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Inequalities of Local Chern Numbers

1. Fibred surface

Fibration f : S → C
def⇐⇒ holomorphic & surjective,

S smooth surface, C smooth curve of genus b.

Fiber Ft := f −1(t) connected, genus g

f relatively minimal
def⇐⇒ all singular fibers

contains no (−1)-curves.

S can be viewed as a smooth curve C of genus g over the
function field K = C(C ).

J: Jacobian variety of C over K .
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2. Global invariants

Chern numbers:

c2
1 (S), c2(S), χ(OS)=

1

12
(c2

1 (S) + c2(S))

Relative invariants:

K 2
f = c2

1 (S)− 8(g − 1)(b − 1) = K 2
S/C ≥ 0,

ef = c2(S)− 4(g − 1)(b − 1) =
∑

(χtop(Fi )− (2− 2g)) ≥ 0,

χf = χ(OS)− (g − 1)(b − 1) = deg f∗ωS/C ≥ 0,

Relative Noether Formula: K 2
f + ef = 12χf .

Relative irregularity: 0 ≤ qf = q(S)− b ≤ g
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2. Global invariants

Hodge numbers:

pg (S), q(S), h1,1(S)

Picard number : ρ(S) = rank NS(S)
Mordell-Weil rank: mw(f ) = rank MW(f )

MW(f ) := J(K )/τA ∼= NS(S)/T

τA ⊂ J(K ): K/C-trace, or the fixed part of J(K ).

τA = 0 ⇐⇒ qf = 0

T ⊂ NS(S): generated by a section O, F and all of the
components of singular fibers

mw(f ) = ρ(S)− 2−
s∑

i=1

(`i − 1).
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3. Modular invariants

”Relative invariant”=”modular invariant” + ”local invariant”

Modular invariants: (modular map J : C →Mg )

κ(f ) = deg J∗κ, δ(f ) = deg J∗δ, λ(f ) = deg J∗λ

Noether formula

λ(f ) =
1

12
(κ(f ) + e(f ))

Semistable family f : S → C ,

κ(f ) = K 2
f , δ(f ) = ef , λ(f ) = χf .
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3. Modular invariants

Base change of degree d : π : C̃ → C

S̃

f̃
��

// S

f

��
C̃

π // C

Base Change Property:

κ(f̃ ) = d · κ(f ), δ(f̃ ) = d · δ(f ), λ(f̃ ) = d · λ(f ).

If f̃ is thesemistable reduction of f , then

K 2ef = d · κ(f ), eef = d · δ(f ), λef = d · λ(f ).
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3. Modular Invariants

g = 0:

K 2
f = ef = χf = 0, κ(f ) = δ(f ) = λ(f ) = 0.

g = 1 (Kodaira’s Theory):

κ(f ) = 0, δ(f ) = j , λ(f ) =
1

12
j

J-map (or J-function):

J : C → C ∪ {∞} ∼= M1

t 7→ J(Ft)

Modular invariant: δ(f ) = deg J∗(∞) = deg J = j

j = number of poles of J(Ft)

= degree of the map J : C −→M1 = P1
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4. Kodaira’s Formula

g = 1

Kodaira’s formula I:

K 2
f = 0,

ef = j + 0 ν(I) + 2 ν(II) + 3 ν(III) + 4 ν(IV)

6 ν(I∗) + 10 ν (II∗) + 9 ν(III∗) + 8 ν(IV∗)

ν(∗): the number of singular fibers of type (∗).

Kodaira’s formula II:

j =
∑
n≥1

n (ν(mIn) + ν(I∗n))

Jun Lu Global and Local invariants
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5. Local Invariants

g ≥ 2

Chern numbers of a singular fiber F (S.-L. Tan, 1996)

c2
1 (F ) ≥ 0, c2(F ) ≥ 0, χF =

1

12
(c2

1 (F ) + c2(F )).

Generalization of Kodaira’s Formula I(S.-L. Tan, 1996):
K 2

f = κ(f ) +
∑s

i=1 c2
1 (Fi )

ef = δ(f ) +
∑s

i=1 c2(Fi )

χf = λ(f ) +
∑s

i=1 χFi
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6. Formulae of Chern numbers

{
c2
1 (F ) = 4NF + F 2

red + αF − β−F
c2(F ) = 2NF + µF − β+

F

Total Milnor number µF :

µF : =
∑
p∈F

µp(Fred) (Milnor number) .

NF := g − pa(Fred), 0 ≤ NF ≤ g .

NF = 0 ⇐⇒ F is reduced, or g = 1 and F is of type mIn;
NF = g ⇐⇒ F is a tree of smooth rational curves.

Jun Lu Global and Local invariants



Invariants
Inequalities of Local Chern Numbers

6. Formulae of Chern numbers

{
c2
1 (F ) = 4NF + F 2

red + αF − β−F
c2(F ) = 2NF + µF − β+

F

Total Milnor number µF :

µF : =
∑
p∈F

µp(Fred) (Milnor number) .

NF := g − pa(Fred), 0 ≤ NF ≤ g .

NF = 0 ⇐⇒ F is reduced, or g = 1 and F is of type mIn;
NF = g ⇐⇒ F is a tree of smooth rational curves.

Jun Lu Global and Local invariants



Invariants
Inequalities of Local Chern Numbers

6. Formulae of Chern numbers

{
c2
1 (F ) = 4NF + F 2

red + αF − β−F
c2(F ) = 2NF + µF − β+

F

Total Milnor number µF :

µF : =
∑
p∈F

µp(Fred) (Milnor number) .

NF := g − pa(Fred), 0 ≤ NF ≤ g .

NF = 0 ⇐⇒ F is reduced, or g = 1 and F is of type mIn;
NF = g ⇐⇒ F is a tree of smooth rational curves.

Jun Lu Global and Local invariants



Invariants
Inequalities of Local Chern Numbers

6. Formulae of Chern numbers

{
c2
1 (F ) = 4NF + F 2

red + αF − β−F
c2(F ) = 2NF + µF − β+

F

Total Milnor number µF :

µF : =
∑
p∈F

µp(Fred) (Milnor number) .

NF := g − pa(Fred), 0 ≤ NF ≤ g .

NF = 0 ⇐⇒ F is reduced, or g = 1 and F is of type mIn;
NF = g ⇐⇒ F is a tree of smooth rational curves.

Jun Lu Global and Local invariants



Invariants
Inequalities of Local Chern Numbers

6. Formulae of Chern numbers

{
c2
1 (F ) = 4NF + F 2

red + αF − β−F
c2(F ) = 2NF + µF − β+

F

Total Milnor number µF :

µF : =
∑
p∈F

µp(Fred) (Milnor number) .

NF := g − pa(Fred), 0 ≤ NF ≤ g .

NF = 0 ⇐⇒ F is reduced, or g = 1 and F is of type mIn;
NF = g ⇐⇒ F is a tree of smooth rational curves.
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6. Formulae of local Chern numbers

Normal Crossing Model F of F :

σ = σ1 ◦ σ2 ◦ · · · ◦ σr : S → S : sequence of blowing-ups
F = σ∗F : normal crossing divisor.

σi : Si+1 → Si : blowing-up at a point pi .

Fi : pullback fiber of F on Si .

mi = multpi (Fi,red) ≥ 2

Definition of αF :

αF : =
r∑

i=1

(mi − 2)2.

mi = 2 for all i ⇐⇒ F is a normal crossing divisor.
mi ≤ 3 for all i ⇐⇒ F admits at worst ADE singularity.
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9. Local Invariants

Let q be a node of F locally defined by xayb = 0.

βq =
gcd(a, b)2

ab

A HJ branch of F is the following chain of rational curves

D 6∼= P1, or D meets the other components in at least 3 points.

β−F :=
∑

q ∈ HJ

βq, β+
F :=

∑
q 6∈ HJ

βq,
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Example (g = 1): F singular fiber

c1(F ) = 0, χF =
1

12
c2(F ).

F mIn I ∗ II III IV

c2(F ) 0 6 2 3 4

F mIn I ∗ II ∗ III ∗ IV ∗

c2(F ) 0 6 10 9 8
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1. Basic Properties

Jun Lu, S.-L. Tan, Trans. of AMS, 365 (213)

Noether formula: χF = 1
12(c2

1 (F ) + c2(F )).

Positivity: c2
1 (F ) ≥ 0, c2(F ) ≥ 0, χF ≥ 0.

If g ≥ 2, then

c2
1 (F ) = 0 ⇐⇒ c2(F ) = 0 ⇐⇒ χF = 0 ⇐⇒ F semistable

Blow-up Formulas: σ : S ′ → S , F ′ = σ∗F .

c2
1 (F ′) = c2

1 (F )− 1, c2(F
′) = c2(F ) + 1, χF ′ = χF
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2. Miyaoka-Yau Type Inequalities

Miyaoka-Yau Type Inequality: c2
1 (F ) ≤ 2c2(F ).

c2
1 (F ) = 2c2(F ) ⇐⇒ F = nFred, Fred is a nodal curve.

If 2c2(F )− c2
1 (F ) < 6 =⇒ F can be classified into 8 kinds.

F 1 2 3 4 5 6 7 8

2c2 − c2
1 0 7

2
9
2

21
4 5 3 9

2
11
2

Corollary: F non-semistable =⇒ c2(F ) ≥ 11
6 , χF ≥ 1

6 .
One of ”=” holds ⇐⇒ F reduced nodal-cuspidal curves with
one cusp.
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3. Canonical Class Inequality

Canonical Class Inequality: c2
1 (F ) ≤ 4g − 4.8

c2
1 (F ) > 4g −5.5 =⇒ g ≤ 6, F can be classified into 22 kinds.
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4. Arakelov Inequality and Dual Theorem

Dedekind Number

χ(p, q) =
1

12

(
q

p
+

p

q
+

(p, q)2

pq

)
− 1

4
.

F = n1C1 + · · ·+ nkCk

χF =
1

2
NF −

∑
i<j

χ(ni , nj)CiCj .

Denote by
MF := l.c.m.{ n1, · · · , nk }
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4. Arakelov Inequality and Dual Theorem

Let π : C̃ → C be a locally base change defined by wd = t.
f (F ) = p ∈ C is defined by t = 0.

S̃ //

f̃
��

S

f

��
C̃

π // C

d-model of F : pullback fiber F̃ of F .

Semistable model: d ≡ 0 (mod MF ).

Dual model of F : d ≡ −1 (mod MF ), denoted by F ∗.
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4. Arakelov Type Inequality and Dual Theorem

Duality:{
NF∗ = NF ,

χF + χF∗ = NF

,
1

6
NF ≤ χF ≤

5

6
NF

χF = 1
6NF ⇐⇒ F reduced nodal-cuspidal curves.

χF = 5
6NF ⇐⇒ F ∗ reduced nodal-cuspidal curves.

Arakelov Type Inequality: χF ≤
5

6
g .

Conjectures: c2(F ) ≤ 55g
6 , c2

1 (F ) ≥ χF .
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