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1�Ù Ä:�£

1�Ù Ä:�£

1.1 Üþ�ê��m(�

3ù�!¥, ·�£��þ�mþ�Üþ�ê±9Ýþ(�. ù
SN�±g,LÞ�é�

�6/9�þm��N5?Øþ.

� V ´ n�¢�þ�m, {ei}ni=1 ´§��|Ä. � V ∗ ´Ùéó�m, {e∗j}nj=1 ´�A�é
óÄ, =÷v e∗j(ei) = δji .

V r
s = V ⊗ · · · ⊗ V︸ ︷︷ ︸

r

⊗V ∗ · · · ⊗ V ∗︸ ︷︷ ︸
s

.

¥���¡� (r, s).Üþ. V r
0 (�A/, V 0

s ) ¥���¡� r ��CÜþ (�A/, s ��CÜ
þ). Üþ¢Sþ�´�þÚÝ
Vg���í2. |^ÜþÈ, ·��p� V �Üþ�ê

T (V ) =
⊕
r≥0

V r
0 .

3éõ�¹e–'X?n ¿$��, ò V r
0 (�A/, V 0

s ) ¥���À� V ∗ (V ) þ� r (s)
�5¼ê¬é�B. V r

0 �¹ü����5f�m, §�©O´é¡�m

Sr(V ) = {x | σx = x, ∀σ ∈ Sr}

9�é¡�m

∧rV = {x | σx = sgn(σ) · x ∀σ ∈ Sr},

ùp Sr ´ {1, 2, · · · , r}þ� r ���+, sgn(σ) ´�� σ �ÎÒ; XJ x = v1 ⊗ · · · vr, @o5
½ σx := vσ−1(1) ⊗ · · · ⊗ vσ−1(r).

∧rV ¥kXe��

ei1 ∧ · · · ∧ eir :=
∑
σ∈Sr

sgn(σ) · σ(ei1 ⊗ · · · ⊗ eir).

´� {ei1 ∧ · · · ∧ eir}1≤i1<···<ir≤n �¤
 ∧rV ��|Ä. ·��±p�V�5N� (¡�	È)

∧ : ∧r V × ∧kV −→ ∧r+kV,

=5½
(ei1 ∧ · · · ∧ eir) ∧ (ej1 ∧ · · · ∧ ejk) := ei1 ∧ · · · ∧ eir ∧ ej1 ∧ · · · ∧ ejk ,

§÷v(ÜÆ9±e����Æ:

v ∧ w = (−1)rkw ∧ v, v ∈ ∧rV, w ∈ ∧kV.

	È�Ñ
 V �	�ê
∧(V ) =

⊕
r≥0

∧rV.
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1�Ù Ä:�£

Xc¤ã, ∧rV ¥����±w� V ∗ þ� r �5¼ê. ?� v∗1, · · · , v∗r ∈ V ∗, ·�k

ei1 ∧ · · · ∧ eir(v∗1, · · · , v∗r) =

∣∣∣∣∣∣∣∣∣∣
ei1(v∗1) · · · ei1(v∗r)
ei2(v∗1) · · · ei2(v∗r)

...
...

eir(v∗1) · · · eir(v∗r)

∣∣∣∣∣∣∣∣∣∣
AO/, ·�k

ei1 ∧ · · · ∧ eir(e∗j1 , · · · , e∗jr) = δj1···jri1···ir ,

ùp δj1···jri1···ir ´ KroneckerÎÒ, §���5½Xe: XJ i1, · · · , ir üüØÓ, � j1, · · · , jr ´c

ö�ó (�A/, Û) ��, @o δj1···jri1···ir = 1 (�A/, −1); Ù{�/��� 0.

~ 1.1.1 3Nõ�/¥, <�~¬�� 2 �ÜþÈ–'XÝþ½E(�. 2 �ÜþkNõ
«ØÓ�w{ (Ôn¥¡�“Üþ¡¡*”), 3?n�«¯K�XU(¹$^, ò¬¦?Ø��{

z.

(a) � ξ ∈ V 0
2 , �� ξ = ξije

∗i ⊗ e∗j (ùp·�æ^
�I¦ÚP{, eÓ). w,, ξ ��±

À�Ý
 X = (ξij)1≤i,j≤n. X ´ (�) é¡Ý
��=� ξ ∈ S2V (∧2V ). -

A =
1
2
(X +Xt), B =

1
2
(X −Xt).

´� A (�A/, B) ´é¡ (�A/, �é¡) Ý
, � X = A+B. ^Üþ�ó5`, ξ �±©)
�é¡ÜþÚ�é¡Üþ�Ú (¯¢þ, T©)´���).

(b) ?� v ∈ V , d ¿$���Ñ�5N�

Φ : V −→ V ∗, v −→ ξije
∗i(v) · e∗j .

AO/, Φ(ei) = ξije
∗j . �,, ·���±ÏLé1��©þ ¿��,��5N�. ��ùü

�N�Ø�Ó, Ø� ξ ´é¡Üþ. �L5, �½ V � V ∗ ��5N�, g,(½
�� (0, 2) .
Üþ.

XJ X ´�_Ý
, � X−1 = (ξij)1≤i,j≤n (÷v ξijξ
jk = δki ), K��E (2, 0) .Üþ

η = ξijei ⊗ ej ∈ V 2
0 . aq/, ·�kp���5N�

Ψ : V ∗ −→ V,w∗ −→ ξijei(w∗) · ej .

AO/, Φ(e∗i) = ξijej . N´�y Φ ◦Ψ = idV ∗ , Ψ ◦ Φ = idV . k�·�¡ùü�N���I,
ü.

(c) ξ ��±w¤´ V þ����Ü (=V�5¼ê) 〈, 〉 : V × V → R, ¦� 〈ei, ej〉 = ξij

(1 ≤ i, j ≤ n). XJ ξ ´�½é¡ÜþÈ (=Ý
 X ´�½é¡Ý
), @o ξ �du�Ñ
 V

þ�SÈ. d�·�w,k�I,ü.

(d) � ω = ωijei ⊗ e∗j ∈ V 1
1 . ·�aq�½Â�5C� φ : V → V 9 ψ : V ∗ → V ∗. �L5,

ù���5C��(½
�� (1, 1) .Üþ. �

Ún 1.1.1 b� ξ = ξije
∗i ⊗ e∗j ∈ V 0

2 �Ñ
 V þ�SÈ, @o§p�
 V ∗þ�SÈ

〈e∗i, e∗j〉 = ξij ,

ùp G = (ξij)1≤i,j≤n´Ý
 X = (ξij)1≤i,j≤n�_.

- 2 -



1�Ù Ä:�£

?�Ú, §�p�
 ∧rV ∗þ�SÈ

〈e∗i1 ∧ · · · ∧ e∗ik , e∗j1 ∧ · · · ∧ e∗jk〉 := det(ξitjs)1≤t,s≤k.

AO/, 〈e∗1 ∧ · · · ∧ e∗n, e∗1 ∧ · · · ∧ e∗n〉 = detG.

Ún 1.1.2 3Ún 1.1.1�^�e, -

Vol =
1√

detG
· e∗1 ∧ · · · ∧ e∗n.

@oé?Û α ∈ ∧rV ∗, �3��� γ ∈ ∧n−rV ∗, ¦�é?Û β ∈ ∧rV ∗Ñk

〈α, β〉Vol = β ∧ γ. (1-1)

ù�� γ P� ∗α. Ïd·�kg,Ó�

∗ : ∧rV ∗ → ∧n−rV ∗.

y² Ø���5, ·�b� {e∗i}ni=1 ´ V ∗ 3�½SÈe��|IO��Ä. ù� Vol =
e∗1 ∧ · · · ∧ e∗n. ·�½Â

∗(e∗i1 ∧ · · · ∧ e∗ir) := sgn(i1 · · · irj1 · · · jn−r) · e∗j1 ∧ · · · ∧ e∗jn−r (1-2)

ùp i1 < · · · < ir 9 j1 < · · · < jn−r, � it 6= js (1 ≤ s ≤ r, 1 ≤ t ≤ n − r). ±e�yù�½Â

� ∗÷vª (1-1). Ø���5, �

α = e∗i1 ∧ · · · ∧ e∗ir , β = e∗u1 ∧ · · · ∧ e∗ur .

u´k

〈α, β〉Vol =

{
e∗1 ∧ · · · ∧ e∗n, (i1 · · · ir) = (u1 · · ·ur),
0, (i1 · · · ir) 6= (u1 · · ·ur)

±9

β ∧ ∗α =

{
e∗1 ∧ · · · ∧ e∗n, (i1 · · · ir) = (u1 · · ·ur),
0, (i1 · · · ir) 6= (u1 · · ·ur)

���y��5. � γ, γ′ ÷vª (1-1), K β∧(γ−γ′) = 0, Ïd β �?¿5í� γ = γ′.�

þã Vol ¡NÈ�, ∗¡� Hodge�f. �ö´n��þ�ÈVg�í2. §�k±e5�.

íØ 1.1.1 � α, β ∈ ∧rV ∗, @o
(1) 〈α, β〉Vol = β ∧ ∗α = α ∧ ∗β,
(2) ∗1 = Vol,
(3) 〈∗α, ∗β〉 = 〈α, β〉,
(4) ∗ ∗ α = (−1)r(n−r)α.

y² cn�(Ø´ª (1-1) 9ª (1-2) ���íØ. e¡�y (4).

〈α, β〉Vol = 〈∗α, ∗β〉Vol = ∗β ∧ ∗ ∗ α = (−1)r(n−r) ∗ ∗α ∧ ∗β.

,��¡, 〈α, β〉Vol = α ∧ ∗β. Ïd,

α ∧ ∗β = (−1)r(n−r) ∗ ∗α ∧ ∗β.
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d β �?¿5á� (4). �

XJ�3���5C� J : V → V ¦� J2 = −idV , @o·�¡ J ´ V �E(�, §�
±À� (1, 1) .Üþ. J �g,p�
 V ∗ �E(�. � A ´ J 3 V �Ä. {ei}ni=1 þéA�Ý

, K At TÐ´ J 3 V ∗ �éóÄ. {e∗i}ni=1 þéA�Ý
. ´� A2 = −I, ÙA��� ±i,
dimR V = 2m ´óê.

5 1.1.1 XJ W ´E m��þ�m, K§��¢ 2m��þ�mkg,�E(�, =

Jw := iw, w ∈ W . �L5, ���kE(� J �¢ 2m��þ�m V , ÏL½Â i · v := Jv,
v ∈ V , =¤�E m��þ�m. �

�Ä V ∗ �Ez�m V ∗⊗C, @o J �±òÿ� V ∗⊗C þ, =é?¿E��¼ λ = α+ iβ ∈
V ∗ ⊗ C, 5½ Jλ := Jα + iJβ. � VC (�A/, V C) ´ V ∗ ⊗ C ¥éAA�� i (�A/, −i) �
EA�f�m, §�Ñ´E m��m, ùp dimR V = 2m.

Ún 1.1.3 � V kE(� J , @o V ∗ ⊗ C = VC ⊕ V C, � VC� V C¥���3E�Ýe

��éA. ��, XJ V ´óê�¢�m, � V ∗ ⊗ Ck÷v±þ^���Ú©), @o§7k�
��d�N�E(�.

8� V ∗C ¥�Ä. λj := e∗j + ie∗m+j (j = 1, · · ·m), ùp dimR V
∗ = 2m. dÚn 1.1.3 �

{λj , λ̄j}mj=1 �¤ V ∗ ⊗ C �Ä. Ï Jλj = i · λj , ��

Je∗j = −e∗m+j , Je∗m+j = e∗j .

éó� V �Ä.þ, Kk
Jej = em+j , Jem+j = −ej .

íØ 1.1.2 � J ´ V �E(�, @o3þãPÒe, V kÄ. {ej , Jej}mj=1, ùp
dimR V = 2m. ?�Ú, ·�k∧

1≤j≤m
(e∗j ∧ Je∗j) =

(
− i

2

)m ∧
1≤j≤m

(λj ∧ λ̄j).

þã�Ä3·�üSe, ·��±ò J : V → V éA�Ý
��

A =

(
O I

−I O

)

Ún 1.1.3 ��Ú©)�Uí2� ∧r(V ∗ ⊗ C) þ, =

∧r(V ∗ ⊗ C) =
⊕
p+q=r

(∧pVC) ∧ (∧qV C).

k�·�{P V p,q
C := (∧pVC) ∧ (∧qV C). V p,q

C ¥���¡� (p, q)g	/ª.

� V kE(� J , V þ� Hermite(� H ´÷v±e^����E�¼ê H : V ×V → C:
(1) H(αu+ βv,w) = αH(u,w) + βH(v, w), α, β ∈ R, u, v, w ∈ V ,
(2) H(u, v) = H(v, u),
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(3) H(Ju, v) = iH(u, v).
XJ H �÷v±e^�K¡��½�,
(4) H(u, u) > 0, u 6= 0.

·�� H = G− iK. d5� (2), k

G(u, v) = G(v, u), K(u, v) = −K(v, u).

d5� (3), k
G(u, v) = −K(Ju, v), K(u, v) = G(Ju, v)

±9 J ØC5
G(u, v) = G(Ju, Jv), K(u, v) = K(Ju, Jv).

G (K) ´ (�) é¡¢�V�5¼ê, =éA V þ (0, 2) . (�) é¡Üþ. (Ü5� (4) ��, H
´�½���=� G �Ñ
SÈ. K ´¢�� (1, 1) g/ª, = K ∈ V 1,1

C ∩ ∧2V , ·�¡�� H

� Kähler/ª.

5 1.1.2 (1) éE m��þ�m W , Ï�§��¢ 2m��mäkg,�E(� (�5P

1.1.1), ¤±Ùþ� Hermite (��du÷v±e^��E�¼ê

H(αu+ βv,w) = αH(u,w) + βH(v, w), H(u, v) = H(v, u), ∀α, β ∈ C, ∀u, v, w ∈W.

(2) ���kE(� J �¢�þ�mþXk÷v J ØC5�¢�é¡V�5¼ê, Kw,�±

p� Hermite (�.
(3) é?Û¢�þ�m V , e V þk¢�é¡V�5¼ê 〈, 〉, @o V ⊗ C þg,p� Hermite
(�:

〈α1 + iβ1, α2 + iβ2〉 := (〈α1, α2〉+ 〈β1, β2〉) + i(〈β1, α2〉 − 〈α1, β2〉), αj , βj ∈ V.

Xc¤ã, H �½��=� 〈, 〉´SÈ. �

£� VC ¥�Ä. λj := e∗j + ie∗m+j (j = 1, · · ·m).

Ún 1.1.4 � V kE(� J Ú Hermite(� H = G− iK, dimR V = 2m, @o
(1) (±eæ^�I¦ÚP{)

H = hjk̄λ
j ⊗ λ̄k,

K =
i

2
· hjk̄λj ∧ λ̄k

ùpXê hjk̄ = H(ei, ek)÷v h̄jk̄ = hkj̄ .

(2) b� H ´�½�, @oSÈ Gp�
 ∧rV ∗ ⊗ Cþ��½ Hermite(�, P�hr. H �p�

 V p,q

C þ��½ Hermite(�, P� hp,q. §�÷v'Xª

2rhr =
∑
p+q=r

hp,q, (1-3)

þªm>¦ÚÒL«�Ú.

?�Ú, dSÈ Gp�� Hodge ∗�f�±g,òÿ� ∧r(V ∗ ⊗ C)þ. ·�k

〈α, β〉Vol = α ∧ ∗β, α, β ∈ ∧r(V ∗ ⊗ C).
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y² (1) 5gu��O�.

±ey (2). d5P 1.1.2(3), G p�
 V ⊗ C þ��½ Hermite (� H1, laqÚn
1.1.1, ·���� V ∗ ⊗ C þ��½ Hermite (� h1. dd��� Hodge �f�òÿ.

,��¡, J 3 V ⊗ C þ�p�
A�f�m©)

V ⊗ C ∼= W 1,0 ⊕W 0,1.

W 1,0 �Ä.�±À�
θi :=

1
2
(ei − iJei)

§�TÐÚ V 1,0 �Ä. λi éó. |^ R �5Ó�

Re : W 1,0 −→ V, θi →
1
2
ei.

·��±g,p� W 1,0 þ��½ Hermite (� H1,0. �A/, W 0,1 k�½ Hermite (� H0,1.
ÏLéó9ÜþÈ, ·��±©Op� ∧rV ∗ ⊗ C 9 V p,q

C = ∧pVC ⊗ ∧qV C þ��½ Hermite (
�, ©OP� hk 9 hp,q.

�yª (1-3), ·��I��Ä r = 1 �/=�. ù�d��O���
1
2
H1 = H1,0 ⊕H0,1.

òTªéó� V ∗ ⊗ C þ=�(Ø. �

íØ 1.1.3 3Ún 1.1.4�^�e, Ez� Hodge�fp�
Ó�

∗ : V p,q → V m−q,m−p.

b� h(ei, ej) = δij (1 ≤ i, j ≤ m), K Hodge�f�äNL�ª�

∗(λi1 ∧ · · · ∧ λip ∧ λ̄j1 ∧ · · · ∧ λ̄jq) = 2p+q · ( i
2
)m · (−1)

1
2
m(m−1)+mp

·sgn(i1 · · · ipα1 · · ·αm−p) · sgn(j1 · · · jqβ1 · · ·βm−q)λβ1 ∧ · · ·λβm−q ∧ λ̄α1 ∧ · · · λ̄αm−p

AO/, ∗2 = (−1)p+q.

�!���Ä��²;�~f.

~ 1.1.2 �ÄE²¡ C ∼= R2 �:?���m T = R〈 ∂∂x ,
∂
∂y 〉. §�{��m T ∗ Kdéó

Ä dx, dy )¤.

(1) T þkg,�E(� (�duò��þ^��^= π
2 )

J
∂

∂x
=

∂

∂y
.

Ï{��mþ�k�A�E(� Jdx = −dy.

(2) T þkg,� J ØCSÈ〈
∂

∂x
,
∂

∂x

〉
=
〈
∂

∂y
,
∂

∂y

〉
= 1,

〈
∂

∂x
,
∂

∂y

〉
= 0.

éó�{��m T ∗ þKkSÈ 〈dx, dx〉 = 〈dy, dy〉 = 1, 〈dx, dy〉 = 0. ·��±½ÂNÈ�
Vol = dx ∧ dy 9 Hodge �f ∗dx = dy, ∗dy = −dx.
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(3) �ÄEz��m T ⊗ C, K§��E 2��þ�md±eü���)¤
∂

∂z
:=

1
2

(
∂

∂x
− i ∂

∂y

)
,

∂

∂z̄
:=

1
2

(
∂

∂x
+ i

∂

∂y

)
.

Ez{��m T ∗ ⊗ C �éóÄ�

dz = dx+ idy, dz̄ = dx− idy.

E(��±òÿ� T ∗ ⊗ C þ, = Jdz = idz, Jdz̄ = −idz̄, Ïd�¤A�f�m��Ú©)

T ∗ ⊗ C = T 1,0 ⊕ T 0,1,

ùp T 1,0 = C〈dz〉, T 0,1 = T 1,0 = C〈dz̄〉.

(4) T �E(� J 9g,SÈp�
Ùþ��½ Hermite (� H = dz ⊗ dz̄, ½=

H

(
∂

∂x
,
∂

∂x

)
= H

(
∂

∂y
,
∂

∂y

)
= 1, H

(
∂

∂y
,
∂

∂x

)
= H

(
∂

∂x
,
∂

∂y

)
= i.

§� Kähler /ª�K = i
2dz ∧ dz̄ = dx ∧ dy.

éó�{��m T ∗ þKkp���½ Hermite (� h = 4 ∂
∂z ⊗

∂
∂z̄ , =

h(dx, dx) = h(dy, dy) = 1, h(dx, dy) = h(dy, dx) = i.

(5) T �g,SÈp�
Ez��mþ��½ Hermite (� H1 = 1
2dz ⊗ dz + 1

2dz̄ ⊗ dz̄, =

H1

(
∂

∂z
,
∂

∂z

)
= H1

(
∂

∂z̄
,
∂

∂z̄

)
=

1
2
, H1

(
∂

∂z
,
∂

∂z̄

)
= H1

(
∂

∂z̄
,
∂

∂z

)
= 0.

W 1,0 = C〈 ∂∂z 〉 ∼=R V (�A/, W 1,0) þk�½ Hermite (� H1,0 = 1
4dz ⊗ dz (�A/, H0,1 =

1
4dz̄ ⊗ dz̄).

H1 q?�Úp�
Ez{��m T ∗ ⊗C þ��½ Hermite (� h1 = 2 ∂
∂z ⊗

∂
∂z + 2 ∂

∂z̄ ⊗
∂
∂z̄

¦�
h1(dz, dz) = h1(dz̄, dz̄) = 2, h1(dz, dz̄) = h1(dz̄, dz) = 0.

,��¡, H1,0 (�A/, H0,1) p�
 V 1,0 (�A/, V 0,1) þ��½ Hermite (� h1,0 = 4 ∂
∂z ⊗

∂
∂z (�A/, h0,1 = 4 ∂

∂z̄ ⊗
∂
∂z̄ ).

(6) ∗dz = ∗(dx+ idy) = dy − idx = −idz. Ón ∗dz̄ = idz̄. d	, ·�k

∗(dz ∧ dz̄) = −2i ∗ (dx ∧ dy) = −2i,

±9

∗1 = dx ∧ dy =
i

2
dz ∧ dz̄.

1.2 L2 Ýþ��©�f

ù�!¥, ·�ob� X ´ n�;iù6/, Ωk
X,R ´ X þ� k g�©/ª�þm, Ak(X)

´Ù C∞ �N�¡�m. � Ωk
X,x ´3: x ∈ X ?� k g�©/ª�N.

� {ei}ni=1 ´ ΩX,x ��|Ä, gij = 〈ei, ej〉´iùÝþ. dÚn 1.1.1, ·��±g,p�
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Ωk
X,x þ�iùSÈ±9NÈ�

Vol =
1√
G
e1 ∧ · · · ∧ en,

ùp G = det(gij)1≤i,j≤n.

8��N�¡ α, β ∈ Ak(X), |^þãiùSÈ�½Â X þ�¼ê

〈α, β〉 : X −→ R, x→ 〈αx, βx〉,

ùp αx(βx) � α(β) 3: x ?éA�/ª. ù�, ·��(ÜÈ©$�½Â¤¢� L2Ýþ

(α, β)L2 :=
∫
X
〈α, β〉Vol (1-4)

dÚn 1.1.2, ·�k

Ún 1.2.1 Hodge ∗�fp�
g,Ó�

∗ : Ak(X)→ An−k(X).

¦�é?Û α, β ∈ Ak(X), ¦�é?Û x ∈ X Ñk

〈αx, βx〉Volx = βx ∧ ∗αx.

Hodge �f�Ñ
g,Ó� ∗ : Ωk
X
∼= Ωn−k

X . y3ª (1-4) ��±��

(α, β)L2 :=
∫
X
β ∧ ∗α.

|^ Hodge �f, ·�?�Ú�½±¤¢�{�©�f

d∗ := (−1)k ∗−1 d∗ : Ak(X) −→ Ak−1(X).

dþ¡�Ún, d∗ = (−1)nk+n+1 ∗ d∗.

Ún 1.2.2 � α ∈ Ak−1(X), β ∈ Ak(X). ·�k
(1) d∗d∗ = 0,
(2) (α, d∗β)L2 = (dα, β)L2 ,
(3) Imd ∩Kerd∗ = {0}, Imd∗ ∩Kerd = {0}.

y² (1) é?Û γ ∈ Ak(X), k

d∗d∗γ = (−1)k−1 ∗−1 d ∗ (d∗γ) = (−1)k−1 ∗−1 d ∗ ((−1)k ∗−1 d∗)γ = − ∗−1 dd ∗ γ = 0.

(2) d(α∧∗β) = dα∧∗β+(−1)k−1α∧d∗β. éþªü>�È©, K�>�u
∫
X d(α∧∗β) = 0,

m>�u ∫
X
dα ∧ ∗β +

∫
X

(−1)k−1α ∧ ∗β

=(dα, β)L2 + (−1)k−1

∫
X
α ∧ (−1)k ∗ d∗β

=(dα, β)L2 −
∫
X
α ∧ ∗d∗β

=(dα, β)L2 − (α, d∗β).
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ùÒy²
 (2).

(3) � α ∈ Ak(X), ¦� dα ∈ Kerd∗, = d∗dα = 0. u´ (dα, dα) = (α, d∗dα) = 0. ùÒí
Ñ dα = 0, = Imα ∩Kerd∗ = {0}. Ón�y,�'Xª. �

5 1.2.1 �ÄEzm Ωk
X,C = Ωk

X,R ⊗ C. dÚn 1.1.4, Hodge ∗�f�±g,òÿÙþ.
äNó�, é?Û α, β ∈ AkC(X), 〈α, β〉òÿ� Ωk

X,C þ� Hermite Ýþ, ·�k

〈αx, βx〉Volx = αx ∧ ∗βx, ∀x ∈ X.

|^ Hodge �f, ·��±?�Ú½ÂÍ¶�.Ê.d�f

∆d := dd∗ + d∗d.

Ker∆d ¥���¡� ∆d-NÚ/ª.

·K 1.2.1 � α, β ∈ Ak(X), @o·�k
(1) (g�5) (α,∆dβ)L2 = (∆dα, β)L2 ,
(2) ∗∆d = ∆d∗,
(3) (α,∆dα)L2 = (dα, dα)L2 + (d∗α, d∗α)L2 ,
(4) Ker∆d = Kerd ∩Kerd∗.

y² (1) Ú (3) ´Ún 1.2.2 (2) ���íØ.

5¿�

∗∆dα = ∗dd∗α+ ∗d∗dα = (−1)nk+n+1 ∗ d ∗ d ∗ α+ (−1)k+1d ∗ dα.

,��¡

∆d ∗ α = dd∗ ∗ α+ d∗d ∗ α = (−1)nk+1d ∗ d ∗ ∗α+ (−1)nk+n+1 ∗ d ∗ d ∗ α.

dd=� (2).

d.Ê.d�f�½Â, Kerd ∩Kerd∗ ⊆ Ker∆d. qd (3), K� Ker∆d ⊆ Kerd ∩Kerd∗. �

~ 1.2.1 � X = Rn ��I (x1, · · · , xn). §äkIO~êÝþ ds2 =
n∑
i=1

dx2
i . N´O�

d∗(fdxi1 ∧ · · · ∧ dxir) = −
r∑

k=1

(−1)k−1 ∂f

∂xik
dxi1 ∧ · · · d̂xik · · · ∧ dxir ,

ùp d̂xik L«�K� dxik . Ïd��O��� (3�Öö�y), é ω =
∑
|I|=q

fIdxI k

∆ω = −
∑
i,I

∂2fI
∂x2

i

dxI . (1-5)

8� n = 3 �[O����©ª��©�{�©$�. ·�� ∇ := ( ∂
∂x1

, ∂
∂x2

, ∂
∂x3

) ´FÝ�f,
dx = (dx1, dx2, dx3).
(1) � f ´1w¼ê, K df = ∇f · dx, d∗f = 0.
(2) � A = A1dx1 +A2dx2 +A3dx3 = A · dx, ùp A = (A1, A2, A3). ·�k

dA = (∇×A)1 dx2 ∧ dx3 + (∇×A)2 dx3 ∧ dx1 + (∇×A)3 dx1 ∧ dx2,
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d? ∇×A ´^Ý, �P� curlA. ?�Ú,

d∗A =
∂A1

∂x1
+
∂A2

∂x2
+
∂A3

∂x3
= ∇ ·A,

d? ∇ ·A ´ÑÝ, �P� divA.
(3) � B = B1dx2 ∧ dx3 +B2dx3 ∧ dx1 +B3dx1 ∧ dx2, K dB = ∇ ·B dx1 ∧ dx2 ∧ dx3. ,��¡

d∗B = (∇×B)1 dx1 + (∇×B)2 dx2 + (∇×B)3 dx3.

(4) � C = ϕdx1 ∧ dx2 ∧ dx3. w� dC = 0. d	

d∗C = −(∇ϕ)1 dx2 ∧ dx3 − (∇ϕ)2 dx3 ∧ dx1 − (∇ϕ)3 dx1 ∧ dx2.

(5) |^ d2 = 0 9 d∗2 = 0, ��²;��þ©Ûúª ∇×∇f = 0 ±9 ∇ · ∇ ×A = 0. �

þ¡?Ø�Ã�f��±LÞ�����þmþ. � E Ú F ´ X þ (¢½E�) C∞ �þ
m, rk(E) = p, rk(F ) = q. �P : C∞(E) → C∞(F ) ´ E Ú F � C∞ �N�¡�m�m� (R ½
C) �5N�.

�Ä X �ÛÜ�I�� U , Ù�I� (x1, · · · , xn), ¦� E Ú F ��3 U þ´²��. ù
�, P 3 U þ�±ÛÜ�� P (α1, · · · , αp) = (β1, · · · , βq). XJùp�©þ βj �±��Xe/
ª, @o·�Ò¡ P ´ k��©�f:

βi =
∑
I,j

PI,i,j
∂αj
∂xI

,

ùpXê PI,i,j ´ C∞ �; � | I |> k �, ��"; � | I |= k ���k���". ´�ù�½
ÂØ�6u�þm�Ie�IÀ�±9.6/ÛÜ�I�À�.

�
P kij =

∑
|I|=k

PI,i,j
∂

∂xI
.

�ÄÝ


P k = (P kij)1≤i≤p,1≤j≤q.

·�'%���¯K´: 3�þm�IeC�±9.6/ÛÜ�IC�e, P k UÛ«5ÆCz.
du P kij �'%�ê�p�Ü©, Ïd3?Û�«C�e, ·��±DK¤k�$��, ��3

�p���. �.6/�IC��, P kij �Cz�ûu ∂
∂xI

�Cz, �ö (3DK$���) �
Óu SkTU �Cz5Æ, ùp SkTU ´ÛÜ�m� k gé¡È. ��þmIeC��, P kij �Cz
5Æ�Óu Hom(E,F) �Cz5Æ (3DK$���). äN��y3�Öö�¤.

Ïd P k �ù«ÛÜC�5Æg,p�
 Hom(E,F ) ⊗ SkTX þ����¡ σP , ·�
¡���f P �ÎÒ (Symbol). w,, é ∀x ∈ X, ·���±ò σP,x À� k gàgN�
σP,x : ΩX,x → Hom(Ex, Fx). ?�Ú, XJé?Û�"�©/ª αx ∈ ΩX,x, σP,x(α) : Ex → Fx

Ñ´ü�, @o·�¡ P ´ý��©�f.

~ 1.2.2 � E = F = Ω0
X,R, �Ä���©�f

P (f) =
∑
|I|≤2

PI
∂f

∂xI
, ∀f ∈ A0(X).
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d� P 2 =
∑
u,v
Pu,v

∂2

∂xu∂xv
, §éA Hom(E,F )⊗ S2TX ¥��¡

σP =
∑
u,v

Pu,v
∂

∂xu
· ∂

∂xv
.

?� α =
n∑
i=1

hidxi, Kd ¿O���

σP,x(α)(f) =
∑
u,v

Pu,v(x)hu(x)hv(x)f(x).

�5¿, d� Hom(Ex, Fx) �´ê¦N�. d α 9 x �?¿5��, P ´ý��f��=�þ¡
��g.

∑
u,v
Pu,vhuhv ´ð�½� (½K½�), ½=Ý
 (Pu,v)1≤u,v≤n ð�½� (½K½�). �

~ 1.2.3 � X = R2 ´���m, E = F = Ωk
X,R, .Ê.d�f ∆d ´ 2 ��©�f.

(1) � k = 0 �, é?¿ f ∈ A0(X), k ∆df = −(∂
2f
∂x2 + ∂2f

∂y2 ). dþ~�?Ø, é?¿

α = adx+ bdy, k σP (α)(f) = −(a2 + b2)f . Ï ∆d ´ý��.

(2) � k = 1 �, é?¿ ω = fdx+ gdy ∈ A1(X), ∆dω = (∆df)dx+ (∆dg)dy. d�XêÝ



P k =

(
∆d 0
0 ∆d

)

é?Û α = adx+ bdy,

σP (α) =

(
−(a2 + b2) 0

0 −(a2 + b2)

)

Ïdé ω = fdx+ gdy, k σP (α)(ω) = −(a2 + b2)ω.

(3) � k = 2 �, é?¿ ω = fdx ∧ dy ∈ A2(X), ∆dω = (∆df)dx ∧ dy. aq k = 0, 1 ��

/, ·�k σP (α)(ω) = −(a2 + b2)ω, é ∀α = adx+ bdy. �

þ~¤£ã�y�¿�ó,, ¢Sþ·�k±eÊH(Ø (3�Öö�y).

·K 1.2.2 � ∆d´ X þiùÝþ géA�.Ê.d�f, K ∆d�ÎÒ σ∆���

σ∆(α)(ω) = −‖α‖ω, ∀α ∈ ΩX , ∀ω ∈ Ak(X).

ùp ‖α‖´ X �¼ê, d ‖αx‖ = 〈αx, αx〉½Â.

y² ù´��ÛÜ¯K. 5¿� ∆ � 2 � ���Xê¥ØÑyÝþ��ê, ÏdØ�
��5, ·���ÄIO~Ýþ�/. � ω =

∑
|I|=q

fIdxI . dª(1-5), =

∆ω = −
∑
i,I

∂2fI
∂x2

i

dxI .

á�¤I(Ø.

�,Öö��±UXe�ª��þã(Ø. Äkk

dω =
∑
i,I

∂fI
∂xi

dxi ∧ dxI , ∗dω =
∑
i,I

∂fI
∂xi
∗ (dxi ∧ dxI).
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Ïd

∗−1d ∗ dω =
∑
k,i,I

∂2fI
∂xi∂xk

∗−1 (dxk ∧ ∗(dxi ∧ dxI)).

aq/,

d ∗−1 d ∗ ω =
∑
k,i,I

∂2fI
∂xi∂xk

dxk ∧ ∗−1(dxi ∧ ∗dxI).

u´k

∆ω = (−1)q
(∑
k,i,I

∂2fI

∂xi∂xk
(∗−1(dxk ∧ ∗(dxi ∧ dxI))− dxk ∧ ∗−1(dxi ∧ ∗dxI))

)

O�þªm>��2g��ª (1-5). �

XJ�þm E �ä�Ýþ�{, @o·�w,�U
½Â C∞(E) þü��¡ α, β � L2 Ý
þ��. 8� E,F ÑkÝþ, � P : C∞(E) → C∞(F ) ´�©�f. XJ�3,���©�f
P ∗ : C∞(F )→ C∞(E), ÷v

(α, Pβ)L2 = (P ∗α, β)L2 , ∀α ∈ C∞(F ), β ∈ C∞(E),

@o·�¡ P ∗� P ����f. c¡®²w� d, d∗ ´���,  ∆d K´g��f.

�!��ò�ã��'�5�½n.

½n 1.2.1 (Demailly, 1966) � P : E → F ´;6/þ�ý��©�f, E,F ä�Ýþ
�k�Ó��, K
(1) Ø KerP ⊂ C∞(E)´k���,
(2) � P (C∞(E)) ⊂ C∞(F )´{�êk��4f�m,
(3) 3 L2Ýþek���Ú©) C∞(E) = KerP ⊕ P ∗(C∞(F )).

1.3 E6/��X�þm

� X ´�kCE(� J : TX → TX �6/. Ez��mp�
©) TX,C = T 1,0
X ⊕ T 0,1

X , l

�p�
éó©)
ΩX,C = Ω1,0

X ⊕ Ω0,1
X .

·�P Ωk
X,C := ∧kΩX,C. þ¡�©)�?�Úp�
Xe©)

Ωk
X,C =

∑
p+q=k

Ωp,q
X , Ωp,q

X := ∧pΩ1,0
X ⊗ ∧

qΩ0,1
X .

XJ X ´ n�E6/, zi ´E�I, @o X þ�¼ê f ∈ Ω0,0
X k�©$� df = ∂f + ∂f ,

ùp
∂f :=

∑
i

∂f

∂zi
dzi, ∂f :=

∑
i

∂f

∂z̄i
dz̄i.

f �X��=� ∂f ≡ 0. ∂ Ú ∂ �f��±g,p�� (p, q) g/ª±9 k g�©/ªþ, d?

Ø2��Kã. ·�kXeÙ��(Ø.
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·K 1.3.1 b� X ´E6/, α ∈ Ωk
X,C, β ∈ Ωl

X,C, @o
(1) (Leibniz {K)

∂(α ∧ β) = ∂α ∧ β + (−1)kα ∧ ∂β,

∂(α ∧ β) = ∂α ∧ β + (−1)kα ∧ ∂β

(2) ∂2 = 0, ∂2 = 0, ∂∂ + ∂∂ = 0.

X þ�HermiteÝþ h ´ 2 �1wE�Üþ|, ¦Ù3z�: x ∈ X ?���´��m

TX,x þ��½ Hermite (�. �kD��AÝþ� (C) E6/ X ¡� (C) Hermite6/.

·�� h = g − iω. dc¡?Ø®� g ´iùÝþ. Kähler/ª ω ´¢�� (1, 1) . 2 g

/ª, = ω ∈ Ω1,1
X ∩ Ω2

X,R. XJ X ´ Hermite 6/, � ω ´4/ª, K¡ X ´ Kähler6/, d

� h ¡� KählerÝþ . XJ Kähler a [ω] ∈ H2(X,Z), ·�Ò¡ [ω] ´��. �k� Kähler a
�;E6/¡�4z6/ (Polarised manifold), P� (X, [ω]).

5 1.3.1 dÚn 1.1.4, Kähler /ªkXeL�ª

ω =
i

2
hαβ̄dz

α ∧ dz̄α.

4^� dω = 0 3ÛÜþ�du�3¢¼ê F (z, z̄), ¦�

hαβ̄ =
∂2F (z, z̄)
∂zα∂z̄β

.

ù�ÛÜ¼ê¡� Kähler³. ¢Ã�´, Kähler ³��Ã{3�Nþ½Â, �Ø��. �

5 1.3.2 d Kodaira-Akizuki-Nakano ��½n�±y²: 4z6/7´�Kq. �

Ún 1.3.1 � (X,h)´ Kähler6/, dimRX = 2n, x ∈ X. � {ei}ni=1´ TX,x3 Cþ�
�|Ä, ¦� h(ej , ek) = δjk, @o
(1) 〈e1, Ie1, · · · , en, Ien〉´iùÝþ gxe���Ä,
(2) � 〈dx1, dy1, · · · , dxn, dyn〉´ ΩX,x,R��AéóÄ, - dzj = dxj + idyj (j = 1, · · · , n), K

ωx =
i

2

n∑
j=1

dzj ∧ dz̄j .

(3) Vol = ωn

n! ,
(4) XJ X ´;�, @o ωk Ø�U´T�/ª (k = 1, · · · , n). AO/, Bettiê b2k > 0.

y² (1)(2)(3) ��5guíØ 1.1.2 ÚÚn 1.1.4 9íØ 1.1.3.

(4) Ø�� ωk = dγ. Ïd ω �4^�� ωn = d(ωn−k ∧ γ). éTªü>È©�∫
X
ωn =

∫
X
d(ωn−k ∧ γ) = 0.

�ùÚ
∫
X ω

n = n!
∫
X Vol > 0 gñ! �

Ún 1.3.2 � X ´ n�E6/, �k KählerÝþ h, x ∈ X NC��X�I (z1, · · · , zn),
- hij = h( ∂

∂zi
, ∂
∂z̄j

). @o·�3o�±À�Ü·��X�I, ¦�Ý


(hij)1≤i,j≤n = In +O(
∑
i

|zi|2),

ùp In´ü 
.

- 13 -
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5 1.3.3 Kähler 6/ X �Ef6/�´ Kähler 6/. ?�Ú, XJTf6/�´;�,
@odÙNÈ�È©��5�±íÑ§Ø�U´ X �>. (SK 1.12). ù
(Ø�±^5�E
Kähler 6/Ú� Kähler 6/�~f. �

±eXÃAO(², ·�ob� X ´ n� Hermite 6/. ·�^ Ap,q(X) (�A/, AkC(X))
L« X þ1w (p, q) g/ª (�A/, 1wE� k g�©/ª) �N. díØ 1.1.3 Ú5P 1.2.1,
Hermite Ýþp� Hodge �f

∗ : Ωp,q
X −→ Ωn−q,n−p

X . (1-6)

?�Ú�p�
 L2Ýþ,

(α, β)L2 =
∫
X
α ∧ ∗β, α, β ∈ AkC(X). (1-7)

·�½Â

∂∗ = − ∗ ∂∗, ∂
∗ = − ∗ ∂ ∗ .

N´�y, ∂∗ (�A/, ∂∗) ò (p, q) g/ªN� (p − 1, q) g/ª (�A/, (p, q − 1) g/ª).
d∗ = ∂∗ + ∂

∗ �±À�{�©�Eòÿ.

Ún 1.3.3 ∂∗ (�A/, ∂∗)´ ∂ (�A/, ∂)´'u L2Ýþ����f.

y² � α ∈ AkC(X), β ∈ Ak+1
C (X). |^·K 1.3.1 Ú ª (1-7), ·�k

(∂α, β)L2 =
∫
X
∂(α ∧ ∗β)− (−1)k

∫
X
α ∧ ∂(∗β).

5¿� α ∧ ∗β ∈ A2n−1
C (X) = An,n−1

C (X)⊕An−1,n
C (X), �

∫
X ∂(α ∧ ∗β) = 0.

,��¡, ∗−1∂ ∗ β = (−1)k ∗ ∂ ∗ β íÑ ∂ ∗ β = (−1)k+1 ∗ ∂∗β (SK 1.8). Ï∫
X
α ∧ ∂(∗β) = (−1)k+1

∫
X
α ∧ ∗(∂∗β) = (−1)k+1(α, ∂∗β)L2 .

ùÒíÑ (∂α, β)L2 = (α, ∂∗β)L2 . �

d�·��±½Â ∆∂ = ∂∂∗ + ∂∗∂ 9 ∆∂ = ∂̄∂̄∗ + ∂̄∗∂̄. ·�¡ Ker∆∂ ¥���� ∆∂-NÚ/
ª.

~ 1.3.1 X = Cn ä k I O � Kähler Ý þ h =
n∑
i=1

dzi ⊗ dz̄i, Ù Kähler / ª� ω =

i
2

n∑
i=1

dzi ∧ dz̄i. XJ- f =
n∑
i=1
|zi|2, @o Kähler /ª���� ω = i

2∂∂f . d�

∂∗ϕdzi1 ∧ · · · dzip ∧ dz̄j1 ∧ · · · dz̄jq = 2
p∑

k=1

(−1)k−1 ∂ϕ

∂z̄ik
dzi1 ∧ · · · d̂zik · · · ∧ dzip ∧ dz̄j1 ∧ · · · dz̄jq ,

ùp d̂zik L«�KT�. Ó�/,

∂
∗
ϕdzi1 ∧· · · dzip ∧dz̄j1 ∧· · · dz̄jq = 2(−1)p

q∑
k=1

(−1)k−1 ∂ϕ

∂zjk
dzi1 ∧· · ·∧dzip ∧dz̄j1 ∧· · · d̂z̄jk · · · dz̄jq .

�
σp,q =

∑
|I|=p,|J |=q

ϕI,JdzI ∧ dz̄J .

- 14 -



1�Ù Ä:�£

·�d±þO���

∆∂(σp,q) = ∆∂∗(σp,q) = 2
∑
i,I,J

∂2ϕI,J
∂zi∂z̄i

dzI ∧ dz̄J . (1-8)

±9

∂∂
∗ + ∂

∗
∂ = 0, (1-9)

∂∂∗ + ∂∗∂ = 0

d (1-8) ��

∆d = 2∆∂ = 2∆∂ . (1-10)

¯¢þ, ª (1-8)!ª (1-9) �ª (1-10) é�� Kähler 6/�¤á (�½n 2.2.2 �íØ 2.2.2). �

~ 1.3.2 E�K�m X = Pn �´�� Kähler 6/. � [z0, z1, · · · , zn] ´àg�I.
Kähler /ª�àg�IL��

ω =
i

2
·
|z|2

n∑
k=0

dzk ∧ dz̄k −
n∑

k,j=0

z̄kzjdzk ∧ dz̄j

|z|4
=
i

2
∂∂ ln(|z|2),

ùp |z| :=
√

n∑
k=0

|zk|2.

�Ä z0 6= 0 ���, ÙÛÜ�I� ξi = zi

z0
, i = 1, · · · , n. u´ Kähler /ª�

ω =
i

2
·
(1 + |ξ|2)

n∑
k=0

dξk ∧ dξ̄k −
n∑

k,j=1

ξ̄kξjdξk ∧ dξ̄j

(1 + |ξ|2)2
=
i

2
∂∂ ln(1 + |ξ|2),

ùp |ξ| :=
√

n∑
k=1

|ξk|2. ù� Kähler /ª��¡� Fubini-StudyÝþ. SU(n + 1) 3 Pn e��

^�± Kähler /ªØC. �

5 1.3.4 dþã~f±95P 1.3.3 á�, 1w�Kq´ Kähler 6/. AO/, ·�¤Ù
��1w�K�ê¡´ Kähler 6/. d	��y²; Kähler 6/þ��X�þméA��
Km�´ Kähler 6/. �

� E ´� k ��X�þm. þãéõ?ØÑ�±LÞ��X�þmþ. Äk, Hermite
Ýþ�±í2� E þ, =±1w�ª3z�: x ∈ X éA�E�þ�m Ex þ�Ñ�½�
Hermite (�; d�¡ E ´ Hermite�þm. aq/, ·�^ Ap,q(E) (�A/, Ak(E)) L«�þ
m Ωp,q

X ⊗ E (�A/, Ωk
X,C ⊗ E) � C∞ �¡�N.

5 1.3.5 (1) �X�þm�“�X” 5Ny3ÛÜ[£¼êþ, ¿��Ù�¡��X5.
(2) dü ©)½n��E�þmþ7k Hermite Ýþ.
(3) Ap,q(E) ¥��¡��3ÛÜ²�zþ��� (α1, · · · , αk), ùp αi ´ (p, q) g�©/ª. �

�þm��¡�mkAa��N�. Äk´·�ÙG�éä

O : C∞(E) −→ A1(E).
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§÷v4ÙZ[{K

O(fσ) = df ⊗ σ + fOσ, σ ∈ C∞(E), f ∈ C∞(X).

Ùg´ ∂E �f

∂E : A0,q(E) −→ A0,q+1(E), ∂E(α1, · · · , αk) = (∂α1, · · · , ∂αk),

ùp (α1, · · · , αk) ´ E ��¡3ÛÜIe¥�©þL«, αi ´ (0, q) /ª. 5¿� E �=£¼
ê´�X�, ÏdþãÛÜ½ÂØ�6uIeÀ�, Ï�±LÞ��Nþ (äN�y3�Ö
ö). §÷v±e4ÙZ[{K

∂E(α ∧ β) = ∂Eα ∧ β + (−1)qα ∧ ∂Eβ, α ∈ A0,q(E), (1-11)

±9 ∂
2
E = 0. ùÒp�
 DolbeaultE/

· · ·A0,q−1(E) ∂E−→ A0,q(E) ∂E−→ A0,q+1(E) · · ·

b� X Ú E �k Hermite Ýþ, K�p� Ω0,q
X ⊗E þ� Hermite Ýþ (�Ún 1.1.4). aq

5P 1.1.1 �?Ø, ù�Ýþp�
 C ��5Ó�

Ω0,q
X ⊗ E −→ (Ω0,q

X ⊗ E)∗.

,��¡, Ωn,n
X
∼= Ω2n

X,C dNÈ� Vol )¤, ùÒ�Ñ
Ó�

(Ω0,q
X ⊗ E)∗ ∼= Ωn,n−q

X ⊗ E∗.

nþ, ·�=� C ��5Ó�

∗E : Ω0,q
X ⊗ E −→ Ωn,n−q

X ⊗ E∗. (1-12)

Ωn,0
X ´�X�þm, ¡� X �;�m, �P� KX . Ïd Ωn,n−q

X ⊗E∗ = Ω0,n−q
X ⊗(KX⊗E∗).

é?Û x ∈ X, αx, βx ∈ Ω0,q
X,x ⊗ Ex, Uì ∗E �½ÂKk

〈αx, βx〉Vol = αx ∧ ∗Eβx.

5 1.3.6 �Öö5¿, ª (1-12) �ª (1-6) ½Â� Hodge �f3/ªþ�����Ý. ù
��É5gu Hermite Ýþ31�©þþ� C ��55. �

·�½Â�f ∂
∗
E : A0,q(E)→ A0,q−1(E), ÷v

∂
∗
E := (−1)q ∗−1

E ◦∂KX⊗E∗ ◦ ∗E .

Ún 1.3.4 ∂
∗
E ´ ∂E ´'u L2Ýþ����f.

y² éª (1-11) ü>¦È©¿^
∫
X ∂̄(α ∧ ∗β) = 0 (SK 1.8), aqÚn 1.3.3 ?Ø=

�. �

aq/, ·��½Â ∆E = ∂E∂
∗
E + ∂

∗
E∂E . ·�¡ Ker∆E ¥���¡� ∆E-NÚ/ª.

5 1.3.7 X J � E = Ωp,0
X , @ o Ap,q(X) = A0,q(E), d � k ∂E = (−1)p∂ 9 ∂

∗ =
(−1)p 1

2∂
∗
E . �ö�Xê 1

2 5guª (1-3) 9Ún 1.3.4. �
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Ún 1.3.5 (1) ∆∂ Ú ∆∂ 3 Ωk
X,Cþ�ÎÒÑ´

ξ −→ −1
2
‖ξ‖2Id.

(2) ∆E 3 Ω0,q ⊗ E þ�ÎÒ´
ξ −→ −‖ξ‖2Id.

íØ 1.3.1 ∆, ∆∂ , ∆∂ , ∆E Ñ´ý��©�f.

b� E ´E6/ X þ��X�m, h ´Ùþ� Hermite Ýþ. �Ä X �mCX {Ui}i∈I ,
¦� E|Ui

∼= Ui × C. � σ = {σi}i∈I ´ E ����X�¡, ÛÜ'X÷v σi = gijσj , ùp
gij ´�X�=£¼ê. - hi = h(σi, σi), ωi = 1

2
√
−1π

∂∂ log hi (i ∈ I), Kk hi = |gij |2hj (3
Ui ∩ Uj). ´� ∂∂ log |gij |2 = 0. Ï ωi = ωj (3 Ui ∩ Uj). ùÒ½Â
 X þ¢ (1, 1) g�©/
ª ω = {ωi}i∈I , ·�¡�� Chern/ª.

~ 1.3.3 Pn þ�k��g,��X�m S, =é?Û ∆ ∈ Pn, ∆ �w� Cn+1 ¥���,
Ï·�ò§½Â¤ S 3 ∆ ?�ª. ù�� S ¡� tautological�m. Ï~·�ò S �éóP

� OPn(1), ¡� SerreÛ� (Serre twist sheaf) ½�²¡m (Hyperplane bundle). ù�½Â��
±í2��.dù6/þ (�1 1.4 !).

� [z0, · · · , zn] ´ Pn �àg�I. ·��±�E�X�¡ σ = {σi}ni=0, Ù¥

σi(z0, · · · , zn) = (z0, · · · , zi−1, 1, zi+1, · · · , zn)

½Â3m8 Ui = {[z0, · · · , zn] | zi 6= 0}þ. Ïd·��±�E S þ� Hermite Ýþ h, ¦�

h(σi) = 1 +
∑
k 6=i
|zk|2.

�Ä OPn(1) �éó Hermite Ýþ h∗. w� h∗(σ∗i ) = 1/h(σi), ùp σ∗i ´�A�éóÄ. y3·
��±�E OPn(1) � Chern /ª,

ωi =
1

2iπ
=

1
2iπ

∂∂ log

 1
1 +

∑
k 6=i
|zk|2

 ,

§´??�½�. ¯¢þ, ω = {ωi}ni=0 Ò´~ 1.3.2 ¥½Â� Fubini-Study Ýþ. �

�!��£��
'uéä�Ä�¯¢. Äk, éuiù6/ (X, g), �3 Levi-Civitaéä
(k��¡iùéä)

∇ : C∞(TX) −→ A1(TX),

é?Û χ, ψ ∈ C∞(TX), ÷v
(1) �Ýþ5�: d(g(χ, ψ)) = g(χ,∇ψ) + g(∇χ, ψ);
(2) ÃL5�: ∇χψ −∇ψχ = [χ, ψ].

ù�(Ø�±LÞ��k Hermite Ýþ��X�þmþ.

·K 1.3.2 � E ´�X�þ, �k HermiteÝþ h. K�3���éä ∇, ¦�
(1) Téä� HermiteÝþ: d(h(σ, τ)) = h(σ,∇τ) + h(∇σ, τ);
(2)� ∇0,1 = p◦∇ : C∞(E)→ A0,1(E), ùp p : A1(E)→ A0,1(E)´ÝKN�, Kk ∇0,1 = ∂E .
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ù�éä¡� (E, h)� Chernéä.

� TX ´ X þ��X�m, h = g − iω ´Ùþ� Hermite Ýþ. |^¢ÜN�, ·�k;
�Ó� Re : TX → TX,R. ù�, TX þkü«éä: (1) (TX,R, g) � Levi-Civita éä ∇R; (2)
(TX , h) � Chern éä ∇C .

·K 1.3.3 ±e^��d:
(1) h´ KählerÝþ;
(2) éE(� J k, ∇R(Jχ) = J∇Rχ, ∀χ ∈ A0(TX,R).
(3) eò TX � TX,RÏL;�Ó� Re�Óå5, @o ∇R� ∇C ´���.

y² (3) ⇒ (2). é χ ∈ TX,R, d;�Ó� Re �, i · χ = Jχ. qd ∇C(iχ) = i∇Cχ 9 (3)
�^�=� ∇R(JX) = J∇RX.

(2) ⇒ (1). d J �²"5, g(u, v) = ω(u, Jv) 9 ∇R ��Ýþ5�

d(ω(χ, ψ)) = ω(∇Rχ, ψ) + ω(χ,∇Rψ), ∀χ, ψ ∈ TX,R.

?� φ ∈ TX,R �\þªK�

φ(ω(χ, ψ)) = ω(∇φχ, ψ) + ω(χ,∇φψ). (1-13)

,��¡, ·�kð�ª

dω(φ, χ, ψ) =φ(ω(χ, ψ))− χ(ω(φ, ψ)) + ψ(ω(φ, χ))

− ω([φ, χ], ψ) + ω(φ, [χ, ψ]) + ω([φ, ψ], χ). (1-14)

òª (1-13) �\ª (1-14), ¿|^éä�ÃL5=� dω(φ, χ, ψ) = 0. d φ, χ, ψ �?¿5��

dω = 0.

(1) ⇒ (3). 5¿�3z�:þ�éäÝ
Xê��9�ÝþÝ
����ê. ÏddÚn
1.3.2, Ø���5, ·���Ä~Ýþ�/. d�´�ü«éäÑ´²�éä. �

1.4 �.dù6/

� W ´E w��þ�m, ·��Äd W ¥¤k k�Ef�m�¤�8Ü

Grass(k,W ) = {K ⊆W | dimK = k}.

� k = 1 ½ w − 1 �, G = P(W ), = W ��Kz.

·�òy² G = Grass(k,W ) äk;E6/(�, §�¡��.dù6/ (Grassmannian).
�d, ·�I��
O�ó�.

�Ä G = Grass(k,W ) �f8

GV = {Z ⊆W | Z ∩ V = {0}, dimZ = k}.

� W = V ⊕ K ´Ef�m��Ú©), dimK = k, πV : W → V 9 πK : W → K ´Ý
KN�. é?Û Z ∈ GV , ��N� πK|Z : Z → K w,´Ó�. ·��½Â C-�5N�
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hZ := πV ◦ π−1
K|Z : K → V , ¿k±e��ã (i : Z →W ´�¹N�)

K

W

πK

77ppppppppppppp

πV

''NNNNNNNNNNNNN Z
ioo

πV |Z

��

πK|Z

OO

K
π−1

K|Zoo

NNNNNNNNNNNNN

NNNNNNNNNNNNN

hZxxppppppppppppp

V

(1-15)

Ún 1.4.1 (1) � Z ∈ GV , K Z = (1K + hZ)(K).
(2) �3V�

φV,K : GV → Hom(K,V ), Z → hZ .

(3) GV = {Z | πK|Z : Z → K ´Ó�.}

y² (1) d hZ �½Â����.

(2) φV,K ü�55gu (1). ey÷�5. � h ∈ Hom(K,V ). d±e��ã�±�EEÜ
N� j : K →W

K

h×id
��

j

##HHHHHHHHH

V ×K + // W

- Z = Imj, =

Z = {h(k) + k | k ∈ K}.

d W = V ⊕K �� j : K → Z ´Ó�. N´�y, ù��E� Z ÷v��ã (1-15), � φV,K ´
÷�.

(3) �Iym>8Ü�¹3 GV ¥. � Z ⊆ W ÷v πK|Z : Z → K ´Ó�. b� z ∈ Z ∩ V ,
K πK(z) = 0, l z = 0. ùL² Z ∈ GV . �

íØ 1.4.1 �W = V ⊕K = V ′ ⊕K ′, K
(1)

φV,K(GV ∩GV ′) = {ψ ∈ Hom(K,V ) | φ := πK′ ◦ (1K ⊕ ψ) : K → K ′´Ó�.}

(2) φV ′,K′ ◦ φ−1
V,K(ψ) = πV ′ ◦ (1K + ψ) ◦ φ−1, é?Û ψ ∈ φV,K(GV ∩GV ′).

y² dÚn 1.4.1 ��O���, ·�3�Öö�y. �

·K 1.4.1 G = Grass(k,W)äk k(w − k)�;E6/(�, ùp w = dimW .

y² éz� K ∈ G, ·�o´�±é� K �,�Öf�m V , Ï K ∈ GV . ùL² G

�ù�� GV ¤CX. dÚn 1.4.1, GV 3V� φV,K e��
 k(w − k)�î¼�mÿÀ (5¿

dim Hom(K,V ) = k(w − k)). ´�, GV ∩GV ′ E´ GV ¥�m8, �díØ 1.4.1���IkC

�´�X�, Ï G ´E6/.

±ey²;5. k = 1 �, G = P(W ) ®�´;�. 8é k �8B{. �Äq

P := {(x, V ) ∈ P(W )×G | x ∈ V }.
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Äk, P �±À� P(W ) þ�m, Ùn�� Grass(k − 1,W ′) (ùp dimW ′ = w − 1). d8Bb

��� P ´;�. ,��¡, P q�À� G þ��Km, �d P �;5í� G ´;�. �

·K 1.4.2 G = Grass(k,W )´�K6/, =�3 Plückeri\N�

Grass(k,W ) −→ P(
k∧
W ), Z −→ ∧kZ.

(y²3�Öö)

G = Grass(k,W ) þk²��þm, Ùn��W . ·��±�E§��Xfm S ¦�
Ù3: K ∈ G ?n��f�m K(⊂ W ). � V ∈ W ��K �Ö�m, �Ä K �ÛÜ��
GV ∼= HomC(K,V ). é?Û φ ∈ GV , S 3 φ �ª�Ò´ Im(1 + φ).

� (σi)1≤i≤k ´ K ��|Ä, ·��±3 K �ÛÜ��S, ò§�*Ü� S �ÛÜ�X

�¡ (σ̃i)1≤i≤k, ¦� σ̃i(K) = σ. �,ù�*Ü¿Ø��. 'X·��±� σ̃i ÷v σ̃i(φ) =
σi + φ(σi). � u ´ G 3 K ?���þ. e·�ò σ̃i À�½Â3 G þ, ��u W ¥��þ¼
ê, Kw,�±½Â§'u u ��ê u(σ̃i). ?�Ú, ·��±½Â C-�5N�

hu : K −→W/K, hu(σi) = u(σ̃i) modK.

Ún 1.4.2 þã hu�½ÂØ�6u σi� σ̃i�À�.

y² �I�yXe¯¢: � σ ´ S ��¡, ÷v σ(K) = 0, K u(σ) = 0 ∈ W/K. 3
K ∈ G �ÛÜ��þ, Ø�� σ =

∑
i
fiσ̃i, ùp fi ´ÛÜ�X¼ê, �3 K ?�"�. ·�k

u(σ) =
∑
i

u(fi)σ̃i(K) =
∑
i

u(fi)σi ∈ K.

ùÒy²
(Ø. �

� V ∈ W ��K �Ö�m, u´ K ∈ GV = HomC(K,V ). G 3 K ?���m�±À�
HomC(K,V ) 3 0 ?���m, = HomC(K,V ). 5¿� V ∼= W/K, � TG,K ∼= HomC(K,W/K).

·K 1.4.3 þãEÜÓ�

TG,K ∼= THomC(K,V ),0
∼= HomC(K,W/K)

Ø�6u V �À�, =ò u ∈ TG,K N� hu ∈ HomC(K,W/K).

y² ò K �Ä σi *Ü� S ��¡ σ̃i, ÷v σ̃i(φ) = σi + φ(σi), ∀φ ∈ GV . � u ´
HomC(K,V ) 3 φ = 0 ?���þ. ��Bå�, ·�ò§À� HomC(K,V ) ¥���, ¿P�
ũ. ùÒ��

hu(σi) = u(σ̃i) = u(σi + φ(σi))φ=0 = ũ(σ̃i) modK.

Ïd·K¥�Ó� u → hu ��u´dN� u → ũ Ú ũ → π ◦ ũ EÜ��, d? π : V → W/K

´g,Ó�. �

�Ä4~ê� dimW > b1 > · · · > bk > 0. ·��E¤¢�á�m (Flag space)

Fb·(W ) =

(W 1, · · · ,W k) ∈
∏

1≤p≤k
Grass(bp,W )

∣∣∣W i ⊂W i−1, 1 < i ≤ k

 .
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§´
∏

1≤p≤k
Grass(bp,W ) �Ef6/. : F ∈ Fb·(W ) Ï~���ÈL/ª

F := (F kW ⊂ · · · ⊂ F 1W ).

?�Ú, Fb1···bk(W ) ��±w¤ Fb1···bk−1(W ) þ�n�m, éz�:

Fb1···bk−1 := (F k−1W ⊂ · · · ⊂ F 1W ) ∈ Fb1···bk−1(W ),

Ùþ�n�TÐ´ Grass(bk−1, F k−1W ). |^ù�'X, ·��±8BO�á�m��ê (3�
Öö?Ø).

íØ 1.4.2 �Ä Fb·(W )3: F ?���m TFb· (W ),F ⊂
⊕

i TG(bi,W ),F ·W . ·�k

TFb· (W ),F =

{
(h1, · · · , hk) ∈

⊕
i

Hom(F iW,W/F iW ) | hi|F i+1W = hi+1 modF iW

}
.

y² � (σi) ´ F 1W ��|Ä. ÏLÜ·�À�, ·��±b� F pW �ÄTÐ´ (σi)
¥��Ü©. dc¡�?Ø, §��±©O*Ü�,��Xfm��¡ (σ̃i), ¿�E,�±±þ

b� (=é F NC�ÈL F ′, F ′pW �Ä���gu F ′1W �Ä). 8� u� Fb·(W ) 3 F ?�
��þ, Ù��

(h1, · · · , hk) ∈
⊕
i

Hom(F iW,W/F iW ).

dc¡�?Ø, hi(σi) = u(σ̃i) modF iW , ∀σi ∈ F iW . Ï hi|F i+1W = hi+1 modF iW . ù�Òk

TFb· (W ),F ⊆

{
(h1, · · · , hk) ∈

⊕
i

Hom(F iW,W/F iW ) | hi|F i+1W = hi+1 modF iW

}
.

��O�±þü��m��ê, =�¤I(Ø. �

G = Grass(k,W ) þ�k��g,�� k �X�þm S, =é?Û ∆ ∈ G, ∆ �w� G ¥�
k�f�m, Ï·�ò§½Â¤ S 3 ∆ ?�ª. ù�� S ¡� tautologicalm. ·�®3c¡
?ØL�K�m P(W ) þ� tautological �m. ¯¢þ, ·���±y² P(W ) � Picard +´d
tautological �m)¤�Ì�+.

~ 1.4.1 b� X ´�êq, E ´� k E�þm, H ´ ample Øf. é¿©� ν, E′ =
E ⊗H⊗ν d�N�¡)¤. E′ �ù
�N�¡p�
�XN�

φ : X → Grass(r, n), n = dimH0(X,E′).

e E′ ´�m, TN�Ò´·�Ù���5N�. �

~ 1.4.2 � X ⊂ CN ´ n�1wf6/, ·��±p� GaussN�

G : X −→ Grass(n,N), x→ TX,x.

�ÄÙ�N�

dG : TX,x −→ Hom(TX,x,CN/TX,x), u→ dG(u)
(
v −→ duV

)
,

ùp V ´ X þ��þ|, 3 x ?� v. T½Â��6u v, � V �À�Ã'. - Φ(u, v) =
dG(u)(v), u, v ∈ TX,x. �±y²ù´é¡V�5�, Ï��±�� Φ : S2TX,x → CN/TX,x.
§�¡�1�Ä�/ª (Second fundamental form). ò CN O�� RN �kÓ��?Ø. �
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1.5 E/�ÌS�

� A ´ Abel �Æ, A ´ A ¥�é�. A �ÈL (Filtration) ��xfé� (F pA) �¤�4
~�

A = F 0A←↩ F 1A←↩ · · · ←↩ F p−1A←↩ F pA · · · .

k���Bå�, é p ≤ 0, ·�P F pA = A.

��E/M · ��xé� (Mk) (k ∈ Z) ±9�x�� dk : Mk →Mk+1 ÷v dk+1dk = 0,

· · · −→M0 d0

−→M1−→· · ·Mk dk

−→Mk+1−→· · ·

k�·��òTE/P� M · =
⊕
k∈Z

Mk. Ï~�/e, ·�Ì��Ä�>k.�E/, =

M i = 0, é?Û i < 0.

E/ (M ·, dM ) �1 i �þÓN (Cohomology) �é�

H i(M ·) := Coker
(
di−1
M : M i−1 → KerdiM

)
.

~ 1.5.1 �Ä n�;iù6/ X þ� C∞ �N k g�©/ª�m Ak(X), 3�©�f d

e, ·�kE/ A·(X),

0 −→ A0(X) −→ A1(X) −→ · · · −→ An(X) −→ 0.

Hk
DR(X) := H i(A·(X)) ¡�1 k � de RhamþÓN+ (de Rham cohomology). d²; de

Rham ½n, Hk
DR(X) ∼= Hk(X,R) (ë�½n 1.5.2 9~ 1.5.7). 8�·�Ø2«©üö. �

E/�� φ : (M ·, dM ) → (N ·, dN ) ´��x�� φi : M i → N i, ÷v dN ◦ φi = φi+1 ◦ dM .
§p�
�AþÓN+�m��� H i(φ·) : H i(M ·) → H i(N ·). XJ¤kp��� H i(φ·) þ´
Ó�, ·�Ò¡ φ· ´[Ó� (Quasi-isomorphism).

~ 1.5.2 3 n�; Kähler 6/þ, �Ä�X De RhamE/ (Ω·X , ∂):

0 −→ OX
∂−→ ΩX

∂−→ · · · ∂−→ Ωn
X

∂−→ 0.

� CX ´~�§§p��XeE/�P� CX :

0 −→ CX −→ 0 −→ · · · −→ 0.

ù�, d�¹'X CX ↪→ OX p�
E/�m�[Ó� CX → (Ω·X , ∂). �

éE/�á�Ü�

0 −→ A· −→ B· −→ C · −→ 0

Ñ�p�þÓN+���Ü�

· · ·H i(A·) −→ H i(B·) −→ H i(C ·) −→ H i+1(A·) −→ · · · .

~ 1.5.3 � X ´;iù6/, U ´ X ¥�m8. ·�^ C ·sing(X) L« X þ�ÛÉþó
E/; aq/�½Â C ·sing(U). ·�½Â�éÛÉþóE/

C ·sing(X,U) = Ker(C ·sing(X) −→ C ·sing(U)).
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§�þÓNP� Hk(X,U,Z), ¡� (X,U) ��éÛÉþÓN (Relative singular cohomology).
dá�Ü�

0 −→ C ·sing(X,U) −→ C ·sing(X) −→ C ·sing(U) −→ 0

p��éÛÉþÓN���Ü�

· · ·Hk−1(X) −→ Hk−1(U) −→ Hk(X,U) −→ Hk(X) −→ · · ·

|^�éÛÉþÓN9 Thom Ó�½n, 3éõ�/e�±k�O� Hk(X). �

M · �ÈL��xfE/ (F pM ·) �¤�4~�

M · = F 0M · ←↩ F 1M · ←↩ · · · ←↩ F p−1M · ←↩ F pM · · · ·

¦� (F p(Mk))p≥0 �¤ Mk �ÈL, ¿�kp��� dk : F pMk → F pMk+1. ù��E/�¡
�ÈfzE/ (Filtered complex). é M · �1 i þÓN H i(M ·), ·��±?�Úp�§�ÈL

F pH i(M ·) := Im(H i(F pM ·)→ H i(M ·)).

þãp�ÈL��±í2�����/. � B ,� Abel �Æ, F ´l A � B ���Ü¼
f, � A kv
õ�S�é�. ù�, éz��>k.�E/, ·�km�Ñ¼f�^ RiF (M ·).
XJ M · kÈL, K�p���

αp,i : RiF (F pM ·) −→ RiF (M ·).

-

F pRiF (M ·) := Imαp,i,

K�p� RiF (M ·) þ�ÈL.

~ 1.5.4 (1) éE/ M ·, � F pM · := M≥p, =

· · · −→ 0 −→Mp −→Mp+1 −→Mp+2 −→ · · · .

ù��ÈL�¡�“È�”ÈL (“Naive” filtration).

(2) � (Mp,q, D1, D2) ´VE/, (M ·, D) ´�A�p�E/, =

Mk =
⊕
p+q=k

Mp,q, D = D1 + (−1)pD2.

§kü«ÈL
′F pMk =

⊕
r+s=k,r≥p

M r,s,

′′F pMk =
⊕

r+s=k,s≥p
M r,s.

�Ä�é¡5, ·�ùp=?Ø1�«�/. 5¿� DMp,q ⊆ Mp+1,q ⊕Mp,q+1, ¤±·�kp
��� D : ′F pMk → ′F pMk+1. ùÒ��
E/ M · �ÈL, ·�¡��VE/ÈL. �

� K · Ú L· ´,ÿÀ�m X þ (Abel +) ��E/, ·�½Â��n�| (M ·, α, β), ùp
M · ´ X þ��E/, α : K · → M · 9 β : L· → M · ´[Ó�. ù��n�|¡�K · Ú L· ��

- 23 -



1�Ù Ä:�£

d (Equivalence). XJ?�Ú�¦þã K ·, L· Ú M · Ñ´ÈfzE/, � α, β �´Èfz[Ó
�, @o (M ·, α, β) �¡�Èfz�d (Filtered equivalence).

~ 1.5.5 (1) � α : L· → K · ´[Ó�N�, K (K ·, α, idK·) ´ K · Ú L· ��d.
(2) �k[Ó� α′ : N · → L· Ú β′ : N · → K ·. - M · = (L· ⊕ K ·)/(α′, β′)N ·. ù�, M · ëÓ
L·,K · � M · �g,���¤
 K · Ú L· ��d.
(3) |^±þ(Ø, �±�y�d¢Sþp�
E/�m��d'X (3�Öö�y). �

E/ÈL�±p�Ñ�A�ÌS�. Äk4·�£�ÌS��Vg. � A ´ Abel �Æ, A

¥�ÌS� (Spectral sequence) Ep,qa ⇒ En (ùp a Ï~� 0, 1, 2) d±e���¤:
(1) A ¥��xé� (Ep,qr ), Ù¥ p, q, r Ñ´�ê, � p, q ≥ 0, r ≥ a. k��{P� Er.
(2) �x��

dp,qr : Ep,qr → Ep+r,q−r+1
r ,

÷v dp+r,q−r+1
r dp,qr = 0, �� p, q, p + r, q − r + 1 k���u"��k dp,qr = 0. k��ò§�

{P� dr.
(3)

Ep,qr+1 = Kerdp,qr /Imdp−r,q+r−1
r .

éz| (p, q), �3��k'� r0, ¦�é¤k r ≥ r0, k dp,qr = 0 = dp−r,q+r−1
r , l

Ep,qr0 = Ep,qr0+1 = · · · def= Ep,q∞ .

(4) �3�xé� (En) (n ≥ 0), ±9éz� En �3��ÈL

En = En0 ⊇ En1 ⊇ En2 ⊇ · · · ⊇ Enn ⊇ 0,

¦� Enp /E
n
p+1 = Ep,n−p∞ .

k�·��¡ÌS� (Ep,qa ) Âñu (En).

� (M ·, F pM ·) ´E/ÈL. ·�b�éz� k, �3 l, ¦� F lMk = 0. dc?Ø, ·��
p� Hk(M ·) þ�ÈL F pHk(M ·). -

GrFp H
k(M ·) := F pHk(M)/F p+1Hk(M),

GrFpM
k := F pMk/F p+1Mk.

±e(Ø�Ñ
TE/ÈL�ÌS��m�'X.

½n 1.5.1 � (M ·, F pM ·)Xþ, K�3ÌS� Ep,q0 ⇒ En÷v±e^�:
(1) Ep,q0 = GrFpM

p+q, � dp,q0 dM ·��� dp�.
(2) Ep,q∞ = GrFp H

p+q(M ·).

y² �

Zp,qr := {x ∈ F pMp+q | dx ∈ F p+rMp+q+1},

Bp,q
r := Zp+1,q−1

r−1 + dZp−r+1,q+r−2
r−1 .

d Zp,qr ½ Â � � Bp,q
r ⊆ Zp,qr . 8 � Ep,qr = Zp,qr /Bp,q

r , K d d � p � � � dp,qr : Ep,qr →
Ep+r,q−r+1
r , �÷v dp+r,q−r+1

r dp,qr = 0.
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5¿� Zp,q0 = F pMp+q, Bp,q
0 = F p+1Mp+q, �k Ep,q0 = GrFpM

p+q.

é�½� n, � k ≥ n ¿©��, db�^�� F kMn = 0, F kMn−1 = 0 9 F kMn+1 = 0.
ù�, é n = p+ q§k

Zp,qk+1 = Ker(d : F pMn → F pMn+1),

Zp+1,q−1
k+1 = Ker(d : F p+1Mn → F p+1Mn+1),

dZp−k,q+k−1
k = F pMn ∩ Imd.

Ï Ep,qk+1 = GrFp H
n(M ·).

ÌS�I÷v�Ù¦^��l½Â���y, ·�Ø2��Kã. �

íØ 1.5.1 Ep,q1 = Hp+q(GrFpM
·), �� dp,q1 : Ep,q1 → Ep+1,q

1 �dud±e�Ü�p��

ë�Ó� δ : Hp+q(GrFpM
·)→ Hp+q+1(GrFp+1M

·),

0 −→ GrFp+1M
· −→ F pM ·/F p+2M · −→ GrFpM

· −→ 0.

� (Mp,q, D1, D2) ´VE/, (M ·, D) ´�A�p�E/. X~ 1.5.4 (2) ¤ã, d�kü«È

L ′F pMn 9 ′′F pMn, léAü«ÌS� ′Er 9 ′′Er. ·��Ä1�«ÌS�. d�k
(1) ′Ep,q0 = Mp,q, d0 = (−1)pD2,
(2) ′Ep,q1 = Hq(Mp,·), d1 : Hq(Mp,·)→ Hq(Mp+1,·) d±eE/��p�

D1 : Mp,· →Mp+1,·.

~ 1.5.6 � X ´E6/, - Mp,q = Ap,q(X) ´ (p, q) /ª�N. d�VE/����

(∂, ∂), p��üE/Ò´ De Rham E/ (A·(X), d). ·�¡ÌS� ′Er � FrölicherÌS�. d

�,
Ep,q1 = Hq(Ap,·(X), ∂) = Hq(X,Ωp

X).

�� d1 : Ep,q1 → Ep+1,q
1 d ∂ p�, = ∂ : Hq(X,Ωp

X) −→ Hq(X,Ωp+1
X ). �

XJE/ÈL (M ·, F pM ·) p��ÌS�÷v±e^�, @o·�¡Ù3 Er ?òz (De-
generate): é?Û k ≥ r, k dk = 0. d�k Ep,qr = Ep,q∞ = GrFp H

p+q(M ·). 'X; Kähler 6/
þ� Frölicher ÌS�3 E1 òz (�½n 2.2.4).

� A ´ÿÀ�m X þ� Abel +��¤��Æ, F · ´��E/. � U = {Uα}´ X �mC
X. Cp(U,Fq) ´�� Fq � p g C̆ech {ó. ·�kü��f

δ :Cp(U,Fq) −→ Cp+1(U,Fq),

d :Cp(U,Fq) −→ Cp(U,Fq+1).

÷v d2 = δ2 = 0, dδ + δd = 0. Ïdp�VE/

{Cp,q := Cp(U,Fq); δ, d}.

� (C ·(U), D) ´�A�p�E/. dd�?�Úp�Ñ¤¢��þÓN (Hypercohomology)

Hk(X,F ·) := lim
U
Hk
D(C ·(U)).

dd·��±��ü�ÌS� ′Er 9 ′′Er. ·�k
′Ep,q1 = lim

U
Hq
δ (C

·(Fp)) = Hq(X,Fp),
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′′Ep,q1 = lim
U
Hp
d (C

q(F ·)),

±9

′Ep,q2 = Hp
d (H

q(X,F ·)),
′′Ep,q2 = Hp(X,Hq

d(F
·)).

·�3ùpÛ�Ü©'u�þÓN�5�.

·K 1.5.1 � α : F · → G·´ÿÀ�m X þ Abel+�E/�m�N�, K
(1) ·�kp��g,Ó�

Hq(α) : Hq(X,F ·) −→ Hq(X,G·).

(2) XJ α´[Ó�, @oé¤k q, Hq(α)Ñ´Ó�.

d	, ?Ûá�Ü�o´p��þÓN+���Ü�.

'u�þÓN, �k±e²;(Ø.

½n 1.5.2 (Ä� de Rham ½n) � X ´ÿÀ�m, F ´ X þ��, F i
↪→ K·´ F �Û

), @o
Hp(X,F) = Hp(X,K·).

bX Hp(X,Kq) = 0é¤k q±9¤k p > 0¤á, @o·��k;�Ó�

Hp(X,K·) ∼= Hp
DR(X,K·) := Hp

d (Γ(X,K·)),

ùp Γ(X,K·)´�d�N�¡¼f Γp��E/.

~ 1.5.7 � F = C�ÛÜ~ê�, K· ´�X De Rham E/

0 −→ OX
∂−→ ΩX

∂−→ · · · ∂−→ Ωn
X

∂−→ 0.

� i : C→ OX ´�¹N�. �±y² C i→ K· ´ C �Û), l Hk(X,C) = Hk(X,Ω·X). �

�ÙSK
SK 1.1 ò~f 1.1.2�?Øí2� n�E�þ�mþ.

SK 1.2 � X = R3´n�î¼�m, 〈e1, e2, e3〉´ ΩX ��|Ä, gij = (ei, ej)´iùS
È. ��Ñ Hodge�f�äNL�ª.

SK 1.3 y²Ún 1.1.3�(Ø.

SK 1.4 � X = R2´��î¼�m, 〈dx, dy〉´ ΩX �IO��Ä. � α0 = f ∈ A0(X),
α1 = fdx+ gdy ∈ A1(X), α2 = fdx ∧ dy, �O� d∗αk 9 ∆dαk (k = 0, 1, 2).

SK 1.5 y²ª (1-5).

SK 1.6 � E,F ´ä�Ýþ��þm, P : C∞(E) → C∞(F )´�©�f, P ∗´��
�f, y²: P �ÎÒ� P ∗�ÎÒ��, = σP ∗(α) = σP (α)∗, ∀α ∈ ΩX . AO/, e rk(E) =
rk(F ), @o P ´ý����=� P ∗´ý��.
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SK 1.7 � E ´E6/ X þ��X�þm,
(1) y²: ∂E �ÛÜ½ÂØ�6u E �ÛÜIeÀ�.
(2) y²: Ker(∂E : A0,0(E)→ A0,1(E))Ò´ E ��X�¡�N.
(3) �y ∂E �4ÙZ[úª.
(4) �y ∂

2
E = 0.

SK 1.8 � X ´ n�;E6/, α ∈ An,n−1(X)⊕An−1,n(X), y²:
∫
X ∂α =

∫
X ∂α = 0,

¿òT(Øí2��X�þmþ. (J«: |^ Stokesúª9 d = ∂ + ∂)

SK 1.9 y²Ún 1.3.5�(Ø.

SK 1.10 y²ª (1-14).

SK 1.11 � X ´ Kähler6/, Y ´ÙEf6/. y²: Y �´ Kähler6/. ?�Ú, X
J Y ´;�, @o§Ø�U´ X �>..

SK 1.12 � X ´; Kähler6/, E ´�X�þm. y²: �Km P(E)�´; Kähler
6/.

SK 1.13 äN�yíØ 1.4.1.

SK 1.14 b� Z ∈ Grass(k,W ),{ei}1≤i≤k ´ Z �Ä, αZ = e1 ∧ · · · ∧ ek.
(1) y²:

Z = {u ∈W | αZ ∧ u = 0 in
k+1∧

W},

l·K 1.4.2¥� PlückerN�´ü�.
(2) ?�Úy² PlückerN�´�XE\.

SK 1.15 �y~ 1.5.5�Ã(Ø.
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2.1 éó½n

Demailly ½n (ë�½n 1.2.1) ´ïá Hodge nØÄ:�'�óä. 3ù�!¥, ·�Äk

�º�aNÚ/ª��aÓN+�m�'X, ,�|^ù
(Jy² Poicaré éó½n9 Serre
éó½n.

½n 2.1.1 (Hodge Ä�½n) � (X, g)´;iù6/, Hk(X,R)´ de RhamþÓN+.
�H k ´ kg ∆-NÚ/ª�¤��þ�m, K·�kg,Ó�

Φ : H k −→ Hk(X,R), α −→ [α].

y² d½n 1.2.1 ±9 ∆ �g�5, ·�k

Ak(X) = H k ⊕∆(Ak(X)).

8� β ∈ Ak(X) ´4/ª, = dβ = 0. Uþã©)��

β = α+ ∆γ = α+ dd∗γ + d∗dγ,

ùp α ∈H k, γ ∈ Ak(X). d·K 1.2.1, dα = 0. Ï dd∗dγ = 0, � d∗dγ ∈ Imd∗ ∩Kerd. dÚ

n 1.2.2 =� d∗dγ = 0, l β = α+ dd∗γ. dd�� [β] = [α] ∈ Hk(X,R). ùÒy² Φ �÷�
5.

� β ∈ H k ��4/ª, = β = dγ. u´d·K 1.2.1, d∗β = 0. 2gdÚn 1.2.2 íÑ
dγ = 0, = β = 0. ùÒy²
 Φ ´ü�. �

íØ 2.1.1 � X ´;iù6/, K Hk(X,R)´k���.

y² Ï H k = Hk(X,R), �d½n 1.2.1 á�. �

ù
(Ø�±ÏLEzg,LÞ�E�NÚ/ª� Hk(X,C) þ.

Ún 2.1.1 � X ´ n�; Hermite6/, K�3�òz¢V�5N�

Hk(X,R)⊗H2n−k(X,R) −→ R, ([α], [β]) −→
∫
X
α ∧ β.

y² Äk`²Ün5. � α, α̃ ∈ AkR(X), β, β̃ ∈ A2n−k
R (X), ¦� [α] = [α̃] ∈ Hk(X,R) 9

[β] = [β̃] ∈ A2n−k
R (X). Ø�� α− α̃ = dγ, β − β̃ = dµ. Ï∫

X
α ∧ β −

∫
X
α̃ ∧ β̃ =

∫
X
α̃ ∧ dµ+

∫
X
dγ ∧ β̃ +

∫
X
dγ ∧ dµ. (2-1)

5¿� ∫
X
dγ ∧ β̃ =

∫
X
d(γ ∧ β̃)− (−1)d

0γ

∫
X
γ ∧ dβ̃,
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ùp d0γ L« γ �gê. d Stokes ½n9 dβ = 0 á�
∫
X dγ ∧ β̃ = 0. aq�yª (2-1) m>Ù

{��� 0. Ïd ∫
X
α ∧ β =

∫
X
α̃ ∧ β̃.

Ùg, ·�y²Ù´�òz�. ?� α ∈H k, Kd·K 1.2.1(2) �, ∗α ∈H 2n−k. ·�k∫
X
α ∧ ∗α = ‖α‖2L2 > 0.

ÏdTV�5N��òz. �

½n 2.1.2 (Poincaré éó½n) � X ´ n�; Hermite6/, @o·�k

Hk(X,R) ∼= H2n−k(X,R)∗.

y² dÚn 2.1.1, ·�k�5N�

Φ : Hk(X,R) −→ H2n−k(X,R)∗, α −→ (α, ·) =
∫
X
α ∧ ·.

du (α, ·) �òz, � Φ ´ü�. d½n 2.1.1 9íØ 2.1.1, �yþã Φ Ó�, ·��I�y²
dimR H k = dimR H 2n−k.

é?Û α ∈ H k, Ï ∗∆α = ∆(∗α) = 0 (·K 1.2.1), ¤± ∗α ∈ H 2n−k. ùÒp�
�5N
� ∗ : H k →H 2n−k. du ∗2 = (−1)k, Ïdù´Ó�, lüö�ê��. �

5 2.1.1 Poincaré éó½né���½�;6/�¤á. ùp�?Ø; Hermite 6/�
�/. �

íØ 2.1.2 � X ´ n�; Hermite6/, @o·�k

Hk(X,R) ∼= H2n−k(X,R).

y² ù´ de Rham Ó�½n�
\4éó½n���íØ. ·�ùp^B)º�e

de Rham Ó���E. � η ∈ H2n−k(X,Z)/torsion, Z ´ η ��L�, K�½Â H2n−k(X,R) =
H2n−k(X,Z)⊗ R þ��¼∫

Z
: H2n−k(X,R) −→ R, ω −→

∫
Z
ω.

T½Â� η = [Z] ��L�À�Ã'. Ï η �±À� H2n−k(X,R)∗ ¥���, =p�Ó�

H2n−k(X,R) −→ H2n−k(X,R)∗, η = [Z] −→
∫
Z
.

d de Rham ½n, ù�N�´Ó�. �

y3·�òù
(Øí2��X�þmþ. � X ´ n�; Hermite 6/, E ´ X þ Her-
mite �þm. £�d ∂E �fp�� DolbeaultE/

· · ·A0,q−1(E) ∂E−→ A0,q(E) ∂E−→ A0,q+1(E) · · ·

·�½Â DolbeaultþÓN+

Hq(X,E) =
Ker

(
∂ : A0,q(E)→ A0,q+1(E)

)
Im
(
∂ : A0,q−1(E)→ A0,q(E)

) .
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XJ E = Ωp,0
X , @o·��P Hp,q(X) = Hq(X,E).

·�k±eaq�(J (¢Ã�´, y²¿ØN´).

·K 2.1.1 � X ´ n�; Hermite6/, E ´ X þ Hermite�þm. H 0,q(E)´ Ω0,q
X ⊗

E þ� ∆E-NÚ/ª�¤��m, K�3g,Ó�

H 0,q(E) −→ Hq(X,E).

d	, Hq(X,E)´k���.

aq/, ·��U½ÂV�5N�

Hq(X,E)⊗Hn−q(X,E∗ ⊗KX) −→ Hn(X,KX) ∼= C, ([α], [β]) −→
∫
X
α ∧ β.

ùp α ∧ β ´ÏL ¿ E Ú E∗ ⊗KX ��� 2n g�©/ª.

½n 2.1.3 (Serre éó½n) � X ´ n�; Hermite6/, E ´ X þ Hermite�þm.
@o·�k

Hq(X,E) ∼= Hn−q(X,E∗ ⊗KX)∗.

y² y²�½n 2.1.2 aq. ·�3�Öö�¤. �

2.2 Hodge ©)½n

±e·�ob� X ´ Kähler 6/, ω ´ Kähler /ª. ·�^ A k
X L«¢� k g4/ª�

N. ·�®kXeAa Laplace �f ∆d, ∆∂ ±9 ∆∂ . ù�!Äkò�ãdnö�m�'X, ¿

3dÄ:þ�ÑÍ¶� Hodge ©)½n.

Äk·�½Â Lefschetz�f

L : A k
X −→ A k+2, α −→ ω ∧ α.

5 2.2.1 du ω ´4�¢ 2 g�©/ª, ¤±þã½ÂÜn, � L ´¢�f. �

Ún 2.2.1 �3 L����f Λ : A k
X → A k−2

X , ¦�

〈Lα, β〉x = 〈α,Λβ〉x, α ∈ A k−2
X , β ∈ A k

X , x ∈ X,

ùpÝþ 〈, 〉xÒ´d ω3 ΩX,xþp��iùSÈ.

AO/, ·�k Λ = ∗−1L∗ = (−1)k ∗ L∗.

y² d±eÃ�ª

〈Lα, β〉Vol = Lα ∧ ∗β = ω ∧ α ∧ ∗β = α ∧ (ω ∧ ∗β) = α ∧ ∗(∗−1L ∗ β) = 〈α, ∗−1L ∗ β〉

=�(Ø. �

Ún 2.2.2 � η´ (0, 1)g/ª. ·�k

[Λ, (η∧)] = i ∗ (η∧)∗ ∈ Hom(Ωp,q
X ,Ωp−1,q

X ),

ùp [, ]´o)Ò.
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y² Ø���5, ·�� X þkIO~êÝþ (l ω = i
2

∑
i
dzi ∧ dz̄i), η = dz̄1. Äk

·�k (3�Öö�y)

∗(dz̄1∧)∗ = 2 int
(
∂

∂z1

)
(2-2)

9

L ◦ int
(
∂

∂z1

)
− int

(
∂

∂z1

)
◦ L = − i

2
(dz̄1∧) (2-3)

ùp int
(

∂
∂z1

)
´ ¿PÒ.

dÚn 2.2.1 k

[Λ, (η∧)] = ∗−1L ∗ (η∧)− (η∧) ∗−1 L ∗ . (2-4)

dª (2-2) 9ª (2-3),

L ∗ (η∧) = 2L ◦ int
(
∂

∂z1

)
∗−1 = 2 int

(
∂

∂z1

)
◦ L ∗−1 −i(dz̄1∧)∗−1

= ∗(dz̄1∧) ∗ L ∗−1 −i(dz̄1∧) ∗−1 .

òþª�\ (2-4), ¿5¿� ∗L∗−1 = ∗−1L∗, ·���

[Λ, dz̄1] = −i ∗−1 (dz̄1)∗−1 = i ∗ (dz̄1∧) ∗ .

�5¿, ·�ùp�E¦^
Xe¯¢ ∗−1 = (−1)d
0∗. �

~ 2.2.1 �Ä X = Cn �IO~êÝþ, ω = i
2

n∑
k=1

dzk ∧ dz̄k ´ Kähler /ª. � Ak =

i
2dzk ∧ dz̄k. d��O��� (3�Öö�y)

∗−1Ak∗ = −2i int
(

∂

∂zk
∧ ∂

∂z̄k

)
, (2-5)

ùp int ´ ¿�f, ��u�ÑK/ª¥��A�. ·�k

Λ = −2i
n∑
k=1

int
(

∂

∂zk
∧ ∂

∂z̄k

)
. (2-6)

?�Ú, dª (2-5) �� [Ai, ∗−1Aj∗] = 0, i 6= j. Ï

[L,Λ] =
∑
k

[
dzk ∧ dz̄k, int

(
∂

∂zk
∧ ∂

∂z̄k

)]
. (2-7)

Ún 2.3.1 ò�Ñ [L,Λ] = (k − n)Id (3 A k
X þ). �

£��f
∂∗ = − ∗ ∂∗, ∂

∗ = − ∗ ∂ ∗ .

½n 2.2.1 (Hodge �ª)

[Λ, ∂] = −i∂∗, [Λ, ∂] = i∂
∗

y² 5¿�þã Hodge �ª��9�ÝþÝ
Xê����êÜ©, ÏddÚn 1.3.2,
·�Ø��ÄIO~êÝþ�/. 5¿� Λ ´¢�, Ïd

[Λ, ∂](α) = [Λ, ∂](ᾱ).
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ù�, ·��I�y² [Λ, ∂] = −i∂∗. duTªüàÑ´ 1 ��©�f, �Ýþ´~ê, Ï·
��I�y²Tªüàk�Ó�ÎÒ=�. 5¿� 0 ��f�ÎÒÚg��Ó, Ï [Λ, ∂] �Î
Ò� [Λ, σ∂ ],  −i∂∗ �ÎÒ� i ∗ σ∂∗. däNO�ª

∂

∑
I,J

fI,JdzI ∧ dzJ

 =
∑
i,I,J

∂fI,J
∂z̄i

dz̄i ∧ dzI ∧ dzJ

��ÙÎÒ
σ∂ ∈ TX ⊗Hom

(
Ωp,q
X ,Ωp,q+1

X

)
Ò�u

∑
i

∂
∂z̄i
⊗ (dz̄i∧). 8dÚn 2.2.2 á�(Ø. �

ÏL��'X, ·��kÙ¦�
 Hodge �ª.

íØ 2.2.1 [∂∗, L] = −i∂, [∂∗, L] = i∂.

±e½n�Ñ
�a Laplace �f�m�'X.

½n 2.2.2 ∆∂ = ∆∂ = 1
2∆d.

y² d½n 2.2.1, ∂∗ = i(Λ∂ − ∂Λ). Ïd

∂∗∂ = −i∂Λ∂ = −∂∂∗. (2-8)

,��¡,

∆d = (∂ + ∂)(∂∗ + ∂
∗) + (∂∗ + ∂

∗)(∂ + ∂)

= (∂ + ∂)(∂∗ − i[Λ, ∂]) + (∂∗ − i[Λ, ∂])(∂ + ∂)

Ðmþªm>��, ¿|^ª (2-8) 9·K 1.3.1(2), �ª�

∆d = ∆∂ + i∂[Λ, ∂] + i[Λ, ∂]∂.

éþªm>��ü�2g¦^½n 2.2.1 =� ∆d = 2∆∂ . Ón��,��ª. �

þã½n�y²��Ñ
±e(Ø

íØ 2.2.2

∂∗∂ + ∂∂∗ = 0,

∂∂
∗ + ∂

∗
∂ = 0.

íØ 2.2.3 (1) [∆d, L] = [∂, L] = 0.
(2) ∆d(Ap,q(X)) ⊆ Ap,q(X).
(3) é?Û α =

∑
p+q=k

αp,q ∈H k(X), k αp,q ∈H p,q(X).

y² (1) du ω ´ ∂ 4�, �k [∂, L] = 0. d	, dT(Ø��

[∆d, L] = 2([∂∂∗, L] + [∂∗∂, L]) = 2(∂[∂∗, L] + [∂∗, L]∂).

|^íØ 2.2.1 ��þªm>�".
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(2) ∆d = 2∆∂ . �öw,´Vàg�.

(3) 0 = ∆dα =
∑

p+q=k

∆dα
p,q. d (2) á�(Ø. �

íØ 2.2.4 �H p,q ´ (p, q)gNÚ/ª, ·�k±e�Ú©)

H k(X) =
⊕
p+q=k

H p,q.

5¿� H p,q ∼= H 0,q(Ωp,0
X ) ∼= Hq(X,Ωp,0

X ), ¤± H p,q 3 Hk(X,C) ¥�ÓNa�¤��mÓ�
u Hp,q(X) := Hq(X,Ωp,0

X ). 8�XÃAO(², ·�òØ2«©üö.

½n 2.2.3 (Hodge ©)½n) � X ´; Kähler6/, @o Hk(X.C)k±e�Ú©)

Hk(X,C) =
⊕
p+q=k

Hp,q,

÷v Hp,q = Hq,p. ?�Ú, ù�©)� KählerÝþ�À�Ã'. ·�¡T©)� Hodge©).

y² ·�y²T©)� Kähler ÝþÀ�Ã'. �

Kp,q = {[α] ∈ Hk(X,C) | α´ (p, q) .}, p+ q = k.

w� Hp,q ⊆ Kp,q. 8y Kp,q ⊆ Hp,q, Ï Kp,q ∼= Hp,q. du Kp,q � Kähler ÝþÀ�Ã', �
�(Ø.

� [γ] ∈ Kp,q, d½n 1.2.1 ±9 ∆d �g�5, ·�k γ = α+ ∆dβ, ùp α ´NÚ/ª. d
íØ 2.2.3 9 γ �À�, γ = αp,q + ∆dβ

p,q � αp,q ´NÚ/ª. Ï ∆dβ
p,q ´4/ª. qd

∆dβ
p,q = dd∗βp,q + d∗dβp,q,

í� dd∗dβp,q = 0, = d∗dβp,q ∈ Imd∗ ∩ Kerd. dÚn 1.2.2 ��, d∗dβp,q = 0. ù�, γ =
αp,q + dd∗βp,q, l [γ] = [αp,q] ∈ Hk(X,C). ùÒy²
 Kp,q ⊆ Hp,q.

Ù{(ØÑ´w,�, ùpØ2Kã. �

·�¡ hp,q := dimHp,q(X)� X � Hodgeê.

íØ 2.2.5 � X ´; Kähler6/, bk ´ Bettiê.·�k
(1) bk =

∑
p+q=k

hp,q.

(2) hp,q = hq,p.
(3) hp,q = hn−q,n−p, l bk = b2n−k.
(4) b2k+1´óê, b2k > 0.
(5) h1,0 = h0,1 = 1

2b1´ÿÀØCþ.

y² ùp·�`²�e (3), Ù{(ØÑ´w,�. ¯¢þ, d·K 1.2.1 (2) 9 Hodge �

f½Â�Ó� ∗ : Hp,q(X)→ Hn−q,n−p(X) =�(Ø. �

þã(Ø´ Kähler 6/¤I÷v�ê�^�, k��±^d5�E�
� Kähler 6/ ('
X Hopf 6/) �~f.
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~ 2.2.2 (1) � X ´º� g 1w�ê�. ·�k b0 = b2 = 1, b1 = 2g, h1,0 = h0,1 = g.
N´O� χtop(X) = 2− 2g. AO/,

H1(X,C) ∼= H1,0(X)⊕H1,0(X).

H1,0(X) d g ��5Ã'�X 1-/ª)¤.
(2) � X ´1w�K�ê¡. ·�k b0 = b4 = 1, b1 = b3 = 2q, b2 = 2pg+h1,1, h1,0 = h0,1 = q,
h2,0 = h0,2 = pg. î.ÿÀ«5ê χtop(X) = 2− 4q + 2pg + h1,1. du Kähler /ªá3 H1,1 ¥,
¤± h1,1 > 0. �

~ 2.2.3 � X ´; Kähler 6/. d�ê�Ü�

0 −→ Z −→ OX −→ O∗X −→ 0

p���
c1 : H1(X,O∗X)→ H2(X,Z), L −→ c1(L).

d²;(J, �X�m L éA��a c1(L) Ò´Ù Chern/ª. Imc1 ¡� Néron-Severi+. |
^ Hodge ©), ·�k

Imc1 = Ker(H2(X,Z)→ H2(X,OX))

= Ker(H2(X,C)→ H0,2(X)) ∩H2(X,Z)

= (H1,1(X)⊕H2,0(X)) ∩H2(X,Z)

= H1,1(X) ∩H2(X,Z).

Kerc1 ¡� Picardq, �P� Pic0(X). d�ê�Ü���

Pic0(X) ∼= H1(X,OX)/H1(X,Z) ∼= H0,1(X)/H1(X,Z).

Ï Pic0(X) ´E�¡. �

~ 2.2.4 � X ´E n� Calabi-Yau 6/, =äk²�;�m�E n�; Kähler 6/.
� Ω ∈ H0(X,KX) ´)¤�, @o Ω ´??�"��X n-/ª. Ïdd ¿N��p�Ó�

Ω : TX ∼= Ωn−1
X ,

l�p�ÓN+�Ó�
Ω : H1(X,TX) ∼= H1(X,Ωn−1

X ).

d	, ·�k hp,0 = hn−p,0 ±9 hn,0 = h0,0 = 1.

K3 ¡´E 2� Calabi-Yau 6/, b1(X) = 0. dd�� h2,0 = h0,0 = 1, h1,0 = 0, Ïî
.«5ê χ = h1,1 + 4. d� h1(X,TX) = h1,1. �

£�~ 1.5.6 ¥ (A·(X), d) ¤éA� Frölicher ÌS�. � X ´; Kähler 6/�,

Ep,q∞ = GrFp H
p+q(X) = Hp,q(X) ∼= Hq(X,Ωp

X).

·�k±e(J.

½n 2.2.4 � X ´; Kähler6/, @o X � FrölicherÌS�3 E1?òz.
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y² 5¿� Ep,qi+1 = Kerdi/Imdi, � dimEp,qi ≤ dimEp,qi−1. dc¡?Ø, dimEp,q∞ =
dimEp,q1 . Ïdé¤k (p, q), þãÃØ�ª��ÒÑ7L¤á, ùÒíÑ di = 0, ∀i ≥ 1. �

5 2.2.2 Frölicher ÌS�3 E1 ?òz�du

F pHk(X,C)/F p+1Hk(X,C) = Hq(X,Ωp
X), k = p+ q,

±9 bk =
∑

p+q=k

hp,q. �-<¢Ã�´, §Ã{íÑ hp,q = hq,p, �Ã{�� Hodge ©). �

�� Hodge ½n���k�~f, ·�5O� Pn �þÓN+ Hk(Pn,Z). O�¥I�^
�¤¢� ThomÓ�½n, ùp{�0��e. � M ´ n�k�.6/, =�3k�mCX
{Ui}ki=1, ¦�?Û��k�� Uα1 , · · · , Uαp

Ñ�©Ó�u Rn. � E → M ´¢�� r ��½�

�þm, 0E ´Ù"�¡.

½n 2.2.5 (Thom Ó�½n) 3þãb�^�e, ·�kÓ�

Hj(E,E − 0E) ∼= Hj−r(M), ∀j.

íØ 2.2.6 � X ´;E6/, Z ⊂ X ´{�ê� r�4Ef6/, � Z �{m NZ/X →
Z �½�. ·�k

Hj(X,X − Z,Z) ∼= Hj−2r(Z,Z).

AO/, � j < 2r�, �éþÓN Hj(X,X − Z,Z) ∼= 0.

y² �Ä Z �+G�� T , ¦� T �©Ó�u Z �{m, 0N ∼= Z. d�Ø½n

Hj(X,X − Z,Z) ∼= Hj(T, T − Z,Z) = Hj(NZ/X , NZ/X − 0N ).

,��¡, d Thom Ó�½n,

Hj(NZ/X , NZ/X − 0N ,Z) ∼= Hj−2r(Z,Z).

ùÒ��¤�(Ø. �

y3£�·��k�¯K. - X = Pn, Z = Pn−1, X − Z = Cn. �Ä (X,X − Z) ��éÛ

ÉþÓN+

· · · −→ Hk−1(X,Z) −→ Hk−1(X − Z,Z) −→ Hk(X,X − Z,Z) −→ Hk(X,Z) −→ · · · .

díØ 2.2.6, Hk(X,X − Z,Z) ∼= Hk−2(Z,Z). 5¿� Cn ´� �, Ïd Hk−1(X − Z,Z) = 0.
ù�, ·���

Hk(Pn,Z) ∼= Hk−2(Pn−1,Z), k ≥ 1.

y3d8B{, ·��±��±e(Ø.

íØ 2.2.7

hk(Pn,Z) =

{
0, k´Ûê,
1, k´óê.

?�Ú, � H = c1(OPn(1)), @o H2p(Pn,Z) = ZHp (p ≤ n). AO/, H2p(Pn,Z)�þÓNaÑ
´ (p, p)..
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2.3 Lefschetz ©)½n

� X ´ n� Kähler 6/, L ´ Lefschetz �f, Λ ´Ù���f.

Ún 2.3.1 é Lr : A k → A k+2r, ·�k

[Lr,Λ] = (r(k − n) + r(r − 1))Lr−1

y² r = 1 ��/5gué (2-7) ���O�, ·�3�Öö�y. ���/�±ÏLX

eúª8B�� [Lr,Λ] = L[Lr−1,Λ] + [L,Λ]Lr−1. �

·K 2.3.1 ·�k±eÓ�

Ln−k : Ωk
X,R → Ω2n−k

X,R ,

lkÓ�

Ln−k : A k −→ A 2n−k.

y² ·��Ly Ln−k : Ωk
X,R → Ω2n−k

X,R ´ü�=�. � k = 0 �, ù´w,�. 8é k

�8B{, =b�é < k ��/®y. XJ Ln−k Ø´ü�, @o�é������ê r ¦�
Lr : Ωk

X,R → Ω2n−k
X,R Ø´ü�, l r ≤ n − k. � α ∈ Ωk

X,R ¦� Lr(α) = 0 � α 6= 0. dÚn
2.3.1 ��,

LrΛα− (r(k − n) + r(r − 1))Lr−1α = ΛLrα = 0.

Ï
Lr−1(LΛα− (r(k − n) + r(r − 1))α) = 0.

d r �4�5í�

LΛα− (r(k − n) + r(r − 1))α = 0.

5¿� (k − n) + (r − 1) 6= 0, Ïd α = Lβ, ùp β ∈ Ωk−2
X,R. ùÒíÑ Lr+1β = 0.

,��¡, d8Bb�, Ln−k+2 : Ωk−2
X,R → Ω2n−k+2

X,R ´ü�,  r+ 1 < n− k+ 2, �k β = 0
9 α = 0, gñ! Ïd Ln−k : Ωk

X,R → Ω2n−k
X,R ´ü�. nþ��, T(Øé?Û�/Ñ¤á. �

� α ∈ Ωk
X,R, k ≤ n. XJ Ln−k+1α = 0, @o α ¡���� (Primitive).

Ún 2.3.2 � α ∈ Ωk
X,R (k ≤ n), K α´�����=� Λα = 0.

y² - r = n− k + 1, dÚn 2.3.1, ·�k

[Lr,Λ]α = (r(k − n) + r(r − 1))Lr−1α = 0,

1���Ò5gu (k − n) + (r − 1) = 0. Ï LrΛα = 0 ��=� ΛLrα = 0.

,��¡, Ï r < n− k + 2, �d·K 2.3.1 �, Lr(Λα) = 0 ��=� Λα = 0. d��5, Λ
3 Ω2n−k+2

X,R þ´ü�, Ï ΛLrα = 0 ��=� Lrα = 0. nþ=�(Ø. �

5 2.3.1 Lefschetz �f9Ù���fw,��±g,½Â�Ez�m Ω2
X,C þ, Ïd��

/ª�Vg9�O^����Ñkg,í2. �
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½n 2.3.1 (Lefschetz ©)) é?Û α ∈ Ωk
X,R, �3���©)

α =
∑
r

Lrαr,

ùp αr ∈ Ωk−2r
X,R ´���, max(k − n, 0) ≤ r ≤ k

2 .

y² egê d0α := k > n, Kd·K 2.3.1, α = Lk−nβ, ùpgê d0β = 2n− k < n. Ï

y²�±8(� d0α ≤ n ��/.

ky©)��35. Ln−k+1α ∈ Ω2n−k+2
X,R . d·K 2.3.1, �3 β ∈ Ωk−2

X,R, ¦� Ln−k+2β =
Ln−k+1α, = Ln−k+1(α− Lβ) = 0. Ï α− Lβ ´���. - α0 = α− Lβ, = α = Lβ + α0. é
β �aq?Ø, �daí=�©).

2y��5. �
∑
r
Lrαr = 0, k ≤ n, Ã αr ���. � r0 ´Ñy3

∑
r
Lrαr ¥���

eI. e r0 ≥ 1, K L(
∑
r
Lr−1αr) = 0, l

∑
r
Lr−1αr = 0. ù�, ·��±ò8B{^�∑

r
Lr−1αr = 0 þ. e r0 = 0, K α0 ´ k g��/ª, = Ln−k+1α0 = 0. ù�

Ln−k+2
∑
r>0

Lr−1α = Ln−k+1
∑
r>0

Lrαr = 0.

2gd·K 2.3.1 ��
∑
r>0

Lr−1αr = 0, l��8B{uÙþ. �

5 2.3.2 (1) éE/ª α =
∑

p+q=k

αp,q ∈ Ωk
X,C, �Ä Lefschetz©) α =

∑
r
Lrαr. Ø��

αr =
∑

p+q=r
αp,qr . ·�k αp,q =

∑
r
Lrαp−r,q−rr .

(2) � ω ´ X � Kähler /ª. é α ∈ A k, ω ∧ dα = d(ω ∧ α). ùÒp�
N�

L : Hk(X,R) −→ Hk+2(X,R).

~ 2.3.1 � X = Cn kIO Kähler Ýþ, Ù Kähler /ª� ω = i
2

∑
i
, dzi ∧ dz̄i. 8�

α ∈ Ω2
X,C, ·��±��

α =
∑
i<j

aijdzi ∧ dzj +
∑
i<j

bijdz̄i ∧ dz̄j +
∑
i,j

cijdzi ∧ dz̄j .

d~ 2.2.1, Λα = −2i
n∑
k=1

ckk. ,��¡,

Ln−1α =
(−2i

n∑
k=1

ckk)

n
ωn.

ù�, α ´��/ª��=�
n∑
k=1

ckk = 0.

�
α1 =

1
n

(−2i
∑
k

ckk), α0 = α− Lα1,

ùÒ�� α � Lefschetz ©) α = Lα1 + α0. �

½n 2.3.2 (r Lefschetz ½n) � X ´ n�; Kähler6/. ·�k±eÓ�

Ln−k : Hk(X,R) −→ H2n−k(X,R).
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y² díØ 2.2.3 � [∆d, L] = 0, � Ln−k òNÚ/ªN�NÚ/ª. ù�, ·�k±e

ÜnN� Ln−k : H k(X)→H 2n−k(X). d·K 2.3.1 � Ln−k ´ü�, �þãN�´Ó�. 2d
½n 2.1.1 =�(Ø. �

daq�?Ø, ·�k

½n 2.3.3 (Lefschetz ©)½n) � X ´ n�; Kähler6/, [α] ∈ Hk(X,R), K�3�
��©)

α =
∑
r

Lrαr,

ùp [αr] ∈ Hk−2r(X,R), max(k − n, 0) ≤ r ≤ k
2 , ¿� [αr]3ÓN¿Âe´���, =

[Ln−k+2r+1αr] = [0] ∈ H2n−k+2r+2(X,R).

5 2.3.3 k���Bå�, ·�P (r ≤ n)

ArX prim := KerLn−r+1 ⊆ ArX ,

Hr(X,C)prim := KerLn−r+1 ⊆ Hr(X,C).

Hr(X,C)prim ¡���þÓN (Primitive cohomology). ù�, ½n 2.3.1 �½n 2.3.3 �U��

AkX
∼=

⊕
k−2r≥0

LrAk−2r
X prim,

Hk(X,C) ∼=
⊕

k−2r≥0

LrHk−2r(X,C)prim. �

e¡�(Ø�Ñ
 Lefschetz �fÚ Hodge �f�m�'X.

·K 2.3.2 � γ ∈ Ωp,q
X ⊆ Ωk

X,R ⊗ C´���, @o

∗γ = (−1)
k(k+1)

2 ip−q
Ln−k

(n− k)!
γ.

y² y²5gu��O��ªüà. �uO�E,5, ·�Ø2äNÐm. Öö�±Ï
LSK 2.5 ��Ú�¤�y. �

2.4 Hodge �I½n

� X ´ n�; Kähler 6/, ω ´ Kähler /ª, L ´ Lefschetz �f. � α, β ∈ Hk(X.R). ·
�½Â

Q(α, β) =
∫
X
Ln−kα ∧ β =

∫
X
ωn−k ∧ α ∧ β.

ùÒ�Ñ
 Hk(X,R) þ���.. ù�½Âw,��±òÿ� Hk(X,C) þ. dd�±p�
Hk(X,C) þ� Hermite /ª

Hk(α, β) = ikQ(α, β̄), ∀α, β ∈ Hk(X,C).

Ún 2.4.1 � α, β ∈ Hp,q(X) ⊆ Hk(X,C)Ñ´���, K

Hk(α, β) = (n− k)! · (−1)
k(k−1)

2 · (−i)p−q−k · (α, β)L2 .
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y² ù´·K 2.3.2 ���íØ. �

·K 2.4.1 Lefschetz©)

Hk(X,C) ∼=
⊕

k−2r≥0

LrHk−2r(X,C)prim

3 Hk e´���Ú©). d	, Hk ��3 LrHk−2r(X,C)primþ��u (−1)rHk−2r.

y² (1) � α = Lrα′, β = Lsβ′, α′ ∈ Hk−2r(X,C)prim, β′ ∈ Hk−2s(X,C)prim, r < s. u
´ Ln−kα∧ β = (Ln−k+r+sα′)∧ β′. 5¿� n− k+ 2r < n− k+ r+ s, Ïd Ln−k+r+sα′ = 0. ù
ÒíÑ Hk(α, β) = 0.

� α, β ∈ Hk−2r(X,C)prim, K

Hk(Lrα,Lrβ) = ikQ(Lrα,Lrβ̄) = ik
∫
X
Ln−k+2rα ∧ β̄ = ikQ(α, β̄) = (−1)rHk−2r(α, β).

ùÒy²
(Ø. �

·K 2.4.2 �

Hp,q
prim := Hk(X,C)prim ∩Hp,q(X),

@o

(1) Hodge©)
Hk(X,C) =

⊕
p+q=k

Hp,q(X)

3 Hk e´���Ú©).
(2) (−1)

k(k−1)
2 ip−q−kHk 3 Hp,q

primþ´�½�.

y² (1) � αp,q, βp
′,q′ ∈ Hk(X,C), p+ q = p′ + q′ = k, p > p′. Ï Ln−kαp,q ∧ βp′,q′ ´

(n− k+ p+ q′, n− k+ p′ + q) ., ½= (n+ p− p′, n+ p′ − p) .. 5¿� n+ p− p′ > n, Ïdþ

ã/ª�u", l Hk(αp,q, βp
′,q′) = 0.

(2) ´Ún 2.4.1 ���íØ. �

íØ 2.4.1 Hk(X,C)3 Hk ekXe���Ú©)

Hk(X,C) =
⊕
2r≤k

⊕
p+q=k−2r

LrHp,q
prim.

3 Hn(X,R) þ, Q(α, β) =
∫
X α ∧ β. XJ n ´óê, @o��. Q ´é¡�.

½n 2.4.1 (Hodge �I½n) � n´óê, @o3 Hn(X,R)þ, ��. Q�ÎÒ�

sign(Q) =
∑
a,b

(−1)aha,b(X).

y² � H(α, β) =
∫
X α ∧ β̄. §´ Hn(X,C) þ� Hermite ., �äk� Q �Ó�ÎÒ

�. díØ 2.4.1 ����Ú©), ·��I©OO��©)�þ�ÎÒ�.

d·K 2.4.1 ��

sign(H |LrHa,b
prim

) = (−1)
n

2 sign(Hn |LrHa,b
prim

) = (−1)
n

2
+rsign(Hn−2r |Ha,b

prim
).
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?�Ú, d·K 2.4.2 (2) ��

sign(H |LrHa,b
prim

) = (−1)bha,bprim = (−1)aha,bprim, a+ b = n− 2r.

ù�

sign(Q) =
n/2∑
r=0

∑
a+b=n−2r

(−1)aha,bprim.

,��¡, d
Ha,b =

⊕
k≥0

LkHa−k,b−k
prim

��
ha,b = ha,bprim +

∑
k≥1

ha−k,b−kprim .

Ónk
ha−1,b−1 =

∑
k≥1

ha−k,b−kprim .

ù�Òk ha,bprim = ha,b − ha−1,b−1. Ï

sign(Q) =
n/2∑
r=0

∑
a+b=n−2r

(−1)a(ha,b − ha−1,b−1)

=
n/2∑
r=0

∑
a+b=n−2r

(−1)aha,b +
n/2∑
r=0

∑
a+b=n−2r

(−1)a−1ha−1,b−1

=
n/2∑
r=0

∑
a+b=n−2r

(−1)aha,b +
n/2∑
r=1

∑
a+b=n−2r

(−1)aha,b

=
∑
a+b=n

(−1)aha,b + 2
n/2∑
r=1

∑
a+b=n−2r

(−1)aha,b.

|^ Poincaré éó½n,

2
n/2∑
r=1

∑
a+b=n−2r

(−1)aha,b =
∑

a+b≡0 (mod 2)

(−1)aha,b −
∑
a+b=n

(−1)aha,b.

dE�Ý^�, ∑
a+b≡1 (mod 2)

(−1)aha,b = 0.

ù�Ò�� sign(Q) =
∑
a,b

(−1)aha,b. �

~ 2.4.1 �Ä;1w�K�ê¡ X, ·�k

sign(Q) = 2 + 2h2,0 − h1,1,

χtop(X) = 2 + 2h2,0 + h1,1 − 4h1,0,

χ(OX) = 1− h1,0 + h2,0.
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dìAúª�� sign(Q) = K2
X − 8χ(OX).

d½n 2.4.1, H1,1(X) þ���.�ÎÒTÐd�� +1 ÚeZ −1 �¤. ùÒ�Ñ�ê

¡þ²;/ª� Hodge �I½n. �

2.5 Hodge (�

� VZ ´k���gd Abel +, VC = VZ ⊗ C. XJ VC k±e©), K¡��� k��

Hodge(� ({¡ HS):

VC =
⊕
p+q=k

V p,q, (2-9)

÷v V p,q = V q,p. dù�©)�p�¤¢� HodgeÈL F ·V :

VC = F 0VC ⊃ F 1VC ⊃ · · ·F kVC ⊃ F k+1VC = 0,

ùp
F pVC =

⊕
r≥p

V r,k−r.

N´�y,

VC = F pVC ⊕ F k−p+1VC, (2-10)

V p,q = F pVC ∩ F qVC. (2-11)

XJ (VZ, F
·VC) ´� 2n � Hodge (�, @o·�ò V ¥ (n, n) .��a¡� Hodgea

(Hodge class), ¿ò§��¤��mP�

Hdg(V) := VZ ∩ V n,n = VZ ∩ FnVC. (2-12)

�¡�Ù!¥, ·�ò�[0�A«�� Hodge a, 'X4óa!�a�. ùpØ2Kã.

~ 2.5.1 � X ´; Kähler 6/, VZ = Hk(X,Z) ´� k � Hodge (�. � F pAk(X) ´
d¤k (r, k − r) g/ª ( r ≥ p) �Ú)¤��m. ·�k

F pHk(X,C) =
Ker(d : F pAk(X)→ F pAk+1(X))
Im(d : F pAk−1(X)→ F pAk(X))

. (2-13)

(3�Öö�y) �

~ 2.5.2 ·�P Z(−k)�� 2k � 1� Hodge (�, äN½ÂXe: � VZ = (2πi)−kZ,
VC = C = V k,k. 'Xéu n�;E6/ X, H2n(X) ∼= Z(−n). �

b� VZ þk��. Q, ·��±ò Q g,òÿ� VC þ. XJ Q ÷v±eÃ^�, @o·
�¡ (VZ, F

pVC)��4z Hodge(�:
(1) Q(α, β) = (−1)kQ(β, α), α, β ∈ VZ;
(2) � H(α, β) = ikQ(α, β̄) ´d Q p�� Hermite ., Kª (2-9) ´ H e����Ú©);
(3) é?Û α ∈ V p,q, k

ip−q−k · (−1)
k(k−1)

2 H(α, α) > 0.
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5 2.5.1 k��Ö��B§·��~æ^¤¢� Weil�f C, §´ VC þ��5�

f, �÷v Cx = ip−qx, ∀x ∈ V p,q. ´� C ò VR N� VR. ù�, 4z^� (3) ��±��
(−1)

k(k−1)
2 Q(Cα, ᾱ) > 0 ½ö (−1)

k(k+1)
2 Q(α,Cα) > 0. �5¿, 3ØÓ�Öp, ��. Q ½öé

A� Hermite .k��U¬�ùp�½Â�����KÒ. �

·�Äk�	� 1 �� Hodge (� VZ, k©)

VC = V 1,0 ⊕ V 0,1, V 0,1 = V 1,0.

Ïd VC ´óê��, Ø�� dimC VC = 2g. d�¹'X V 1,0 ⊆ VC �p�éóÝ�

i : V ∗C −→ (V 1,0)∗,

ÙØ Keri = (V 0,1)∗. d Hodge (��� V ∗R ∩ (V 0,1)∗ = 0, Ï i p�
 R-Ó� i : V ∗R →
(V 1,0)∗ � i(V ∗Z ) ⊆ (V 1,0)∗ ´äk4����. ·�¡ AlbVC := (V 1,0)∗/i(V ∗Z )�T Hodge (�
� Albaneseq.

?�Úb�þã� Hodge (�´4z�, @o��. Q ¤I÷v�^���u
(1) Q ´�é¡V�5.;
(2) Q(ξ, ξ′) = 0, ∀ξ, ξ′ ∈ V 1,0;
(3) iQ(ξ, ξ̄) > 0, ∀ξ ∈ V 1,0, ξ 6= 0.
3 VZ ��|;�Äe, Q �±L¤XeÝ
(

O ∆
−∆ O

)
,

ùp ∆ = diag[δ1, · · · , δg] ´ g �é�
. ·�¡ Q� ∆.4z; XJ¤k δi ��u 1, K¡�

�Ì4z.

Ø � b � α1, · · · , αg, β1, · · · , βg ´ VZ ¥ é A ∆ . 4 z � � | ; � Ä. � ϕ1, · · · , ϕg ´
V 1,0 ��|Ä, K�ò ϕk L� αi, βj ��5|Ü,

(ϕ1, · · · , ϕg) = (α1, · · · , βg)Ω,

ùp Ω ´ (2g × g) �Ý
, ¡��±ÏÝ
. -

Ω =

(
Ω1

Ω2

)
,

ùp Ωi ´ g ��
. ∆ .4z�du�ÑXe^�

(1) Ωt
1∆Ω2 ´é¡Ý
;

(2) i(Ωt
1∆Ω2 − Ωt

2∆Ω1) ´ Hermite �½Ý
.
��^�íÑ Ω1 ´�_�. ·�� V 1,0 �,�|Ä

(ϕ′1, · · · , ϕ′g) = (ϕ1, · · · , ϕg)Ω−1
1 ∆−1,

K#�±ÏÝ
/X

Ω′ =

(
∆−1

Z

)
.

ù�, 4z^��du
Z = Zt, ImZ > 0.
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ù|^�¡�iù±Ï^�, ÷vT^�� g �E�
�¤�8Ü¡� Siegelþ��m Dg. þ

ã ϕ′1, · · · , ϕ′g ±9±ÏÝ
 Ω′ ¡�'u;�Ä α1, · · · , βg �5�z.

?�Ú, éuÌ4z�/, b�ü|;�Ä�'X�

(α1, · · · , βg) = (α′1, · · · , β′g)σ, σ =

(
A B

C D

)
∈ Sp(g,Z), (2-14)

¿�#±ÏÝ
éA Z ′, @o Z ′ = (DZ + C)(BZ +A)−1 (3�Öö�y). ù�, Sp(g,Z) �Ñ

 Dg þ�+�^. 5¿� ±Ig �^´²��, Ïdp��+ Γg = Sp(g,Z)/{±Ig}��^. ·
�òû�m Dg = Dg/Γg ¡�TÌ4z Hodge (��±Ï� (Period domain).

~ 2.5.3 � X ;iù¡. H1(X,C) k� 1 �Ì4z Hodge (�. §���.�

Q(α, β) =
∫
X
α ∧ β, α, β ∈ H1(X).

|^
\4éó�±�y, c¡½Â�±ÏÝ
¢Sþ�²;�ê�nØ¥�éAVg (3�

���"+�^e) ´���. �

y3·�?Ø� 2 �4z Hodge (�. � Q ´ VZ þ�é¡��.. Hodge ©)�

VC = V 2,0 ⊕ V 1,1 ⊕ V 0,2, V 0,2 = V 2,0, V 1,1 = V 1,1.

ù�©)3 Hermite . H(α, β) = Q(α, β̄) e´���Ú©), ¿� H 3 V 1,1 þK½, 3 H 3
V 2,0 9 V 0,2 þ�½ (�5¿ùp� H �c¡�½Â���KÒ).

�L5, ���k���. Q �� 2 4z Hodge (���±d���� h2,0 �÷v±e^
��Ef�m V 2,0��(½ (�y3�Öö):
(1) Q(α, α) = 0, ∀α ∈ V 2,0,
(2) H(α, α) > 0, ∀α ∈ V 2,0, α 6= 0,
(3) Q �ÎÒ�� (2h2,0, h1,1).
AO/, XJ?�Ú�¦ h2,0 = 1, @o (VZ,Q) þ÷vÃ^��¤k� 2 4z Hodge (�/¤
¤¢�±Ï�

D = {ω ∈ P(VC) | Q(ω, ω) = 0, Q(ω, ω̄) > 0}.

D´��E6/. ùp� ω �±À� V 2,0 �)¤�.

� (VZ, F
pVC) Ú (WZ, F

pWC) ©O´� n Ú m = n+ 2r � Hodge (�, φ : VZ →WZ ´+

Ó�. XJ φ �±*¿� C-�5Ó� φ : VC →WC, �÷v

φ(V p,q) ⊆W p+r,q+r,

@o·�Ò¡ φ� (r, r) .� Hodge(���. XJ r = 0, K��¡� Hodge (���. ·�
k±e�
5� (3�Öö�y).

·K 2.5.1 � φ´ (r, r).� Hodge(���, @o·�k
(1) Imφ ∩ F k+rWC = φ(F kVC).
(2) (Imφ)p+r,q+r = Imφ ∩W p+r,q+r = φ(V p,q).
(3) Imφ =

⊕
p+q=n

(Imφ)p+r,q+r.
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·K 2.5.2 �KZ = Kerφ ⊆ VZ, KC = KZ ⊗ C ⊆ VC. � F pKC = KC ∩ F pVC, K
(KZ, F

pKC)�¤ Hodge(�, =KC =
⊕

p+q=n
Kp,q, d?Kp,q = F pKC ∩ F qKC.

éu Corkerφ, ·��kaq�(J.

·K 2.5.3 �WQ´kn4z Hodge(�, VQ ⊆ WQ´f Hodge(�, @o VQ�´4

z�. ?�Ú, � V ⊥Q ⊆ WQ´ VQ3kn��. Qe���Ö�m, K V ⊥Q �´WQ�f

Hodge(�.

~ 2.5.4 � π : X → Y ´; Kähler 6/�m��XN�. ·�w,k.£N�

π∗ : Hk(Y,R) −→ Hk(X,R).

π∗ p � 
 (0, 0) . � Hodge ( � � �. A O /, X J π ´ � X ÷ �, @ o � ± y ² π∗ :
Hk(Y,Q)→ Hk(X,Q) ´ü� (�SK 2.14).

,��¡, π p�
ÛÉÓN�m��� (dimX = n)

π∗ : H2n−k(X,Z) −→ H2n−k(Y,Z), (ψ : ∆l → X) −→ π∗(ψ) = π ◦ ψ,

ùp ψ ´ÛÉó. � dimY = n + r, |^þã��9
\4éó½n, ·���¤¢� Gysin
��

π∗ : Hk(Y,Z) −→ Hk+2r(X,Z).

�±�y, Gysin ��p�
 (r, r) . Hodge (��� (�SK 2.15). �

� V Ú V ′ ©O´� k Ú l � Hodge (�, ·��±½Â V ⊗ V ′ ��� k + l � Hodge (
�, ¡� Hodge(�ÜþÈ: (V ⊗ V ′)Z = VZ ⊗Z V

′
Z,

F p(V ⊗ V ′)C =
∑

r+s=p
F rVC ⊗C F

sV ′C.

��ª�du
(V ⊗ V ′)p,q =

∑
r+s=p,u+v=q

V r,u ⊗ V ′s,v.

Ó�/, ·���½Â Hom(V, V ′) ��� l − k � Hodge (�:{
Hom(V, V ′)Z = HomZ(VZ, V

′
Z),

F pHom(V, V ′)C = {f : VC → V ′C | f(F iVC) ⊆ F i+pV ′C,∀i}.

~ 2.5.5 � V ´� k � Hodge (�. £�~ 2.5.2 ½Â� Z(−n). - V (−n) := V ⊗
Z(−n), K V (−n) ´� k + 2n � Hodge (�,

VC(−n)p,q = V p−n,q−n ⊗ V n,n, p+ q = 2n+ k.

d ¿N�, ·���g,� (−n,−n) . Hodge (��� φ : V (−n)→ V . ù�, é?Û (n, n)
.� Hodge (��� ψ : V →W , ·�Ñ�±p� Hodge (��� ψφ : V (−n)→W . �

~ 2.5.6 � X ´ n�; Kähler 6/. d Poincaré éó½n, ·���� 2n � Hodge (
����

Hk(X)⊗H2n−k(X) −→ Z(−n).
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§ò H2n−k(X) � Hom(Hk(X),Z(−n)) �Óå5. �

Hodge (�ÜþÈ���²;~f5gu Künnethúª.

½n 2.5.1 (Künneth úª) � X Ú Y ´ÛÜ� ÿÀ�m (=z�:ÑkÛÜ� Ä),
�þÓN H∗(X,Z)´k�)¤�, Kd�ÈN� Hp(X,Z) ⊗ Hq(Y,Z) → Hp+q(X × Y,Z) (3
�KL��)�p�XeÓ�

Hn(X × Y,Z) =
⊕
p+q=n

Hp(X,Z)⊗Hq(Y,Z).

~ 2.5.7 b� X,Y ´; Kähler 6/, @o Hp(X)⊗Hq(Y ) ´ Hp+q(X ×Y ) �f Hodge
(�, §Ó�u Hp(X) � Hq(Y ) � Hodge (�ÜþÈ. ?�Ú, � dimX = n, @od
\4
éó Hp(X,Z) ∼= (H2n−p(X,Z))∗ (�KL�), ·�k

Hp(X,Z)⊗Hq(Y,Z) ∼= Hom(H2n−p(X,Z),Hq(Y,Z)).

�5¿, þª�¦�KL�. �

Künneth úª¢Sþ´ Leray-Hirsch½n���íØ.·�3ùp{�0��eT½n. �
X ´ÛÜ� �m, φ : Y → X ´n�z. d X �ÛÜ� 5, éz: x ∈ X, �3 x ���
Ux, ¦� φ−1(Ux) ∼= Yx × Ux, d? Yx = φ−1(x). ·�b� H∗(Yx,Z) ´ÃL�.

½n 2.5.2 (Leray-Hirsch ½n) b��3ÓNa

α1, · · · , αN ∈ H∗(Y,Z)

÷v±e^�: éz: x ∈ X, dÃ αi)¤�f+ A ⊂ H∗(Y,Z)3��N�eÓ�u
H∗(Yx,Z). @o H∗(Y )´� H∗(X)þ��, �±Ã αi�)¤�. �ó�,

H∗(Y,Z) ∼= A⊗H∗(X,Z).

(ÜíØ 2.2.7 ±9 Leray-Hirsch ½n 2.5.2, ·�k

Ún 2.5.1 � π̄ : E → X ´E6/ X þ�� (r − 1)�Km, @oþÓN+ H∗(E,Z)´
� H∗(X,Z)þ± 1, h, · · · , hr−1�Ä�gd�. AO/, .£N�

π̄∗ : H∗(X,Z) −→ H∗(E,Z)

´ü�.

b� X ´E Kähler 6/, Z ⊂ X ´{�ê� r �Ef6/. ·��±��÷X Z ��u
τ : X̃Z → X, Ù~	Øf E = τ−1(Z) ´�� (r − 1) ��Km, ¿��´ X̃Z ¥�1w�

¡. � X ´�ê¡� Z ´:�, ùÒ´·�¤Ù��¡þ1w:��u. ·�P�¹N�
j : E ↪→ X̃Z 9 jZ : Z ↪→ X, ¿� h = c1(OE(1)) ∈ H2(E,Z). d� hi ∈ H2i(E,Z). §p���

ÈN�´ Hodge (���.

·K 2.5.4 � X ´; Kähler 6/, ·�k Hodge (��Ó���

Hk(X,Z)⊕

(
r−2⊕
i=0

Hk−2i−2(Z,Z)

)
τ∗+

P
i j∗◦hi◦τ |∗E−→ Hk(X̃Z ,Z).
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y² ·�ùpÌ�y²þã��´ Z-�Ó�. �{��yó�3�Öö�¤. -

U = X − Z, w� U ∼= X̃Z − E. díØ 2.2.6, ·�k

Hk(X,U) ∼= Hk−2r(Z), Hk(X̃Z , U) ∼= Hk−2(E).

ù�, ·�k±e�éþÓN�Ü����ã

Hk−1(U) //

τ∗U=id

��

Hk−2r(Z)
jZ∗ //

α

��

Hk(X) //

τ∗X
��

Hk(U)

τ∗U=id

��
Hk−1(U) // Hk−2(E)

j∗ // Hk(X̃Z) // Hk(U).

ùp (dÚn 2.5.1)

α : Hk−2r(Z) −→ Hk−2(E) =
r−1⊕
i=0

hiτ∗Hk−2−2i(Z)

´ü�. dSK 2.14, τ∗X : Hk(X)→ Hk(X̃Z) �´ü�. ·�p�g,��

(τ∗, j∗) : Hk(X)⊕Hk−2(E) −→ Hk(X̃Z).

·�5`²ù´�÷�. aq�Ä�Ü���ã
Hk(X) //

τ∗X
��

Hk(U) //

τ∗U=id

��

Hk+1(Z)

τ∗Z
��

Hk(X̃Z)
β // Hk(U) // Hk+1(E)

é ? Û γ ∈ Hk(X̃Z), β(γ) ∈ Ker(Hk(U) → Hk+1(E)). d τ∗Z � ü � 5 í Ñ β(γ) ∈
Ker(Hk(U)→ Hk+1(Z)). ù�, d�Ü5��, �3 γ′ ∈ Hk(X) ¦�

γ − τ∗X(γ′) ∈ Ker(Hk(X̃Z)→ Hk(U)) = Imj∗.

ùÒy²
÷�5. aq/, ·�k

Ker(τ∗, j∗) = Im
(
(jZ∗,−α) : Hk−2r(Z) −→ Hk(X)⊕Hk−2(E)

)
.

5¿� α �1 r − 1 �©| αr−1 = hr−1τ∗, Ïd Hk(X) ⊕ Hk−2(E)/Ker(τ∗, j∗) ¥¤k5g
αr−1H

k−2r(Z) ���Ñ�±^Ù¦�Ú�O�, �ó�, ·�kÓ�

Hk(X,Z)⊕

(
r−2⊕
i=0

Hk−2i−2(Z,Z)

)
∼= Hk(X)⊕Hk−2(E)/Ker(τ∗, j∗).

ùÒ�¤
y². �

�ÙSK
SK 2.1 y²½n 2.1.3�(Ø.

SK 2.2 y²ª (2-2), ª (2-3)9ª(2-5).

SK 2.3 y²: 3 A k
X þk [L,Λ] = (k − n)Id. (J«: |^ª (2-7))

SK 2.4 � X ´ Kähler6/, /ª γ =´ ∂ 4��´ ∂ 4�. y²: XJ γ ´ d (�A
/, ∂, ∂)-T��, @o�3/ª λ, ¦� γ = ∂∂λ.
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SK 2.5 � γ ∈ Ωp,q
X ⊆ Ωk

X,R ⊗ C´���.
(1) y²: γ �±���¤Xe/ª:

γ =
∑
A,B,M

γA,B,MdzA ∧ dz̄B ∧ wM ,

ùp A,B,M ©O´ {1, · · · , n}¥üüØ���f8, wM ´d�
/X dzi ∧ dz̄i���	È
��, γA,B,M ´Xê.
(2) y²: γ ´���, ��=� γA,B = dzA ∧ dz̄B ∧

∑
M

γA,B,MwM ´��� (é¤k�U�

A,B).
(3) � ωA,B = dzA ∧ dz̄B ∧

∑
M

γMwM , M ⊆ K := {1, · · · , n} − (A ∪ B), ùp A,B´�½�f

8. �m = 1
2(k − |A| − |B|). y²: ωA,B ´�����=�±e^�¤á:

∀N ⊆ K, |N | = m− 1.
∑

i∈K−N
γN∪{i} = 0.

(4) 3þ��K¥, ·�b� ωA,B ´���. � J ⊆ K � |J | = |K| −m, cJ ´ J 3K ¥�Ö

8. y²: ∑
M⊆J

γM = (−1)mγcJ ,

ùp�¦¤kM ÷v |M | = m.
(5) y²:

Ln−k

(n− k)!
ωA,B =

(
i

2

)n−k ∑
M,N

γMdzA ∧ dz̄B ∧ wM∪N ,

ùp N �HK ¥¤k÷v |N | = n− k��M Ø���f8.
(6) |^±þÃ(Øy²·K 2.3.2.

SK 2.6 y²ª (2-10)9ª (2-11).

SK 2.7 y²ª (2-13).

SK 2.8 � X ´ n�; Kähler6/, T = Pic0(X)´ X � Picardq, Q´ H1(X)þ�
��., = Q(α, β) =

∫
X L

n−1α ∧ β.
(1) y²: Ä�+ π1(T ) ∼= H1(X,Z).
(2) y²: H1(T )þ� Hodge(��H1(X)þ� Hodge(�éó, = H1(T,Z) ∼= H1(X,Z)∗,
H1,0(T ) = H0,1(X)∗. ?�Ú, T d H1(T )� Hodge(���(½.
(3) y²: Qp�
 T þ� Kähler/ª, Ï T ´ Abelq.

SK 2.9 b� VZk� 1�Ì4z� Hodge(�, kü|;�Ä÷v'Xª (2-14), Z,Z ′

©O´ùü|ÄéA� Siegleþ�²¡¥�Ý
. y²: Z ′ = (DZ + C)(BZ + A)−1 (J«: �
ÄÝ� p : VC → H0,1, ky² (pα1, · · · , pαg) = −(pβ1, · · · , pβg)Z).

SK 2.10 ÁäN�ã~ 2.5.3¥±ÏÝ
�²;�ê�¥�±ÏÝ
�'X.

SK 2.11 � VC´�k���. Q�E�þ�m. H(α, β) := Q(α, β̄)´�A� Her-
mite., V 2,0´,��� h2,0�Ef�m, ¦� Q3 V 2,0þ²�� H 3 V 2,0þ�½.
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(1) � V 0,2 := V 2,0, y²: V 2,0 ∩ VR = 0, V 2,0 ∩ V 0,2 = 0, � H 3 V 2,0 ⊕ V 0,2þ�½.
(2) � V 1,1 = (V 2,0 ⊕ V 0,2)⊥ (3 H e), y²: VC = V 2,0 ⊕ V 1,1 ⊕ V 0,2, � H 3 V 1,1þK½. Ï
 V 2,0��(½
 VC�� 24z Hodge(�.

SK 2.12 y²·K 2.5.1!·K 2.5.2Ú·K 2.5.3�(Ø, ¿aq?Ø Corkerφ.

SK 2.13 y²·K 2.5.3�(Ø.

SK 2.14 � π : X → Y ´;E6/�m��X÷��, X ´ Kähler�, y²: .£N�
π∗ : Hk(Y,Q)→ Hk(X,Q)´ü�.

SK 2.15 � π : X → Y ´; Kähler6/�m��X��, dimX = n, dimY = n + r,
y²: Gysin�� π∗ : Hk(X,Z)→ Hk+2r(Y,Z)p�
 (r, r). Hodge(���.

- 48 -



1nÙ Hodge (�C© (I)

1nÙ Hodge (�C© (I)

3.1 Kodaira-Spencer N�

� φ : X → B ´E6/�m��~�XEv, ·�¡Ù�E6/x (Family of complex
manifold). é?Û t ∈ B, Xt := φ−1(t) ¡� φ 3 t ?�n� (Fibre).

5 3.1.1 ùp¤¢��~ (Proper) ´� B ¥;83 φ e����´;�; ¤¢Ev

(Submersion) ´� φ 3z:?p����mN�Ñ´÷�. �

·�ob� B ëÏ, ¿ò X0 ��ë�n�. ·�¡ X � X0 �/Cx, Xt (t ∈ B) ¡� X0

�/C (Deformation).

·�k±e²;(Ø.

½n 3.1.1 (Ehresmann ½n) � φ : X → B´ü��©6/�m��~Ev, B´� 
6/, �± 0 ∈ B�Ä:, @o�3 Bþ��©Ó� T : X ∼= X0 × B. T²�z��u�Ñ

ÝK π : X → X0, lp�
�©Ó� Xt

∼= X0. .

?�Ú, b� φ´E6/x, ·�^ 0 ∈ B����O� B, @o²�z T = (π, φ) : X →
X0 ×B´ C∞�, � π�n�´ X �Ef6/.

5 3.1.2 3E6/x�/, ²�z T ��Ø´�X�. π ���Ø´�X�, �´

Xt

π|Xt∼= X0 �E(��Xëê t ∈ B �X/Cz. �

�ÄE6/x φ : X → B �ë�n� X0 = φ−1(0). ·�k±e�X�þm�Ü�

0 −→ TX0 −→ TX|X0
−→ φ∗TB|X0

−→ 0, (3-1)

ùp TX0 (�A/, TX , TB) ´ X0 (�A/, X , B) þ��m, TX|X0
(�A/, φ∗TB|X0

) ´ TX

(�A/, φ∗TB) 3 X0 þ���. ?�Ú, φ∗TB|X0
´²��X�þm, Ùn�� TB,0. N�

TX → φ∗TB d�N� φ∗ �Ñ.

dþã�Ü��p�Ó�N�

ρ : TB,0 = H0(X0, φ
∗TB|X0

) −→ H1(X0, TX0).

þãN� ρ ¡�E6/x φ : X → B 3 0 ∈ B ?� Kodaira-SpencerN�.

·�5äN©Ûù�N�, �dk��
O�ó�.

Step 1. ÄkÏLÀ�Ü·��I, ·��� φ : X → B kXeÛÜ�IL«:

φ : (z1, · · · , zn, t1, · · · , tr)→ (t1, · · · , tr),

ùp (t1, · · · , tr) ´ B �ÛÜ�X�I. π : X → X0 ÛÜþ�±��

π : (z1, · · · , zn, t1, · · · , tr)→ (π1(z1, · · · , zn, t1, · · · , tr), · · · , πn(z1, · · · , zn, t1, · · · , tr)),
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ùp πi ´��¼ê, �'uÃ tk ´�X�. � π∗ ´ π p����mN�, @o

π∗

(
∂

∂zi

)
=

n∑
j=1

∂πj
∂zi

∂

∂zj
+

n∑
j=1

∂π̄j
∂zi

∂

∂z̄j

π∗

(
∂

∂zi

)
=

n∑
j=1

∂πj
∂z̄i

∂

∂zj
+

n∑
j=1

∂π̄j
∂z̄i

∂

∂z̄j
(3-2)

π∗

(
∂

∂tk

)
=

n∑
j=1

∂πj
∂tk

∂

∂zj
.

Step 2. d½n 3.1.1, �½ x = (z1, · · · , zn) ∈ X0, ·�k X �Ef6/ T−1(x×B), Ù'
u t = (t1, · · · , tr) �ÛÜëê�§���

(σ1(x, t), · · · , σn(x, t), t),

ùp σi ´ C∞ ¼ê, �'uëê t �X, §÷v

πk(σ1, · · · , σn, t1, · · · , tr) ≡ zk, k = 1, · · · , n. (3-3)

ù��u�Ñ
�©Ó� B ∼= T−1(x×B). §p�
 C∞ �mN�

σ : φ∗TB −→ TX ,

(
x,

∂

∂tk

)
−→

x, ∂
∂tk

+
n∑
j=1

∂σj
∂tk

∂

∂zj

 .

5¿� π∗|X0 = idX0 , �dª (3-3) ¦���, 3 TX0 þk

σ

(
∂

∂tk

)
=

∂

∂tk
−

n∑
j=1

∂πj
∂tk

∂

∂zj
. (3-4)

d	, σ ��Ñ
 C∞ ©��Ü�

0 −→ TX/B −→ TX −→ φ∗TB −→ 0.

X��� X0 þ, =��Ü� (3-1), §´ C∞ ©��Ü�. Ïd Kodaira-Spencer N� ρ : TB,0 →
H1(TX0) �� Dolbeault E/�Ü�p��ë�Ó�, 3ÛÜþk±e'X (��,�T��¡)

ρ(u) = ∂̄σ(u),∀u ∈ TB,0. (3-5)

(5: d Dolbeault ÓN�(J, ∂̄ 4ó�±lÛÜ� ∂̄ T�5íÑ, ���¤á)

Step 3. � t ¿©�C 0 �, d½n 3.1.1, ·��±òEz��m TXt,xt,C �Óu TX0,x,C,
d? xt(∈ Xt) ´ x(∈ X0) 3 π|Xt

e���. Ïd, � t CÄ�, Xt þE(��Cz�±ÏLE
f�m

T 0,1
Xt,xt

⊆ TX0,x,C

�Cz5�x. dª (3-2) ±9 π∗|X0 = idX0 , ·�k (0, 1) .��m�Ó�

T 0,1
Xt,xt

∼−→ T 0,1
X0,x

,
∂

∂z̄i
−→

n∑
j=1

∂π̄j
∂z̄i

∂

∂z̄j
.

ù�, ·��±p�EÜN� αt : T 0,1
X0,x
→ T 1,0

X0,x
Xe,

T 0,1
X0,x
∼= T 0,1

Xt,xt
↪→ TX0,x,C −→ T 1,0

X0,x

(−1)−→ T 1,0
X0,x

, (3-6)
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Ù¥�ê1��N�5guÝK, ����N�L«ê¦ (−1). lÜþ��Ýw, αt ∈
Ω0,1
X0,x
⊗ T 1,0

X0,x
. xt ∈ Xt ?E(�éA� (0, 1) .��þÑ�±L� u− αt(u) (u ∈ T 0,1

X0,x
). E(

�/C��u� αt ëêz, �'u t ´�X�, α0 = 0. ª (3-2) L²

αt

 n∑
j=1

∂π̄j
∂z̄i

∂

∂z̄j

 = −
n∑
j=1

∂πj
∂z̄i

∂

∂zj
.

þªü>¦�, ¿��3 t = 0 þ, ·�Ò��

∂

∂tk
(αt)

∣∣∣
t=0

(
∂

∂z̄i

)
= − ∂

∂z̄i

 n∑
j=1

∂πj
∂tk

∂

∂zj

 .

(Üª (3-4), =�
∂

∂tk
(αt)

∣∣∣
t=0

(
∂

∂z̄i

)
=

∂

∂z̄i

(
σ

(
∂

∂tk

))
. (3-7)

ùÒ��

∂̄σ(u) = du(αt) ∈ A0,1(TX0),∀u ∈ TB,0, (3-8)

d? du L«÷��þ u ¦�.

nÜ±þ�?Ø, ·���Xe(Ø.

·K 3.1.1 � φ : X → B´E6/x, ρ : TB,0 → H1(TX0)´ Kodaira-SpencerN�, αt
½ÂÓ (3-6), @o3ÓN+ H1(TX0)¥k

ρ(u) = du(αt),∀u ∈ TB,0.

3.2 ÛÜX� Gauss-Manin éä

� φ : X → B ´E6/x, H ´ B þ��� Abel +�. XJ H3ÛÜþo´Ó�u,�
~� (Ùª��½ Abel + G), @o·�ò H ¡�ª� G �ÛÜX (Local system). w,, TÛ
ÜX�=£¼ê´ Aut(G) ¥���. XJ G ´�þ�m, H Ò¡��þ�mÛÜX, Ù=£¼
êÒ´�þ�m�gÓ�.

k�·�ò Abel +éA�ÛÜX*Ü�gd C0(B)-��

H = H ⊗Z C0(B).

Ó�/, é¢�þ�mÛÜX H, ��*Ü�gd C∞(B)-��

H = H ⊗R C∞(B),

½ö OB-��
H = H ⊗R OB.

§þ¡�±��éä(�

∇ : H −→ H⊗ ΩB, σ =
∑
i

αiσi −→ ∇σ =
∑
i

σi ⊗ dαi,
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ùp {σi}´ H ��|ÛÜÄ. duÛÜX�=£¼ê´~��, Ïdþã½ÂØ�6u=£¼
ê�À�. ?�Ú, ·�kN�

∇ : H⊗ ΩB −→ H⊗ Ω2
B, σ ⊗ α −→ ∇σ ∧ α+ σ ⊗ dα.

∇�Ç½Â� Θ := ∇ ◦∇. ·�k

Ún 3.2.1 þã ∇´²"éä, =Ç Θ = 0.

�Ä~� A (Ï~� Z,R,C), ·��±�EÛÜX Hk
A = Rkφ∗A, §�ª� Hk(X0, A) (�

Öö�y). �Hk ´aqc¡¤ã��A C∞ ½�X�þm. ·�ò²"éä

∇ : Hk −→ Hk ⊗ ΩB

¡�ÛÜX Hk
A � Gauss-Maninéä.

y3·��Ä Hk
C éA� Gauss-Manin éä ∇. � Ω ´ X þE k g�©/ª, ¦�é?Û

b ∈ B, Ωb := Ω|Xb
´4/ª. ù�, ·��±3 b �� ��� U þ½Â Hk(XU ,C) ¥�ÛÜ

�¡
ω : b 7→ [Ωb] ∈ Hk(Xb,C) ∼= Hk(XU ,C).

b� Ω ´ C∞ �, @o ω ´Hk ¥��¡.

e¡·�O� ∇ω. Äkd½n 3.1.1, Hk(X0,C) ∼= Hk(Xb,C), ∀b ∈ U . Ïd·��±

ò (Ωb)b∈B À� X0 þ�x�©/ª φb, ��Xëê b ∈ B ± C∞ �ªCz. ù�, ∇ω|0 ∈
Hk(X0,C)⊗ ΩB,0 �du�ÑXeN�

∇ω|0 : TB,0 −→ Hk(X0,C), u −→ class(du(φb)|b=0).

�O� du(φb)|b=0, ·��ÄÛÜ�/ T : X ∼= X0 ×B, ¿æ^1 3.1 �ÃPÒ. Uì dti 3/ª
¥Ñy�gê, Ω ���

Ω = Φ +
r∑
i=1

dti ∧ ψi + Ω′,

d? Φ|Xb
= φb, dti ØÑy3 Φ Ú ψi ¥, ¿� Ω′ ∈ φ∗(∧2ΩB) ∧ Ωk−2

X . 5¿� φb ´4/ª, Ï

k

dΩ =
r∑
i=1

dti ∧
∂φb
∂ti
−

r∑
i=1

dti ∧ dψi + dΩ′.

ò dΩ � ∂
∂ti

 ¿, ¿��3 X0 þ, Kk (int L« ¿)

int
(
∂

∂ti

)
(dΩ)|X0 =

∂φb
∂ti

∣∣∣
b
− dψi|X0 .

ù�, ·�k

·K 3.2.1 (Cartan-Lie úª) � u ∈ TB,0, v ∈ Γ(TX|X0
)¦� φ∗(v) = u, @o·�k

∇(ω)|0(u) = class(int(v)(dΩ)|X0).

5 3.2.1 (1) ¦+·�k�©Ó� Xb
∼= X0, �§��Ø´ðÓN�. Ïd Hk(Xb,C) �

Hk(X0,C) �´3Ó�¿ÂeÀ���, ¿�ðÓ. ÛÜXHk ��u´ò Hk(X0,C) À�ë
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�X, òÙ¦ Hk(Xt,C) Ó�N�cö, l§òþã Ω|Xb
�N\� Hk(X0,C) ¥� ω(b). Ï

dHk ¥��¡ ω ¿� Hk(X ,C) ¥��¡ Ω, üö´ØÓ�Vg.

(2) �¡ ω �²"éä��9Y²�� B þ�ëêCz, � Ω ��©Ø=�6u B �ëê
Cz, ��6uç��� X0 þ�ëêCz (ù´ Xb � X0�m��ð�Ó�E¤�). Cartan-
Lie úª¢SþÒ´`, XJ·��ÑK�©Ó� Xb

∼= X0 ¤�5�K�, =Ø�Äç���

þ�Cz, r1ò§�“�Ó”å5, @o Ω � ω ÷X�A����“¦�”´��� (ÓN¿Â

e). �

íØ 3.2.1 � X,Y ´ëÏE6/, dimX = n. � Z ⊆ Y × X ´{�ê� k�1wE

f6/, �ÝK pr1 : Z → Y ´Ev, P Zy := pr−1
1 (y) ⊂ X � y ∈ Y �n�. � Ω´ Z þE

2n− 2kg�©/ª, ¦�é?Û y ∈ Y , Ω|Zy
´4/ª. @o

dv

(∫
Zy

Ω

)
=
∫
Zy

int(χv)(dΩ), y ∈ Y,

ùp χv ´ Z ¥��þ|, ¦� pr1(χv) = v.

y² ?��: y0 ∈ Y , � U ⊂ Y ´ y0 �� ���, ZU = pr−1
1 (U). w� ZU Ó�u

Zy0 × U . dÈ©�CþO�, ∫
Zy

Ω =
∫
Zy0

ωy0 ,

ùp ωy ´ Ω|Zy
3 H2n−2k(Zy,C) ¥��. A^ Cartan-Lie úªuþªm>=�¤I. �

5 3.2.2 þãíØ¢Sþí2
¢ê�/�ëêÈ©�¦�O�. äNó�, � X = Y =
R,

Z = {(t, x) ∈ Y ×X | α(t) ≤ x ≤ β(t)}.

π : ZU ∼= U × Zy0 → Zy0 ½Â�

(t, x) −→ (x− α(t))
β(t)− α(t)

(β(t0)− α(t0)) + α(t).

���þ9�þ|

v =
∂

∂t
, χv =

∂

∂t
+
(
β′(t)− α′(t)

β − α

)
(x− α) · ∂

∂x
.

�\íØ 3.2.1, =�²;�ëêÈ©¦�úª(∫ β(t)

α(t)
f(x, t)dx

)′
=
∫ β(t)

α(t)

∂f(x, t)
∂t

dx+ β′(t)f(β(t), t)− α′(t)f(α(t), t).

3.3 Kähler 6/�½5

·�Äk0�±e²;(J.

½n 3.3.1 (þ�ëY5½n) � φ : X → B´;E6/x, F ´ X þ�X�þm, @o
¼ê b 7→ dimHq(Xb,F|Xb

)´þ�ëY�, ½=

dimHq(Xb,F|Xb
) ≤ dimHq(X0,F|X0),
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ùp bá3 0 ∈ B�¿©���¥.

ddá�

íØ 3.3.1 ¼ê b 7→ hp,q(X) := dimHq(Xb,Ω
p
Xb

)´þ�ëY�.

±eob� φ : X → B �¥%n� X0 ´ Kähler 6/. ·�Äkòy² Xb � Hodge êØ

�6u b �À�. äNó�, =kXe·K

·K 3.3.1 3þãb�^�e, ·�k hp,q(Xb) = hp,q(X0), ùp bá3 0 ∈ B�¿©�
��S. ?�Ú, Xb� FrölicherÌS�3 E1?òz.

y² díØ 3.3.1, hp,q(Xb) ≤ hp,q(X0). � Ep,qr (Xb) ´ Xb þ� Frölicher ÌS�. d1
1.5 !?Ø, ·�k

Ep,q1 (Xb) = Hq(Xb,Ω
p
Xb

),

Ep,q∞ (Xb) = F pHp+q(Xb)/F p+1Hp+q(Xb),

dimEp,q∞ ≤ dimEp,q1 ,

dimHk(Xb,C) =
∑
p+q=k

dimEp,q∞ (Xb).

d½n 3.1.1, Xb � X0�©Ó�, Ï

dimHk(Xb,C) = dimHk(X0,C) := bk.

(ÜþãÃª, ·�k

bk =
∑
p+q=k

dimEp,q∞ (Xb) ≤
∑
p+q=k

dimEp,q1 (Xb)

=
∑
p+q=k

hp,q(Xb) ≤
∑
p+q=k

hp,q(X0) = bk.

ùÒ½¦ hp,q(Xb) = hp,q(X0) 9 Ep,q1 (Xb) = Ep,q∞ (Xb). �

Ùg, ·�òy² Xb �k Hodge ©). �dI�A^Xe²;(J.

Ún 3.3.1 (Kodaira) � F → X ´�þm, Fb := F |Xb
, ∆ = (∆b)b∈B ´�^3 F þ�

�é�©�f, ¦� ∆b3 Fbþ´äk�½�ê�ý��f. XJ Ker∆bØ�6u b, @o
Ker∆p ⊆ C∞(Fb)�ëê b± C∞�ªCz. AO/, �3 F ��| C∞�¡ (ηib)b∈B, ¦�§�
3 Xbþ����¤ Ker∆b��|Ä.

·K 3.3.2 � bá3 0 ∈ B�¿©���S, K

Hk(Xb,C) =
⊕
p+q=k

Hp,q(Xb),

÷v Hp,q(Xb) = Hq,p(Xb)9 Hp,q(Xb) ∼= Hq(Xb,Ω
p
Xb

).

y² Step 1. �y�3©)

Hk(Xb,C) = F pHk(Xb,C)⊕ F q+1Hk(Xb,C), p+ q = k.
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d·K 3.3.1,
F pHk(Xb,C) ⊆ Hk(Xb,C) ∼= Hk(X0,C)

´äkØ�6uëê b �Ef�m. ?�Ú, dÚn 3.3.1, §�X b ± C∞ �ªCz (��NÚ
/ª5w).

é b = 0, ·�®k Hodge ©)

Hk(X0,C) = F pHk(X0,C)⊕ F q+1Hk(X0,C), p+ q = k.

dÚn 3.3.1 %¹�Ä.ëY5, þã©)é b �¤á.

Step 2. 8�
Hp,q(Xb) := F pHk(Xb,C) ∩ F qHk(Xb,C).

�y

Hp,q(Xb) ∼= Hq(Xb,Ω
p
Xb

) ∼= F pHk(X0,C)/F p+1Hk(X0,C).

�ÄEÜN� ϕ : Hp,q(Xb)→ Hq(Xb,Ω
p
Xb

) Xe

Hp,q(Xb) ↪→ F pHk(Xb,C) −→ F pHk(Xb,C)/F p+1Hk(Xb,C) ∼= Hq(Xb,Ω
p
Xb

)

Ù¥����Ó�N�5gu·K 3.3.1. ·�`² ϕ ´ü�. ¯¢þ, � α ∈ Kerϕ =
Hp,q(Xb) ∩ F p+1Hk(Xb,C), K

α ∈ F pHk(Xb,C) ∩ F qHk(Xb,C) ∩ F p+1Hk(Xb,C) = 0.

,��¡, d�þ�m�êúª, ·�k

dimHp,q(Xb) = dimF pHk(Xb,C) + dimF qHk(Xb,C)− dimHk(Xb,C).

þã�ªm>Ø�6u b, l dimHp,q(Xb) = dimHp,q(X0). d·K 3.3.1, dimHq(Xb,Ω
p
Xb

) =
dimHq(X0,Ω

p
X0

), Ï dimHp,q(Xb) = dimHq(Xb,Ω
p
Xb

). ùÒy² ϕ ´Ó�.

nÜ±þ?Ø, =�¤I(Ø. �

��, ·��y² Xb �´ Kähler �. Äk, |^Ún 3.3.1, ·�kXeíØ.

íØ 3.3.2 � φ : X → B´;E6/x� X0´ Kähler�, ω´ X0þ (1, 1). ∆∂ NÚ

/ª, K�3 C∞�¡ (ωb)b∈B, ¦� ω0 = ω, ωb3 Xbþ´ ∂-4�, ùp b¿©�C 0 ∈ B.

y3·�Qã Kähler 6/�½5½n.

½n 3.3.2 � φ : X → B´;E6/x� X0´ Kähler�, B0´ 0 ∈ B�¿©���,
@o Xb�´ Kähler6/.

y² � ω ´ X � Kähler 6 /, (ωb)b∈B Ó í Ø 3.3.2, ω0 = ω. d · K 3.3.1, ·�
kdp,q1 = 0, ùp d1 = ∂. 8� p = q = 1, K

∂ : H1(Xb,ΩXb
) −→ H1(Xb,Ω2

Xb
)

´"��. ùÒíÑ ∂ωb = ∂ηb, é,� (2, 0) /ª ηb. aqÚn 3.3.1 �°(?Ø, ·��±ä
ó, � b ªCu 0 �, ηb 9Ù�êÑ��Âñu 0 (5¿ ∂ω0 = 0).
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∂ηb ´ (3, 0) /ª, � ∂∂ηb = −∂∂ηb = 0. ùL² ∂η ∈ H3,0(Xb) ∼= H0(Ω3
Xb

). d·K 3.3.2,
H3,0(Xb) ∼= H0,3(Xb),  ∂ηb = ∂η̄b ´ ∂ T�/ª, � ∂ηb �´ ∂ T�, ùÒ½¦ ∂ηb = 0. Ï
∂η̄b = 0, = [η̄b] ∈ H0,2(Xb) = H2,0(Xb). ù�, η̄b = ᾱb + ∂γb, d? αb ´�X (2, 0) /ª, γb ´
(0, 1) /ª. aq/�±äó, � b ªCu 0 �, ηb 9Ù�êÑ��Âñu 0.

y3·�k
∂ωb = ∂ηb = ∂(α+ ∂γ̄b) = ∂∂γ̄b = −∂∂γ̄b,

d? ∂γ̄b ´ (1, 1) /ª. - ω′b = ωb + ∂γ̄b. u´ ∂ω′b = ∂ω′b = 0, �� b ªCu 0 �, ω′b ��Âñ
u ω0. 5¿� ω0 ´¢/ª, Ï Reω′b ��Âñu ω0. d ω0 ��½5±9 φ ´�~��¯¢,
�íÑ Reω′b ��½5 (l�òz). ùÒy²
 Xb ´ Kähler �. �

3.4 ±ÏN��±Ï�

� φ : X → B ´;E6/x� X0 ´ Kähler �. d½n 3.3.2, é¿©�C 0 ∈ B �: b, Ù

n� Xb �´ Kähler �. d½n 3.1.1, Xb�©Ó�u X0, � Hk(Xb,C) ∼= Hk(X0,C), Ï·
��±òüö�Óå5. d·K 3.3.1 Ú·K 3.3.2, Xb þ� Hodge ©)�± Hodge êØC. A
O/, ·�P

bp,k := dimF pHk(Xb,C) = dimF pHk(Xb,C).

�
ïÄ X0 �/C, ·��±ïÄ F pHk(Xb,C) 3 Hk(X0,C) ¥�CÄ�¹, ù«CÄ�±

ÏL Grassmann 6/¥�;,5£ã. �d, ·��±½Â¤¢�±ÏN� (Period map)

Pp,k : B −→ Grass(bp,k,Hk(X,C)), b −→ F pHk(Xb,C).

·�k±e²;(Ø

½n 3.4.1 (Griffiths) ±ÏN� Pp,k ´�X�.

y² dÚn 3.3.1, Pp,k ´ C∞ �. d·K 1.4.3, ·�k��mN�

dPp,k :TB,b −→ Hom(F pHk(Xb,C),Hk(X,C)/F pHk(Xb,C)),

u −→ dPp,k(u)
(
σ −→ ∇u(σ̃)

)
,

ùp σ̃ ´Hk ¥��¡, ¦� σ̃(b) = σ.

,��¡, d·K 1.4.3, ·���E Xb ⊆ X �,�+G��þ��©/ª Ω ∈ F pAk(X ),
¦� Ω|Xb′ ´4�, �Ù3 F pHk(Xb′ ,C) ¥�ÓNaÒ´ σ̃(b′) (ùp b′ ´ b ����S?�

:).

8� u ∈ TB,b, v ∈ φ∗TB,b, ¦� φ∗(v) = u. d Cartan-Lie úª (3.2.1), ·�k

dPp,k(u)(σ) = ∇u(σ̃) = class(int(v)(dΩ|Xb
)) modF pHk(Xb). (3-9)

X J u ´ (0, 1) . � þ, K v (� � 3 Xb þ) ½ ,, l  d dΩ ∈ F pAk+1(X ) í �
int(v)(dΩ|Xb

) ∈ F pAk(X ). Ï d, int(v)(dΩ|Xb
)|Xb

∈ F pAk(X ) ´ 4 �, = Ù Ó N a á 3
F pHk(Xb,C) S. ù�

dPp,k(u)(σ) = 0 modF pHk(Xb).

ùÒy² Pp,k ´�X�. �
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½n 3.4.2 (Griffiths î�½n) N�

dPp,k : TB,b −→ Hom(F pHk(Xb),Hk(Xb,C)/F pHk(Xb))

��á3 Hom(F pHk(Xb), F p−1Hk(Xb)/F pHk(Xb))¥.

y² £�ª (3-9), dΩ á3 F pAk+1(X ) ¥, Ï int(v)(dΩ) ∈ F p−1Ak(X ). ù�, ∇u(σ̃)
´ F p−1Hk(Xb) ¥���, dd=�·K. �

8�Ä±ÏN�

Pk : B −→ Fb·(Hk(X,C)), b −→ Pk(b) := (P1,k(b), · · · ,Pk,k(b)).

dþ?Ø, §´�X�. ?�Ú, e Xb ´ Kähler �, @oT Hodge ÈL÷v

Hk(Xb,C) = F pHk(Xb,C)⊕ F k−p+1Hk(Xb,C).

þã^�½Â
 Fb·(Hk(X,C)) ¥�m8 D, ·�¡�� (�4z)±Ï� (Period domain). e

± B ������, K��X�ÛÜ±ÏN� Pk : B → D, ¿÷vþã� Griffiths î�5^�.

aq/, ·���±½Â4z±Ï�. Äk�Ä4z6/x φ : X → B, ¿b��3
ω ∈ H2(X ,Z), ¦�éz^n� Xb, ω|Xb

´ Kähler a. dd�±½Â±eÛÜX� Lefschtz �
�

L : Riφ∗C −→ Ri+2φ∗C

±9 Lefschtz ©)
Rkφ∗C =

⊕
k≥2r≥2k−2n

LrRk−2rφ∗Cprim,

d? Riφ∗Cprim := KerLn−i+1, n = dimXb. ?�Ú, 3z� H0(Xb,Z) ∼= H0(X0,Z) ¥k��
. Q(α, β) = 〈Ln−kα, β〉. dc�Ù�?Ø, d� Hodge ÈL÷v±e^�:
(1) F pHk(Xb,C) = F k−p+1Hk(Xb,C)⊥,
(2) Hk(Xb,C) = F pHk(Xb,C)⊕ F k−p+1Hk(Xb,C),
(3) Hp,q(Xb)prim := F pHk(Xb) ∩ F qHk(Xb)prim (p+ q = k) þk�½5

(−1)
k(k−1)

2 ip−qQ(α, ᾱ) > 0.

- W := Hk(X,C)prim. ·�ò W þ÷vþãn�^�� Hodge ÈL�¤�8Ü¡�4z±Ï
�. w,, eb� B ´ÛÜ� ��, K Pk : B → D´�X�.

3.5 Hodge m

� φ : X → B ´; Kähler 6/x. �ÄÛÜXHk = Rkφ∗C⊗OB 9 Gauss-Manin éä

∇ : Hk −→ Hk ⊗OB
ΩB.

|^'X

F pHk(Xb,C) ⊂ Hk(Xb,C) ∼= Hk(X0,C)

·��±�E���X�þfm F pH ⊂ Hk, ÙªHkb = F pHk(Xb,C). ù�m�¡� Hodge
m. ·���½ÂûmHp,q := F pHk/F p+1Hk, ÙªHp,qb = Hq(Xb,Ω

p
Xb

) (p+ q = k).
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d½n 3.4.2 9ª (3-9) á�±e(Ø.

·K 3.5.1 (Griffiths î�5^�) ∇F pHk ⊂ F p−1Hk ⊗ ΩB.

|^þã(Ø, ·��±l±e��ãp��f ∇,

∇ : F p+1Hk //

��

F pHk ⊗ ΩB

��
∇ : F pHk //

��

F p−1Hk ⊗ ΩB

��
∇p,q : Hp,q // Hp−1,q+1 ⊗ ΩB

·K 3.5.2 ∇p,q : Hp,q → Hp−1,q+1´ OB ���, �3: b ∈ B?�ªN�÷v±e�
�ã

∇p,qb : Hp,qb // Hp−1,q+1
b ⊗ ΩB,b

Hq(Xb,Ω
p
Xb

) // Hq+1(Xb,Ω
p−1
Xb

)⊗ ΩB,b

∇p,qb �¡� Hodge(�3 b?�Ã��C© (Infinitesimal variation, {¡ IVHS).

y² d ∇� Lebniz {K, é?Û σ ∈ F pHk 9 f ∈ OB, ·�k

∇(fσ) = f∇(σ) + σ ⊗ df = f∇(σ) mod F pHk ⊗ ΩB.

Ïd ∇p,q ´ OB ���. ·K��Ü©´w,�. �

- ∇p ´±e���EÜ

F pHk ∇−→ Hk ⊗ ΩB −→ (Hk/F pHk)⊗ ΩB.

§3: b ∈ B ?�ªN�

∇pb : F pHk(Xb) −→ Hk(Xb,C)/F pHk(Xb)⊗ ΩB,b.

¯¢þ, ùÒp�
c¡¤?Ø��N�

dPp,k : TB,b −→ TG,F pHk(Xb) = Hom(F pHk(Xb),Hk(Xb,C)/F pHk(Xb)).

ò½n 3.4.2 A^� F p Ú F p+1 þ, ·�Ò��Xe(Ø.

íØ 3.5.1 Im dPp,k á3±ef�mS

Hom(F pHk(Xb)/F p+1Hk(Xb), F p−1Hk(Xb)/F pHk(Xb)).

díØ 1.4.2, á6/3ÈL F pHk(Xb) ?���m�¹
±ef�m

Im dPk =
⊕
p

Hom(F pHk(Xb)/F p+1Hk(Xb), F p−1Hk(Xb)/F pHk(Xb)).

Tf�m�¡�á6/þ�Y²��m (Horizontal tangent space). §Ï~ØÓuá�m��

�m, Ï±ÏN���Ø´÷�.
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íØ 3.5.2

∇p,qb :
F pHk(Xb)
F p+1Hk(Xb)

−→ F p−1Hk(Xb)
F pHk(Xb)

⊗ ΩB,b

p�
±ÏN� Pp,k ��N�

dPp,k : TB,b −→ Hom(F pHk(Xb)/F p+1Hk(Xb), F p−1Hk(Xb)/F pHk(Xb)).

�ó�, é u ∈ TB,b, k

dPp,k(u) ∈ Hom(Hq(Xb,Ω
p
Xb

),Hq+1(Xb,Ω
p−1
Xb

)).

�
äN£ã dPp,k(u), ·��Ä ¿N� TXb
⊗Ωp

Xb
→ Ωp−1

Xb
. dd�±p� Dolbeault Ó

N+� ¿N�
H1(Xb, TXb

)⊗Hq(Xb,Ω
p
Xb

) −→ Hq+1(Xb,Ω
p−1
Xb

).

§¢Sþ5gu±e/ª�	È� ¿

A0,1(TXb
)⊗A0,q(Ωp

Xb
) −→ A0,q+1(TXb

⊗ Ωp
Xb

) −→ A0,q+1(Ωp−1
Xb

).

ù�, ·���N�

int : H1(Xb, TXb
) −→ Hom(Hq(Xb,Ω

p
Xb

),Hq+1(Xb,Ω
p−1
Xb

)), η −→ (int(η) : σ −→ int(η)(σ)).

½n 3.5.1 (Griffiths) � u ∈ TB,b, σ ∈ Hq(Xb,Ω
p
Xb

), ρ : TB,b → H1(Xb, TXb
)´ Kodaira-

SpencerN�, K
dPp,k(u)(σ) = [int(ρ(u))(σ)] ∈ Hq+1(Xb,Ω

p−1
Xb

).

�ó�, ·�k±e��ã

H1(Xb, TXb
) int // Hom(Hq(Xb,Ω

p
Xb

),Hq+1(Xb,Ω
p−1
Xb

))

TB,b

dPp,k

33ggggggggggggggggggggggggg

ρ

OO

y² dª (3-5), ÛÜþk ρ(u) = ∂(v)|Xb
, d? v ∈ T 1,0

X ´ C∞ �þ|, ÷v φ∗(v) =
u ∈ T 1,0

B,b. 8� F pΩk
X �ÛÜ�¡ Ω, ¦� Ω|Xt

´4�, � σ = [Ω|p,qXt
] ∈ Hq(Xb,Ω

p
Xb

).

d·K 3.2.1±9 v ´ (1, 0) .�, ·���

dPp,k(u)(σ) = ∇p,qu (σ) = [int(v)(dΩ)p−1,q+1
|Xb

] = [int(v)(∂Ω)p,q]|Xb
.

ò±e�ª
∂(int(v)(Ωp,q)) = −int(v)(∂Ωp,q) + int(∂v)(Ωp,q)

��� Xb þ, =�

[int(v)(∂Ωp,q)|Xb
] = [int(∂v)(Ωp,q

|Xb
)] ∈ Hq+1(Xb,Ω

p−1
Xb

).

nÜ±þ�ª=�(Ø. �
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~ 3.5.1 � φ : X → B ´º� g ;�x. d²;(Ø, ·�#N φ ´�k/Cx
(Universal family of deformations), = (B, 0) ´ÛÜ1wE6/Þ, �Ù��m3 Kodaira-
Spencer N�eÓ�u H1(X0, TX0). AO/, dd�� dimB = h0(X0, TX0) = 3g − 3, =º� g

���m Mg ��ê.

d� H1(Xb,C) = H1,0(Xb)⊕H0,1(Xb). ·�kÛÜ±ÏN�

P1 : B −→ Grass(g,H1(X0,C)), b 7−→ H1,0(Xb) ⊂ H1(Xb,C) ∼= H1(X0,C).

Ù�N��
dP1 : TB,b −→ Hom(H1,0(Xb),H0,1(Xb)).

d½n 3.5.1, þã�N��±ÏL ¿ TXb
⊗KXb

→ OXb
¤p��ÓNN�5£ã, =

int : H1(Xb, TXb
) −→ Hom(H0(KXb

),H1(OXb
)).

d Serre éó½n,

H1(OXb
) ∼= H0(KXb

)∗, H1(Xb, TXb
) ∼= H0(K⊗2

Xb
)∗.

Ïd, þã ¿N� int �éóÒ´¦ÈN� (3�Öö�y)

µ : H0(KXb
)⊗H0(KXb

) −→ H0(K⊗2
Xb

).

d²;(J, � X ´��ý���, µ ´÷�. Ï dP1 3 b NC´ü�, ùÒíÑ P1 ´3 b

NC´i\N�. d=¤¢��Ã�� Torelli½n (Infinitesimal Torelli theorem) �

~ 3.5.2 d²;(J, �3 n� Calabi-Yau 6/ (½Â�~ 2.2.4) �ÛÜ�k/Cx
φ : X → B, ¦� B 1w¿� TB,0 ∼= H1(X0, TX0). |^ Hodge ê�ØC5�� Hn,0(Xb) ∼= C,
é?Û 0 NC�: b ∈ B ¤á. du KX0 ����X�¡??�", �dëY5�� Xb �÷

vd5�, Ï KXb
E,�±²�5. d~ 2.2.4 �?Ø, )¤� Ω ∈ H1(Xb,KXb

) p�
Ó�
Ω : H1(Xb, TXb

) ∼= H1(Xb,Ωn−1
Xb

).

�ÄÜ©±ÏN�

Pn,n : B → Grass(hn,0,Hn(X0,C)) ∼= P(Hn(X,C)).

Ù�N�

dPn,n : TB,b

(
ρ∼= H1(Xb, TXb

)
)
−→ Hom(H0(Xb,KXb

),H1(Xb,Ωn−1
Xb

))

��u dPn,n(u)(Ω) = Ω(ρ(u)). ùL²ÛÜ±ÏN� Pn,n ´E\. �

�ÙSK
SK 3.1 �yª (3-2)Úª (3-4).

SK 3.2 �äN)º²� Kodaira-SpencerN��AÛ¿Â (AO´¡n�z�/).

SK 3.3 � φ : X → B´E6/x, H´ OB-��ÛÜX. y²: Θ�±À� End(H) ⊗
∧2ΩB ��¡.

SK 3.4 � A´~�, y²: Hk
A = Rkπ∗A´ÛÜX, §�ª� Hk(X0, A).
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SK 3.5 y²íØ 3.3.2.

SK 3.6 �£ã��� 1� Hodge(��ëêz¤éA��4z�4z±Ï�.

SK 3.7 �y~ 3.5.1¥� ¿N� int : H1(Xb, TXb
)→ Hom(H0(KXb

),H1(OXb
))�é

óÒ´¦ÈN� µ : H0(KXb
)⊗H0(KXb

) −→ H0(K⊗2
Xb

).

SK 3.8 � φ : X → B´ý��x,ÛÜ½Â�§ y2 = x(x−1)(x−λ), λ ∈ C−{0, 1}.
Á±d�~, äN)º Gauss-Maninéä!±ÏN�!±Ï�!Griffithsî�5±9Ã��
Torelli½n�.

SK 3.9 òSK 3.8�?Øí2��ý��xþ (ÙÛÜ�§½Â� y2 = (x −
λ1) · · · (x− t2g+2), λi ∈ C, λi 6= λj).

SK 3.10 � φ : X → B´K3¡��k/Cx, P2,2 : B → P(H2(X,C))´±ÏN�,
Q´ H2(X,C)þ���..
(1) y²: Q(ω, ω) = 0, é ∀b ∈ B, ∀ω ∈ H2,0(Xb)¤á, l P2,2ÛÜþ´�d Q½Â��g

�¡�Ó�.
(2) �¯: þã(Øép� Calabi-Yau6/x´Ä¤á?

SK 3.11 � φ : X → B´E6/x, B´� �, Xt´ t ∈ BéA�n�. � Ω´ χþ

�4/ª, gê�u 1 + dimX0. y²:
(1) Ω��3 X0þ�u";
(2) Ω´T�/ª.

- 61 -



1oÙ �XêþÓNa

1oÙ �XêþÓNa

4.1 4ó�4óa

·�£�� 2k � Hodge (� (VZ, F
·VC) ¥� Hodgea (�ª (2-12))

Hdg(V ) = VZ ∩ V k,k.

é u Kähler 6 / X 9 V = H2k(X,Z)/torsion, · � P Hdg2k(X) := Hdg(V ), ¿ P

Hdg2k(X,Z) ´ H2k(X,Z) ¤ k ÷ v ± e ^ � � � a: § � 3 H2k(X,Z)/torsion ¥ � ��

Hodge a. ·�ò3ù�!¥Ú\�«�� Hodge a: 4óa. �d, ·�I���
O
�ó�.

� X ´E6/, Z ⊂ X ´4f8. XJ X þk�|mCX A , ¦�é?Ûm8 U ∈ A ,
U ∩ Z Ñ´ Γ(U,OU ) ¥k���X¼ê�ú�":8, @o·�Ò¡ Z ´ X �)Ûf8. XJ
,��)Ûf8 Z ′ ⊂ Z, ·��¡ Z ′� Z �)Ûf8. X ¥4Ef6/w,´��)Ûf8.

5 4.1.1 ·�ùpÛ��Ü©�)Ûf8k'�5��Vg:
(1) � Zsmooth ´ Z �1wÜ©, §´ Z ¥�È�m8, Ï Zsing = Z − Zsmooth ´ Z ¥Ã?È
��)Ûf8.
(2) XJ Zsmooth ´ëÏ�, ·�Ò` Z ´Ø���. d Narasimhan �(J, Z ÛÜþ�±��
k��Ø��)Ûf8�¿. � Z ;�, ù�5�3�Nþ�¤á.
(3) éØ��)Ûf8 Z, ·�r§�1wÜ©��ê��§��ê. é���)Ûf8 Z, �
z ∈ Z, @o dimz Z ½Â� Z ¥L: z �Ø��©|����ê. aq/, ·���±�N½Â

dimZ. � Z ′ ⊂ Z, K dimZ ′ ≤ dimZ. � Z ′ 3 Z ¥�SÜ´�8�, î��Ø�ª¤á.
(4) (Weirestrass ýýý���ÚÚÚnnn) � U ´ 0 ∈ CN ����, f(x1, ·, xN ) ´ U þ��X¼ê,�
f(x1, 0, · · · , 0) Øð�". � l ´ f(x1, 0, · · · , 0) 3 x1 = 0 ?�":�ê. @oÏL�� U , ·�
�±é����X�_¼ê φ, ¦�

φ · f = xl1 +
∑

0≤i<l
xi1fi,

ùp fi ´'u x2, · · · , xN ��X¼ê, ÷v fi(0, · · · , 0) = 0.
(5) �3)Ûf8 Z �ÈL Z = Z0 ⊃ Z1 ⊃ · · · ⊃ Zm+1 = ∅, ¦��ê nk = dimZk �¤î�4
~�, � Zk − Zk+1 ´ X − Zk+1 ¥4�Ef6/.
(6) (Hironaka )))���½½½nnn) � Z ⊂ X ´;)Ûf8, @o�3;E6/ Z ′ ±9�X��
τ : Z ′ → Z, ¦Ù3 Zsmooth þ´Ó�. �

·��Ä�8I, ´�ò{�ê� r �)Ûf8 Z éA� H2r(X,Z) �þÓNa, Ï~P�
[Z]. Äk, ·��Ä4�1wEf6/ Z ⊂ X, b� Z 3 X ¥�{m´�½��. d Thom Ó
� T : H2r(X,X − Z,Z) ∼= H0(Z,Z) ±9��N� jZ : H2r(X,X − Z,Z)→ H2r(X,Z), ·��
±½Â [Z] := (jZ ◦ T−1)(1) ∈ H2r(X,Z).

�
é���)Ûf8�U½ÂþÓNa [Z], ·�I�Xe9ÏÚn.
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Ún 4.1.1 � Y ⊂ X ´{�ê� r�4�Ef6/, @o±e��N�

H l(X,Z) −→ H l(X − Y,Z)

´Ó� (l ≤ 2r − 2).

y² d Thom Ó�½n, Hj(X,X − Y,Z) ∼= 0 (j < 2r). ?�Ú, (Ü�éþÓN�Ü�

· · ·H l(X,X − Y,Z) −→ H l(X,Z) −→ H l(X − Y,Z) −→ H l+1(X,X − Y,Z) · · ·

á�¤I(Ø. �

�)Ûf8 Z ⊂ X �{�ê� r. �Ä5P 4.1.1(5) �ÈL

Z = Z0 ⊃ Z1 ⊃ · · · ⊃ Zm+1 = ∅.

du Zk − Zk+1 ´ X − Zk+1 ¥4�Ef6/, �{�êî��u r. ÏddÚn 4.1.1, ·�k

H2r(X − Zk) ∼= H2r(X − Zk+1), k = 1, · · · ,m.

ùÒ�� H2r(X − Z1,Z) ∼= H2r(X,Z). ù�, �
½ÂþÓNa [Z] ∈ H2r(X,Z), ·��I�

½Â1wf6/ Z − Z1 ⊂ X − Z1 éA�þÓNa=�, ·�®²3c¡?n
ù��/.

1wEf6/ Z ⊂ X, [Z] 3 Hk(X,R) ¥éA� de Rham ÓNa�±ÏLXe�ª�E.
�Ä Z �{m NZ/X 9Ù�¡ 0N ∼= Z ��� V . � π : V → Z ´�� NZ/X → Z ���N�,
Vz := π−1(z), ∀z ∈ Z. ·�À���|83 V S� k g4�©/ª ω, ¦� ω|Vz

3 Vz Sk;
|8, �÷v ∫

Vz

ω = 1, ∀z ∈ Z. (4-1)

� U ⊂ X ´Ó�u V ��¹ Z ���. ω �� U þ�/ª�,�±�òÿ� X þ���4/
ª.

Ún 4.1.2 þã�E� ωT´ [Z]3 H2r(X,R)¥�ÓNa�L�, ùp r´ Z ⊂ X �

{�ê.

y² [Z] 3 H2r(X,R) �ÓNa5gu±eEÜN�,

H0(Z,R) T−1

−→ H2r(X,X − Z,R)
jZ−→ H2r(X,R), 1 −→ [Z].

,��¡, d�Ø½n, ·�k

H2r(X,X − Z,R) ∼= H2r(U,U − Z,R) ∼= H2r(V, V − Z,R) ∼= H2r(NZ/X , NZ/X − 0N ,R).

ù�, ·��I�y²
H2r(NZ/X , NZ/X − 0N ,R) ∼= H0(Z,R),

¿� ω �� V þ�/ªTÐÏL±þÓ�éA H0(Z,R) ¥�)¤� 1.

�d, ·�À��¡ 0N ����� V ′, ¦�§�±/CÂ � 0N , ¿� ω 3 NZ/X − V ′

þð�". du

H2r(NZ/X , NZ/X − 0N ,R) ∼= H2r(NZ/X , NZ/X − V ′,R),

¤±·��duy²
H2r(NZ/X , NZ/X − V ′,R) ∼= H0(Z,R),
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¿� ω éA)¤� 1. d�éþÓN� Leray-Hirsch ½n (ë�½n 2.5.2), ¯K?�Ú8(�
y²:

H2r(NZ/X,z, NZ/X,z − V ′z ,R) ∼= R,

� ω|NZ/X,z
éA)¤� 1 (∀z ∈ Z).

|^�éþÓN�Ü�, á�

H2r(NZ/X,z, NZ/X,z − V ′z ,R) ∼= H2r−1(S2r−1) ∼= R

Ù¥1��Ó�dÈ©p�. ù�, d ω �À�^� (4-1) ±9 Stokes úª��, ω 3þãEÜ
Ó�eéA)¤� 1. �d, ·��¤
y². �

� Z ⊂ X Ñ´;�½�E6/, �Ù½�� Z �{m½��N. � dimZ = n, dimX =
n+ r. ·��Ä±e�ÈN��È©N��EÜV�5.

〈, 〉X : H2r(X,R)⊗H2n(X,R) −→ H2r+2n(X,R) −→ R.

� α ∈ Hn(X,R), ·�F"O� 〈[Z], α〉X . Ø�� α̃ ´ÓNa α ��L�, ·�k±e(Ø

íØ 4.1.1 3þãb�^��PÒe, ·�k

〈[Z], α〉X =
∫
Z
α̃|Z .

y² ·�E,æ^c¡�ÃPÒ. Äk

〈[Z], α〉X =
∫
X
ω ∧ α̃ =

∫
U
ω ∧ α̃.

du U �±Â � Z, ¤±�3 U þ� 2n− 1 g/ª β, ¦�

α̃|U = π∗( ˜α|Z) + dβ. (4-2)

5¿� ω ´4�, ¿�Ù|8� U �>.Ø��, �d Stokes úª��∫
U
ω ∧ α̃ =

∫
U
ω ∧ π∗(α̃|Z).

dª (4-1) 9 Fubini ½níÑ ∫
U
ω ∧ π∗(α̃|Z) =

∫
Z
α̃|Z .

ùÒ��¤I(Ø. �

5 4.1.2 þãíØ�±^ α äk;|8ù�^�O��k�;5�¦. �

½n 4.1.1 (Lelong ½n) � X ´ n+ r�1wE6/, Z ⊂ X ´{�ê� r�)Ûf8.
� ω´ X þäk;|8� 2ng�©/ª, @o
(1)È©

∫
Zsmooth

ω´Âñ�.
(2) XJ ω´T��, @o

∫
Zsmooth

ω = 0. Ïd
∫
Zsmooth

p�
 H2n(X,C)þ��5., =∫
Zsmooth

∈ H2n(X,C)∗.
(3) [Z]3±eEÜN�e���u

∫
Zsmooth

,

H2r(X,Z) −→ H2r(X,C) −→ H2n(X,C)∗,
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ùp1��N�5gu��.

H2r(X,C)⊗H2n(X,C)→ C.

�ó�, éu X þ?Û 2ng4/ª α, ·�k

〈[Z], [α]〉 =
∫
Zsmooth

α.

y² ·�ùp�y²����Øä. dÚn 4.1.1, ·��±é�|83 X − Zsing S�
4/ª α′ ¦� [α] = [α′], � α′ �äk;|8. d (2) ��∫

Zsmooth

α =
∫
Zsmooth

α′.

díØ 4.1.1 9Ù5P, ·�k

〈[Z]|X−Zsmooth , [α
′]〉X−Zsmooth =

∫
Zsmooth

α′.

Ïd

〈[Z]|X−Zsmooth , [α
′]〉X−Zsmooth = 〈[Z], [α′]〉 = 〈[Z], [α]〉.

ù�, ·�Ò��

〈[Z], [α]〉 =
∫
Zsmooth

α′ =
∫
Zsmooth

α.

·K 4.1.1 � X ´ n + r�; Kähler6/, � Z ´{�ê� r�)Ûf8, K [Z]3
H2r(X,C)¥��á3 Hr,r(X)¥. �ó�, [Z] ∈ H2r(X,Z) ∩Hr,r(X)´ Hodgea.

y² � z ∈ Zsmooth, À� z 3 X ¥�ÛÜ���X�I {zi}r+ni=1 , ¦� Zsmooth d�§
z1 = · · · = zr = 0 ½Â. � α ´�� (p, q) 4/ª (ùp p + q = 2n, � (p, q) 6= (n, n)), K
α|Zsmooth = 0. Ïd½n 4.1.1, ·�k

〈[Z], [α]〉X =
∫
Zsmooth

α = 0.

ùL² [Z] � Hp,q(X) ¥�����.´", � [Z] ∈ Hr,r(X). �

5 4.1.3 þã'u1wf6/ Z ⊂ X ½ÂþÓNa [Z] ±9�E de Rham L«�Ã?
Ø, Ñ�±aqí2�¢6/�/. �o´I��y Z 3 X ¥�{m´�½��. �

3E6/ X þ, ·��±½Â����)Û4ó (Analytic cycle) �Vg. äNó�, =X

e/ª�k���Xê|Ü Z =
∑
i
niZi, d? Zi ⊂ X ´{�ê r �Ø��)Û4f8. |^

�5*Ü, �±g,/½Â)Û4ó Z �þÓNa [Z] =
∑
i
ni[Zi] ∈ H2r(X,Z), ·�¡��4

óa (Cycle class). {�ê 1 �4ó¡�Øf (Divisor), Ù4óa¡�Øfa. aq/, 3�ê
qþ, ·���±½Â�ê4ó (Algebraic cycle) �Vg.

5 4.1.4 é�K�êq X, d±èû�²;(J (����, Serre � GAGA �n), X þ

��êf8�)Ûf8´���. Ïd·��±ò�ê4ó�)Û4ó�Óå5. X þ��²

¡��éA H2(X,Z) ¥�þÓN�. �
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4.2 �þm��a

c¡·�®²y²
 Kähler 6/þ�)Û4óaÑ´ Hodge a. ù�!·�ò�Ñ,�

«�� Hodge a, =�þm��a. ·�dc®½LE�m�1��a. y3·�F"Ú\�
���Vg. �dI���
O�ó�.

� X ´�© (½ÿÀ) 6/, π : E → X ´� r E�þm, π̄ : P(E)→ X ´�Km. Ex ´ E

3: x ∈ X þ�ª.

Ún 4.2.1 �3 tautologicalf�m L ⊂ π̄∗E, ¦� π̄∗E kXe©),

π̄∗E ∼= L ⊕ E′, E′ ∼= π̄∗(E)/L.

y² ·�äN�E L. é?Û ∆ ∈ P(Ex), ∆ �w� Ex ¥���, Ï��½Â¤ L3
∆ ?�ª. 3 π̄∗E þ�� Hermite Ýþ, @o·��±3dÝþe½Â L���Ö E′. �

� L∗ ´ L�éó, - h = c1(L∗). díØ 2.2.7, 4óa hi ∈ H2i(P(E),Z) (i = 0, · · · , r−1)
���z^ª Ex þ, TÐ�¤
 H∗(Ex,Z) �Ä.·�Q²|^ Leray-Hirsch ½n 2.5.2 ��±

e(Ø.

Ún 4.2.2 (Ún 2.5.1) ÓN+ H∗(P(E),Z)´� H∗(X,Z)þ± 1, h, · · · , hr−1�Ä�g

d�. AO/, .£N�
π̄∗ : H∗(X,Z) −→ H∗(P(E),Z)

´ü�.

·K 4.2.1 (©��n) � π : E → X ´E�þm, K�3��ëYN� φ : Y → X, ¦�
.£N� φ∗ : Hk(X,Z)→ Hk(Y,Z)´ü�, ¿� φ∗E ´�m��Ú.

y² dÚn 4.2.1, ·��±é E ���8B{, ò8Bb�^um E′ → P(E) þ. �

5 4.2.1 XJ E ´���, @o φ �±�¤��N�. XJ π : E → X ´E6/þ�X

�þm, @o3T�/¥, ·��U�y π∗E äk���Xfm�ÈL, ¦���ü��û�´
�X�m. �

½n 4.2.1 (�aúnz½Â) � π : E → X ´E�þm, K�3���N� c, ¦�

c(E) =
∑
i

ci(E)ti ∈ H∗(X,Z)[t], ci(E) ∈ H2i(X,Z), c0(E) := 1,

¿÷v±e^�:
(1) e rankE = 1, K c(E) = 1 + tc1(E).
(2) � φ : Y → X ´ëY (½��)N�, φ∗ : H2i(X,Z)→ H2i(Y,Z)´.£N�, K

c(φ∗E) = φ∗(c(E)).

(3) (Whitneyúª) � E = F ⊕G, K3 H∗(X,Z)�(�$�e, ·�k c(E) = c(F )c(G).

·�¡ ci(E)� E �1 i�a (Chern class).
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y² ky��5. d©��n, ·�� φ : Y → X, ¦� φ∗E = ⊕iLi. d^� (2)(3)

φ∗c(E) =
∏
i

(1 + tc1(Li)).

Ï� φ∗ : Hk(X,Z)→ Hk(Y,Z) ´ü�, ùÒ��(½
Ã ci(E).

yy²�35. dÚn 4.2.2, H∗(P(E),Z) 3� H∗(X,Z) ek�|Ä 1, h, · · · , hr−1. Ïd

�3 ci(E) ∈ H2i(X,Z), ¦� (- c0(E) = 1)

hr +
∑

0<i≤r
π̄∗ci(E)hr−i = 0. (4-3)

ùÒ�Ñ
�a��E. ±e�yT½Â÷v·K^�.

XJ E ´�m, @o P(E) ∼= X,  tautological f�m L ∼= E. d h �½Â� h = −c1(E),
=^� (1) ¤á. d c(E) ��E��^� (2) ´w,�. 8y Whitney úª. � E = F ⊕ G,
k = rankF , l = rankG, u´ P(F ) Ú P(G) ´ P(E) ¥Ø����Kfm. ��B?Ø, ·�
^ ĉ := trc(1

t ) L«�õ�ª�p�õ�ª, ^PÒ LE �O L, ^ hE �O h ��. dª (4-3),
ĉ(E)(hE) = 0 ∈ H2r(P(E),Z).

- ZG = P(E)− P(G), ZF = P(E)− P(F ). ·�kg,ÝK

πF :ZG −→ P(F ),

πG :ZF −→ P(G).

ùÒp�Ó�
LE |ZG

∼= π∗F (LF ), LE |ZF
∼= π∗G(LG).

ù�, d ĉ(F )(hF ) = 0 ∈ H2k(P(F ),Z) íÑ

ĉ(F )(hE)|ZG
= 0 ∈ H2k(ZG,Z).

Ónk
ĉ(G)(hE)|ZF

= 0 ∈ H2k(ZF ,Z).

Ïd, ĉ(F )(hE) (�A/, ĉ(G)(hE)) �|8á3 P(G) (�A/, P(G)) ���S, lpØ��.
ù�, �È

ĉ(F )(hE) ∪ ĉ(G)(hE) = 0 ∈ H2r(P(E),Z).

5¿� ĉ(F )ĉ(G) ´'u t �Ä�õ�ª, � 1, hE , · · · , hr−1
E ´ H∗(P(E),Z) �Ä, ùÒ½¦

ĉ(F )ĉ(G) = ĉ(E). dp�'X=� c(F )c(G) = c(E). �

8b� X ´; Kähler 6/, E ´ X þ�� r �X�þm, @o P(E) �´; Kähler 6/
(SK 1.12). þ¡�?Ø�Ñ
Xe;�Ó�

Hk(P(E),Z) =
⊕

0≤l≤r−1

hlEH
k−2l(X,Z).

hE ´ (1, 1) .�þÓNa, �p���

hlE : Hk−2l(X,Z) −→ Hk(P(E),Z)
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´ (l, l) .� Hodge (���. é?Û α ∈ Hp,q(P(E)) ∩Hk(P(E),Z), ·��±��

α =
r−1∑
l=0

hlEαl, αl ∈ Hp−l,q−l(P(E)) ∩Hk−2l(P(E),Z).

8� k = 2r, α = hrE , K αl = −cr−l(E). ùÒ��±e(Ø.

íØ 4.2.1 � X ´; Kähler6/, E ´ X þ�� r�X�þm, @o ci(E)´ (i, i).
�a, ½= Hodgea.

3~ 2.2.3 ¥, ·�¢Sþy²
Xe¤¢� Lefschetz (1, 1)a½n.

íØ 4.2.2 � X ´; Kähler6/, c1 : Pic(X)→ H2(X,Z)´ Chern/ªN�. ·�k

Hdg2(X,Z) ∼= Imc1.

·K 4.2.2 (Lelong ½n) � X ´E6/, L´�X�m, σ´ L��"�X�¡, D´ σ

éA�Øf, @oØfa [D]�1��a c1(L)3 H2(X,Z)¥��.

y² � D =
∑
i
niDi, ùp Di ´Ø��©|. - Li = OX(Di). d²;(J, Li ´�

X�m, �L∗i = IDi
´n��, ÛÜþd¼ê fi )¤ (= Di d fi = 0 ½Â). Ï OX(D) =⊗

i I
⊗(−ni)
Di

. 5¿��a�4óa��\5, ·��I�y² c1(Li) = [Di] ��/=�.

d5P 4.1.1(1) �Ún 4.1.1, ·�k

H2(X,Z) ∼= H2(X − singDi,Z).

ù�, ·�Ò�±?�Úò¯K8(� Di ´1wØf��/. y3�Ä�éþÓN

· · ·H2(X,X −Di,Z) −→ H2(X,Z) −→ H2(X −Di,Z) −→ · · ·

9 Thom Ó�

H2(X,X −Di,Z) ∼= H0(Di,Z) ∼= Z.

d½Â, Øfa [Di] Ò´ 1 ∈ H0(Di,Z) 3 H2(X,Z) ¥��. 5¿� Li 3 X −Di þ´²��

m, Ïd c1(Li) ∈ H2(X,X −Di,Z), Ï§´ [Di] ��ê�. ù�, �y c1(Li) = [Di], ·��

I�yXeÈ©�ª¤á=�, ∫
Di

ω =
∫
X
ω ∧ α, (4-4)

d? α = 1
2
√
−1π

∂∂ log h(σ) Chern /ª, ω ´?Û3 X þk;|8� (2n − 2) g4/ª (n =
dimX).

5¿� log h(σ) ´ÛÉ�, ¤±·�ØU��O�ª (4-4) m>È©, I�4��ª�%

CÈ©�. äNó�, ·��Ä Di �+G�� Tε. 3 X − Tε þA^ Stokes úª,
1

2
√
−1π

∫
X−Tε

ω ∧ ∂∂ log h(σ) =
1

2
√
−1π

∫
∂Tε

ω ∧ ∂ log h(σ).

ü>¦4�, =�
1

2
√
−1π

∫
X
ω ∧ ∂∂ log h(σ) = lim

ε→0

1
2
√
−1π

∫
∂Tε

ω ∧ ∂ log h(σ).
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þªm>�O��±8(�ÛÜ¯K. Ø��3Ü·�ÛÜ�Ie, σ = z1, Di = {z | z1 = 0},
u´ ∂ log h(σ) = dz1

z1
+ {C∞/ª}. �\þªmà, ¿A^ Cauchy È©úª, =�

lim
ε→0

1
2
√
−1π

∫
∂Tε

ω ∧ ∂ log h(σ) =
∫
Di

ω.

nþ, ·�k ∫
Di

ω =
1

2
√
−1π

∫
X
ω ∧ ∂∂ log h(σ). (4-5)

�d·��¤
y². �

5 4.2.2 ª (4-5) ¡� Lelongúª. �

íØ 4.2.3 � X ´�KE6/, @o�X�m�a�N�¤�8Ü�Øfa�N�¤�
8Ü´�Ó�.

y² XJ�½Øf D =
∑

i niDi, @oc¡®y [D] = c1(OX(D)). ��, XJ�½�X

�m, Kd Moving Ún, �3 ample �m H ±9¿©��ê N , ¦� L⊗H⊗N ±9 H⊗N �3
�"�X�¡, l c1(L) = c1(L⊗H⊗N )− c1(H⊗N ) �±UìØfa½Â. �

díØ 4.2.2 ÚíØ 4.2.3, ·�w� Hdg2(X) ¥�aÑ´Øfa. éu���� Hodge a,
·�kÍ¶� Hodge ß�:
� X ´�K6/, α ∈ Hdg2k(X), @o�3,��"�ê N , ¦� Nα´�ê4óa.

½n 4.2.2 � X ´�êq, E ´ X þ��X�þm, @o Hdg2k(X)¥�X�þm1 k

�aÑ�±L«¤{�ê� k��ê4óa.

y² � H ´�� ample Øf. d Moving Ún, é¿©� ν, E′ = E ⊗H⊗ν d�N�¡
)¤. E′ �ù
�N�¡p�
�Xi\

φ : X → Grass(r, n), n = dimH0(X,E′).

e E′ ´�m, TN�Ò´·�Ù���5XN�. E′ �±w¤´�.dù6/þ tautological
m�.£, Ïd�a�5���, E′ ��a�±À��.dù6/�4óa�.£. d®��
(J, �.dù6/�þÓNÑ´d1w�ê4óa)¤, ¤± E′ ��a´�ê4óa. ,�

�¡, |^�a5��±��±eúª

ĉ(E)(t) = ĉ(E′)(t−Nπ̄∗c1(H)),

ùp ĉ = trc(1
t ) ´�õ�ª�p�õ�ª, π̄ : P(E) → X. dSK 4.8, ùÒíÑ E ��a´�

ê4óa. �

5 4.2.3 �L5, ?Û�ê4óaÑ´,��þm��a. ù�(Ø�y²I�^���
nØ¥��
�£, ·�Ø20�
. �

4.3 Abel-Jacobi N�

� (VZ, F
·VC) ´� 2p− 1 � Hodge (�. ·�k�Ú©)

VC = F pVC ⊕ F pVC,
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Ï F pVC ∩ VR = {0}, ¿�k R-Ó�

VR −→ VC/F
pVC.

ù�, � VZ ⊂ VR ��Ñ
 VC/F
pVC ��. y3·��±½ÂE�q

J2p−1(V ) := VC/(F pV ⊕ VZ).

§�¡�1 p �¥mä�'q (Intermediate Jacobian). é?Û (r, r) .(��� (VZ, F
·VC) →

(WZ, F
·WC), ·�ok

J2p−1(V ) −→ J2(p+r)−1(W ).

~ 4.3.1 � X ´; Kähler 6/, VZ = H2p−1(X,Z). ·�P J2p−1(X) := J2p−1(V ). d
~ 2.2.3, J1(X) ∼= Pic0(X) Ò´ Picardq. ��`5, =¦ X ´�êq, J2p−1(X) �Ø�½´
C��q, Ù5��' Pic0(X) E,�õ. �

� X ´ n�; Kähler 6/, [Z] ∈ H2k(X,Z). d
\4éó H2n−k(X,Z) ∼= H2k(X,Z), ^
� [Z] = 0 �du`, �3 (¢) 2n − 2k + 1����ó Γ ⊂ X, ¦� ∂Γ = Z. - Zk(X)hom ´
d{�ê� k �"N4ó)¤�+. ·��1��8I´�ïá¤¢� Abel-JacobiN�

Φk
X : Zk(X)hom −→ J2k−1(X). (4-6)

�d, ·�I��
O�ó�. ±e�?Ø�B, ·�%@¤k�XêÓN+�Æ�K
L�.

Ún 4.3.1 � Γ´(¢) 2n− 2k + 1����ó, K∫
Γ
∈ Fn−k+1H2n−2k+1(X,C)∗.

y² £�

Fn−k+1H2n−2k+1(X,C) =
Fn−k+1A2n−2k+1(X) ∩Kerd

dFn−k+1A2n−2k(X)
.

� φ ∈ Fn−k+1H2n−2k+1(X,C), ·�� φ ��L� η ∈ Fn−k+1A2n−2k+1(X) ∩ Kerd. ½Â∫
Γ φ :=

∫
Γ η. ·��`²ù�½Â��L�À�Ã'. 8� η′ ´,��L�, K η′ − η = dψ, ù

p ψ ∈ Fn−k+1A2n−2k(X). � Z = ∂Γ. d ψ �a.��, ψ|Z = 0. ù�, d Stokes úª�∫
Γ
dψ =

∫
Z
ψ = 0.

Ïd
∫
Γ φ �½ÂÜn. �

Ún 4.3.2

J2k−1(X) = Fn−k+1H2n−2k+1(X)∗/H2n−2k+1(X,Z) (4-7)

Ù¥m>�û5gudóþÈ©p��N�

H2n−2k+1(X,Z) −→ Fn−k+1H2n−2k+1(X)∗. (4-8)

y² d
\4éó, ·�k

F kH2k−1(X) ∼= (Fn−k+1H2n−2k+1(X)∗)⊥

ùÒ��
H2k−1(X,C)/F kH2k−1(X) ∼= Fn−k+1H2n−2k+1(X)∗.
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y3·�k��ã (�KL�)

H2k−1(X,Z)

��

H2n−2k+1(X,Z)

��
H2k−1(X,C)

��

H2n−2k+1(X,C)∗

��
H2k−1(X,C)/F kH2k−1(X) Fn−k+1H2n−2k+1(X)∗

dd=�Ó� (4-7). �

Ún 4.3.3 Abel-JacobiN� Φk
X (� (4-6))´ò Z ∈ Zk(X)homN¤

Φk
X(Z) =

∫
Γ
∈ Fn−k+1H2n−2k+1(X)∗/H2n−2k+1(X,Z) = J2k−1(X),

ùp ∂Γ = Z.

y² ·��`²N�� Γ �À�Ã'. � Γ′ ´,��ó, ÷v ∂Γ′ = Z. Ïd ∂(Γ −
Γ′) = 0, l

∫
Γ−

∫
Γ′ á3N� (4-8) ��¥. ùÒy²
·��(Ø. �

Φk
X(Z) �¡�"N4ó Z � Abel-JacobiØCþ.

~ 4.3.2 � X ´ E � ê  �, γ1, · · · , γ2g ∈ H1(X,Z) ´ � | ; � Ä, ω1, · · · , ωg ∈

H1,0(X) ´�5Ã'��X 1-/ª. � Z =
k∑
i=1

pi −
k∑
i=1

qi ´gê�"�Øf, Γ =
k∑
i=1

Γi,

ùp Γi ´ë� pi Ú qi ��´. w,k ∂Γi = pi − qi.
∫
Γ �±^�þL«�∫

Γ
=

(
k∑
i=1

∫ pi

qi

ω1, · · · ,
k∑
i=1

∫ pi

qi

ωg

)T
∈ F 1H1(X)∗.

aq/, ·�k

H1(X,Z) −→ F 1H1(X)∗, γj −→
∫
γj

.

ùp
∫
γj

��¤�þ ∫
γj

=

(∫
γj

ω1, · · · ,
∫
γj

ωg

)T
.

·�§�¡�±Ï�þ (Period vector), r

Π = (
∫
γ1

, · · · ,
∫
γ2g

)

¡�±ÏÝ
 (Period matrix). H1(X,Z) 3 F 1H1(X)∗ ¥��P�� Λ. ù�, Abel-Jacobi N
�ògê�"�Øf Z N¤
 Φ1

X(Z) =
∫
Γ +Λ. �þ���� Abel-Jacobi N�½Â�

u : Div(X) −→ J1(X), D −→ Φ1
X(D − (degD)q),

ùp q ∈ X ´À½�:. �

~ 4.3.3 � X ´; Kähler 6/, Z ´Øf, L = OX(Z) �A��X�m. d Lelong ½
n, Z ´ÓNu"�Øf��=� c1(L) = 0. 3ù��/e, L�Ó�a3 Pic0(X) = J1(X) ¥

kéA��� αZ . �±y², αZ = Φ1
X(Z) (SK 4.11). �
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·�ùp0�����(J, §�y²�^��¡AÙ���(Ø.

½n 4.3.1 (Green-Voisin ½n) � π : X → B´ P2n¥1w dg�¡x. XJ (n +
2)d− (2n+ 1) < (2n+ 1)(d− 2), @oé¿©��� f ∈ B, Abel-JacobiN�

ΦYf
: Zn(Yf )hom −→ J2n−1(Yf )

��¹u J2n−1(Yf )�L�Ü©¥, d? Yf ´ f éA�n�.

½n 4.3.2 (Griffiths-Abel-Jacobi N�½n) � Y ´ëÏE6/, y0 ∈ Y ´�½:. Z ⊆
Y ×X ´{�ê� k�4ó. � Z =

∑
i niZi, Zi´1w��ÝK pr1 : Zi → Y ´Ev. �Än

� Zy =
∑

i niZi,y, Zi,y := pr−1
1 (y) ⊂ X. @o

(1) ù
n� Zy 3 X ¥*dÓN;
(2) ±eN�

φ : Y −→ J2k−1(X), y −→ Φk
X(Zy − Zy0)

´�X�.

y² d J2k−1(X) þ�\{(�, ·��I��Ä Z ´1wØ����/=�. �
y1 ∈ Y , U ⊂ Y ´ y1 �� ���. �

pY := pr1|Z : Y ×X → Y,

pX := pr2|Z : Y ×X → X.

é?Û y ∈ U , �ë� y1, y ��´ [y1, y], ¿� Γy = p−1
Y ([y1, y]) ⊂ Z. d�, ∂Γy = y × Zy −

y1 × Zy1 , §3 pX e��Ò´ Zy − Zy1 . ù�, ·�Ò�� X ¥�����ó, Ù>.TÐ´
Zy − Zy1 , l [Zy] = [Zy1 ]. dd=�½n(Ø (1).

d J2k−1(X) þ�\{(�, φ(y) = φ(y1) + Φk
X(Zy − Zy1). ù�, ·��I��y φ′(y) =

Φk
X(Zy − Zy1) 3 U þ�X=�. ?�Ú, ·��±ò φ′ J,�

ψ : U −→ Fn−k+1H2n−2k+1(X)∗, y −→ ψ(y)

(
η → ψ(y)(η) :=

∫
Γy

p∗X(η̃)

)
,

ùp η ∈ Fn−k+1H2n−2k+1(X), η̃ ∈ Fn−k+1A2n−2k+1(X) ∩Kerd ´ η ��L�. ù�, ¯K?�

Ú=z�, �y ψη(y) := ψ(y)(η) 3 U þ�X (é?Û η).

5¿� p∗X(η̃) ´ 2n − 2k + 1 g4/ª,  dimZy1 = 2n − 2k, ¤± p∗X(η̃)|Zy1
= 0. du

ZU = p−1
Y (U)�©Ó�u Zy1 × U ,  U � , Ïd H∗(ZU ) ∼= H∗(Zy1). ù�, p∗X(η̃) = dβ ´T

��. d Stokes úª=�
ψη(y) =

∫
Zy

β −
∫
Zy1

β.

díØ 3.2.1, ·�k

dψη(y)(v) = dv

(∫
Zy

β

)
=
∫
Zy

int(χv)dβ =
∫
Zy

int(χv)(p∗X(η̃)),

ùp χv ´ Z ¥��þ|, ¦� pY (χv) = v.

8 � v� y ∈ Y ? � (0, 1) . � � þ, ¿ � Ù J , χv � ´ (0, 1) .. 5 ¿ �p∗X(η̃) ∈
Fn−k+1A2n−2k+1(Z), Ïd ¿/ª int(χv)(p∗X(η̃))|Zy

= 0, ùÒíÑ dψη(y)(v) = 0, = ψη
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´�X�. �

5 4.3.1 ½n^���±O���f/ª, =��¦ Z 3 Y þ´²"�. �

� X ´ëÏ� n�; Kähler 6/. � Z ´{�ê n �4ó, u´�±�� Z =
∑

i nipi,
d? pi ´ X ¥�:. [Z] = 0 ��=�

∑
i ni = 0. ·�òE�q Alb(X) := J2n−1(X) ¡�

Albaneseq. d½Â,

Alb(X) = H0(X,ΩX)∗/H1(X,Z) (4-9)

�Äé�� ∆ ⊂ X ×X, ¿�½ x0 ∈ X. d½n 4.3.2, ·����XN�

albX : X −→ Alb(X), x→ Φ2n−1
X (x− x0).

§�¡� AlbaneseN�. ~ 4.3.2 'u�þ Jacobi q�?ØÑ�±í2� Albanese qþ, ù
pØ2Kã.

·�ùpÛ� Albenese q�Ü©5�.

·K 4.3.1 � X ´; Káhler6/, @o
(1) � albX(X))¤
 Alb(X) (��\{+);
(2) XJ X ´�Kq, K Alb(X)´C��q;
(3) � f : X → T ´l X �E�q T ��XN�, ¦� f(x0) = 0, @o�3���E�q��
g : Alb(X)→ T ÷v f = g ◦ albX .

� X × Y ´1w; Kähler 6/, dimX = n,dimY = m, Y �¦ëÏ. � Z ⊂ X × Y ´{
�ê k �4ó, �3 Y þ²". �ë�: y0 ∈ Y . d½n 4.3.2 95P 4.3.1, ·�k�XN�

φ : Y −→ J2k−1(X), y → Φk
X(Zy − Zy0).

qd·K 4.3.1, �p�E�q�m���

ψ : AlbY −→ J2k−1(X).

ψ w,d��

φ∗ : H1(Y,Z) −→ H1(J2k−1(X,Z)) = H2k−1(X,Z)
(
P.D.∼= H2n−2k+1(X,Z)

)
û½ (�ª(4-9)). � γ : [0, 1] → Y ´± 0 :�Ä:��´. d Abel-Jacobi N��½Â, ·��
±ò J2k−1(X) ¥��´ φ ◦ γ J,� J2k−1(X) ��kCX�m Fn−k+1H2n−2k+1(X)∗ þ, =

φ̃ ◦ γ(t)(η) =
∫

Γt

(p∗Xη), ∀η ∈ Fn−k+1H2n−2k+1(X),

d? Γt = p−1
Y (γ([0, t])). � [γ] ∈ H1(Y,Z) ´éA�ÓNa, φ∗([γ]) ∈ H2n−2k+1(X,Z) 3

Fn−k+1H2n2−k+1(X)∗ ¥��Ò´

φ̃ ◦ γ(1)− φ̃ ◦ γ(0) : η →
∫

Γ
p∗Xη, Γ := p−1

Y (γ).

ù�, φ∗([γ]) = (pX)∗[Γ] = [pX(p−1
Y (γ))] ∈ H2n−2k+1(X,Z).

� [Z]1,2k−1 ∈ H1(Y,Z)⊗H2k−1(X,Z) ´ [Z] ��A Küneth ©|. dSK 4.10, §p�

[Z] : H2m−1(Y,Z) −→ H2k−1(X,Z),
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¿� φ∗ 3
\4éóeTÐéAþã��. ù�, ·���±e(Ø.

·K 4.3.2 ψ : AlbY −→ J2k−1(X)Ò´d [Z] : H2m−1(Y,Z) −→ H2k−1(X,Z)p��E
�q��.

íØ 4.3.1 ψ��´ J2k−1(X)�Ef�q, §3 0?���m¹u Hk−1,k(X)¥.

y² Hodge � � [Z]1,2k−1 ∈ H1(Y,Z) ⊗ H2k−1(X,Z) ´ (k − m, k − m) . �, �

H2m−1(Y ) = Hm,m−1(Y ) ⊕ Hm−1,m(Y ). ù�, [Z] N���¹u Hk,k−1(Y ) ⊕ Hk−1,k(Y ) ¥.
J2k−1(X) 3 0 ?���m�u H2k−1(X,C)/F kH2k−1(X), §w,�¹ Hk−1,k(X). Ïd [Z] �
�3 0 ?���m¹u Hk−1,k(X) ¥. �

4.4 f Lefschetz ½n

·�ò3ù�!y²Xe²;(J.

½n 4.4.1 (Lefschetz �²¡��½n) � X ´ n��Kq, j : Y ↪→ X ´�²¡��,
U = X − Y ´1w�, �Ä��N�

j∗ : Hk(X,Z) −→ Hk(Y,Z).

@o, � k < n− 1�, j∗´Ó�; � k = n− 1�, j∗´ü�.

T½nk��¡�f Lefschetz½n. y²d½n�Ì�óä´ Morse nØ. ·�k5£�ù

SN.

� X ´�©6/, p ∈ X, f ´ X þ C∞ ¢��¼ê. XJ df(p) = 0, @o·�Ò¡ p ´ f

��.: (Critical point),  f(p) ¡� f ��.� (Critical value). �Ä�.: p ∈ X NC�
ÛÜ�I (x1, · · · , xk) ¦� p = 0. ·�½Â f 3: p � Hesse �¼ Hp(f), §´��m TX,p þ

�é¡V�5.

Hp(f)
(
∂

∂xi
,
∂

∂xj

)
=

∂2f

∂xi∂xj
(0).

§éA�é¡Ý
��� HesseÝ
. XJ Hp(f) 3��m TX,p þ�òz, K¡ p ´ f ��
òz�.:. ÏLÜ·��IÀ�, ·��±ò Hesse Ý
é�z� H ′, ¦�é��� ±1 ½
0. H ′ é��þ (−1) ��ê¡� Hp(f) �Morse�I (Index), ½{¡� f 3 p ?�Morse�
I, ¿P� indpf . H ′ é��þ 0 ��ê¡�"zê. �.: p �òz��=�"zê� 0.

�.:�Vgw,�±ÏL��m?�Úí2��©6/�m�N�þ. ·�k±eÙ�

(J.

½n 4.4.2 (Sard ½n) �M1ÚM2Ñ´äk�êÄ��©6/, dimMi = mi. �
f : M1 →M2´ Ck N� (k ≥ max{m1 −m2 + 1, 1}), @o�.:8��3M2¥äk"ÿÝ.

Ún 4.4.1 (Morse Ún) � p´ f ��òz�.:, @o3 p�,���¥, �3�|�
I, ¦� p = 0, �

f(x1, · · · , xn) = f(0)−
r∑
i=1

x2
i +

n∑
i=r+1

x2
i ,

- 74 -



1oÙ �XêþÓNa

d? r = indpf .

AO/, �òz�.: p´�á�, Ï�.��´lÑ�.

·�- X[a,b] = f−1([a, b]), X≤b := f−1((−∞, b]), ùp −R < a ≤ b < +R. ù
8Ü�¡
� f �Y²8 (Level set). XJé?Û b ∈ R, 4f8 X≤b Ñ´;�, @oÒ¡ f �¡&¼ê

(Exhaustion function). w,¡&¼ê f �n� Xa = f−1(a) Ñ´;�. ?�Ú, XJ¡&¼ê
f ��.:Ñ´�òz�, @od Morse Ún, z��.��õ�kk��éA��.:. AO

/, (−∞, b] ¥�kk���.�. ù�� f ��� Morse¼ê.

½n 4.4.3 (Morse ½n) � X ´�©6/, f : X → R´��¡&¼ê. � λ ∈ R, ε > 0
¦� [λ− ε, λ+ ε]¥�õ�k λ´�.�.
(1) XJ λØ´�.�, @o X≤λ−ε�©Ó�u X≤λ+ε, ¿� X≤λ−ε´ X≤λ+ε�/CÂ Ø,
Ï�¹N� X≤λ−ε → X≤λ+ε´ÓÔ�d.
(2) XJ λ´�.�, � p1, · · · , pk ´ f 3 Xλ := f−1(λ)þ�¤k�.:, � ri = indpi

f , @o
�3l X≤λ+ε� Y = X≤λ−ε ∪Sr1−1 Br1 ∪Srk−1 Brk �/CÂ , d? Y ´d X≤λ−ε�� ri�

¥ Bri ÷X§��g>� Sri−1ÊÜ�.

� X ⊂ RN ´�©q, h ´ RN �iùSÈ. � p ∈ RN , ·�½Âål²�¼ê fp(x) =
h(−→px,−→px) (k�{P� h(−→px)), ∀x ∈ X, ùp −→px L«�þ.

Ún 4.4.2 é¿©��: p ∈ RN , þã fp´ X þ�Morse¼ê.

y² fp w,´¡&¼ê. ·��y², é���: p, fp vkòz�.:. Äk, ·�5
(½�.:¤�÷v�^�. é?Û u ∈ TX,x, dfp,x(u) = 2h(−→px, u). Ïd x ´ fp ��.:��

=� −→px ���m TX,x ��. �Ä

Z = {(x, 0) ∈ X × RN | −→px ⊥ TX,x}.

·��ÄÝK π : Z → RN . w� dimZ = N , Ï π 3,:´Ev��=�3T:´E\. d
Sard ½n, @
�E\:3 π e����N�¤"ÿÝ8Ü (P� S), ÏÙSÜ´�8.

y3·��I�y², ¦� fp kòz�.:� p ∈ Rn �¤�8Ü (P� T ) TÐÒ´ S.
5¿ p ∈ S ��=��3 (u, 0) ∈ TX,x × TRN ,p á3 TZ,(x,p) ¥;  p ∈ T �du�3 u ∈ TX,x
¦� Hesse Ý
÷v Hp(f)u = 0. ù�, ¯K?�Ú8(�y²: é (x, p) ∈ Z 9 u ∈ TX,x,
(u, 0) ∈ TX,x × TRN ,p á3 TZ,(x,p) ¥��=� Hp(f)u = 0.

Z �±w¤ X × RN ¥�þm pr∗1ΩX ��¡ dfp,x �":8. 8� X þ�ÛÜ�I xi, T
�¡��

∑
i
∂fp

∂xi
dxi. u´ Z 3 (x, p) ?���m���

TZ,(x,p) =
{

(u,w) ∈ TX,x × TRN ,0 | du
∂fp
∂xi

+ dw
∂fp
∂xi

= 0,∀i
}
.

� u =
∑

i ui
∂
∂xi

, @oþã8Ü^�ª�1���du
∑

j uj
∂2fp

∂xi∂xj
. Ïd (u, 0) ∈ TZ,x,p ��=

�
∑

j uj
∂2fp

∂xi∂xj
= 0, = Hp(f)u = 0. �

y3·�ò RN O�� CN , ò h O�� Hermite Ýþ, ¿ò X O�� n���q (Affine
variety), = CN ¥�)Ûfq. dþãÚn, é���: p ∈ CN , ·�k Morse ¼ê fp(x) =
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h(−→px), ∀x ∈ X. h �¢Ü Reh := 〈, 〉�±À�îAp��mSÈ. ��îAp��mþ�¼ê,
·�k

dfp,x(u) = 2〈−→px, u〉, u ∈ TX,x.

XJ x ´�.:, éTª2g�©=�

Hp(f)(u, v) = 2(〈−→px,Φ(u, v)〉+ 〈u, v〉),

ùp Φ(u, v) ´1�Ä�/ª (�~ 1.4.2). - H(u, v) = h(Φ(u, v),−→px). §w,´ TX,x ∼= Cn þ

�é¡V�5.. dê¦ i p�� Cn �gÓ�, ò H C¤ −H. ùL²XJ λ ´ H (�A/,
ReH = 〈−→px,Φ(u, v)〉) �A��, @o −λ �´A��. Ïd Hp(f) 3îAp��mþ�A��

/X 2(1 + λi), 2(1− λi), i = 1, · · · , n. w,Ù¥�õk n �EA��. ùÒ��±e(Ø.

·K 4.4.1 n���q X ⊂ CN þ�ål¼ê fp(x) = h(−→px)3z��.:?��IØ
�L n, ùp p ∈ CN ´¿©��:.

�
A^ Morse ½n, ·�£��e CW-E/�Vg. ��ÿÀ�mXJU�¤k��4

�n (Cell, =Ó�u Rk ¥4¥) �¿, K¡��; CW-E/, ¤k�n¥���ê k ¡�T;
CW-E/��ê. ��ÿÀ�mXJ�34O�m8S� {Ui}∞i=1 �¤mCX, ¦�z� U i ´
; CW-E/, K¡�� CW-E/ .

½n 4.4.4 n���qk��¢�êØ�L n� CW-E/�ÓÔ..

y² �Ä X ⊂ CN þ�ål¼ê fp(x) = h(−→px). dÚn 4.4.2, é��� p ∈ CN , ù´
Morse ¼ê. �

Xk = {x ∈ X | h0(x) ≤ k},

X0
k ´ÙSÜ, u´ {X0

k}´ X �mCX. d½n 4.4.3 9·K 4.4.1, Xk+1 k��ÓÔ., TÐ
´ Xk �k��¢�ê ≤ n �¥�¿. ùÒ��
¤�(Ø. �

·��I��
©Û�¡�O�ó�. � X ´1w�Kq, i : Y ↪→ X ´1w�²¡
��. díØ 4.2.3, 4óa [Y ] ∈ H2(X,Z) �u�a h = c1(OX(1)). ·�k Gysin ��
j∗ : Hk(Y,Z)→ Hk+2(X,Z). � π : T → Z ´ Y �+G+�. k : T ↪→ X ´�¹N�.

Ún 4.4.3 � ηY ∈ H2
c (T,Z)´3 T Sk;�8� Y ÓNa, K j∗ = k∗ ◦ (∪ηY ) ◦ π∗.

y² d j∗ �½Â, §¢Sþ´��N� j∗ : H2n−k−2(X,Z) → H2n−k−2(Y,Z) d
\4
éó¤p�, ù�du∫

Y
β ∧ j∗α =

∫
X
j∗β ∧ α, ∀[α] ∈ H2n−k−2(X,Z), ∀[β] ∈ Hk(Y,Z).

,��¡,∫
X

(k∗ ◦ (∪ηY ) ◦ π∗)β ∧ α =
∫
X
k∗(η̃Y ∧ π∗β) ∧ α =

∫
X
η̃Y ∧ π∗β ∧ α =

∫
T
η̃Y ∧ π∗β ∧ α,

ùp η̃Y ´ ηY � de Rham L«, §´4� 2-/ª, |8á3 T ¥, � π∗η̃ = 1Y (�Ún 4.1.2).

Ï, ·��Iy² ∫
Y
β ∧ j∗α =

∫
T
η̃Y ∧ π∗β ∧ α.
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du T �±ÏL π /CÂ � Y , ���N� H∗(T,Z) → H∗(Y,Z) ´Ó�, Ï�34

(2n − k − 2)-/ª α′, ±9 (2n − k − 3) /ª α”, ¦� α|T = π∗α′ + dα”. d Stockes ½n±9

π∗η̃Y = 1Y , ·���∫
T
η̃Y ∧ π∗β ∧ α =

∫
T
η̃Y ∧ π∗β ∧ π∗α′ =

∫
Y
β ∧ α′ =

∫
Y
β ∧ j∗α. (4-10)

ùÒy²
(Ø. �

5 4.4.1 ª (4-10) 1���Ò��þ´^^�
∫
Vy
η̃Y = 1 (∀y ∈ Y ) �Ñ, d? Vy =

π−1(y). äNó�, ∫
T
η̃Y ∧ π∗β ∧ π∗α′ =

∫
Y

∫
Vy

η̃Y ∧ π∗(β ∧ α′) =
∫
Y
β ∧ α′.

íØ 4.4.1 � hY := h|Y = [Y ]|Y . �Ä�È hY ∪ : Hk(Y,Z) → Hk+2(Y,Z), @o·�k
j∗ ◦ j∗ := hY ∪.

aq�yXe(Ø

íØ 4.4.2 j∗ ◦ j∗ = [Y ]∪ : Hk(X,Z)→ Hk+2(X,Z).

�ÄknXêþÓN��È

hY ∪ = j∗ ◦ j∗ : Hk(Y,Q) −→ Hk+2(Y,Q).

Ï� hY ´ Kähler a, �dr Lefshetz ½n 2.3.2 ��, � k < n−1 �, hY ∪´ü�; � k > n−1
�, hY ∪ = j∗ ◦ j∗ ´÷�. Ón, � k < n �, h∪ = j∗ ◦ j∗ ´ü�; � k > n �, h∪´÷�. ùÒ
íÑXe(Ø.

íØ 4.4.3 � k ≥ n�, j∗ : Hk(X,Q)→ Hk(Y,Q)´÷�; � k < n�, j∗´ü�.

Ún 4.4.4 � X ⊆ Pn´ n��êfq (Ø�½1w), Y = Pn−1 ∩X ´�²¡��, ¦�
U = X − Y ´1w n��, @o·�k

Hk(X,Y,Z) = H2n−k(U,Z).

y² ·��E X ¥���S� {Yi}∞i=1, ¦Ù/CÂ � Y . ù�,

Hk(X,Y,Z) ∼= lim
−→

Hk(X,Yi,Z).

d�Ø½n,
Hk(X,Yi,Z) ∼= Hk(U, Yi ∩ U,Z).

8� Ki = U − Yi ∩ U . Ï� U ´�½��, ��±/CÂ � Ki, ¤±d Lefschetzéó, ·�
�±��±eÓ�

H2n−k(Ki,Z) ∼= Hk(U,U −Ki,Z) = Hk(U, Yi ∩ U,Z).

Ïd·�k
Hk(X,Y,Z) ∼= lim

−→
H2n−k(Ki,Z).
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5¿z�ÛÉóÑ¹3,�;8 Ki ⊂ U ¥, Ïd

H2n−k(U,Z) = lim
−→

H2n−k(Ki,Z).

nÜ�ª=�(Ø. �

½n 4.4.1 �y²: d�éþÓN��Ü�

· · · −→ Hk(X,Y,Z) −→ Hk(X,Z) −→ Hk(Y,Z) −→ Hk+1(X,Y,Z) −→ · · ·

±9Ún 4.4.4, ·��I�y² Hk(U,Z) = 0 (k ≥ n+ 1). U w,´ CN ���q. � h ´ CN

� Hermite Ýþ, p ∈ CN , fp ´ål¼ê, �ÏL�Ü·� p, �±b� fp ´ Morse ¼ê. U �
±��4Om8S� {U≤M}M∈Z �¿, � U≤−1 = ∅. w,

Hk(U,Z) = lim
M−→∞

Hk(U≤M ,Z).

ù�, ·��I�y² Hk(U≤M ,Z) = 0, k ≥ n+ 1. �Ä�éÓN�Ü�

· · · −→ Hk+1(U≤M+1, U≤M ,Z) −→ Hk(U≤M ,Z) −→ Hk(U≤M+1,Z) −→ Hk(U≤M+1, U≤M ,Z) −→ · · ·

du U≤−1 = ∅, ¤±¯K�±?�Ú8(�y²

Hk(U≤M+1, U≤M ,Z) = 0, k > n. (4-11)

b� M Ú M + 1 Ø´�.�, ¿� fp 3 [M,M + 1] ¥��.��

M < λ1 < · · · < λi < · · ·λk < M + 1.

� λ′i ∈ (λi, λi+1). d½n 4.4.4, U≤λ′i �ÓÔ.´ U≤λ′i−1
�Ã ri�¥ Bri

i,j ÏL>. Sri

i,j ÊÜ�
�, d? ri éA�.� λi ��A�.: xi,j ��I. ½n 4.4.4 �y
ù
�IØ�L n, Ï
z�¥Ñ÷v Hk(B,S,Z) = 0 (k > n), l�Ø½n=�ª (4-11). �

�Äd Pn þ OPn(d) p�� d g Veronesei\N�

Φd : Pn → PN .

� X ⊂ Pn ´ d g�¡, w,k X = Φd(Pn) ∩ PN−1. (Ü½n 4.4.4 ±9íØ 2.2.7, ·�á
�±e(Ø.

íØ 4.4.4 � X ⊂ Pn´�¡, K
(1) � k´Ûê��u dimX �, Hk(X,Z) = 0;
(2) � 2k < dimX �, H2k(X,Z) = Zhk, d? h = OX(1).

éþãíØA^
\4éó½n, =�

íØ 4.4.5 � X ⊂ Pn´1w�¡, K
(1) � k´Ûê��u dimX �, Hk(X,Z) = 0;
(2) � 2k > dimX �, H2k(X,Z) = Zα, d? α� hn−1−k ���êT� 1.

5 4.4.2 �Ä d g1w�¡ X ⊂ Pn, � α ∈ H2(X,Z) = H4(X,Z) ´)¤�, ¦���
ê 〈α, h〉 = 1. C = X ∩ P2 ´ d g�, [C] = dα w,´�ê4ó. e X ¹k��, Kw,T�

�éA�4óaÒ´ α, Ï�´�ê4ó. �� d > 5 �, X ��Ø¹��. Kollár y², é¿
©�� d, 4óa α ��Ø´�ê�. Ïd, Hodge ß�¥5½knþÓN´7��. �

- 78 -



1oÙ �XêþÓNa

þã�ü�íØw,�±ÏL�EA^ Lefschetz ½ní2����þ. ùpØ2Kã. ·
��Ñ���þ Picard +���k�íØ.

íØ 4.4.6 � X ⊂ Pn´1w���, dimX ≥ 3, K Pic(X) = ZOX(1).

y² �Ä�êN��Ü�

H1(X,Z) −→ H1(X,OX) −→ Pic(X) c1−→ H2(X,Z).

díØ 4.4.4, H1(X,Z) = 0, � H1(X,C) = 0, ld Hodge ©)�� H1(X,OX) = 0. ù
Ò��ü� c1 : Pic(X) ↪→ H2(X,Z). du X ´ Pn ¥����, ¤± Pic(X) w,Ø´²

�+. �y c1 ´Ó�, ·��I�y H2(X,Z) d���)¤=�. 5¿� dimX > 3, �d
íØ 4.4.4 �� H2(X,Z) ∼= H2(Pn,Z). Ï� Pic(Pn) ∼= H2(Pn,Z) = Zh. ù�, ·�Ò��
Pic(X) ∼= H2(X,Z) ∼= ZOX(1). �

|^ Kodaira ��½n, ·��±ò Lefshcetz �²¡��½ní2������/.

½n 4.4.5 (Kodaira ��½n) � L → X ´ n�;Eq X þ��½�m, XJ p + q >

n, @o
Hq(X,Ωp

X(L)) = 0, p+ q > n.

d Serreéó½n, ù��du

Hq(X,Ωp
X(−L)) = 0, p+ q < n.

½n 4.4.6 (f Lefschetz ½n) � X ´ n�;Eq, j : Y ↪→ X ´1w�¡, ��m
OX(Y ) = (LY )∗´�½�. @o� k < n − 1�, ��N� j∗ : Hk(X,Q) → Hk(Y,Q)´Ó�;
� k = n− 1�, j∗´ü�.

y² Ø���5, ·��±�ÄEXêþÓN��/. d Hodge ©)½n, j∗ =
⊕p+q=kj∗p,q, d? j∗p,q : Hq(X,Ωp

X) → Hq(Y,Ωp
Y ) ´d j∗p : Ωp

X → j∗Ω
p
Y p�. ·�I�y²

j∗p,q ´Ó� (p+ q < n− 1) ½ü� (p+ q = n− 1). 5¿� j∗p,q ´±eN��EÜ

Ωp
X −→ Ωp

X ⊗OY = j∗(Ω
p
X |Y ) −→ j∗Ω

p
Y ,

Ïd·���y²þãz�N�p�þÓN+�Ó�½ü�=�.

é�Ü�

0 −→ Ωp
X(−Y ) −→ Ωp

X −→ Ωp
X |Y −→ 0

¤p����Ü�A^ Kodaira ��½n, á�

Hq(X,Ωp
X) −→ Hq(Y,Ωp

X |Y )

´Ó� (p+ q < n− 1) ½ü� (p+ q = n− 1).

Ó�/, �Ä�Ü�

0 −→ Ωp−1
Y (−Y ) −→ Ωp

X |Y −→ Ωp
Y −→ 0

p����Ü�, ¿$^ Kodaira ��½n, K��

Hq(Y,Ωp
X |Y ) −→ Hq(Y,Ωp

Y )
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´Ó� (p+ q < n− 1) ½ü� (p+ q = n− 1). ùÒ�¤
y². �

Lefschetz �²¡��½n�±í2�¿© ample �¡�����/. ·�e¡�ãd(
J, §�y²�^��¡AÙ���(Ø.

½n 4.4.7 (Nori ëÏ5½n) � X ´ (n+r)q, j : YB ↪→ X×B´¤k r�¿© ample
�¡�����¤��kx. � T ´1w[�Kq, φ : T → B´Ev, YT = T ×B YB. @o

j∗ : Hk(X × T,Q) −→ Hk(YT ,Q)

´Ó� (k < 2n)½ü� (k = 2n).

Morse nØ�±í2��X�/, �¡ò¬A^§?n Lefschetz �å��¯K. ·�3ù
p���{��0�.

�Ä n�E6/ X þ��X¼ê f : X → C. XJ p ∈ f ÷v df(p) = 0, K¡�.:; ?
�Ú, XJ�X Hesse �¼ Hp(f) = 0 �òz, K¡T�.:�òz, d? Hp(f) ´�X��m

T 1,0
X,p þ�é¡V�5., 3Ü·�ÛÜ�I z1, · · · , zn e�L��

Hp(f)
(
∂

∂zi
,
∂

∂zj

)
=

∂2f

∂zi∂zj
.

� p ∈ X ´�òz�.:, t = f(p), ·��~¡ p ´ Xt = f−1(t) �Ï~�: (Ordinary
double point). aq¢�/� Morse Ún, ·��±À� p NC�Ü·�X�I, ¦�

f(z) = f(0) +
n∑
i=1

z2
i .

~ 4.4.1 �Ä�XN�

f : Cn → C, z →
n∑
i=1

z2
i .

0 w,´�òz�.:. � B ´± 0��:, ± r��»�¥, Bt = B ∩ f−1(t). ò f ���¥

B þ, = f : B → ∆, d? ∆ ´�»� r2 ���. §�¡� Lefschetzòz.

é t = seiθ ∈ ∆∗ := ∆− {0}, s = |t| ≤ r2, Bt ¹k¥¡

Sn−1
t =

z = (z1, · · · , zn) ∈ B | zi =
√
se

iθ

2 , xi ∈ R,
∑

1≤i≤n
x2
i = 1

 .

� t ª�u 0 �, Sn−1
t Â ��:, Ïd·�¡ Sn−1

t �"z¥¡ (Vanishing sphere). d	, �

�½Â¥

Bn
t =

z = (z1, · · · , zn) | zi =
√
se

iθ

2 , xi ∈ R,
∑

1≤i≤n
x2
i ≤ 1


§�¡� Sn−1

t �I. ·�ò Hn−1(Bt,Z) �)¤� δ ¡�T Lefschetz òz�"z4ó (Van-
ishing cycle). �

½n 4.4.8 (�X Morse ½n) � X ´ n�Eq, ∆´���. � f : X → ∆´�~�X
N�, ¦� f ´ ∆∗ := ∆ − {0}þ�Ev, � f 3 0 ∈ ∆þk���.: x0. @o X �±/C

Â ¤ Xt
⋃
Sn−1

t
Bn
t , = Xt��� n�¥÷X"z¥¡ Sn−1

t ⊂ XtÊÜ���¿ (t ∈ ∆∗).
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íØ 4.4.7 � f : X∆ → ∆´�� ∆þ��~�XN�, ÷v½n 4.4.8�^�, i : Xt →
X∆´�¹N�. @o i∗ : Hk(X,Z)→ Hk(X∆,Z)´Ó� (k < n− 1)½÷� (k = n− 1).

?�Ú, � k = n− 1�, Ker(i)´"z¥¡ Sn−1
t ⊂ Xt�a)¤.

y² d½n 4.4.8 ±9�Ø½n, ·�k

H∗(X∆,Z) ∼= H∗(Xt

⋃
Sn−1

t

Bn
t , Xt,Z) ∼= H∗(Bn

t , S
n−1
t ,Z).

ù�, d�éÓN�Ü�±9 Hk(Xt
⋃
Sn−1

t
Bn
t , Xt,Z) = 0 (k ≤ n− 1) =�·K1�Ü©.

·K��Ü©��5gu±e�Ü���ã
· · · // Hn(Bn

t , S
n−1
t ,Z)

��

∼ // Hn−1(Sn−1
t ,Z)

��

// 0

��
· · · // Hn(X∆, Xt,Z) // Hn−1(Xt,Z)

i∗ // Hn−1(X∆,Z)

�

4.5 Lefschetz �å

ù�!¥, ·�ò0� Lefschetz �å�Ä�VgÚ5�, ¿|^§�Ñ Lefschetz �²¡�
�½n���8B5y² (��þE,I� Mores nØ).

� X ´Eq, L ´ X þ��X�m, P(H0(X,L)) := |L|¥��� P1 ¡� X ��¡�å
(Pencil of hypersurfaces). ù�����å�dud H0(X,L) ¥�ü��¡ σ0, σ∞ p��kn
N�

φ : X 99K P1, z → [σ0, σ∞].

�¡ σt := σ0 + tσ∞ �":8P� Xt. k�·��ò�¡�åP� (Xt)t∈P1 .

±eXÃAO(², ·�ob� X ⊂ PN ´�òzE�Kq, L = OX(1), �

H0(PN ,OPN (1)) ∼= H0(X,OX(1)).

·�¡ B =
⋂
t∈P1 Xt�Ä;, (Base locus). B w,´d�§ σ0 = σ∞ = 0 ½Â. XJ X0 �

X∞ vkú�©|, @o B ´{�ê 2 ����.

5 4.5.1 X ⊂ PN �òz�du��N� H0(PN ,OPN (1))→ H0(X,OX(1)) ´ü�. �

XJ���¡�å÷v±e�^�, K¡� Lefschetz�å:
(1) Ä;, B ´ X ¥1w�{�ê 2 fq. AO/, T�å¥��¡Ñ÷X B 1w.
(2) z��¡ Xt �õ�k��Ï~�:��ÙÛ:.

�Ä�òzE�Kq X ⊆ PN . ·�^ (PN )∗ L« PN �éó, §�±w¤¤k�²¡�¤
�8Ü½öàg�5¼ê8Ü. �Ä�êf8

Z = {(x,H) ∈ X × (PN )∗ | X ∩H 3 x ?ÛÉ}.

XJr Z ���,: (x,H) NC (�ÛÜ�I z1, · · · , zn), @o Z ��±Xe£ã

Z = {(y, k) ∈ X ×K | k(y) = dk(y) = 0},
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ùp K ´ CN þ�5¼ê�¤�8Ü. �ó�, Z d�§| k(y) = ∂k
∂zi

(y) = 0 (1 ≤ i ≤ n) ½Â.
ù�, Z 3T:���m

TZ,(x,H) = (4-12){
(u, k) ∈ TX,x × TK,H

∣∣∣duH + k(x) = 0 9 du

(
∂H

∂zi

)
+
∂k

∂zi
(x) = 0, 1 ≤ i ≤ n

}
ÝK Z → X w,�±w� X þ� PN−n−1 m, � Z ´1w N − 1�fq.

Ún 4.5.1 � (x,H) ∈ Z,@o x ∈ X ´ XH := X ∩H �Ï~�:��=� pr2 : Z →
(PN )∗3: (x,H)?´E\.

y² dª (4-12), ·�k

Ker
(
pr2 : TZ,(x,H) → TK,H

)
= TZ,(x,H) ∩ (TX,x × {0})

∼=
{
u ∈ TX,x

∣∣∣duH = 0 9 du

(
∂H

∂zi

)
= 0, 1 ≤ i ≤ n

}
.

ùÒíÑ¤�(Ø. �

íØ 4.5.1 XJ x´ XH �Ï~�:, @o

pr2∗(TZ,(x,H)) = {k ∈ TK,H | k(x) = 0}

�±À� TK,H ∼= CN ¥��²¡.

y² dª (4-12), Ï� dHx = 0, ¤± k(x) = 0. ��, b���þ k ∈ TK,H ÷v
k(x) = 0. �¦ u ∈ TX,x ÷vª (4-12), ò u �� u =

∑
i ai

∂
∂zi

, �\ª (4-12) �^�. ù
�du¦)'u a1, · · · , an ��5�§. du H 3 x ?�òz, ù�� u w,�3, l
(u, k) ∈ TZ,(x,H). ùÒ��¤I(Ø. �

� DX = pr2(Z) ⊂ (PN )∗, D0
X ⊂ DX ´d¤k¦��²¡�� XH �õ�k��Ï~�

:��ÙÛ:��²¡ H ¤|¤�f8. d Z �Ø��5�� DX ´Ø���, §Ï~�¡�
�Oªq (Discriminant variety) ½ö�Oª�¡. d	, D0

X ´ DX � Zariski m8.

íØ 4.5.2 ±e^��d:
(1) �3�²¡�� XH �kÏ~�:;
(2) é DX ¥���: H, §éA��¡�� XH =�k��Ï~�:;
(3) dimDX = N − 1.

y² Äk5¿A�¯¢. d Sard ½n9Ún 4.5.1, X þ�kòzÛ:��²¡���
¤�8Ü�êØ�L N − 2. díØ 4.5.1, �kõ�Ï~�:��²¡���¤�8Ü�êØ

�L N − 2.

(1) =⇒ (3) XJ�3�kÏ~�:��²¡��, @oÚn 4.5.1 ±9 dimZ = N − 1 á
�íÑ dimDX = N − 1.

(3) =⇒ (2) b� dimDX = N − 1, @odþ¡�Ñ�¯¢��, D0
X ´ DX ��� Zariski

mf8, ÏÈ�.

(2) =⇒ (1) w,. �
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¯¢þ, þ¡^�¤á�, du pr2 3 D0
X þ´Ó�, � D0

X 1w.

·K 4.5.1 � X ⊂ PN ´1w�, @oéA�� ∆ ∈ (PN )∗��²¡�å (Xt)t∈P1 ´

Lefschetz�å��=�±e^���¤á:
(1) DX ⊂ PN ´�¡, � ∆� DX î���;
(2) dimDX ≤ N − 2� ∆� DX Ø��.

y² ©�/?Ø.

�/1. dimDX ≤ N − 2.

d�¤kÛÉ�²¡��ÑkòzÛ:. Ïd Lefschetz �åéA��� ∆ �,Ø�U� DX .
�L5, XJ ∆ ∩ DX = ∅, @o¤k�²¡��Ñ´1w�, d� (Xt)t∈P1 w,´ Lefschetz �

å.

�/2. dimDX = N − 1.

díØ 4.5.2, � DX ⊂ PN 3 H ?����²¡Ò´

{L ∈ (PN )∗ | L(x) = 0}.

∆ � DX ⊂ PN 3 H ?���du ∆ ¹uþã�²¡¥, ½= x ∈ B. ,��¡, �å (Xt)t∈P1

�z��²¡���õ�k��Ï~�:��Û:��=� ∆ � DX ��:á3 D0
X ¥. �

íØ 4.5.3 � X ⊂ PN ´1wE�Kq, @o X þ¿©����²¡���å (Xt)t∈P1

Ñ´ Lefschetz�å.

� X ⊂ PN ´ n�;E�Kq, (Xt)t∈P1 ´ Lefschetz �å. ·�p�q

X̃ = {(x, t) ∈ X × P1 | x ∈ Xt}.

w� pr1| eX : X̃ → X ´ X ÷XÄ;, B �u, B Ú X̃ ´1w�. ·��p�N�

f := pr2| eX : X̃ −→ P1.

n� f−1(t) �±g,/w� Xt, ±�·�Ø2«©. � p1, · · · , pM ´ f ¤k��.�, ∆i ´±

pi�¥%���, X̃∆i
:= f−1(∆i). d½n 4.4.8, X̃∆i

�±/CÂ ¤ Xti Ú�� n�¥÷X"

z¥¡ÊÜ���¿, ti ∈ ∆i. Ø���5, ·��±b� 0,∞ÑØ´�.�.

½n 4.5.1 X̃ −X∞ÓÔu X0�Ã n�¥÷X�géA�"z¥¡ÊÜ��¿, d?
"z¥¡w¤ Xti �"z¥¡3�©Ó� Xti

∼= X0e��.

y² � γi�ë� 0 � pi ��´, �ØL?Û�.�. � X̃γi
:= f−1(γi). Äk, Ï� C

�±Â �Ã ∆i � γi �¿, Ïdd Ehresmann ½n 3.1.1, X̃ −X∞ �±/CÂ ¤
⋃
i(X̃γi

∪
X̃∆i

). qÏ� X̃γi
∼= Xti × γi, ¤±§�±/CÂ ¤ Xti ,  Xti q�©Ó�u X0. ù�,

X̃ −X∞ ÓÔu X0 ∪i X̃∆i
. (Üc¡�?Ø, ·�Ò��
(Ø. �

éu�� ∆ þ� Lefschetz �å p�n�z(¥%:�ÛÉn�), ·�3þ!�
Ü©
?Ø, ½Â
"z¥¡þ�I±9"z4ó. ù
Vg�±í2���� Lefschetz �å
þ. æ^±þÃPÒ, ·�®k�©Ó� X̃γi

∼= X0 × [0, 1]. - B′i
n := Bn

i ∪ S
n−1
i × [0, 1],

S′i
n := Sn−1

i × 1 ⊂ X0 . B′i
n �±/�/w� S′i

n
þ�I (Cone). ù�I�½��±½Â��a

Γi ∈ Hn(X̃ −X∞, X0,Z).
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Γ ¡�"z4ó δi ∈ Hn−1(Sn−1
i ,Z) þ�I.

(Ü½n 4.4.8 9�Ø½n, á�±e(Ø.

·K 4.5.2 �éÓN+ Hn(X̃ −X∞, X0,Z)d"z4óþ�I)¤.

� t ∈ C1 Ø´�.�, ·�P

it : Xt → X, i′t : Xt → X̃ −X∞, jt : Xt → X̃

���¹N�.

íØ 4.5.4
i′t∗ : Hk(Xt,Z) −→ Hk(X̃ −X∞,Z)

´Ó� (k < n− 1)½÷� (k = n− 1). 3
\4éóe, ù�du

i′t
∗ : Hk(X̃ −X∞,Z) −→ Hk(Xt,Z)

´Ó� (k < n− 1)½ü� (k = n− 1).

?�Ú, � k = n− 1�, Keri′t∗d@
"z¥¡�a)¤.

y² d½n 4.5.1, X̃ −X∞ ÓÔu X0 �Ã¥÷X�g�"z¥¡ÊÜ��¿. aq

íØ 4.4.7 �y², �E¦^�Ø½n=�(Ø. �

d·K 2.5.4, ·�kÓ�

Hk+1(X̃,Z) ∼= Hk+1(X,Z)⊕Hk−1(B,Z). (4-13)

Ún 4.5.2 � l : B ↪→ Xt´�¹N�, @ol∗Ò´±eEÜN�

Hk−1(Xt,Z)
(jt)∗−→ Hk+1(X̃,Z) ∼= Hk+1(X,Z)⊕Hk−1(B,Z) −→ Hk−1(B,Z). (4-14)

Ó�/, l∗´EÜN�

Hk−2(B,Z) −→ Hk(X̃,Z) ∼= Hk(X,Z)⊕Hk−2(B,Z)
j∗t−→ Hk(Xt,Z). (4-15)

(y²3�Öö)

Ún 4.5.3 � k ≤ n − 1�, Gysin�� (j∞)∗ : Hk−1(X∞,Z) → Hk+1(X̃,Z)´ü�. �
�N� Hk(X̃,Z)→ Hk(X̃ −X∞,Z)´÷�.

AO/, � k < n− 1�, j∗t : Hk(X̃,Z) −→ Hk(Xt,Z)´÷�.

y² dÚn 4.5.2, EÜN� (4-14)Ò´ l∗. Ï� B ´ X∞ ��²¡��, �d Lefschetz
�²¡��½n��, l∗ : Hk−1(X∞,Z) → Hk−1(B,Z) 3 k − 1 ≤ n − 2 �´ü�. l (j∞)∗
´ü�.

|^ Thom Ó�
Hk+1(X̃, X̃ −X∞,Z) ∼= Hk−1(X∞,Z)

9�éþÓN��Ü�, ·�k±e�Ü�

Hk(X̃,Z) −→ Hk(X̃ −X∞,Z) −→ Hk−1(X∞,Z)
(j∞)∗−→ Hk+1(X̃,Z). (4-16)
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ddá� Hk(X̃,Z)→ Hk(X̃ −X∞,Z) �÷�5.

j∗t �÷�5��5guþã(Ø9íØ 4.5.4. �

íØ 4.5.5

Ker
(
it∗ : Hn−1(X0,Z)→ Hn−1(X,Z)

)
= Ker

(
i′t∗ : Hn−1(X0,Z)→ Hn−1(X̃ −X∞,Z)

)
y² ©)ª (4-13) 3 k = n �, �duÓ� Hn+1(X̃,Z) ∼= Hn+1(X,Z), Ïd
\4

éó
Hn−1(X̃,Z) ∼= Hn−1(X,Z).

(ÜÚn 4.5.3 �
\4éóLã, ·�kü�

Hn−1(X̃ −X∞,Z) −→ Hn−1(X̃,Z) ∼= Hn−1(X,Z).

ddá�(Ø. �

þ¡Ã?Ø��±�Ï·�á�Ù�éÓN+ Hn(X,X0,Z) �)¤�. �ÄN� τ :
X̃ −X∞ → X, §p���

τ∗ : Hn(X̃ −X∞, X0,Z) −→ Hn(X,X0,Z).

·K 4.5.3 þã τ∗´÷�. �ó�, Hn(X,X0,Z)d"z4óþ�I3 τ e��)¤.

y² �Ä�Ü���ã

Hn(X̃ −X∞,Z) //

��

Hn(X̃ −X∞, X0,Z)

��

// Hn−1(X0,Z)

��

i′0∗ // Hn−1(X̃ −X∞,Z)

��
Hn(X,Z) // Hn(X,X0,Z) // Hn−1(X0,Z)

i0∗ // Hn−1(X,Z)

díØ 4.5.5, d? Keri′0∗ = Keri0∗. |^þã���5�ü1��Ü5, ·��I�y²��>

���N� τ∗ : Hn(X̃ −X∞,Z)→ Hn(X,Z) ´÷�=�.

ò�Ü� (4-16) ��
\4éó/ª, ·���

Hn(X̃ −X∞,Z) i∗−→ Hn(X̃,Z)
η−→ Hn−2(X∞,Z). (4-17)

Ó�, ò©)ª (4-13) ��
\4éó/ª,

Hn(X̃,Z) ∼= Hn(X,Z)⊕Hn−2(B,Z).

Ún 4.5.2 ¥�Ü� (4-14) �
\4éó/ªÒ´ η ��3 Hn−2(B,Z). ò Lefschetz �²¡�
�½nA^u B ⊂ X∞, =�þã��N�´÷�.

bX τ∗ : Hn(X̃ −X∞,Z) → Hn(X,Z) Ø´÷�, ·��� α ∈ Hn(X,Z) Øá3�¥. d
þ¡�?Ø, �3 β ∈ Hn−2(B,Z) , ¦� η(α) = η(β), = α − β ∈ Kerη. d�Ü� (4-17), �3
γ ∈ Hn(X̃ −X∞,Z) ¦� i∗(γ) = α− β. 5¿� i∗ 3 Hn(X,Z) þ�©þN�Ò´ τ∗, ùÒ� α

�À�gñ! �

Lefschetz �å���A^, Ò´�Ñ Lefschetz �²¡��½n�,�y². � X ⊂ PN , Y
´ X �1w�²¡��. díØ 4.5.3, �3 Lefschetz �å, ¦� Y ´,� Xt. ·�òy²'
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�5·K 4.5.4. ¦+ù�·K�±3 Xt ⊂ X þ��¦^ Lefschetz �²¡��½n��, �´
·�¿Ø��ùo�, ´F"3 Xt ��²¡�� B þA^�T½n. Ïdù4·��±é X

��ê�8B{, ±B8B/y² Lefschetz ½n.

·K 4.5.4 ��N�

i∗t : Hk(X,Z) −→ Hk(Xt,Z)

´Ó� (k < n− 1)½ü� (k = n− 1).

y² dÚn 4.5.3, j∗t ´÷�. Ïddª (4-15), �
y² it ´÷�, ·��I�y

² Iml∗ ⊆ Imi∗t =�. Ï� B ´ Xt ��²¡��, �d Lefschetz �²¡��½n, Iml∗ =
Hk−2(X,Z) (k < n− 1), Ï Iml∗ ◦ l∗ = Iml∗. ,��¡, dþ�!�?Ø,

l∗ ◦ l∗ = i∗t ◦ (it)∗ = h∪ : Hk−2(Xt,Z) −→ Hk(Xt,Z).

Ïd Iml∗ ⊆ Imi∗t .

y3·�5y it �ü�5. � α ∈ Hk(X,Z), ¦� i∗tα = 0 ∈ Hk(Xt,Z). díØ 4.5.4, ·�
k τ∗α| eX−X∞

= 0. d�Ü�

Hk−2(X∞,Z)
(j∞)∗−→ Hk(X̃,Z) −→ Hk(X̃ −X∞,Z),

�3 β ∈ Hk−2(X∞,Z), ¦� τ∗α = (j∞)∗β. Ï α = (i∞)∗β. ù�, τ∗(i∞)∗β = (j∞)∗β ∈
Hk(X̃,Z). dÚn 4.5.2 �©)ª (4-14) íÑ l∗β = 0. 5¿� B ´ X∞ ��²¡��, � β �
gê� k − 2 ≤ n− 3, �d Lefschetz ½ná� β = 0. �

Lefschetz �å�,��A^´ïÄ"zÓN. ·�k0�ù�Vg. ±e·�b�
X ⊂ PN , Y ´ X �1w�²¡��, � Y ´; Kähler q. � j : Y ↪→ X ´�¹N�. éXê
� A(= Z,Q,R,C, · · · ), ·�½Â"zÓN (Vanishing cohomology)

Hk(Y,A)van = Ker(j∗ : Hk(Y,A)→ Hk+2(X,A)).

,��¡, dc¡�?Ø,

L = j∗ ◦ j∗ : Hk(Y,R)
j∗−→ Hk+2(X,R)

j∗−→ Hk+2(Y,R) (4-18)

�Ñ
 Lefschetz �f. ·��Q½Â��þÓN

Hk(Y,Q)prim := Ker
(
Ln−k : Hk(Y,R)→ H2n−k(Y,R)

)
, dimY = n− 1.

AO/, � k = dimY �,

Hk(Y,Q)prim := Ker
(
L : Hk(Y,R)→ Hk+2(Y,R)

)
(Ürf Lefschetz ½n, ·�kXe{ü(Ø.

·K 4.5.5 3þã�b�^�e, ·�k
(1) � k 6= dimY �, Hk(Y,A)van = 0.
(2) � k = dimY �, Hk(Y,A)van ⊂ Hk(Y,Q)prim.

y² e k < dimY , Kdr Lefschetz ½n�� L ´ü�, ÏdEÜN� (4-18) á�
j∗ �ü�5. e k > dimY , Kdf Lefschetz ½n�
\4éó/ª=� j∗ �ü�5. e

k = dimY , KdEÜN� (4-18) 9��þÓN�½Â=�(Ø. �
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y3·��±|^ Lefschetz �å5£ã"zÓN Hn−1(Y,Z) �)¤�, l��±)º
"zÓN¥”"z”�c�¿Â.

Ún 4.5.4 � Y ´,� Lefschetz�å (Xt)t∈P1 ¥�n�, @oHn−1(Y,Z)d (Xt)t∈P1

¥�"z¥¡éA�a)¤.

y² ��BO�, �Ä Gysin ���
\4éó/ª

j∗ : Hn−1(Y,Z) −→ Hn−1(X,Z).

díØ 4.5.4 9 4.5.5 á�(Ø. �

·K 4.5.5 ÚÑ��k��¯K: "zÓN���ÓN�.��
õ�? e¡�(Ø�Ñ


£�.

½n 4.5.2 � X ⊂ PN ´ n�Eq, Y ´ X �1w�²¡��, � Y ´; Kählerq,
j : Y ↪→ X ´�¹N�.
(1) ·�k���Ú©) ('u Hn−1(Y,Q)���.)

Hn−1(Y,Q) = Hn−1(Y,Q)van ⊕ j∗Hn−1(X,Q).

(2) aq/, ·��k���Ú©)

Hn−1(Y,Q)prim = Hn−1(Y,Q)van ⊕ j∗Hn−1(X,Q)prim.

y² (1) d f Lefschetz ½ n, j∗ : Hn−1(X,Q) → Hn−1(Y,Q) ´ ü �, Ï d j∗ :
Hn−1(Y,Q) → Hn+1(X,Q) ´÷�, � dim j∗Hn−1(X,Q) = dimHn−1(X,Q). d"zÓN�
½Â9
\4éó½n, ·�Äk�±(y

dimHn−1(Y,Q) = dimHn−1(Y,Q) + dim j∗Hn−1(X,Q).

é?Û η ∈ Hn−1(Y,Q)van, d
\4éó, §éAu Hn−1(X,R) þ��¼, ÷v∫
Y
η ∧ j∗ω = 0, ω ∈ Hn−1(X,R).

ùÒL²3 Hn−1(Y,Q) ���.e, Hn−1(Y,Q)van ��u j∗Hn−1(X,Q). Ïd�e�Ò´y

²
Hn−1(Y,Q)

⋂
j∗Hn−1(X,Q) = 0.

� α = j∗β ∈ Hn−1(Y,Q) ÷v j∗α = 0. u´ j∗ ◦ j∗β = 0 ∈ Hn+1(X,Q), = LXβ = 0, ùp LX

´ X � Lefschetz �f. dr Lefschetz ½n, LX : Hk(X,Q)→ Hk+2(X,Q) ´ü� (k < n), �
β = 0, l α = 0.

(2) d·K 4.5.5, ·�k

Hn−1(Y,Q)prim = Hn−1(Y,Q)van ⊕ j∗Hn−1(X,Q) ∩Hn−1(Y,Q)prim.

Ïd·��I��y

j∗Hn−1(X,Q) ∩Hn−1(Y,Q)prim = j∗Hn−1(X,Q)prim. (4-19)

� α = j∗β ∈ Hn−1(Y,Q)prim, K LY α = 0, l

0 = j∗LY α = j∗LY j
∗β = j∗j

∗j∗j
∗β = L2

Xβ ∈ Hn+3(X,Q).
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ùL² β ∈ Hn−1(X,Q)prim. Ïdª (4-19) ��>¹um>. �
y,������¹'X, ·
��I�y�ê�ª

dimHn−1(Y,Q)prim = dimHn−1(Y,Q)van + dim j∗Hn−1(X,Q)prim.

Ï� L : Hn−1(Y,Q)→ Hn+1(Y,Q) ´÷�, ¤±

dimHn−1(Y,Q)prim = dimHn−1(Y,Q)− dimHn+1(Y,Q).

Ón (5¿ j ´ü�)

dim j∗Hn−1(X,Q)prim = dimHn−1(X,Q)prim = dimHn−1(X,Q)− dimHn+3(X,Q).

2g|^ Lefschetz ½np�Ó�

j∗ : Hn+1(Y,Q) −→ Hn+3(X,Q),

l dimHn+1(Y,Q) = dimHn+3(X,Q). (Ü (1) éA��êúª, á�(Ø. �

�ÙSK

SK 4.1 y²: )Ûf8 Z �1wÜ© Zsmooth´ Z �È�m8, Zsing = Z−Zsmooth´

Z ¥Ã?È��)Ûf8.

SK 4.2 � X ´����êq, Z ´�êf8, Á^�êAÛ�óy²5P 4.1.1
(2)(3)(5)�(Ø.

SK 4.3 � X ´ CN �m8, Z ⊂ X ´)Ûf8, z ∈ Z ´?�:, n = dimz Z. y²:
(1) y²:3 z����¥�3l CN � Cn��5N�, Ù��N� φ : Z → Cn÷v±e5�:

(a) �3m8 U ⊂ Cn, ¦� φ(z) ∈ U ;
(b) ��N� φ : φ−1(U)→ U ´äkk�n���~��.

(2) y²: é CN þ¿©����5�IÀ�, T�Ip��ÝK CN → CnÑ÷v(Ø (1)�5
�.
(3) XJ X ´���êq, Z ´�êf8, ��ºþã(Ø� Nöther�5zÚn�'X.

SK 4.4 ��yª (4-2).

SK 4.5 � X ;½��©6/, j : Z ↪→ X ´¢{�ê� r�½�f6/.
(1) y²: j∗ ◦ j∗ : Hk(X,R)→ Hk+r(X,R)�du�ÈN� ∪[Z].
(2) y²: j∗ ◦ j∗ : Hk(Z,R)→ Hk+r(Z,R)�du��3 Z þ��ÈN� ∪[Z]|Z .
(3) � X ´; Kähler6/, Z ´ ample�E�¡, Á^r Lefschetz½ny²: ��N�

j∗ : Hk(X,Q) −→ Hk(Z,Q)

´ü�, ùp k ≤ dimC Z.
(4) 3þ��K�b�e, Á^r Lefschetz½ny²: GysinN�

j∗ : Hk(Z,Q) −→ Hk+2(X,Q)

´ü�, ùp k < dimC Z.
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SK 4.6 � E ,F Ñ´E6/ X þ��X�þm, y²:
(1) c1(SmE) = Crm+r−1c1(E), ùp SmE L«mgé¡È,
(2) c1(∧rE) = c1(E), ùp r = rankE ,
(3) c1(E ⊗ F) = sc1(E) + rc1(F), ùp s = rankF .

SK 4.7 � E ´E�ê¡ X þ�� r�X�þm, En := SnE ⊗ (∧rE)−
n

2 (n´óê),
y²:
(1) E∗n ∼= En, ùp E∗n L«éóm.
(2) c1(En) = 0, c2(En) = C3

n+2(c2(E)− 1
4c

2
1(E)).

SK 4.8 � X ´�êq, Z ´{�ê k��ê4ó, L´�m, y²: [Z] ∪ c1(L)´��
{�ê k + 1��ê4óa [Z ′], ùp Z ′�±�� Z � L¥,�¿©���X�¡éAØf�

�.

SK 4.9 � X,Y ´; Kähler6/, dimX = n,

α ∈ Hk(X,Z)⊗H l(Y,Z) ⊂ Hk+l(X × Y,Z), k + l´óê.

§�éA���

ᾱ : H2n−k(X,Z) −→ H l(Y,Z).

y²: α´ Hodgea��=� ᾱ´ (r − n, r − n). Hodge(���, ùp k + l = 2r.

SK 4.10 � X × Y ´1w; Kähler6/, dimX = n,dimY = m, Y �¦ëÏ. �
Z ⊂ X × Y ´{�ê k�4ó, �3 Y þ²", [Z]1,2k−1 ∈ H1(Y,Z)⊗H2k−1(X,Z)´ [Z]��
A Küneth©|. pX : Z → X 9 pY : Z → Y ´�A�ÝKN����.
(1) y²: [Z]1,2k−1p�
 Hodge(���

[Z] : H2m−1(Y,Z) −→ H2k−1(X,Z).

(2) � γ : [0, 1]→ Y ´± 0:�Ä:��´. y²: þã��3
\4éóe, TÐp���

H1(Y,Z) −→ H2n−2k+1(X,Z), [γ]→ [pX(p−1
Y (γ))].

SK 4.11 y²~ 4.3.3¥�(Ø.

SK 4.12 y² Reeb½n: �M ´;�6/, f ´M þ=kü��.:���¼ê, �
§�Ñ´�òz�, @oM ÿÀÓ�u¥¡ Sn.

SK 4.13 � f : X → C´ n�Eq X þ��XN�, p ∈ X ´ f ��òz�.:, y

²: �3 p�ÛÜ���X�I z1, · · · , zn, ¦� f(z) = f(0) +
n∑
i=1

z2
i .

SK 4.14 y²Ún 4.5.2�(Ø.
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1ÊÙ ·Ü Hodge (�ÐÚ

5.1 ·Ü Hodge (�

·Ü Hodge (�nØ���Ä�g�´ò,
q�þÓNÏL,«ÈL W·, ¦�©gÜ

© Wm/Wm−1 U
�\,
1w�Kq�þÓN+¥, ¿¦��k� m � Hodge (�. ·�Ä
kl/ªþ½Â¤¢�·Ü Hodge(� (Mixed Hodge Structure, {¡ MHS). §´��n�|
(VZ,W·, F

·), Ù¥

(1) VZ ´k�)¤�C��+;
(2) W· ´ VQ = VZ ⊗Q ���4OÈL, ¿P©gû GrWk VQ := Wk/Wk−1;
(3) F · ´ VC = VZ ⊗ C �4üÈL;
(4) F · 3 GrWk VQ p�� k � Q-Hodge (�.
W· �¡��ÈL (Weight filtration), F · �¡� HodgeÈL. d	, ·�P WkVC = Wk ⊗ C, ¿

- F pGrWk VC� F p ∩WkVC 3 GrWk VC ¥��. ·�k

F pGrWk VC = [WkVC ∩ F p +Wk−1VC]/Wk−1VC.

þã^� (4) �du±e�ª

F p ∩WkVC + F k−p+1 ∩WkVC +Wk−1VC = WkVC,

(F pWkVC +Wk−1VC) ∩ (F k−p+1 ∩WkVC +Wk−1VC) ⊆Wk−1VC.

~ 5.1.1 � X ´��(:��ê�, p1, · · · , pk ´¤k(:. �Ä�5z σ : X̃ → X.
·�k�Ü�

0 −→ CX −→ σ∗CX̃ −→
k⊕
i=1

Cpi
−→ 0.

|^ H i(X,σ∗CX̃) = H i(X̃,C) (i = 0, 1), ·����Ü�

0 −→ H0(X,C) σ∗−→ H0(X̃,C) −→ H0(
k⊕
i=1

Cpi
)

γ−→ H1(X,C) −→ H1(X̃,C) −→ 0.

¤k� H0 Ñk� 0 Hodge (�, H1(X̃,C) k� 1 Hodge (�. ù�, ë�Ó� γ ��k�

0 Hodge (�, Ù{Øk� 1 Hodge (�. Ï H1(X,C) 3d¿Âþ�“·Ü”
. Uì·Ü
Hodge (��½Â, ·�-

W0H
1(X,C) = Imγ,

W1H
1(X,C) = H1(X,C).

ù� GrW1 H1(X,C) := W1/W0
∼= H1(X̃,C) k� 1 Hodge (�. ?�Ú, GrW1 H1(X,C) þ�

Hodge ÈLd X̃ þ�X 1-/ª�m F 1H1(X̃,C) = H0(X̃,Ω1
X̃

) �Ñ. ù�ÈL�±J,�
H1(X,C) þ, =-

F 1H1(X,C) := Ker(H1(X,C),H1(X,OX)).
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�±y² (3�Öö�y)

F 1H1(X,C) ∩W0H
1(X,C) = {0}. (5-1)

Ï?�Ú�� F 1H1(X,C) ∼= F 1H1(X̃,C). �

~ 5.1.2 � X ´ n�1wE6/, D ⊂ X ´{�ê� p �1wfq. � T ⊂ X ´ D 3
X ¥�+G��, §�±À� D þ C∞ n�m, Ùn�´ 2p���. ·�k Thom Ó� (½n
2.2.5)

H i(D) ∼−→ H i+2p(T, ∂T ) = H i+2p(X,X −D).

(Ü�éþÓN�Ü�, ·�kXe��Ü� (Gysin S�)

· · ·Hk−2p(D)
γ−→ Hk(X) −→ Hk(X −D) −→ Hk+1−2p(D)

γ−→ Hk+1(X) · · ·

ùp γ ´ Gysin ��. ·��Ä Hk(X −D) �ÈL{
W0H

k(X −D) = Im(Hk(X)→ Hk(X −D)),
W1H

k(X −D) = Hk(X −D).

©gÜ© GrW1 Hk(X − D) äk� k + 1 − 2p � Hodge (�. ·�ò3�¡�[?ØXÛ3
Hk(X −D,C) þp� W0 ±9 W1/W0 � Hodge ÈL. �

é·Ü Hodge (�, ·��±Ú\,a Hodge©). -

V p,q := GrpFGrWp+qVC.

d�w,k
GrWk VC =

⊕
p+q=k

V p,q.

·�¡ hp,q := dimV p,q � Hodgeê.

�5¿, ùp� V p,q Ø´ VC �f�m. ·��±ÏL;��� Wp+qVC → GrWp+qVC ò

V p,q J,�Wp+qVC(⊆ VC) �f�m. äNó�, - Ip,q := B ∩ C, ùp

B = F p ∩Wp+q ,̧ C = F q ∩Wp+q +
∑
i≥2

F q+1−i ∩Wp+q−i.

·�kXeØä

Ún 5.1.1 3;���Wp+qVC → GrWp+qVCe, Ip,q Ó�/N� V p,q þ.

y² - A = Wp+q−1. ù�

V p,q = (A+B) ∩ (A+ C)/A.

5¿� Ip,q +A = B ∩ C +A, ¤±·��I�y±e��ª{
B ∩ C +A = (B +A) ∩ (C +A),
B ∩ C ∩A = 0.

¯¢þ, ·��±^8B{y²±e���(Ø (3�Öö�y).{
(B +Wp+q−k) ∩ (C +Wp+q−k) +A = (B +A) ∩ (C +A),
(B +Wp+q−k) ∩ (B +Wp+q−k) ∩A = Wp+q−k.

(5-2)
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83þª (5-2) ¥, � k = 1 =��1���ª; � k ¿©�, K Wp+q−k = 0, l�1�ª. �

íØ 5.1.1

WkVC =
⊕

p+q≤k
Ip,q,

F pVC =
⊕
r≥p

Ir,q,

Ù¥1�ª¥þI q�H¤k�.

y² dÓ� Ip,q ∼= V p,q á�1�ª. 8y1�ª. Äk·�k�¹'X

F pVC ⊇
⊕
r≥p

Ir,q.

�y�Ò¤á, �I�yü>�ê��. ¯¢þ, ·�k

dimF pVC =
∑
k

dimF p ∩Wk/F
p ∩Wk−1

=
∑
k

dim(F p ∩Wk +Wk−1)/Wk−1

=
∑
k

dimF pGrWk VC

=
∑
k

∑
r≥p

dimV r,k−r = dim⊕r≥pIr,p.

ùÒy²
(Ø. �

5 5.1.1 ��5`, 3þã©)¥, Ip,q 6= Iq,p. �

� V, V ′ ´ü�·Ü Hodge (�, φ : VZ → V ′Z ´��+Ó�, ¦�§� Hodge ÈL9�È

L�N, =�p��5N� WkVQ → WkV
′

Q 9 F pVC → F pV ′C. ù�� φ ¡�·Ü Hodge(�
�� . du φ ò Ip,q N� (I ′)p,q, �díØ 5.1.1 ��

½n 5.1.1 (Deligne)

Imφ ∩WkV
′

C = φ(WkVC), Imφ ∩ F pV ′C = φ(F pVC).

k�·��ò±þ5�`¤, φ î��Nu Hodge ÈLÚ�ÈL.

íØ 5.1.2 � V ′ → V → V ′′´·Ü Hodge(���Ü�, @o·��±p�±e��
Ü�

GrWk V
′

Q
// GrWk VQ // GrWk V

′′
Q

GrpFV
′

C
// GrpFVC // GrpFV

′′
C

GrpFGrWk V
′

C
// GrpFGrWk VC // GrpFGrWk V

′′
C
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íØ 5.1.3 � X ´ Kähler6/, U ⊂ X ´,�)Ûf8�Ö8, Y ⊂ X ´4�Efq,
�á3 U S, @o��N� α : Hk(U,Q)→ Hk(Y,Q)´·Ü Hodge(���, �Ù�TÐ�u
EÜN� α ◦ j : Hk(X,Q)→ Hk(Y,Q)��.

y² d~ 5.1.2 �?Ø9½n 5.1.1 =�. �

·��±½Â·Ü Hodge (� V �f(� (Sub-MHS) V ′, §÷v±e^�:
(1) V ′Z ⊆ VZ,
(2) WkV

′
Q = V ′Q ∩WkVQ,

(3) F pV ′Q = V ′Q ∩ F pVQ.
ù�, ·�p�
 V ′ þ�·Ü Hodge (�.

� V, V ′ ´·Ü Hodge (�. ·��±aq/½Â Hom(V, V ′) þ�·Ü Hodge (�
Hom(V, V ′)Z = Hom(VZ, V

′
Z),

WmHom(V, V ′)Q = {ϕ : VQ → V ′Q | ϕ(WkVQ) ⊆Wk+mV
′

Q},
F pHom(V, V ′)C = {ϕ : VQ → V ′Q | ϕ(F pVQ) ⊆ F k+pV ′Q},

9 V ⊗ V ′ þ�·Ü Hodge (�
(V ⊗ V ′)Z = VZ ⊗ V ′Z,

Wm(V ⊗ V ′)Q =
∑

k+l=m

WkVQ ⊗WlV
′

Q,

F p(V ⊗ V ′)C =
∑

r+s=p
F rVC ⊗ F sV ′C.

Öö��±?�Ú�yXe'Xª
Hom(V, V ′)p,q =

⊕
r,s

Hom(V r,s, V r+p,s+q),

(V ⊗ V ′)p,q =
⊕
r,s
V r,s ⊗ V ′p−r,q−s.

(5-3)

~ 5.1.3 ·�?ØXe�·Ü Hodge (� V , §� Hodge ê÷v h0,0 = h1,1 = 1, hp,q =
0 (Ù¦�/), � VZÃL. ù�, VZ = Ze1 ⊕ Ze2, W0VQ = Qe1, W1VQ = VQ. ?�Úk,
F 0VC = VC 9 F 1VC = C(e2 + αe1) (é,� α ∈ C).

�± W0VQ ØC� VZ gÓ�Ñ´±e/ª (m ∈ Z)

±

(
1 m

0 ±1

)

§ò C(e2 + αe1) N� C(±e2 + (α±m)e1). Ïd¤kù��·Ü Hodge (��±� C �û (d
±e+�^û½ α→ −α 9 α→ α+m, m ∈ Z) ¤©a. �

5.2 éê de Rham E/

éu?Û n�1wE�êq U , d Hironaka ½n��, �3;�ê6/ X ±9ü��
j : U → X, ¦� D = X − U ´ X þ��~�Øf, =3 X z:�ÛÜ��S�À�Ü·��
IX (z1, · · · , zn), ¦� D dÛÜ�§ z1 · · · zr = 0 ½Â (ùp�ê r ≤ n �6u¤3��). Ïd

<�ég,F"ïÄùa�;qþ�þÓN(�.
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·�Äk3���/e0�éê de RhamE/�Vg. � X ´ n�E6/, D ´ X ¥�
�¡. ·�b� D ´�~�Øf, d��P� (X,D).

� Ωk
X(∗D) = ∪p≥0Ωk

X(pD), d? Ωk
X(pD) ´ X þ÷v±e^���X k-/ª�¤��:

T/ª3 X −D þ�X, ÷X D �õk�êØ�L p �4:. ÃØXÛ, ù���E,��,
Ïd·�  �Ä�a��f� Ωk

X(logD), §�½ÂXe: � U ´ÛÜ��, α ∈ Ωk
X(∗D)|U

��=� α 9Ù�© dα 3 U −D ∩U þ�X, �÷X D �õk�?4:. α �ù«4:�¡�
éê4: (Logarithmic pole).

Ún 5.2.1 � (z1, · · · , zn)´¿©��� U �ÛÜ�IX, D∩U dÛÜ�§ z1 · · · zr = 0
½Â. @o Ωk

X(logD)|U ´gd OU -��, Ã/ª
dzi1
zi1
∧ · · · dzil

zil
∧ dzj1 ∧ · · · dzjm , (5-4)

�¤§��|Ä (is ≤ r, js > r, l +m = k).

AO/, Ωk
X(logD)´ÛÜgd OX -��.

y² � α ∈ Ωk
X(logD), du α 3 D þ�õk�?4:, Ï α = β

z1···zr
, β ´�X k-/

ª. qd dα ��Ó5��� ∑
i≤r

z1 · · · ẑi · · · zrdzi ∧ β|D ≡ 0. (5-5)

dd=�íÑ¤I(Ø (äN�y3�Öö). �

5 5.2.1 (1) þã(Ø��±Xe£ã: � f ´ D �ÛÜ½Â�§, @o Ωk
X(logD) ��

� φ Ò´÷v±e/ª��X/ª: fφ 9 fdφ ��X.
(2) Ω∗X(D) Ú Ω∗X(logD)��´ü£¯, Öö�Õ· . d	, 3 D þ���4:��©/ª�

�7´ Ω∗X(logD) ¥���. 'X dz2
z1

3�©�ò�¹� dz1
z21

.
(3) e D ´1w�¡, f ´ÛÜ½Â�§, @o ΩX(logD) ÛÜþÒ´d ΩX 9

df
f )¤�. d

�TÐk Ωk
X(logD) = ∧kΩX(logD). �

5¿�þã dα Ø
 D þ��?4:�	´�X�, Ï dα = ∂α ∈ Ωk+1
X (logD). ù

Òp�
¤¢�éê de RhamE/ (Ω·X(logD), ∂). ��`5, éê de Rham E/=¦3Û
Üþ�Ø´�Ü�. 'Xé� X þdÛÜ�§ z = 0 ½Â�ü:Øf D, k�T�/ª
dz
z ∈ ΩX(logD).

� U = X −D, j : U → X ´�¹N�. ·�k Ωk
X(logD) ⊂ j∗Ωk

X . ,��¡, qkE/�
�¹'X Ω·U ⊂ A·U . ùÒp�
E/�� Ω·X(logD) ↪→ j∗A·U .

½n 5.2.1 (Griffiths-Deligne) E/�� Ω·X(logD)→ j∗A·U ´[Ó��.

y² Ø���5, ·�� Di = {z | |z| < εi}´��� (i = 1, · · · , n),

X = D1 × · · · ×Dn,

D = {(z1, · · · , zn) ∈ X | z1 · · · zr = 0},

U = X −D = D∗
1 × · · · ×D∗

r ×Dr+1 × · · · ×Dn,

Tr = ∂D1 × · · · × ∂Dr.
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� ωi = dzi

zi
∈ Ω1

U (logD). d 1
2iπ

∫
∂Dj

ωi = δij ± 9 H1(Tr,C) ∼= Cr T Ð p �
H1(Tr,C) = Hom(H1(Tr,Z),C) � � | Ä. ? � Ú, d Künneth ú ª (½ n 2.5.1) � �

Hk(Tr,C) =
∧kH1(Tr,C) TÐdXe k-/ª�¤�|Ä: ωI =

∧
i∈I ωi ∈ Ωk

U (logD) (k = |I|),
Ï�Ò�Ñ
 Hk(U,C) ��|Ä (5¿ Tr ´d U Â ���). Ïd·�k±e÷�

Hk(Γ(U,Ω·U (logD))) −→ Hk(U,C) = Hk(Γ(j∗(A·U ))).

�
y²þã��´ü�, Ø�ò����3 0 NC, ¿� α ´éê4:á3 D þ��X

4/ª. ·��y² α 3 Ω·U (logD) �ÓNa¥�±��Ã ωI (I ⊂ {1, · · · , r}) �~Xê�5
|Ü/ª. ùw,�Ñ
ü�5.

�d,·�é r �8B{. r = 0 �´w,�. 8b� r−1 �/®y. Ø�� α = ωr∧β+γ,
d? β Ø¹ zr, dzr,  γ 'u zr ´�X�. d dα = 0 �� ωr ∧ dβ 3 zr = 0 þvk4:, l
d β �b�í� dβ = 0. 5¿� β �4:Ñ3 D′ = {z | z1 · · · zr−1 = 0}þ, Ïd8Bb��
� β = β′ + dφ, ùp β′ ´Ã ωI (I ⊂ {1, · · · , r − 1}) �~Xê�5|Ü,  φ �éê4:á3
D′ ¥.

du γ 'u zr �X, Ï γ �éê4:�á3 D′ ¥. dþ¡O��� dγ = 0, Ï|^8
Bb��� γ = γ′ + dψ, d? γ′ ´Ã ωI (I ⊂ {1, · · · , r− 1}) �~Xê�5|Ü,  ψ �éê4

:á3 D′ ¥. o�,
α = ωr ∧ β′ + γ′ + d(ψ − ωr ∧ φ).

ùÒy²
(Ø. �

5 5.2.2 (1) aq/, ·��y² Ω·X(∗D) ↪→ j∗A·U �´[Ó� (SK 5.5).
(2) XJ D ´1w�, @oþã·K�y²¢Sþ�±íÑéê de Rham E/3gê ≥ 2 ��

þÑ´ÛÜ�Ü�. �

íØ 5.2.1 �3;�Ó�

Hk(U,C) ∼= Hk(X,Ω·X(logD)).

y² d·K 1.5.1 9½n 5.2.1, ·�k

Hk(X,Ω·X(logD)) = Hk(X, j∗A·U ).

A·U ´ C∞U -��, �3 U þ�¤ C �Û), lÙ�N�¡�ÓN�u Hk(U,C). ?�Ú,
j∗A·U ´ C∞X -��, Ïd´"N�. dÄ� de Rham ½n 1.5.2, ·�k

Hk(X, j∗A·U ) = Hk(Γ(X, j∗A·U )) = Hk(Γ(U,A·U )) = Hk(U,C).

ùÒy²
¤��(Ø. �

·�Ú?éê de Rham E/� HodgeÈL F pΩ·X(logD):

0 −→ Ωp
X(logD) −→ Ωp+1

X (logD) −→ · · ·

k��P� Ω≥pX (logD). ù�, d·K 1.5.1 9íØ 5.2.1, =�p� Hk(U,C) � Hodge ÈL

F pHk(U,C) = Im(Hk(X,Ω≥pX (logD)) −→ Hk(X,Ω·X(logD)).
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d	, ��p� Ω·X(logD) ��ÈL

WlΩ·X(logD) :=
l∧

Ω1
X(logD) ∧ Ω·−lX ⊂ Ω·X(logD).

� D = ∪i∈IDi ´�~�Øf, z�©| Di ´1w�. é?Û�If8 K ⊂ I, ½Â

DK := ∩i∈KDi. �Ä�I�� V ⊂ X, D �ÛÜ�§ z1 · · · zr = 0. �

α =
∑
K

αK,LdzL ∧
dzK
zK
∈ Γ(V,WkΩ·X(logD)), K ⊂ {1, · · · , r}, |K| ≤ k.

·�½Â α 3 DM (|M | = k) þ�3ê (Residue)

Resα = (2iπ)k
∑
L

αM,LdzL|DM∩V .

Ún 5.2.2 þã3ê½ÂØ�6u�IÀ�, �Wk−1Ω·X(logD) ⊂ WkΩ·X(logD)¥�¡
�3ê�".

y² ·K��Ü©´w,�. ·�UC Di �ÛÜ½Â�§, =� z′i = fizi (i ≤ r), fi ´
ÛÜ�_�X¼ê, K dz′i

z′i
= dzi

zi
+ dfi

fi
. 5¿� dfi

fi
´�X�, Ï

dz′K
zK

=
dzK
zK

mod Wk−1Ω·X(logD).

ùÒíÑ Resα Ø�6u zi (i ≤ r) �À�. ,��¡, d½Â��±��T3êØ�6u zj

(j > r). �

·K 5.2.1 � D(k)´¤k DK (|K| = k)�Ã�¿. jk : D(k) → X ´g,��, K

WkΩ·X(logD)/Wk−1Ω·X(logD) ∼= jk∗Ω·−kD(k) . (5-6)

y² dÚn 5.2.2, ·���þã3êp����. lÛÜ½Âþ, N´u�ù´Ó� (3
�Öö�y). �

�âþ¡�?Ø, Ω· kü@ÈL. ��´È�� Hodge ÈL, §p��ÌS�1��´

FE
p,q
1 = Hq(X,Ωp

X(logD)), ÙE/N�d ∂ p�. 1��´�ÈL. du W· ´4O�, �
�
B?ØÙéA�ÌS�, ·�� W k := W−k, 4ÙC�/4~S�.

Ún 5.2.3 éþã4~ÈLW ·, Ù�A�ÌS� WE �1���

WE
p,q
1
∼= H2p+q(D(−p),C).

y² díØ 1.5.1 9·K 5.2.1,

WE
p,q
1
∼= Hp+q(X,GrpWΩ·X(logD)) = H2p+q(X, (j−p)∗Ω·D(−p)).

5¿�, j−p ´k��~��, ·��±¦^±e¯¢: =é D(−p) þ?ÛE/ F ·, ok

Hi(D(−p),F ·) = Hi(X, (j−p)∗F ·).

ù�,
H2p+q(X, (j−p)∗Ω·D(−p)) = H2p+q(D(−p),Ω·D(−p)) = H2p+q(D(−p),C),

�����ª5gÄ� de Rham ½n 1.5.2 �
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y3�Ä WE1 þ�N� d1,

d1 : H2p+q(D(−p),C) // H2p+q(D(−p−1),C)

{dL1K} :
⊕

|K|=−p
H2p+q(DK ,C) //

⊕
|L|=−p−1

H2p+q+2(DL,C).

XJ L ⊂ K, ·�ÒP jLK : DK → DL ´�¹N�, jLK∗ ´�A/ Gysin ��.

·K 5.2.2 (1) XJ L 6⊂ K, @o dL1K ´"��;
(2) XJ L ⊂ K, �K = {i1 < · · · < ip}, L = K − {is}, @o dL1K = (−1)q+sjLK∗.

T·K�y²��E,, ·�d?Ñ�. ¯¢þ, §´y²e¡� Deligne ½n�'��Ú.

y3·�w�, ÌS�� WE
p,q
2 ´��d�k Hodge (���9 Hodge (����¤�E

/�þÓN. Ï WE
p,q
2 �k� 2p+ q (p ≤ 0) � Hodge (�. k���Bå�, ·�ÏLVg

N� (−p,−p) ò§À�� q (�.

½n 5.2.2 (Deligne ½n) � X ´; Kähler6/, D ⊂ X ´�~�Øf. @o
(1) �ÈLéA�ÌS�3 E2?òz;
(2) HodgeÈLéA�ÌS�3 E1?òz;
(3) Hk(X,ΩX(logD))þ� HodgeÈLp�
 WE

p,q
2 = GrW−pH

k(U,C)þ� HodgeÈL.

Deligne ½n�y
 Hk(U,C) þ�·Ü Hodge (���35. AO/, ·��±�¦�È

L÷v WiH
k(U,Q) = 0 (i < 0) 9

W0H
k(U,Q) = Im(j∗ : Hk(X,Q)→ Hk(U,Q)).

d	, ·��U?�Úy²T(���6u U , Ú U �;z X Ã'.

±e·��ÄAÏ�/, = D ´1w�¡, f ´ÛÜ½Â�§. d�3êN�

Res : Ω·(logD) −→ Ω·−1
D , α ∧ df

f
→ 2iπα|D.

d·K 1.5.1 9íØ 5.2.1, p�þÓN�3êN�

Res : Hk(U,C) −→ Hk−1(D,C).

¢Sþ, §��±^�éþÓNN�p�

Hk(U,C) −→ Hk+1(X,U,C) ∼= Hk+1(T, ∂T,C) ∼= Hk−1(D,C),

ùp T ´ D �+G��. ,��¡, d�¹�� Ω·X ↪→ Ω·X(logD) �p���

Hk(X,C) −→ Hk(U,C).

nÜù
N�, ·��±éÐ/)º�éþÓN��Ü�¥�z���

· · · −→ Hk(X,Z)
|U−→ Hk(U,Z) Res−→ Hk−1(D,C) l∗−→ Hk+1(X,Z), (5-7)

ùp l∗ ´ Gysin �� (l : D ↪→ X ´�¹N�).

Ún 5.2.4 � D ⊂ X ´ ample�1w�¡.
(1) �� OX(D)éA�4z, ·�k

Hn(X,Q)prim = Hn(X,Q)/l∗Hn−2(D,Q).
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(2) ±eS��Ü

0 −→ Hn(X,Q)prim
j∗−→ Hn(U,Q) Res−→ Hn−1(D,Q)van −→ 0.

y² (1) df Lefschetz ½n, l∗Hn−2(D,Q) = l∗l
∗Hn−2(X,Q) = LHn−2(X,Q), ùp L

´ D éA� Lefschetz �f. 2d Lefschetz ©)=�(Ø.

(2) 5¿�

Hn−1(D,Q)van := Ker(l∗ : Hn−1(D,Q)→ Hn+1(X,Q)),

þã(Ø (1) ±9 ��Ü� (5-7), á�¤I�á�Ü�. �

5¿� (1��5gþãÚn)

W0H
n(U,Q) = j∗Hn(X,Q)prim, W1H

n(U,Q) = Hn(U,Q),

d½n 5.1.1 �� j∗ Ú Res ´î��Nu Hodge ÈL�.

5.3 ·Ü Hodge �

� X ´�; (Paracompact) ÿÀ�m, = X ´ Hausdorff, ¿�§�?ÛmCXÑkÛÜk
�\[�mCX. ·��3 X þ½Â� m � Hodge�, §´��o�| (K ·

Z,K
·
C, F, α), Ù¥

(1) K ·
Z ´ X þ� Abel +��E/ (�>k.), ¦�+ Hk(X,K ·

Z) ´k�)¤�;
(2) K ·

C ´ X þ�E�þ�m��E/ (�>k.);
(3) F ´ K ·

C �4üÈL;
(4) α ´ K ·

Z ⊗ C � K ·
C ����d;

(5) é?Û k, p, g,�� Hk(X,F pK ·
C)→ Hk(X,K ·

C) ´ü�;
(6) - F pHk(X,K ·

C) := Im(Hk(X,F pK ·
C) → Hk(X,K ·

C)). Ï L α ò Hk(X,K ·
Z) ⊗ C �

Hk(X,K ·
C) �Óå5, K Hk(X,K ·

Z) þk� m+ k � Hodge (� (k ∈ Z).

aq/, ·���±½Â Q-Hodge �.

~ 5.3.1 � X ´1w��;�êq, K ·
X := (ZX ,Ω·X , F, α) ´ X þ�� 0 � Hodge �,

Ù¥ α : CX → Ω·X ´g,��¹N� (�~ 1.5.2). �

~ 5.3.2 � K · := (K ·
Z,K

·
C, F, α) ´ X þ�� m � Hodge �. ·�½Â� m + 2r �

Hodge �
K ·(−r) = (K ·

Z,K
·
C, F [r], (2πi)−rα),

d? F [r]pK ·
C := F p+rK ·

C. ·�k

Hk(X,K ·(−r)) ∼= Hk(X,K ·)⊗ Z(−r).

~ 5.3.3 � K · := (K ·
Z,K

·
C, F, α) ´ X þ � � m � Hodge �. ·� ½ Â � m + r �

Hodge �
K ·[r] = (K ·

Z[r],K ·
C[r], F[r], α[r]),

d? K ·
Z[r]p = Kp+r

Z , K ·
C[r] = Kp+r

C , F p[r]K[r]· := (F pK)[r]·. ·�k

Hk(X,K ·[r]) ∼= Hk+r(X,K ·).
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3�;�m X þ��±½Â·Ü Hodge�, §´õ�| (K ·
Z,K

·
Q,WQ, α,K

·
C,WC, F, β), Ù

¥

(1) K ·
Z (�A/, ,K ·

Q,K
·
C) ´ Z (�A/, Q,C)-���E/ (�>k.), ¦� Hk(X,K ·

Z) k�)
¤;
(2) WQ (�A/, WC) ´ K ·

Q (�A/, K ·
C) �4OÈL (k�Ñ{P�W );

(3) F ´ K ·
C þ�4üÈL;

(4) α ´ K ·
Z ⊗Q � K ·

Q ��d;
(5) β ´ (K ·

Q ⊗ C,WQ ⊗ C) � (K ·
C,WC) �Èfz�d;

(6) -

F pGrWmK
·
C = Im

(
F pK ·

C ∩WmK
·
C +Wm−1K

·
C → GrWmK

·
C
)

� F 3 GrWmK
·
C þ�ÈL;

(7) � GrWm β �d β (½� GrWmK
·
Q ⊗ C Ú GrWmK

·
C ��d. ù�, é?Û m,

(GrWmK
·
Q,GrWmK

·
C, F,GrWm β)

´� m � Q-Hodge �.

¦+·Ü Hodge ��½Âwþ�éE,, �´ÏLe¡� Deligne ½n, ù�Vgò¤��
E·Ü Hodge (��kåóä.

½n 5.3.1 (Deligne ½n) � X ´�; (Paracompact)ÿÀ�m, K ·´ X þ�·Ü

Hodge�, @o�þÓN+ Hk(X,K ·
Z)�k��g,�·Ü Hodge(�. °(ó�, ·�½

Â

WmHk(X,K ·
Q) := Im

(
Hk(X,Wm−kK

·
Q)→ Hk(X,K ·

Q)
)
,

F pHk(X,K ·
C) := Im

(
Hk(X,F pK ·

C)→ Hk(X,K ·
C)
)
.

¿d α9 β ��Ó�

Hk(X,K ·
Z)⊗Q ∼= Hk(X,K ·

Q),

Hk(X,K ·
Q)⊗ C ∼= Hk(X,K ·

C).

@o·�k

(1) W Ú F (½
 Hk(X,K ·
Z)�·Ü Hodge(�;

(2) g,��
Hk(X,F pK ·

C) −→ Hk(X,K ·
C)

´ü�, Ïk
GrpFHk(X,K ·

C) ∼= Hk(X,GrpFK
·
C).

(3) �
δm,k : Hk(X,GrWmK

·
Q) −→ Hk+1(X,GrWm−1K

·
Q)

´dXeE/�Ü�p���þÓN�Ü�¥�ë�Ó�

0 −→ GrWm−1K
·
Q −→WmK

·
Q/Wm−2K

·
Q −→ GrWmK

·
Q −→ 0.

u´ GrWm+kHk(X,K ·
Q) ∼= Kerδm,k/Imδm+1,k−1.
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~ 5.3.4 � X ´; Kähler 6/, D ⊂ X ´�~�Øf, j : U = X −D → X ´�¹N
�. d1 5.2 !�?Ø, ·�k X þ�·Ü Hodge �

(K ·
Z,K

·
Q,WQ, α,K

·
C,WC, F, β),

§÷v Hk(X,K ·
Z) ∼= Hk(U,Z). �

�ÙSK

SK 5.1 y²~ 5.1.1¥�ª (5-1).

SK 5.2 y²ª (5-2).

SK 5.3 � V, V ′´·Ü Hodge(�, �äN�y Hom(V, V ′)9 V ⊗ V ′þp��·Ü
Hodge(�, ¿�yª (5-3).

SK 5.4 �lª (5-5)äN�yª (5-4).

SK 5.5 � X ´E�Kq, D´�~�Øf, j : U = X − D ↪→ X ´�¹N�. y²:
Ω·X(∗D) ↪→ j∗AU �´[Ó�.

SK 5.6 ÁäN�y�� (5-6)´Ó�.
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6.1 ü�L«

� X ´ÿÀ�m, A ´���, H ´ A �. ·�Q²½Â± H �ª�ÛÜXH, §ÛÜþ

Ó�u± H �ª�~�. � AH ´¤kù����| (H, α) �¤�8Ü: H´ª� H �?�

ÛÜX, α : Hx ∼= H ´��Ó�N�. � x ∈ X, BH ´¤k�L«

ρ : π1(X,x) −→ Aut(H)

�¤�8Ü. ·�k±e²;(Ø.

·K 6.1.1 � X �´ëÏ�ÛÜüëÏÿÀ�m, x ∈ X, @o�3V� AH → BH .

y² � (H, α) ∈ AH , π : X̃ → X ´�kCX. ÛÜX π−1H¢Sþ´ X̃ þ�~� (�
SK 6.2). �½�: x̃ ∈ π−1(x), dEÜÓ�

π−1(H)x̃
µx̃∼= Hx

α∼= H

·�p�
ÛÜ~��m�Ó� β : π−1(H) ∼= H.

8� γ ∈ π1(X,x). γ �±J,� X̃ þ, §l x̃ Ñu¿ª�u,�: y = γ · x̃ ∈ π−1(x). ù
�, ·�p�
��EÜÓ�

ρ(γ) := α ◦ µy ◦ β−1
y : H → H,

d? µy : π−1(H)y ∼= Hx ´g,Ó�. ρ(γ) ��±^,�«�ª`². ¯¢þ, γ �J,p�


Ó� π−1(H)x̃ ∼= π−1(H)y, Ï�p�Ó� γ∗ : Hx
∼= Hy. ù�, ρ(γ) = α ◦ γ∗ ◦ α. ù�`²

ρ : π1(X,x)→ Aut(H) (¢´+Ó�.

�L5, b��½+L« ρ : π1(X,x)→ Aut(H), ·��E�Xe:

Γ(U,H) =
{
σ : π−1(U)→ H | σ(γ · u) = ρ(γ) · σ(u),∀u ∈ π−1(U), γ ∈ π1(X,x)

}
,

ùp� σ : π−1(U) → H ´~¼ê, X w� X̃ 3 π1(X,x) �^e�û. du�kCX��3?

�üëÏm8e´²��CX, Ïdþ¡½Â��´ÛÜ~�. déu�¹ x �m�� U , dN
� Γ(U,H)→ H, σ → σ(x̃), ���4�=�p�Ó� αx : Hx ∼= H.

þã?Ø�Ñ
8Ü AH Ú BH �m���éA

φ : AH −→ BH , (H, α)→ (ρ : γ → α ◦ γ∗ ◦ α) . (6-1)

·�3�ÖöäN�y�. �

·�réAu��ÛÜXH�L« ρ : π1(X,x) → AutHx = AutH ¡�ü�L« (Mon-
odromy representation). þ¡�(Øw�·�, ÛÜXéA��éA��ü�L« (�K
Aut(G) þ��Ý�^).
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íØ 6.1.1 � X ´�´ëÏ�m, x ∈ X, L´ X þ�ÛÜX, @o�N�¡�m
Γ(X,L)�±À�ü��^ ρ : π1(X,x)→ AutLxe�ØCf�m

Linv
x = {α ∈ Lx | ρ(γ)(α) = α, ∀γ ∈ π1(X,x)}.

y² L��"�¡�duÛÜX��"�� Z → L. ��� x þ, ùÒ�du�Ñ��
ªÓ� Zx → Lx ¦�§3ü��^eØC. 5¿� Z ´²��ÛÜX, Ùü��´²��, Ïd

þãªN��du�Ñ��3ü� ρ eØC���. �

~ 6.1.1 � φ : X → B ´�©6/��~EvN�, B ÛÜ� . � γ ∈ π1(B, b), ¿�
� γ : [0, 1]→ B. ù�·�p�n�z φγ : Xγ → [0, 1]. d Ehresmann ½n, ·���²�z

T = (T0, φX) : Xγ
∼= φ−1

γ (0)× [0, 1].

ùÒp�Ó� ψ : φ−1
γ (1) ∼= φ−1

γ (0), §���ÑÓ�un� Xb. Ïd·���ü�L«

ρ(γ)(η) = ψ∗η, η ∈ Hk(Xb, A),

ùp A ´��Xê� ('X A = Z,Q, · · · ). ù�ü�L«éA
pg��� Rkφ∗A. �

� X → B ´E6/m��X�~Ev��. ·�?�Úb�T��´�K�, =�3�X

E\ i : X ↪→ B × PN ¦� pr1 ◦ i = φ. d~ 6.1.1, ·�kü�L«

ρ : π1(B, b) −→ AutHk(Xb,Z).

��`5, ü�L«É�n� Hodge (�ér���. ·�3ùpQãü��(J5`²ù
�:.

·K 6.1.2 (íØ 6.2.1) � B ´[�K�, @oü�L«�ØCf�m

Hk(Xb,Z)ρ = {α ∈ Hk(Xb,Z) | ρ(γ)(α) = α, ∀γ ∈ π1(B, b)}

´ Hk(Xb,Z) � Hodge f(�.

X� B = ∆∗��%��, K π1(B, b) ∼= Z. Imρ �)¤�P� T .

·K 6.1.3 T ´[N�� (Quasi-unipotent), =�3�ê N,M ¦�

(TN − 1)M = 0.

?�Ú, ·��±�¦M ≤ k + 1.

ü�O�Ï~¿ØN´. 3¡n�z�/, ·�®k�õ�
); é����/, K¤�

$�. ØLéu Lefschetz òz, ·��±�Ù/£ãÙü�L«.

½n 6.1.1 (Picard-Lefschetz úª) � X ´ n�1wEq, f : X → ∆´ Lefschetzòz,
T ´ π1(∆∗,Z)�)¤�3 Hn−1(Xt,Z)¥ü�L«��. é?Û α ∈ Hn−1(Xt,Z), ·�k

T (α) = α+ εn〈α, δ〉δ,

ùp"z4ó

δ ∈ Ker
(
Hn−1(Xt,Z) ∼= Hn−1(Xt,Z)→ Hn−1(X,Z)

)
´"z¥¡ Sn−1

t éA�a; 〈, 〉´ Hn−1(Xt,Z)þ���.; εn = ±1, ÙÎÒ�ûu n. AO/,
� n− 1´óê�, εn = −(−1)

n(n−1)
2 .
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íØ 6.1.2 3þã·K^�e, e n− 1´óê, @oü��f T ´éÜ�; e n− 1´Û
ê¿� δØ´L�, @o T ´Ã���.

y² e n ´óê, K Hn−1(Xt,Z) þ���.´�é¡�, l 〈δ, δ〉 = 0. (Ü Picard-
Lefschetz úª�þã(Ø, á�

T k(α) = α+ kεn〈α, δ〉.

Ïd´Ã���.

e n ´Ûê, K��. 〈, 〉´é¡�. du T ���., = 〈T (α), T (β)〉 = 〈α, β〉, Ï�\

Picard-Lefschetz úª�
(2εn + 〈δ, δ〉)〈α, δ〉〈β, δ〉 = 0.

Ï� δ 6= 0, ¤± 2εn + 〈δ, δ〉 = 0. ù�,

T 2(α) = α+ (2εn + 〈δ, δ〉)〈α, δ〉δ = α.

ùÒy²(Ø. �

T éA� Xt þü�Ó��¡� Dehn Û= (Dehn twist).

5 6.1.1 3¡n�z�/, ·�®²��, ?Û�±ÏN�ÑÓèu�
 Dehn Û=�
ÎÜ, ÏdO� H1(Xt,Z) þ� Picard-Lefschetz ü�Ý
�duO��X� Dehn Û=éAü

�Ý
�¦È. ���)û�¯K´, XÛ�Ñ±ÏN�� Dehn Û=�L«. 3�ý�n�z
�/, <�®²��
�{�)�. �

þ¡·�?Ø
ÛÜ Lefschetz òz�"z4ó�ü�L«�'X. y3·�F"ïÄ
Lefschetz �åþü��5�. �dI���
O�ó�. � X ⊆ PN ´�òz1wëÏq. £
��Oªq DX ⊂ (PN )∗, §´ X �¤kÛÉ�²¡���¤�8Ü, ¿�´Ø���. �
U := (PN )∗ −DX ,

XU := {(x,H) ∈ X × U | x ∈ XH}.

ù�, ·�kEv φ : XU → U , �n� XH ´1w�. Ø�� 0 ∈ U , ·��ïÄü�L«

ρ : π1(U, 0) −→ Aut(Hk(X0,Z)).

,��¡, ·K 4.5.1 �Ñ
�å ∆ ⊂ (PN )∗ ´Ä� Lefschetz �å��½^�: �o
dimDX ≤ N−2; �o dimDX = N−1 ¿� ∆ � DX î���. c��/¥, du π1(U, 0) = 0,
Ïdü�´²��. ·�y3�Ä���/. ±e²;(Ø¦·��±òü�O�8(�
Lefschetz �åþ.

½n 6.1.2 (Zariski ½n) � S ⊂ Pr ´�¡, 0 ∈ U = Pr − S, ∆ ⊂ Pr ´î���u S

�1wÜ©�L 0��K��. @o·�k÷� π1(∆−∆ ∩ S, 0)→ π1(U, 0).

y² � W ´¤kî���u S �1wÜ©�L 0 ��K���¤�8Ü. �

P = {(x, t) ∈ Pr ×W | x ∈ ∆t}.

w�ÝK π : P → W ´ P1-m. �Ä1�©þÝK pr1 : P → W , ¿� U ′ = pr−1
1 (U), π′ = π|U ′ .

é?Û t ∈W , n� π′−1(t) �±w¤ ∆t −∆t ∩ S. U ′ k��AÏ��¡ W ′ = {(0, t) | t ∈W}.
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� p = (0, o) ∈W ′, ∆ := ∆o. ·�kÄ�+�Ü�

π1(∆−∆ ∩ S, 0) −→ π1(U ′, p) −→ π1(W, o) −→ 1.

d u W ′ ⊂ U ′ ´ π′ � � ¡, � π1(W ′, p) ⊂ π1(U ′, p) � ´ þ ã � Ü � ¥ ÷ � π1(U ′, p) →
π1(W, o) ��¡. ù¿�X, π1(U ′, p) ¥��´�L�Ñ�±��W ′ ¥��´� ∆−∆ ∩ S ¥

��´�EÜ. ,��¡, pr1 ò W ′ Â � 0. Ïdé±þ�Ü��^ pr1∗, =�Ó�

pr1∗π1(∆−∆ ∩ S, 0) ∼= pr1∗π1(U ′, p).

�e�Iy² pr1∗ : π1(U ′, p) → π1(U, 0) ´÷�. �
?Ø�B, Ø���5, ·�òÄ:
p O����: p′, ¿� q = pr1p′. 5¿� pr1 ´Vkn�, Ïd·��±é� U ′ ¥�¹ p′ �
Zariski m8 U ′′, ¦�§3 pr1 eÓ�u U ¥� Zariski m8 (�P� U ′′). du U − U ′′ 3 U ¥

�¢{�ê��´ 2, Ïdk÷�

π1(U ′′, p′) −→ π1(U, q).

ù�, (Ü±e��ã
π1(U ′′, q) //

��

π1(U ′, p′)

pr1
��

π1(U ′′, q) // π1(U, q)

á� pr1∗ : π1(U ′, p)→ π1(U, 0) �÷�5. �

y3£�kc�¯Kþ. ·�F"ïÄ φ : XU → U �ü�L«

ρ : π1(U, 0) −→ Aut(Hn−1(X0,Z)), n = dimX, (6-2)

ùpØ�� 0 ∈ U . £� DX �mf8 D0
X , §´d@
Tk��Ï~�:��Û:��²¡

���¤�8Ü. ?� y ∈ DX , ·��E��± y�¥%�� D0
X î������� Dy, ¿�

y′ ∈ Dy − {y} ⊂ U . ·��±À�"z4ó

δy ∈ Ker
(
Hn−1(Xy′ ,Z) ∼= Hn−1(Xy′ ,Z)→ Hn−1(XDy

,Z)
)
,

d? Xy′ := φ−1(y′), XDy
= φ−1(Dy). ��^l y′ � 0 ��´ γ. φ 3 γ þ�²�z�Ñ
�

©Ó� ψ : Xy′
∼= X0, ?p�"z4ó

δγ = ψ∗(δy) ∈ Hn−1(X0,Z) ∼= Hn−1(X0,Z).

¦+þã"z4ó�6u�´ÀJ, �´§� (3·�À��KÒ�) *d�m����ü��
^, k��¡��Ý� (Conjugate). ����(ØXe.

·K 6.1.4 þã�E�¤k"z4ó δγ ∈ Hn−1(X0,Z)3ü��^ ρeÑ´*d�Ý�

(�õ�����KÒ).

y² DX �Ø��5%¹ D0
X ��´ëÏ5. ?� y1 ∈ D0

X 9l y � y1 �ë��´ l.
Ó�/, �î��� Dy1 − {y1}¥�: y′1. ·��±ò l J,�l y′ � y′1 ��´ l′. w� φ 3 l

þp��²�zò"z4ó δy ∈ Hn−1(Xy′ ,Z) C� δy1 ∈ Hn−1(Xy′1 ,Z). � α ´l 0 � y′ ��
´, β ´l 0 � y′1 ��´. ·���± 0�Ä:��´ γ = β−1 · l′ ·α. ùÒ�� ρ(γ)(δα) = δβ.�
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íØ 6.1.3 � (Xt)t∈P1 ´ X ��²¡��éA� Lefschetz�å, p1, · · · , pM ´�.:,
0 ∈ P1´�K:. @oT�å�¤k"z4ó δi ∈ Hn−1(X0,Z)3ü�L«

ρ : π1(P1 − {p1, · · · , pM}) −→ AutHn−1(X0,Z)

��^e´*d�Ý�.

y² (Ü Zariski ½n�·K 6.1.4 á�(Ø. �

φ : XU → U �±*Ð¤ U þn�z�m��¹N� J : XU → U ×X. ùÒp�
ÛÜX

�m���
J∗ : Rn−1φ∗Q −→ Rn+1pr1∗Q.

��3ªþÒ´ j∗ : Hn−1(X0,Q)→ Hn+1(X,Q), ùp j : X0 → X ´�¹N�. £�"zþÓ
N

Hn−1(X0,Q)van = Ker(j∗ : Hn−1(X0,Q)→ Hn+1(X,Q)).

£�ü�L« (6-2), ÏL
\4éó, ·��±w� H(X0,Q)van 3ü��^ ρ e´½f�
m. ?�Ú, ·�ò�y² ρ ��3T½f�mþ´Ø��L«, = H(X0,Q)van ¥Ø�3ü

��^e��²�½ýf�m.

½n 6.1.3 ü�L«

ρ : π1(U, 0)→ AutHn−1(X0,Q)van

´Ø���.

y² ·�æ^íØ 6.1.3 �PÒ�b�. d Zariski ½n, ·��I��Ä Lefschetz �å
(Xt)t∈P1 éA�ü�L«

π1(P1 − {p1, · · · , pM}) −→ AutHn−1(X0,Q)van

´Ø���. 3z��.� pi �±�7���´ li (± ti�Ä:), ¿ë�l 0 � ti ��´ γi.
�Ä± 0�Ä:��´ γ̃i = γ−1

i · li · γi. d Picard-Lefschetz úª, ·�k

ρ(γ̃i)(α) = α± 〈α, δi〉δi, ∀α ∈ Hn−1(X0,Q).

� F ⊂ Hn−1(X0,Q)van ´ ρ �^e��²�½f�m, α ∈ F ´�"�. dÚn 4.5.4,
"zþÓNdT�å�Ã"z4óa δi )¤. d½n 4.5.2 �� Hn−1(X0,Q)van þ���. 〈, 〉
´�òz�. Ïd�3,�"z4ó δi ¦� 〈α, δi〉 6= 0. du ρ(γ̃i)(α) − α ∈ F , ¤±ùÒíÑ
δi ∈ F .

díØ 6.1.3, ¤k"z4ó*d�Ý, Ïdd F �½5��, ¤k"z4óÑ7Lá3 F

¥. 2gdÚn 4.5.4 ��, F = Hn−1(X0,Q)van. �

?�Ú, d·K 6.1.1, ·���±eíØ.

íØ 6.1.4 φ : XU → U þ�ÛÜX Rn−1φ∗QvanØ�¹?Û�²�ÛÜfX.
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6.2 Leray ÌS�

�
?�ÚïÄÛÜXÚü�, ·�òÚ? Leray ÌS�ù�kåóä. ùpÛ�ÌS��
¡�A��(Ø.

½n 6.2.1 � A,B´ Abel�Æ, F ´l A� B���Ü¼f, � Akv
õS�é�.
� (M ·, d)´ A¥é��E/, RiF (M ·) ∈ Ob(B)´�Ñé�. @o�3l Ep,q2 å©�ÌS

� Ep,q2 ⇒ Rp+qF (M ·)±9 Rp+qF (M ·)�ÈL F , ¦� GrpFR
p+qF (M ·) = Ep,q∞ , ¿� Ep,q2 =

RpF (Hq(M ·)).

½n 6.2.2 (Grothendieck ÌS�) � A,B, C ´ Abel�Æ, A,Bkv
õS�é�. �
F : A → BÚ G : B → C Ñ´��Ü¼f, ¿�é A¥?ÛS�é� I, F (I)´ B¥�"Né
�, = RnG(F (I)) = 0 (∀n > 0), Ké A¥?¿é�M , �3é� Ri(GF )(M)þ�;�ÈL L

±9l Ep,q2 å©�ÌS� Ep,q2 ⇒ Rp+q(GF )(M), ¿�

Ep,q2 = (RpG)(RqF )(M), Ep,q∞ = GrpLR
p+q(GF )(M).

d Grothendieck ÌS�=��E¤¢� Leray ÌS�.

½n 6.2.3 (Leray ÌS�) � φ : X → Y ´ÿÀ�m�m�ëYN�, F ´ X þ��,
@o Hq(X,F)þ�3��;��ÈL L, ±9��l E2å©�ÌS� Ep,q2 ⇒ Hp+q(X,F), ¦
�

Ep,q2 = Hp(Y,Rqφ∗F), Ep,q∞ = GrpLH
p+q(X,F).

TÌS�¡� LerayÌS�, L¡� LerayÈL.

~ 6.2.1 ùp�Ä�©6/�~EvN� φ : X → Y ±9 X þ�~� R. ·�äN)º
ù��/� Leray ÌS�. Äk�Ä�Ü�

0 −→ φ∗ΩY,R −→ ΩX,R −→ ΩX/Y,R −→ 0.

·�½Â Ωq
X,R �ÈL9©gÜ©

LpΩq
X,R = φ∗Ωp

Y,R ∧ Ωq−p
X,R, (6-3)

GrpLΩq
X,R = φ∗Ωp

Y,R ⊗ Ωq−p
X/Y,R. (6-4)

ùÒ�� q g�¡�m Aq(X) þ�ÈL. é?¿ α ∈ LpAq(A), ´� dα ∈ LpAq+1(X). ù�, E
/ (A·(X), d) � L Èz, Ï��ÌS� (ë�½n 1.5.1)

Ep,q2 ⇒ Hp+q(A·(X), d) = Hp+q(X,R).

�±y²TÌS�Ò´ X þ~� R 'u φ � Leray ÌS� (y²¿ØN´). �

Leray ÌS��þÓN��ÈN�kXe'X.

·K 6.2.1 � α ∈ Hk(X,Z), K
(1) �ÈN� α∪ : H∗(X,Z)→ H∗+k(X,Z)�p���

α∪ : Rlφ∗Z −→ Rl+kφ∗Z.
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(2) α∪p�E/��
αr∪ : (Ep,qr , dr) −→ (Ep,q+kr , dr).

(3) α∪ : H∗(X,Z)→ H∗+k(X,Z)� LerayÈL�N.
(4) 3 Hp+q(X,Z)� LerayÈL�©gÜ© Ep,q∞ þ, �ÈN� α∪Ò´ α∞∪.

5 6.2.1 þã·K¥ (2)(3)(4) k���Ú�`¤: α∪p�
 φ � Leray ÌS�� k g

÷Ó�. �

� φ : X → Y ´E6/m��~Ev. ?�Ú, ·�b�§´�K�, =�3�Xi\

i : X → Y × PN , ¦� φ = pr1 ◦ i. À�Øfa

ω = (pr2 ◦ i)∗c1(OPN (1)) ∈ H2(X,Z).

é φ �n� Xt, �Ä��a ωt := ω|Xt
∈ H2(Xt,Z). §´ Kähler a, p� Lefschetz �f

ωt∪ : Hk(Xt,Q) −→ Hk+2(Xt,Q).

?�Úp�
ÛÜX�� (¡��é Lefschetz�f)

L := ω∪ : R∗φ∗Q −→ R∗+2φ∗Q,

Ùª�� Lt Ò´ ωt∪. Xt þ�r Lefschetz ½n� Lefschetz ©)½n�±í2��é Lef-
schetzÓ�

Ln−k : Rkφ∗Q ∼= R2n−kφ∗Q

��é Lefschetz©)

Rkφ∗Q =
⊕
2r≤k

LrRk−2rφ∗Qprim, k ≤ n.

d·K 6.2.1, Lk p�
 φ � Leray ÌS�� 2k g÷Ó� (�5P 6.2.1). AO/, � k ≤ n, E
/ (Ep,q2 , d2) þ�p���

Ln−k2 : H l(Y,Rkφ∗Q) −→ H l(Y,R2n−kφ∗Q) (6-5)

´Ó�.

½n 6.2.4 (Deligne òz½n) � φ : X → Y ´Ev�K��, K φ�knXê LerayÌ
S�3 E2?òz.

y² ·�Äky² d2 = 0. � q ≥ n �, �Ä��ã

Ep,2n−q2 Hp(Y,R2n−qφ∗Q)
Lq−n

2 //

d2

��

Hp(Y,Rqφ∗Q)

d2

��

Ep,q2

Ep+2,2n−q−1
2 Hp+2(Y,R2n−q−1φ∗Q)

Lq−n
2 // Hp+2(Y,Rq−1φ∗Q) Ep+2,q−1

2

ù�, ¯KÒ8(� q ≤ n ��/. d�é Lefschetz ©),

Ep,q2 =
⊕
2r≤q

Lr2H
p(Y,Rq−2rφ∗Qprim).
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,	5¿� Lr2 � d2 ���, Ïd·��I�y²3 Hp(Y,Rq−2rφ∗Qprim) ⊂ Ep,q−2r
2 þk

d2 = 0. - k = q − 2r, ·�k��ã

Ln−k+1
2 : Hp(Y,Rkφ∗Qprim) //

d2

��

Hp(Y,R2n−k+2φ∗Q)

d2

��
Ln−k+1

2 : Hp+2(Y,Rk−1φ∗Qprim) // Hp+2(Y,R2n−k+1φ∗Q)

d��þÓN�½Â, þã1�1´"N�. dÓ� (6-5), þã1�1´ü�. ùÒíÑ d2 = 0.

éu dr (r ≥ 2), ·��8B{. XJ ds = 0 (2 ≤ s < r), @o Ep,qr = Ep,q2 . ò Lefschetz ©
)A^u Ep,qr , ¿�ÄÌS��� Lkr , ��aqc¡�?Ø=��(Ø. �

� φ : X → Y ´ÿÀ�m�ëYN�, F ´ X þ��. ém8 U ⊂ Y , w,k��N�
Hk(X,F)→ Hk(XU ,F|XU

). ùÒp�
g,��

Hk(X,F) −→ Γ(Y,Rkφ∗F). (6-6)

ù�N��U^ (F , φ) � Leray ÌS�5�E. ¯¢þ, E0,k
∞ ´ Hk(X,F) 3 Leray ÈLe�1

��û, Ïk±eEÜN�

Hk(X,F) −→ E0,k
∞ ⊂ E0,k

2 = Γ(Y,Rkφ∗F).

������A^, ·�k±e(Ø.

·K 6.2.2 � φ : X → Y ´E6/�Ev�KN�, y ∈ Y , Xy = φ−1(y). �

Hk(Xy,Q)inv ´þÓN Hk(Xy,Q)¥ü��^eØC��¤�f�m. @o±e��N�
´÷�

Hk(X,Q) −→ Hk(Xy,Q)inv.

y² d Deligne òz½n, Leray ÌS�÷v E0,k
∞ = E0,k

2 , ��÷�

Hk(X,Q) −→ Γ(Y,Rkφ∗Q).

qdíØ 6.1.1, =�(Ø. �

½n 6.2.5 (Deligne ØC4ó½n) � φ : X → Y ´1w�Kqm��~|���,
U ⊂ Y ´�� Zariskim8, ¦� φ=0 3Ùþ´Ev. � t ∈ U , Xt = φ−1(t), @o��N�

Hk(X,Q) −→ Hk(Xt,Q)

��T´3ü��^ π1(U, t)→ AutHk(Xt,Q)eØC�þÓN Hk(Xt,Q)inv.

y² � XU = φ−1(U) ⊂ X. d·K 6.2.2,

Hk(XU ,Q) −→ Hk(Xt,Q)

��´ Hk(Xt,Q)inv. 5¿� Xt ⊂ XU ⊂ X, �díØ 5.1.3 =�(Ø. �

íØ 6.2.1 � φ : X → Y ´1w[�Kqm�Ev�K��, y ∈ Y , @o Hk(Xy,Q)inv

´ Hk(Xy,Q)�kn Hodgef(�.
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·���±?Ø�X� Leray ÌS�, ¿�|^î�5?�ÚÚ\�a��E/, ,�·
�ò^§�½Â,a Dolbeault þÓNa�1�Ã��C©.

� Y ´�©6/ (�A/, E6/), H ´ Y þ� R (�A/, C) �þ�mÛÜX. �Ä

C∞-� (�A/, OY -�) ÛÜgd�H = H ⊗C∞ (�A/, H = H ⊗OY ). H�k Gauss-Manin
éä ∇ : H → H⊗A1

Y (�A/, ∇ : H → H⊗ ΩY ). ∇�±*Ü�

∇ : H⊗AkY → H⊗Ak+1
Y , σ ⊗ α→ ∇(σ ⊗ α) = σ ⊗ dα+∇σ ∧ α

(�A/, ∇ : H⊗Ωk
Y → H⊗Ωk+1

Y ). ù�, ·��±�EÛÜX H �de RhamE/ (�A/, �

X de Rham E/) DR(H)

0 −→ H ∇−→ H⊗A1
Y

∇−→ H⊗A2
Y −→ · · ·

(�A/,
0 −→ H ∇−→ H⊗ Ω1

Y
∇−→ H⊗ Ω2

Y −→ · · · )

lÛÜ²�zþw, þãE/��u Y þ de Rham E/�eZg�Ú¤p�.

·K 6.2.3 H � de RhamE/ DR(H)´ H �Û). � AkY (H)´ AkY (H) := A⊗AkY �
�N�¡�m. ·�kg,Ó�

Hq(Y,H) =
Ker(∇ : AqY (H)→ Aq+1

Y (H))

Im(∇ : Aq−1
Y (H)→ AqY (H))

.

8�ÄÛÜX Hp := Rpφ∗C ��X de Rham E/ DR(Hp),

0 −→ Hp ∇−→ Hp ⊗ ΩY −→ · · ·
∇−→ Hp ⊗ ΩN

Y −→ 0, N = dimY,

ùpHp = Hp ⊗ØY . d Griffiths î�5½n,

∇F lHp ⊂ F l−1Hp ⊗ ΩY .

ù�, ·��±�Eþã de Rham E/�ÈL

F lDR(Hp) := 0 −→ F lHp ∇−→ F l−1Hp ⊗ ΩY −→ · · ·
∇−→ F l−NHp ⊗ ΩN

Y −→ 0.

? � Ú � ½ Â DR(Hp) � © g E / Kkl,p−l := F lDR(Hp)/F l+1DR(Hp). £ � N � ∇9

Hl,p−l := F lHp/F l+1Hp,
0

��

0

��
∇ : F l+1Hp //

��

F lHp ⊗ ΩY

��
∇ : F lHp //

��

F l−1Hp ⊗ ΩY

��
∇l : Hl,p−l // Hl−1,p−l+1 ⊗ ΩY

·�k
Kkl,p−l = (F l−kHp/F l+1−kHp)⊗ Ωk

Y = Hl−k,p−l+k ⊗ Ωk
Y .

?�Ú�k±e(Ø (3�Öö�y)
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Ún 6.2.1 ∇kl−k : Kkl,p−l → K
k+1
l,p−l ´ ØY �5��, =÷v

∇kl−k(σ ⊗ α) = ∇l−k(σ) ∧ α,

ùp σ´Hl−k,p−l+k ��¡, α´ Ωk
Y ��¡.

� φ : X → Y ´�XEv�K��. £� Ωk
X � Leray ÈL L·Ωk

X (�ª (6-3)). Y þ�và�
Rpφ∗Ωk

X ��kéA�ÈL

LlRpφ∗Ωk
X := Im(Rpφ∗LlΩk

X → Rpφ∗Ωk
X).

·��±�EÌS� (El,qr ⇒ Rl+qφ∗Ωk
X), Ù¥

El,q1 = Rl+qφ∗(GrlLΩk
X) = Ωl

Y ⊗Rl+qφ∗(Ωk−1
X/Y ) = Ωl

Y ⊗Hk−l,l+q = Klk,q,

d1 : El,q1 → El+1,q
1 TÐ´±e�Ü��ë�Ó� (ë�íØ 1.5.1)

0 −→ Grl+1
L Ωk

X −→ LlΩk
X/L

l+2Ωk
X −→ GrlLΩk

X −→ 0.

?�Ú, ·�k (yÑ)

·K 6.2.4 é�½� q, E/ (El,q1 , d1)�±À�E/ (Klk,q,∇).

A^þã(Ø, ·��±½Â�N�mþ Dolbeault þÓNa�Ã��ØCþ. Äk�ÄE
ÜN�

ψ : Hp(X,Ωk
X) −→ H0(Y,Rpφ∗Ωk

X) −→ H0(Y,Rpφ∗Ωk
X/Y ),

Ù¥1�Ü©N�5guª (6-6), 1�Ü©N�5gud�Ü�

0 −→ L1Ωk
X −→ Ωk

X −→ Ωk
X/Y −→ 0

¤p����Ü�

· · · −→ Rpφ∗L
1Ωk

X −→ Rpφ∗Ωk
X −→ Rpφ∗Ωk

X/Y −→ · · · . (6-7)

dª (6-7) ��Ü59 Rpφ∗Ωk
X þ�ÈL L· ½Â, ·�k

L1Rpφ∗Ωk
X = Im(Rpφ∗L1Ωk

X → Rpφ∗Ωk
X) = Ker(Rpφ∗Ωk

X → Rpφ∗Ωk
X/Y ). (6-8)

,��¡, dÌS���,

Ep,q∞ = L1Rpφ∗Ωk
X/L

2Rpφ∗Ωk
X ,

E1,p−1
2 = Ker(d1 : E1,p−1

1 → E2,p−1
1 )/Im(d1 : E0,p−1

1 → E1,p−1).

5¿�Ø�3�" dr (r > 1) N\ E1,p−1
r (Ï�1��þI´ 1), Ï E1,p−1

∞ ⊂ E1,p−1
2 . ù�,

d·K 6.2.4 =�g,��¹N�

g : L1Rpφ∗Ωk
X/L

2Rpφ∗Ωk
X ↪→

Ker
(
∇ : Hk−1,p ⊗ ΩY → Hk−2,p+1 ⊗ Ω2

Y

)
Im
(
∇ : Hk,p−1 → Hk−1,p ⊗ ΩY

) = H1(K·k,p−1).

8�Äa
α ∈ Ker(ψ : Hp(X,Ωk

X)→ H0(Y,Rpφ∗Ωk
X/Y )).

d ª (6-8), α 3 H0(Y,Rpφ∗Ωk
X/Y ) ¥ � � á 3 H0(Y, L1Rpφ∗Ωk

X) ¥, Ï  � ± � Ä α 3
H0(Y, L1Rpφ∗Ωk

X/L
2Rpφ∗Ωk

X) ¥��. ù�, α ÏLN� g éAþÓN� H1(K·k,p−1) ��¡
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�m¥�,��, P� δα, ¡� α �1�Ã��ØCþ (The first infinitesimal invariant).

6.3 �¡�Ã��C©

� X ´ n��Kq, Y ⊂ X ´1w�¡, P Ωj
X(kY ) := Ωj

X ⊗ OX(Y )⊗k. ù�!¥, X

ÃAO(², ·�ob� Y ÷v±e^�

H i(X,Ωj
X(kY )) = 0, ∀k > 0, i > 0, j ≥ 0.

?Û η ∈ H0(X,KX(pY )) Ñ�±À� X þ n g�X4/ª, 3 U þ�X, �÷X Y k
���êØ�L p �4:. ����, ·��±�Ä� Ωk,c

X (pY ), §d@
3 U þ�X, �

÷X Y þk���êØ�L p �4:� k g�X4/ª�¤. w, KX(pY ) = Ωn,c
X (pY ),

Ωk,c
X (log Y ) = Ω1,c

X (pY ). ·�Äkéùa�X/ª�ÛÜ�	.

Ún 6.3.1 � α´m�� V ⊂ X þ� kg�X4/ª,3 V ∩Y �	�X,�÷X V ∩Y
k�� l�4:.
(1)XJ l ≥ 2, @o α��¤ α = dβ+γ, d? β, γ ´�X�, 3 V ∩Y �	�X,�÷X V ∩Y
k���êØ�L l − 1�4:.
(2) e l = 1, @o α´éê/ª.

y² (2) déê4:½Â=�. 8y (1). b� Y �ÛÜ�§ z1 = 0. ·�ò α ��

α =
dz1 ∧ α
zl1

+
α′′

zl1
,

Ù¥ α′, α′′ ´�X�, �Ø¹ dz1. 5¿ dα = 0, d4:�ê��	��, α′′ 7L÷X z1 = 0 ð
�", Ïd α′′

zl
1

÷X Y �4:�ê�õ´ l − 1. 8� β = α′

(1−l)zl−1
1

. dd=�(Ø. �

íØ 6.3.1 3þãÚn^�e, XJ α�gê k ≥ 2, @oÛÜþ��� α = dβ, ùp´
�X�, 3 V ∩ Y �	�X, �÷X V ∩ Y k���êØ�L l − 1�4:. AO/, � l ≥ 2,
k ≥ 2�, ·�k�Ü�

0 −→ Ωk−1,c
X ((l − 1)Y ) −→ Ωk−1

X ((l − 1)Y ) d−→ Ωk,c
X (lY ) −→ 0. (6-9)

y² dÚn 6.3.1, ·��±é l �8B{, �ªy² α ��� α = dβ + α′, ùp β ´
k − 1 g�X4/ª, ÷X Y k���êØ�L l − 1 �4:; α′ ÷X Y kéê4:. d5P

5.2.2, ·�®� α′ = dγ, d? γ ÷X Y kéê4:. �

íØ 6.3.2 � 2 ≤ i ≤ p ≤ n, K

H i−2(X,Ωn−i+2,c
X ((p− i)Y )) −→ H i−1(X,Ωn−i+1,c

X ((p− i)Y ))

´÷�. AO/, H0(X,KX(pY ))→ Hp−1(X,Ωn−p+1,c
X (log Y ))´÷�.

y² dª (6-9) p�Ü�Ü�, ¿�Äë�Ó�=�(Ø. �

½n 6.3.1 (Griffiths ½n) � 1 ≤ p ≤ n g,��

H0(X,KX(pY )) −→ Hn(U,C)
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ò?�3 U þ�X�÷X Y k���ê� p�4:� ng�X/ªN\ Fn−p+1Hn(U,C)¥.

�ó�, é?Û�¡ η ∈ H0(X,KX(pY )), 3ê Resη/fp)¤
 Fn−pHn−1(Y )van, d? f

´ Y �ÛÜ�§.

y² ·K��Ü©�´Ún 5.2.4 �íØ. 8yc�Ü©. díØ 6.3.2, ·��Iy²

Hp−1(X,Ωn−p+1,c
X (log Y )) = Fn−p+1Hn(U,C).

d�éê de Rham E/l3gê ≥ 2 ��þÑ´�Ü�, ÏdÈLE/

F kΩ·X(log Y ) := 0 −→ Ωk
X(log Y ) −→ Ωk+1

X (log Y ) −→ · · ·

¢Sþ´ Ωk,c
X (log Y ) �Û), ldÄ� de Rham ½nk

Hp−1(X,Ωn−p+1,c
X (log Y )) = Hn(Fn−p+1Ω·X(log Y )).

,��¡, d½Â�

Fn−p+1Hn(U,C)) = Im(Hn(Fn−p+1Ω·X(log Y ))→ Hn(Ω·X(log Y ))).

�5¿þãm>N�´ü�, ù´Ï�d Deligne ½n, d� Frölicher ÌS�3 E1 ?òz. �

y3·�ò±þ�?ØA^u X = Pn ��/. � Y ´ d g1w�¡, f = 0 ´½Â�
§, [X0, · · · , Xn] ´àg�I. ·�®� KPn = OPn(−n− 1), Ïd�±À� H0(Pn,KPn(n+ 1))
�)¤�

Ω = X0 · · ·Xn

∑
i

(−1)i
dX0

X0
∧ · · · d̂Xi

Xi
∧ · · · dXn

Xn
.

díØ 2.2.7 �� Hn(Pn,C)prim = 0. d½n 6.3.1 9Ún 5.2.4, ·�k÷�

αp : H0(Pn,OPn(pd− n− 1)) −→ Fn−p+1Hn(U,C) ∼= Fn−pHn−1(Y,C)van, P → Res
PΩ
fp

.

5¿�
Fn−pHn−1(Y,C)van/F

n−p+1Hn−1(Y,C)van = Hn−p,n−1(Y )van,

·���±½Âp���

ᾱp : H0(Pn,OPn(pd− n− 1)) −→ Fn−pHn−1(Y,C)van −→ Hn−p,n−1(Y )van.

�Äàgõ�ª�,

S =
⊕
l

Sl, Sl = SymlS1 = H0(Pn,OPn(l)).

·�½Â f � Jacobin� Jf = ⊕lJ lf , §´dÃ�ê ∂f
∂Xi

(i = 0, · · · , n) )¤. � Rlf := Sl/J lf ,
§´ Jacobi� Rf = S/Jf �1 l �©|.

½n 6.3.2 (Griffiths ½n) Kerᾱp = Jpd−n−1
f . AO/, ·�kg,Ó�.

Rpd−n−1
f

∼= Hn−p,p−1(Y )van.

(yÑ)

- 112 -



18Ù Hodge (�C© (II)

Griffiths ½n����A^´�x�¡� Hodge (��Ã��C©. 8� X ´ n��
Kq, Y ⊂ X ´÷v�!mÞb�^��1w�¡. ·��Ä�m H0(X,OX(Y )) ¥���
Zariski m8 B, §´d¤k� Y �5�d�1w�¡|¤. k�·���ò B ¥���^õ
�ª f 5L«. ù�·�w,�±����1w�¡x

π : Y → B.

éz� f ∈ B, ·��Ä Hn−1(Y,C)van � Hodge (��Ã��C©

∇l,f : H l,n−1−l(Y )van −→ Hom(TB,f ,H l−1,n−l(Y )van),

ùp��m TB,f = H0(X,OX(Y )). ,��¡, ½n 6.3.1 L²

ᾱp : H0(X,KX(pY ))→ Hn−p,p−1(Y )van.

e¡�(JòüöéX
å5.

½n 6.3.3 (Carlson-Griffths ½n) � P ∈ H0(X,KX(pY )), H ∈ TB,f . �ÄÃ��C©

∇n−p,f : Hn−p,p−1(Y )van −→ Hom(TB,f ,Hn−p−1,p).

·�k

∇n−p,f (ᾱp(P ))(H) = −pᾱp+1(PH).

�ó�, ±eã��

H0(X,KX(pY ))

��

// Hom(H0(X,OX(Y )),H0(X,KX((p+ 1)Y )))

��

∇ : Hn−p,p−1(Y )van // Hom(TB,f ,Hn−p−1,p(Y )van)

ã¥1�1N���u�Ñ¦È, üç1N�d ᾱp, ᾱp+1�Ñ.

y² �Äm8x
πU : U → B, U = X ×B − Y

9²"mHnU = (RnπU )∗Z, Hn−1
van = Rn−1π∗Zvan. dÚn 5.2.4, kÛÜX�÷��

Res : HnU −→ Hn−1
van .

��B?Ø, ·�^ ∇U ,∇©OL«HnU ,Hn−1
van þ� Gasuss-Manin éä. þã��� Gasuss-

Manin éä���.

�½ P ∈ H0(X,KX(pY )). é?Û g ∈ B, P
g �±w¤ n g�X4/ª, §÷X Y k�� p

�4:. ù�, ·���EHn−1
van ����¡

g → ResYg

[
P

gp

]
,

d?�)ÒL« de Rham þÓNa. d½n 6.3.1, §�´ Fn−pHn−1
van ��¡, §��3 f þÒ

´ ᾱp(P ). ù�,

∇f (ᾱp(P ))(H) = ∇
(

ResYg

[
P

gp

])
mod Fn−pHn−1(Y )van

= ResY∇U,H
([

P

gp

])
mod Fn−pHn−1(Y )van.
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,��¡,

ResY

[
dH

P

gp

]
= ResY

[
−pPH
fp+1

]
mod Fn−pHn−1(Y )van.

ù�, ·���y²±e�ª

ResY∇U,H
([

P

gp

])
= ResY

[
dH

P

gp

]
mod Fn−pHn−1(Y )van.

·��±y²����(Ø: � ω = (ωg)g∈B ´�x X þÛÉ�©4/ª, ωg 3 Ug þ´
C∞ �, ¿�'u g ´�XCz�. §éAHnU þ��X�¡ σ, = σg = [ωg]. @o

∇U,Hσ = [dHω].

duù´ÛÜ¯K, Ø�b� B ´ f ����. é Y ���+G�� T , ¦� T �±/C

Â ¤ Yg, ∀g ∈ B. ù�. X − T ÓÔu Ug = X − Yg. ?�Ú, dÛÜ²"5, ·�Ø�ò πU

O�� πU : (X − T )×B → B. 3d�/e, w,k

dH([ωg]) = [dHωg].

ùÒy²
(Ø. �

6.4 �5¼ê

31 4.3 !¥, ·�é� 2k − 1 �� Hodge (� (H2k−1
Z , F ·H2k−1

C ) Ú\
¥m Jacobi q

J2k−1 =
H2k−1

C
F kH2k−1

C ⊕H2k−1
Z

.

ù�Vg��±í2�E6/ Y þ�� 2k − 1 � Hodge (�C© (H2k−1
Z , F ·H2k−1

C ). �Ä�

X�þm E = H2k−1/F kH2k−1 9�¹�� H2k−1
Z → E . ù����ûP� J . ?�Ú, �Ä

Jacobiqn�z J → Y , Ùª�

Jy = J2k−1
y = Ey/H2k−1

Z,y .

§�kg,�E(�, Ù�X�¡�¤��TÐÒ´ J .

� ν ∈ J ´ J → Y ��X�¡. d J �½Â, ν �±ÛÜJ,�H2k−1 þ��X�¡ ν̃.
w,ù�J,�õ�����¡/ª ηF + ηZ, ùp ηF ´ F kH2k−1 ��¡, ηZ ´ H2k−1

Z ��
¡. 5¿� ∇H2k−1

Z = 0 9 ∇F kH2k−1 ⊂ F k−1H2k−1 ⊗ ΩY , ¤±

∇ν̃ ∈ H2k−1 ⊗ ΩY

3�K F k−1H2k−1 ⊗ ΩY �´��(½�. XJ ∇ν̃ ∈ F k−1H2k−1 ⊗ ΩY , ·�Ò¡ ν �Y²�
(Horizontal). J → Y ��XY²�¡¡��5¼ê (Normal function)

� ν ∈ J ´�5¼ê. ·��Ä ∇ν̃ �ÝK

∇ν̃ ∈ (F k−1H2k−1/F kH2k−1)⊗ ΩY = Hk−1,k ⊗ ΩY .

Ún 6.4.1 ∇ν̃ 3dE/ K·k,k−1p����

∇ : Hk−1,k ⊗ ΩY −→ Hk−2,k+1 ⊗ Ω2
Y .
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e���". ?�Ú, ∇ν̃ 3�K

Im∇ : Hk,k−1 −→ Hk−1,k ⊗ ΩY

�, Ø�6J,�À�, �Ú ν k'.

y² 1�Ü©��5gu ∇(∇ν̃) = ∇ ◦∇ν̃ = 0.

8� ν̃ = ν̃ + ηF + ηZ, ùp ηF ´ F kH2k−1 ��¡, ηZ ´ H2k−1
Z ��¡. Ï� ∇ηZ = 0, ¤

± ∇ν̃ ′ = ∇ν̃ +∇ηF . � η̄ ´ ηF 3Hk,k−1 ¥�ÝK. u´

∇(η̄) = ∇ηF mod F kH2k−1 ⊗ ΩY ,

Ï ∇ν̃ ′ −∇ν̃ = ∇(η̄). ùÒy²
(Ø. �

þãÚn��±XeQã:

∇ν̃ ∈ H1(K·k,k−1) =
Ker(∇ : Hk−1,k ⊗ ΩY → Hk−2,k+1 ⊗ Ω2

Y )
Im(∇ : Hk,k−1 → Hk−1,k ⊗ ΩY )

��6u ν ��. Ïd·�òþã ∇ν̃ �a¡� ν �Ã��ØCþ, P� δν. ��3 y ∈ Y þ,
��±½Â δνy � ∇ν̃y ∈ Hk−1,k

y ⊗ ΩY,y �a.

[%�Ööò¬uy, Ø
�5¼ê�Ã¡�ØCþ�	, ·�31 6.2 !�Q½ÂL�a
é��Ã��ØCþ. üö�m�'X´�o? e¡·�?Ø�a��/, 5£�ù�¯K.

� π : X → Y ´�é�ê n �X�Kn�z, J2k−1 → Y ´ Jacobi qn�z, J ´éA�
�, z: y ∈ Y éAn� J2k−1(Xy). � Z =

∑
i niZi ⊂ X ´{�ê k ��é4ó, Ù¥ Zi Ø

��Q�, �3 Y þ²". éz: y ∈ Y , ½Â Zy :=
∑

i niZi,y, Zi,y = Zi ∩Xy. ·�b� Zi,y

´ÓNu 0. 31 4.3 !¥, ·�½Â
 Abel-Jacobi N�ØCþ

Φk
Xy

(Zy) ∈ J2k−1(Xy), y ∈ Y.

4óx (Zy)y∈Y �Ñ
 Jacobi qn�¥��¡ νZ(y) = ΦXy
(Zy).

½n 6.4.1 (Griffiths �5¼ê½n) þã½Â��¡ νZ ´�5¼ê.

y² duù´�ÛÜ¯K, ·��±�ÄÛÜ²�z�/. aq½n 4.3.2 �?Ø, �±

y² νZ ��X5. e¡?ØY²5. ·���ÄAÏ�/: z� Zi �1w, ¿�*dØ��.
���/�±8(ud.

� ν ′ ´H2k−1 ��¡, v ∈ TY,0, ∇vν ′ ∈ F k−1H2k−1(X0) �du

〈∇vν ′, η〉 = 0, ∀η ∈ Fn−k+2H2n−2k+1(X0).

|^ dv〈ν ′, η〉 = 〈ν ′,∇vη〉+ 〈∇vν ′, η〉, þã^�?�Ú�du

dv〈ν ′, η〉 = 〈ν ′,∇vη〉, ∀η ∈ Fn−k+2H2n−2k+1(X0).

ò ν ′ J,� ν̃ ∈ (Fn−k+1H2n−2k+1)∗, u´

〈ν ′,∇vη〉 = ν̃(∇vη) =
∫

Γ0

∇vη.

(ÜíØ 3.2.1, ¯K8(�y² ∫
Γ0

int(ν̃)(dΩ) =
∫

Γ0

∇vη.
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ùp Zy = ∂Γy. d²�zb�, ·��I5¿�4/ª int(ν̃)(dΩ)|X0 á3 Fn−k+1A2n−2k+1
X0

, �

L« ∇vη, =�d
∫
Γ0

�½Â��íÑþª. �

± e·� ? � Ú b �, z � Zi ´ Ø � � 1 w � ê f q, � π � � 3 Zi þ E , ´ E
v. d u [Zi] ∈ Hk(X,Ωk

X), � d N � Hk(X,Ωk
X) → H0(Y,Rkπ∗Ωk

X), ·� � ± § N \

H0(Y,Rkπ∗Ωk
X) ¥, Ù�EP� [Zi]. - [Z] =

∑
i ni[Zi]. §3z: y ∈ Y ?�� [Z]y Ò´

[Z] 3 Hk(Xy,Ωk
X|Xy

) ¥��. b� Zy ´"N� (∀y ∈ Y ), 0 ∈ Y , @o

[Z]0 ∈ Ker(Hk(X0,Ωk
X|X0

)→ Hk(X0,Ωk
X0

)).

Ïdd1 6.2 !�?Ø, �½ÂÃ��ØCþ

δ[Z]0 ∈ H1(K ·
k,k−1,0) =

Ker(∇ : Hk−1,k
0 ⊗ ΩY,0 → Hk−2,k+1

0 ⊗ Ω2
Y,0)

Im(∇ : Hk,k−1
0 → Hk−1,k

0 ⊗ ΩY,0)
.

,��¡, d½n 6.4.1, νZ ´�5¼ê, Ïd��±½ÂÃ��ØCþ

δνZ,0 ∈ H1(K ·
k,k−1,0) =

Ker(∇ : Hk−1,k
0 ⊗ ΩY,0 → Hk−2,k+1

0 ⊗ Ω2
Y,0)

Im(∇ : Hk,k−1
0 → Hk−1,k

0 ⊗ ΩY,0)
.

½n 6.4.2 (Voisin Ã��ØCþ½n) δνZ,0 = δ[Z]0.

(yÑ)

�ÙSK

SK 6.1 � X ´ÛÜëÏ�m, H´ X × [0, 1]þ�ÛÜX.
(1) y²: H3 X × 0þ�?��¡ σ�±��òÿ¤H��N�¡.
(2) � φ : F → G ´ X þÛÜX���, ¦� φ��3 X �,�� U þ´Ó�, @o φ3

U ⊂ X �ëÏ©|þ�´Ó�.
(3) y²: H ∼= pr1−1(H|X×0).

SK 6.2 Á^1 6.1Ky²: XJ X ´ëÏ!ÛÜ�´ëÏ!üëÏ�ÿÀ�m, @o
X þ?Û± H �ª�ÛÜXÑ´~� H.

SK 6.3 äN�yN� (6-1)´V�.

SK 6.4 � φ : X → Y ´ n�¥m. y²:
(1) � l 6= 0, n�, Rlφ∗Z = 0; � l = 0, n�, Rlφ∗Z = Z.
(2) 3éA� LerayÌS�¥, Ep,q2 = 0, q 6= 0, n.
(3) Ep,q2 = · · · = Ep,qn+1.
(4)

Ep,q∞ = Hp(E·,qn+1, dn+1) =

{
Kerdn+1, q = n,

Cokerdn+1, q = 0.

(5) ±eS��Ü.

· · ·Hk(X,Z) −→ Hk−n(Y,Rnφ∗Z)
dn+1−→ Hk+1(Y,R0φ∗Z)

φ∗−→ Hk+1(X,Z) · · ·
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SK 6.5 y²Ún 6.2.1�(Ø.

SK 6.6 � S ´ PnéA�àgõ�ª�, f ´ dgàgõ�ª, �½Â
1w�¡.
� P ∈ Spd−n−1. y²: P ∈ Jpd−n−1

f ��=��3 Q ∈ S(p−1)d−n−1, ¦�

P − fQ
fp

Ω = dγ, γ ∈ H0(Pn,Ωn−1
Pn ((p− 1)d)).

Á^d(Øy²½n 6.3.2.
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