · · · · · · · · · ·
an1 · · · · · · ann

∣∣∣∣∣ aij ∈ F
 .

3Ï~�Ý
\{Ú¦{e�¤���N�, Ù"�´"Ý
, N�´ü Ý
. �

2.5.2 Ý
�

ùp·��|^®��¹N��EÑ#����N�. � R ´?�¹N�. ·�½Â R þ

� n �Ý


A =

 a11 · · · · · · a1n

· · · · · · · · · · · ·
an1 · · · · · · ann

 ,

ùpÃXê aij ∈ R. R þ��N n �Ý
�¤�8ÜP� Mn(R).
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·�½Â Mn(R) þ�\{$� a11 · · · · · · a1n

· · · · · · · · · · · ·
an1 · · · · · · ann

+

 b11 · · · · · · b1n
· · · · · · · · · · · ·
bn1 · · · · · · bnn

 =

 a11 + b11 · · · · · · a1n + b1n

· · · · · · · · · · · ·
an1 + bn1 · · · · · · ann + bnn


±9¦{$� a11 · · · · · · a1n

· · · · · · · · · · · ·
an1 · · · · · · ann

 ·

 b11 · · · · · · b1n
· · · · · · · · · · · ·
bn1 · · · · · · bnn

 =


n∑
k=1

a1kbk1 · · · · · ·
n∑
k=1

a1kbkn

· · · · · · · · · · · ·
n∑
k=1

ankbk1 · · · · · ·
n∑
k=1

ankbkn


·��U½Â"Ý
Úü Ý


O =

 0 · · · · · · 0
· · · · · · · · · · · ·
0 · · · · · · 0

 , In =


1 0 · · · 0
0 1 · · · 0
· · · · · · · · · · · ·
0 · · · 0 1

 .

aqp��ê�?Ø, ·��±�y Mn(R) ´����N�, O ´"�, I ´N�. ·�¡��

R þ�Ý
�.

5 2.5.1 (1) =¦ R ´��N�, Mn(R) �Ø÷v��Æ.

(2) � R ´���N��, 3Ý
�¦{½Â¥,
n∑
k=1

aikbkj ØU�¤
n∑
k=1

bkjaik. �

~ 2.5.4 ·��±|^®ÆL�N��E�X�Ý
�, 'X

Mn(Z), Mn(H), Mn(Zn), · · ·

~ 2.5.5 o�êN H w,´ Mn(C) �fN�. �

~ 2.5.6 � R ´N�, R1 = Mn(R) ´ R þ�Ý
�, ·��±UY�E R1 þ�Ý
�
Mm(R1). Mm(R1) ¥�Ý
/X  A11 · · · · · · A1m

· · · · · · · · · · · ·
Am1 · · · · · · Amm

 ,

ùp Aij ∈ R1 ´ R þ� n �Ý
. Mm(R1) ¥�Ý
¢SþÒ´¤¢�©¬Ý
. �

3 R ´��N��, ·��U�ìp��/, ½ÂÝ


A =

 a11 · · · · · · a1n

· · · · · · · · · · · ·
an1 · · · · · · ann

 ,

�1�ª
detA :=

∑
i1···in

sgn(i1 · · · in)a1i1a2i2 · · · anin .
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ùp (i1 · · · in) �H¤k� n ���, sgn(i1 · · · in) ´ÎÒ. aq�±½Â�ê{fªÚ��Ý


��.

·K 2.5.1 � R´��N�, A,B ∈Mn(R), K
(1) detAB = detA · detB.
(2) A´Mn(R)¥�ü  (=¦{�_�)��=� detA´ R¥�ü . AO/, XJ R´�,
@oA�_�¿�^�´ detA 6= 0.

2.6 ÃN�

c¡·�?Ø��Ñ¹kN�. ù�!ò0�ÃN�.

2.6.1 �
~f

ùp·�Þ�
{ü~ÃN�~f.

~ 2.6.1 ?Û��N� R ¥��²�n� I Ñ´ÃN�. 'XnZ Ò´ÃN�. �

~ 2.6.2 � R1, · · · , Rr ´�, ¿�Ù¥��k��´ÃN�, @o�Ú

R1 ⊕ · · · ⊕Rr

´ÃN�. �

~ 2.6.3 �Ä Q[x] �fN�

Q[x2] = {f(x) ∈ Q[x] | f(x) = f(−x)}.

Q[x2] ¥��¢SþÒ´�Ñyóg��õ�ª. y3�Ä Q[x2] �n�

I = {f(x) ∈ Q[x2] | f(0) = 0}.

I ´ÃN�. ,	, I �� Q[x] �f�, ¿� Q[x] �n�. �

2.6.2 ÃN��*Ü½n

·�ò3ù�!y²Xe�(Ø.

½n 2.6.1 (ÃN�*Ü½n) ?ÛÃN�Ñ�±*Ü¤��N�. �ó�, ÃN��±i
\�,�N�¥.

ù�(Øw�·�, Ù¢v7��áïÄ��ÃN�, ´�±r§����N��f�5
ïÄ. ùÒ´��odc·��?ØN�9Ùf� ('Xn�) �5�.

�
y²*Ü½n, ·���
O�ó�. �Ä8Ü

S = Z×R.

� (m,a), (n, b) ∈ S. ·�½Â S þ�\{

(m,a) + (n, b) = (m+ n, a+ b),
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±9¦{
(m,a) · (n, b) = (mn,mb+ na+ ab).

w�T\{÷v (A0-A4), Ù¥"�´ (0, 0R).

Ún 2.6.1 S 3þã$�e�¤N�.

y² ·���y² S ÷v(ÜÆÚ©�Æ, ¿�kN�=�. � α = (m,a), β = (n, b),
γ = (q, c). k�y(ÜÆ.

(α · β) · γ = (mn,mb+ na+ ab)(q, c) = (mnq,mnc+ qmb+ qna+ qab+mbc+ nac+ abc).

α · (β · γ) = (m,a)(nq, nc+ qb+ bc) = (mnq,mnc+ qmb+ qna+ qab+mbc+ nac+ abc).

2�y©�Æ

(α+ β) · γ = (m+ n, a+ b)(q, c) = (mq + nq,mc+ nc+ qa+ qb+ ac+ bc).

α · γ + β · γ = (mq,mc+ qa+ ac) + (nq, nc+ qb+ bc)

= (mq + nq,mc+ nc+ qa+ qb+ ac+ bc).

���yN��35. - 1S := (1, 0). ·�k

1S · (m,a) = (1, 0)(m,a) = (m,a) = (m,a)(1, 0) = (m,a)1S .

�d, ·��¤
y². �

½n 2.6.1 �y²: �Ä S �f8

R′ = {(0, a) ∈ S | a ∈ R}.

Ï�

(0, a)− (0, b) = (0, a− b), (0, a)(0, b) = (0, ab),

¤± R′ ´ S �f�.

·�kXe�Ó�
σ : R −→ S, a→ (0, a).

N´�y, ù´üÓ�, ¿�p�
Ó� R ∼= R′. Ïd, R �±À� S �f�. �

�ÙSK
\ ∗ Ò�SKL«k�½JÝ.

SK 2.1 � H´o�êN, v ∈ H, v̄´Ù�Ý�, N (v)´Ù�ê, Tr(v) := v + v̄¡� v

�, (Trace). y²: é?Û u ∈ H, k
(1) v + u = v̄ + ū, v · u = u · v9 ¯̄v = v.
(2) Tr(v + u) = Tr(v) + Tr(u)9 N (v · u) = N (v) · N (u).
(3) N (v) = N (v̄), N (av) = a2N (v), ùp a ∈ R.

SK 2.2 � H´o�êN, q, q′ ∈ H´�"�, σq, σq′ ©O´§�p��SgÓ�. y²:
σqq′ = σqσq′ .
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SK 2.3 �½e�o�ê α, β, O�

α+ β, α− β̄, α · β, α · β − β · α, α2, β−1, β · α · β−1.

(1) α = 1− 2i + 3k, β = 21− i + j− 2k.
(2) α = 21 + i− 3j + k, β = −31− 2i + j + 4k.
(3) α = −1 + 2i− 3j + 4k, β = 1 + 2i + 2j + k.

SK 2.4 (*) � H´o�êN, u, v ∈ H.
(1) y²: �3� q ∈ H¦� b = q · a · q−1�¿©7�^�´ Tr(a) = Tr(b)� N (a) = N (b).
(J«: k8(�,�"��/, 2`² q�o�©þ÷v�5�§|.)
(2) y²: z��Oª�u"�¢Xê�g�§ÑkÃ�õ��.

SK 2.5 3o�êN H¥, Á¦�§ x2 + 2x+ 13 = 0��� 8��.

SK 2.6 (*) � H´o�êN, u, v, w, z ∈ H´�"�o�ê, ÷v

u · v = −v · u, w · z = −z · w, N (u) = N (v), N (w) = N (z).

y²: �3o�ê q,¦� q · u · q−1 = v� q · w · q−1 = z. (J«: |^SK 2.4.)

SK 2.7 (*) y²o�êN H�gÓ�=kSgÓ�. (J«: |^SK 2.6ÚSK 1.17.)

SK 2.8 � H ´Ø�, y²:
(1) a−1 · b−1 = (b · a)−1, ∀a, b ∈ H,
(2) (a−1)−1 = a, −(−a) = a, ∀a ∈ H \ {0},
(3) (−a) · (−b) = a · b.

SK 2.9 (uÛ�ð�ª) � H ´��Ø�, a, b ∈ H ´�"�, � a · b 6= 1. y²:

a− (a−1 + (b−1 − a)−1)−1 = a · b · a.

SK 2.10 � H ´��N, a, b ∈ H ´�"�, ·�½Â a, b�� f [a, b] := a · b · a−1 ·
b−1. y²:
(1) [a, b] = 1��=� a · b = b · a.
(2) a · [b, c] · a−1 = [a, [b, c]] · [c, b]−1.
(3) XJ [a, b] 6= 1, @o

a = (1− [(a− 1)−1, b−1]) · ([a−1, b−1]− [(a− 1)−1, b−1])−1.

SK 2.11 � H ´��Ø�, Σ´� f�N|¤�8Ü. y²:
(1) H d Σ)¤. (J«: |^SK 2.10.)
(2) XJ H �¥% C(H)�¹ Σ, K H 7´�.

SK 2.12 � H ´Ø�, a ∈ H ´�"�, ½Â C(a) = {q ∈ H| a · q = q · a}, ¡�� a�

¥%zf. y²:
(1) C(a)´ H �fØ�.
(2)

⋂
a∈H\{0}

C(a) = C(H).
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SK 2.13 � H ´Ø�, H∗ := H \ {0}, �Ä H∗þ�'X

r ∼ r′
def⇐⇒ r′ = q · r · q−1, é,� q ∈ H∗.

(1) y²: ù´���d'X.
(2) b�

Sa = {r| r = q · a · q−1, é,� q ∈ H∗}

´ a ∈ H∗3þã�d'XeéA��da. �Ä÷�

fa : H∗ −→ Sa, q → q · a · q−1.

y²: fa(q) = fa(q′)��=� q−1 · q′ ∈ C(a)∗ (�SK 2.12), ½�du q′ ∈ qC(a)∗, ùp

C(a)∗ := C(a) \ {0}, qC(a)∗ := {qx| x ∈ C(a)∗}.

SK 2.14 b�Ø� H ´k�8Ü.
(1*) y²: @o |H∗| = |Sa| · |C(a)∗| (J«: |^SK 2.13 (2)�(Ø).
(2) �¥% C(H)����ê� |C(H)| = q, y²: �3��ê n, na > 0, ¦�

|H∗| = qn − 1, |C(a)∗| = qna − 1.

(3) (aêúª) � H ´k�8Ü, {Ak}tk=1´¤kØ¹¥%����da (üüØÓ), |Ak| =
qnk − 1. y²:

qn − 1 = q − 1 +
t∑

k=1

qn − 1
qnk − 1

.

SK 2.15 (*) �Äõ�ª

φd(x) =
∏

0 ≤ k ≤ d− 1

gcd(k, d) = 1

(x− ωk),

ùp ω´��� kgü �, =÷v ωk = 1�é?Û�u k���ê k′, Ñk ωk
′ 6= 1.

(1) y²: φd(x)´�Xêõ�ª.
(2) y²: é?Û�u 1���ê q, Ñk |φd(q)| > q − 1.
(3) y²: k|d��=� (qk − 1)|(qd − 1).
(4) y²: � k|d�, ·�k

φd(q)

∣∣∣∣∣qd − 1
qk − 1

.

(5) (ÜSK 2.14�±þ(Øy²Wedderburn�½n.
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3.1 +�Ä�Vg

� G ´��8Ü, G þk���ê$�”·”

G×G −→ G, (a, b) → a · b.

��Bå�, ·�rù�$�¡�”¦{”.

½Â 3.1.1 XJ G�¦{÷vún (M0)(M1)(M3)(M4), ·�Ò¡ G�+ (Group ). �
ó�, + Gþ�¦{÷v(ÜÆ, k¦{N�, ¿�z��"�Ñ´¦{�_�.

?�Ú, XJ+ G�÷v��Æ, =ún (M2), ·�Ò¡����+½ Abel+.

5 3.1.1 (1) éu��+, Ñu¦^S., ·�Ï~ò¦{$�U¡�”\{”, ¿P� +.
(2) aq�¥�PÒ, ·��U½Â¦{$�e��� an, ùp a ∈ G, n ∈ Z. éu��+�\

{, Kò��/ªU���ê/ª na. �

aq��?Ø, ·��U½Âf+�Vg.

½Â 3.1.2 � G´+, H ´ G���f8, XJ H 3 G�¦{eµ4¿��¤+, K¡
�� G�f+ (Subgroup).

·��Uaq½Â+Ó��Vg.

½Â 3.1.3 � σ : G→ G′´+ G,G′�m�N�. XJ σ÷v

σ(a · b) = σ(a) · σ(b), ∀a, b ∈ G,

K¡��+Ó� (Group homomorphism).

��k�+ G ����êP� |G|, ¡� G ��ê.

3.2 +�~f

3.2.1 ��+

~ 3.2.1 ¤k��'u\{�¤��+. 'X

Z, Q, H, ZN , NZ, R[x], Mn(R), · · ·

d?Ø2��~Þ. �

~ 3.2.2 �{a���Ú

Zm1 ⊕ Zm2 ⊕ · · · ⊕ Zmr

3\{e�¤��k����+. �
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~ 3.2.3 � V ´ n��þ�m, K V ´\{+. �

~ 3.2.4 � ω = e
2π
√
−1

n ´ n gü �, =÷v ωn = 1. 8Ü

Un = {1, ω, ω2, · · · , ωn−1}

3Ï~¦{e�¤��+. �

3.2.2 N��ü +

� R ´N�. R ¥�¦{�_����ü . R ¥¤kü �¤�8ÜP� R∗. N´�y,
R∗ 3 R �¦{e�¤+, ¡�ü +.

~ 3.2.5 Ø� H �ü +Ò´d¤k�"��¤�8Ü. 'X

Q∗, R∗, Z∗p, H∗, Q(x)∗, · · ·

Ñ´~��¦{+. �

~ 3.2.6 (Q��{X) � N ��{a�¥�ü +

Z∗N = {[m] | gcd(m,N) = 1}.

§�¡�� N �Q��{X. 'X

Z∗6 = {[1], [5]}, Z∗8 = {[1], [3], [5], [7]}, Z∗12 = {[1], [5], [7], [11]}.

Z∗N ����êP� ϕ(N), Ï~¡�î.¼ê. 'X ϕ(1) = 1, ϕ(2) = 1, ϕ(6) = 2,
ϕ(8) = 4, ϕ(12) = 4. �

~ 3.2.7 � R ´��N�, Mn(R) ´Ý
�. Mn(R) �ü +d�N�_Ý
�¤. d
·K 2.5.1, ·��±òÙ�¤

Mn(R)∗ = {A ∈Mn(R) | detA ´ R ¥�ü  }.

AO/, ·�� R = F �ê�, @o Mn(F ) �ü +d¤k�1�ª�"�Ý
�¤, ¡
� n ����5+, Ï~P� GLn(F ). �

~ 3.2.8 (AÏ�5+) � F ´ê�, GLn(F ) ´���5+.

SLn(F ) = {A ∈ GLn(F ) | detA = 1}

3Ý
¦{e�¤��+, ¡�AÏ�5+. §w,´ GLn(F ) �f+. �

3.2.3 ã/�é¡+

�Ä²¡þ���ã/ F . � GF ��N�± F ØC�²¡��C��¤�8Ü. GF 3E
Ü$�e�¤+, ¡�ã/ F �é¡+. GF �N�Ò´ð�C�.

5 3.2.1 £�: ²¡��C�´�X�^=Úº¡��EÜ¤�AÛC�. z�²¡��
C�éA�� 2 ���Ý
(

cos θ sin θ
− sin θ cos θ

)
(^=) ½

(
cos θ sin θ
sin θ − cos θ

)
(��).

�
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~ 3.2.9 (��+) � F �²¡þ�ü ��, K GF Ò´�N��C��¤�8Ü, ·�
Ï~¡�� 2 ���+ (Orthogonal group), �P� O(2). ¢Sþ O(2) �����±w� 2 �
��Ý
. lù��Ýw, ·��±í2/½Â n ���+

O(n) =
{
P ∈ GLn(R) | PP T = P TP = In

}
.

ù´�����+. �

~ 3.2.10 (AÏ��+) O(n) ¥k��f+

SO(n) = {P ∈ O(n) | detP = 1} .

·�¡��AÏ��+ (Special orthogonal group). � n = 2, 3 �, §�¡�^=+ (Rotation
group). �

~ 3.2.11 (�¡N+) � F ´¥%3�: O �� n >/. � T ∈ GF ´'u F �¥%_
��^= 2π

n , S ´'u,é¡¶�º¡��. ·��y²

GF = {T, T 2, · · · , Tn, ST, ST 2, · · · , STn}

÷v'X Tn = S2 = I 9 TST = S, d? I ´ð�N�. T+¡��¡N+ (Dihedral group),
Ï~P� Dn. Dn ´k����+, �k 2n ���.

��Bå�, ·�Ø�rº:�I��

vk =
(

cos
2πk
n
, sin

2πk
n

)
, k = 1, 2, · · · , n.

ò S À�'u x ¶�º¡��. ù�,

T =

(
cos 2πk

n sin 2πk
n

− sin 2πk
n cos 2πk

n

)
, S =

(
1 0
0 −1

)
.

dd�±���y T, S ��'Xª. 5¿� T−k = Tn−k, S−1 = S,

T kS = T kST k · T−k = T k−1ST k−1 · T−k = · · · = TST · T−k = S · T−k,

Ïd Dn ¥���Ñ�±�¤ T k, ST k �/ª (k = 1, 2, · · · , n).

·���±lEê��Ý�n) T, S 9Ù'Xª. òº:w¤ü �vk = ωk, ùp
ω = e

2π
√
−1

n , (k = 1, · · · , n). ù�, T ��u4Ã vk ¦± ω, S ��ué vk ��Ý. Uìù�*
:, ·�éN´�y T, S �'Xª. �

~ 3.2.12 ��þ~�äNO�, ·��Ä D4. d�

D4 =
{
T, T 2, T 3, T 4, ST, ST 2, ST 3, ST 4

}
,

÷v'Xª T 4 = S2 = I, TST = S. T L«7 O :^= 90◦,S L«'u x ¶�=.

(1) T 2 =7 O :^= 180◦.

(2) T 3 =7 O :^= 270◦.

(3) T 4 = I =�± F ØÄ (��u7 O :^= 360◦), T 5 = T, T 6 = T 2, · · ·
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(4) S2 = I =�± F ØÄ ('u x ¶�=üg).

(5) ST ´'u�� x = −y ��=.

(6) ST 2 ´'u y ¶��=.

(7) ST 3 ´'u�� x = y ¶��=. �

3.2.4 ��+

� M ��8Ü, ·�^ S(M) L«�Nl M � M ��_C��¤�8Ü. N´�y,
S(M) 3EÜ$�e�¤+, ÙN�Ò´ð�C�. ·�¡��M ��C�+.

8�

M = {1, 2, · · · , n}.

M þ��_C�¡� n ���, S(M) ¡� n ���+ (Permutation group) ½ö n �é¡+,
Ï~P� Sn. §�N�Ï~P� (1). � n > 2 �, Sn ´���+.

� σ ∈ Sn. �Ö��B, ·�Ï~P

σ =

(
1 2 · · · n
a1 a2 · · · an

)
,

Ù¥ ai = σ(i), i = 1, 2, · · · , n.
du σ ´V� (=��éA), ¤± a1, · · · , an ¢Sþ´ 1, 2, · · · , n �ü�, � Sn �k n! ���.

~ 3.2.13 ± n = 4�~, �

σ =

(
1 2 3 4
2 4 1 3

)
, τ =

(
1 2 3 4
3 1 2 4

)
.

d½Â

στ(i) = σ(τ(i)), i = 1, 2, 3, 4,

u´

στ =

(
1 2 3 4
2 4 1 3

)(
1 2 3 4
3 1 2 4

)
=

(
1 2 3 4
1 2 4 3

)
.

d	, ·�k

σ−1 =

(
1 2 3 4
3 1 4 2

)
τ−1 =

(
1 2 3 4
2 3 1 4

)
. �

½Â 3.2.1 � σ ∈ Sn. XJ σò 1, 2 · · · , n¥�m�ê a1, · · · , amÓ�, =

σ(a1) = a2, σ(a2) = a3, · · · σ(am−1) = am, σ(am) = a1,

��±Ù{êØÄ, K¡ σ���Ó� (Cycle), {P� σ = (a1a2 · · · am). �m = 2�§§�
¡�é� (Transposition). ü�Ó� α = (α1 · · ·αm), β = (β1 · · ·βl)¡�Ø�� (Disjoint), XJ
αi 6= βj , ∀i, j.
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5 3.2.2 é²w,

(α1 · · ·αm) = (α2 · · ·αma1) = (α3 · · ·αma1a2) = (αma1 · · · am−1).

d	, ��Ó�3 Sn Ñ��uN� (1). �

~ 3.2.14 ± n = 4�~,

σ =

(
1 2 3 4
2 4 1 3

)
=(1243) , τ =

(
1 2 3 4
3 1 2 4

)
=(132) ,

±9

στ =

(
1 2 3 4
1 2 4 3

)
=(34) . τσ =

(
1 2 3 4
1 4 3 2

)
=(24) �

5 3.2.3 éØ���Ó� α, β, ·�k αβ = βα. �

·�®�Xe²;(Ø.

·K 3.2.1 Sn¥��7���L«��
Ø���Ó�¦È (Ø�Ä�¦�^S).

~ 3.2.15 ± n = 6�~, �

σ =

(
1 2 3 4 5 6
3 1 2 5 4 6

)
,

K σ = (1 3 2)(4 5) (Ï~ò (6) �Ñ),

τ =

(
1 2 3 4 5 6
6 5 4 3 2 1

)
= (1 6)(2 5)(3 4). �

~ 3.2.16 � σ, τ ∈ Sn. ·�F"¦ τστ−1. d·K 3.2.1, Ø��Ä

σ = (i1i2 · · · ir)

´Ó���/. ·��y²

τστ−1 = (τ(i1)τ(i2) · · · τ(ir)). (3-1)

?� j ∈ {1, 2, · · · , n}. ©ü«�/?Ø.

�/(A): b� j = τ(ik), é,�eI k ¤á. d�k

τστ−1(j) = τσ(ik) = τ(ik+1).

�/(B): b� j 6= τ(ik), ∀k. Ïd τ−1(j) 6= ik, ∀k. ùÒíÑ σ(τ−1(j)) = τ−1(j). ù�,
·�k

τστ−1(j) = τσ(τ−1(j)) = τ(τ−1(j)) = j.

ùÒy²
 (3-1). �

~ 3.2.17 � σ = (159), ρ = (264) ∈ S9, ¦ τ ∈ S9, ¦� τστ−1 = ρ.

d~ 3.2.16, τ ÷v τ(1) = 2, τ(5) = 6, τ(9) = 4. ÏdØ�� τ = (1294)(56). �,, τ �k
Ù¦ØÓ��{, 'X� τ = (1256738)(49). �
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·��kXe²;(Ø.

·K 3.2.2 ?Û σ ∈ SnoU©)�
é��¦È, ¿�é��ê�Ûó5Ø�6u©).
AO/, e σ©)¤ó (Û)ê�pØ���é�, K¡Ù�ó (Û)��.

~ 3.2.18 σ = (a1a2 · · · ar) �±©)¤Xeé��¦È

σ = (a1a2)(a2a3) · · · (ar−1ar).

é?¿ τ ∈ Sn, d·K 3.2.1, τ �±©)¤Ø���Ó�¦È. 2dþã?Ø, ù
Ó�q
U?�Ú©)�é�¦È. 'X

τ =

(
1 2 3 4 5 6 7
7 3 6 2 5 4 1

)
= (17)(2364).

�±kXe©)
τ = (17)(23)(36)(64).

��`5, é��©)L«Ø´���, 'X

τ = (17)(36)(25)(64)(45)(25).

�ÖögC�y. �

~ 3.2.19 b� σ ∈ Sn U©)¤ k �Ø��Ó��¦È (�)��Ó�), K σ �Ûó5
� n− k �Ûó5��. ·��I��y σ ´Ó���/, d�d~ 3.2.18 �?Ø.

E±~ 3.2.18 ¥� τ �~. τ = (17)(2364)(5) ´ó��. 5¿ n = 7, k = 3, ¤± n− k = 4
´óê. �

íØ 3.2.1 ¤kó��|¤�8Ü3 Sn�$�e�¤Ùf+, ¡� n���+ (Alter-
nating group).

~ 3.2.20 S3 ���+ A3 = {(1), (123), (132)}. �

~ 3.2.21 (°�Z½n) � σ ∈ Sn, ·�ò÷v5� σd = (1) �����ê d ¡� σ �
�, P� ordσ.

Äk5¦ σ = (a1a2 · · · ar) ��. d�N´�y ordσ = r.

Ùg�Ä���/. � σ ©)¤pØ���Ó�¦È σ = α1 · · ·αk. u´

ordσ = l.c.m.(ordα1, · · · , ordαk),

ùp l.c.m. L«��ú�ê.

'Xσ = (17)(2364) �� ordσ = l.c.m.(2, 4) = 4. �

~ 3.2.22 y²: XJ σ ∈ Sn ��´Ûê, K σ 7´ó��.

� σ = α1 · · ·αk ´pØ���Ó�¦È. d~ 3.2.21 �?Ø±9 ordσ�Ûê, á�Ã ordαi
�Ûê. Ïdd~ 3.2.19 �, z� αi Ñ´ó��, l σ ´ó��. �

~ 3.2.23 � σ = (1357246) ∈ S7, ¦ τ ∈ S7 ÷v τ2 = σ.

5¿� σ7 = (1), Ïd σ8 = σ. ù�, ·��±� τ = σ4 = (1234567). �
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3.3 +Ó��~f

� σ : G→ G′ ´+Ó�. ·��±aq½ÂXeÃVg.

½Â 3.3.1 e σ�ü� (�A/, ÷�), K¡ σ�üÓ� (�A/, ÷Ó�). e�3+Ó
� τ : G′ → G, ¦�

τσ = IdG, στ = IdG′ ,

K¡ σ�+Ó�, Ï~P� G
σ∼= G′. d	, ·�P_N� τ = σ−1.

·K 3.3.1 +Ó� σ : G→ G′´Ó���=� σQüq÷.

y² (=⇒) w,.

(⇐=) � τ : G′ → G ´ σ �_N�. é?Û u, v ∈ G′, � a = τ(u), b = τ(v). d½Âk
u = σ(a), v = σ(b). ·�k

τ(uv) = τ(σ(a)σ(b)) = τ(σ(ab)) = ab = τ(u)τ(v).

ùL² τ ´+Ó�. �

~ 3.3.1 (²�Ó�) � G,G′ ´+, e′ ∈ G′ ´ÙN�.

σ : G −→ G′, a→ e′

¡�²�Ó�. �

~ 3.3.2 ?Û�Ó�Ñ�±��\{+�Ó�. 'X

(Z,+) −→ (ZN ,+), n→ [n]. �

~ 3.3.3 � Un ´ n gü ��¤�¦{+ (�~ 3.2.4), ·�kÓ�N�

σ : (Un, ·) −→ (Zn,+), ωk → [k].

¦+l8Üþ`, ü�+���Ú$�ÑØ�Ó, �´§�%k�Ó��ê(�. Ïdl�ê�
Ýw, ·�vk7�«Oé�. �

~ 3.3.4 (ÎÒN�) sgn : Sn −→ U2 ½Â�

sgn(σ) =

{
[0] σ�ó��
[1] σ�Û��.

sgn(στ) = sgn(σ) · sgn(τ) =

{
[0] σ, τÓÛÓó
[1] σ, τ�Û�ó.

sgn((1)) = [0], sgn((12)) = [1]. Ïd sgn ´÷Ó�. �

~ 3.3.5 (,N�) � (Mn(R),+) ´��N� R þ� n �Ý
\{+, ·�½Â,N�

tr : Mn(R) −→ R,

 a11 · · · · · · a1n

· · · · · · · · · · · ·
an1 · · · · · · ann

→
n∑
k=1

akk.
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dp��ê�(Ø, ·�k tr(In) = n,

tr(A+B) = tr(A) + tr(B).

Ïd tr ´+Ó�. §´÷Ó�, �Ø´üÓ�, 'X n = 2 �,

tr

(
0 0
0 0

)
= tr

(
0 1
1 0

)
= 0. �

~ 3.3.6 (1�ªN�) � GLn(F ) ´� F þ� n ����5+. 1�ªN�

det : GLn(F ) −→ F ∗, A→ detA.

d·K 2.5.1 �� det ´+�÷Ó�. �

~ 3.3.7 (�êN�) �Ä�¢ê83Ï~¦{e�¤�+ (R+, ·). ·�k�êN�

exp : (R,+) −→ (R+, ·), x→ ex.

w,k
exp(x+ y) = ex+y = exp(x) · exp(y).

Ïd exp ´Ó�. ?�Ú��y, §´Ó� (R,+) ∼= (R+, ·). �

~ 3.3.8 � G ´+, a ∈ G ´�½�.

Φ : Z −→ G, n→ an.

·�k
Φ(n+m) = an+m = Φ(n) · Φ(m).

Ïd§´+Ó�.

'X� G = 2Z, a = 2, KkÓ�

Φ : Z ∼−→ 2Z, n→ 2n.

N´�y, §´Ó�. ,��¡, 2Z ´ Z �f+. ùL², ��+k�U�Ùf+Ó�. �

~ 3.3.9 (#'¿dC�) � G ´*¿E²¡ C þ��N#'¿dC��¤�8Ü. ?Û
σ ∈ G �±�¤

σ(z) =
az + b

cz + d
, ad− bc = 1, z ∈ C.

G 3EÜN�e�¤+. ·��±�yXeN�´+�÷Ó�

Φ : SL2(C) −→ G,

(
a b

c d

)
→ σ(z) =

az + b

cz + d
. �

~ 3.3.10 (gÓ�+) � G ´+. ·�r G �g��Ó�¡�+ G �gÓ�. �NgÓ
��¤�8ÜP� Aut(G). N´�y Aut(G) 3EÜ$�e�¤+, ÙN�´ðÓN�. ù�+

¡� G �gÓ�+ (Automorphism group). �
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3.4 +�Ä�5�

3+�½Â¥, ún (M3)(M4) �±�fz, ùÒ´e¡�(Ø.

·K 3.4.1 � G´��8Ü, Gþk÷v(ÜÆ�¦{$�. XJ G3T$�e�÷v

Xe^�:

(M’3) �3�N� e, ¦� ea = a, ∀a ∈ G,

(M’4) é?Û� a ∈ G, Ñ�3�_� b ∈ G, =÷v ba = e,

K G7´+. AO/, N� e´���, a�_��´���.

y² ?� a ∈ G, � b ∈ G ´�_�. d^� (M’4), �3 c ∈ G, ÷v cb = e. u´k

ab = (ea)b = ((cb)a)b = (c(ba))b = (ce)b = c(eb) = cb = e.

ùL² b �´ a �m_.

,��¡,
ae = a(ba) = (ab)a = ea = a.

Ïd e �´mN�.

y3, ·�5�yN����5. � e′ ´,�N�, Kdþ?Ø��

e′ = ee′ = e.

��2�y_����5. � c, b Ñ´ a �_�, K

c = ce = c(ab) = (ca)b = eb = b.

�d, ·��¤
y². �

5 3.4.1 UìS., ·�Eò a �_�P� a−1. ·�kw,�'Xª

(a−1)−1 = a, (ab)−1 = b−1a−1.

�

íØ 3.4.1 é?¿ a, b ∈ G, �§ ax = b3 Gþk��) x = a−1b.

·K 3.4.2 � G´+, H ´ G�f+, K H �N�Ò´ G�N�, H ¥?���_�Ò
´§3 G¥�_�.

y² � e ∈ G ´ G �N�, e′ ∈ H ´ H �N�. d½Â�, e′e′ = e′. � e′−1 ∈ G ´ e′

3 G �_�, u´
e = e′e′

−1 = (e′e′)e′−1 = e′(e′e′−1) = e′e = e′.

?� h ∈ H. � h′ ∈ H ´ h 3 H ¥�_�, h−1 ´ h 3 G ¥�_�. u´k

h−1 = eh−1 = (h′h)h−1 = h′(hh−1) = h′e = h′.

ùÒ�¤
y². �
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5 3.4.2 3�¥, N��Ùf��7k�Ó�N�. 'X~ 2.3.8 ¥�N�

R =

{(
a

b

)
∈M2(F )

∣∣∣∣∣ a, b ∈ F
}

±9§�f�

L =

{(
a

0

)
∈M2(F )

∣∣∣∣∣ a ∈ F
}
.

§��N�©O´

1R =

(
1

1

)
, 1L =

(
1

0

)
.

Ñyù«y��'��ÏÒ´ún (M4), =¦{_���35. �

·K 3.4.3 � σ : G −→ G′+Ó�, e ∈ G (�A/, e′ ∈ G′)´ G (�A/, G′)�N�, K
(1) σòN�N�N�, = σ(e) = e′.
(2) σò_�N���_�, = σ(a−1) = (σ(a))−1.

y² (1) σ(e) · σ(e) = σ(e · e) = σ(e), Ïd σ(e) = e′.
(2) σ(a) · σ(a−1) = σ(a · a−1) = σ(e) = e′, Ïd σ(a−1) = (σ(a))−1. �

·K 3.4.4 +�Ó�'X´�d'X.

(1) (g�5) G ∼= G,

(2) (é¡5) G ∼= G′ ⇒ G′ ∼= G,

(3) (D45) G ∼= G′, G′ ∼= G′′ ⇒ G ∼= G′′.

~ 3.4.1 ·�®k\{+Ó� Z ∼= nZ ±9 Z ∼= mZ, Ïddé¡59D45��Ó�
nZ ∼= mZ. �

3.5 +��E

3.5.1 �E�{ (I): f+

c¡·�®²½Â
f+�Vg, ¿�0�
�
²;�~f, 'X��+ An ´��+ Sn

�f+; AÏ�5+ SLn(R) ´���5+ GLn(R) �f+; AÏ��+ SO(n) ´��+ O(n)
�f+, ��.

��BÖ�, ·�S.þÏ~ò+ G 9Ùf+ H ��¹'XP� H < G.

·K 3.5.1 (f+��½^�) H < G��=� a−1b ∈ H, é?Û a, b ∈ H.

y² (=⇒) w,.
(⇐=) (ÜÆw,. ?� a ∈ H, d^�� e = a−1 · a ∈ H, ùL²N��3. ?�Ú,

a−1 = a−1 · e ∈ H.
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ùÒy²
_���35.

���y$�µ45. � a, b ∈ H, du a−1 ∈ H, � ab = (a−1)−1b ∈ H. ù�, ·�Òy²

 H < G. �

5 3.5.1 aq/, H < G ���=� ab−1 ∈ H, ∀a, b ∈ H. �

~ 3.5.1 � R ´�, S ´f�, §���\{+w,k (S,+) < (R,+). AO/, n��
�\{+´��\{f+. �

~ 3.5.2 G kü�²�f+ {e} Ú G. �

~ 3.5.3 dc?Ø, ·�®� SLn(F ) < GLn(F ), SO(n) < O(n). �

~ 3.5.4 (�Ýf+) � H < G, �½� g ∈ G, ·��±½Â H ��Ýf+ (Congruence
subgroup)

gHg−1 := {ghg−1 | h ∈ H}.

·�|^f+�½{5u�§. é?�� a = gh1g
−1 9 b = gh2g

−1 ∈ H,

a−1b = (gh1g
−1)−1 · (gh2g

−1) = g(h−1
1 h2)g−1 ∈ gHg−1.

Ïd§(¢´ G �f+.

(1) ��`5, H 6= gHg−1. 'X H = {(1), (12)} < Sn, é?¿ τ ∈ Sn, |^~ 3.2.16 �?
Ø��

τHτ−1 = {(1), (τ(1)τ(2))}.

(2) ·��±½Â+Ó�

σg : H −→ gHg−1, h→ ghg−1.

AO/, XJ H ´k�f+, @oÙ�Ýf+�´k�+, ¿�§�����ê�Ó.

(3) XJ gHg−1 = H, @o g−1Hg = H. ù´Ï�

g−1Hg = g−1(gHg−1)g = (g−1g)H(g−1g)−1 = H.

(4) é?¿ h ∈ H, hHh−1 ⊆ H. AO/, h−1Hh ⊆ H, l H ⊆ hHh−1, ùÒíÑ
hHh−1 = H.

d	, é²w, ��+¥�f+Ø
���	, vkÙ¦�Ýf+. �

~ 3.5.5 (�5f+) � H < G, ÷v

gHg−1 = H, ∀g ∈ G,

·�Ò¡ H ´ G ��5f+ (Normal subgroup), P� H �G.

w,, ��+�f+o´�5f+. ����f+�7´�5� (�~ 3.5.4).

y3·��y An / Sn. é?¿ τ ∈ Sn, d~ 3.2.16 �?Ø, τAnτ−1 ¥���Ñ´ó��,
Ïd τAnτ

−1 ⊆ An. duùü�f+����ê��, Ïd τAnτ
−1 = An.

·�5y² H �G ��=� gHg−1 ⊆ H é?Û g ∈ G ¤á.
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(=⇒) ´w,�.

(⇐=) Ï� g−1Hg = (g−1)H(g−1)−1 ⊆ H, � H ⊆ gHg−1. ,��¡, gHg−1 ⊆ H. Ïd

gHg−1 = H. �

~ 3.5.6 (�5zf, Normalizer) é?Ûf+ H < G, ·�½Â8Ü

N(H) = {g ∈ G | gHg−1 = H}.

ky² N(H) < G. ?� g1, g2 ∈ N(H), ·�k

(g−1
1 g2)H(g−1

1 g2)−1 = g−1
1 (g2Hg−1

2 )g1 = g−1
1 Hg1 = H.

Ïd g−1
1 g2 ∈ N(H). df+�O{, N(H) < G. 2dþ~?Ø, H / N(H). �

íØ 3.5.1 ?¿õ�f+��E´f+. �ó�,� {Hα}α∈I ´ G��xf+,K
⋂
α∈I

Hα

�´ G�f+.

� S ´+ G ���f8, {Hα}α∈I ´¤k�¹ S �f+. díØ 3.5.1,

〈S〉 :=
⋂
α∈I

Hα

E´f+. ·�r§¡�d S )¤�f+, S ¥��¡� 〈S〉 �)¤�.

·K 3.5.2 � S,GÓþ.

(1) 〈S〉´�¹ S ���f+.

(2) - S−1 = {a−1|a ∈ S}, K

〈S〉 = {x1x2 · · ·xm| xi ∈ S ∪ S−1}.

y² (1) � H < G, � S ⊆ H, Kd½Â� 〈S〉 ⊆ H. ,��¡, w,k S ⊆ 〈S〉. Ï
〈S〉 ´�¹ S ��f+.

(2) -

H = {x1x2 · · ·xm| xi ∈ S ∪ S−1},

·�5�y H < G. �
σ = x1x2 · · ·xm, τ = y1 · · · yl ∈ H,

ùp xi, yj ∈ S ∪ S−1. u´

σ−1τ = x−1
m x−1

m−1 · · ·x
−1
1 y1y2 · · · yl ∈ H.

df+�O{� H ´f+.

d 〈S〉 ½Â§w, 〈S〉 ⊆ H. ,��¡, é?¿ σ = x1x2 · · ·xm ∈ H, 5¿� xi ∈ S∪S−1 ⊆
〈S〉, l σ ∈ 〈S〉, ùÒíÑ H ⊆ 〈S〉. Ïd H = 〈S〉. �

~ 3.5.7 (Ì�f+) � S = {a}, d a )¤�f+ 〈a〉 ¡�Ì�f+ (Cyclic subgroup).
d½Â,

〈a〉 = {an | n ∈ Z}.
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� R ¥�Ìn� I = (a) ��\{+w,´ (R,+) �\{f+. 'X�ê\{+ Z = 〈1〉
�kÌ�f+ NZ = 〈N〉. q'X, � N ��{a\{+ ZN = 〈a〉 kÌ�f+ 〈[d]〉, ùp
d | N .

XJ 〈a〉 ´k�f+, @oTf+¥����ê¡� a 3 G ¥��ê, P� ord a, ¿¡ a ´
k���. XJ 〈a〉 ´Ã�f+, K¡ a ´Ã���, Ï~L«� ord a = ∞. �

~ 3.5.8 b� G ´+, a, b ∈ G ÷v ab = ba, @o

〈a, b〉 = {anbm |n,m ∈ Z}.

�5¿, XJ ab 6= ba, @oþã(ØÏ~¿Ø¤á. 'X� G = S3, σ = (12), τ = (13) ∈ S3, K
〈σ, τ〉 = S3, Ù¥ (23) ØU�� σnτm �/ª (��o?). �

~ 3.5.9 y²: Sn dXe8Ü

Σ = {(12), (13), · · · , (1n)}

)¤.

du Sn ¥��ÑU�¤é��¦È¿�é��_�Ò´Ù��, ¤±·���y² Σ ¥

����¦È. N´�y

(ij) = (1i)(1j)(1i).

ùÒ��
¤I(Ø. �

~ 3.5.10 (¥%zf, centralizer) � G ´+, a ∈ G. ·��±�Ef+

C(a) = {g ∈ G|ga = ag}.

§¡� a �¥%zf. é G �?Û��f8 S, Ó��±½Â S �¥%zf

C(S) =
⋂
a∈S

C(a).

díØ 3.5.1, §´��f+.

AO/,
C(G) = {g ∈ G|gx = xg, ∀x ∈ G}

¡� G �¥%. §´��f+. ·�3Ø��?Ø¥Ù¢®²0�Laq�Vg. �

~ 3.5.11 (� f+) � G ´+. é?Û a, b ∈ G, ·�½Â [a, b] = a−1b−1ab. §¡�
a, b �� f (Commutator). d�N� f)¤�f+��� f+ (Commutator subgroup),
P� [G,G]. 'X [S3, S3] = A3 (�Öö�y).

d	, ·�k
(1) [a, b]−1 = b−1a−1ba = [b, a].
(2) é?¿ g ∈ G, ±9?¿ [a, b] ∈ [G,G], k

g[a, b]g−1 = [gag−1, gbg−1].

(Ü·K 3.5.2 ±9þ¡?Ø�� g[G,G]g−1 ⊆ [G,G], � [G,G] ´�5f+. �
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~ 3.5.12 (SgÓ�+) � G ´+, Aut(G) ´gÓ�+ (�~3.3.10). ·��	Ù¥�a
AÏ�gÓ�. ?� g ∈ G, ½ÂN�

σg : G −→ G, a→ gag−1.

N´�y σg(ab) = σg(a)σg(b) ±9§´��éA, Ï§´+Ó�. ·�rùa+Ó�¡� G

�SgÓ� (Inner automorphism). �NSgÓ��¤�8ÜP� Inn(G).

·�5�y Inn(G) ´ Aut(G) �f+. ?� g, g′ ∈ G, σg, σg′ ´�A�SgÓ�.

σgσ
−1
g′ (x) = σg(g′

−1
xg′) = g(g′−1

xg′)g−1 = (gg′−1)x(gg′−1)−1 = σgg′−1 , ∀x ∈ G.

Ïd σgσ
−1
g′ = σgg′−1 ∈ Inn(G). df+�O{=�(Ø. ·�ò Inn(G) ¡�SgÓ�+ (Inner

automorphism group). §´ Aut(G) �f+.

é?Û τ ∈ Aut(G), Ï�

τσgτ
−1(x) = τσg(τ−1(x)) = τ(gτ−1(x)g−1) = τ(g)x(τ(g))−1 = στ(g)(x), ∀x ∈ G,

� τσgτ
−1 = στ(g) ∈ Inn(G). ùÒíÑ InnG� AutG ´�5f+. �

·���±|^+Ó�5�E�
f+.

½Â 3.5.1 � σ : G→ G′´+Ó�, e (�A�, e′)´ G (�A�, G′)�N�.

(1) σ�Ø (Kernel)´�Xef8Ü

Kerσ
4
= {x ∈ G | σ(x) = e′}.

(2) σ�� (Image)´�Xef8Ü

Imσ
4
= {x′ ∈ G′ | ∃ x ∈ G, ¦� σ(x) = x′}.

·K 3.5.3 � σ : G→ G′´+Ó�, K

(1) Kerσ �G,

(2) Imσ < G′.

y² (1) ky Kerσ < G. é?¿ x, y ∈ Kerσ,

σ(x−1y) = σ(x)−1 · σ(y) = e′,

� x−1y ∈ Kerσ, Ïd Kerσ < G.

Ùg, é?Û a ∈ G, ·��y

a ·Kerσ · a−1 ⊆ Kerσ.

é?Û x ∈ Kerσ, ·�k

σ(axa−1) = σ(a) · σ(x) · σ(a)−1 = σ(a) · e′ · σ(a)−1 = σ(a) · σ(a)−1 = e′,

� axa−1 ∈ Kerσ. Ïd a ·Kerσ · a−1 ⊆ Kerσ, ∀a ∈ G. ÏùÒíÑ Kerσ �G.

(2) aq�y. �
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~ 3.5.13 ·�ÞA�~��~f.

(1)
σ : (Z,+) −→ (ZN ,+), n→ [n]

�Ø Kerσ = NZ.

(2)
τ : Z −→ Z, k → kN

�� Imτ = NZ.

(3) � a ∈ G ´�½�.
ρ : Z −→ G, n→ an.

§�Ø� NZ, ùp N = ord a; §��� 〈a〉 < G. ��`5, Imσ Ø´ G ��5f+. �

aq�Ó��?Ø, ·�kXe(Ø.

·K 3.5.4 � σ : G→ G′´+Ó�, K

(1) Kerσ = {e}��=� σüÓ�.

(2) σ´²�Ó���=� Kerσ = G, ���=� Imσ = {e′}.

(3) σ´÷Ó���=� Imσ = G′.

y² (1) (⇐) w,. (⇒) � σ(x) = σ(y), K σ(xy−1) = e′, � xy−1 = e, = x = y.

(2) (3) w,. �

íØ 3.5.2 +Ó� σ : G→ G′´Ó��¿©7�^�� Kerσ = {e}9 Imσ = G′.

3.6 �E�{ (II): Ì�+

c¡®²>9
Ì�f+�Vg. ùp·�3�ª½ÂÌ�+�Vg.

½Â 3.6.1 � G´+. XJ�3���� a ∈ G¦� G = 〈a〉, ·�Ò¡Ù�Ì�+.

d½Â�, Ì�+

〈a〉 = {an|n ∈ Z}.

§´(��{ü��a+.

~ 3.6.1 (1) G = {e} ´²��Ì�+.
(2) (Z,+) = 〈1〉 ´Ì�+.
(3) (ZN ,+) = 〈[1]〉 ´Ì�+.
(4) n gü �+ (Un, ·) = 〈ω〉 ´Ì�+. �

~ 3.6.2 (��) � Fp ´��ê p ��{a�, F∗p = F− {[0]} ´¦{+. �â²;êØ�
(J, F∗p ´Ì�+. §�)¤�����. �
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Ún 3.6.1 � G = 〈a〉´Ì�+.

(1) e G´ N �k�+, K an = am��=� N | n−m. AO/, an = e��=� N | n.

(2) e G´Ã�Ì�+, Ké?Û n 6= m, Ñk an 6= am.

y² ·�©ü«�/?Ø:
(A) �3��ê d ÷v ad = e;
(B) é?Û��ê d, ad 6= e.

k�Ä�/ (A). � d > 0 ´�����ê, ÷v ad = e. é?Û n ∈ Z, �Ä�{Ø{,
n = qd+ r, 0 ≤ r < d. ·�k

ar = an−qd = an · (ad)−q = an.

Ïdz��ÑU�¤ ar (0 ≤ r < d). ùÒíÑ

G ⊆ {e, a, · · · , ad−1}

´k�+. qÏ� {e, a, · · · , ad−1} ⊆ G, ¤± G = {e, a, · · · , ad−1}.

d d ���5, an = e ��=�þã r = 0, = d | n. ?�Ú,

an = am ⇐⇒ e = an−m ⇐⇒ d | n−m.

AO/, ùL² {e, a, · · · , ad−1} ¥���üüØÓ. Ï� |G| = N , � N = d.

2�Ä�/(B). XJ an = am (n > m), K e = an−m, �b�gñ! � an 6= am. ùíÑ G

´Ã�Ì�+.

nþ��, (A) éAk�Ì�+��/, (B) éAÃ�Ì�+��/. �

½n 3.6.1 � G = 〈a〉´Ì�+, K

(1) G�oÓ�u Z, �oÓ�u ZN .

(2) G�f+7´/X 〈ad〉�Ì�f+. AO/, XJ |G| = N , @o·��±� d | N .

y² (1) k�Ä G = 〈a〉 ´Ã�Ì�+��/. ·�p�+Ó�

σ : Z −→ G, n→ an.

d a �À�, σ w,´÷Ó�. yy σ ´ü�. b� σ(n) = σ(m), = an = am. dÚn 3.6.1,
n = m. Ïd§´ü�.

Ùg�Ä G = 〈a〉 ´k�Ì�+��/, � |G| = N . ½ÂN�

σ : ZN −→ G, [n] → an.

k`²Ün5. e [n] = [n′], K N | n− n′, l

an = an
′
an−n

′
= an

′
(aN )

n−n′
N = an

′
.

2�y§´Ó�.

σ([n] + [m]) = σ([n+m]) = an+m = anam = σ(n)σ(m).
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d½Â� σ ´÷�.

��y σ ´ü�. � σ([n]) = σ([m]), = an = am, Ï an−m = e. ÏddÚn 3.6.1,
N | n−m, = [n] = [m].

(2) � H < G. � d ´÷v ad ∈ H �����ê. é?¿ am ∈ H, �Ä�{êØ{
m = dq + r, u´

ar = am−dq = am · (ad)−q ∈ H.

d d ���5í� r = 0, = d | m. ��, é?Û d ��ê dk, Ñk adk = (ad)k ∈ H. Ïd

H = 〈ad〉.

XJ G ´ N �k�+, KdÚn 3.6.1, aN = e %¹X d | N . �

~ 3.6.3 �ê\{+�f+Ñ´/X NZ (N ≥ 0) �Ì�f+. �

~ 3.6.4 ZN �?Ûf+Ñ´/X 〈[d]〉 �Ì�f+ (�±� d | N) . �

íØ 3.6.1 � G = 〈a〉´ N �Ì�+, K

ord an =
N

gcd(N,n)
,

= 〈an〉 = 〈agcd(n,N)〉´ N
gcd(N,n) �Ì�f+. AO/, Ì�f+��ê7�Ø G��ê.

þã(Ø����Ü©¢Sþ´.�KF½n�AÏ�/ (�½n 3.6.2).

~ 3.6.5 � G = 〈a〉 ´ N �Ì�+. ·�k

(1) 〈an, am〉 = 〈agcd(n,m)〉.

(2) e n | N , m | N , K 〈an〉 ∩ 〈am〉 = 〈alcm(n,m)〉. �

3.6.1 �E�{ (III): �5f+�û+

� σ : G → G′ ´+Ó�. ·�c¡®y Kerσ ´ G ��5f+. �L5, ´Äz�f+

H < G Ñ�±w�,�+Ó��ØQ? éw,, H Äk7L´ G ��5f+. �e5, ·�F"

U�ìû���{, 5aq/½Âû+�Vg, ±9 G �û+�Ó�, ¦�ÙØTÐ´ H.

� G +, H < G. ·�Äk�Ñ G þ�'X

a ∼H b⇐⇒ a−1b ∈ H.

N´�y

Ún 3.6.2 ∼H ´ Gþ��d'X.

·��±½Â ∼H ��da
aH = {b ∈ G| b ∼H a}.

§¡� H ���8 (Left coset). d½Â,

aH = {ah | h ∈ H}.
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aq/, ·���±½Â,��d'X

a ∼′
H b⇐⇒ ba−1 ∈ H,

±9m�8 (Right coset)

Ha = {b ∈ G| b ∼′
H a} = {ha | h ∈ H}.

5 3.6.1 ùpÛ��
�8�{ü5�.

(1) a ∈ aH, a ∈ Ha.

(2) dþã�d'X�½Â��, aH = bH ��=� a−1b ∈ H; Ha = Hb ��=� ba−1 ∈ H.

AO/, H = aH ��=� H = Ha, ½��=� a ∈ H.

(3) ·�k8Üþ���éA
φ : H −→ aH, h→ ah.

b� φ(h1) = φ(h2), K ah1 = ah2, � h1 = h2, ùL² φ ´ü�. ,��¡, é?Û
x = ah ∈ aH, K φ(h) = x, Ïd φ ´÷�. Ón, �k��éA ψ : H → Ha.

AO/, ?Ûü�� (m) �8mÑ�3��éA.

(4) XJ |H| <∞, K |H| = |Ha| = |aH|.

(5) ��ó, aH Ø´ G �f+, � aH 6= Ha.

(6) d½Â, ?Ûü�ØÓ�� (m) �87Ø��; G �±L«¤�
pØ����(m)�8

�¿, = G =
·⋃

a∈G
aH (�KEÑy��8) ½ G =

·⋃
a∈H

Ha. �

½Â 3.6.2 e G�L� r�pØ��� (m)�8�¿(r < ∞)§K r
4
= [G : H]¡� H

3 G¥��I (Index).

5 3.6.2 ·�5`²þã½Â��IØ�6u��8½m�8, =��8�êo´�u
m�8�ê. Ø�b��k r �ØÓ���8 (Ù{�a�/�aq?Ø)

a1H, · · · , arH.

·�5`², Ha−1
1 , · · · ,Ha−1

r TÐØE/�H¤km�8.

e Ha−1
i = Ha−1

j (i 6= j), K a−1
i aj ∈ H, Ï a−1

j ai = (a−1
i aj)−1 ∈ H, = aiH = ajH, �

b�gñ! é?Û b ∈ G, �3 i, ¦� b−1 ∈ aiH, = a−1
i b−1 ∈ H. Ïd bai = (a−1

i b−1)−1 ∈ H,
= b ∈ Ha−1

i . �

~ 3.6.6 � R ´�, I ´n�. (I,+) < (R,+) ��\{f+��8Ò´

a+ I := {a+ r | r ∈ I} := I + a.

'X� R = Z 9 I = nZ, �k n ��8

r + nZ = {r + nk| k ∈ Z}, r = 0, 1, · · · , n− 1.
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Ïd�I [Z, nZ] = n.

ù�~fL², =¦+Úf+Ñ´Ã�+, §��Ukk��I. �

~ 3.6.7 � G = Sn, H = An, Ù�8=kü�: An 9 (12)An = An(12). �8 (12)An T

ÐÒ´¤kÛ���N. d�, [Sn, An] = 2. �

~ 3.6.8 � G = S3, H = 〈(12)〉. ·��kn���8: H, (13)H = {(13), (123)}, ±9

(23)H ′ = {(23), (132)}. Ïd, [G : H] = 3. ·��kn�m�8: H, H(13) = {(13), (132)}, ±

9 H(23) = {(23), (123)}. ���y�

Sn = H ∪ (13)H ∪ (23)H = H ∪H(13) ∪H(23).

N´w�, (13)H 6= H(13), (23)H 6= H(23). �

½n 3.6.2 (Lagrange) � Gk�+, H < G, K

|G| = |H| · [G : H].

AO/, |H|�Ø |G|.

y² G ´ [G : H]���8�¿§z��8���ê |H|, Ïd |G| = |H| · [G : H]. �

5 3.6.3 G �¤kØÓm�8�ê�´ [G : H]. �

íØ 3.6.2 � |G| = N , a ∈ G, K ord a | N . AO/, aN = e.

y² ord a = |〈a〉|, d Lagrange ½n, ord a | N . �

íØ 3.6.3 �ê��k�+7´Ì�+.

y² � G ��ê��ê p. � a ∈ G, ¿� a 6= e. díØ 3.6.2, ord a | p. ùÒíÑ
ord a = p, ½= G = 〈a〉. �

íØ 3.6.4 (î.-¤ê½n) é?Û [a] ∈ Z∗N , ·�k

[a]ϕ(N) = [1],

ùp Z∗N ´� ZN �ü +, =� N �Q��{X (�~ 3.2.6), ϕ(N)´î.¼ê.

AO/, e N ´�ê, K
[a]N−1 = [1].

·K 3.6.1 �K < H < G, ¿� [G : H] <∞, [H : K] <∞, K

[G : K] = [G : H] · [H : K] <∞.

y² � r = [G : H], s = [H : K]. � H 3 G ¥¤kØÓ���8�

a1H, · · · , arH,

K 3 H ¥¤kØÓ���8�

b1K, · · · , bsK.
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·�k`²: e (i, j) 6= (h, k), K aibjK 6= ahbkK. eØ,,

b−1
k a−1

h aibj = (ahbk)−1(aibj) ∈ K ⊆ H. (3-2)

Ï� bj , bk ∈ H, ¤± a−1
h ai ∈ H, = aiH = ahH, ldb�^�� h = i. 2gd 3-2 íÑ

b−1
k bj ∈ K, � bkL = bjK, l k = j.

Ùg`²: K 3 G ¥�?Û��87��� aibjK. � a ∈ G. �3eI i, ¦� aiH = aH.
Ïd a−1

i a ∈ H. Ó�/, �3eI j, ¦� a−1
i aK = bjK, =

(aibj)−1a = b−1
j a−1

i a ∈ K.

ù�du aibjK = aK.

nþ?Ø=�Ã aibjK ØE/�H K 3 G ¥¤k���8, Ï [G : K] = rs. �

·K 3.6.2 (�5f+�O{) � H < G, K±e^�*d�d:

(1) H �G,

(2) gHg−1 ⊆ H, ∀g ∈ G,

(3) H ⊆ gHg−1, ∀g ∈ G,

(4) gH ⊆ Hg, ∀g ∈ G,

(5) gH ⊇ Hg, ∀g ∈ G,

(6) gH = Hg, ∀g ∈ G.

y² (1) ⇐⇒ (2) c¡®y. aq�y(1) ⇐⇒ (3).

(2) =⇒ (4) gH = gHg−1 · g ⊆ Hg.

(4) =⇒ (2) gHg−1 ⊆ H · g · g−1 = H.

aq�y (3) ⇐⇒ (5).

(6) 5gu (4)(5), �� (6) w,%¹ (4)(5). �

5 3.6.4 aH = Ha ¿ØL« ah = ha, h ∈ H. 'X G = S3, H = A3. �, (12)A3 =
A3(12), �´ (12)(123) 6= (123)(12). �

~ 3.6.9 � H < G ��ê [G : H] = 2, y²: H �G.

?� a 6∈ H, ·���y aH = Ha =�. db�^�, H �kü�ØÓ���8 H, aH. Ó
�/, §��kü�m�8 H,Ha. 5¿� G = H ∪aH = H ∪Ha, ¿� H ∩aH = H ∩Ha = ∅,
¤± aH = Ha. �

~ 3.6.10 � H1,H2 ´+ G ��5f+, y²: H1 ∩H2 �´ G ��5f+.

?� h ∈ H1 ∩ H2, g ∈ G. Ï� H1,H2 ´�5�, ¤± ghg−1 ∈ Hi, i = 1, 2, = ghg−1 ∈
H1 ∩H2. d h �?¿5� g(H1 ∩H2)g−1 ⊆ H1 ∩H2. 2d g �?¿59·K 3.6.2 =�(Ø.�
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~ 3.6.11 £�~ 3.5.6 ¥½Â��5zf N(H). §��±�d/½Â�

N(H) = {g ∈ G| gH = Hg}.

Ïd H C N(H). y3·�5y²: e [G : N(H)] <∞, K H Tk [G : N(H)] �pØ�Ó��
Ýf+.

gHg−1 = g′Hg′−1 ��=� H = g−1g′H(g−1g′)−1, �½�du g−1g′ ∈ N(H). ��^�

q�du g′N(H) = gN(H). ddá�(Ø. �

~ 3.6.12 � G ´k�+, H < G � H 6= G, y²: G 6=
⋃
g∈G

gHg−1.

d~ 3.6.11, H Tk r = [G : N(H)] �pØ�Ó��Ýf+ (r ≥ 2)

g1Hg
−1
1 , · · · , grHg−1

r .

5¿�z��Ýf+Ñ�¹N� e, ¿� |giHg−1
i | = |H|. Ïd∣∣ ⋃

g∈G
gHg−1

∣∣ ≤ 1 +
r∑
i=1

(
|giHg−1

i | − 1
)

= r|H|+ 1− r =
|G|

[N(H) : H]
+ 1− r < |G|.

ùÒy²
(Ø. �

��k��¯K´: + G ¥Ø
²�f+	, ´Ä�kÙ¦�5f+? é,
+5`, �Y

´Ä½�. ·�rØ�¹�²��5f+�+¡�ü+ (Simple group). ·�y²Xe�(
J.

½n 3.6.3 (³Ûu½n) An (n ≥ 5)´ü+.

y² � H C An (n ≥ 5).

Äk, ·�`²?Ûó��ÑU�¤ 3-�Ó��¦È. 5¿, ó��U©)¤óê�é��
¦È. Ïd·��I�y²ü�é��¦È�±©)¤ 3-�Ó��¦È. ù�±dXe'Xª�

���:
(ij)(ik) = (ikj), (ij)(lk) = (jki)(klj).

|^þã(Ø, ·��I�y² H �¹�N 3-�Ó�=�.

Ùgy², XJ H �¹�� 3-�Ó�, @o§�¹¤k 3-�Ó�. �ó�, � (i1i2i3) ∈ H,
é?Û 3-�Ó� (j1j2j3), �é� ϕ ∈ An, ¦�

ϕ(i1i2i3)ϕ−1 = (j1j2j3).

8��� π ¦� π(ik) = jk (k = 1, 2, 3). e π ∈ An, K� ϕ = π. e π 6= An, ·�é {i1, i2, i3}
�	�ü�ê l,m (5¿ n ≥ 5), ¿� ϕ = π(lm).

y3·�^�y{. b� H Ø¹?Û 3-�Ó�. é?Û�� σ, ·�r÷v σ(i) = i � i

¡� σ �ØÄ:. 8��N� τ ∈ H, ¦� τ �ØÄ:�ê��4�, P� r. db�^�,
r ≤ n− 4.

·��y², �3 ψ ∈ An, ¦� τ−1ψτψ−1 �ØÄ:�ê�u r. ù�, ·�Ò�Ñgñ. ,

	�5¿, τ−1ψτψ−1 = τ−1(ψτψ−1) ∈ H.
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ò τ ©)¤Ø���Ó�¦È. ©ü«�/?Ø:
(A) ¤kÓ�Ñ´é�, 'X

τ = (12)(34) · · · ,

(B) �3��Ó��é�, 'X

τ = (123 · · · ) · · ·

ÃØ=«�/, ·�Ñ� ψ = (345).

é�/ (A), τ−1ψτψ−1 �± 1, 2 ØÄ, ¿�E�±Ø
 5 �	Ù¦ØÄ:ØÄ (e 5 �´Ø

Ä:�{). é�/ (B), ���3,ü�ê, 'X 4, 5, §�Ø´ τ �ØÄ:. u´ τ−1ψτψ−1 �

± 1 ØÄ. §�,��± τ �ØÄ:ØÄ. ÃØ=«�/, Ñ��gñ! �

�5f+aqu�Ø¥�n�. Ïd·�ég,/F"ïáaqû��Vg. � G ´+,
A,B ´ G ���f8. ·�ÄkÚ\f8¦È±9_�Vg:

A ·B = {ab | a ∈ A, b ∈ B}

A−1 = {a−1 | a ∈ A}.

~ 3.6.13 � G ´ü+, σ : G → G′ ´�²�+Ó�, Ï� Kerσ ´ G ��5f+, �

Kerσ 6= G, � Kerσ = {1}, = σ�üÓ�. �

y3·��m©ïáû+�Vg. Äk��
O�ó�.

~ 3.6.14 � H < G, a ∈ G.

(1) e� A = {a}, B = H, K A ·B = aH Ò´��8.

(2) H−1 ·H = H ·H−1 = H ·H = H.

(3) (A ·B) · C = A · (B · C).

(4) (A ·B)−1 = B−1A−1. �

��Ä�¯K´: éf+ H < G, (aH) · (bH) ´ÄE� H ���8? é²w, e§E´ H

���8, K�u abH. ém�8, ·���±JÑaq�¯K. e¡�(Ø�Ñ
£�.

·K 3.6.3 � H < G , K^�*d�d:

(1) (aH) · (bH) = (ab)H, ∀a, b ∈ G.

(2) (Ha) · (Hb) = H(ab), ∀a, b ∈ G.

(3) H �G.

y² (1) =⇒ (3) é?Û g ∈ G, ·�k

H · g = H · (g · e) ⊆ H · (gH) = (eH) · (gH) = (eg)H = gH.

Ïdd·K 3.6.2 � H ´ G ��5f+.

- 81 -



1nÙ +�Ä:�£

(3) =⇒ (1) é?Û a, b ∈ G, d·K 3.6.2,

(aH) · (bH) = ((aH) · b) ·H = (a(Hb)) ·H = (a(bH)) ·H = ((ab)H)H = (ab)(H ·H) = (ab)H.

aq�y (2)⇐⇒ (3). �

½n 3.6.4 � G´+, H ´ G��5f+, P G/H � H �¤kØÓ�8�N. @o
G/H 3f8Ü�¦{$�e�¤+, ¡� Gé H �û+ (Quotient group). AO/, G/H �N
�Ò´ H.

y² (ÜÆ´w,�. ·K3.6.3 �Ñ
$��µ45. Ï� H · aH = aH, (a−1H) ·
(aH) = H, ∀a ∈ G, ¤±d·K 3.4.1, G/H �¤+. �

5 3.6.5 �
�BÖ�, 3Ø�)ÜÂ��/e, ·�8�rû+¥��� aH E�¤ [a]
½ ā. �

íØ 3.6.5 XJ H �G, ¿� [G : H] <∞, @o G/H ´k�+� |G/H| = [G : H].

íØ 3.6.6 � H �G, a ∈ G, K (aH)−1 = a−1H.

y² (aH)−1 = H−1 · a−1 = Ha−1. �

~ 3.6.15 � I ´� R �n�, Kû� R/I ��\{+Ò´ (R,+) éf+ (I,+) �û+.
'X (ZN ,+) = Z/NZ. �

~ 3.6.16 � H < G, [G : H] = 2, K G/H ∼= Z2. 'X Sn/An ∼= Z2. �

~ 3.6.17 � G = 〈a〉 ´ N �f+, H = 〈ad〉 (d | N), K G/H ∼= Zd. äNó�, G/H =
{H, aH, · · · , ad−1H}, ¿� (aH)d = adH = H.

'X ZN/〈[d]〉 = Zd, ùp d | N . �

~ 3.6.18 (+�C��z) � G ´+, [G,G] ´� f+ (�~ 3.5.11). c®y, [G,G] ´
�5f+. ·�5�yû+ G/[G,G] ´��+. ù´Ï�é?Û [r], [s] ∈ G/[G,G], Ï�

r−1s−1rs ∈ [G,G], ¤±

[r]−1[s]−1[r][s] = [r−1s−1rs] = [0] ∈ G/[G,G],

= [r][s] = [s][r]. ·�rù�û+¡� G �C��z. §��ur�5�+¦{C¤
���
�.

8� G = Sn, ·��y [G,G] = An, Ï G/[G,G] ∼= Z2. Äk, Ï� [G,G] ¥�� fw

,Ñ´ó��, ¤± [G,G] ∈ An. �L5, d³Ûu½n�y²�, An ¥���Ñ�±©)¤
3-�Ó��¦È. 5¿�z� 3-�Ó� (ijk) Ñ�±©)�

(ijk) = (ik)−1(jk)−1(ik)(jk).

Ïd, An = [G,G]. �
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~ 3.6.19 (	gÓ�+) � G ´+, AutG ´gÓ�+, InnG ´SgÓ�+, ·�rû+

OutG := AutG/InnG.

¡� G �	gÓ�+ (Outer automorphism group). ��²;�O�(J´:

Out(Sn) =

{
{1}, n 6= 6,
Z2, n = 6.

Out(An) =

{
Z2, n 6= 6,

Z2 ⊕ Z2, n = 6.
�

� H �G. ·�½ÂN�

π : G −→ G/H, a→ aH.

Ï�

π(ab) = (ab)H = (aH) · (bH) = π(a)π(b),

¤± π ´Ó�N�. ·�¡��g,Ó�.

·K 3.6.4 � H �G, Kg,Ó� π : G −→ G/H ´÷Ó�, � Kerπ = H. AO/, ?Û
�5f+Ñ´,�+Ó��Ø.

y² Äky Imπ = G/H. � aH ∈ G/H, K π(a) = aH. d aH �?¿5=� Imπ =
G/H.

Ùgy Kerπ = H. é?¿ x ∈ H, ·�k π(x) = xH = H. Ï H ⊆ Kerπ. �L5, é?

Û x ∈ Kerπ,H = π(x) = xH, Ï x ∈ H. ùÒíÑ Kerπ ⊆ H. nþ��, Kerπ = H. �

�e5, ·���ì�Ø�(J, Ú\+Ó�Ä�½n. �dk��
O�ó�.

Ún 3.6.3 � σ : G→ G′´÷Ó�, H < G, H ′ < G′, K

(1) σ(H) < G′, Kerσ � σ−1(H) < G. ?�Ú, XJ H � G (�A/, H ′ � G′), K σ(H) � G′

(�A/, σ−1(H ′) �G).

(2) σ(σ−1(H ′)) = H ′.

(3) H ⊆ σ−1(σ(H)). ?�Ú, e Kerσ ⊆ H, K H = σ−1(σ(H)).

y² � e (�A/, e′) ´ G (�A/, G′) �N�, N = Kerσ.

(1) ?� r, s ∈ σ(H). � a, b ∈ H ÷v r = σ(a), s = σ(b),

rs−1 = σ(a)σ(b)−1 = σ(ab−1) ∈ σ(H),

� σ(H) < G′.

?� a, b ∈ σ−1(H ′), Kk

σ(ab−1) = σ(a)σ(b)−1 ∈ H ′,

= ab−1 ∈ σ−1(H ′). d a, b �?¿5, σ−1(H ′) < G. 5¿� σ(n) = e′ ∈ H ′, ∀n ∈ N , ¤±

n ∈ σ−1(H ′). d n �?¿5=� N < σ−1(H ′). 5¿ N �G, � N � σ−1(H ′).

8� H � G. é?Û r ∈ G′, s ∈ σ(H), � g ∈ G, h ∈ H ÷v r = σ(g), s = σ(h). u´
rsr−1 = σ(ghg−1) ∈ σ(H). d r, s �?¿5, σ(H) �G′.
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� H ′ �G′. ?� g ∈ G, x ∈ σ−1(H ′). Ï�

σ(gxg−1) = σ(g)σ(x)σ(g)−1 ∈ H ′,

� gxg−1 ∈ σ−1(H ′). d g, x �?¿5=� σ−1(H ′) �G.

(2) é?Û r ∈ H ′, � a ∈ G ÷v r = σ(a). Ï a ∈ σ−1(H ′), �

r = σ(a) ∈ σ(σ−1(H ′)).

d r �?¿5, H ′ ⊆ σ(σ−1(H ′)).

�L5, ?� x ∈ σ−1(H ′), k σ(x) ∈ H ′. d x �?¿5, σ(σ−1(H ′)) ⊆ H ′.

(3) c�Ü©w,. 8b� Kerσ ⊆ H. é?Û x ∈ σ−1(σ(H)), k σ(x) ∈ σ(H), =�3
h ∈ H, ÷v σ(x) = σ(h), ½= x ∈ hKerσ. db�^�=� x ∈ hH ⊆ H. d x �?¿5,
σ−1(σ(H)) ⊆ H. �

½n 3.6.5 (Ó�Ä�½n) � σ : G→ G′´÷Ó�, K

(1) ·�kÓ�
σ̄ : G/Kerσ ∼= G′, a(Kerσ) → σ(a).

(2) �

A = {G¥¤k�¹ Kerσ�f+},

B = {G′¥¤kf+}.

@o A, B�m�3��éA

Φ : A −→ B, H → σ(H).

(3) �

A′ = {G¥¤k�¹ Kerσ��5f+},

B′ = {G′¥¤k�5f+}.

@o A′, B′�m�3��éA

Φ′ : A′ −→ B′, K → σ(K),

ùp� Φ′Ò´ Φ3 A′þ���.

y² � e (�A�, e′) ´ G (�A�, G′) �N�, N = Kerσ.

(1) ·�Äk�y σ̄ �½ÂÜn. � aN = bN . ·�k a−1b ∈ N , � σ(a−1b) = e′, =

σ(a) = σ(b). Ï�

σ̄(aN · bN) = σ̄((ab)N) = σ(ab) = σ(a)σ(b) = σ̄(aN)σ̄(bN),

¤± σ̄ ´Ó�.

8�y σ̄ ´üÓ�, = Ker σ̄ = {N}. w� σ̄(N) = σ(e) = e′. Ïd N ∈ Ker σ̄. �L5, �
aN ∈ Ker σ̄, K

e′ = σ̄(aN) = σ(a),

- 84 -



1nÙ +�Ä:�£

� a ∈ N , = aN = N . Ïd, Ker σ̄ = {N}.

���y σ̄ ´÷Ó�. ∀y ∈ G′, Ï σ ´÷�, ��3 x ∈ G, ¦� y = σ(x). Ïd

σ̄(xN) = σ(x) = y.

(2) � N < H < G. dÚn 3.6.3, σ(H) < G′. ùÒ�Ñ
N� Φ : A→ B. Ùg�y Φ ´
÷�, =é?¿ H ′ < G′, dÚn 3.6.3, N � σ−1(H ′) < G � σ(σ−1(H ′)) = H ′.

���y, Φ ´ü�. � H1,H2 ∈ A ÷v σ(H1) = σ(H2). dÚn 3.6.3 ±9 Hi �À�,

H1 = σ−1(σ(H1)) = σ−1(σ(H2)) = H2.

nþ, Φ ´��éA. AO/,

Φ−1 : B −→ A, H ′ → σ−1(H).

(3) � K ∈ A′, Ún 3.6.3 íÑ σ(K) �G′. ù�, Φ ��3 A′ þÒ�� Φ′. Ï Φ′ ´ü�.
y3y² Φ′ ´÷�. ?� H ′ �G′, dÚn 3.6.3, σ−1(H ′) �G, ¤± Φ′ ´÷�. �

~ 3.6.20 (1) £���+�ÎÒN�

sgn : Sn −→ U2, τ → sgn(τ).

c¡®y Ker sgn = An, sgn ´÷�. ÏddÓ�Ä�½n, Sn/An ∼= U2.

(2) £�1�ªN�
det : GLn(F ) −→ F ∗, A→ detA.

Ker det = SLn, det ´÷�. dÓ�Ä�½n� GLn(F )/SLn(F ) ∼= F ∗.

(3) � G =< a > ´Ì�+, |G| = d. £��êN�

σ : Z −→ G,n→ an.

σ ´÷Ó�, Kerσ = {k|ak = e} = dZ, � Z/dZ ∼= G. �

~ 3.6.21 � C(G) ´ G �¥%, InnG (½Â�~ 3.5.12) ´SgÓ�+. ·�k+�÷Ó
�

σ : G −→ InnG, g → σg.

d�, Kerσ = C(G), ÏdÓ�Ä�½n� G/C(G) ∼= InnG. �

íØ 3.6.7 � σ : G→ G′´+Ó�, K G/Kerσ ∼= Imσ.

íØ 3.6.8 � N < H < G, ¿� N ´ G��5f+, K

H/N = {hN | h ∈ H}

´ G/N �f+. ?�Ú, e H �G, K H/N �G/N .

�L5, G/N ¥�z� (�5)f+Ñ�±�¤ H/N , ùp H ´ G� (�5)f+.

íØ 3.6.9 � N �G, π : G→ G/N ´g,Ó�, H < G, K

(1) N �HN < G, ¿� HN ´�¹ N Ú H ���f+;
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(2) π3 H þ����Ñ÷Ó� π|H : H → HN/N ;

(3) (Ó�Ä�½n) π|H p�
Ó� π̄H : H/(H ∩N) ∼= HN/N .

y² (1) ?� r, s ∈ HN , K�ò§��� r = h1n1, s = h2n2.

r−1s = (n−1
1 h−1

1 )(h2n2) = (n−1
1 (h−1

1 h2))n2 ∈ (N(h−1
1 h2))n2.

du N ´�5�, � N(h−1
1 h2) ⊆ (h−1

1 h2)N , Ï

r−1s ∈ (h−1
1 h2)(Nn2) ⊆ (h−1

1 h2)N ⊆ HN.

d r, s �?¿5=� HN < G. Ù{(Ø´w,�.

(2) ·��I�y π(H) = HN/N . é?Û h ∈ H, w,k π(h) = hN ∈ HN/N . Ïd

π(H) ⊆ HN/N . �L5, HN/N ¥���Ñ��� hN (ùp h ∈ H), Ï HN/N ⊆ π(H).

(3) ·��I�y Kerπ|H = H ∩ N , ù�ÒUdÓ�Ä�½n�����Ó�. �
x ∈ H ∩N , K π|H(x) = xN = N , � x ∈ Kerπ|H . d x �?¿5� H ∩N ⊆ Kerπ|H . ��, �
y ∈ Kerπ|H(⊆ H), = N = π(y) = yN . ùL² y ∈ N ∩H. ùÒíÑ Kerπ|H ⊆ H ∩N . �

íØ 3.6.10 3íØ 3.6.9�^�e, b� G´k�+, K
|H| · |N |
|H ∩N |

= |HN |.

íØ 3.6.11 (Ó�Ä�½n) � N < H Ñ´ G��5f+, K�3+Ó�

(G/N)/(H/N) ∼= G/H.

y² ·�½ÂN�
σ : G/N −→ G/H, gN → gH.

Äk`²N��Ün5. � gN = g′N , K g−1g′ ∈ N ⊆ H, � gH = g′H.

Ùg�y σ ´Ó�.

σ(aN · bN) = σ((ab)N) = (ab)H = (aH)(bH) = σ(aN)σ(bN).

w� σ ´÷�.

�e5, ·��y Kerσ = H/N . ?� h ∈ H, σ(hN) = hH = H, = hN ∈ Kerσ. d
h �?¿5� H/N ⊆ Kerσ. �L5, � gN ∈ Kerσ, = H = σ(gN) = gH. Ï g ∈ H,
gN ∈ H/N . ù�, kerσ ⊆ H/N .

y3, |^Ó�Ä�½n=�¤IÓ�. �

3.6.2 �E�{ (IV): +��È

� G1, G2 +, ei ´ Gi �N� (i = 1, 2). ·��E8Ü

G := G1 ×G2 = {(g1, g2)|g1 ∈ G1, g2 ∈ G2}.

� (g1, g2) ∈ G, (h1, h2) ∈ G, ½Â G þ�$�

(g1, g2) · (h1, h2) = (g1h1, g2h2) ∈ G1 ×G2.
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·K 3.6.5 G = G1 ×G23þã$�e�¤+,

(1) ÙN�� e = (e1, e2).

(2) (g1, g2)−1 = (g−1
1 , g−1

2 ), d? g1 ∈ G1, g2 ∈ G2.

G = G1 ×G2 ¡� G1 Ú G2 �	�È (External direct product).

·K 3.6.6 � G1, G2+.

(1) G1 ×G2´k�+��=� G1, G2Ñ´k�+. d� |G1 ×G2| = |G1| · |G2|.

(2) G1 ×G2´��+��=� G1, G2Ñ´��+. d��P� G1 ⊕G2, U¡� G1, G2��

Ú (Direct sum).

(3) G1 ×G2
∼= G2 ×G1, (g1, g2) → (g2, g1).

(4) G1 ×G2kü��5f+

H1 = {(g1, e2)|g1 ∈ G1}, H2 = {(e1, g2)|g2 ∈ G2},

¿� H1
∼= G1, H2

∼= G2.

(5) ·�k÷Ó�

π1 : G1 ×G2 −→ G1,

(x, y) → x,

π2 : G1 ×G2 −→ G2,

(x, y) → y.

ÏkÓ� G1 ×G2/H2
∼= G1, G1 ×G2/H1

∼= G2.

~ 3.6.22 Z2 ⊕ Z2 = {([0], [0]), ([1], [0]), ([0], [1]), ([1], [1])}. �	 A4 ¥f+

H = {(1), (12)(34), (13)(24), (14)(23)}.

·��±�yXeÓ�
π : Z2 ⊕ Z2 −→ H

([1], [0]) → (12)(34)
([0], [1]) → (13)(24)
([1], [1]) → (14)(23)
([0], [0]) → (1)

�

aq/, ·��±½Â r �+ G1, · · · , Gr ��È

G1 × · · · ×Gr.

e G1, G2, · · · , Gr ´��+, K G �´��+. d�UP� G = G1 ⊕G2 ⊕ · · · ⊕Gr, ¡��Ú.
·��kaq·K 3.6.6 �(Ø. ùpØ2Kã.

~ 3.6.23 ���Ú R1 ⊕ · · · ⊕Rr ��\{+Ò´Ã (Ri,+) ��Ú. �

aq��Ú�?Ø, ·�kXe²;~f.
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~ 3.6.24 (¥I�{½n) � m1,m2, · · · ,mr ´ ü ü p � � � � ê, mi > 1, M =∏r
i=1mi, K

ZM ∼= Zm1 ⊕ Zm2 ⊕ · · · ⊕ Zmr
.

'X·��±���yXeÓ�

σ : Z2 ⊕ Z3 −→ Z6, (ā, b̄) → 3a+ 4b. σÓ�.

Öö�±ë��Ø�/���y², =kp�Ó�

σ : Z −→ Zm1 ⊕ Zm2 ⊕ · · · ⊕ Zmr
, n→ ([n]m1 , · · · , [n]mr

).

,�¦�Ø Kerσ = MZ. d+Ó�Ä�½n� ZM ∼= Imσ. Ï� |Imσ| = |ZM | = M , �

|Zm1 ⊕ Zm2 ⊕ · · · ⊕ Zmr
| = m1 · · ·mr = M,

� Imσ = Zm1 ⊕ Zm2 ⊕ · · · ⊕ Zmr
. �

íØ 3.6.12 � n´��ê, n = pα1
1 · · · pαs

s ´IO©)ª, p1 < · · · < ps´�ê, K

Zn ∼=
s⊕
i=1

Zpαi
i
.

½n 3.6.6 (Abel ½n) e G´k���+, @o G ∼=
r⊕
i=1

Zmi
, ùpmi´�ê��. d

� |G| = m1m2 · · ·mr.

5 3.6.6 �5¿, þã(Ø¥� mi,mj �7p�. �

½Â 3.6.3 � G´+, H / G,K / G, ÷v

(1) G = HK,

(2) H ∩K = {e},

K¡ G´ H ÚK S�È (Internal direct product). e G´��+, Kþã G = H +K �¡�

�S�Ú.

~ 3.6.25 � G = Z6, H = 〈[2]〉, K = 〈[3]〉. �±�y, H ∩K = {[0]}, H +K = Z6. ¤±

G ´ H Ú K S�Ú. �

~ 3.6.26 � G = (Z∗7, ·) = {[1], [2], · · · , [6]} = 〈[3]〉. H = 〈[2]〉 = {[1], [2], [4]}, K =
〈[6]〉 = {[1], [6]}. �±�y, H ∩K = {[0]},

H ·K = G.

¤± G ´ H Ú K S�È. �

½n 3.6.7 � G´ H ÚK S�È, K�3Ó�

σ : H ×K −→ H ·K(= G), (h, k) → hk.
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y² Äk�y σ ´Ó�. 5¿�

σ((h1, k1)(h2, k2)) = σ((h1h2, k1k2)) = h1h2k1k2,

σ((h1, k1))σ((h2, k2)) = h1k1h2k2.

Ïd·��I�y h1h2k1k2 = h1k1h2k2, = k−1
1 h2k1h

−1
2 = e. |^ H ��55, ��

k−1
1 h2k1h

−1
2 = (k−1

1 h2k1)h−1
2 ∈ Hh−1

2 ⊆ H.

Ón k−1
1 h2k1h

−1
2 ∈ K. Ïd k−1

1 h2k1h
−1
2 ∈ H ∩K = {e}, ¤± k−1

1 h2k1h
−1
2 = e.

2y σ ´ü�. � (h, k) ∈ Kerσ, K hk = e, = h = k−1.
5¿�

h = k−1 ∈ H ∩K = {e},

¤± (h, k) = (e, e), = Kerσ = {(e, e)}.

��y σ ´÷�.
∀x ∈ G, du G = HK. � ∃h ∈ H, k ∈ K,x = hk. Ïd x = σ((h, k)). �

íØ 3.6.13 � G = HK � G�S�È.

(1) e Gk�+, K |G| = |H| · |K|.

(2) é?Û g ∈ G, �3��� h ∈ H 9 k ∈ K ÷v g = hk.

(3) é?Û h ∈ H, k ∈ K, hk = kh.

(4) �Ä H ×K ��5f+

H ′ = {(h, e)| h ∈ H}, K ′ = {(e, k)| k ∈ K},

K H ′ ∼= H,K ′ ∼= K, H ×K ∼= H ′ ×K ′ ∼= G.

(5) G/H ∼= K,G/K ∼= H.

y² ·��y (5), Ù{(Ø´w,�. �Ä+Ó� φ1 : G ∼−→ H ×K 9 φ2 : H ×K −→
K, (h, k) → k, ·���EÜ+Ó� φ2φ1 : G −→ K. ·��I�y² Ker (φ2φ1) = H, ù�Ò
U^Ó�Ä�½n�� G/H ∼= K.

� g ∈ Ker (φ2φ1). du G = HK ´S�È, ��3 h ∈ H 9 k ∈ K, ÷v g = hk. Ï

φ1(g) = (h, k), ¤±

e = φ2φ1(g) = φ2((h, k)) = k,

= g = h ∈ H.
��, é?Ûh ∈ H,

φ2φ1(h) = φ2((h, e)) = e.

nþ�� Ker (φ2φ1) = H. Ón�y G/K ∼= H. �

S�Ú�Vg��±í2����/. � H1,H2, · · · ,Hr ´ G ��5f+, ÷v
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(1) G = H1H2 · · ·Hr,

(2) (H1 · · ·Hi) ∩Hi+1 = {e}, i = 1, 2, · · · , r − 1,

K¡ G ´ H1, · · · ,Hr �S�È. XJ G ´��+, K�¡�S�Ú.

5 3.6.7 (1) d�aq�y H1 ×H2 × · · · ×Hr
∼= H1 · · ·Hr.

(2) S�Ú�½Âaqu�þ�m��Ú©). �5¿, ^� (2) Z�ØU�¤

Hi ∩Hj = {e}, ∀i, j, i 6= j.

�´^� (2) �±�¤: ?Û g ∈ G, �±k��©)

g = h1 · · ·hr, hi ∈ Hi, i = 1, 2, · · · , r.

(3) 3éõ�¹e, ·��<Ú/¡���È. �

íØ 3.6.14 � G1, G2´+, (a, b) ∈ G1 × G2, Kord(a, b) = [orda, ordb], ùp [, ]´��
ú�ê.

y² - m = orda, n = ordb, s = ord(a, b).

(e, e) = (a, b)s = (as, bs)

%¹X m | s, n | s, Ï [m,n] | s. ,��¡, (a, b)[m,n] = (a[m,n], b[m,n]) = (e, e), � s | [m,n].
Ïd s = [m,n]. �

íØ 3.6.15 � G´+, a, b ∈ G´k�����, ÷v ab = ba, K

|〈(a, b)〉| = [|〈a〉|, |〈b〉|].

~ 3.6.27 ¦ Z2 ⊕ Z6 ¥ 2 ���.

� (a, b) ∈ Z2 ⊕ Z6, ÷v ord(a, b) = 2. Ï 2 = [ord(a), ord(b)]. ùÒíÑXeA«�U:

(1) ord(a) = 1, ordb = 2. d����y� a = [0], b = [3].

(2) ord(a) = 2, ordb = 1. d� a = [1], b = [0].

(3) ord(a) = ordb = 2. d� a = [1], b = [3].

Ïd Z2 ⊕ Z6 �kn� 2 ���. �

~ 3.6.28 � G1 = 〈a〉, G2 = 〈b〉 ´k�Ì�+. ·�k

G1 ×G2 = 〈(a, e2), (e1, b)〉 = {(a, e2)n · (e1, b)m|n,m ∈ Z}.

��5`, G1 ×G2 6= 〈(a, b)〉. 〈(a, b)〉 �´ G1 ×G2 �Ì�f+.

G1 ×G2 = 〈(a, b)〉 �du |G1 ×G2| = |〈(a, b)〉|, =

ord((a, b)) = ord(a)ord(b),

½=

[ord(a), ord(b)] = ord(a) · ord(b).

ùL² G1 ×G2 = 〈(a, b)〉 ��=� gcd(ord(a), ord(b)) = 1. �
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3.7 +�^

3.7.1 Ä�Vg�~f

� G ´+, e ∈ G ´N�, X ´��8Ü, S(X) ´ X ��C�+ (= X �g��¤k��

éA�¤�+).

½Â 3.7.1 XJ�3��N�

f : G×X → X, (g, x) → f(g, x)

÷vXe^�, K¡ G�^3 X þ.

(1) f(e, x) = x, ∀x ∈ X,

(2) f(gg′, x) = f(g, f(g′, x)), ∀x ∈ X, ∀g, g′ ∈ G.

k���BÖ�, �{P gx := f(g, x) ½ö g(x) := f(g, x). ù�, +�^�ü�^�Ò���

ex = x, (gg′)x = g(g′x), ∀x ∈ X, ∀g, g′ ∈ G.

é?Û g ∈ G, þã+�^�Ñ
�� X �g��N�

σg : X −→ X, x→ gx.

Ó�/, g−1 ��ÑN�
σg−1 : X −→ X, x→ g−1x.

�±�y

σg−1σg(x) = g−1(gx) = (g−1g)(x) = ex = x, ∀x ∈ X.

Ïd σg−1σg = IdX . Ón σgσg−1 = IdX . ùL² σg ∈ S(X), =§´ X �g����éA, Ù_
N�Ò´ σg−1 . ?�Ú, ·��±^Ó���ó�d/£ã+�^.

·K 3.7.1 ±e^�*d�d:

(1) + G�^38Ü X þ.

(2) �3+Ó� ψ : G→ S(X).

^�¤á�, ψ(g)(x) = gx, ∀g ∈ G, ∀x ∈ X.

y² (1) =⇒ (2) dc¡?Ø, ·�½Â ψ : G → S(X), ÷v ψ(g) = σg (½Â�þ). Ï

�

ψ(e)(x) = σe(x) = ex = x

±9

ψ(gg′)(x) = σgg′(x) = (gg′)x = g(g′x) = σg(σg′(x)) = (ψ(g)ψ(g′))(x), ∀x ∈ X, ∀g, g′ ∈ G,

¤± ψ ´+Ó�.
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(2) =⇒ (1) ½Â gx := ψ(g)(x), ∀g ∈ G, ∀x ∈ X. ·�k ex = ψ(e)(x) = IdX(x) = x, ±9

(gg′)x = ψ(gg′)(x) = (ψ(g)ψ(g′))(x) = ψ(g)(ψ(g′)(x)) = g(g′x).

Ï ψ p�
��+�^. �

þã(ØL², +�^�½Â^�¢SþéA
+Ó��½Â^�.

íØ 3.7.1 � H < G, � G3 X þk�+�^, K§�p�
 H 3 X þ��^. �
ϕ : G′ → G´+Ó�, K�p� G′3 X þ�+�^, g′x := ϕ(g′)x, ∀g′ ∈ G′.

e¡·�~Þ�«²;�+�^.

~ 3.7.1 (²��^) ·�½Â

gx = x, ∀g ∈ G, ∀x ∈ X.

ùw,´+�^. �´§é X ��^´²��. �

~ 3.7.2 � G = {1,−1} ´��¦{+, X = G′ ´?�+. ·�½Â

1x := x, (−1)x := x−1.

N´�y, ù´�+�^. �

~ 3.7.3 (��+�^) � X = {1, 2, · · · , n}, G = Sn. é?Û

σ =

(
1 2 · · · n
a1 a2 · · · an

)
∈ Sn

�Ñ�^ σ(i) := ai. �

~ 3.7.4 (�5C�) � G = GLn(F ) ´ê� F þ����5+, X = V ´ F þ� n�

�5�m. G ¥���éA��5C� σ : V → V g,p�
�^ σ(x), ∀x ∈ X. �ó�, ·�
kg,�i\Ó�

ψ : G ↪→ S(X).

d·K 3.7.1, =�þã+�^.

�ÄAÏ�5+ SLn(F ) < GLn(F ). díØ 3.7.1, §�g,�^3 X þ. lAÛþw, §

£ã
¤k�½���5C�. aq/, �U½Â��+ On(F ) �AÏ��+ SOn(F ) �3T
�mþ��^. ·��U½Â�¡N+9Ùf+3�õ>/þ��^��, ùpØ2�[Ðm.�

~ 3.7.5 (#'¿dC�) � G ´*¿E²¡ C þ��N#'¿dC��¤�+. X = C.
G g,p�
 X þ��^. �

~ 3.7.6 (�²£) � G ´+, X = G. é?¿ g ∈ G, ·�½Â

g(x) = gx, ∀x ∈ X,

=ò g �¦�z���þ. N´�yù´��+�^, ·�¡���²£ (Left translation) ½ö
�¦ (Left multiplication).
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d·K 3.7.1, �²£p�
+Ó�

ψ : G→ S(X).

é?Û�N� g ∈ G, Ï� gx 6= x, ∀x ∈ G, ¤± g 3 G þ��^Ø�U´²��. ùL²
Kerψ = {e}, =ψ ´üÓ�. �

~ 3.7.6 �?Ø, 4·���Xe²;½n.

½n 3.7.1 (p4½n) ?Û+ÑÓ�u,�8Üþ�C�+ (=�C�+�f+). �ó
�, ?Û+ÑUi\�,�8Ü��C�+¥. AO/, ?Ûk�+7Ó�u,���+�f+.

5 3.7.1 þã(ØL², ·�ïÄ+ÚïÄ+�^´���. AO´k�+, §�ÑUw
¤��+�f+, l�±^��+�^5£ã. ùü«*:�kZ¢, 3ØÓ�ïÄ¥åXØ

Ó��^. 3³Û�Mï¦�nØ�, +�únzVg�vk�ß//¤. ¢Sþ, ��¦é+

�n)��u��+�^�Vg–¡�ãL, =r���¤��/ª. �

~ 3.7.7 (m²£) � G ´+, X = G. é?¿ g ∈ G, ·�½Â

g(x) = xg−1, ∀x ∈ X,

=ò g−1 m¦�z���þ. ù´��+�^, ·�¡��m²£ (Right translation).

�5¿, XJ½Â g(x) = xg, @où��Ø´+�^, Ï�§Ø÷v+�^�^� (2). �

~ 3.7.8 (�ÝC�) � G ´+, X = G. ·�½Â,�«Ú²£��ØÓ�+�^ (�Ö
ögC�y)

g(x) = gxg−1, ∀g ∈ G, ∀x ∈ X.

d·K 3.7.1, §�
+Ó�
ψ : G→ S(X),

ÙØ Kerψ = C(G) (�ÖögC�y). �

~ 3.7.9 (à5�m) � H < G, X ´ H ��N��8�¤�8Ü. ·�½Â+�^

g(xH) = (gx)H, g ∈ G, xH ∈ X.

§p��Ó� ψ : G→ S(X) �Ø� Kerψ = ∩x∈G xHx−1. X Ï~¡�à5�m. e H ´�5
f+, X Ò´û+ G/H, Kerψ = H. k��Ö��B, ·�Eòà5�mP� G/H.

aq/, � X ′ ´m�8�¤�8Ü. ·��k+�^

g(Hx) := H(xg−1).

�ÖögC�y. �

~ 3.7.10 (½f8) � G �^3 X þ, Y ´ X �f8. XJ Y ÷v±e^�, Ò¡�
3 G �^e½:

gY := {gy|y ∈ Y } ⊆ Y.

G 3 X þ��^�±��� Y þ.

'X G 3g���ÝC������5f+þ, Ï��5f+´�ÝC�e�½f8. �
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~ 3.7.11 (X¢�^) � G 3 X k�^. XJp�Ó� ψ : G→ S(X) ´üÓ�, ·�Ò
`T�^´X¢� (Effective). 'X

(1) �²£Úm²£Ñ´X¢�.

(2) �� (AÏ, ��, AÏ��) �5C�´§¢�.

(3) �ÝC�X¢��=�+�¥%´²��.

(4) à5�mþ��^X¢��=� H Ø�¹ G �?Û�²��5f+ (~ 3.7.9).

(5) k�8Üþ���+�^´§¢�. �

½Â 3.7.2 � G©O�^3ü�8Ü X,X ′þ. XJ�3��éA ϕ : X → X ′, ÷v�
�ã

(g, x)

��

G×X
id×ϕ //

��

G×X ′

��

(g, x′)

��
gx X

ϕ // X ′ gx′

½=

ϕ(g(x)) = g(ϕ(x)), ∀g ∈ G, ∀x ∈ X, (3-3)

·�Ò¡ùü�+�^´�d�.

lÄ���Ýw, ü��d�+�^�±À�´���, ÏØ72«©§�.

~ 3.7.12 �²£Úm²£�d. ¯¢þ, ·��±½Â��N�

ϕ : G −→ G, x→ x−1.

N´�y, §÷vª (3-3). aq/, ·���±`²��8�à5�m�^Úm�8à5�m�
�^�d. �

~ 3.7.13 (k�+L«) � G ´k�+, X = V ´Eê� C þ� n��þ�m, GL(V )
´éA����5+. � ψ : G → GL(V ) ´+Ó�. ·�r ψ ¡� G 3 V S����5L«
(Representation). l+�^�Ýw, ��u G �Ñ
3 V þ����^.

k�+��5L«´êÆ¥�~��ïÄé�. +�L«nØ�¹
É~´L����
SN. §ò(�E,�+Ý��·�'�ÙG����5+þ, l�±|^�ö��¤Ù�E

|Úóä5ïÄ+�A5. 'X, ·��±|^Ý
�,�Vg5�x+, =½Â

χψ(g) = tr(ψ(g)), g ∈ G.

§¡�L« ψ �A�I (Character). k�+�A�InØ�¹
Nõk��(Ø. §�±J�

�pd'uA�Ú�ïÄ. k,��Öö�±ëwl��5k�+��5L«6. �
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3.7.2 ;�

�+ G �^38Ü X þ. |^+�^, ·��±½Â X þ��d'X.

x ∼G y ⇐⇒ y = gx,é,� g ∈ G ¤á.

·��y§´�d'X:

(1) g�5: x = ex.

(2) é¡5: � y = gx, K x = (g−1g)x = g−1(gx) = g−1y.

(3) D45: � y = gx, z = g′y, K z = g′(gx) = (g′g)x.

X 3þã�d'Xe��da��G-;�½{¡;� (Orbit). �¹ x ∈ X �;�Ò´

Gx = {gx|g ∈ G},

�¡� x � G-;�. �â�da�5�, ·�k

X =
⋃
x∈X

Gx,

d? x �HØÓ��da. w,, z�;�Ñ´½f8.

~ 3.7.14 k
�áþ, �ò x ¤3;�P� Ox. �

½Â 3.7.3 � G�^3 X þ.

(1) � x ∈ X, e Gx = {x}, K¡ x´ØÄ��.

(2) e�3 y ∈ X, ¦� X = Gy, K¡ G��^´D4� (Act transitively). �ó�, D4�
^��u=k��;���^.

~ 3.7.15 (�8) �Ä+ G 3g���²£. §´D4�^. � H < G, ·�kp��+

�^. é?Û x ∈ G, x 3 H ��²£�^e�;�Ò´m�8 Hx.

aq/, x 3 H �m²£�^e�;�Ò´��8 xH. �

~ 3.7.16 (V�8) � H,K ´ G �f+, X ´ K ���8�N. G 3à5�m X þ�
�^�±��� H þ. d�, é?Û xK ∈ X, §3 H �^e�;�´ HxK, ¡�V�8. �

~ 3.7.17 (�Ýa) �Ä+ G 3g���ÝC�. x ∈ G �;�

Gx = {gxg−1|g ∈ G}

¡� x ��Ýa. x ´ØÄ����=� x ∈ C(G). 'X� G = Sn, x = (12), K;� Gx Ò´
¤ké��¤�8Ü. �

~ 3.7.18 � T ⊆ X ´ G �^e�½f8, K T = ∪x∈TGx. �

~ 3.7.19 � G = GLn(F ), X = V ´� F þ� n��þ�m. G0 = {0} ´��;�, =

0 ´ØÄ��. é?Û�"� x, y ∈ X, w,�3�_�5C�, ¦� x C¤ y. Ïd X ´ü�;
��¿ X = {0} ∪ (X \ {0}). �
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·K 3.7.2 (½f+) �+ G�^38Ü X þ, x ∈ X. @o

(1)
Stab x := {g ∈ G|gx = x}

´ G�f+, ¡��� x�½f+ (Stabilizer).

(2) XJ y = gx, g ∈ G, @o Stab y = g · Stab x · g−1.

y² (1) � g, g′ ∈ Stab x, K

(g−1g′)(x) = g−1(x) = g−1(gx) = (g−1g)x = ex = x.

Ïd Stab x < G.

(2) � y = gx, a ∈ Stab x, K

(gag−1)y = (ga)(g−1y) = (ga)(x) = g(ax) = gx = y.

Ïd gag−1 ∈ Stab y, ùíÑ g · stab x · g−1 ⊆ Stab y. Ón�y,�����¹'X. �

~ 3.7.20 �Ä G 3g���Ý�^. � x ∈ G, K Stabx = C(x), = x �¥%zf. �

½n 3.7.2 �+ G�^38Ü X þ, Hx = Stab x, K

(1) �3��éA
ϕ : G/Hx −→ Gx, gHx → Gx.

(2) G3 Gxþ��^� G3à5�m G/Hxþ��^�d, §d ϕ�Ñ.

y² (1) 5¿

gHx = g′Hx ⇐⇒ g−1g′ ∈ Hx ⇐⇒ (g−1g′)x = x⇐⇒ g′x = gx.

ùÒíÑÜn5Úü�5. ÷�5K´w,�.

(2) é?Û��8 aH 9 g ∈ G, ·�k

ϕ(g(aH)) = ϕ(gaH) = (ga)x = g(ax) = gϕ(aH).

ùÒíÑü��^�d. �

íØ 3.7.2 � G´k�+, G�^3 X þ, K

|Gx| = [G : Stab x].

AO/, ;� Gx����ê7´ |G|�Ïf.

íØ 3.7.3 � G´k�+, K

|G| = |C(G)|+
∑
Gx

[G : C(x)],

ùp GxØE/�H¤kØ¹¥%����Ýa.
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y² �Ä G 3g���Ý�^. dc¡?Ø, é?Û x ∈ G, x ��Ýa¥���
ê|Gx| = [G : C(x)]. x ∈ C(G) ��=� Gx = {x}, ==¹����. 2d

G = C(G) ∪

 ⋃
x∈G\C(G)

Gx


=�(Ø. �

3.7.3 Ö¿á�: ÜÛ½n

XJ��k�+ G ��ê´�ê p ���, ·�Ò¡�� p-+. |^+�^�E|, ·��
±��Nõ'u p-+�¤�(Ø. �u�Ì, ·���{ü�0�.

½n 3.7.3 � G´ p-+, �^3k�8Ü X þ, |X| = n. � t´ X ¥ØÄ����ê.
@o

t ≡ n (mod p).

AO/, e gcd(n, p) = 1, K X 7kØÄ��.

XJ�Ä+��Ý�^, ·�kXe²;íØ.

íØ 3.7.4 p-+7k�²�¥%.

½n 3.7.4 (ÜÛ1�½n) � G´ n�k�+, p´�ê, pk | n, k ≥ 0, K G7¹��

pk �f+.

� |G| = p` ·m, gcd(p.m) = 1, dÜÛ1�½n, �3 p` �f+, ·�¡�� G �ÜÛ p-f
+(Sylow p-subgroup).

½n 3.7.5 (ÜÛ1�½n) � G´ p` ·m�k�+, p´�ê, gcd(p,m) = 1, K

(1) G�?Ûü�ÜÛ p-f+*d�Ý.

(2) � k´ÜÛ p-f+��ê, K k | m� k ≡ 1 (mod p).

(3) ?Û pk �f+7¹u,�ÜÛ p-f+¥.

�ÙSK

\ ∗ Ò�SKL«k�½JÝ.

SK 3.1 � G´ü+, y²: �o G´�ê�Ì�+, �o G = [G,G].

SK 3.2 � G = 〈a〉´ n�Ì�+. y²: AutG ∼= Z∗n.
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4.1 Ä�Vg

·�k£��
Vg. � F,E ´ü��. XJ F ⊆ E, @oÒ¡ E ´ F þ�*� (���
F þ��*Ü), P� E/F . F ´ E �f� (�¡� E �Ä�). XJ��� K ÷v

F ⊆ K ⊆ E,

·�Ò` K ´ E/F �¥m�.

5 4.1.1 �Öö5¿, �Õò E/F �û��PÒ· . �

~ 4.1.1 (1) ?Û F Ñ�±À½§���

P = {(n1)(m1)−1|m1 6= 0}

����Ä�, ùÒk P ��*Ü F/P . £��e, � charF = 0 �, P ∼= Q; � charF = p (p
´�ê) �, P ∼= Fp ´� p ��{a�.

(2) �Ä�*Ü C/Q, ·�k¥m� R, �k¥m�

Q(
√
d) = {a+ b

√
d|a, b ∈ Q}.

����, é?¿�êê θ, Q(θ) ´ C/Q �¥m�.

(3) � F ´�, F (x) ´ F þ�kn¼ê�. Ï·�k F þ��*Ü F (x)/F . �

~ 4.1.2 �Ä�*Ü E/F . � S ⊆ E ´��f8.

(1) �Äd F ∪ S )¤�f� F (S), = E ¥�¹ F Ú S �¤kf���. §´ E/F �¥m

�, ¡� F þV\ S ���f�, ½�� S 3 F þ)¤�f�.

(2) � S = {α1, · · · , αn} ⊆ E ´ k � 8, ·� � ò F (S) U P� F (α1, · · · , αn), § ´ �
F [α1, · · · , αn] �©ª�. £�·K 2.3.7, F [α1, · · · , αn] ¢Sþ´Xe�Ó���.

σ : F [x1, · · · , xn] −→ E, f(x1, · · · , xn) → f(α1, · · · , αn).

(3) ��*Ü E/F ´d F þV\��� α ��, = E = F (α), K¡ E ´ F �ü*Ü (Simple
extension). 'X Q(

√
d) ´ Q �ü*Ü. �

é?Û�*Ü E/F , E �±w¤� F þ��5�m (�7´k���). ·�rT�5�m

��êP� [E : F ], ¡�*Ü E/F �gê. e [E : F ] <∞, K¡ E/F ´k�*Ü; ÄK¡�Ã
�*Ü. ék�*Ü E/F , E �� F þ��5�m��|Ä�¡�*Ü E/F �Ä.

� E/F ´�*Ü, α ∈ E. XJ�3õ�ª f(x) ∈ F [x], ÷v f(α) = 0, ·�Ò¡ α 3 F

þ´�ê� (Algebraic); ÄKÒ¡����� (Transcendental). XJ E ¥z��Ñ´ F þ�
�ê�, Ò¡ E/F ´�ê*Ü ( Algebraic extension).

~ 4.1.3 *Ü C/Q ¥��ê�Ò´·�3~ 1.3.3 ¥½Â��êê. �
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4.2 �«a.��*Ü

4.2.1 ü*Ü

·K 4.2.1 � E/F ´�*Ü, α ∈ E, K

(1) α´ F þ��ê�, K
F [α] = F (α) ∼= F [x]/(h(x)),

ùp h(x) ∈ F [x]´ α�4�õ�ª. ?�Ú, XJ g(x) ∈ F [x]�÷v g(α) = 0, K
h(x) | g(x). F (α)/F ¡�ü�ê*Ü.

(2) e α3 F þ´���, K F [α] ∼= F [x], Ï F (α) ∼= F (x). d� F (α)/F ¡�ü��*Ü.

y² d·K 2.3.7, ·�k÷Ó�

σ : F [x] −→ F [α], f(x) → f(α).

§�Ø Kerσ = (h(x)). dÓ�Ä�½n, F [x]/(h(x)) ∼= F [α].

(1) XJ α 3 F þ´�ê�, K h(x) ´�"Ø��õ�ª. Ïd F [α] ∼= F [x]/(h(x)) ´�,
� F (α) = F [α]. XJ g ∈ F [x] ÷v g(α) = 0, K g ∈ (h(x)), = h(x) | g(x).

(2) XJ α ´���, K h(x) = 0, � F [x] ∼= F [α]. �

� α ∈ E ´ F þ��ê�, h(x) ∈ F [x] ´ α �4�õ�ª, ·�¡ deg h� α �gê.

·K 4.2.2 (���35) � F ´�, f(x) ∈ F [x]´Ø��õ�ª, K�3ü�ê*Ü
E/F , ¦� f(x)3 E Sk�.

y² � E = F [x]/(f(x)). du f(x) Ø��, ¤± E ´�. ·�küÓ�

F ↪→ E = F [x]/(f(x)), a→ [a].

Ïd F �±w¤ E �f�.

� α = [x] ∈ E, K E = F [α],

f(α) = [f(x)] = [0] ∈ E.

ùÒ�¤
y². �

5 4.2.1 � F = C, f(x) ∈ C[x]. ·K 4.2.2 L¡wq��Ñ
pd�êÆÄ�½n, ¢K
Ø,. Ï�ù�·K¿Ø�yÙ¤��*� E Ò´ C. �

~ 4.2.1 � p ´� 4 { 3 ��ê. d~ 2.3.37, k�� E := Fp[x]/(x2 + 1) ´ Fp �ü*
Ü. äNó�, E = F [α], ùp α = [x] ÷v α2 + [1] = 0. �

·K 4.2.3 � E/F ´�*Ü, α ∈ E, K±e^�*d�d:

(1) F (α)/F ´�ê*Ü,
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(2) α3 F þ´�ê�.

(3) F (α)/F ´k�*Ü.

^�¤á�, [F (α) : F ]�u α�gê.

y² (1) =⇒ (2) w,.

(2) =⇒ (3) � α ´ F þ� n g�ê�, Ù4�õ�ª� h(x) ∈ F [x]. é?Ûõ�ª
f(x) ∈ F [x], d�{êØ{,

f(x) = h(x)q(x) + r(x), deg r < deg h.

Ï f(α) = r(α). ùL², F [α] = F (α) ¥���Ñ�±L�

c0 + c1α+ · · ·+ cn−1α
n−1, ci ∈ F.

, � � ¡, d u 4 � õ � ª ´ n g �, ¤ ± 1, α, · · · , αn−1 3 � F þ � 5Ã'. ù Ò í Ñ
1, α, · · · , αn−1 ´ E/F �Ä. AO/, [F (α) : F ] = n.

(3) =⇒ (1) � [F (α) : F ] = n. é?Û β ∈ F (α), Ï� 1, β, · · · , βn 3 F þ�5�', =

c0 + c1β + · · ·+ cnβ
n = 0, ci ∈ F,

� ci Ø��". ùÒíÑ β 3 F þ´�ê�. �

~ 4.2.2 � θ ´ n g�êê, K [Q(θ) : Q] = n. AO/, [Q(
√
d) : Q] = 2. �

4.2.2 k�*Ü

½n 4.2.1 ("�º½n) � E/F ´�*Ü, K ´¥m�, K E/F ´k�*Ü��=�

E/K ÚK/F Ñ´k�*Ü. �^�¤á�, ·�k

[E : F ] = [E : K] · [K : F ].

y² (=⇒) ®� n := [E : F ] < ∞, = E ´� F þ�k���5�m. Ï K ´ E �
f�m, � [K : F ] ≤ [E : F ] < ∞. � α1, · · · , αn ´�5�m E 3� F þ�Ä. XJò E w¤
� K þ��5�m, @ow, α1, · · · , αn 3� K þ)¤ E, � [E : K] ≤ [E : F ] <∞.

(⇐=) ®� m := [E : K] <∞, r := [K : F ] <∞, ¿� β1, · · · , βm ´ E/K �Ä, γ1, · · · , γr
´ K/F �Ä.

é?Û α ∈ E, �3 ai ∈ K (i = 1, · · · ,m) ÷v

α =
m∑
i=1

aiβi.

éz� ai ∈ E, ·�k

ai =
r∑
j=1

bijγj , bij ∈ F.

Ïd

α =
∑
i,j

bijβiγj , bij ∈ F.
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ùL²Ã βiγj 3� F þ�5)¤ E. Ïd

[E : F ] ≤ mr = [E : K] · [K : F ] <∞.

y3y²Ã βiγj �5Ã'. � ∑
i,j

bijβiγj = 0, bij ∈ F.

-

ai =
r∑
j=1

bijγj ∈ E, i = 1, · · · ,m.

�k
m∑
i=1

aiβi = 0. du βi ´ E/K �Ä, ¤± ai = 0 (i = 1, · · · ,m). qÏ� γj ´ K/F �Ä, ¤

± bij = 0. ùÒíÑ¤k βiγj 3� F þ�5Ã'. Ïd§�´�|Ä, l½¦ n = mr. �

5 4.2.2 ^Ï��{5ù, "�º½n�±äó: k�*Ü�k�*ÜE´k��. �

íØ 4.2.1 � E/F ´k�*Ü, α ∈ E, @o α3 F þ7´�ê�, �Ùgê´ [E : F ]
�Ïf. AO/, E/F ´�ê*Ü.

y² �¥m� K = F (α). d"�º½n, [K : F ] ´ [E : F ] �Ïf, � K/F ´k�*
Ü. 2d·K 4.2.3 � α 3 F þ´�ê�. �

íØ 4.2.2 (ü�ê*Ü,ó) � E/F ´�*Ü. ±e^�*d�d:

(1) E/F ´k�*Ü,

(2) �3¥m��k�,ó
F = F0 ⊂ F1 ⊂ · · · ⊂ Fr = E,

¦� Fi+1/Fi´ü�ê*Ü.

y² (=⇒) égê n := [E : F ] �8B{. n = 1 �, w,k E = F . 8b� < n �
�/®y. ?� α1 ∈ E, ��¦ α1 6∈ F . � F1 = F (α1). Ïd F1(α1)/F ´ü�ê*Ü�

[F1 : F ] > 1. ù�, d"�º½n� [E : F1] < n = [E : F ]. d8Bb�, E/F1 kü�ê*Ü,
ó F1 ⊂ F2 ⊂ · · · ⊂ Fr = E, �� E/F �ü�ê*Ü,ó

F = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fr = E.

(⇐=) Ï�z�*Ü Fi+1/Fi Ñ´k�*Ü, �d"�º½ná�(Ø. �

4.2.3 �ê*Ü

c¡®²�Ñ
XeVg��¹'X

ü�ê*Ü ⊆k�*Ü ⊆�ê*Ü.

��5`, k�*ÜØ´ü�ê*Ü. �´\þ,
^��, ùüa*Ü�±�Ó. ·��¡2)
ºù�:. aq/, �ê*Ü��7´k�*Ü (�e¡�~f 4.2.3).

·�y²Xe�(Ø.
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½n 4.2.2 �K ´�*Ü E/F �¥m�. XJ E/K ÚK/F Ñ´�ê*Ü, @o E/F

7´�ê*Ü.

y² � α ∈ E. díØ 4.2.1, ·��I�é� E/F ���¥m� L, ¦� α ∈ L, ¿�

L/F ´k�*Ü=� (Ï�ù%¹X α ´ F þ��ê�). 2díØ 4.2.2, ·��8I�±=�
�Eü�ê*Ü,ó

F = F0 ⊂ F1 ⊂ · · · ⊂ Fr ⊂ Fr+1 = L.

Äk, Ï E/K ´�ê*Ü, � α ´ K þ��ê�, =�34�õ�ª

h(x) = xr + a1x
r−1 + · · ·+ ar−1x+ ar ∈ K[x], ai ∈ K,

÷v h(α) = 0. 8�E¥m�

F = F0, Fk = F (a1, · · · , ak), L = Fr(α), k = 1, · · · , r.

w,k

F0 ⊂ F1 ⊂ · · · ⊂ Fr ⊂ L. (4-1)

5¿� K/F ´�ê*Ü, ÏÃ ai � F þ��ê�, Ï ai ∈ Fi �´ Fi−1 ��ê�, =

Fi/Fi−1 ´ü�ê*Ü. d	, d α �4�õ�ªÀ�, L/Fr w,�´ü�ê*Ü. Ï,ó
(4-1) ´ü�ê*Ü,ó. �

íØ 4.2.3 (�ê4�) � E/F ´�*Ü. K ´ F þ¤k�ê��N�¤�8Ü, KK

´ E/F �¥m�, ¡� F 3 E ¥��ê4� (Algebraic closure).

y² ?� α, β ∈ K. d�kü�ê*Ü,ó

F ⊂ F (α) ⊂ F (α, β).

d½n 4.2.2, F (α, β)/F E´�ê*Ü. AO/,

α± β, α · β, α
β
∈ F (α, β)

Ñ´ F þ��ê�, ÏÑá3 K ¥. ùÒy² K ´f�. �

~ 4.2.3 (�êê�) �Ä Q 3*Ü C/Q ¥��ê4� Q. §¡��êê� (Algebraic
number field ). Q ¥���Ò´�êê.

·�ùp5äN�y�é�êê�\{. 'X� α =
√

2, β =
√

3, K α + β �4�õ�ª
� h(x) = x4 − 10x2 + 1 ∈ Q[x].

�±w� Q/Q Ø�U´k�*Ü. eØ,, díØ 4.2.1, ?Û�êê�gêÑØ�L
[Q : Q], ù´Ø�U�. �

4.2.4 ©��*Ü (I): �35

� F ´�½��, f(x) ∈ F [x] ´�½� n(≥ 1) gõ�ª.

½n 4.2.3 (©��) �3k��*Ü E/F , ÷vXe^�:
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(1) f(x)3 E S��©)¤�gÏª¦È

f(x) = c(x− α1) · · · (x− αn), αi ∈ E, i = 1, · · · , n.

(2) E = F (α1, · · · , αn).

AO/, [E : F ] ≤ n!. E/F ¡� f(x)3 F þ�©�� (Splitting field).

y² é n = deg f(x) �8B{. n = 1 �, f(x) = c(x− a), a ∈ F , =� E = F . 8b�
< n ��/®y.

Äk, ·��Eü�ê*Ü K/F , ¦� f(x) 3 K ¥��k���. � p(x) ∈ F [x] ´ f(x)
�Ø��Ïª. aqc¡�?Ø, K := F [x]/(p(x)) Ò´·��é�ü�ê*Ü, α1 := [x] ∈ K

÷v p(α1) = 0 (3 K p). Ïd, f(α1) = 0. ùL², f 3 K p��U©)Ñ���gÏª
(x− α1).

Ø��

f(x) = c(x− α1) · · · (x− αr)f1(x), α1, · · · , αr ∈ K, f1(x) ∈ K[x], deg f1 < n.

e f1 ´~ê, K(Ø®�y. ÏdØ�b� f1(x) �~��Ä�õ�ª. d8Bb�, �3 f1(x)
3 K þ�©�� E/K, =÷v

f1(x) = (x− αr+1) · · · (x− αn),

¿� E = K(αr+1, · · · , αn).

5¿�
K = F (α1) = F (α1, · · · , αr),

·�Ò��

E = F (α1, · · · , αr)(αr+1, · · · , αn) = F (α1, · · · , αr, αr+1, · · · , αn).

d	, d8Bb�±9"�º½ná�

[E : F ] = [K : F ] · [E : K] ≤ n · (n− 1)! = n!.

nþ��(Øé?Û n ¤á. �

�¡·���y²ù«©��3,«Ó�¿Âe´���. e¡kÞA�©���~f.

~ 4.2.4 � F = R,

(1) f(x) = x2 + 1, K f 3 F þ�©�� E Ò´ C, [E : F ] = 2.

(2) f(x) = x2 + x+ 1, K f �©�� E = R
(
−1

2 +
√
−3
2

)
, [E : F ] = 2. �

~ 4.2.5 � p ´� 4 { 3 ��ê, F = Fp ´� p ��{a�, f(x) = x2 + 1. c¡®y

E = F [x]/(x2 + 1) ´ F ��*Ü. w,, E = F (α), f(x) = (x − α)(x + α), ùp α = [x] ∈ E.
Ïd E/F Ò´ f(x) 3 F þ�©��. �
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~ 4.2.6 � F = Q, f(x) = (x2 − 2)(x2 − 3). E = Q(
√

2,
√

3) ´ f 3 F þ�©��. �
K = Q(

√
2) ´Ù¥m�. w�, K/F ´ x2 − 2 3 F þ�©��. F ⊆ K ⊆ E ´ü�ê*Ü,

ó. d"�º½n, [E : F ] = 4.

·�5�y, E = K[x]/(x2 − 3). ù��u�y x2 − 3 ∈ K[x] �´Ø���, = x2 − 3 = 0
3 K ¥Ã�. eØ,, � a+ b

√
2 ´��, K

0 = (a+ b
√

2)2 − 3,

=

(a2 + 2b2 − 3) + 2ab
√

2 = 0.

ù½¦ ab = 0. ÃØ a = 0 ½ b = 0, Ñò��gñ!

��,·�5y² E = Q(
√

2+
√

3). d~ 4.2.3, [Q(
√

2+
√

3) : Q] = 4. qÏ� Q(
√

2+
√

3) ⊆
E, � [E : Q] = 4. d"�º½n, [E : Q(

√
2 +

√
3)] = 1, dd=�(Ø. �

~ 4.2.7 (p gü �) � F = Q, f(x) = xp − 1, ùp p ´�ê.

E = Q(ω) = Q[x]/(xp−1 + · · ·+ x+ 1)

´ f 3 F þ�©��, ùp ω ´ p gü �. 3 E ¥, f(x) = (x − 1)(x − ω) · · · (x − ωp−1). �

5¿, é�ê p, õ�ª xp−1 + · · ·+ x+ 1 ∈ Q[x] ®�´Ø���. d� [E : F ] = p− 1. �

4.2.5 ©��*Ü (II): ��5

e¡·�5y²©�����5. �dk��
O�ó�.

·K 4.2.4 � σ : F → F ′´�Ó�, K

(1) σ�±��òÿ�õ�ª�Ó�

σ̄ : F [x] −→ F ′[y],

¦� σ̄(x) = y. ?�Ú, e h(x) ∈ F [x]´Ø��õ�ª, K

hσ(y) := σ̄(h(x)) ∈ F ′[y]

�´Ø��õ�ª.

(2) � α (�A/, β)´Ø��õ�ª h(x) ∈ F [x] (�A/, hσ(y) ∈ F ′[y])��, K σ�±�

�òÿ��Ó� σ′ : F (α) → F ′(β), ¦� σ′(α) = β.

y² (1) ?�

f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0 ∈ F [x].

·�½Â

fσ(y) := σ(an)yn + σn−1(an−1)yn−1 + · · ·+ σ(a1)y + σ(a0) ∈ F ′[y].

N´�y,
σ̄ : F [x] → F ′[y], f(x) → fσ(y),

�Ñ
�Ó�, ¿� σ̄|F = σ. ù�òÿ���5w,d σ̄(x) = y��(½.
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(2) |^þãòÿ�õ�ª�Ó�,=�Xe�Ó�

σ′ : F [x]/(h(x)) −→ F ′(y)/(hσ(y)),

= σ′ : F (α) → F ′(β), ÷v σ′(α) = β. �

½Â 4.2.1 � E1/F Ú E2/F Ñ´ F ��*Ü, σ : E1 → E2´�Ó�, ¦���N�
σ|F ´ F �g��ðÓN�, K σ�� F -Ó�. ?�Ú, e σ´Ó�, K¡�� F -Ó�.

E/F ��Ü F -gÓ�|¤��+, ¡� E/F �³Ûu+, P� Gal(E/F ). §3³Ûun
Ø¥�ü
���Ú. ·�ò3�¡�[0�§.

íØ 4.2.4 � σ : E1/F → E2/F ´ F -Ó�, α ∈ E1, @o

(1) α3 F þ�ê��=� σ(α)3 F þ�ê, ¿�§�k�Ó�4�õ�ª.

(2) XJ α, β ∈ E1Ñ´,�Ø��õ�ª h(x) ∈ F [x]��, K�3ü�ê*Ü F (α)Ú F (β)
�m� F -Ó� η : F (α) → F (β), ¦� η(α) = β.

y² (1) � α ´�ê�, 4�õ�ª�

h(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0 ∈ F [x].

5¿� σ|F ´ðÓN�, ¤±

h(σ(α)) = σ(α)n + an−1 · σ(α)n−1 + · · ·+ a1 · σ(α) + a0

= σ(α)n + σ(an−1) · σ(α)n−1 + · · ·+ σ(a1) · σ(α) + σ(a0)

= σ(h(α))

= 0.

Ïd σ(α) �´ h(x) ��, l´�ê�. � hσ(x) ∈ F [x] ´ σ(α) �4�õ�ª, ùÒíÑ
hσ | h. òÓ��?ØA^� σ−1 þ��, σ(α) e´�ê�, K α ½,, ¿� h | hσ, l h = hσ.

(2) ò·K 4.2.4 A^�ðÓN� σ|F : F → F þ=�. �

½n 4.2.4 (©��Ó�½n) � σ : F → F ′´�Ó�, f(x) ∈ F [x]´�gêõ�ª,
fσ(y) ∈ F ′[y]´�A�õ�ª (½Â�·K 4.2.4). � E (�A/, E′)´ f (�A/, fσ)3 F

(�A/, F ′)þ�©��, K σ�±òÿ¤�Ó� σ̄ : E → E′.

AO/, f(x)3 F þ�©�� E 3 F -Ó�¿Âþ´���.

y² ·�é [E : F ] �8B{. � [E : F ] = 1 �, = E = F , ·�k

f(x) = c(x− α1) · · · (x− αr), αi ∈ F, i = 1, · · · , r.

u´
fσ(y) = σ(c)(y − σ(α1)) · · · (y − σ(αr)).

ùL² E′ = F ′(σ(α1), · · · , σ(αr)) = F ′. Ïd(Øw,¤á.
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8b� [E : F ] < n ��/®y. � [E : F ] = n �, ·�� f(x) ���Ø��Ïª h(x).
d·K 4.2.4 (1), hσ(y) �´ fσ(y) �Ø��Ïª. � α ∈ E (�A/, β ∈ E′) ´ h(x) (�A/,
hσ(y)) ����. d·K 4.2.4 (2), �3�Ó�

σ′ : F (α) −→ F ′(β), α→ β.

5¿� E/F (α) (�A/, E′/F ′(β)) E´ f(x) (�A/, fσ(x)) �©��. ,��¡, [E :
F (α)] < n, �d8Bb�, σ′ �±?�Úòÿ��Ó� σ′′ : E → E′. nþ��(Ø¤á.

8� σ : F → F �ðÓN�. d�, f = fσ, Ïd©��3 F -Ó�e��. �

5 4.2.3 ©��� F -Ó���Ø´���. |^þã½n�8B?Ø, ·���±y²
ù«Ó���ê k ≤ [E : F ]. AO/, e f(x) 3 E ¥��pØ�Ó, @o k = [E : F ]. �

íØ 4.2.5 ��*Ü L/F �¹¥m� E/F , §´õ�ª f(x) ∈ F [x]�©��, @o

(1) e E′/F ´,�¥m�, ¿�§�´ f(x) ∈ F [x]�©��, K E′ = E.

(2) � σ ∈ Gal(L/F ), K σ(E) = E.

y² (1) � f(x) ∈ F [x] 3 E,E′ ¥©O©)�

f(x) = c(x− α1) · · · (x− αn) ∈ E,

f(x) = c′(x− α′1) · · · (x− α′n) ∈ E′,

du§��Ñ´ f(x) 3 L ¥�©), ¤±�â L[x] ¥õ�ª���©)5��, {αi}1≤i≤n Ú
{α′i}1≤i≤n �������. Ï E = E′.

(2) σ(E) ´ fσ �©��,  fσ = f (Ï� σ ´ F -gÓ�). d (1) á� σ(E) = E. �

~ 4.2.8 £�~ 4.2.7, F = Q, f(x) = xp − 1 (p ´�ê) 3 F þ�©��´ E = Q(ω),
ùp ω ´ p gü �. � σ ∈ Gal(E/F ). N´w�, σ d σ(ω) �����(½. Ï�

(σ(ω))p = σ(ωp) = σ(1) = 1,

¤± σ(ω) = ωk, k = 1, · · · , p − 1. Ïd Gal(E/F ) Tk [E : F ] = p − 1 ��. �°(/`,
Gal(E/F ) ∼= F∗p. �

~ 4.2.9 � F = Q, f(x) = xp − 2 (p ´Û�ê) 3 F þ�©��´ E = Q(ω, p
√

2),
ùp ω ´ p gü �, p

√
2 ´ xp − 2 = 0 ��¢�. �Ä¥m� K = Q( p

√
2) ∼= Q[x]/(f).

E = K(ω p
√

2) �´ K �ü�ê*Ü. Ïd·�kü�ê*Ü,ó F ⊆ K ⊆ E. d"�º
½n�� [E : F ] = [E : K] · [K : F ] = p(p− 1).

�±�y, Gal(E/F ) ¥� F -gÓ�TÐ´±ea.: σij : E → E, ÷v

σij(ω) = ωi, σij(
p
√

2) = ωj · p
√

2, i = 1, · · · , p− 1, j = 0, 1, · · · , p− 1.

Ïd Gal(E/F ) ����ê´ [E : F ] = p(p− 1). �
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4.2.6 �5*Ü

½Â 4.2.2 � E/F ´�ê*Ü, XJ E/F ÷vXe5�, ·�Ò¡§´�5*Ü (Nor-
mal extension): � p(x) ∈ F [x]´Ø��õ�ª, e§3 E S��k���, K§3 E S�±�

�©)¤�gÏª�¦È.

·��yXeÌ�(Ø.

½n 4.2.5 � E/F ´�*Ü, K±e^�*d�d:

(1) E/F ´k��5*Ü,

(2) E ´,õ�ª f(x) ∈ F [x]�©��*Ü.

y² (=⇒) ®� E/F ´k��5�. dk�5=�

E = F (α1, · · · , αr),

ùp α1, · · · , αn ´ F þ��ê�. � fi(x) ∈ F [x] ´ αi �4�õ�ª, ¿-

f(x) := f1(x) · · · fr(x).

du E/F ´�5�, ¤±z� fi(x) �±3 E S©)��gÏª¦È, � f(x) ½,, =

f(x) = (x− β1) · · · (x− βn), βi ∈ E.

Ïd F (β1, · · · , βn) ⊆ E. ��, Ï� αi ´ f ��, Ï§7´,� βj . ùÒ�Ñ
�¹'X

E ⊆ F (β1, · · · , βn). Ï
E = F (β1, · · · , βn)

´ f(x) �©��.

(⇐=) ®� E/F ´ f(x) ∈ F [x] �©��. � p(x) ∈ F [x] ´Ø��õ�ª, ¿�3 E Sk
����� α.

� L/E ´ p(x) 3 E þ�©��. Ïd L/F ´ g(x) = f(x)p(x) �©��. � β ´ p(x) 3
L ¥�?¿�. díØ 4.2.4 (2), ��E F -Ó� τ : F (α) → F (β), ÷v τ(α) = β. 2d©��Ó
�½n, τ �±òÿ¤ L � F -gÓ� τ ′.

díØ 4.2.5 (2), τ ′(E) = E. Ï β = τ(α) ∈ E. ùL² p(x) 3 E S��©)¤�gÏ

ª. ùÒy²
 E/F ´�5�. �

4.2.7 �©*Ü

� F ´�,
f(x) = anx

n + an−1x
n−1 + · · ·+ a1x+ a0 ∈ F [x]

´�gêõ�ª, E ´ f �©��. ·��

f(x) = c(x− α1)e1 · · · (x− αr)er , ei ≥ 1, αi 6= αj , i > j.

αi ¡� f(x) � ei�. � ei = 1 �, αi ¡�ü� (Simple root); ÄK¡�� (Multiple root).
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·�½Â f �/ª�ê (Formal derivative)

f ′(x) = nanx
n−1 + (n− 1)an−1x

n−2 + · · ·+ a1.

Ún 4.2.1 � f, g ∈ F [x], ·�k

(1) (αf + βg)′ = αf ′ + βg′, α, β ∈ F ,

(2) (f · g)′ = f ′ · g + f · g′,

(3) x′ = 1,

y² �ê�þõ�ª¼ê��ê�/aq. �

Ún 4.2.2 � x = α´ f(x)3©�� E S� k-� (k ≥ 1).

(1) �A� ch(F ) = 0½ ch(F ) - k�, x = α´ f ′(x)� k − 1�;

(2) �A� ch(F ) | k�, x = α´ f ′(x)��� k�.

AO/, e x = α´ f(x)�ü�, K f ′(α) 6= 0.

y² �Ä f 3 E S�©)

f(x) = (x− α)k · g(x), g(α) 6= 0.

Ïd

f ′(x) = (x− α)k−1q(x),

ùp q(x) = kg(x) + (x− α)g′(x).

5¿ q(α) = kg(α). XJA� ch(F ) = 0 ½ ch(F ) - k �, @o q(α) 6= 0, = (x − α) - q(x),
¤± x = α ´ f ′(x) � k − 1 �.

e ch(F ) | k, K q(α) = 0, = (x− α) | q(x), � x = α ´ f ′(x) ��� k �. �

½n 4.2.6 (��O{) � E/F ´ f(x) ∈ F [x]3 F þ�©��.

(1) f 3 E SÃ���=� gcd(f(x), f ′(x)) = 1.

(2) e f(x)Ø��, K§3 E SÃ��¿�^�� f ′(x)´�"õ�ª. AO/, �
ch(F ) = 0�, F [x]¥�?ÛØ��õ�ªþÃ�.

y² (1) (=⇒) ®� f(x) 3 E SÃ�, KdÚn 4.2.2, f(x) � f ′(x)Ãú��. �
d(x) = gcd(f, f ′). e d(x) 6= 1, K d(x) ��´ f, f ′ �ú��, gñ! Ïd, d = 1.

(⇐=) � α ´ f(x) �?��. e k > 1, KdÚn 4.2.2, α ´ f ′(x) ��� k − 1(≥ 1) �,
Ï d(x) = gcd(f, f ′) ´�gêÄ�õ�ª, gñ! � k = 1, = α ´ü�.

(2) f(x) k���=� d(x) = gcd(f, f ′) ´�gêõ�ª. du f(x) Ø��, � d(x) =
f(x), l f(x) | f ′(x). e f ′(x) 6= 0, K deg f ′ < deg f , �Ø�U p | f ′, gñ! Ïd, f ′(x) = 0.�
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½Â 4.2.3 (1) � p(x) ∈ F [x]´Ø��õ�ª, E ´ p(x)�©��. e p3 E ¥�kü

�, Ò¡ p3 F þ�© (Separable).
(2) � f(x) ∈ F [x]´�~�õ�ª. XJ f 3 F [x]S�?ÛØ��ÏªÑ´�©�, K¡ f 3

F �©; ÄK f ¡� F þØ�©�.

½Â 4.2.4 � E/F ´�ê*Ü, α ∈ E.

(1) XJ α�4�õ�ª´ F þ�©õ�ª, K¡ α´�©��; ÄK¡�Ø�©��.

(2) XJ E �z���3 F þ�©, K¡ E/F ´�©*Ü; ÄK¡��Ø�©*Ü.

Ä��A�éu*Ü��©5kK�. e¡·�5©Û�e.

íØ 4.2.6 e ch(F ) = 0, K?Û�ê*Ü E/F Ñ´�©*Ü.

y² d½n 4.2.6 (2), F þ�?ÛØ��õ�ªÑ´�©�. ddá�(Ø. �

e¡?Ø�A���. ·�k£��
Ä�¯¢. � ch(F ) = p > 0. é?Û α, β ∈ F , ·�
k (α+ β)p = αp + βp. ���/, ·�k

(α1 + · · ·+ αr)p
e

= αp
e

1 + · · ·+ αp
e

r .

·K 4.2.5 (Ø�©õ�ª) � ch(F ) = p > 0, f(x) ∈ F [x]´Ø�©�Ø��õ�ª,
E/F ´ f(x)�©��, K

f(x) =
r∏
i=1

(x− βi)p
e

, βi ∈ E,

ùp e´,��ê, Ã� βipØ�Ó. AO/, Ø�©�Ø��õ�ª�z��Ñ�Óê, T
ê´ p���.

y² �
f(x) = anx

n + an−1x
n−1 + · · ·+ a1x+ a0.

d½n 4.2.6, d� f ′(x) = 0, = kak = 0, k = 0, 1, · · · , n. ù¿�X, � p - k �, ak = 0. Ïd,

f(x) = ampx
mp + a(m−1)px

(m−1)p + · · ·+ apx
p + a0.

-

g(x) = ampx
m + a(m−1)px

(m−1) + · · ·+ apx+ a0,

K f(x) = g(xp), g(x) 3 F þE,Ø��.

Ó�/, e g Ø�©, K g(x) = h(xp). �gaí, �ª�

f(x) = u(xp
e

),

ùp u(x) ∈ F [x] ´�©�Ø��õ�ª. u(x) �©)�

u(x) = (x− α1) · · · (x− αr), αi 6= αj .
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Ïd

f(x) = (xp
e − α1) · · · (xp

e − αr).

- βi ´ xp
e − αi = 0 ��, K

xp
e − αi = xp

e − βp
e

i = (x− βi)p
e

.

òþª�\ f(x) �©)ª=�(Ø. �

~ 4.2.10 (Ø�©õ�ª�~f) � F = Fp(t) ´� p �{a�þ ('u t) �kn¼ê
�. ·�k«@ f(x) = xp − t ∈ F [x] ´Ø���. 5¿ f ′(x) = pxp−1 = 0, Ï f(x) ´Ø�©
�.

y3·�y² f(x) Ø��. Ø�b� f ��, f(x) = h(x) · g(x), g, h �~�. � E ´ f �
©��, α ∈ E ´ f ��. Ïd

h · g = xp − t = xp − αp = (x− α)p.

ùL² h(x) = (x − α)r ∈ F [x], 0 < r < p, � αr ∈ F . du (r, p) = 1, ��3�ê u, v ¦�
ru+ pv = 1. Ïd

α = αur+pv = (αr)u · (αp)v = (αr)u · tv ∈ F,

= α = a(t)/b(t), l tb(t)p = a(t)p. 5¿� Fp ���þ÷v¤ê�½n kp = k (∀k ∈ Fp).
Ïd a(t)p = a(tp), b(t)p = b(tp), � tb(tp) = a(tp), ü>gêØ��, gñ! ùÒy² f(x) Ø�
�. �

~ 4.2.11 (k��) � Fp ´��ê p ��{a�, n ≥ 1, q = pn, f(x) = xq − x ∈ Fp[x],
E ´ f(x) �©��.

·�Äky² f(x) 3 Fp þ´�©�. ù´Ï�

f ′(x) = qxq−1 − 1 = −1 6= 0,

¤±d��O{� f(x)Ã�. Ïd f(x) Tk q �ØÓ��, �� α1, · · · , αq.

Ùgy² K = {α1, · · · , αq} ´ E �f�. é?Û α, β ∈ K, ·�k

(α− β)q = αq − βq = α− β,

(α · β−1)q = αq · β−q = α · β−1, β 6= 0.

Ïd K ´ E �f�. 5¿� E = Fp(α1, · · · , αq), ¤±w,k K = E.

E ´=k q = pn ����k��, ���³Û��Ï~P� Fq ½ GF(pn).

Fq k�� Fp-gÓ�
F : Fq −→ Fq, a→ ap.

N´�y, §´gÓ�, ¡� FrobeniusgÓ�. �

�âþ¡�?Ø, ·��±y²Xe²;(Ø.

½n 4.2.7 (k��©a½n) ?Ûk��7Ó�u,�³Û�� Fq, ùp q = pn, n ≥ 1,
p´�ê.
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y² � E ´A� p �k��, Ï�¹�� Fp. dk�5, E ´� Fp þ�k���5
�m, Ø�� u1, · · · , un ´�|Ä. Ïé?Û a ∈ E, k���L�ª

a = a1u1 + · · ·+ anun, ai ∈ Fp.

z�Xê����U´ [0], · · · , [p − 1] ��, Ï a �k q = pn «�{. ùL² |E| = q.
E∗ = E − {0} ´ q − 1 �+, Ïd.�KF½n, aq−1 = 1, ∀a ∈ E∗. ùL² E ���Ñ´�
§ xq − x = 0 ��, ÏT�§��k q = pn ��. ,��¡, T�§�õ�k pn �� (íØ

2.3.6). Ï E ¥���TÐ�H xq − x = 0 �¤k�. dd�, E ´ xq − x �©��. d©�

����5, E ´��� q ��, = E = Fq. �

5 4.2.4 F∗q = Fq − {0} ´ q − 1 �Ì�+. �u�Ì, ·�Ø2y²T(Ø. �

�e5, ·��|^�©55&?k�*Ü E/F Û�´ü*Ü.

½n 4.2.8 � F ´k��, E/F ´k�*Ü, K E/F ´ü�ê*Ü.

y² � n = [E : F ]. E ��� F þ�k���5�m, kÄ u1, · · · , un. Ïé?�

a ∈ E, Ñ���/��
a = a1u1 + · · ·+ anun, ai ∈ F.

Ï�z� ai ����U5k |F | �, ¤± |E| = |F |n, = E E�k��.

�â5P 4.2.4, E∗ ´Ì�+. 8�)¤� α ∈ E∗, Ïk E = F (α). �

���/, ·�k

½n 4.2.9 � E/F ´k�*Ü, E = F (α1, · · · , αr), ¿� α2, · · · , αr 3 F þ�©, K
E/F ´ü�ê*Ü.

AO/, k��©*Ü7´ü�ê*Ü.

y² d½n 4.2.8 �(Ø, ·�e¡�I�?Ø F ´Ã����/. Ø�é r �8B{.

ky r = 2 ��/. � E = F (α, β), β ´�©�. � f(x), g(x) ©O´ α, β �4�õ�ª,
E′/E ´ f(x)g(x) 3 E þ�©��. α1 = α, · · · , α` Ú β1 = β, · · · , βs ©O´ f(x), g(x) 3 E′

¥��Ü�.

5¿� F ´Ã��, ��é c ∈ F , ¦�

αi + cβj 6= αk + cβ1, ∀i, j, k.

- θ = α1 + cβ1, Kd c �À���, f(θ − cx) � g(x) =k��ú�� β1, =kúÏf x − β1.
5¿� x− β1 ´ g(x) �üÏª (5g β ��©5), � gcd(f(θ − cx), g(x)) = (x− β1).

� K = F (θ). 5¿� f(θ − cx), g(x) ∈ K[x], Ï�3 u(x), v(x) ∈ K[x], ¦�

u(x)f(θ − cx) + v(x)g(x) = x− β1.

ùÒíÑ β1 ∈ K, Ï α1 = θ − cβ1 ∈ K, �k E = F (α, β) ⊆ K = F (θ). �L5, w,k
K ⊆ E, l

F (θ) = K = E = F (α, β).
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8b� < r ��/®y. d8Bb�, �3 α ∈ E, ¦� F (α1, · · · , αr−1) = F (θ). Ïd

E = F (α1, · · · , αr−1)(αr) = F (α, αr).

2dc¡?Ø, �3 θ ∈ E, ¦� F (α, αr) = F (θ). ùÒy²
 E/F ´ü*Ü. �

E/F XJU�¤ E = F (α), ·�Ò¡ α ∈ E ´ E/F �����. þ¡�(Øw�·�, k
�*Ü7¹����.

�ÙSK

\ ∗ Ò�SKL«k�½JÝ.

SK 4.1
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5.1 ³Û�*Ü

� E/F ´ � * Ü. E � ¤ k F -g Ó � � N � ¤ � + � � E/F �³Û�+, P �
Gal(E/F ).

� G ´� E �?�gÓ�+. ·�½Â8Ü

Inv(G) = {a ∈ E|σ(a) = a, ∀σ ∈ G}.

é?Û a, b ∈ Inv(G), Ï�

σ(a− b) = σ(a)− σ(b) = a− b,

σ(ab−1) = σ(a)σ(b)−1 = ab−1, b 6= 0,

� a− b, ab−1 ∈ Inv(G). ùÒíÑ Inv(G) ´ E �f�. §¡� G �ØÄ�. Inv(G) ���¡�
G �ØÄ�.

·�kw,��¹'X

F ⊆ Inv(Gal(E/F )).

~ 5.1.1 �g*� Q(
√
d)/Q �³Û�+

Gal(Q(
√
d)/Q) = Z2.

äN�y�±ëw~ 1.6.6. �

~ 5.1.2 ng*� Q( 3
√

2)/Q �³Û�+´²�+. ù´Ï�, é?Û σ ∈ Gal(E/F ),

(σ( 3
√

2))3 = σ(( 3
√

2)3) = σ(2) = 2,

lσ( 3
√

2) �U´¢� 3
√

2. �

½Â 5.1.1 XJ�*Ü E/F �³Û�+�ØÄ��u F , K E/F ¡�³Û�*Ü.

Ún 5.1.1 (Artin) � G´� E ���k�gÓ�+, K

[E : Inv(G)] ≤ |G|.

y² � G = {σ1 = IdE , σ2, · · · , σn}. ?� E ¥� n+ 1 ��"�� u1, · · · , un+1.

�Ä� E þ��þ

vi = (σ1(ui), · · · , σn(ui)), i = 1, · · · , n+ 1.

w, v1, · · · , vn+1 3 E þ�5�', Ï�3 r < n+ 1, ¦� v1, · · · , vr �5Ã', v1, · · · , vr+1

�5�'. Ïd

vr+1 = a1v1 + · · ·+ arvr, ai ∈ E,
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�

σi(ur+1) = a1σi(u1) + · · ·+ arσi(ur), i = 1, · · · , n. (5-1)

ò?Û σ ∈ G �^uþª�

σσi(ur+1) = σ(a1)σσi(u1) + · · ·+ σ(ar)σσi(ur), i = 1, · · · , n.

5¿� σσ1, · · · , σσn �ØL´ σ1, · · · , σn ��, ¤± σ ��^�´Úå
Ã vi �©þm�Ó�

��. Ïd·�#N�ù
©þ� �, ·�Ò�

vr+1 = σ(a1)v1 + · · ·+ σ(ar)vr.

du v1, · · · , vr �5Ã', �þãL�ª��, l½¦ σ(ai) = ai, é?Û σ ∈ G, 1 ≤ i ≤ r ¤
á. ù�, ai ∈ Inv(G).

Ïd, v1, · · · , vr+1 ��� Inv(G) þ��þ´�5�'�. �Äª (5-1) 3 i = 1 ��/, =

� ur+1 =
r∑
i=1

σ(ai)ui. Ï u1, · · · , vn 3 F þ�5�', � [E : Inv(G)] ≤ |G|. �

Ún 5.1.2 � σ1, · · · , σr ´� E � r�ØÓ�gÓ�, S = {σ1, · · · , σr}, 〈S〉´d S )¤

�gÓ�f+, K

(1) σ1, · · · , σr 3 E þ�5Ã', =é?Û�|Ø��"��� a1, · · · , ar ∈ E, Ñ�3 x ∈ E,

¦�
r∑
i=1

aiσi(x) 6= 0.

(2) r ≤ [E : Inv(〈S〉)].

y² (1) �y{, b�Ã σi �5�'. Ï�3 s < r, ¦� σ1, · · · , σs �5Ã', �
σ1, · · · , σs+1 �5�', = σs+1 ���L�¤

σs+1(x) =
s∑
i=1

aiσi(x), ai ∈ E, ∀x ∈ E.

é?Û�"� a ∈ E, ^ ax �O x, ·�k

σs+1(x) =
s∑
i=1

aiσi(a)
σs+1(a)

σi(x).

dL����5��,

ai =
aiσi(a)
σs+1(a)

.

du σs+1 6= 0, ��3 ai 6= 0. ùÒíÑ σi(a) = σs+1(a). d a �?¿5, σi = σs+1, gñ! �
σ1, · · · , σr �5Ã'.

(2) b� n = [E : F ] ´k�ê. F := Inv(〈S〉). Ï�?¿ σ ∈ S, Ñ�± F ¥���ØÄ,
¤±é?Û α, β ∈ E, γ ∈ F , k

σ(α+ β) = σ(α) + σ(β), σ(γα)σ(γ) = σ(α) = γσ(α).

ùL² σ ´�5�m E/F (3� F þ) ��5C�. Ïd?Û�5|Ü a1σ1 + · · · + arσr Ñ´
E/F ��5C�. d (1), TC��"��=�Ã ai = 0.
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� u1, · · · , un ´ E/F � � | Ä. � Ä � þ vi = (σi(u1), σi(u2), · · · , σi(un)). ·� y ²
v1, · · · , vr 3 E þ�5Ã', Ï r ≤ n.

b��3 a1, · · · , ar ∈ E, ¦�
r∑
i=1

aivi = 0. l©þþw,
r∑
i=1

aiσi(uk) = 0, k = 1, 2, · · · , n.

ùíÑ
r∑
i=1

aiσi ´"C�, �z� ai = 0. �

íØ 5.1.1 � E/F ´k�*Ü, K E/F � F -gÓ��êØ�L [E : F ], =

|Gal(E/F )| ≤ [E : F ].

y² ?� r � F -gÓ�|¤�8Ü S. dÚn 5.1.2,

r ≤ [E : Inv(〈S〉)] ≤ [E : F ].

ùÒL² F -gÓ���êØ�L [E : F ]. �

½n 5.1.1 (k�³Û�*Ü) � E/F ´�*Ü, K±e^�*d�d.

(1) E/F ´k�³Û�*Ü

(2) E k��k�gÓ�+ G÷v Inv(G) = F .

(3) E/F ´k�*Ü, ¿�k�� F -gÓ�+ G′÷v |G′| = [E : F ].

(4) |Gal(E/F )| = [E : F ] <∞.

^�¤á�, ok G = G′ = Gal(E/F ).

y² ·�ky² (1)(2) �d.

(1) =⇒ (2) d� Inv(Gal(E/F)) = F . díØ 5.1.1, |Gal(E/F )| ≤ [E : F ]. ·��I�

G = Gal(E/F ) =�.

(2) =⇒ (1) d½Â, F ⊆ Inv(Gal(E/F )). Ï� G ⊆ Gal(E/F ), ¤± Inv(Gal(E/F )) ⊆
Inv(G) = F . ùÒíÑ Inv(Gal(E/F )) = F , = E/F ´³Û�*Ü. d Artin Ún9Ún 5.1.2,
·��� |G| = [E : F ]. ù�L² E/F �´k�*Ü.

� (1)(2) ¤á�, c¡®y |Gal(E/F )| ≤ [E : F ]. 2d Artin Ún, [E : F ] ≤ |Gal(E/F )|.
ùÒ½¦ [E : F ] = |Gal(E/F )|, Ïd (1)(2) %¹
 (4). ùÒíÑ (2) ¥� G ÷v |G| =
|Gal(E/F )|. du G ⊆ Gal(E/F ), � G = Gal(E/F ).

2y (3)(1) �d.

(3) =⇒ (1) � Inv(G′) = F1. d� E/F1 ÷v (2) �^�, ÏíÑ E/F1 ´³Û�*Ü,
¿� G′ = Gal(E/F1). 2d (1) � |G′| = [E : F1]. ¤± [E : F ] = [E : F1]. d"�º½n�
[F1 : F ] = 1, = F1 = F . Ïd E/F ´³Û�*Ü. ù�%¹
 G′ = Gal(E/F ).

(1) =⇒ (3) � G′ = Gal(E/F ) =�.

(1) =⇒ (4) c®`².

(4) =⇒ (1) � G = Gal(E/F ), §÷v^� (3), dd� E/F ´³Û�*Ü.
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5.2 ³Û�Ä�½n

� E/F ´k�³Û�*Ü, G = Gal(E/F ).

Ún 5.2.1 � L´ E/F �¥m�, K E/L�´k�³Û�*Ü.

y² L1 = Inv(Gal(E/L)). w,, L ⊆ L1. ·��8I´y L1 = L. ù�duy

[L : F ] = [L1 : F ] (|^"�º½n). du[L : F ] ≤ [L1 : F ] ´w,�, Ïd�8(�y²
[L : F ] ≥ [L1 : F ].

Ï� Gal(E/L) < Gal(E/F ) ´k�+, �d½n 5.1.1,

[E : L1] = |Gal(E/L)|, [E : F ] = |G|.

Ïdd"�º½n� [L1 : F ] = [G : Gal(E/L)]. ù�, ·�Iy² [L : F ] ≥ [G : Gal(E/L)].

�Ä G 'u Gal(E/L) ���8

G =
r⋃
i=1

σiGal(E/L), σ1 = IdE .

� σ, τ 5guÓ��8, @o τ−1σ|L = IdL. ù¿�X σ|L = τ |L : L → E ´Ó�� F -i\Ó
�. Ïdz��8��(½
��l L � E � F -i\Ó�.

y3·�y²é?Ûü�ØÓ� σi, σj , §�p��þãi\Ó�Ø�Ó. eØ,, σi(a) =
σj(a), ∀a ∈ L, = σ−1

j σi(a) = a, ∀a ∈ L. ùL² σ−1
j σi ∈ Gal(E/L), =§�áuÓ��8, gñ!

Ïdù�íÑ σi ∈ Gal(E/F ) ´üüØÓ�N�. dÚn 5.1.2, [G : Gal(E/F )] = r ≤ [L : F ]. �

½n 5.2.1 (³Û�Ä�½n) � E/F ´k�³Û�*Ü, G = Gal(E/F ). � A ´ G �
¤kf+�¤�8Ü, B ´ E/F �¤k¥m��¤�8Ü. @o

(1) �3 A,B m���éA
Φ : A −→ B, H → Inv(H).

Φ−1(K) = Gal(E/K). AO/, ·�k

Gal(E/Inv(H)) = H,

Inv(Gal(E/K)) = K.

(2) þãéA´�S�, =

H1 ⊆ H2 ⇐⇒ Inv(H1) ⊇ Inv(H2).

(3)

[E : Inv(H)] = |H|,

[Inv(H) : F ] = [G : H].

(4) Inv(σHσ−1) = σ(Inv(H)), σ ∈ G.

(5) H �G ��=� Inv(H)/F ´³Û��, Gal(Inv(H)/F ) ∼= G/H.
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y² (1) �
Ψ : B −→ A, K → Gal(E/K).

Ï� H < G ´k�+, �d½n 5.1.1 � E/Inv(H) ´³Û�*Ü, � H = Gal(E/Inv(H)). ù
Òy²
 ΨΦ = IdA.

� K ´ E/F �¥m�, KdÚn 5.2.1, E/K ´³Û�*Ü, K = Inv(Gal(E/K)). ùy²

 ΦΨ = IdB. Ïd Φ ´��éA.

(2) d Φ ½Â=�.

(3) Ï� E/Inv(H) ´³Û�*Ü, ¤±d½n 5.1.1,

[E : Inv(H)] = |H|.

qd [E : F ] = |G| 9"�º½n,

[Inv(H) : F ] =
[E : F ]

[E : Inv(H)]
= |G|/|H| = [G : H].

(4) � H ′ := Ψ(σ(Inv(H))). |^ Φ �V�5, ·��I�y² H ′ = σHσ−1. ky σHσ−1 ⊆
H ′, =é?¿ τ ∈ H, �y στσ−1 �^3 σ(Inv(H)) ´ØÄ�. ?� a ∈ Inv(H), ·�k

στσ−1(σ(a)) = στ(a) = σ(a).

�L5y, H ′ ⊆ σHσ−1. aqþ¡?Ø, �� σ−1H ′σ ⊆ H, ��(Ø.

(5) (=⇒) ®� H 3 G ¥�5. d (4) �, σ(Inv(H)) = Inv(H). Ï σ p�
 Inv(H) �
F -gÓ� σ̄ ∈ Gal(Inv(H)/F ). dd��E+Ó�

G −→ Gal(Inv(H)/F ), σ → σ̄,

ÙØ´ H. dÓ�Ä�½n�üÓ�

G/H → Gal(Inv(H)/F ).

d (3), [Inv(H) : F ] = [G : H], ±9 |Gal(Inv(H)/F )| ≤ [Inv(H) : F ] (íØ 5.1.1), ��þãÓ
��´÷�, Ïd�´Ó�. d�k |Gal(Inv(H)/F )| = [Inv(H) : F ], �d½n 5.1.1 � K/F ´
³Û��.

(=⇒) ®� K/F ´³Û�*Ü, �

r := [K : F ] = |Gal(K/F )|.

K k r � F -gÓ�. �y ∀σ ∈ G, k σ(K) = K.

b��3 σ ∈ G, ¦� σ(K) 6= K, K σ p�� F -i\Ó� K → E Ø�U�þã r �i\

ØÓ, ù�·�k�� r + 1 �ØÓ� F -i\Ó� K → E. �ù�Ún 5.2.1 �?Øgñ! Ïd

σ(K) = K. ù�, d (4) =�(Ø. �

(8c��Ø
, 6���ù�, ²c2Y)
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5.3 �©�5*Ü

5.4 õ�ª�³Û�+

5.5 A^: �§�ª)��K

�ÙSK

\ ∗ Ò�SKL«k�½JÝ.

SK 5.1
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