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1. Fibred surface

o Fibration f:S — C &L holomorphic & surjective,
S smooth surface, C smooth curve of genus b.

e Fiber F; := f~1(t) connected, genus g
: - def : :
o f relatively minimal <=  all singular fibers
contains no (—1)-curves.

@ S can be viewed as a smooth curve C of genus g over the
function field K = C(C).

@ J: Jacobian variety of C over K.
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@ Chern numbers:
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ci(8), a(S), x(0s)= 15 (ci(S) + ca($))
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2. Global invariants

@ Chern numbers:

5 1

ci(8), a(S), x(0s)= 15 (ci(S) + ca($))

@ Relative invariants:
Ki = ci(S)—8(g —1)(b—1) = K5, >0,

er = () —4(g —1)(b—1) =) (xwop(F) — (2 28)) >0,
xr = x(0s) — (g —1)(b—1) = deg fiws,c > 0,
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2. Global invariants

@ Chern numbers:

L (2(S) + al9)

i (S), a(S), x(Os)= ﬁ( (

@ Relative invariants:

Ki =ci(S)—8(g —1)(b—1) = Ki)c >0,
er =c(S)—4(g —1)(b—1) = (xep(F7) — (2 2g)) > 0,
xr = Xx(0s) — (g —1)(b— 1) = deg fiws/c > 0,

@ Relative Noether Formula: Kf2 + er = 12xr.
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2. Global invariants

@ Chern numbers:

L (2(S) + al9)

i (S), a(S), x(Os)= ﬁ( (

@ Relative invariants:
Ki = ci(S)—8(g —1)(b—1) = K5, >0,

er = () —4(g —1)(b—1) =) (xwop(F) — (2 28)) >0,
xr = x(0s) — (g —1)(b—1) = deg fiws,c > 0,

@ Relative Noether Formula: Kf2 + er = 12xr.
@ Relative irregularity: 0 < qr=q(S)—b<g
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2. Global invariants

@ Hodge numbers:

pe(S), a(S), h-Y(S)
@ Picard number : p(S) = rank NS(S)
@ Mordell-Weil rank:  mw(f) = rank MW(f)

MW(f) := J(K)/7A = NS(S)/T
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2. Global invariants

@ Hodge numbers:

pe(S), a(S), h-Y(S)
@ Picard number : p(S) = rank NS(S)
@ Mordell-Weil rank:  mw(f) = rank MW(f)

MW(f) := J(K)/7A = NS(S)/T

e TA C J(K): K/C-trace, or the fixed part of J(K).

TA=0 <= gqr=0

@ T C NS(S): generated by a section O, F and all of the

components of singular fibers
S

mw(f) = p(S) —2— Z(é,- —1).
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3. Modular invariants

@ "Relative invariant” =" modular invariant” + "local invariant”

@ Modular invariants: (modular map J: C — M)

k(f) =deg Sk, O(f) =degJ0, A(f)=degJ*\
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3. Modular invariants

@ "Relative invariant” =" modular invariant” + "local invariant”

@ Modular invariants: (modular map J: C — M)
k(f) =deg Sk, O(f) =degJ*s, A(f)=degJ*A

@ Noether formula

Jun Lu Global and Local invariants



Invariants
3. Modular invariants

@ "Relative invariant” =" modular invariant” + "local invariant”

@ Modular invariants: (modular map J: C — M)
k(f) =deg Sk, O(f) =degJ*s, A(f)=degJ*A

@ Noether formula

MF) = 5((F) + ()

@ Semistable family f : S — C,

k() = KE, 6(f) = er, A(f) = xr-
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3. Modular invariants

@ Base change of degree d: w : C—C

W
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3. Modular invariants

@ Base change of degree d: w : C—C
§s—=S
T
c—~C

@ Base Change Property:

k(F)=d-r(f), 6(F)=d-6(F), MF)=d-A®f).
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3. Modular invariants

@ Base change of degree d: w : C—C
§s—=S
T
c—~C

@ Base Change Property:

k(F)=d-r(f), 6(F)=d-6(F), MF)=d-A®f).

o If f is thesemistable reduction of f, then

K% =d-k(f), e=d-5(f), X=d-AF).
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3. Modular Invariants

o g=0:
KZ=er=xr=0, r(f)=26(f)=\Ff)=0.
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3. Modular Invariants

o g=0:
KZ=er=xr=0, r(f)=26(f)=\Ff)=0.

e g =1 (Kodaira's Theory):

@ J-map (or J-function):
J: C— CU {0} 2 M;
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o g=0:
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e g =1 (Kodaira's Theory):

@ J-map (or J-function):
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3. Modular Invariants

o g=0:
KZ=er=xr=0, r(f)=26(f)=\Ff)=0.

e g =1 (Kodaira's Theory):

@ J-map (or J-function):
J: C— CU {0} 2 M;

e Modular invariant:  §(f) = deg J*(00) =degJ =
J = number of poles of J(F;)
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4. Kodaira's Formula

g=1
o Kodaira’s formula I:

K2 =0,
er=j+ 0v(I) + 2v(I) + 3u(III) + 4v(IV)
6v(I*) + 10v(II*) + 9u(IIT*) + 8w (IV*¥)

v(*): the number of singular fibers of type (x).
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4. Kodaira's Formula

g=1
o Kodaira’s formula I:

Kf =0,
er=j+ O0v(I) + 2v(II) + 3p(III) + 4v(IV)
6v(I*) + 10v (IT*) + 9p(IIT*) + 8w (IVY)
v(*): the number of singular fibers of type (x).

o Kodaira’s formula Il:

j=> nW(mls) +v(1}))

n>1
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5. Local Invariants

g2
@ Chern numbers of a singular fiber F (S.-L. Tan, 1996)

1

a(F)=0, a(f)=0, xr=15

(c£(F) + c2( F))-
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5. Local Invariants

g2
@ Chern numbers of a singular fiber F (S.-L. Tan, 1996)

_ 1
12

@ Generalization of Kodaira's Formula I(S.-L. Tan, 1996):

Z(F)>0, o(F)>0, xr (c2(F) + c2(F)).

K7 = K(f)+ Y71 i (F)
er = 0(f) + > i1 (F)
xr = Mf)+ 21 xF
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6. Formulae of Chern numbers

c2(F) =4Ng + F2, + ar — B¢
c(F) = 2Ng + pr — BF
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6. Formulae of Chern numbers

c2(F) =4Ng + F2, + ar — B¢
c(F) = 2Ng + pr — BF

@ Total Milnor number pf:

UE = Z pp(Fred) (Milnor number) .
peEF

° NF::g_pa(Fred)v 0<Nep<g.

Jun Lu Global and Local invariants



Invariants
6. Formulae of Chern numbers
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c(F) = 2Ng + pr — BF

@ Total Milnor number pf:

UE = Z pp(Fred) (Milnor number) .
peEF

° NF::g_pa(Fred)v 0<Nep<g.
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6. Formulae of Chern numbers

c2(F) =4Ng + F2, + ar — B¢
c(F) = 2Ng + pr — BF

@ Total Milnor number pf:

UE = Z pp(Fred) (Milnor number) .
peEF

° NF::g_pa(Fred)v 0<Nep<g.
@ Np =0 <= F is reduced, or g =1 and F is of type nl,;

@ Np = g <= F is a tree of smooth rational curves.
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6. Formulae of local Chern numbers

Normal Crossing Model F of F:

@ 0c=010030---00,: S — S: sequence of blowing-ups

F = o*F: normal crossing divisor.

e 0;:5i11 — Si: blowing-up at a point p;.
o F;: pullback fiber of F on S;.

o m; = multy, (Fireq) > 2

Jun Lu Global and Local invariants



Invariants

6. Formulae of local Chern numbers

Normal Crossing Model F of F:

@ 0c=010030---00,: S — S: sequence of blowing-ups

F = o*F: normal crossing divisor.
e 0;:5i11 — Si: blowing-up at a point p;.
o F;: pullback fiber of F on S;.

o m; = multy, (Fireq) > 2

@ Definition of af: .

afF @ = Z(m; - 2)2.

i=1

e m;=2forall i < F is a normal crossing divisor.
e m; <3forall i <= F admits at worst ADE singularity.

Jun Lu Global and Local invariants



Invariants

o Let g be a node of F locally defined by x?y? = 0.

_ged(a, b)?
Ba = ab

@ A HJ branch of F is the following chain of rational curves

P!
1
N AP |w D

D 22 P!, or D meets the other components in at least 3 points.

B = Z iy ,{7’;“ = Z i

qec HJ q¢ HJ
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Example (g = 1): F singular fiber

(*]
1
a(F)=0, xr= ECz(F)-

F FTr ] v
(Ao 6|23 a
F | mln | IF | IF [ 1IF [ IVF
(FY 0 (6|10 9 | 8
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1. Basic Properties

Jun Lu, S.-L. Tan, Trans. of AMS, 365 (213)
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Inequalities of Local Chern Numbers
1. Basic Properties

Jun Lu, S.-L. Tan, Trans. of AMS, 365 (213)
o Noether formula:  xr = &(c(F) + c2(F)).
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Inequalities of Local Chern Numbers
1. Basic Properties

Jun Lu, S.-L. Tan, Trans. of AMS, 365 (213)
o Noether formula:  xr = &(c(F) + c2(F)).

e Positivity: c2(F) >0, c(F) >0, xr > 0.
If g > 2, then

C12(F) =0 < (F)=0 < xr =0 <= Fsemistable
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Inequalities of Local Chern Numbers
1. Basic Properties

Jun Lu, S.-L. Tan, Trans. of AMS, 365 (213)
o Noether formula:  xr = &(c(F) + c2(F)).

e Positivity: c2(F) >0, c(F) >0, xr > 0.
If g > 2, then

C12(F):0 < (F)=0 < xr =0 <= Fsemistable

@ Blow-up Formulas: 0: S’ — S, F/ = o*F.

C12(F/) = 12(F) - 17 CZ(F/) = C2(F) + ]., XF' = XF
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2. Miyaoka-Yau Type Inequalities
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Inequalities of Local Chern Numbers

2. Miyaoka-Yau Type Inequalities

@ Miyaoka-Yau Type Inequality: c2(F) < 2¢(F).

C12(F) =2¢(F) <= F = nFieq, Freq is a nodal curve.
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Inequalities of Local Chern Numbers
2. Miyaoka-Yau Type Inequalities

@ Miyaoka-Yau Type Inequality: c2(F) < 2¢(F).

c?(F) = 2cx(F) <= F = nFied, Fred is a nodal curve.
o If 2cx(F) — c2(F) < 6 = F can be classified into 8 kinds.

F 1/12(3|4|5|6|7|38

2 7 9 21 9 11
2C2 — G 0 bl > vy 513 5 >

Jun Lu Global and Local invariants



Inequalities of Local Chern Numbers
2. Miyaoka-Yau Type Inequalities

@ Miyaoka-Yau Type Inequality: c2(F) < 2¢(F).

c?(F) = 2cx(F) <= F = nFied, Fred is a nodal curve.
o If 2cx(F) — c2(F) < 6 = F can be classified into 8 kinds.

F 1/12(3|4|5|6|7|38

2 7 9 21 9 11
2C2 — G 0 bl > vy 513 5 >

o Corollary: F non-semistable = c»(F) > &, xr > &.
One of "=" holds <= F reduced nodal-cuspidal curves with
one cusp.
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3. Canonical Class Inequality

17)

21y~
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3. Canonical Class Inequality

e Canonical Class Inequality: c2(F) < 4g — 4.8

p—sT st i We—=5
R o

36 9 1215182110 8 8 Z 1 306 15 14 z 1
4 T
. e . .
36 91211 z 1 12 34 9 412108 6 4 2
5 Ta 69—=3
5) - = @ <
20468 107 4 5 6 4 2 1234090 87 6 54321
‘ I, r__
12345 678 0106 2 1z 345 6 54 3 21
I r.r
) 10 L
1258765432 1 36 66 4 2
Tl AT—:A o1 4
1) 12) >—I—o— ——
1z 46 42 12 46 864 2
Tl ia <1 o=z
13) ——s 14) kl E_._C_Lf:‘o
12 46 8 10128 4 12 22 46 4 2
Tl T: 21 &
15) 16 J l
12 22 468 64 2 12 2z 2 46 8 10128 4
21—41 21 3
17) o 18] :—lq—l—v—wc
12345 4 321 12 46 5 43 21
Il Ia 3 3
12) - 20 | o ]
12 22 4653721 2 4 6 432 345 6 42
5 23 52
:1;_131; 22 . - !
21003 2 1 z2 465 432 34321
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Inequalities of Local Chern Numbers

3. Canonical Class Inequality

e Canonical Class Inequality: c2(F) < 4g — 4.8
o c¢(F) > 4g—5.5 =g <6, F can be classified into 22 kinds.

Hp—sT 0
1) === o o o cnz—a ) P
306 9 1215182110 9 83 Z 1 3 § 15 14 2 1
4 o
5 - e 9 I
36 9 1211 21 1 2 34 9 1412108 6 4 2
5 67—=3

) < o
12z 349 87 6 5 43 21
&) [
12z 3 4 6 403 21
r.r
1 L
36 66 4

el 49;:27
14) J A S
12 22 4642
=1 26
10 o —
12 2z 2 46 8 Wi28 4
21 23
P S I——
12 465 43 21
23 <3
PR !
"246 5 432 34056 42
03 oz
I S
2465 432 34321
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Inequalities of Local Chern Numbers

4. Arakelov Inequality and Dual Theorem

@ Dedekind Number

2
x(p7q)=112<q+P+(P’q) )_1'
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4. Arakelov Inequality and Dual Theorem

@ Dedekind Number

2
x(p7q)=112<q+P+(P’q) )_1'

o F=mG +- -+ nCy
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4. Arakelov Inequality and Dual Theorem

@ Dedekind Number

2
x(p,q)=112<q+P+(P’q) )_1'

o F=mG +- -+ nCy

1
XF = 5Ng =D x(n, )G G,

1<J
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Inequalities of Local Chern Numbers

4. Arakelov Inequality and Dual Theorem

@ Dedekind Number

2
x(p,q)=112<q+P+(P’q) )_1'

o F=mG +- -+ nCy

1
XF = 5Ng =D x(n, )G G,

i<j

@ Denote by
Mg :=lem.{ny, - ,ng}
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4. Arakelov Inequality and Dual Theorem
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4. Arakelov Inequality and Dual Theorem

o Let 7 : C — C be a locally base change defined by w9 = t.
f(F) = p € C is defined by t = 0.
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4. Arakelov Inequality and Dual Theorem

o Let 7 : C — C be a locally base change defined by w9 = t.
f(F) = p € C is defined by t = 0.

S§—=S
1l
c—¢C
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4. Arakelov Inequality and Dual Theorem

o Let 7 : C — C be a locally base change defined by w9 = t.
f(F) = p € C is defined by t = 0.

w

@ d-model of F: pullback fiber F of F.
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4. Arakelov Inequality and Dual Theorem

o Let 7 : C — C be a locally base change defined by w9 = t.
f(F) = p € C is defined by t = 0.

w

@ d-model of F: pullback fiber F of F.
@ Semistable model: d =0 (mod Mg).
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Inequalities of Local Chern Numbers

4. Arakelov Inequality and Dual Theorem

o Let 7 : C — C be a locally base change defined by w9 = t.
f(F) = p € C is defined by t = 0.

s——=S
—C
d-model of F: pullback fiber F of F.

Semistable model: d =0 (mod Mg).
Dual model of F: d = —1 (mod ME), denoted by F*.
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4. Arakelov Type Inequality and Dual Theorem
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4. Arakelov Type Inequality and Dual Theorem

@ Duality:

o

NG N < xe < 2N
XF + xr = Ng 6 6
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4. Arakelov Type Inequality and Dual Theorem

@ Duality:

New = N, 1
mer : INE < xr < 2Nz
XF + xr = Ng 6 6

@ YF = %Nf <= F reduced nodal-cuspidal curves.
@ \YF = %Nf <= F* reduced nodal-cuspidal curves.
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4. Arakelov Type Inequality and Dual Theorem

Duality:

New = N, 1
mer : INE < xr < 2Nz
XF + xr = Ng 6 6

@ YF = %Nf <= F reduced nodal-cuspidal curves.
@ \YF = %Nf <= F* reduced nodal-cuspidal curves.

5
o Arakelov Type Inequality: xr < 6g.
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4. Arakelov Type Inequality and Dual Theorem

Duality:

N= = Ng, 1
F F , *NfSXF<§Nf
XF + xr = Ng 6 6

@ YF = %Nf <= F reduced nodal-cuspidal curves.
@ \YF = %Nf <= F* reduced nodal-cuspidal curves.

5
o Arakelov Type Inequality: xr < 6g.

Conjectures: (F) < SSTg, c2(F) > xr.
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