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说 明 

 

这是基于教材[1]第一、二、三、四章内容, 加以适当扩充后, 为华东师范大

学网络教育学院数学与应用数学专业《线性代数》课程准备的讲义. 考虑到网络

教育学院学员多为中学一线教师的实际情况, 本讲义仅完整地介绍了求解线性

方程组的基本理论, 而对这一理论的应用, 如一般线性代数教材包括的矩阵对角

化、二次型等内容予以省略. 

 

除了[1]外, 本讲义部分内容还取自、或参考了教材[2, 3]、习题集或辅导书

[4, 5], 以及文[6].  

 

[1] 线性代数, 第二版, 上海交通大学数学系编, 科学出版社, 2007 年. 

[2] 高等代数学, 姚慕生编著, 复旦大学出版社, 1999 年. 

[3] 数学模型讲义, 雷功炎编著, 北京大学出版社, 1999 年. 

[4] 高等代数, 大学数学学习方法指导丛书, 姚慕生编著, 复旦大学出版社, 

1999 年. 

[5] 高等代数附册, 北京大学数学系几何与代数教研室代数小组编, 高等教

育出版社, 1992 年. 

[6] 例谈行列式在数学解题中的应用, 安振平, 数学教学, 2009年第 8期, 38

—39.   

 

欢迎各位学员就本讲义提出意见和建议！ 

 

                                            袁 海 荣 

                                      

                                         2009 年 12 月 28 日 
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
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
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





a11x1 +a12x2+ · · ·+a1nxn = b1,

a21x1 +a22x2+ · · ·+a2nxn = b2,
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(1)

=P ai j, bi (i = 1,2, · · · ,m, j = 1,2, · · · ,n)N2�DC9[� ai j )`i9� bi)`[�1q�
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n

∑
j=1

ai jx j = bi, i = 1,2, · · · ,m. (2)=P�∑i∈I fi�0	 i1�{ I MCi�i fi ��J� (� I = {m,m+1,m+

2, · · · ,m +n},8	 ∑i∈I fi xY ∑m+n
i=m fi,C82y fm + fm+1 + · · ·+ fm+n.) R��

5

∑
i=2

(5i+ j) = ∑
i∈{2,3,4,5}

(5i+ j)

= (5×2+ j)+ · · ·+(5×5+ j)

= 5× [(2+5)×4/2]+4 j = 70+4 j.p&Æy`wCmU/#�
A'�G 28��S��Æy`wE�-5xy.?m!���~ 1.�5o���>w ∑10
n=5 n2.
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(a11,a12,a13)• (x1,x2,x3) = a11x1 +a12x2+a13x3.1n�99P�^k	u�xY�k}/��

(a11,a12,a13)








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x2

x3









:= (a11,a12,a13)• (x1,x2,x3) = a11x1 +a12x2+a13x3.S��^k	��isX (x1,x2,x3)!~~C}/ (&Y~sX) x'Y�8ZC}/�&Y�iZsX���F�^kK��O(Y.?
(ai1,ai2, · · · ,ain)






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
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...
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








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

= (ai1,ai2, · · · ,ain)• (x1,x2, · · · ,xn)

= ai1x1 +ai2x2 + · · ·+ainxn =
n

∑
j=1

ai jx j. (3)2VZ)^ (1)8E�xY
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� A �09� (5), x �0ZsX 
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xn
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
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
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b2
...
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
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(��^kN�7x[p�� A, B, QD�09��|Hux[p�0ZsX),rg! (7),n�Z)^ (1)8E�}!;F� Æ�hxY
Ax = b. (8)�M A (&Y (1)Ci99�),��[�1q b,N2�DC�V x2[DC�

3. �eH#;�(!���^kEv
����=g7n_	x�J(a/C (1)
xY!;C (8),2^T->℄G (�Æ-n�Z)^) #+L�FÆR—-^28vr2R\["j���1+!� (8)C}/��vÆR^kS�->℄G�<2�[$[$P
C�H1&�Cy�k^k6DC�*�1Z)
ax = b (9)

(�M a,bY�D9�x 2[D9)#oOo=��=8	^k[DCLe (n�Z)^CÆ-) (^k�DCLe (9)#SYoOUi�^k->Z) (9)Crw5

H?^k�z��7 (8). R��= a 6= 0)�E1 (9)W�K(� a−1VB�- x = a−1b.=8�X^k#4��:9� ACw A−1,Jt1 (8)W�K( A−1-, x.$[DCLe(�DCLe#SoOUi�2�7->℄GC�WYj�K�k11�2���h9�)�Æ
S�Cy9��Ui�A#qwoKE/�%#qw�KE/�0Q�1!7�� (8)Ct)M�ÆHm,Y99�C�iP
EH��K�yCTt (�9�), yC.? (�9�(ZsX(Y) D�VÆ-n�Z)^C℄GQ
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}��K��i m~ nZ9� A( n~ rZ9� T C(Y�$
T =















t11 t12 · · · t1r

t21 t22 · · · t2r
...

...
. . .

...

tn1 tn2 · · · tnr















. (10)

^k	 T CG kZAaZsX tk =















t1k

t2k
...

tnk















,	 T xY T =
(

t1 t2 · · · tr

)

.rg^kK� A( T C�82
AT = (At1,At2, · · · ,Atr). (11)�s<H	(� AT CG p~G qZC*> (AT)pqx,J�rg! (6),C82

(AT )pq =
n

∑
i=1

api tiq, (12)� ACG p~( T CG qZau� (Æ82~sX(ZsXa(Y).u 1.









0 1 2 3

−1 2 0 3

2 −2 3 −5





















7 3

2 −3

−1 6

−10 5













=









0×7+1×2+2× (−1)+3× (−10) 0×3+1× (−3)+2×6+3×5

−1×7+2×2+0× (−1)+3× (−10) −1×3+2× (−3)+0×6+3×5

2×7+(−2)×2+3× (−1)+(−5)× (−10) 2×3+(−2)× (−3)+3×6+(−5)×5









=









−30 24

−33 6

57 5









.
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u 2.















x1

x2
...

xn















(

y1 y2 · · · yn

)

=















x1y1 x1y2 · · · x1yn

x2y1 x2y2 · · · x2yn
...

...
...

xny1 xny2 · · · xnyn















.

�~ 2.>w 


1 2

3 4

5 1









(

−1 0 1 2

2 1 0 −1

)

.�~ 3.�d��Æ+�.�}H#
o�


















3x+7y− z+8 = 0,

x−w−4 = 0,

z+ y = x−11.1+�℄GM�5$�
T�i�KC[�1q b1, b2, · · · ,br Æ-Z)^ (8).$T�C-Y x1, x2, · · · ,xr:

Axk = bk, k = 1,2, · · · ,r. (13)^ X = (x1, x2, · · · ,xr) 2�i n ~ r ZC9��CCG k Z82 xk (k =

1,2, · · · ,r); ^ B = (b1, b2, · · · ,br) 2�i m ~ r ZC9��CCG k Z82 bk (k = 1,2, · · · ,r). rg^k8E�	 (13)AHFxY
AX = B. (14)�M� AX 82^kf�K�C m~ nZ9�( n~ rZ9�C(Y���^kA��Jt��=O9�(Y�#R&AHFK){X�Æ-Uin�Z)^��7FFgY�?vb�^k�J�k�Wi m~ nZ9�( s~ rZ9���s n 6= s,�(Y2h#K�C�^kA����9���(Y�2l	Ui->n�Z)^=iP7℄GC�VPN+��
�Y+tV+t�[
1�zWi9�E N��(Y�2h#�
C1��

5. H#!*'�
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_��̂ k0��9�C℄�O.?�)TK�$9� A�; (5)K��
ACTK2�k n~ mZ9� (�a AT )

























a11 a21 · · · am1

a12 a22 · · · am2
...

...
. . .

...

a1i a2i · · · ami
...

...
. . .

...

a1n a2n · · · amn

























. (15)

CCEH2� A MCG k~'Y AT CG kZ (k = 1,2, · · · ,m);o�F AMCG l Z'Y AT CG l ~ (l = 1,2, · · · ,n).R��








1 0 −2 10

−0.9 6 4.4 −9

3.3 −1 −1 0









T

=













1 −0.9 3.3

0 6 −1

−2 4.4 −1

10 −9 0













.E�F�Ba�iZsX�
x =















x1

x2
...

xn















,CExY x = (x1,x2, · · · ,xn)
T . =�8E�+'5�My�A6CH ���J%���9�CTK�>�2YY5x!+'�m�mT�i9��=i!�ei9y'C��̂ k
℄�CCj*>E 2}DCd�~(~�Z(Z�~(ZE 2}DCd�TK9�$+9�MC~(Z���A���YUi~(ZE piC�
�V�R��T~A'SC�L�JtTK�8EvB�Z<#Co��L�A�TKT&^kO-9�#XP
C����~ 4.ad�H#!*'� A =













a b c d

b e f g

c f h i

d g i j













.
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m��
1.i A =









3 1 1

2 1 2

1 2 3









, B =









1 1 −1

2 −1 0

1 0 1









. a AB, BA.

2.��H# A =









1 2 3 4

5 6 7 8

9 10 11 12









!*' AT ,���� AT }�tH#!^��Æ+�.�
3. %Y� (1) ∑m

i=1(∑
n
j=1 ai j) = ∑n

j=1(∑
m
i=1ai j); (2) ∑m

i=1(∑
n
j=1 aib j) =

(∑n
j=1 b j)(∑m

i=1ai).

4.�H#�(�pd��Æ+�.�














































5x1 +6x2 = 1,

x1 +5x2+6x3 = 0,

x2 +5x3+7x5 = 0,

x2− x4 = −1,

x1− x3 = 8.

5. %Y�i a 6= 0,!f���+� ax +by + cz = d �pf~M�(G3 (d/a,0,0)!�/\W��q�+�. 





a1x+b1y+ c1z = d1,

a2x+b2y+ c2z = d2,
�paQ/\W!01�, (B�).

6.AH#






a1+b1 a1+b2 · · · a1+bn

a2+b1 a2+b2 · · · a2+bn
...

...
. . .

...

am +b1 am +b2 · · · am +bn















�p}Q/H#!�:�

11



+ 2 / . , -�f
<S!�XC�� n�XC�(� n2 a���W"n	5(NtÆN�$=<fa��;vXC�2jb,x na n�f0KYR)i'>R)1:E�XC��6E
>s g�— CramerN	�(e�<S_')�>Y j�_Rs f�KYR)1>fa#d>9Ne+�<SH!� 2�t 3�XC���u.q��
$r��^>�j�Ls> CramerN	�<SB4_If�> ne=< CramerN	��(�[b, n > 3�XC�>Fo���.ql! 2�t 3�XC�>)C�Uy
n�XC�'sO0>ds��;vdC>℄b2'>�yB n�XC�>℄b�<STI>;+x���vFow\_R�
$faXC���(�=<Sd1Fo0;,(>WSDVY �;v�SY �<S(2j�5�
$XC��e2j0,f�> CramerN	B��f
:�r�XC��h�s�b,f�XC�Fo�0;hY ���Uf�> CramerN	�G,JB\J#d>Kp��>�^ M�5
�9dÆ=rXC�>Lk���I�, It�S Med*F,��G 1℄ n\Æi}^��FbQF[KR<S�!^:(i&�vP�Ns�GL�f0R)1B�















a1x1 + b1x2 = c1,

a2x1 + b2x2 = c2.
(1)�AfaR)(j b2 ,ALaR)(j b1 ,��L��(�=< (a1b2−a2b1)x1 =

c1b2− c2b1.�p
a1b2− a2b1 , 0, (2)(� ,

x1 =
c1b2− c2b1

a1b2− a2b1
. (3)

12



8"��<S2j=<
x2 =

a1c2− a2c1

a1b2− a2b1
. (4)yB�ag��� (2)'=�<S(2j��T, (1)> �K��R0G#XP�N>q)B�9�g� (3)(4)y�awC��H�(ySX���5r��h0�x{X��w\0,nK�e(\j0m — ���I na n �f0R)1> ��Vy8">g���(�|Sr�XC��a℄b�h�s>�q�<SFo!a� a1,a2,b1,b2 >�G�$�

∣

∣

∣

∣

∣

∣

∣

a1 b1

a2 b2

∣

∣

∣

∣

∣

∣

∣

:= a1b2− a2b1, (5)&�6 2 �XC��'m�XC�� 7��^a�#XW"�$��p~�fa���t�a�5(N�$=<(��8">�<��sXC�
∣

∣

∣

∣

∣

∣

∣

3 −10

−4 2.7

∣

∣

∣

∣

∣

∣

∣

>m (��Fo
$ 3× 2.7− (−4)× (−10)= 8.1− 40 = −31.9,2yd
�a�-�p$,7��XC�:�<S
�f>fd�&5 [,��1�<G�℄g0&6A 1X�A 2X�<S
��>fd�&5 K,��13<z�℄g0&6A 1C�A 2C�<� (5)>A 2X(� ( a2 b2

)

,hA 1C(� 




a1

a2















.�"�N})�!>X}C�f�>�r�XC�yÆPr.℄�<SMJ���
D =

∣

∣

∣

∣

∣

∣

∣

a1 b1

a2 b2

∣

∣

∣

∣

∣

∣

∣

, D1 =

∣

∣

∣

∣

∣

∣

∣

c1 b1

c2 b2

∣

∣

∣

∣

∣

∣

∣

, D2 =

∣

∣

∣

∣

∣

∣

∣

a1 c1

a2 c2

∣

∣

∣

∣

∣

∣

∣

,ZP (3)(4)(�
x1 =

D1

D
, x2 =

D2

D
. (6)�:UX D(� (1)!E���7�℄1'>XC��Ks x1 
>U+ D1(�
 D !A 1 C�6Tj0N 





c1

c2















�s x2 
>U+ D2 (�
 D !A 2 C�6 




c1

c2















. �(�k0,f"nKY��anK (�(�2�8>
13



Cramer N	) ��3� (3) (4) !���k0,>��(,J,r�XC��"�s>r.B�(�f"�{�nX�$�>Ws�KpZylMY�Kfar>Ws (~`)(�fany>> ( 7)e+�XU 1. v D =

∣

∣

∣

∣

∣

∣

∣

3 5

2 −7

∣

∣

∣

∣

∣

∣

∣

.<S�0��f0R)1>rW�


























a11x1 + a12x2 + a13x3 = b1,

a21x1 + a22x2 + a23x3 = b2,

a31x1 + a32x2 + a33x3 = b3.

(7).qP�N�2j=<�G >�3� (dsUX D�6E)

x1 =
D1

D
, x2 =

D2

D
, x3 =

D3

D
. (8)�:

D =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣t
D1 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

b1 a12 a13

b2 a22 a23

b3 a32 a33

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, D2 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 b1 a13

a21 b2 a23

a31 b3 a33

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, D3 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 b1

a21 a22 b2

a31 a32 b3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣G� 3�XC�� 3�XC���GFo>�
D =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= a11a22a33+ a12a23a31+ a13a21a32

− a13a22a31− a12a21a33− a11a23a32.

(9)

<��
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 −3 13

0 −2 1

7 8 −2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 137.

14



'm 3�XC�>Fo�Zd�&>��{�aFo��u=<>�	(2vtmT 2�XC�8"��.qP�N
 >�3� (8" (3)(4))T,�zy
*�3��b,��Fo>�x{q)��O&�<S(MuB�l! (8), <SMJ(+yt (6)8">nK��(���f0R)1rW> CramerN	��
>Y>�f�(�If� na n�f0R)1�ULs> CramerN	�GT0fa+,>$<�I 1.

A =

























1 −2 1

2 1 −3

−1 1 −1

























, b =

























0

3

1

























.

x = (x1,x2,x3)T P3 Ax = b,_ x. �
|A| = −1−6+2+1+3−4= −5,

D1 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 −2 1

3 1 −3

1 1 −1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 6+3−1−6 = 2,

D2 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 1

2 3 −3

−1 1 −1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −3+2+3+3= 5,

D3 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −2 0

2 1 3

−1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 1+6+4−3 = 8,'j x1 = −2
5 , x2 = −1 , x3 = −8

5 .b�� 












−2
5 + 2 − 8

5 = 0,

2× (−2
5) − 1 − 3× (−8

5) = 3,
2
5 − 1 +

8
5 = 1.XU 2. X�
h| 









a b c

b c a

c a b

























.
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XU 3. v^��M�)






























x1+2x2+4x3 = 31,

x2+5x1+2x3 = 29,

x3+3x1−x2 = 10.��OKEPN℄S� nF[KR=>`db, na n�f0R)1> >�3� (CramerN	),Iz�TvP�N4�bff
$>�N�X�.>�1 n = 2,3 >rW<S0<�d�_
 n �XC�Fo,7�ZP<S(2j�, >�3� (xi = Di/D, h! D�E�XC�� Di �
 D!A iC�6Tj0N b). 'j�d;+�b, n�XC�>Fo�ZP

Fo n �XC�℄�<S�[v�^!o[.v>MN��.q)<��bMJfSnK (Y ), zy
�SnK (Y ) 0m<f�rW�<S�H1! 2� 3�XC��2j0, n�XC�sy�GY �
(a) n�XC�s:6 n!a(�N>t�
(b) Ra(�Nx n aXC�!�#L(K=�� n a�#�[t,�/X��/C�
(c) Ra(�N>Ws (t�s~�Ys) x��tNyF�{��<ST,�G n�XC�>Fo�

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∑

( j1··· jn)

(−1)τ( j1··· jn)a1 j1 a2 j2 · · ·anjn , (10)h! ( j1 · · · jn) 6 (1 · · ·n) � na�/>�>fadC (e(��U>�℄dC�}!^�^!dC>℄b�f
>),K ∑

( j1··· jn)
��I'y> (1 · · ·n)>dCst�x{�
>dChy n!a�jhy n!aN (−1)τ( j1··· jn)a1 j1a2 j2 · · ·anjnLÆ��} (a)LW�
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�0RfN (−1)τ( j1··· jn)a1 j1a2 j2 · · ·anjn , �(���A 1 Xt:{A j1 C>Za�#�zy(jA 2X>:{A j2 C>�#�· · · · · · ,2y(jA nX>:{A jnC>�#�x{ ( j1 · · · jn)� (12 · · ·n)>fadC�j j1, j2, · · · , jnz�L/��} (b)LW�K (c),(�J6q+ (−1)τ( j1··· jn).<S& τ( j1 · · · jn)6dC ( j1 · · · jn)>N℄S.>` 1. #XL ( j1 · · · jn).�P3 jk > js ^ k < s �p
 ( jk, js) (&n46 N℄?) ��px�XL ( j1 · · · jn) � N℄S, +7 τ( j1 · · · jn). V�p�Wp�XL46WXL�V�p�[p�XL4[XL�I 2. �N (12345)�I�XL (1,3,5,4,2)! (5,3,4,1,2),_ZV�p� � (1,3,5,4,2) >a℄I� (32), (54), (52), (42). j τ(1,3,5,4,2) = 4.

(5,3,4,1,2)>a℄I� (53), (54), (51), (52), (31), (32), (41), (42),jτ(5,3,4,1,2)=8.I 3. �N (12 · · ·n)�XL (1,2, · · · ,n−1,n), (2,3, · · · ,n,1), (n,n−1, · · · ,2,1),_ZV�p� �τ(1,2 · · ·n−1,n) = 0,q6h!Qya℄I�τ(2,3 · · ·n,1) = n−1,q6h!>a℄I(� (k1), k = 2,3, · · · ,n,hy n−1a� (n,n−1, · · · ,2,1)!}mfa�IG�a℄I�jy C2
n =

n(n−1)
2 a��= τ(n,n−1, · · · ,2,1)=

n(n−1)
2 .XU 4. v�
yOK 1,2, · · · ,9DphDn���<qIsto��

(1) (134782695); (2) (217986354); (3) (987654321)�
(.qo[�Mb,B n�XC�>Fo (10). GT<Sv[Fo
$fS)�> n�XC��I 4. _d�gf3�m� n5�Lm
D =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1,n−1 a1n

0 a22 · · · a2,n−1 a2n
...

...
. . .

...
...

0 0 · · · an−1,n−1 an−1,n

0 0 · · · 0 ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.
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 � n! aN (−1)τ( j1··· jn)a1 j1 a2 j2 · · ·anjn !�yfaN (�f"tN) 2_�6E��A nXt ann,A n−1Xt an−1,n−1 (�_t an−1,n,V	y�a�#t,/fC), · · · · · · ,2yAfX�_t a11.j
D = (−1)τ(12···n)anna(n−1)(n−1) · · ·a11 = a11 · · ·ann.XU 5. d�I�X�x
 n[
h|

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 · · · 0 a1n

0 0 · · · a2n−1 a2n
...

...
...

. . .
...

an1 an2 · · · an(n−1) ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

XU 6. 8I�X�
h
h|�
(1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 0 · · · 0

0 0 2 · · · 0
...
...
...
. . .

...

0 0 0 · · · n−1

n 0 0 · · · 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

; (2)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 · · · 0 1 0

0 · · · 2 0 0
...
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n−1 · · · 0 0 0

n · · · 0 0 n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.<S0<�n �XC�Fo2� >�dC�ha℄��6B_'XC�>Y �<Sb,jG�N�MU 1. 2&����XL.�I�p����ÆXL�[W��!XL�	��) (−1)τ( j1··· jk··· js··· jn)
= −(−1)τ( j1··· js··· jk··· jn).�U�<S�:v>��{> M��1�8>rW��LD�a�E�4k�
f�rW{6�")�rW=<�U��H1JdC σ = (c1 · · ·ckabd1 · · ·dl),E� a,b,<S=<dC
σ′ = (c1 · · ·ckbad1 · · ·dl).0 σ } σ′ a℄I>"p�� σ !� (ab) �a℄I�	 σ′ ! (ba) (��a℄IB (Ls>�� σ!� (ab)��a℄I�	 σ′ ! (ba)(�a℄IB); K

σt σ′ !h(>a℄I2vf
�{� σ′ >a℄Ia�� σJfa��fa�hi
Y} σLP�
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�1Jf�rW�	 σ = (c1 · · ·csbe1e2 · · ·erad1 · · ·dl), E� a,b =<dC
σ′ = (c1 · · ·csae1e2 · · ·erbd1 · · ·dl). <S2j.q�GR�f���E�x σ =< σ′: H��LD> b,e1, =< σ1 = (c1 · · ·cse1be2 · · ·erad1 · · ·dl), zy� σ1 !�� b,e2, =< σ2 = (c1 · · ·cse1e2b · · ·erad1 · · ·dl), · · · · · · , �/&q r 0LD�>���<S(=< σr = (c1 · · ·cse1e2 · · ·erbad1 · · ·dl), ���:> a,b, =<
σr+1 = (c1 · · ·cse1e2 · · ·erabd1 · · ·dl). zy a �g0} er,er−1, · · · ,e2,e1 ���2y(=< σ′.�
�1 σ< σ′d&q r+1+ r = 2r+10LD�>���x{R0��\�fGi
Y�j σ} σ′ i
YLP�����a�U,J> M��^!�T$DV>�jy<S~��<�" M�h(;+!>sv�(>dC�(�H_'ZS)�>rW (�e33����8>rW), zy;vWSY 
f�;+({6�S)�rW.9�XU 7. $m�K 1,2, · · · ,nD��ph(�tphSophP"�9�G 2℄ Æi}E�'� CramerL�<Si&b,B n�XC�>Fo�'j19N���<S2j
$}m n�XC�B�2�1Fo,M
$ n�XC�>�$A�L:5> (d
'y>dCT,7�$,ha℄��zy5 n(n!)0(Nt n!−10ÆN).'j-ufS)�rW�vFo
$XC��w�U�>��(Zd<S+,r6+,U��b,XC�>WSY �;v�SY �2j
X�>XC�{6��8>XC���5����$A�Kp�8�b, CramerN	>�U��f�:�5
d9 �u1XC�>Fo,M�UXC�>�^Y �j��SY >mo (e(���6ÆP(S�#d>), �pdÆ= CramerN	�Gf�!<S�!��u;v�SY 7
$XC��^�[KR=\eGTg0!�XC�>H-#dY �F1�a#d�p�� Laplace�/F9tXC�>(����A 4�!��	A=





































a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann





































�fan×n)��� |A|= ∣∣∣∣∣∣∣∣
∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,
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&6)� AIs>XC�� |A|e$�T5 detA.\e 1.��:'��Lm�Z0,:'��Lmn����) |AT | = |A|.'���aY (�U��XC�!X}C�:�I&>�XC�!IX'=>Y ICe'=�P�lz���q6�)�(���X�6C�C�6X�'j2.q(��XC�>C�6X�svX+y>Y �y��.q(��<C�(=<C>LsY ��aY >�U��<dC>��
3>Y (d�dC05f"&6��>u��_'hau�>a℄�), <S(�MB�\e 2.2&�Lm.I� (L)
� t��,��Lmo ��� (jX6<)

D =
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∣
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∣

∣
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∣

∣

∣

a11 a12 · · · a1n
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. . .
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ai1 ai2 · · · ain
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ak1 ak2 · · · akn
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. . .
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an1 an2 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

← A iX
← A kX,

D1 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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∣
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∣

∣
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∣

∣

∣

∣

a11 a12 · · · a1n
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...
. . .

...

ak1 ak2 · · · akn
...
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. . .

...

ai1 ai2 · · · ain
...
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. . .

...

an1 an2 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

← A iX
← A kX.

	 D1 = −D.�U�<S�ZI���XrWb,�U�;vXC�FotA 1�V
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+ 1,

D =
∑

( j1··· jn)

(−1)τ( j1··· ji··· jk··· jn)a1 j1a2 j2 · · ·ai ji · · ·akjk · · ·anjn

= −
∑

( j1··· jn)

(−1)τ( j1··· jk··· ji··· jn)a1 j1a2 j2 · · ·akjk · · ·ai ji · · ·anjn

= −D1.�aY �U��XC�!�X}X�� (Is��C}C) ���:e+yI&Y�A 1X���A nXw��2v2j
A nXS�A 1X>:��K
A 1XS<A nXu�XC���q\�fGWsKi�<S~2j0,�XC�!> n2 �#>�:e+yf?Y�<��2j.q��A iX}A 1X�A jC}A 1C�
�7:{A iX jC>�#
ai j S�UXC�A 1XA 1C�KXC��x���'j;v�SY �2j
<SD}>X (C���#)S�<SD}>:� (<���
>:��<S(2_����;vFoB), K�\�XC�>-I��WL��faXC�!y�X (C)�#IsL/�	/XC�6 0.XU 1. $mB�k�\e 3.j�LmT�� (L)�v� t{z�wp c ,��� cz�&��Lm�� (jX6<)
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∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n
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. . .
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cai1 cai2 · · · cain
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. . .
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an1 an2 · · · ann
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∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= c

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n
...
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. . .

...

ai1 ai2 · · · ain
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. . .
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an1 an2 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

←A iX�
�U�;vXC�Fo�3 =∑( j1··· jn)(−1)τ( j1··· ji··· jk··· jn)a1 j1 · · · (cai ji) · · ·anjn =

c
∑

( j1··· jn)(−1)τ( j1··· ji··· jk··· jn)a1 j1 · · ·ai ji · · ·anjn =z.WL 1.XC�WXygq+
2j�/gq+*<XC�Ws1T�WL 2.�pXC�W�X�#Is'�<�	/XC�6 0 .XU 2. $m#gO�k�\e 4:d��Lm	 i� (L)�� t>�I t�!�$~�Lm�I�
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Lm*!�� (jX6<)
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n
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. . .
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ai1+ bi1 ai2+ bi2 · · · ain+ bin
...
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. . .
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an1 an2 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n
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. . .
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ai1 ai2 · · · ain
...
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. . .
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an1 an2 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n
...
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. . .

...

bi1 bi2 · · · bin
...
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. . .

...

an1 an2 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

�U�xXC�Fo�3=∑( j1··· jn)(−1)τ( j1··· ji··· jk··· jn)a1 j1 · · · (ai ji+b j j1) · · ·anjn =
∑

( j1··· jn)(−1)τ( j1··· ji··· jk··· jn)a1 j1 · · ·ai ji · · ·anjn+
∑

( j1··· jn)(−1)τ( j1··· ji··· jk··· jn)a1 j1 · · ·bi ji · · ·anjn =z����I 1.

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

4 7 2

3 1 0

2 5 4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

4 0 0

3 1 0

2 5 4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 7 0

3 1 0

2 5 4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 2

3 1 0

2 5 4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 16−84+26 = −42.T8g_�W� ∣∣∣∣∣
∣

∣

a+ b c+d

e+ f g+h

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

a c

e g

∣

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∣

b d

f h

∣

∣

∣

∣

∣

∣

∣

>�+f�7�G� 9:J>�5
�_Q�"�M:z�>2?�\e 5.0�LmT�� (L)� t�z�T�wp"
�-�M|�� (L)ga��Lm+so�� (jX6<)
∣

∣
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∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣
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∣
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∣

∣

a11 a12 · · · a1n
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. . .
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ai1 ai2 · · · ain
...
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. . .
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a j1+ kai1 a j2+ kai2 · · · a jn+ kain
...
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. . .
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an1 an2 · · · ann

∣
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∣

∣

∣

∣
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∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

�U�;vY 2, 3, 4�2�Y 3, 4, 5>#dY,J�(S2j�{XC�����=XC�!WfX\J�#G�E�GT!�>Y 61F1fa�H7{�XC��(
 n�XC�>
${6 n−1 �XC�>
$�6/<SZd�G#d>Fo�
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>` 1. # n5�Lm D = |ai j|n .�$a t ai j v#�	 i�(	 jL�j�� (n−1)2 � ti!Cq��,�y� n−15�Lm
∣
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a11 · · · a1, j−1 a1, j+1 · · · a1n
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. . .
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. . .

...

ai−1,1 · · · ai−1, j−1 ai−1, j+1 · · · ai−1,n

ai+1,1 · · · ai+1, j−1 ai+1, j+1 · · · ai+1,n
...

. . .
...
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. . .
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an1 · · · an, j−1 an, j+1 · · · ann
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∣
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∣

∣

∣
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∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣x��Lm D. t ai j � ahR, +7 Mi j; x (−1)i+ jMi j � ai j � <SahR,+�Ai j ,)
Ai j = (−1)i+ jMi j.I 2.
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3 2 7

0 1 8

0 2 5

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. 8��p�1m� (−1)2+3×6 = −6 , 7��1m� 0.

XU 3. �%
h|D =

∣

∣

∣

∣

∣

∣
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∣

∣
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∣

∣

0 1 0 4

0 2 −1 1

1 1 2 1

0 5 2 7

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.v�(a) 2M43+2M44; (b)A23+A33.\e 6.
 D = |ai j|n,�
D =

n
∑

j=1

ai jAi j (11)
 i = 1,2,3 · · · ,n�yH�&nx7�Lmi	 i�%?15�Ds�%yH�Lmi	 kL%?15�)
D =

n
∑

j=1

a jkA jk, k = 1,2, · · · ,n. (12)
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I 3. i	 4�%?��Q�
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+7× (−1)4+4
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.�d�i	 1L%?�
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 0 4

0 2 −1 1

1 1 2 1

0 5 2 7

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 1× (−1)3+1
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.<S�H0�a�N>fa#d0N�xY 6,�
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kmA jm = k1A j1+ k2A j2+ · · ·+ knA jn =
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←A jX.
t km = aim, i , j, m = 1,2, · · · ,n ,	xY 20N�
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aimA jm =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n
...

...
. . .

...

ai1 ai2 · · · ain
...

...
. . .

...

ai1 ai2 · · · ain
...

...
. . .

...

an1 an2 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

← A iX
← A jX = 0. (13)
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r� Kronecker�s
δi j =



















1 i = j,

0 i , j,

(11)(13)(2j���T6
n
∑

m=1

aimA jm = δi jD, h! D = |ai j|n. (14)8"���v�C�/�<Sey
n
∑

m=1

amiAmj = δi jD, h! D = |ai j|n. (15)��a?�I{<S_' CramerN	�)�2aGy#d9Nmo�5
>�d9 �I 4. �QF��- 6C6<�y 3.

2M43+M44 = 0×A41+0×A42−2A43+A44

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 0 4

0 2 −1 1

1 1 2 1

0 0 −2 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 1× (−1)3+1×

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 4

2 −1 1

0 −2 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −15.&E	f�� ��Ki	�L%?��Dsm�A�u| A23+A33 = 1.�fQ�>2y<Sb,Y 6 >�U�xY 1, <S"Z�U�X�/>rW�� (11)���H1JrW 1. �e�2�8>rW��XC�2yfX-2yfa
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�#6 1,h|�#.6E>rW�/
�
*XC�Fo�(y
A =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an−1,1 an−1,2 · · · an−1,n

0 0 · · · 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∑

( j1 j2··· jn−1n)

(−1)τ( j1 j2··· jn−1n)a1 j1 a2 j2 · · ·an−1, jn−1
×1

=

∑

( j1 j2··· jn−1)

(−1)τ( j1 j2··· jn−1)a1 j1a2 j2 · · ·an−1, jn−1

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 · · · a1,n−1
...

. . .
...

an−1,1 · · · an−1,n−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 1×Ann.�: ( j1 j2 · · · jn)� (12, · · · ,n)>dC�K Ai j (� A!:{A iXA jC>�#Is>7�|+��'j��"rWGY 6'=�h01JrW 2,�XC� A2yfX- ank = 1(1 ≤ k < n)1h(�#.6E>rW�.qA kCg0}A k+1,k+2, · · · ,nC���	'=XC� B(+y�TrW 1>W��x{� A! ankIs>|+� Mnk}� B!A nX
nCIs>|+��f
>�9 A = (−1)n−kB = (−1)n−kMnk = (−1)n+kMnk =

Ank = 1×Ank.�(��IrW 2,Y 6gz'=�J�<S�UXC��2yfX�/'=�;vXC�>ÆNt�(�
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<S2j
faf�>XC�U 6�^a+yrW 1� 2W�>XC��
A =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an−1,1 an−1,2 · · · an−1,n

an1 an2 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

n
∑

k=1

ank

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1k · · · a1n

a21 a22 · · · a2k · · · a2n
...

...
. . .

...
. . .

...

an−1,1 an−1,2 · · · an−1,k · · · an−1,n

0 0 · · · 1 · · · 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

n
∑

k=1

ankAnk.2y1J}mXC� A�}mfX>�/�I{A l(1 ≤ l < n)X�(/2j.qg0} l+1, l+2, · · · ,nX>����<A nXu�=<XC� C. 	
A! alkIs>|+� Mlk}XC� C!A nXA kC�# alkIs>|+��f
> (9y�>7�|+�6 (−1)n+kMlk). ;v�Ti�U>I2yfX�/�y

A = (−1)n−lB = (−1)n−l
n
∑

k=1

alk(−1)n+kMlk =

n
∑

k=1

alk(−1)k+lMlk =

n
∑

k=1

alkAlk.�(2'BY 6>�U��� CramerA
;vY 6,<S(2j�U�G CramerN	B�>H 1. d� n ���{4
Ax = b, A = (ai j)n×n (16)
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��p�Lm D = |A| , 0 ,$ (16)�~�6
x =

1

D



























D1
...

Dn



























, (17)Z.
D j =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 · · · a1, j−1 b1 a1, j+1 · · · a1n

a21 · · · a2, j−1 b2 a2, j+1 · · · a2n
...
. . .

...
...

...
. . .

...

an1 · · · an, j−1 bn an, j+1 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, j = 1, · · · ,n,)0 D.	 jL&��\�
 b = (b1,b2, · · · ,bn)T.�U�<SZd�U�G�C�
(a) (17)6 (16)> �
(b) (16)> �_� (17).<S�H�U (a). 1! (16)>A iaR) (i = 1,2, · · · ,n):

n
∑

j=1

ai jx j = bi. (18)� (17)7�h3��(=<
1

D

n
∑

j=1

ai jD j =
1

D

n
∑

j=1

ai j(

n
∑

k=1

bkAkj)

=
1

D

n
∑

k=1

bk(

n
∑

j=1

ai jAkj)

=
1

D

n
∑

k=1

bkδikD

= bi.h!Afa?sv<BXC� D j �hA jC�/�
D j = b1A1 j+ b2A2 j+ · · ·+ bnAnj =

n
∑

k=1

bkAkj, j = 1,2, · · · ,n, (19)
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K Ai j (� |A| !A i X j C�#>7�|+��ALa?svB�>(NUeKtÆN��K�A�a?svB (14)��2yfa?svB δi j >Fo�GT��U (b). 	 c = (c1,c2, · · · ,cn)T � (16) > ���T6UA>W��A i (i = 1,2, · · · ,n)aR)'6�Gx?��
n
∑

j=1

ai jc j = bi.(��/(j Aik (k � 1,2, · · · ,n !tF>fa�), zyk{ i 1 1 < n LÆ�=
n
∑

j=1

(c jδ jk)|D| =
n
∑

j=1

(

n
∑

i=1

ai jAik)c j =

n
∑

i=1

biAik =Dk.�:Afa?svB (15),KA�a?svB (19). {�<S2j=< ck|D|=
Dk. x{ D , 0,�(� ck =

Dk
|D| ,�= (17). ���56CramerN	>�80N�<S2�j0KWR)1Ax = 0: |A| ,

0 
�yE �K Ax = 0 yTE �zm9) |A| = 0. GT<S0�a<+��S<+,JB;vY 
$XC�>fS��	o�I 5. xO λ�"+k����{4


























λx1 + x2 + x3 = 1,

x1 + λx2 + x3 = λ,

x1 + x2 + λx3 = λ
2�~�6�r_*� ��E�XC�>AfXU�(j −1t −λ, U�Æ<A 2 XtA 3X�;vXC�>Y �=<

D =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ 1 1

1 λ 1

1 1 λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ 1 1

1−λ λ−1 0

1−λ2 1−λ 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (1−λ)2
+ (1−λ)(1−λ2)

= (1−λ)2(2+λ).
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�:A�a?s2jxXC��A 3C�/=<�1K�x CramerN	�:p": λ , 1p λ , 2
�R)1y5f �GT�
$U+�vtmT8">R��<S2j{WfX�C-fa�#1v�E�zy��X�C�/
$�<Sy
D1 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 1

λ λ 1

λ
2 1 λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 1

λ−1 λ−1 0

λ
2−λ 1−λ 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −(1−λ)2− (λ−1)λ(λ−1)

= −(1−λ)2(1+λ),

D2 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ 1 1

1 λ 1

1 λ
2
λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ 1 1

1−λ λ−1 0

1−λ2
λ

2−λ 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −λ(1−λ)2
+ (1−λ)(1−λ2)

= (1−λ)2,

D3 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ 1 1

1 λ λ

1 1 λ
2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1−λ 1−λ3

0 λ−1 λ(1−λ)

1 λ λ
2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= λ(1−λ)2
+ (1−λ)(1−λ3)

= (1−λ)2(λ+1)2.'j
x1 = −

1+λ

2+λ
, x2 =

1

λ+2
, x3 =

(λ+1)2

λ+2
.I 6. #l,�y.w|�p;U#��y�Gdz�uJ��T��p f #e�
�+�f (−1) = 0, f (1)= 4, f (2)= 3, f (3)= 16.�Q�}�� f (0)���8s+�~k�/m�9n.i f ���f�Æ
m f (x) = ax3

+bx2
+cx+d,�gor��p+���� a,b,c,d�r ���{4





































−1 1 −1 1

1 1 1 1

8 4 2 1

27 9 3 1









































































a

b

c

d





































=





































0

4

3

16





































.
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� Cramer�$�i℄R7h�m�*u�Lm��QA�6� (a,b,c,d)T
=

(2,−5,0,7)T.v�A�8sU# f (0)= d = 7.�b�&�U#���n���n�z�l,�uC/���d���9t��d�s��9��NZw�m��XU 4. v^e 5(D��M�)�'�� Cramer N	>r.�I D , 0 > n �f0KYR)1> ;v n�XC�b,Bfag���I{<S.9fS9N;+�T$#d>e+�9(>wCewUI��H�Qy , maR) na8��>f�rWR)1>2 ;+�h0�q6Zd
$XC��f�7�
$Aw5�RL�_��0�: D�${ 0
�x{(�UX��j2_�#�w5>?"�'j�Gf
�<S�;v�
'^>���.q9N0;�MJfSdyR>�N�XU 5. X�
h|�
(1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 2 −1 4

2 0 1 2 1

−1 3 5 1 2

3 3 1 2 1

2 1 0 3 5

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

; (2)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1
2 0 1 −1

2 0 −1 1 2

3 2 1 1
2 0

1 −1 0 1 2

2 1 3 0 1
2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

G 3℄ Æi}EY����_fXC�>
$�sv+y�_	oY��f�.q<+!�fS��	ot I�B4b5
jlM�I 1. *u n+15�Lm
Dn =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a0 a1 a2 · · · an

b1 d1 0 · · · 0

b2 0 d2 · · · 0
...
...
...
. . .

...

bn 0 0 · · · dn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.
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f�7��I{�
��X�>WsXC��<Ss.q0 n= 1,2,3?)<�̀ q(>�i�zy.qÆ*�"�i>�/�=<faB0kE��;v�^o[N��C?>	os ���f"��$n>RN����" I� N�G��H0
n = 1, D1 =

∣

∣

∣

∣

∣

∣

∣

a0 a1

b1 d1

∣

∣

∣

∣

∣

∣

∣

;

n = 2, D2 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a0 a1 a2

b1 d1 0

b2 0 d2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

;

n = 3, D3 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a0 a1 a2 a3

b1 d1 0 0

b2 0 d2 0

b3 0 0 d3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.�(�U�XC�2yfX�2yfC��U��>�'j<S�t�2yfC�/>�N�
Dn = dn(−1)n+n+2Dn−1+ an(−1)1+n+1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

b1 d1 0 · · · 0

b2 0 d2 · · · 0
...
...
...
. . .
...

bn 0 0 · · · 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= dnDn−1+ (−1)nanbn(−1)n+1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

d1 0 0 0

0 d2 0 0
...
...
. . .

...

0 0 0 dn−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= dnDn−1− anbnd1d2 · · ·dn−1.�p��>C�/�(�g|�"�i�e(�_=<��B0�3�B�GT�!�Ff"���>RN���I[XC�)C�;vP�NPuAfC!y na�#��XC���{6I�W�������pI}m
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j, d j , 0, ZP�A jC ( j = 2, · · · ,n+1)( − b j−1

d j−1
�Æ<A 1C(=<

Dn =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a0−
n
∑

j=1
a j

b j

d j
a1 a2 · · · an

0 d1 0 · · · 0

0 0 d2 · · · 0
...

...
...
. . .

...

0 0 0 · · · dn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (a0−
n
∑

k=1

akbk

dk
)d1d2 · · ·dn.

�yW di = 0 ,	aA i+1X�/=
Dn = (−1)1+i+1bi

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a1 a2 · · · ai−1 ai ai+1 · · · an

d1 0 · · · 0 0 0 · · · 0

0 d2 · · · 0 0 0 · · · 0
...
...
. . .

...
...
...
. . .

...

0 0 · · · di−1 0 0 · · · 0

0 0 · · · 0 0 di+1 · · · 0
...
...
. . .

...
...
...
. . .

...

0 0 · · · 0 0 0 · · · dn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (−1)ibi(−1)i+1ai(d1 · · ·di−1di+1 · · ·dn)

= −aibid1 · · ·di−1di+1 · · ·dn.I 2. (S Vandermonde�Lm
Dn =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 · · · 1

x1 x2 · · · xn

x2
1

x2
2
· · · x2

n
...

...
. . .

...

xn−1
1

xn−1
2

· · · xn−1
n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= Π
1≤i< j≤n

(x j−xi), n ≥ 2.

'�Π�?(Ws���O0ds>NL(�<��Π3≤ j<5 j = 3×4= 12.<Si&��f�< 5"�<q�" VandermondeXC��(>v.�f(�JN�`v�
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�URNf�;v$n I�HP���/=<B0kE���vo[N� n = 2
�
D2 =

∣

∣

∣

∣

∣

∣

∣

1 1

x1 x2

∣

∣

∣

∣

∣

∣

∣

= x2−x1 = Π
1≤i< j≤2

(x j−xi).�	�NI n = k'=�	�A n−1X( −xn Æ< nX�A n−2X( −xnÆ<A n−1X� · · · · · · ,AfX( −xn Æ<ALX�=
Dn =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 · · · 1

x1−xn x2−xn · · · 0
...

...
. . .
...

xn−1
1
−xn−2

1
xn xn−1

2
−xn−1

2
xn · · · 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (−1)n+1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x1−xn x2−xn · · · xn−1−xn

x2
1
−x1xn x2

2
−x2xn · · · x2

n−1
−xn−1xn

...
...

. . .
...

xn−2
1

(x1−xn) xn−2
2

(x2−xn) · · · xn−2
n−1

(xn−1−xn)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (−1)n+1(xn−x1)(xn−x2) · · · (xn−xn−1)(−1)n−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 · · · 1

x1 x2 · · · xn−1
...

...
. . .

...

xn−2
1

xn−2
2

· · · xn−2
n−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (xn−x1)(xn−x2) · · · (xn−xn−1)Dn−1.;vo[�	�(y Dn = Π
1≤i< j≤n

(x j−xi),=��RNL�G
f (x) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 · · · 1

x1 x2 · · · x

x2
1

x2
2
· · · x2

...
...
. . .

...

xn−1
1

xn−1
2

· · · xn−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

�2yfC�/(MJ��fa n−10JN�p f (xi) = 0, i= 1, · · · ,n−1.{�q�U =< f (x) = (x−x1) · · · (x−xn−1)Dn−1(−1)n+n.'m�: Dn−1(�2_0N>E��1Kxo[�	� Dn = f (xn) = Π1≤i< j≤n(x j−xi).
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I 3. _
Dn =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a1+ b1 a2+ b1 · · · an+ b1

a1+ b2 a2+ b2 · · · an+ b2
...

...
. . .

...

a1+ bn a2+ bn · · · an+ bn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, )ai j = a j+ bi. �A 2,3, · · · ,nCg0�uA 1C(=<
Dn =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a1+ b1 a2− a1 · · · an− a1

a1+ b2 a2− a1 · · · an− a1
...

...
. . .

...

a1+ bn a2− a1 · · · an− a1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (a2−a1) · · · (an−a1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a1+ b1 1 · · · 1

a1+ b2 1 · · · 1
...

...
. . .
...

a1+ bn 1 · · · 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0, n≥ 3./1��k$=
D1 = a1+ b1,

D2 = a1a2+ a1b2+ b1a2+ b1b2− a1a2− a1b1− a2b2− b1b2

= a1(b2− b1)+ a2(b1− b2)

= (a2− a1)(b2− b1).XU 1. X�x
 n[
h|�
(1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 1 · · · 1

1 2 0 · · · 0

1 0 3 · · · 0
...
...

...
...

1 0 0 · · · n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

; (2)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x y 0 · · · 0 0

0 x y · · · 0 0

0 0 x · · · 0 0
...
...

...
...

0 0 0 · · · x y

y 0 0 · · · 0 x

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

;

(3)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 2 3 · · · n−1 n

2 2 3 · · · n−1 n

3 3 3 · · · n−1 n
...

...
...

...

n−1 n−1 n−1 · · · n−1 n

n n n · · · n n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

; (4)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 2 3 · · · n−1 n

2 3 4 · · · n 1

3 4 5 · · · 1 2
...

...
...

...

n−1 n 1 · · · n−3 n−2

n 1 2 · · · n−2 n−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.
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GT!�;vXC� ,;+>fS<+�I 4. �) (z−x)2−4(x− y)(y− z)= 0,_(� x− y = y− z.�U��+%z.q���/tq�U e2�5=<4	�9;vXC��dÆ5��x{ 0 = (z− x)2− 4(x− y)(y− z) =

∣

∣

∣

∣

∣

∣

∣

z−x 2(x− y)

2(y− z) z−x

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

2y− z−x z+x−2y

2(y− z) z−x

∣

∣

∣

∣

∣

∣

∣

= (2y− x− z)

∣

∣

∣

∣

∣

∣

∣

1 −1

2(y− z) z−x

∣

∣

∣

∣

∣

∣

∣

= (2y− x− z)(z− x +

2y−2z) = (2y−x− z)2.{� 2y−x− z= 0,�='��I 5. e log18 9 = a,18b
= 5,_ log36 45.�U�	 log36 45 = c. ��TI�{6$vI��(y

a =
lg9

lg18
=

2lg3

lg2+2lg3
, b =

lg5

lg2+2lg3
, c =

lg5+2lg3

2lg2+2lg3
.�2\T6�Gj lg2, lg3, lg568��>��f0R)1�































a lg2+2(a−1) lg3 = 0,

b lg2+2b lg3− lg5 = 0,

2c lg2+2(c−1) lg3− lg5 = 0.x CramerN	�x{(yTE �jE�XC��6E��
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a 2(a−1) 0

b 2b −1

2c 2(c−1) −1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0..qsXC�(=< ac+ a+ b−2c = 0,1K log36 45 = c = a+b
2−a .I 6. # △ABC.�(S� cos2 A+ cos2 B+ cos2 C+2cosAcosBcosC = 1.
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�U�	� A,B,CI��%U�6 a,b,c,;v�tF9�(y






























a = bcosC+ ccosB,

b = ccosA+ acosC,

c = acosB+ bcosA.�(�5 a,b,c>j0KYR)1�x{ a,b,cTE�;v CramerN	�(=<
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−1 cosC cosB

cosC −1 cosA

cosB cosA −1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0.2s=3�XC�� cos2 A+ cos2 B+ cos2 C+ 2cosAcosBcosC− 1. �='��I 7. YRgf
 A(x1, y1),B(x2, y2),C(x3, y3)�y�f3� ABC�R'nd��Lm D�=
+��l�
D =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x1 y1 1

x2 y2 1

x3 y3 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.�U��H�	 C(�6��C�� (x3, y3) = (0,0).�n ��u!OA^�Fo6 (x1, y1) • (x2, y2) = x1x2+ y1y2. ;v�a^��<S2j
$
cos∠AOB =

(x1,y1)•(x2,y2)
√

x2
1
+y2

1

√

x2
2
+y2

2

.ZPLs��W>T�(�
S =

1

2
|OA||OB|sin∠AOB

=
1

2

√

x2
1
+ y2

1

√

x2
2
+ y2

2

√
1− cos2∠AOB

=
1

2

√

(x2
1
+ y2

1
)(x2

2
+ y2

2
)− (x1x2+ y1y2)2

=
1

2

√

(x1y2−x2y1)2 =
1

2
|x1y2−x2y1|.'m�:2yfa�+!> |x1y2−x2y1|��� x1y2−x2y1>-I��K�
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�XC��'m< x1y2−x2y1 =

∣

∣

∣

∣

∣

∣

∣

x1 y1

x2 y2

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x1 y1 1

x2 y2 1

0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.�(b,B C =OrWG>�U��1Jf�rW��6�fh�=�C(� C C�	 A >U6�(�
(x1−x3, y1− y3), B>U6�(� (x2−x3, y2− y3).;v�Ti��N�

2S△ABC =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x1−x3 y1− y3 1

x2−x3 y2− y3 1

0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x1 y1 1

x2 y2 1

x3 y3 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.'m�:^ > | · | �XC�>�s�1 >�-�K��t^ XC��>-I��2yfa?s�xA 3CU�( x3 t y3 Æ<A 1C�A 2C�;vXC�>Y =<>����XU 2. rlzyH A(x1, y1),B(x2, y2),C(x3, y3)Q�DA��Z~
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x1 y1 1

x2 y2 1

x3 y3 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0.XU 3. yCR� f (x) = ax3
+bx2

+ cx+d (a , 0)��z�=�DyH A,B,C,sT*;�C� x1 ,x2,x3,�A,B,CyHQ�DAN:��Z~ x1+x2+x3 =

−b
a �I 8. 6�{� √4−2

√
3sinx+

√

10−4
√

3sinx−6cosx = 2. �[R)2j\T6
√

(
√

3cosx−0)2+ (
√

3sinx−1)2+

√

(
√

3cosx−
√

3)2+ (
√

3sinx−2) = 2.� A(0,1),B(
√

3,2),C(
√

3cosx,
√

3sinx),�T>R)(�
|AC|+ |CB| = |AB|.
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�(m9) A,B,C�ChK ('m�f���d9�+U>�'jGT2_�,J�
). 1K
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 1√
3 2 1√

3cosx
√

3sinx 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0.3�XC�e(� 3sinx−
√

3cosx−
√

3.'j<S=< √3sinx− cos x = 1,� sin(x− π6 ) = 1
2 .{� x = 2kπ+π/3� x = (2k+1)π (k ∈ Z).&�b��R)> � x = 2kπ+π/3 (k ∈ Z).I 9. i α,β,γ ∈ R._ u = sin(α−β)+ sin(β−γ)+ sin(γ−α) �5�+!5�+� �;v��g��XC�Foy

u = sinαcosβ+ sinβcosγ+ sinγcosα− cosαsinβ− cosβsinγ− cosγsinα

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

sinα cosα 1

sinβ cosβ 1

sinγ cosγ 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.i��CA(sinα,cosα),B(sinβ,cosβ),C(sinγ,cosγ),ZP u(���WABCT� (6�s�Ys)>L��'m< △ABC�^��8:�$ x2
+ y2
= 1�>��W�:h6���W
3<25T� 3

√
3

4 .{� u25�� 3
√

3
2 ,2Q�� −3

√
3

2 .G 4℄ Laplace!aJ
�Æi}?V�f�<S!�XC��X (C) �/>Y 6 >fa0m� LaplaceF9�(�faXC�e2j���X (��C) /
�/��aF9*fB
$WSXC�>faURN�9d#d>�2j
%<S�U��a n�)��)�(N'=>(�)�>XC�(��a)�XC�>���
|AB| = |A||B|.�a�N�<S_')�>faT$#d>e+�
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^� LaplacedG>H—7[ (K)fZdG=WC>` 1. # n 5�Lm D .�
` k � k L (k ≤ n) , ��&
�L2v}� k2� tiwQ#!�Lm.�	
�,4y� k 5�LmN ,x�D��� kFhR. #D.�$a Nv#��!L��j�� tiwQ#!�Lm.�	
�,4y� n− k5�LmM ,x� N�ahR. d� N ���L# D.��p�Lp�q� i1, · · · , ik, j1 · · · , jk ,$
A = (−1)(i1+i2+···+ik)+( j1+···+ jk)Mx� N�<SahR.>H 1 (LaplaceF9). i# n5�LmD.`� k� (1< k< n) ,$D����& k��v� k51m Ni(i = 1, · · · , t)�wQ�2
���p�1m Ai �z'*!�)

D =

t
∑

i=1

NiAi, t = Ck
n.�aF9>�U M}Y 6>8"�9�Tk7dO&=J�<S(�MB�GT0�a<+�I 1. _

D =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 2 0 0 1

0 1 2 3 0

1 3 0 0 0

0 2 2 1 0

0 3 4 1 3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

 �A 1� 3X! 0��J�j���X�/
$A���Q�x{
N1 =

∣

∣

∣

∣

∣

∣

∣

1 2

1 3

∣

∣

∣

∣

∣

∣

∣

= 1,N2 =

∣

∣

∣

∣

∣

∣

∣

1 1

1 0

∣

∣

∣

∣

∣

∣

∣

= −1,N3 =

∣

∣

∣

∣

∣

∣

∣

2 1

3 0

∣

∣

∣

∣

∣

∣

∣

= −3,
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'Is7�|+�U�6
A1 = (−1)1+3+1+2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2 3 0

2 1 0

4 1 3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −3× (2−6)= 12,

A2 = (−1)1+5

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 2 3

2 2 1

3 4 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−5 −4 0

2 2 1

1 2 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 1×6 = 6,

A3 = (−1)2+5

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 2 3

0 2 1

0 4 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0,j D = 12−6 = 6.I 2. _
Dn =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a1 b1

a2 b2

. . . . .
.

an−1 bn−1

an bn

bn an

bn−1 an−1

. .
. . . .

b2 a2

b1 a1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, Bk} t� 0.

 ��A n,n+1X�/�
Dn =

∣

∣

∣

∣

∣

∣

∣

an bn

bn an

∣

∣

∣

∣

∣

∣

∣

(−1)n+n+1+n+n+1D(n−1)

=

n
∏

k=1

∣

∣

∣

∣

∣

∣

∣

ak bk

bk ak

∣

∣

∣

∣

∣

∣

∣

=

n
∏

k=1

(a2
k − b2

k).
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XU 1. X�
h| ∣∣∣∣∣∣∣∣∣∣
∣

∣

∣

∣

∣

∣

∣

1 1 1 0 0

1 2 3 0 0

0 1 1 1 1

0 x1 x2 x3 x4

0 x2
1

x2
2

x2
3

x2
4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

��[KR=;DA
>H 2. i A,B� n5:'� AB�Zz'�$
|AB| = |A||B|.�U�	 A = (ai j)n, B = (bi j)n.1!�G 2n�XC�

D =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n 0 0 · · · 0

a21 a22 · · · a2n 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...

an1 an2 · · · ann 0 0 · · · 0

−1 0 · · · 0 b11 b12 · · · b1n

0 −1 · · · 0 b21 b22 · · · b2n
...

...
. . .

...
...

...
. . .

...

0 0 · · · −1 bn1 bn2 · · · bnn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (20)

;v Laplace�/F9�k{m nX�/��k0, D = |A||B|.FfRT�6B� (20)AfXm na�#v6E��A n+1X(j a11Æ<AfX�A
n+2X(j a12Æ<AfX� · · · · · · ,�A 2nX(j a1nÆ<AfX�(=<

D =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 · · · 0
∑n

k=1 a1kbk1
∑n

k=1 a1kbk2 · · ·
∑n

k=1 a1kbkn

a21 a22 · · · a2n 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...

an1 an2 · · · ann 0 0 · · · 0

−1 0 · · · 0 b11 b12 · · · b1n

0 −1 · · · 0 b21 b22 · · · b2n
...

...
. . .

...
...

...
. . .

...

0 0 · · · −1 bn1 bn2 · · · bnn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (21)
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8"��2jvA n+1X(j a21 Æ<A 2X� · · · · · · ,A n+ lX(j a2l Æ<A 2X� · · · · · · ,A 2nX(j a2n Æ<A 2X��= (21)A 2Xm na�#.6E�
D =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 · · · 0
∑n

k=1 a1kbk1
∑n

k=1 a1kbk2 · · ·
∑n

k=1 a1kbkn

0 0 · · · 0
∑n

k=1 a2kbk1
∑n

k=1 a2kbk2 · · ·
∑n

k=1 a2kbkn
...

...
. . .

...
...

...
. . .

...

an1 an2 · · · ann 0 0 · · · 0

−1 0 · · · 0 b11 b12 · · · b1n

0 −1 · · · 0 b21 b22 · · · b2n
...

...
. . .

...
...

...
. . .

...

0 0 · · · −1 bn1 bn2 · · · bnn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (22)

g0�=��XC�m nX>m na�#.6E�<S(=<
D =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 · · · 0
∑n

k=1 a1kbk1
∑n

k=1 a1kbk2 · · ·
∑n

k=1 a1kbkn

0 0 · · · 0
∑n

k=1 a2kbk1
∑n

k=1 a2kbk2 · · ·
∑n

k=1 a2kbkn
...
...
. . .

...
...

...
. . .

...

0 0 · · · 0
∑n

k=1 ankbk1
∑n

k=1 ankbk2 · · ·
∑n

k=1 ankbkn

−1 0 · · · 0 b11 b12 · · · b1n

0 −1 · · · 0 b21 b22 · · · b2n
...
...
. . .

...
...

...
. . .

...

0 0 · · · −1 bn1 bn2 · · · bnn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (23)

I (23)>m nXv Laplace�/��;v)�Fo�(=<
D = |AB| × (−1)n× (−1)1+2+···n+(n+1)+(n+2)+···+2n

= |AB|.�(�UBF9 2.'��aF9>�U���%o>��Gf
<S^CBU4)��y��I�:>�UdyqA>~��I 3. i D =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a b c d

−b a −d c

−c d a −b

−d −c b a

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, _ D2.
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 �
D2
=DDT

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a b c d

−b a −d c

−c d a −b

−d −c b a

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a −b −c −d

b a d −c

c −d a b

d c −b a

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a2
+ b2
+ c2
+d2

a2
+ b2
+ c2
+d2

a2
+ b2
+ c2
+d2

a2
+ b2
+ c2
+d2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (a2
+ b2
+ c2
+d2)4.XU 2. { a,b,c,d~=w�jD>��$mx
uC��M�)&�j^�














































ax1+ bx2+ cx3+dx4 = 0,

bx1− ax2+dx3− cx4 = 0,

cx1−dxα2− ax3+ bx4 = 0,

dx1+ cx2− bx3− ax4 = 0.

BYV
1. �
h|I�$m�

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a1 a2 a3 a4 a5

b1 b2 b3 b4 b5

c1 c2 0 0 0

d1 d2 0 0 0

e1 e2 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0.
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2. d�
h|I�X�
f (x) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2x x 1 2

1 x 1 −1

3 2 x 1

1 1 1 x

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣( x4 � x3 D	��
3. { ∣∣∣∣∣∣∣∣

∣

∣

∣

∣

∣

∣

a b c d

c b d a

d b c a

a b d c

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

~�[
h|�X� A14+A24+A34+A44.

4. d�
h|W Laplace `Ib$mx
UF|�
(ab′− a′b)(cd′− c′d)− (ac′− a′c)(bd′− b′d)+ (ad′− a′d)(bc′− b′c) = 0.

5. X�
h|�
(1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

y · · · y y x

y · · · y x y

y · · · x y y
... . .

. · · · ... ...
x · · · y y y

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

; (2)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a0 −1 0 · · · 0 0

a1 x −1 · · · 0 0
...

...
...
. . .
...

an−2 0 0 · · · x −1

an−1 0 0 · · · 0 x

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

;

(3)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a0 1 1 · · · 1

1 a1 0 · · · 0

1 0 a2 · · · 0
...
...
...
. . .

...

1 0 0 · · · an

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

; (4)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

cosα 1 0 · · · 0 0

1 2cosα 1 · · · 0 0

0 1 2cosα · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 1 2cosα

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.
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W 3 Y X ZH_�J 1�y3.�P6�FdqÆv+Z~4)���J 1� 2*
��!T�a.udqFaN~�?q���J 3*�H_".�?p6���w*HYg&{�7,v?.E�Æ6�+ZT��-Vg℄,<F|~�J 4*.�_B6��J�6�F_B?z 8IuOI3H
,F�.�7W�1�g`I�f6�F+ZG�.�J 5*!��F.K~lK�?�B(n!fFwjLdK7�-_8TP
��6��r(n�Id'H_&"F�-Vg℄,<F^
Z��w*dqV�YZV�huV:,wk�=���J 6*�H_�J 5*FHY~6�*Fdq�l/sSwjw
Vg℄,<!`�-����-�eb/0�-F�:�Fg`℄Z� < 1a fE8J�)�o:PT,T, 1. � m×n}U=℄l mu n0l�t �E














a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

am1 am2 · · · amn













\fz} m×no:. �+ ai j TRi���n i un j 0lU�~℄��l�qUy����l 5Æ.�o:��WqSOUl���\o:��WfzUl���6�'�<b9h A,B,CG���	n98I��
[ai j]m×n, (ai j)m×n,
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��z ai j B
,F mf nQF6��H_v'� Ai j ��6� AFF�J
i fJ j QF
,�5>�3|�_fQ��6��fQ�Ff(�Q(�jW<���w-T ai j(1≤ i, j ≤ n)� n2j(F�.����!wj(�W6�5!wj�i�1!~(�<Fw-
F(nT℄�?=�(Fw-=v�Q
!Nj6�FK7�

(

1 −1 a
√

7

0 π 0.23 3i

)

,













0 23

d 3+6.1i

f 4

0 0













.�I i!i(?F (i2 = −1), a,d, f ��(� π !�/X�T, 2.  �mbuU�0Ul.}��\ b)s���r�b)sl.}�� [ai j]m×n � [bi j]m×n,p~[6mmi?�ir��Wmb� ai j = bi j.K
�� ( 1 0 e
3
4 π −0.2

)

=

(

x y z

u v w

)

,�?" x = 1,y = 0,z = e,u =

3/4,v = π,w = −0.2.3|��<GdF6��oN~ “WG ”.W�H/�	o:Q
�a6��5[(9,F 0, 1,−1, iwt��6P4F���0zhu<��2�
�f6� (f\O)�Q6� (Q\O):�/�wf (wQ)F6� A,?G<�wj\O a:

A = (a11 a12 · · · a1n), a = (a11,a12, · · · ,a1n)

�R6�:0�
,;BRF6���� O	 0. mf nQFR6�v�� Om×n.

�℄�:f(�Q(W<F6��
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K� n)℄�
A = An =















a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 am2 · · · ann















.0T%V�>�C�QFT%V�0T%
��6�0T%V�F
,�� a11,a22, · · · ,ann.Y:P x���℄� A
,FrQ℄�0s�F n)fQ�'?℄�
AFfQ���� |A|	 detA. �

|A| = detA =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

�T%�:00T%
>v1
,;BRF℄��
A =















a11

a22
. . .

ann















= diag(a11,a22, · · · ,ann).6T�Db/F
,;BR�K� diag(0,1,3,0) =













0 0 0 0

0 1 0 0

0 0 3 0

0 0 0 0













.

�?F6�:0T%
�B 1FT%6���B I 	 E.

I(= In) = E(= En) =















1

1
...

1















n×n
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�(O6�:0T%
�BW<'(FT%6��
��%6�:0T%VQ (�)
,�BRF℄�'� (Q)�%6��K���%��







0 3 0 0 0

7 0 −2 8

0 0 0

0.9 −1

−11



















, Q�%��


1

−1 0

0 −0.7 0









.

�T)6��[T)6�:�℄� A = (ai j)n F
,[;
ai j = a ji, (ai j = −a ji),) A!T) ([T))6���FT)6�'�T)��K�[T)�� 







0 1 e

−1 0 −π
−e π 0









,T)��




1 s 0.7 0

s 2 0 8

0.7 0 4 −31

0 8 −31 −7













.�� 1.G}DB)eDOB^># u�eD AB)5�d5 A = AT ,DB)5�d5 A = −AT . < 2a fE8���J 1�H_y3nNP6��6�F+ZÆ6�F4)��w*I�H_�".�6�F�Z (�Z),(+z6��zÆ ℄�Fa.�Æ�a�.�1��a�F6�_-��B�?F6����w*FnN,�<�u4�3|6��.�(F�.F ��3G�#3��bz� “YA	 ” I��gaT6�F)!9KF “�.Z� ”.)��IbfXT, 1. (1)K A,Bfb)s���p~�v A+B: (A+B)i j = Ai j +Bi j.

(2)p~U^ kA: (kA)i j = kAi j, kfz}U�^Ul� −A = (−1)A.

(3)�v� A−B = A+(−B).
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K
�H_�








2 0

4 6

2 3









−2









5 1

6 2

4 3









=









2−2×5 0−2×1

4−2×6 6−2×2

2−2×4 3−2×3









=









−8 −2

−8 2

−6 −3









.v 1. K A =

(

3 0

4 −3

)

, B =

(

−1 −2

6 0

)

,? 2A−3X = B,A�� X.-� X = 1
3(2A−B) =

(

7/3 2/3

2/3 −2

)

.�� 1. G}� (1) A + B = B + A; (2) k(A + B) = kA + kB; (3) (A + B)+C =

A+(B+C).W�o:PIX (*`hS *)T, 2. A = [aik]m×p, B = [bk j]p×n. p~ C = [ci j]m×n f A,B l^��� �
C = AB. >�

ci j =
p

∑
k=1

aikbk j.	!�V�^��� ABln iun j0l�WS� Aln iu� Bln j0 ;�kjl�
























∗ ∗ · · · ∗

∗ ∗ · · · ∗
...

...
. . .

...

ai1 ai2 · · · aip
...

...
. . .

...

∗ ∗ · · · ∗

























m×p















∗ · · · b1 j · · · ∗

∗ · · · b2 j · · · ∗
...

. . .
...

. . .
...

∗ · · · bp j · · · ∗















p×n

=

























∗ · · · ∗ · · · ∗

∗ · · · ∗ · · · ∗
...

. . .
...

. . .
...

∗ · · · ci j · · · ∗
...

. . .
...

. . .
...

∗ · · · ∗ · · · ∗

























m×n

.
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K� 







3 2

−1 4

5 1









(

1 8 −1

2 0 3

)

=









7 24 3

7 −8 13

7 40 −2









.�FD+�I. 6�+Z�[;$�W�
(a)�� A,B?zW+� B,AD�?zW+�
(b)�� AB, BAO�N~�1_vD�!W<GdF�
(c)�� AB, BA<Gd�vD�WG�K� A =

(

2 1

−1 0

)

, B =

(

−1 0

2 1

) � AB =

(

0 1

1 0

)

, BA =

(

−2 −1

3 2

)

.N7 2.7K)e (a)(b).�FD+�II. Nj^R6�F+�?zBR6��K� ( 1 1

2 2

)(

1 −1

−1 1

)

=

(

0 0

0 0

)

.�FD+�III. 6�F+�^�W�*L� AB = CB } B 6= O D�?=/
A = C.K� A =

(

1 −1

2 3

)

,B =

(

−1 1

1 −1

)

,C =

(

2 0

4 5

)

,

AB = CB =

(

−2 2

1 −1

)

.�y6�+Z�	�kV|Fg+�7�X8�(1)+ZR
� OA = O,AO = O.

(2)+Z?F
� EA = AE = A.

(3)+Z,�W� (AB)C = A(BC), (kA)B = k(AB) = A(kB).

(4)+Z_tW� A(B+C) = AB+AC, (B′+C′)A′ = B′A′ +C′A′.

(5)fQ�+Z� |AB| = |A||B|.�� 2.G} (1)(2)(4).Q
l/ (3)F!e� ((5)�J 2�y3ny�)�!e�-=
�FuO��AwF�Z5!J�6�+ZÆ6�WGFN~�� AB m×n6�� BB n× p6�� CB p×q6��� ABB
m× p6�� BCB n×q6��H_>V6� (AB)CFJ ifJ jQF
,
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((AB)C)i j:

((AB)C)i j =
p

∑
k=1

(AB)ikCk j =
p

∑
k=1

(
n

∑
l=1

AilBlk)Ck j (J�P6�+ZN~)

=
p

∑
k=1

(
n

∑
l=1

AilBlkCk j) (J�P(F+Z_tW)

=
n

∑
l=1

p

∑
k=1

AilBlkCk j (J�P(F�Z$�W)

=
n

∑
l=1

Ail(
p

∑
k=1

BlkCk j) (J�P(F+Z,�W)

=
n

∑
l=1

Ail(BC)l j (J�P6�+ZN~)

= (A(BC))i j. (��6�+ZN~)v 2. Æ8.} n�JI�w�l^�FSJI���!e�$R��N~�wj6� A!��%��5WA�A i > j� Ai j = 0.T� A,B!Nj��% n)℄��j℄�A i > j��
(AB)i j =

n

∑
k=1

AikBk j =
i−1

∑
k=1

AikBk j +
n

∑
k=i

AikBk j =
n

∑
k=i

AikBk j.��� i > j, t��
=�wj~�,� k = i, i + 1, · · · ,n, ;<� j, 7W
Bk j = 0. �!�
~�BR��E i > j � (AB)i j = 0. 0z AB �!��%���� 3. � A � n `ED��B:�4 x = (x1,x2, · · · ,xn)

T g*r Ax = 0 =

(0,0, · · · ,0)T .G} A = O.��o:P{T, 3. K Af n�w�� mf�DU�p~ Am = AA · · ·A (m} Am^).rsnQ f (x) = anxn +an−1xn−1 + · · ·a2x2 +a1x+a0,p~
f (A) = anAn +an−1An−1+ · · ·a2A2+a1A+a0E.7�X8�(1) AkAl = Ak+l, (Ak)l = Akl.
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(2) |Am| = |A|m, |kA| = kn|A|.�FD+�D�*L (AB)k = AkBk.�� 4.G} (1)(2).6�{(�6v\F���K
�H_"D'�_℄, u′(t) = au(t)F-!&({( u(t) = ceat .
x>&x6'O(Vg'�_℄,< x′(t) = Ax(t),

(�I x′(t)��T\O x(t)F^j_O (�!{() �B(� A !wj6��)1F-5?zbB x(t) = etAb, v, b !wj\O� tA !�� t � A F(+�W6�&({(N~B
eA = E +A+

A2

2!
+

A3

3!
+ · · ·+

An

n!
+ · · · .�IJ�P Taylor�( et = ∑∞

n=0
tn

n! .A	��tFJU~!`�|~�
��.�OhuT6��ÆFP-��
v4�%zÆ!`?T%�G��an���,5��ÆP�Q
'.�wjLdF�e�v 3. K A =









λ 1

λ 1

λ









.(%Md�Wf1�)A An.

-�� B =









1

1









, � A = λE + B, v, E B�)?F����
EB = BE,0zH_?z�XZ�r�EC

An =
n

∑
k=1

Ck
n(λE)n−kBk =

n

∑
k=1

Ck
nλ n−kBk.Sw℄
$(�.EC B2 =









1








, B3 = O.0z
An = λ nE +nλ n−1B+

n(n−1)

2
λ n−2B2 =









λ n nλ n−1 n(n−1)
2 λ n−2

λ n nλ n−1

λ n









.
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�� 5.�
(1) f (λ ) = λ 2−λ −1, A =









2 1 1

3 1 2

1 −1 0









;

(2) f (λ ) = λ 2−5λ +3, A =

(

2 −1

−3 3

)

.� f (A).
�o:PE? (*`hS *)T, 4. r m×n��� A = [ai j],p~ n×m��� B = [bi j],>�
bi j = a ji,\ Bf Al���� AT . Z|�{p~�℄- (AT )i j = A ji.K�



1 0 3 t

a21 a22 a23 a24

2 1 −1 −0.9









T

=













1 a21 2

0 a22 1

3 a23 −1

t a24 −0.9













.7�X8�(1) (AT )T = A

(2) (B+C)T = BT +CT

(3) (kA)T = kAT

(4) (AB)T = BT AT , (A1A2 · · ·Am)T = AT
mAT

m−1 · · ·A
T
2 AT

1

(5) (Am)T = (AT )m

(6) |A| = |AT |

(7) ABT)�A}/A AT = A, AB[T)�A}/A AT = −A.�� 6.G} (2)(3)(5).Q
l/ (1)(4)F!e� (6)�J 2�y3ny�
(1)F!e� ((AT )T )i j = (AT ) ji = Ai j.

(4)F!e�� AB m×n6��BB n× p6��� ((AB)T )i j = (AB) ji =

∑n
k=1 A jkBki = ∑n

k=1(B
T )ik(AT )k j = (BT AT )i j. �w _�(nwkZ� m = 2
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!f"0!eF�T�T my*L�>V m+1j6�W+��
(A1A2 · · ·AmAm+1)

T = ((A1A2 · · ·Am)(Am+1))
T

= AT
m+1((A1A2 · · ·Am))T = AT

m+1(A
T
mAT

m−1 · · ·A
T
2 AT

1 )

= AT
m+1AT

mAT
m−1 · · ·A

T
2 AT

1 .E!��!e�ag+F���H_<Vhu��N~��_OF�.��!�z�!e,�u1OJ��a 8Fg+�W�b�m��_O�!e�v 4. 2 α =
(

a1 a2 a3

)T
, β =

(

b1 b2 b3

)

. A (αβ )n.-� βα = k := ∑3
i=1 aibi,� (αβ )n = α(βα)n−1β = kn−1αβ .�� 7.� A n×1eD�� AT A = 1, En n`4!D�G}�B = En−2AAT�B)D� B2 = En.�� 8.� A�
B)D� A2 = O.G}� A = O.< 3a j�fE���J 1*H_&/� n )?F� E �
� n )℄� A W+�!EC A:

EA = AE = A.T�>VVg℄,<
AX = B,v, ABy" n)℄�� X B>� n× p 6�� BBy" n× p6��
xH_?z�Cwj n )℄� A−1,�E A−1A = E,j℄��'℄,N�<!>+z A−1,J�+Z,�WH_5EC

A−1AX = A−1B, 	 X = A−1B.�t5?zwQ7�/0�D"(P��*FiF�5��p4T�℄tF6� A, ?z8� A−1 (�tF6�)B?p6�), �T?p6� A �/�
A−1F�Z�
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)�r�o:PT,T, 1. K AS n����Hg� n��� BPk
AB = BA = E, (1)	\�� Ar�, Bf Al�o:,� B = A−1.G�Wg�4� (1)l�� B,�\ ASGr�l�
 �-l��8	F�H_�
Q ����℄tF6�!?pF�?p6�Fp!`Aw�
��-�?p6���℄g+�Q
"ww�;�aG7�$R�7N~�H_�Tt 1. G� n��� A$<�	\l<Sezl�!e�� B~ CO! AFp�j℄

B = BE = B(AC) = (BA)C = EC = C.0z AFpAw�7�j!e?z=/�B�!pFAwg�N~ (1)u�JY A−1~ A>+�!�+O!?F�!�jF�5>� “‘1’ F9� ” v!wj%E3|F�|�W�o:r�PK[B(�ib�r�o:P�PA�o:X$RH_�Æ
Q.uN~�T, 2. (*NY�� *)K A = [ai j]nf n�w��Ai j fu0Q |A|��W ai jlN�2G�, i, j = 1,2, · · · ,n.	\��














A11 A21 · · · An1

A12 A22 · · · An2
...

...
. . .

...

A1n A2n · · · Ann















(2)

f AlA�o:, �f A∗.
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�4�3|�I=(	7� Ai j(�}J 2��1!wj()FrQ℄Z�K
��
A =

(

a11 a12

a21 a22

)

, � A∗ =

(

a22 −a12

−a21 a11

)

.u�?p6�FsN�H_�
Q.uNH�Tt 2. n�w� A$<l`yQx`�f |A| 6= 0.G� A$<�	
A−1 =

1
|A|

A∗. (3)!e��ug�� (1)N��fQ��E |A||B|= 1,0z |A| 6= 0.-_g�5�� (3), 'hs! A∗A = AA∗ = |A|E. �J�fQ��f
(Q)�<g+5?EC�K
�>&6� A∗AFJ ifJ jQF
, (A∗A)i j:

(A∗A)i j = ∑n
k=1 A∗

ikak j = ∑n
k=1Akiak j = δi j|A|.7W A∗A = |A|E.�z 1.T n)℄� A,�� n)℄� B�E

AB = E (	 BA = E),� A?p�} A−1 = B.!e��: � |A| 6= 0,7W A?p�� B = (A−1A)B = A−1(AB) = A−1.�5=Y�z�'u AB = E ~ BA = E �wj*L�5?sN B = A−1.�5�$(�N~ 1�?Pwa��z 2. (CramerZ�)Vg℄,< Ax = bA |A| 6= 0��Aw- x = A−1b.H_-#wQB�℄)�5!J 2�nNyF CramerZ������98b/ xi:

xi =
n

∑
j=1

(A−1)i jb j =
n

∑
j=1

1
|A|

(A∗)i jb j ((A∗)i j ���/6�FJ i jj
,)

=
n

∑
j=1

1
|A|

A jib j (A ji �� |A|,J jij
,F=(	7�)

=
1
|A|

Di. (Di �� |A|,J iQ
,=�B b)�'NH 2l/P A−1 Fwj�:��$(��jr�� A−1 F℄Z)B�/6�Z�~ CramerZ�G+��j℄ZF�%0u�HYp4℄
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�98���.wj?p6�Fp�����j℄Z���.O�<�H_�J 5*".��p6�FSw-g`F℄Z��.G��Z��� 1.p7"�eDC�eD 







1 2 1

1 0 2

−1 3 0









7���� 2.�beDE+ (

2 7

1 4

)

X =

(

−77 −70 −99

−45 −41 −58

)

.v 1. K$<�� Al�WqS
U�Æ8� A−1l�WyqS
U�i?�i |A| = ±1.!e�-_g�� A F
,O! (���N~�l=/ A∗ F
,vO! (�0zm8 A−1 = A∗/|A| = ±A∗,?" A−1F
,;B (��ug�� A,A−1F
,O! (���fQ�N~�l=/ |A|, |A−1|O! (��! |A||A−1| = 1,7W�� |A| = ±1.v 2. K n�w� A$<?5zu�W��"f[U c. Æ8� (a) c 6= 0; (b)

A−1l5zu�W��"f 1
c .!e� (a)� c = 0, j℄H_5� A(1, · · · ,1)T = (c, · · · ,c)T = 0. �I

(1, · · · ,1)T !� nj 1s*FQ\O�(c, · · · ,c)T !� nj cs*FQ\O��!x6Vg℄,< Ax = 0 �^R-�� CramerZ�\U (3| A ?pF: ). 0z�� c 6= 0.

(b)� A(1, · · · ,1)T =(c, · · · ,c)T ,N�<�>+ A−1,5EC A−1(c, · · · ,c)T =

(1, · · · ,1)T .N�<�+z 1
c ,5EC A−1(1, · · · ,1)T = 1

c (1, · · · ,1)T .!���� 3.� A n`ED� |A| = 1
3.� |(1

4A)−1−15A∗|.��r�o:P!AQ
u�?p6�Fg+FNHu&M�I�Tt 3. (1) (A−1)−1 = A.

(2) (kA)−1 = k−1A−1, k 6= 0.

(3) (AB)−1 = B−1A−1, (A1A2 · · ·Am)−1 = A−1
m · · ·A−1

2 A−1
1 .

(4) (AT )−1 = (A−1)T .
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(5) |A−1| = 1
|A| .

(6) (Am)−1 = (A−1)m.!e� (3)� (AB)(B−1A−1) = E �?=/��w _�(nwkZ�?�
(4)� AT (A−1)T = (A−1A)T = ET = E �"�!���� 4.G} (1)(2)(5)(6).v 3. K n��� A,B4� A+B = AB,Æ8 A−E $<VAb><�!e��7|" AB−EB− (A−E) = E,7W (A−E)B− (A−E)E = E,�,�WE (A−E)(B−E) = E.0z A−E ?p} (A−E)−1 = B−E.-:�GG7�<�?zR>V4%�D�� A,BO!( (n = 1), E = 1,J�&MF=(uO� ab−a−b+1 = (a−1)(b−1)ECuO� (a−1)(b−

1) = 1,7W?!% (A−E)−1 = B−E,	��oiI��6�W�F�.W
zs!�v 4. K n��� A,B,A+B"$<�Æ8 A−1 +B−1$<VAb><�!e�� A,BO!(9��;y_(;_?E A−1 +B−1 = A−1(A+B)B−1.�5?!% (A−1+B−1)−1 = B(A+B)−1A.Q

zs!�(A−1 +B−1)B(A+

B)−1A = (A−1B+E)(A+B)−1A = (A−1B+A−1A)(A+B)−1A = A−1(B+A)(A+

B)−1A = A−1A = E.v 5. K Af n(n ≥ 2)����Æ8 |A∗| = |A|n−1.!e� |A| 6= 0 F�e�J� (3),H_� AA∗ = |A|E, N��fQ�E
|A||A∗| = |A|n. N�<0 |A|EC |A∗| = |A|n−1.

|A| = 0� A�!R6�F�e�5�*L AA∗ = O.Tu! |A∗| = 0.[!Z�`�� A∗ ?p�7W� A = A(A∗(A∗)−1) = (AA∗)(A∗)−1 = O,\U�� A!R6���S	*L�!���� 5.� A n`ED�(�4!D�n ≥ 2.	 A2 = A,G}�A∗ (i���� 6. 	 A,B �� n `eD� B,A−E i��� (A−E)−1 = (B−E)T . G}� Ai��
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< 4a fE8Ilo:P[s�5!"wj6�"AI_B�ej_6���!?z�T
*g`F6��.Fw-℄Z�K
�T6�
A :=













1 3 −2 9 0

0 −2 −5 −3 −1

0 0 0 3 −1

0 0 0 −2 −3













,T
A11 =

(

1 3 −2

0 −2 −5

)

, A21

(

0 0 0

0 0 0

)

,

A12 =

(

9 0

−3 −1

)

, A22 =

(

3 −1

−2 −3

)

.� A =

(

A11 A12

A21 A22

)

."6��BQ\O (	f\O) Fe�� A = (α1, · · · ,αn),v!w-_B6���*.K�&M_B6�F�.�)�[so:PfX3�IT_B6�
A =















A11 A12 · · · A1q

A21 A22 · · · A2q
...

...
. . .

...

Ap1 Ap2 · · · Apq















=: (Ai j)p×q,

B =















B11 B12 · · · B1q

B21 B22 · · · B2q
...

...
. . .

...

Bp1 Bp2 · · · Bpq















=: (Bi j)p×q,
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v, Ai j,Bi j(i = 1, · · · , p, j = 1, · · ·q)B<Gd6��� �*&;
A+B =















A11+B11 A12+B12 · · · A1q +B1q

A21+B21 A22+B22 · · · A2q +B2q
...

...
. . .

...

Ap1+Bp1 Ap2+Bp2 · · · Apq +Bpq















=: (Ai j +Bi j)p×q;

� kB(�
kA =















kA11 kA12 · · · kA1q

kA21 kA22 · · · kA2q
...

...
. . .

...

kAp1 kAp2 · · · kApq















=: (kAi j)p×q.W�[so:PIX (*CS *)� AB m× p6�� BB p×n6��TT A, B_B�u�T APxP[X3V BP P[X)' (� AFf� BFQF_Z?k8/|), �?z<�_B6�F+Z�K�
A =















A11 A12 · · · A1s

A21 A22 · · · A2s
...

...
. . .

...

Ar1 Ar2 · · · Ars















,

m1f
m2f

...

mrf
p1Q p2Q · · · psQ

B =















B11 B12 · · · B1t

B21 B22 · · · B2t
...

...
. . .

...

Bs1 Bs2 · · · Bst















,

p1f
p2f

...

psf
n1Q n2Q · · · ntQ
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�I m1 +m2 + · · ·+mr = m, p1 + p2 + · · · ps = p, n1 +n2 + · · ·nt = n.T_B6�
C = (Ci j)r×t, Ci j =

s

∑
k=1

AikBk j, i = 1, · · · ,r; j = 1, · · · , t.��*&; C = AB.v 1. ÆX 











1 −1 0 0

3 −1 0 0

0 1 0 0

0 0 2 −1

























1 0 0 0

−1 0 0 0

0 1 3 −1

0 2 1 4













.

-�� A1 =









1 −1

3 −1

0 1









, O =









0 0

0 0

0 0









, O =
(

0 0
)

, A4 =
(

2 −1
)

,

B1 =

(

1

−1

)

, O =

(

0 0 0

0 0 0

)

, O =

(

0

0

)

, B4 =

(

1 3 −1

2 1 4

)

.j℄
(

A1 O

O A4

)(

B1 O

O B4

)

=

(

A1B1 O

O A4B4

)

=













2 0 0 0

4 0 0 0

−1 0 0 0

0 0 5 −6













.H_=C��Æ_B6��?z$(=CgaBW+#�BR�7W?�b?wa “J�p ”, 6g�.`X�5>�_B6�v!3HwaHYG7F�`o9�v 2. K A,B,C,D qS n ���� |A| 6= 0, ? AC = CA. Æ8� ∣

∣

∣

∣

∣

A B

C D

∣

∣

∣

∣

∣

=

|AD−CB|.!e��_B6�+Z*L( E O

−CA−1 E

)(

A B

C D

)

=

(

A B

O −CA−1B+D

)

.N��fQ�EC ∣

∣

∣

∣

∣

E O

−CA−1 E

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

A B

C D

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

A B

O −CA−1B+D

∣

∣

∣

∣

∣

.� Laplace�<NH�∣∣∣
∣

∣

E O

−CA−1 E

∣

∣

∣

∣

∣

= |E||E|= 1,

∣

∣

∣

∣

∣

A B

O −CA−1B+D

∣

∣

∣

∣

∣

= |A||D−CA−1B|.
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0zH_EC ∣∣∣
∣

∣

A B

C D

∣

∣

∣

∣

∣

= |A||D−CA−1B|= |AD−ACA−1B|= |AD−CAA−1B|=

|AD−CB|.!���}J 2 �,fQ�+�NHF!e��+v!�P
Q_B6�+Z� ( E A

O E

)(

A O

−E B

)

=

(

O AB

−E B

)

.N��fQ��J� LaplaceNH���5! |AB|, W>�+� (

E A

O E

)(

A O

−E B

) 5WA�gwf+"A'(�CS>wf (# J 2 �,W�!e�Qw*nN.G6�#��T5=En�1). 7W�fQ�g+� ∣

∣

∣

∣

∣

(

E A

O E

)(

A O

−E B

)∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

A O

−E B

∣

∣

∣

∣

∣

= |A||B|.�� 1.p7HkeDW� 











1 −1 0 0

2 7 0 0

0 6 0 0

0 0 2 −1

























−2 0 0 0

3 0 0 0

0 1 3 1

0 2 −1 4













.��[so:PE?� A =















A11 A12 · · · A1q

A21 A22 · · · A2q
...

...
. . .

...

Ap1 Ap2 · · · Apq















,��{s! AT =















AT
11 AT

21 · · · AT
p1

AT
12 AT

22 · · · AT
p2

...
...

. . .
...

AT
1q AT

2q · · · AT
pq















.3|���^j_6�u4)�W}^j_6�OuMC
FF)��
�[sVko:) diag(A1,A2, · · · ,An) :=















A1

A2
. . .

An















B_BT%6���{s!��^j_B;?p��_BT%6�?p�} diag(A1,A2, · · · ,An)
−1 =

diag((A1)
−1,(A2)

−1, · · · ,(An)
−1).
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�� 2..G��yA��� 3.� Ai(i = 1,2,3)i���HkeD 







A1

A2

A3









7��
�� 4.2H A =



















0 0 0 1 2

0 0 0 1 1

0 0 4 0 0

2 1 0 0 0

5 3 0 0 0



















.� A−1,(A∗)−1.

< 5a fE8/:%R=fE8L�*!Vg=(�,,^'u�Fw*�dq~lK&V�nN�uwk:,�H�*U�4�u3|zQ�K�
1. ^
Z�-Vg℄,< → Vg℄,<F.G�� → 6�F.Gf

(Q) �� → �6�B “�5e ”(��5,Q_B `�*eD�ZP7`�*eD�&P*eD G).℄Z�u�VMN�&M�I;y.G���6�B�5e�
2..G��F(no`����G LQo:> (�)+6� =W�f (Q).G���
3. �j&M�I;y6�F.G���6�FpzÆ�-Vg℄,<F℄Z�
4.6�*Fdq (.G��Q6�F��O�d'w
Vg℄,<?-�`FO); *F
�g+��&MI�.G���.6�F*�)�o:PLQCd
1.�!YJIPLQCd
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J�^
Z�-
Qw
Vg℄,<
a11x1+a12x2 + · · ·+a1nxn = b1,

a21x1+a22x2 + · · ·+a2nxn = b2,

· · · · · · · · ·

am1x1 +am2x2 + · · ·+amnxn = bm,�+�!T℄,<�f�e6
Q �!YJIPLQCd,z����F℄,9��?Fe� (�5e),7W?z~{Ib/-�
(1)$�gNj℄,�℄,<,FR�F)�
(2)�wj℄,FNR<�+gj^R'(�
(3)"wj℄,FNR<�+gj^R'(	�"#�CSwj℄,�

(3|ÆFFjj℄,�u�).�'Vg℄,<�+��v 9ao:














a11 a12 · · · a1n b1

a21 a22 · · · a2n b2
...

...
. . .

...
...

am1 am2 · · · amn bm













�N�0z�'Vg℄,<F.G��?=vB
QT6�Ff.G���
2.o:PLQCd
Q�-T6�Ff (Q)�fF$�)B o:P (x)LQCd:

(1)$�6�,FgNf (Q);

(2)�gf (Q)+gj^R'(�
(3)"gf (Q)+gj^R'(��CSwf (Q).o:PLQCdP�P�j=
�~Bp1gO��P “DF� ”. m8

“�? ” ,QF�<�?Q/
Q�-�5e�T, 1. (u)�_��, �S4�|k`�l��� (1) �WWCf1lu (x1u)lS�p��WCf1lu�y�SV��WCf1luq=��7�
(2)K��� r}x1u�n i}x1ulnz}x1�WZ�l0�f

ti,	 t1 < t2 < · · · < tr.
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K�




1 3 2 0 0 1

0 −2 4 0 1 0

0 0 0 3 3 0

0 0 0 0 0 0













! (f))56���


2 0 −3

0 2 −1

1 0 0









�!.T, 2. ��l (u)�_���4�Gk`�l (u)�_���5}x1ulnz}x1�Wf 1,?>Z�0l>\�Wf1�K�




1 0 2 0 0 1

0 1 4 0 1 0

0 0 0 1 3 0

0 0 0 0 0 0













.T, 3. S�t����J�fhi��>\i��W"f1lx1���K� ( E O

O O

)

,
(

E O
)

,

(

E

O

)

, E.

3.DF�TtTt 1. E���q$|a� OMP LQCd �f��lu�_���E���q$� LQCd (�O&uamR	yO&0amR	) �fS�t���D+�(1)/;yf.G���o�
w6��B�5e6��
(2) �6�B)5eF℄Z�!AwF�,xv!�AwF (Q
�=C���6�+Z�[;$�W�u);

(3)�!wj6�F�5e6�!AwF� (��6�F “* ” Fdq�u�"��*�
.��)H_;yQ
FK7F#�jNHF!e��j!ev�!l/Pwj.Z�?z��,l��.�?*�K�"
Q6�;yf.G��b/v��Ff)5�5e���/v�5e�
A =









0 4 2 −1 4

0 2 4 3 5

0 −1 −2 6 −7









.
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>n7G}�wNq�7b
(1)
b���nz}x10�Va�zu)uamR	P{0nz}�Wf 1;��'6� A,Jwj
,��BRFQ!J 2Q�H_?;y"J 3f�J 1f$��EC

A → A1 =









0 −1 −2 6 −7

0 2 4 3 5

0 4 2 −1 4









.3|��.G����ubG}�W�bB “→”. 	�� A1FJ 1f+ −1,EC
A1 → A2 =









0 1 2 −6 7

0 2 4 3 5

0 4 2 −1 4









.

(2)a�nI)uR	P{0>\�Wf1�" A2FJ 1f_�+ −2, −4�CJ 2� 3f�5EC
A2 → A3 =









0 1 2 −6 7

0 0 0 15 −9

0 0 −6 23 −24









.

(3)#Z
n 1ud>\u�℄l��V�zJT�_��ea��:v
$Æ8p*nzXy�� A3 ,�0�J 1 f�F6�B B1 =

(

0 0 0 15 −9

0 0 −6 23 −24

)

. 1FJwj^RQBJ 3 Q�0z?� A3 ,$�J 2 � 3 f�EC A3 →

A4 =









0 1 2 −6 7

0 0 −6 23 −24

0 0 0 15 −9









. � A4 FJ 2 f+ −1
6, 5EC A4 → A5 =
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







0 1 2 −6 7

0 0 1 −23/6 4

0 0 0 15 −9









.�twF���J 2f+ −2CJ 1f�EC
A5 → A6 =









0 1 0 5/3 −1

0 0 1 −23/6 4

0 0 0 15 −9









.T��zNfy3?*�	QF'�J 3f�"#+ 1/15,5EC
A6 → A7 =









0 1 0 5/3 −1

0 0 1 −23/6 4

0 0 0 1 −3/5









.� A7,�J 3f_�+ 23/6� −5/3CJ 2f�J 1f�5EC
A7 → A8 =









0 1 0 0 0

0 0 1 0 −43/18

0 0 0 1 −3/5









.�5ECP��Ff)5�5e�
(4)�kj��lu�_S�t��a�nI)0amR	�x1u
nz}x1�W 1d>\"�f1�
A8,J 1fy[;u��"J 3Q+ 43/18�CJ 5Q�J 4Q+ 3/5�CJ 5Q��EC

A8 → A9 =









0 1 0 0 0

0 0 1 0 0

0 0 0 1 0









.

(5)a�nz)0amR	�fS�t�� A9,x6"J 1Q�J 2� 3� 4$��5EC�5e
A9 → A10 =









1 0 0 0 0

0 1 0 0 0

0 0 1 0 0









.
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�� 1. \#teD�M+.9$QP ZP7+`�eD�A7.9$QP &P*�
(1)









1 2 4

2 3 6

1 4 0









; (2)









0 0 1 2

0 1 2 3

0 2 3 0









.

W�LQo:;yQ
.G6�Fdq�?z"�'6�.G��F |
!T, 4�B $_P�#4%, �6�F+Z�.F2��:��WA�w- “(n!f ”, v�K#w�5��?z��
F “→” bB2�FG}�BHY_L6q℄��7W?zYTwa
Fg+���G�
1.LQo:PT,?F6�3yw6.G��0ECF6�)B.G6��
(1)JwG.G6� Ri↔ j = Ci↔ j: $�J i, jf (Q)0E�
(2)JXG.G6� R(k)i = C(k)i: J if (Q)+z^R'( k0E�
(3)J�G.G6� Ri+(k) j = C j+(k)i: J j f (iQ)+z^R'( k �CJ if ( j Q)0E�3|�H_� R���f.G��0EF.G6��C ���Q.G��0EF.G6��4�I��N~=/�^wj.G6��?z=*?F6��f.G��EF�v?z�<GQ.G��EF��fQ�Fg+��{=/�LQo:U�r�o:�n0w��?zs!�.G6�Fp6�vO!.G6��K
�H_� R−1

i↔ j = R j↔i, R−1
(k)i =

R( 1
k )i, R−1

i+(k) j = Ri−(k) j.�� 2.B
`eD�(0 C1↔2, R2+(k)3, R−1
2+(k)3,N R(2)2.

2.LQo:3LQCdTt 2. �z} m�9)am���^z} m×n���mi�r{��Muzfm�)luamR	��z} n�9)am���^z} m×n���mi�r{��Muzfm�)l0amR	�!e�!ew
�ehuJ�_B6�F+Z�H_�I/T 2)6�
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F�e�ws!�!eF�+!wtF�K
�
(

0 1

1 0

)(

a b

c d

)

=

(

c d

a b

)

,

(

a b

c d

)(

0 1

1 0

)

=

(

b a

d c

)

;

(

1 0

k 1

)(

a b

c d

)

=

(

a b

ka+ c kb+d

)

,

(

a b

c d

)(

1 0

k 1

)

=

(

a+ kb b

c+ kd d

)

.

3.DF�Tt"NH 1F,Y
�.G6�F('�5!
Q.u,Y�Tt 3. rE� m×n�� A,g� m�am�� R1, · · · ,Rs,Pk
Rs · · ·R1Af��l (u)�_t���g� n�am�� C1, · · · ,Ct ,Pk

Rs · · ·R1AC1 · · ·Ct =

(

Er O

O O

)

m×n

.>� r = r(A)���� Al�,\S�JTam��wBj�l�{(���PLlz}[U (�zo��P��7Æ8).�z 1.T
� m×n6� A,8� m)?p6� P� n)?p6� Q�E
PAQ =

(

Er O

O O

)

m×n

.!e�� P = Rs · · ·R1, Q = C1 · · ·Ct �?��z 2.T
� n)6� A,1?pF-_�u: B1F�5e!?F��!e��wj6�F�5e�?F���=Y 1, PAQ = E EC A =

P−1Q−1. 0z A ?p�[#�� A ?p�j℄ PAQ ?p���5e (1T�!j℄�) ?p���� r = n,��5e!j?F��!��
70



�z 3.6� A?pF-u: B A = P1 · · ·Pk,v, Pi B.G6��!e��=Y 2~=Y 1F!e�5�
A = P−1Q−1 = R−1

1 R−1
2 · · ·R−1

s C−1
t · · ·C−1

2 C−1
1 .��.G6�Fp6�v!.G6��0z5=Y 3E!��z 4.
w?p6� A?;y?4Ff.G���B?F����

A = Pk · · ·P1E (⇔ (P1)
−1 · · ·(Pk)

−1A = E) (⇔ A−1 = (P1)
−1 · · ·(Pk)

−1E).!e��'!=Y 3FSw-�'Wy��}��
3 4�.Q�$,�amR	A��< (iuamR	L A�fhi�N�m�lR	�Lhi��f A−1).�!6��pFw-g`℄Z���LQCdP./�o:��em�!YJI
1. o:���X�T (A E) �f.G���" A �B�5e (?F�)��� E y��B A−1. (ÆH#�=Y 4,�Nj�:��) � A�o�B?F��� A�?p�5.Z��/6�ZF�K��.O_�`Xg�v 1. A A =









1 2 3

2 1 2

1 3 4









l<�-�








1 2 3 1 0 0

2 1 2 0 1 0

1 3 4 0 0 1









→









1 2 3 1 0 0

0 −3 −4 −2 1 0

0 1 1 −1 0 1









→









1 0 1 3 0 −2

0 0 −1 −5 1 3

0 1 1 −1 0 1









→









1 0 0 −2 1 1

0 0 −1 −5 1 3

0 1 0 −6 1 4









→









1 0 0 −2 1 1

0 1 0 −6 1 4

0 0 1 5 −1 −3









.
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0z A−1 =









−2 1 1

−6 1 4

5 −1 −3









.

2. �m�!YJI AX = B�X. T (A B)�f.G��" A�B?F�� B���B A−1B,5!0u�F-�v 2. A���w_
























1 1 1 · · · 1 1

1 1 · · · 1 1

1 · · · 1 1

· · · · · · · · ·

1 1

1

























X =

























2 1

1 2 1

0 1 2

· · · · · · · · ·

2 1

1 2

























.

-�x6"6�


























1 1 1 · · · 1 1
... 2 1

1 1 · · · 1 1
... 1 2 1

1 · · · 1 1
... 0 1 2

· · · · · · · · ·
... · · · · · · · · ·

1 1
... 2 1

1
... 1 2

























J k (k = 2,3, · · · ,n)f+z −1�CJ k−1f�>�5EC?F��W��
5! 











1 −1 −1

1 1 −1

0 1 1

· · · · · · · · ·

1 −1

1 2

























,�5!- X .

�'6��p~Vg℄,<�-F.G��Z!Vg=(^'.uFn��<��H-ÆHF
2�uV?waMN��I�|g�{�u�!u&M�
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�� 3. � P =









1 0 0

2 −1 0

2 1 1









, B =









1 0 0

0 0 0

0 0 −1









. eD X zRE+ XP =

PB.� X5.�� 4. 2H A =









1 0 0

1 1 0

1 1 1









,B =









0 1 1

1 0 1

1 1 0









, � X zR AXA +BXB =

AXB+BXA+E.� X .
�o:P�Re�GCw�o:P�
1. o:�PT,e�!A
x6� A 3y�U6.G���B6� B (	8�?p� P,Q �E

PAQ = B),5) A� BWH��� A ∼ B. 4�I�wj6�~1F;y.G��ECF�5e!WHF��� 5. G}�sKeD';�5�d5�{i3�M.9$QP �1K&P*�j℄�H_��℄�Z?zsSNj6�WHm�"1_O;y.G���B�5e!wj�Z��!��n|F�ZZ�
x�jG7�jn|F�-�Z�j℄H_5?z���XPF.G���vowQ7b/wj6�F�5eP�B5H_�Æ6�F*�j.udq�T, 4. ��� A = (ai j)m×n ��EB ku k0 (1≤ k ≤ min{m,n}),�� ku
k 0�YoJ k2 }�WK�'i�~℄l k �u0Q\f A lz} k ��Q�H A ��z} r ��QWf1�tZ�l r +1��Q (G�g�l�)qf1�	\ rf Al� (rank) ,� r(A).
�o: AP�n��ZyG�PJ^l��� AB m×n6��� r(A) = m (r(A) = n),) ABf (Q)[*��
x
AB℄��� A?p (^w�)� A[*!G�dq�m8N~��l!e6�F*9�
Q
�g+�

(a)wj6�F*!AwF�
(b) AB m×n6��� r(A) ≤ min{m,n},} r(A) = 0⇔ A = O.
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(c)�6� A,�wj r )7��BR�� r(A) ≥ r; �0� r )7�OBR�� r(A) < r.

(d)� A1B AF76��� r(A1) ≤ r(A).

(e) r(A) = r(AT ).

(f) )5e6�F*G�v^RfFj(��� 6.G}��,M�*F.ug+#w5!�.G��Q����H_�
Q.uNH�Tt 4. amR	W|R��l��!e�Jw����G7F6ZC=�+FI℄�
(1)'u!ef.G���
�6�F* (J�g+ (e));

(2)'hu!e6�F*�f.G��Q���� A3f.G���B
B,!e r(B) ≤ r(A)�?� �����.G��F?pg�A v?�<G.G��7 BEC��! r(A) ≤ r(B).N�T��5� r(A) = r(B).(;} r(B) ≤ r = r(A),>"�}� BP�1 slG� (s > r)q�y�JX���+g!e�S	JXGf.G���6�F*�������TJ�Gf.G��l/P!e (p.64).H_��ITJwGf.G��F�el/!e�

(1)�$� AF i, jfEC B.>& BF
w s)7� Ds.� Ds �Æz i, jf��1v! AF s(> r))7��� r = r(A)FN~�
Ds = 0.

(2)�� Ds Æz i, j f��1� A Fgj s)7�$�NfEC��fQ�g+� Ds = 0.

(3)� Ds'ÆzJ ifW�ÆzJ jf��5 Ds?� AFgjÆz jf��Æz ifF s)7�;y$��efEC��fQ�g+" Ds = 0.

(4) Ds 'ÆzJ j fW�ÆzJ if�!e� (3)G+�!���z�� AB m×n6�� PB m)?p6�� QB n)?p6���
r(A) = r(PA) = r(AQ) = r(PAQ).
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�o:P����RGCw: WHF6��W<F*��W<*F<Gd6��WH�
2.u/LQCd�o:P�NH 4Æv=Yh-H_�usN<GdFNj6�!`WH�'u�.1_F*�W��.6�*��H_�?z��.Gf���v?z��.GQ����5�E�.?znC+� (�}�6��p�Vg℄,<�-�'o�.Gf���)v 3. K A =









1 1 0

1 0 1

0 1 1









, B =









a 1 1

2 1 a

1 1 a









.H ABl�f 2,A a.-� |A| 6= 0.7W r(B) = 2.� B ∼









1 1 a

0 1 a

0 0 1−a









⇒ a = 1.

v 4. A�� A =













1 a a a

a 1 a a

a a 1 a

a a a 1













l��

75



-�
A →













1 a a a

0 1−a2 a−a2 a−a2

0 a−a2 1−a2 a−a2

0 a−a2 a−a2 1−a2













→













1 0 0 0

0 1−a2 a−a2 a−a2

0 a−a2 1−a2 a−a2

0 a−a2 a−a2 1−a2













→













1 0 0 0

0 1−a 0 a−a2

0 a−1 1−a a−a2

0 0 a−1 1−a2













→













1 0 0 0

0 1−a 0 a−a2

0 0 1−a 2(a−a2)

0 0 a−1 1−a2













→













1 0 0 0

0 1−a 0 a−a2

0 0 1−a 2(a−a2)

0 0 0 1+2a−3a2













→













1 0 0 0

0 1−a 0 0

0 0 1−a 0

0 0 0 1+2a−3a2













.3|C 1+2a−3a2 = (1−a)(3a+1),0zA a 6= 1} a 6= −1
3 � r(A) = 4,A

a = −1
3 � r(A) = 3,A a = 1� r(A) = 1.v 5. K Af m×n���Æ8�H r(A) = 1,	g� mgx10o/ α � ngx10o/ β Pk A = αβ T .!e�3|C4%�e (1,0, · · · ,0)T (1,0, · · · ,0) =















1 0 · · · 0

0 0 · · · 0
...

...
.. .

...

0 0 · · · 0















,W�� r(A) = 1, �j6�5! A F�5e�t�?p6� P,Q �E1G�
PAQ. 7W A = P−1(1,0, · · · ,0)T (1,0, · · · ,0)Q−1.T α = P−1(1,0, · · · ,0)T , β =

(Q−1)T (1,0, · · · ,0)T �?�!���j!e8TP=(nFwj.u*Y℄Z��TwGT℄ (
6�)�g-�5_G (K
WHF6��BwG), ^wG�/wj�&�?F=�
 (�I5!.G��QF�5e), 	�u!egg+��RT�?F=�
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�/!e (�7,5!E/ (1,0, · · · ,0)T (1,0, · · · ,0) =















1 0 · · · 0

0 0 · · · 0
...

...
.. .

...

0 0 · · · 0















),	��=vCw
�e�Qw*"��j*Yp4w
Vg℄,<F?-gG7��� 7.v`ED!eD';9YHm�1LiHVm��� 8.W�#teD7K�
(1)













0 1 1 −1 2

0 2 −2 −2 0

0 −1 −1 1 1

1 1 0 1 −1













; (2)













14 12 6 8 2

6 104 21 9 17

7 6 3 4 1

35 30 15 20 5













.�� 9.G}� (1) r

(

A O

O B

)

= r(A)+ r(B); (2) r

(

A C

O B

)

≥ r(A)+ r(B).< 6a &-F,T8j
-�??oT�
�BJ 5*HYF���H_�6�*Fdq�l/sNwjw
Vg℄,<
Ax = b (4)!`�-FsNNH��J�.G��b/�-�eQ0�F-��I A!

m×nFO(6�� bB mCQ\O� x!�D"(s*F nCQ\O�_B6� Ã = (A,b))B℄,< (4)F9ao:.Tt 1. (a) (4)�ez�i?�i r(A) = r(Ã) = n (>� nfh�U}U);

(b) (4)�j�s�i?�i r(A) = r(Ã) < n;

(c) (4)j�i?�i r(A) 6= r(Ã).!e���*�.Gf��Q���W℄,< (4)�.Gf��Q-��
��t'hT ÃF��f)5�5e C0f3Y���w
g�� C9
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�
Qe��








































1 c12 · · · c1,k2−1 0 ∗ · · · ∗ 0 ∗ · · · ∗ 0 c1,kr+1 · · · c1n d1

0 0 · · · 0 1 ∗ · · · ∗ 0 ∗ · · · ∗ 0 c2,kr+1 · · · c2n d2

0 0 · · · 0 0 0 · · · 0 1 ∗ · · · ∗ 0 c3,kr+1 · · · c3n d3
...

...
...

...
...

...
...

...
...

0 0 · · · 0 0 0 · · · 0 0 0 · · · 0 1 cr,kr+1 · · · crn dr

0 0 · · · 0 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0 dr+1

0 0 · · · 0 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0 0
...

...
...

...
...

...
...

...
...

...
...

...
...

0 0 · · · 0 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0 0









































m×(n+1)

,

(w
�e?;y$�z nQ�B�-�e���|E6W�F x1,x2, · · · ,xnvu�$��) v, ∗��F
,?oBR�v?o�BR�dr+1 ?oBR�v?oB 1.3Yz CB�v6�FVg℄,<�1F-~ (4)F-!?�wtF�H_�
Q�-�e�
(c) dr+1 6= 0. 5�*L r(A) < r(Ã). ���/T\U℄, 0 = dr+1,0z

(4)J-�
(a)dr+1 = 0} r = n.5� r(C) = r = n, C,�z nQs*F6�*B n,� r(A) = n.�!� r(A) = r(C) = r(Ã) = n.��-�DQ�H_�

C =



















1 d1

1 d2
. . .

...

1 dn



















,

v,A	3;��6�W�
,BR��!H_?zb/ (4)AwFw<-�
x1 = d1, x2 = d2, · · · ,xn = dn.

(b) dr+1 = 0} r < n.�v5! r(A) = r(Ã) < nF�e���w
g��
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C9�
Qe��






























1 0 · · · 0 c1,r+1 · · · c1n d1

0 1 · · · 0 c2,r+1 · · · c2n d2
...

...
...

...
...

...

0 0 · · · 1 cr,r+1 · · · crn dr

0 0 · · · 0 0 · · · 0 0
...

...
...

...
...

...

0 0 · · · 0 0 · · · 0 0































.

�5!) (4)?zG�I��B






























x1 + c1,r+1xr+1+ · · ·+ c1nxn = d1,

x2 + c2,r+1xr+1+ · · ·+ c2nxn = d2,

· · · · · ·

xr + cr,r+1xr+1 + · · ·+ crnxn = dr.0z
xz xr+1, · · · ,xn�BH0�<w (� xr+1, · · · ,xn?z
|�%),H_?zb/ (4)FJ�Vj-�






























x1 = −c1,r+1xr+1−·· ·− c1nxn +d1,

x2 = −c2,r+1xr+1−·· ·− c2nxn +d2,

· · · · · ·

xr = −cr,r+1xr+1−·· ·− crnxn +dr.

(5)

H_=C�' (a)-(c)!0�?oF�-�e�0zH_!eF,Y��!-_F�W}v!�uF�!���'NH�;PH_�Jw�6/FG7 (a),zÆ (b)Fzw _�jIG7 (b)F�w _)�
��-�AwF�el/-
F,s��
 (5)yb/P0�F-��Qw��H_"J�\OFHY3Y�j
�F<_Gg+��-�eQG7 (d),g`�-F℄Z5!H_ynF.G��Z�(�J-�e
�N~ “v~- ”, H_"��
�m23�
79



v 1. ℄3 a, bB��N�lvw_�


















x1+ x2− x3 = 1,

2x1+(a+2)x2− (b+2)x3 = 3,

−3ax2+(a+2b)x3 = −3�ez��j�s��|�j����NrbZ�l��-�"�v6��.Gf�����C?z=/v*F�e�	�_�D3Y�








1 1 −1 1

2 a+2 −(b+2) 3

0 −3a a+2b −3









→









1 1 −1 1

0 a −b 1

0 −3a a+2b −3









→ Ã1 =









1 1 −1 1

0 a −b 1

0 0 a−b 0









.

(a) a = b = 0�� r(A) = 1 < r(Ã) = 2,J-� ���5�
Ã1 →









1 1 −1 1

0 0 0 1

0 0 0 0









.

(b) a = b 6= 0�� r(A) = 2 = r(Ã) < 3,�J�V-� ���5�
Ã1 →









1 1 −1 1

0 a −a 1

0 0 0 0









→









1 1 −1 1

0 1 −1 1/a

0 0 0 0









→









1 0 0 1− 1
a

0 1 −1 1
a

0 0 0 0









.z x3B8�D"O�j℄-?bB x1 = 1− 1
a ,x2 = x3 + 1

a .

(c) a 6= b } a 6= 0�� r(A) = r(Ã) = 3,7W�Aw-�0w�T Ã1�.Gf��EC








1 1 −1 1

0 1 −b/a 1/a

0 0 1 0









→









1 1 0 1

0 1 0 1/a

0 0 1 0









→









1 0 0 1−1/a

0 1 0 1/a

0 0 1 0









.
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7WAw-B x1 = 1− 1
a ,x2 = 1

a ,x3 = 0.

(d) a = 0} b 6= 0.T Ã1�.Gf��EC








1 1 −1 1

0 0 −b 1

0 0 −b 0









→









1 1 −1 1

0 0 1 −1
b

0 0 1 0









→









1 1 0 1

0 0 0 −1
b

0 0 1 0









.?z=/ r(A) = 2 < r(Ã) = 3.0zJ-�v 2. K�Gk.}lvw_��
(I)































a11x1 +a12x2+ · · ·+a1nxn = b1,

a21x1 +a22x2+ · · ·+a2nxn = b2,

· · · · · · · · ·

am1x1+am2x2+ · · ·+amnxn = bm;

(II)















































a11x1+a21x2 + · · ·+am1xm = 0,

a12x1+a22x2 + · · ·+am2xm = 0,

· · · · · · · · ·

a1nx1+a2nx2 + · · ·+amnxm = 0,

b1x1 +b2x2 + · · ·+bmxm = 1.Æ8� (I)��i?�i (II)j��!e�� A = [ai j]m×n, b = (b1,b2, · · · ,bm)T . j℄ (II) FO(6�5!
(

AT

bT

)

,v�v6�5!_B6� (

AT 0

bT 1

)

.$R!e�ug��: �*L r(A) = r(A,b) = r. 7W�*FN~�
r(AT ) = r, v5!)� AT ,(��wj r )7��BR��57��8J
i1, · · · .irf�j1, · · · , jrQ�"57�=��-wf (bi1, · · · ,bir)��-=�wQB (0, · · · ,0,1)T ,H_5EC( AT 0

bT 1

)Fwj r+1)7��"#�=�wQ�<�5"Db7�^R��!H_EC r

(

AT 0

bT 1

)

≥ r+1> r = r

(

AT

bT

)

.�5�e (II) J-��!e-_g��: ~6�*Fg+�H_��G�
r = r(A) = r(AT ) ≤ r(A,b) = r

(

AT

bT

)

< r

(

AT 0

bT 1

)

.
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x� r

(

AT 0

bT 1

)

= r +1, j℄��*'o! (�5�� r(A,b) = r,v� (I) �-�H_y3��ug _!eP r

(

AT 0

bT 1

)

≥ r+1.t'h�! r

(

AT 0

bT 1

)

≤

r +1. ���J�6�*�.GQ��Q���H_� r

(

AT 0

bT 1

)

= r

(

AT 0

0 1

)

=

r









Er O 0

O O 0

0 0 1









= r +1.v, ( Er O

O O

)B AT FF�5e�H_��ug,�P*FN~!e��-_g,�P�5e~.G��F�.*�iF!
1<�aN*��� 1.�b�#%,E+S�
(1)































2x1− x2 +3x3 = 1,

4x1−2x2 +5x3 = 4,

2x1− x2 +4x3 = −1,

6x1−3x2 +5x3 = 11;

(2)



















2x1 +2x2+3x3 = 1,

x1− x2 = 2,

−x1 +2x2 + x3 = −2;

(3)



















2x1− x2 +3x3 = 1,

4x1−2x2 +5x3 = 4,

6x1−3x2 +8x3 = 4.

�� 2.G}�%,E+S














































x1− x2 = a1,

x2− x3 = a2,

· · · ,

xn−1− xn = an−1,

xn − x1 = an

9b5�d5 ∑n
i=1ai = 0.
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℄��
1.	 A� n`ED�"{>5 A7S �

tr(A) =
n

∑
i=1

Aii,U A7�9B^>IN�$ A,B��� n`ED�G}� tr(AB) = tr(BA).

2.b#tE+�
(1)









1 1 −1

0 2 2

1 −1 0









X =









1 −1 1

1 1 0

2 1 1









;

(2) X









1 1 −1

0 2 2

1 −1 0









=









1 −1 1

1 1 0

2 1 1









.

3.�#teD7��
(1)













0 0 1 −1

0 3 1 4

2 7 6 −1

1 2 2 −1













; (2)



















2 1

2 1

2 1

2 1

2



















.

4.� A� n`ED� Ak = O.G}�(E −A)−1 = E +A+A2+ · · ·+Ak−1.

5.� A� n`ED�G}�2B n`GuED BÆ6 AB = O7-H#/�[ |A| = 0.

6.� A = 1
2(B+E).G}� A2 = A5�d5 B2 = E.

7. � A � 4`
ED�X Ai j  |A| N Ai j B673�;Q��	*r
Ai j = −Ai j � A11 6= 0,� |A|.

8.zR AAT = E 7 n`ED_UF℄D�G}�(1) |A|=±1; (2)� A,B��F℄D� |A| = 1, |B| = −1,C A+B(i��
9.�y�#%,E+S7b�
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(1)































λx1 + x2 + x3+ x4 = 1,

x1 +λx2 + x3+ x4 = λ ,

x1 + x2 +λx3+ x4 = λ 2,

x1 + x2 + x3+λx4 = λ 3;

(2)



















ax1+ x2 + x3 = 4,

x1 +bx2+ x3 = 3,

x1 +2bx2+ x3 = 4.

10.� A� n`ED� A∗ � A7"�eD�G}� (A∗)∗ = |A|n−2A.

11. � A,B H'� n×m,m× n eD�G}� ∣

∣

∣

∣

∣

Em B

A En

∣

∣

∣

∣

∣

= |En −AB| =

|Em −BA|.

12.� A,B����G}� |λEn −AB| = λ n−m|Em−BA|.

13. hx�|�
�(�7J% L1 : ax + by + c = 0;L2 : bx + cy + a =

0;L3 : cx+ay+b = 0.G}��{'℄:1=7-H#/�[ a+b+c = 0.

14.G}��M�|~(L%7
= (x1,y1),(x2,y2),(x3,y3)7?7E+ 
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x2 + y2 x y 1

x2
1 + y2

1 x1 y1 1

x2
2 + y2

2 x2 y2 1

x2
3 + y2

3 x3 y3 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0.81G}��M
K9n= (UOV&<�V&��9n�7=) 7?7?)0�9n=�
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u 4 z x y w vZ�'(HE�
+[� �/C���lw�C;Li	KrK|
;G_,g
Ax = b (1)Bd+;BkW���8+;��wS r0R+B;g*B�
 S . ==�+'wkW�v+A?;L�

(A) S S BvOi;�
(B)S9A_,g (1)+;Ba�5� by*B�
 B BvOi;�
(C)) (1)n;�'	K$}T “�$; ”?lw\;?�wf6u�V0C�kW�Ax�lw =M�C��22G
�
 S �0\ir� (,H 3=H (5):�) ��C�6i;A vO�=B�6#8q3O1�r0i�R}�BS�� ;��SSG+i1TBi;�Iqba�kf43b�a'}��2Q�*��==lwbbh}�B =�qqJXbG�V=��bGB�Mb�hmb�hDbC��G
L��'�I�iC�L��7��B�BQ�*�B}(L�S��lwG��waP0?F�q�}St��I�[�B�S.�
 S ,lwts
i;SRJ+B��U�
R�G
L���'�S?F+U “9 ” (�
 “Q ” � “gG ” Bj�),S=dS*}�*<Bha��K (� “�9|
n}g ” � “� ” Bj�). C��\�lw#ODGn�2iCq�
�CG=lw+kW (A) B3&�lw��BK_M=r0iSrKB b,	R_,g (1)+;B_[��v+L09AS+;B�
 B=6u�VCS;L��_q�7$kW (�'�kW (C))=�U�B�b'�> (1)n;5�)h�Y+[r0Cqn;_,g�$;BJ~G=8 B S�?�q2L b1,9A b1 0 b AS� “7� ”. '� S B +q�Bi;�-'	�? b1?CG=lwÆ�;LkW

(B)B3&�N. (C)BU�
�lw�C;?��G 7^Fi��u�|
;G-='	\;LC�kWB��
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8;G�S��E�q�
��^S�B_[J��=�0)kq;�2��
Z�C)kq;�2
�
SR+B2L�;0\�Z�-G;�2G
R+2LM�;0\B}-�G=a)2LJ)B5O�b'G+�&[�R ;G��E��K$i2LJ)B5OB�
�|
W)G=zFV' S , B C^S�B�J+&[�G+5OB*�hg*B�
�C�=�=BX��&�F 1y n:G	oCL�sDV�)� n�&�* nq7G (�fG) a1,a2, · · · ,ang*B+�Gg a = (a1,a2, · · · ,an)
T )f ng7�h (�f�h). >�lw�S�Jf��hB�: (a1,a2, · · · ,an), ��Dfie�\��,�d=�fj�hB�:�b' (1)B; x = ng�h�a�5� bG= mg�h�ng�h=W);q�	S*g�hB�T_��0 ng�hPk�TTCBHE�S 	HEBG+�&[K$ ng7�h (f�h)SBG+0&[�/ a = (a1,a2, · · · ,an)

T , b = (b1, · · · ,bn)
T ,9S k∈ R (� k∈ C),K$G+ ka0&[ a+bb�f

ka = (ka1, · · · ,kan)
T , a+b = (a1+b1, · · · ,an+bn)

T . (2)lw
�+,F5OB ng7 (f)�hB�Xy*B�
"j Rn(Cn). C=h*<�=�hJ
B�T|
W)�{�$(�	ws'y*y* 1. K V Q{j�x� K QMS� R}gS� C. � V U
V�Y�%{� �|: ℄C� a,b ∈V,�a{U x ∈V �Z0℄��f0B x b a � bUv��% a+b; �a-"Fil��
(1)(�a�{+) a+b = b+a;

(2)(�a�x+) (a+b)+ c = a+(b+ c);

(3) (�a'
) V ��{j
V 0,℄C� a ∈V,C a+0 = 0;

(4) (�ah
) ℄C� a ∈ V,M�{j b ∈ V,Bb a Uh
 (�% −a),NT a+b = 0.
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(`�� K � V ��zY�%{�ÆW
 �q: ℄C� k∈ K, a ∈V, V��a{U
V y�Z0℄��f0B yb k� aUSD��b ka. SDy-"~il��
(5) 1a = a;

(6) k(la) = (kl)a.J`�avSD��Q�!hU�f0zy?C Fil� (d7+):

(7) (k+ l)a = ka+ la;

(8) k(a+b) = ka+kb.~Il� (1),(2),(5)—(8)��a,b,cQV �C�
V� k, l Q K �C�S�f0B-"IRy?U�x V Q{j K �w$(�	. RIUlt��z
%�$(�	, CIUlt��z
% ~$(�	.|
W)B2L�'�6j�h�=Sw7$,�S�=0 ng�ha� [BLr��t�_;|
W)C^.�Bj�B^DJ�G=P��JXBba (#�[GyBba���[℄yBba), j?JX0.�B:
�Æ 1. Rn,Cn,2�<1Y�U�a�SD��~w�-"Y�3℄l��Y~ZQlt���Æ 2. �t n
'o$ 0 = (0, · · · ,0)T U�x {0} 2� n
o$U�a�SD�z-"Y�3℄l��Y~zQlt���Æ 3. Y� [a,b] ��IU"uMuS�~uSU�ab�a� ( f + g)(x) =

f (x)+g(x); ~uS�MSUDabSD� (k f)(x) = k f(x),E�w�-"l� (1)—(8),Y~nC{jMlt���f0�% C[a,b].Æ 4. Y� m×nÆM���2���U�a�SD�nC{jMlt���Æ 5. I681 R2
+ = {(x1,x2) ∈ R2 : x2 ≥ 0}2�o$U�a�SD?nClt����bSDY�?xy?�Æ 6. A\H
o$nCU�x�|�o$U�a�FiY�USD�
k









x1

x2

x3









=









0

0

0









, ℄C� k∈ R,
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?nC RIUlt����Q�bl� (5)?C �6b 1—b 4 S P0�|
W)�7=��i}>�^BS��==�lwBX�~B=�E}.|
_,gBkW (A)—(C),8�` b,x G=�ZB Rm� RnSB�h�KÆlwM�I� RnGzi�-	��0Cu.�Bj�0\��<7,��9Glw�E RnS|
_,gB~BV��'(.�B|
W)Bj��=��B�C=&f�P� Rn�0�7�5*<�==SBa��S��f6�b'�lwwy�P?�_,g Ax = 0B;�= RnBa��S�=�q|
W)�=Cq|
W)G =*<G)lwzF RnB^K_:G�IA�B�R �'(|
W)B.�j�+Y.lwP�kW7R�/ FX\�G�E�CT.��G*i�T�+dBJgo��lw>6K$ 10ZGS_0'w|
W)B
R�(. 1. K V Q K Ilt���℄C� a ∈V,C 0a = 0.["�C` 0a�; 0∈ K 0 aBG+�V 0= V SB&[k2�H{�
0a = (0+0)a a) K S 0+0 = 0B
R

= 0a+0a, w_ (7)*w_ (4),g�&, 0aB&[g2�GA? 0a+(−0a) = (0a+0a)+(−0a),i�G= 0,V,�)w_ (2),GA? 0a+(0a+(−0a)) = 0a+0 = 0a.
Sh
�qC�)iw_ (3).CGH{i 0a = 0.(. 2. K V Q K Ilt���℄C� a ∈V,C (−1)a = −a.["�C` (−1)a�; −1∈ K 0 aBG+�V −a= aB&[g2�H{�
a+(−1)a = 1a+(−1)a w_ (5)

= (1+(−1))a w_ (7)

= 0a = 0, 
R 16V*w_ (4)&[g2BK$� (−1)a = −a.!� 1.tOA�m
MYXHC^0(TY3$+m R!CBK�r�
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(A) $+M (a,b),a,b∈ R�3�HT^0�
(a1,b1)⊕ (a2,b2) = (a1+a2,b1+b2+a1a2),

k◦ (a1,b1) = (ka1,kb1+
k(k−1)

2
a2

1).mS
�8
[�5CqOa+4�.�;�S.U “ ⊕ ” a “ ◦ ” -'\/CqOa+4�
(B)�3f$+Y3Cm
��kHT^0

a⊕b = ab,

k◦a = ak.��$(/�	y* 2. K V Q{j K IUlt���WQ V U{j ��GW|� V �U�a�SDznC K IUlt����BWQ V U{jlt ���f6u�'(|
aW)Bj���C=&f��_y�6wyBb 7,b 8S P0�lwl	�Bbb =|
W) Rn�0�V=
SB}�|
aW)�'|
_,gB;W)�l�_y��E|
W)B�qÆ[G=
S (Z�5O)“b; ” f)kqaW)�'�n�2i}S5*<B|
aW)��u9W)�Gn�2i�lwC'Æ�	R�q|
W)Ba�=d=|
aW)�'�	AK$ 2,GÆ��YY�Hw_�C+5=�5\!B�R +'w|WS �YlwVm�p��� 1. GW Q K Ilt�� V U ��=p	 V ��a�SDQe:U
(�C�#jW �o$2� V U�aUvD� W �� k∈ K �W �C�o$USDzD�W�),�W�Q V U{jlt ���H{�MÆW��Hw_ (1)—(8)SW*
�

(1)S a,b∈W⊂V,*.V=|
W)�S Vw_ (1)*
�a+b = b+a,6VAH�
(2)(5)(6)(7)(8)^K. (1)SH�
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(3)AxI{ W S&[k2B78
�*
R 2,S."" a ∈W,*

0a = 0,C` 0=V SB&[k2�*.W}.G+
��lwGI� 0 ∈W.wy�H V SB&[k2 0�G=WSB&[k2�<7,�* V SBw_ (3),"� a ∈W ⊂V,M*
 a+0 = a.R 8WSw_ (3)*
�

(4)S"" a ∈W,0 aPk V S�h�9*
R 2,*
 (−1)a = −a.*.W}.G+
��| (−1)a ∈W,6V� −a ∈W.CG=I� aB8 V SBg2b�8W S�7*g2K$� a+(−a) = 0.CG�{� aB8 V SBg2�G=S8WSBg2�w_ (4)�*
�H��wylwP��}.|
aW)Bba�Æ 7. ltbE# Ax = 0U��Q RnUlt ����� AQm×n���
x ∈ Rn.H{� Ax = 0B;��"k Ker(A),y�= RnBa��z/ x,ysf
Ax = 0,9*HE+[b
o� A(x + y) = Ax + Ay = 0 + 0 = 0. -S.""
k∈ R, A(kx) = kAx = k0 = 0. R Ker(A)}. RnB&[�G+M
��*|W 1, Ker(A)= RnB|
aW)�Æ 8. K AQm×n����A�x R(A) = {y ∈ Rm :M� x ∈ RnNT y = Ax}.� R(A)Q RmUlt ���H{�/ y, ỹ ∈ R(A), 978 x, x̃ ∈ Rn 9A y = Ax, ỹ = Ax̃. .=*

A(x+ x̃) = y+ ỹ.CG=I y+ ỹ∈R(A).^KB�*. A(kx) = ky,| ky∈R(A).R *|W 1, R(A)= RmB|
aW)�Æ 9. �x U1 = { f ∈ C[−1,1] : f (1)− f (−1) = 0} Q C[−1,1] Ult ��
(|�� 3).Æ 10. �x U2 = { f ∈ C[−1,1] : f (1) f (−1) = 0} ?Q C[−1,1] Ult ����Q�bZp	�a?e: (>!��j� ).Æ 11. �xW = {x = (x1,x2,x3)

T ∈ R3 : 2x1−7x2 + x3 = 1} ?Q R3 U ����bZp	�avSDZ?e:��F�(0,0,1)T ∈W,P (0,0,2)T /∈W.Æ 12. K α1,α2, · · · ,αmQlt�� V �U{#o$�Y�
W = {x ∈V : x = k1α1+k2α2 + · · ·+kmαm,∀k1, · · · ,km ∈ K},

90



� W �Uo$� α1, · · · ,αm ^sSDv�aTR�� W b V Ult ����bW = span{α1, · · · ,αm},B%� α1, · · · ,αm�CUlt ���!� 2.#�e A = (α1,α2, · · · ,αn),�k αi (��F��g��BKQ5p
Ax = bW{��}� b ∈ span{α1, · · · ,αm}.!� 3.g�� R2 k_~_℄GCQ4hB!C1WF�Y3 R2 CQWBKn�r��^�4hB/~_℄G�`KG_
4hB!CF��3/Y3 R2 CBKn�r�F 2y G	sDCL℄�,�9lw'(i�ES� —|
W)—Bw_�K$��u�lw:u?�!i;�q|
W)B:y��;G�B�q��J~�G=�?|
W)S)kq “}�N
 ” B�h�Z�G+�&[5O�*Sw
R+B|
W)SB�h�;0\�Cg}�N
B�h�G)fh|
W)B�g��V
S�hBqG�G6jCq|
W)BgG��q ngB|
W)�8rK�g�J
�GS � Rn(� Cn,�PCq|
W)= R,B�= C,B)C[�\�CT~[08�y,'(ENWl�^K�S
*w_K$BS.��hB�E℄�fS�;l�BGg —ng�h —B�E�9%8�t5��["CT;G0�	Beu�wy�lwG
,F~[�p���'�6u6�hJ) “}�N
 ”?6u6
�q�h)�g�h “�; ” 0\�lwMÆ�r0B�BG�K$�C�G= w�9B�&�lw8CQ�tS�T�["��K$K_1B=S.��hV�B���=>S ng�h (� RnS� CnS�h) V�B�� S���4`���%��Z����Ef?m0�h1�zFBj��K_℄�f|
_,g�HEB}(j��K_�)�&�w$(0�y* 1. KV Q K Ilt���℄	{# (Gp)o$ α1,α2, · · · ,αm,β ∈V,FrM�S k1,k2, · · · ,km ∈ K NT

β = k1α1+k2α2+ · · ·+kmαm,
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�Bo$ β Qo$ α1, · · · ,αmU{j$(0�,}Bo$ β ��o$ α1, · · · ,αm$(o�. B k1, · · · ,kmb0�#�}o�#��Æ 1. � Rn��B
e1 =















1

0
...

0















, e2 =















0

1
...

0















, · · · , en =















0

0
...

1













b n
v�&�. Cw n
o$ b =
(

b1 b2 · · · bn

)T ���Oeo$lt=H� b = ∑n
i=1biei .Æ 2. $(}r0w&�o��Fi{4ltbE#






























a11x1 +a12x2+ · · ·+a1nxn = b1,

a21x1 +a22x2+ · · ·+a2nxn = b2,

· · · · · · · · ·

am1x1+am2x2+ · · ·+amnxn = bm,

(3)

�~qb��rO Ax= b,}o$rO
x1a1+x2a2+ · · ·xnan = b,:�

ai =















a1i

a2i
...

ami















, 1≤ i ≤ n, b =















b1

b2
...

bm















..=�|
_,gB�;S Pk�� nq mg�h a1, · · · ,anB|
g
 (Bg
uG)  A? b..=�*|
_,gB�;_q�lwS A?'w	KK_�y
 1. K a1, · · · ,am,b b n
o$�� b �� a1, · · · ,amlt=PUFd;y℄	bltbE# Ax = b���:� A = (a1, · · · ,am)Q n×m���
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���(1) b�� a1, · · · ,amlt=PUFd;y℄	b r(A) = r(A b);

(2)�_�:=PhSa{ ⇔ r(A) = r(A b) = m;

(3) r(A) = r(A b) < mL=PhS?a{�
(4) b?5� a1, · · · ,amlt=PUFd;y℄	b r(A) 6= r(A b).H{�a),�=|
_,gBS;
	KK_�S�Æ 3. 6\i1Ujo$�3j?5�:
Hjo$lt=P�

a1 =













1

1

1

1













, a2 =













0

5

2

1













, a3 =













1

−1

0

0













, a4 =













2

−3

0

1













.

;�S (

a1 a2 a3 a4

) k�/C�� ⇒













1 0 1 2

0 1 −2/5 −1

0 0 1 0

0 0 0 0













. R SP0 r(a1,a2,a3,a4) = 3, r(a1,a2,a4) = 2, | a3  �* a1,a2,a4 |
�;�!� 1.(F� b-8F� a1,a2,a3,a4CBKp
�
b =













1

2

1

1













,a1 =













1

1

1

1













,a2 =













1

1

−1

−1













,a3 =













1

−1

1

−1













,a4 =













1

−1

−1

1













{�&�0w$(%��$( �y* 2. ℄{# (Gp)o$ α1,α2, · · · ,αm,FrM�p���wS k1,k2, · · · ,kmNT
k1α1+k2α2+ · · ·+kmαm = 0,�Bo$ α1, · · · ,αm$(%��f��GIO�℄ k1 = · · ·= km = 0C ��Bo$ α1, · · · ,αm$( ��
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�g|
n}B�hS #f= “}�N
 ” B�h�|
}}8�	,�G}>.�hx|�xyC�T�G�S.�g ng�h=d|
n}�a)|
_,g_q�lw+'w	KK_�y
 2. n
o$ a1,a2, · · · ,amltgpUFy℄	bm�;KltbE Ax=

0��'������d���qa� A = (a1,a2, · · · ,am).�� 1. n
o$ a1,a2, · · · ,amltmp (gp)⇔ r(A) < m (r(A) = m).�� 2. nj n
o$ a1,a2, · · · ,anltmp (gp)⇔ |A| = 0 (|A| 6= 0).�� 3. mj n
o$ (m> n);ltmp� (�� mQd�SjS� nQbEjS�)Æ 4. Oeo$ltgp� {0}ltmp�Æ 5. [,i&o$#Ultmpt�
a =













2

−1

1

3













, b =













1

0

4

2













, c =













−4

2

−2

k













.

;�k/C��SA (a b c) ∼













1 0 −2

0 1 0

0 0 k+6

0 0 0













. 6V k = −6 5Qf
2 < 3⇔|
}}�Æ 6. Ko$ α1, · · · ,αmltgp�� (β1 β2 · · · βm) = (α1 α2 · · ·αm)A,:� Ab m×m���� β1, · · · ,βmltgp⇔ |A| 6= 0.H{�⇐ .'� α1, · · · ,αm,β1, · · · ,βmM= ng�h��ua)HEBQ8S�HE,+w �
� r(β1 β2 · · · βm) = r(α1, · · · ,αm). - α1, · · · ,αm|
n}�a)_q 1, r(α1, · · · ,αm) = m..= r(β1 β2 · · · βm) = m.7)_q 1I β1, · · · ,βm|
n}�
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==C`W~�v+{�L0 α1, · · · ,αm,β1, · · · ,βmM= ng�h�6VS�M=.��h�,yBH{G� Zi�R lw)K$�℄H[�'/ β1, · · · ,βm|
}}�978 �fkBG k1, · · · ,km9A k1β1 + · · ·+

kmβm = 0.CG"i` (α1, · · · ,αm)A(k1, · · · ,km)T = 0.*. α1, · · · ,αm|
n}��+ A(k1, · · · ,km)T = 0.==*. AaÆ%�* Cramer[9�(M+k; k1 = · · · = km = 0,0Sw �fkB'/tT�
⇒ .') |A| = 0,978ak�h c9A Ac = 0.6V (β1, · · · ,βm)c = 0,�I β1, · · · ,βm|
}}�H��Æ 7. �2�Go$# α1, · · · ,αm���do$ltmp��io$#ltmp�H{� `/ α1, · · · ,αl (l ≤ m)|
}}�978 �fkBG k1, · · · ,kl9A ∑l

i=1kiαi = 0..=78 �fkBG k1,k2, · · · ,kl ,kl+1 = 0, · · · ,km = 09A ∑m
i=1kiαi = 0..= α1, · · · ,αm|
}}�!� 2.g��_ C[0,1](uE 1x� 3)k�F� 1,cos2 t,cos2t BKD\���$(0�+$(%�w�#y
 3. o$ α1, · · · ,αm(m≥ 2)ltmp⇔:��J�{jo$Q:
o$Ult#x�H{���
�*. α1, · · · ,αm(m≥ 2) |
}}�|+ �fkBG

k1, · · · ,km9A ∑m
i=1kiαi = 0. `/ k1 6= 0,�ulwGA?

α1 =
m

∑
i=2

(−
ki

k1
)αi .�G=I α1S*
S�h|
�;�-b
� `/ α1S*
S�h|
�;�

α1 =
m

∑
i=2

kiαi .9
−α1 +

m

∑
i=2

kiαi = 0.*. α1�uGf −1 6= 0,| α1, · · · ,αm(m≥ 2)|
}}�H��
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y
 4. o$ α1, · · · ,αmltgp�Po$ α1, · · · ,αm,β ltmp�� β �a{W� α1, · · · ,αmlt=P�H{� α1, · · · ,αm,β |
}}�|+ �fkBG k1, · · · ,km,k9A
m

∑
i=1

kiαi +kβ = 0.lwR���*
 k 6= 0.d9�'� k = 0,�u k1, · · · ,km� �fk�*,:*
 ∑m
i=1kiαi = 0.CG0 α1, · · · ,αm|
n}tT�| k 6= 0.C��\�GA?

β =
m

∑
i=1

(−
ki

k
)αi ,� β S * α1, · · · ,αm|
�;�7H,F|
�;Be�
�/+gT|
�;�

β =
m

∑
i=1

kiαi , β =
m

∑
i=1

l iαi .g:}+�GA?
0 =

m

∑
i=1

(ki − l i)αi.*. α1, · · · ,αm|
n}��Æ*
 ki − l i = 0, i = 1, · · · ,m.R |
�;uG��e��H��'�>ÆS ng�hH{K_ 4,�lwS  6K$0ZVr0'wH{��h α1, · · · ,αm |
n}�|*K_ 2 B_q 1, r(α1, · · · ,αm) = m.

α1, · · · ,αm,β |
}}�9 r(α1, · · · ,αm,β ) < m+ 1. *. r(α1, · · · ,αm) ≤

r(α1, · · · ,αm,β ),SA r(α1, · · · ,αm) = r(α1, · · · ,αm,β ) = m. CG=I|
_,g Ax = β +e�;�|V β Se�G* α1, · · · ,αm|
�;�["C`
A = (α1, · · · ,αm).H��Æ 8. α1, · · · ,αnQ njltgpUo$�

αn+1 =
n

∑
i=1

kiαi,:� ki�p��. �2� α1, · · · ,αn,αn+1�C� njo$�ltgp�
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H{� 4��
�lwH{ α2, · · · ,αn,αn+1|
n}�)℄H[�'/78 �fkBG l2, · · · , ln, ln+19A ∑n+1
i=2 l iαi = 0.0 αn+1B�8:;(��
�[^� (a)�h&[sf2�o�:
o), lwA?

ln+1k1α1+
n

∑
j=2

(l j + ln+1k j)α j = 0.*. α1, · · · ,αn|
n}�|*

ln+1k1 = 0, l j + ln+1k j = 0, j = 2, · · · ,n.*. ki(i = 1, · · · ,n)� fk�lwS;A ln+1 = 0, l j = 0, j = 2, · · · ,n,0�y'/Sw �fktT�| α2, · · · ,αn,αn+1|
n}�H��Æ 9. K n
Oeo$ e1, · · · ,en�� a1, · · · ,anlt=P��2�a1, · · · ,anltgp�H{�*W"�78�h x1, · · · ,xn9A ei = Axi ,
S AG=*j�hy*BHE (a1, · · · ,an). P X = (x1, · · · ,xn),lwG+

AX = (e1, · · · ,en) = En.*.<jHE EnS��R |A||X|= 1 6= 0.R |A| 6= 0.CG=I r(A) = n.6V*K_ 2_q 2, a1, · · · ,an|
n}�H��["�6,FbWlwP0��E ng�h|
}uBU�uJ=|
_,g_q�VS..��h�~��M��℄.K$� 
lw�P?�S..��hB|
}u��S�f ng�hB|
}u�R �dB\I�|
_,gB_q=lw�E�h�|
W)BU�o��9%8�tS�T�["
�hB1�0|
_,gB1��HEB1�S(�\�C�#S %��Z�\Z7R� N.��j��`�ae���&�0wx�y* 3. K�#jo$#�
(I) : α1,α2, · · · ,αs; (II) : β1,β2, · · · ,βt .G (I) �U/jo$Z�� (II) �Uo$lt=P��Bo$# (I) ��o$# (II) lt=P�G (I) � (II) �~ymlt=P��TZ0QV�U�
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Æ 10. 
o$# (I) ��o$# (II) lt=P���U�v=P�;�/ αm = ∑t
i=1 l imβi , m= 1, · · · ,s.�ua)HE+[�C�C:S 
�f

(

α1 α2 · · · αs

)

=
(

β1 β2 · · · βt

)















l11 l12 · · · l1s

l21 l22 · · · l2s
...

...
. . .

...

lt1 lt2 · · · lts















t×s

. (4)T�G�'� (I) � (II) M=* ng�hy*B�hg��u)"
A =

(

α1 α2 · · · αs

)

, B =
(

β1 β2 · · · βt

)

, P = (l i j )t×s,

(4)G=
A = BP. (5)Æ 11. K (I) v (II) �Q� n
o$nCUo$#�4. (I) �� (II) lt=PUFy℄	b r(B) = r(B A),:� (B A)Q B, AnCUd����H{�* (5), (I)S* (II) |
�;B-�Y.=_,g BX = A+;�a)|
_,gS;
	KK_�C>�>> r(B) = r(B A).H��Æ 12. Ko$# α1,α2, · · · ,αs��o$# β1,β2, · · · ,βt lt=P�β1,β2, · · · ,βt��� γ1,γ2, · · · ,γmlt=P�� α1,α2, · · · ,αs��o$# γ1,γ2, · · · ,γmlt=P�H{�["4WRL�hh�G= ng�h�R lwM�9) (4):� `/

(

β1 β2 · · · βt

)

=
(

γ1 γ2 · · · γm

)

Qm×t .90h:;( (4),GA?
(

α1 α2 · · · αs

)

=
(

γ1 γ2 · · · γm

)

Qm×tPt×s.CGH{i α1,α2, · · · ,αsS*�hg γ1,γ2, · · · ,γm|
�;�
�;uG*HE Qm×tPt×sr0�h
�lwH{'wU�K_�
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y
 5. ℄kYo$#
(I) : α1,α2, · · · ,αs; (II) : β1,β2, · · · ,βt .G (I) �� (II) lt=P�= s> t,� (I) ;ltmp�H{�lw$�) (4)B"��*. s> t,*
 r(P)≤ t < s,||
_,g Px = 0+ak;�
S x= sg�h�.= (4)g�[5,+ x,GA?

(

α1 α2 · · · αs

)

x = 0.6V α1, · · · ,αs|
}}�H�����) (I) S* (II) |
�;�� (I) |
n}�9 s≤ t.!� 3.g�97
�F 3y G	qDl>=℄qbjlwC�9B~B�G=s
SrKB�hg (I),�?
SB�"b�hy*�hg (II), 9A (I) S * (II) |
�;�lw>�s
�hg (II) 4*<4���G=I�SR��hBqG(hh-�45G) (II) = (I) B�q�9n}g�
R��hBqGG)k�hg (I) BQ�'�lwI�i�q�hg (I) BQ�lw �a)�h)B|
}}
(n})
��0SB�q�9n}g�6Cq�9n}gGS Z�|
�;2* (I). C5�lwS�hg (I) GO+ia�℄(Bi;�)��u$( �0+-y* 1. K αi1,αi2, · · · ,αir Q�o$# α1,α2, · · · ,αm��do$nCUo$#�G-"�

(a) αi1,αi2, · · · ,αir QltgpU�
(b) α1,α2, · · · ,αm�~� αi1,αi2, · · · ,αir lt=P��To$# αi1,αi2, · · · ,αir Q α1,α2, · · · ,αm U{j �u ($()  �0, _

r, ��Ngp#Yto$UjS�8
$o$# α1,α2, · · · ,αm U -, �%
r[α1,α2, · · · ,αm].qY r[0] = 0.
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y���q�hg0
�9n}g=C(B�4`�["�qrK�hgB�9n}gS�= e�B� �a),�9b 12B:q�SI�qrK�hgB""gq�9n}g=C(B�!� 1.g�!*
L�wyBK_�Hi�9n}gB78
�y
 1. o$# α1,α2, · · · ,αm��Ngp#Q=�Q αi(i = 1,2, · · · ,m)?Ab'o$�H{���
�)℄H[�) αi(i = 1,2, · · · ,m)�fk�h�9*.k�hb G=|
}}B�K$ 1BY. (a) �*
�0 α1,α2, · · · ,αm+�9n}gtT�-b
�*Y.S�? αi ∈{α1,α2, · · · ,αm}� αi 6= 0.) αi G= α1,α2, · · · ,αmB�9n}g�9K_�CA?H{�d9��+
α j ∈ {α1,α2, · · · ,αm}\{αi} �* αi |
�;�CG"i`�αi ,α j =|
n}B�) αi ,α j � =�9n}g�9�+ αk �* αi ,α j |
�;�R αi ,α j ,αk=|
n}B�)

αi ,α j ,αk� =�9n}g�-S�? αl ,����5^_�*. α1,α2, · · · ,αm�hqG=+{q�GS 8+{5
�?
�9n}g�H��!� 2. # α1, · · · ,αm BK<\� β /�V α1, · · · ,αm BK-'�g��
α1, · · · ,αm,β BK<\��q�hgBQ=h�hg�0RJ+B
R�V0�9n}gB��n}��K�I�G=
R+�9n}gR��hqG=��B�<7,�/
α1, · · · ,αs� β1, · · · ,βt M=}qrK�hgB�9n}g�9SwS �}�; (C(). R 6,�9K_ 5B_qSI��+ s≤ t � t ≤ s..= t = s.Æ 1. o$# α1, · · · ,αsltgp��Z�Q!�U�Ngp#�= r[α1, · · · ,αs] =

s.Æ 2. V�Uo$#;�m_U��H{�b��gq�hgB�9n}g�9Cgq�9n}gJ)�=C(B�6,�9K_ 5B_qSI�SwR��hqG���H��
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Æ 3. Ko$# α1, · · · ,αs�� β1, · · · ,βt lt=P��
r[α1, · · · ,αs] ≤ r[β1, · · · ,βt].H{�/ αi1, · · · ,αir f α1, · · · ,αs B�q�9n}g� β j1, · · · ,β jp f

β1, · · · ,βt B�q�9n}g�9 αi1, · · · ,αir S * β j1, · · · ,β jp |
�;�["? αi1, · · · ,αir |
n}�*,�9K_ 5_q� r ≤ p.�AH�["�8CgqH{SlwS /Z��;�2
:\B_��M�
�9n}gB��H{i������QJ;L�wy	KK_BH{�1TXziCqJ~�!� 3. F�pCi(8
�[BK-'1WUF�pF�1MPC0SF�Cr"W+�g�f.�# r(α1 · · · ,αn) = r,`/��W αi1, · · · ,αis (s< r)�[BK-'1WC α j ( j = 1, · · · ,n).y
 2. KkYo$# α1, · · · ,αmU�Q r. �io$#�C� r jltgpUo$ β1, · · · ,βr ZnCZU{j�Ngp#�H{�MÆH{ α1, · · · ,αmS* β1, · · · ,βr |
�;�f4�/ αi1, · · · ,αir= α1, · · · ,αmB�q�9n}g�MÆH{ αi1, · · · ,αir S * β1, · · · ,βr |
�;�Ax�a) αi1, · · · ,αir =�9n}g�lwS )S�;0 β1, · · · ,βr :

(

β1 β2 · · · βr

)

=
(

αi1 αi2 · · · αir

)

Pr×r . (6)[" P=�ZB r 8G
_E (2Lf7G�fG). lwR� PS��'/ |P|= 0,9 r(P) < r..=|
_,g Px = 0+ak; x ∈Kr (K = R� C). CG"i` (

β1 β2 · · · βr

)

x = 0, � β1,β2, · · · ,βr |
}}�0W/tT�CGH{i PS��z8�8 (6)g�[5,+ P−1,lwA?
(

αi1 αi2 · · · αir

)

=
(

β1 β2 · · · βr

)

P−1.CGH{i αi1, · · · ,αir S * β1, · · · ,βr |
�;�H��
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{� m�&�0w-+�,w-lw�CI�i���E�q�hg�}-=��?SB�q�9n}g�K_ 1P��Hi�9n}gB78
�==	A
H{_[
�9n}g�0\��=a'D�B�K_ 2I�lwS x
�hgBQ r �K0\��
Q�� r q|
n}B�hGS i�CG8�K,O,Vmi���9n}gB�p�S=�lw+6uÆ[YMG�K�q�hgBQ��45lwy� ��R
K$������BJm�l�_y�S* mg�hy*B�hg a1, · · · ,an, lwS Qn m×

n bXHE (a1, · · · ,an) BQ r(a1, · · · ,an). �uCqHEBQ0�hgBQ
r[a1, · · · ,an]=d���'���B��lwGS a),�=HEB/C��[YM�KQi�C��G=��9BX��&�y
 3. K a1, · · · ,anb m
o$�� r(a1, · · · ,an) = r[a1, · · · ,an].H{�/ r(a1, · · · ,an) = r. lwAxH{ a1, · · · ,anS�+ r q�h|
n}�*. r(a1, · · · ,an) = r,*HEQBK$�HE A = (a1, · · · ,an) ��+�q r 8a: D 6= 0./ Dj. ABH i1, i2, · · · , ir j�Q&* ai1,ai2, · · · ,air 	H�y*B m× r HE Ar .9 r(Ar) = r..=|
_,g Arx = 08 Rr SM+k;�.= ai1,ai2, · · · ,air |
n}�7H{ a1, · · · ,anS * ai1,ai2, · · · ,air |
�;�y� aik (k = 1, · · · , r)S* ai1,ai2, · · · ,air |
�;�z/ i1 < · · · < i j <

k < i j+1 < · · · < ir .k m× (r +1)HE A′ = (ai1, · · · ,ai j ,ak,ai j+1, · · · ,air ). 9*. A′ = ABaE�*
 r(A′) ≤ r(A) = r < r +1..=|
_,g A′y = 0+ak; y = (k1, · · · ,k j ,a,k j+1, · · · ,kr)
T ∈ Rr+1. �G=I78 �fkBuG9A*


j

∑
l=1

kl ai l +aak +
r

∑
l= j+1

kl ai l = 0.*. ai1,ai2, · · · ,air |
n}���*
 a 6= 0.CG=I akS * ai1,ai2, · · · ,air|
�;�C��*K$�a i1,ai2, · · · ,air G= a1, · · · ,anB�q�9n}g�| r[a1, · · · ,an] =

r.H��
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Æ 4. {j��Us (&)o$#CUo$#U�
$�j��Us (&)���	 r(A) = r(AT),_ AT U&��Q AUs���Y� 3,��{j��U��ZUs��&�Q{xU�Æ 5. ?Fio$#U�vZU{j�Ngp#�>=�i�Ngp#=P�jo$#�
a1 =









1

−2

1









,a2 =









2

−4

2









,a3 =









1

0

3









,a4 =









0

−4

−4









.;�k
A =

(

a1 a2 a3 a4

)

=









1 2 1 0

−2 −4 0 −4

1 2 3 −4









.C��/C���A?








1 2 1 0

0 0 2 −4

0 0 2 −4









→









1 2 0 2

0 0 1 −2

0 0 0 0









= B.0BBH 1jN 4jb�"k b1,b2,b3,b4.6C�!GSOA r[a1,a2,a3,a4] =

2. wy7��q�9n}g�["? r(b1,b3) = 2.R b1,b3G= b1,b2,b3,b4B�q�9n}g�lwI�}(G� a1,a3�G= a1,a2,a3,a4B�q�9n}g�lwMÆH{ a1,a3|
n}��BC(G�r(a1,a3) = 2.<7,�HE (b1,b3)G=*HE (a1,a3)Z��/C��A\B�VlwEI�/C��� i�HEBQ�wylw)�9n}g a1,a3�;�hg a1,a2,a3,a4. y�lwMÆ�0 a2,a4'	��;�CG=�;+'w;�HEB|
_,g
(

a1 a3
... a2 a4

)

=











1 1
... 2 0

−2 0
... −4 −4

1 3
... 2 −4











.
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lw�C* Aki�/C��A? B,|SK7�0,FHEC�/C���f










1 0
... 2 2

0 1
... 0 −2

0 0
... 0 0











.lwSK7�0;i�b�= (2,0)T ,(2,−2)T ..=
a2 = 2a1, a4 = 2a1−2a3.["�CqbW7$,r0i!OrK mg�hgBQ�
�9n}g� �)�9n}g�;3�hgBm�O[�S�oNlw�SHEk/C��� i�
j�h)B|
}u�wylwr0!O�g.��hQBÆ[�y
 4. K α1, · · · ,αmltgp� β j = ∑m

i=1ai j αi , j = 1, · · · ,s.) A = (ai j )m×s.� r[β1, · · · ,βs] = r(A).H{��fHE1��lw+
(β1,β2, · · · ,βs) = (α1,α2, · · · ,αm)A. (7)" r[β1, · · · ,βs] = r ′.) β1, · · · ,βs�fk�h�9*. α1, · · · ,αm|
n}��*
 A = O..= r(A) = r ′ = 0,K_*
�wy/ β1, · · · ,βs �fk�h�.= A 6= O. / r(A) = r, 9 ABjQ�= r. " A = (a1, · · · ,ar ,ar+1, · · · ,as).  4��
� `/ A B�y r j

a1, · · · ,ar G= a1, · · · ,ar ,ar+1, · · · ,asB�9n}g (����w8 (7)g�[5j2�jBj/C���S). / ak(k = r +1, · · · ,s)S�;f
ak = l1ka1+ l2ka2+ · · ·+ lrkar .'�"

A1 = (a1, · · · ,ar),
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�u* (7),a)HE+[B
R�G+
(β1, · · · ,βr) = (α1, · · · ,αm)A1.lwR� β1, · · · ,βr G= β1,β2, · · · ,βsB�9n}g�6VAH r ′ = r.AxI{ β1, · · · ,βr |
n}�/+ c =(c1, · · · ,cr)

T ∈K9A (β1, · · · ,βr)c =

0,�u (α1, · · · ,αm)(A1c) = 0.*. α1, · · · ,αm|
n}��+ A1c = 0.==
r(A1) = r =hIGqG�||
_,g A1x = 0M+k;�| c = 0.l�_y�S k = r +1, · · · ,s,* (7)+

βk = (α1,α2, · · · ,αm)















a1k

a2k
...

amk















= (α1,α2, · · · ,αm)ak

= (α1,α2, · · · ,αm)(a1, · · · ,ar)















l1k

l2k
...

lrk















= (β1, · · · ,βr)















l1k

l2k
...

lrk















.CG=I� β1, · · · ,βsMS* β1, · · · ,βr |
�;�H��["�CqK_�{�Z�'(�g|
n}B�h (}>./
l�u),9.��hB�U
RS�f mg�hB
R\�E�4`�CqK_BH{�f�;^Kb 5BkWVvil�TJm�Æ 6. Ko$ α,β ,γ ltgp��
ξ = α, η = α +β , ζ = α −β − γ.? ξ ,η,ζ U�v{j�Ngp#�
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;�lw+
(ξ ,η,ζ ) = (α,β ,γ)









1 1 1

0 1 −1

0 0 −1









.*.uGHEBQf 3,a)K_ 4, r[ξ ,η,ζ ] = 3, Sw|
n}�SwG=b B�9n}g�!� 4.�A�F�pCiak=<\p�
(1) a1 = (6,4,1,−1,2)T, a2 = (1,0,2,3,−4)T, a3 =

(1,4,−9,−16,22)T, a4 = (7,1,0,−1,3)T;

(2) a1 = (1,−1,2,4)T , a2 = (0,3,1,2)T, a3 = (3,0,7,14)T, a4 =

(1,−1,2,0)T , a5 = (2,1,5,6)T.!� 5. # r ≥ 2,β1 = α2 + α3 + · · ·+ αr , β2 = α1 + α3 + · · ·+ αr , · · · ,βr =

α1 +α2+ · · ·+αr−1.g�� β1, · · · ,βr a α1, · · · ,αr WD6Ci�h
�lwr0a)K_ 4℄�\{!HEQB�qba�Æ 7. K A,B�b m×n����2� r(A+B) ≤ r(A)+ r(B).H{�/ A = (a1, · · · ,an),B = (b1, · · · ,bn). 7/SwS(Bj�hgB�9n}gb�f ai1, · · · ,ais� b j1, · · · ,b jt .�u ap,bpb�S�;f
ap =

s

∑
l=1

kl ai l , bp =
t

∑
l=1

k̃l b j l ..=
ap+bp =

s

∑
l=1

kl ai l +
t

∑
l=1

k̃l b j l .6V A+BBj�hMS) ai1, · · · ,ais,b j1, · · · ,b jt C s+ t q�h|
�;�6V
�hgBQ 9. s+ t..=� r(A+B) ≤ s+ t = r(A)+ r(B).!� 6.g�� r(A−B) ≥ r(A)− r(B).F 4y CL�sDj�:,bG	Dt,C�90a)�yg9'(Bj��_[�E K ,B|
W) V. 0 VPk�q�hg��uCq�hgBQ nG6j|
W) V BgG�V
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�q�9n}gG6j V B�g�� V S�h)Cg�|
�;5B�;uGG)kh�h8Cg�wBl��G'�y�	S'(ENXl�u���<Y.��S. V S.��hB�EGa�℄�fS. KnS�hB�E�R �GS 9)HE�|
_,gCuJi�C`Æ�["B+gI�Ax� V =�+n{q�hB�hg (1a
V = {0}),R H 39K_ 1BH{ 7>)�|�B78
� ��H�R 8|
;GV,`�M�E+{gW)���78�g��
R��hqGf+{B|
W)�S.n{gB|
W)B�E=^�bqB�&�
5�8|
W)S��B��=:+!f+$B�6V�q�hBl� J+U~"$ (C`T�["��h=U~Bh� �℄.%QuB���Vl�9 [). 6S�;q�	lwGI�����g�B� (l�u),S.;LkWS��:\�9_��CGÆ�lw�E8 [�w[�q�hBl�J)��B�o�wyB�&�G=
,F=.�x��)�$(�	w�����&�w1ny* 1. K V Q K(K = R} C)IUlt���α1, · · · ,αnb V �{#ltgpUo$�G V �C�{jo$ β ���Z0lt=P�β = k1α1+k2α2+

· · ·+ knαn, ki ∈ K, �B α1, · · · ,αn Q V �U )0�, nB% V U ��, �%
dimV. n
o$ (k1,k2, · · · ,kn)

T B% β �~ α1, · · · ,αniU1n.["�*.� α1, · · · ,αn|
n}�|�q�h8rK�wBl�=e�B�Æ 1. (|�9�X 1�� 4)�A� 2×2M��nCUlt����% M2×2.�
E11 =

(

1 0

0 0

)

,E12 =

(

0 1

0 0

)

,E21 =

(

0 0

1 0

)

,E22 =

(

0 0

0 1

)

nC M2×2U{#~�o dimM2×2 = 4.� (

a b

c d

)�~ E11,E12,E21,E22iU&<�Q (a,b,c,d)T.
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Æ 2. �AY��KS?N	 5 UMhS{
^nO�2�9^�a�SDnCU R IUlt�� P[x]5. �ZU{#~�Q 1,x,x2,x3,x4,x5. 	Q
dimP[x]5 = 6.H{�lwxH{ 1,x,x2,x3,x4,x5|
n}�) a0+a1x+a2x2+a3x3+

a4x4 +a5x5 = 0*
�G"i`C�i�CqU�:�fk�V*;G��K_�) ai(i = 0, · · · ,5) �fk�9h_,hUM+pqfs�6VhUM+pq7s� S�SR+ x∈ R*
�| ai(i = 0, · · · ,5)�fk��A?
1,x,x2,x3,x4,x5|
n}�-y�S"" f (x) ∈ P[x]5, dS�;f f (x) = a0 + a1x+ a2x2 + a3x3 +

a4x4 +a5x5.|8Cg�w� f Bl�G= (a0,a1,a2,a3,a4,a5)
T .^KG� ��H�b'�1,x+1,(x+2)2,(x−8)3,(x+10.3)4,(x−100)5�= P[x]5B�g��Æ 3. (|�X 1�� 3)�	C[a,b]7tY�KSU{
^nO��I{��~�S� C[a,b]Qjgk
Ult���Æ 4. (|�X 1�� 12)℄lt�� W = span{α1,α2, · · · ,αn}, G α1, · · · ,αnU{j�Ngp#Q αi1, · · · ,αir ,� αi1, · · · ,αir �QWU{#~�dimW = r.Æ 5. �W = {(x1,x2,x3)

T ∈R3 : x3 = 0},ZQR3Ult ����� (1,0,0)T ,(0,1,0)TQWU{#~� dimW = 2.!� 1. _ R4 k��F� b = (0,0,0,1)T _i a1 = (1,1,0,1)T,a2 =

(2,1,3,1)T,a3 = (1,1,0,0)T,a4 = (0,1,−1,−1)T ACs+�!� 2.�)aE 1x>2 1k (2)1HTBK�rC9+[Qpi�{�$(�	w�m�+&�w1nm�y
 1. K β1, · · · ,βn v α1, · · · ,αn Q n
lt�� V U##~�� βi �~
α1, · · · ,αniU&<b ci = (c1i ,c2i , · · · ,cni)

T , i = 1,2, · · · ,n.� nÆb�
C = (c1,c2, · · · ,cn), (8)BbL~ α1, · · · ,αnR~ β1, · · · ,βnU�z�,,z�QT�q%���v�

(β1, · · · ,βn) = (α1, · · · ,αn)C. (9)
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�Ko$ ξ �~ α1, · · · ,αni&<b a = (a1, · · · ,an)
T :

ξ = (α1, · · · ,αn)a, (10)�~ β1, · · · ,βniU&<b b = (b1, · · · ,bn)
T :

ξ = (β1, · · · ,βn)b. (11)�
b = C−1a, } a = Cb. (12)H{�0 (9):( (11),A?

ξ = (α1, · · · ,αn)Cb.04:0 (10)S��a)8[��w�q�hBl�Be�
�GA? (12)BHY:�7["?a) (9)�H 39K_ 4,GSI r(C) = n.R CS��.= (12)BH�:*
�H��["�a) (8)B"$��SBH i jG=��SH i q�h βi 8F�
α1, · · · ,αnwBl��+5S �YlwYM�0�PHE�4`�'�lw
 (9)�fj�hB�:�









β1
...

βn









= CT









α1
...

αn









, (13)�ulwG�P?�q�hB�Fl����o0�F�B���o= ��B��B=
BS(HEB℄PB��R 8>hbq�db�	`��
�hW)`B�h)k�8℄�>h�Æ 6. kY R3U~
a1 =









1

2

1









,a2 =









2

3

3









,a3 =









3

7

1








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v
b1 =









3

1

4









,b2 =









5

2

1









,b3 =









1

1

−6









.

(a)?� a1,a2,a3R b1,b2,b3Us[���
(b)}�o$ ξ � b1,b2,b3iU&<b (1,−1,0)T .? ξ � a1,a2,a3iU&< a.

(c)}�o$ δ � a1,a2,a3iU&<b (1,−1,0)T.? δ � b1,b2,b3iU&< b.;� (a)"HE B = (b1,b2,b3), A = (a1,a2,a3),9 (9)G= B = AC.lw��0 C,GÆ��;|
_,g AX = B.f4�S;�HE (AB)k/C����










1 2 3
... 3 5 1

2 3 7
... 1 2 1

1 3 1
... 4 1 −6











→











1 2 3
... 3 5 1

0 −1 1
... −5 −8 −1

0 1 −2
... 1 −4 −7











→











1 0 5
... −7 −11 −1

0 1 −1
... 5 8 1

0 0 −1
... −4 −12 −8











→











1 0 0
... −27 −71 −41

0 1 0
... 9 20 9

0 0 1
... 4 12 8











.

R C =









−27 −71 −41

9 20 9

4 12 8









.

(b)* (12)HY: a =Cb =









−27 −71 −41

9 20 9

4 12 8

















1

−1

0









=









44

−11

−8









.

(c) lwÆ!O C−1. f4�S 









−27 −71 −41
... 1 0 0

9 20 9
... 0 1 0

4 12 8
... 0 0 1











k/
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C���0i��f<jE�A? 









1 0 0
... 13 19 181

4

0 1 0
... −9 −13 −63

2

0 0 1
... 7 10 99

4











. 6V
b = C−1a =









13 19 181
4

−9 −13 −63
2

7 10 99
4

















1

−1

0









=









−6

4

−3









.Æ 7. �*�Y�`ÆMIH�b� (�rF (

a b

0 c

) U��) 2���avSD#CU RIUlt�� V.jB
(I) : E11 =

(

1 0

0 0

)

,E12 =

(

0 1

0 0

)

,E22 =

(

0 0

0 1

)QZU{#~�
(a)�2�

(II) : M1 =

(

1 1

0 0

)

,M2 =

(

1 0

0 1

)

,M3 =

(

0 1

0 1

)zQ{#~�>qH� (I) R (II) Us[���
(b)? M =

(

2 −1

0 −3

)�##~iU&<�;�(a)a) (II) �h8 (I)wBl��&!�0�PHE C=









1 1 0

1 0 1

0 1 1









.*. r(C) = 3,*H 39K_ 4SI (II) S�h|
n}�- dimV = 3,|*H 39K_ 2I (II) �=�g��
(b)y� M 8 (I) wBl�f a = (2,−1,−3)T . |S8 (II) wBl�f

b = C−1(2,−1,3)T = 1
2









1 1 −1

1 −1 1

−1 1 1

















2

−1

−3









=









2

0

−3









.!� 3. (1) g�� (1,1,0,)T,(2,1,3,0)T,(1,1,0,0)T,(0,1,−1,−1)T a
(1,0,0,1)T,(0,0,1,−1)T,(2,1,0,3)T,(−1,0,1,2)T I( R4Ci�

(2)�;�bAdbC_J�e�
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F 5y CLR6q|nDzZ8�=H 19lw�CH{i�5|
_,g
Ax = 0 (14)

(A=m×nHE�x ∈ Kn)B;� Ker(A)= KnB|
aW)�H 3=H 69B (5):r0iCq�
2LB�q�8: (
S� d1 = d2 = · · · = dr = 0).�9G=a)�yR�|
W)B_qS Ker(A) & �E�~B=�K
gG���?�g���
�lw7�Ea�5_,g
Ax = b (15)B;� A . lw0Zz� A 
7G= Ker(A)7&�q���y
 1. K r(A) = r,� dimKer(A) = n− r.H{�) r = n,9 (14)M+k;� Ker(A) = {0},| dimKer(A) = 0*
�) r < n,  lw�?H 3=H 69B (5): (*.z8M�E�5_,g�| d1 = d2 = · · · = dr = 0):































x1 = −c1,r+1xr+1−·· ·−c1nxn,

x2 = −c2,r+1xr+1−·· ·−c2nxn,

· · · · · ·

xr = −cr,r+1xr+1−·· ·−crnxn.

(16)

lwMÆ��0 Ker(A)B�g��S�f4�b�� (xr+1, · · · ,xn)
T f Kn−r B<j�h (�#H 29b 1):















1

0
...

0















,















0

1
...

0















, · · · ,















0

0
...

1















.
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�u* (16)S�0'w n− r q (14)B;�Sw��)k (14)B�q�t
#:

x1 =



































−c1,r+1

−c2,r+1
...

−cr,r+1

1

0
...

0



































,x2 =



































−c1,r+2

−c2,r+2
...

−cr,r+2

0

1
...

0



































, · · · ,xn−r =



































−c1,n

−c2,n
...

−cr,n

0

0
...

1



































.

lwH{ x1, · · · ,xn−r G= Ker(A)B�g��AxI{Sw=|
n}B�*.HE (x1,x2, · · · ,xn−r)h
 n−r�
7G=�q n−r 8<jE�|
QG= n−r. .=�5|
_,g ∑n−r
j=1k jx j = 0M+k; k j = 0, j = 1, · · · ,n− r.CG�{ x1, · · · ,xn−r |
n}�7I{ (14) B""�q;MS* x1, · · · ,xn−r |
�;�<7,�*

(16),(14)B"	�q;��kj�hB�:�G=
x =



































−c1,r+1xr+1−·· ·−c1nxn

−c2,r+1xr+1−·· ·−c2nxn
...

−cr,r+1xr+1−·· ·−crnxn

xr+1

xr+2
...

xn



































,


S xr+1, · · · ,xn ∈ K =b*hIh�y� xS b;f
x =

n−r

∑
j=1

xr+ jx j .H��
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�� 1. / Af m×nHE�9 r(A)+dimKer(A) = n.wylwP�qJXBOb�
Æ 1. ? 





























3x1 +5x2 +6x3−4x4 = 0,

x1 +2x2 +4x3−3x4 = 0,

4x1 +5x2−2x3+3x4 = 0,

3x1 +8x2 +29x3−19x4 = 0

U~I�h�^��
;�SuGHE Ak�/C���f*�B�8U�_�A?













1 0 −8 7

0 1 6 −5

0 0 0 0

0 0 0 0













.6VS �0 x1 =













8

−6

1

0













, x2 =













−7

5

0

1













..=Z;G= k1x1+k2x2.Æ 2. K�;KbE# (I) :







x1+x2 = 0,

x2−x4 = 0,
(II) :







x1−x2 +x3 = 0,

x2−x3 +x4 = 0.
?Z0Ulm��;�*.

(

1 1 0 0

0 1 0 −1

)

→

(

1 0 0 1

0 1 0 −1

)

,

| (I) B�q�3;uG= x1 =













0

0

1

0













, x2 =













−1

1

0

1













. z/ x = k1x1 +

k2x2=wx;�0J;( (II),A?|
_,g






k1−2k2 = 0,

−k1 +2k2 = 0,;A k1 = 2k2. 6Vwx;G= k(2x1 +x2),k∈ R.

114



["�l`�T�|
_,g Ax = 0, Bx = 0Bwx;BÆ[G=Q&_,g (

A

B

)

x = 0,�Z�SbXHE (

A

B

)k�/C���;�Æ 3. K Abm×n���Bb n×p���= AB= Om×p.�2�r(A)+r(B)≤ n.H{�0 B	j�h�kbXHE B = (b1,b2, · · · ,bp),9*
 Ab j = 0.*. r(B) = r[b1,b2, · · · ,bp] ≤ dimKer(A) = n− r(A),�A r(A)+ r(B) ≤ n.Æ 4. Ab nÆb�� n≥ 2, A∗ b AU5X����2�
r(A∗) =



















n, r(A) = n,

1, r(A) = n−1,

0, r(A) ≤ n−2.H{�> r(A) = n5 |A| 6= 0,AS��R A∗ = |A|A−1�S��| r(A∗)= n.> r(A)≤ n−25�*HEQBK$�AB"" n−18a:Mfk�|*
QHEK$� A∗ = O,6V r(A∗) = 0.> r(A) = n−15�*. |A| = 0, )H 2=�j:	�j<O
RSA
AA∗ = O. .=a)b 3:q� r(A)+ r(A∗) ≤ n,.= r(A∗) ≤ 1.) r(A∗) = 0,9 A∗ = O. ==*HEQK$�45 ASN-+�q n−18a: fk�| A∗ SN-+�q2L fk�tT�R 45 r(A∗) = 1.H��!� 1.# A( nwQe� A2 = A.g�� r(A)+ r(A−En×n) = n.!� 2.I7A��:BKQ5pCQWi8{?�

(1)































x1 +x2 +x3+x4 +x5 = 0,

3x1 +2x2+x3 +x4−3x5 = 0,

x2 +2x3+2x4 +6x5 = 0,

5x1 +4x2+3x3 +3x4−x5 = 0;

(2)































x1−2x2+x3 +x4−x5 = 0,

2x1 +x2−x3−x4−x5 = 0,

x1 +7x2−5x3−5x4 +5x5 = 0,

3x1−x2−2x3 +x4−x5 = 0.wylw7Pa�5_,g (15)B;� A ,45 b 6= 0.
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y
 2. K yb
;KltbE# (15)U{j���ZUC��Z�a{W=Pb ∑n−r
j=1k jx j + y,:� x1, · · · ,xn−r Q℄�;KltbE# (14)U~I�h� r = r(A).lwS
h:q*"f A = Ker(A)+y. R �M�n�2i�5_,B;��7�?�qT;��ua�5_,gB;��G�2i�lwT�["� A  =�q|
W)�H{�y���' ∑n−r

j=1k jx j +yB�hM= (15)B;�℄J�/ z= (15)B;�9 A(z−y) = Az−Ay = b−b = 0.R z−y ∈ Ker(A),6V z−yS e�G�f ∑n−r
j=1k jx j ,CG=I� zSe�G�f ∑n−r

j=1k jx j +yB�:�H���u�:u��T;���#H 3=H 69}.Z;B (5):�






























x1 = −c1,r+1xr+1−·· ·−c1nxn +d1,

x2 = −c2,r+1xr+1−·· ·−c2nxn +d2,

· · · · · ·

xr = −cr,r+1xr+1−·· ·−crnxn +dr .� xr+1 = · · · = xn = 0, GS A?�qT; y = (d1, · · · ,dr ,0, · · · ,0)T . C`
d1, · · · ,dr �G�5=)�/C��
;�HE (A b)�f*�B�8U�_�HE
Bh
�jBak2L�Æ 5. ?� 

















x1 +x2 +2x3+x4 +2x5 = 7,

x1 +2x2+3x3 +4x4 +5x5 = 15,

2x1+3x2 +5x3 +5x4+7x5 = 22.;�S;�HEk�/C���f*�B�8U�_��A?










1 0 1 −2 −1
... −1

0 1 1 3 3
... 8

0 0 0 0 0
... 0











.h
�jG=�qT;� y = (−1,8,0,0,0)T.MP�y 5j�GS�0�5
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_,gB�3;u�
x1 =



















−1

−1

1

0

0



















,x2 =



















2

−3

0

1

0



















,x3 =



















1

−3

0

0

1



















.

.=S �0Z; x = k1x1+k2x2+k3x3+y, k1,k2,k3 ∈ R.�"�
1.�F�p (1,0,−1,3,−2)T,(2,1,0,−1,0)T,(3,1,−1,2,−2)T Ci�
2. # V (1W:+HY n C$?+Q\NE&Y3C$+m!CBK�r�X# a1,a2, · · · ,an ( n We/D6C$+�p f (x) = (x−a1)(x−

a2) · · ·(x−an), fi(x) = f (x)
x−ai

.g�� f1, · · · , fnY3 V CQpi�
3.# nwQe AÆo A2 = E.g�� r(A+E)+ r(A−E) = n.

4.# A,B( nwQe�Q5p Ax = 0a Bx = 06{�i8{?`W mWF��g�� r(A−B) ≤ n−m.

5. # A ( m× n �e� a1,a2, · · · ,am R:( A CJF�� b =

(b1,b2, · · · ,bn).�g� BKQ5p Ax = 0C{�(Q5 b1x1+b2x2+ · · ·+

bnxn = 0C{�` b( a1, · · · ,amCBKp
�
6. # A =















a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
.. .

...

am1 am2 · · · amn















(m < n.)  Ax = 0 Ci8{?(
bi = (bi1,bi2, · · · ,bin)

T , (i = 1,2, · · · ,n−m.))��:BKQ5p
n

∑
j=1

bi j y j = 0, i = 1, · · · ,n−mCi8{?�
7.#W( RnCdn�r�g��<_ n×n�e A%BW = Ker(A).
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8.# A(QW nwQe�ACE i1, · · · , ir JaE i1, · · · , ir �CvG!C\/'℄�-Np3Cn&28 ACQW r wln&� A(M2ehPM2e��i8 r,g�� A*WQW r wn&/8��
9. g�� (1)�+wPM2Qe*/��� (2)PM2�eCi*8�+�
10.# A( m×n�e� r(A) = n.g��<_i8 nC n×m�e B%B BA= En.

11.�1Q5p Ax = 0,�k A( nwQe� |A| = 0. AkW�W\/
ai j C?+Zn& Ai j 6= 0.g��UQ5pC1W{I�-8

x = k(Ai1,Ai2, · · · ,Ain)
T .
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* 5/ - . , +5=�9!�~1�
Q/��A R4S^&K}p�n (a)^3 Ax =

b,�4 bO�4l[ R(A)4�`�"m (b)0 Ax = b��\RZ8% “R%� ”— ~1|�WS
>�?���=&K}p9�)1?_�v4H>� N 1a q�i℄��YA�
~1Q�Zg�)4H>�5��,gH�=<(/�'4�:Y�'v4r~��
5���v!��'vE,��Q��E�:Yr~9
0,8%4�y(<�℄a�{$M�L46��N1'S(?_�v4H>�nÆ
&K�'Bv.8%(�I�U<j43l�H.QTIN 4���v�=!4<j��Æ
��oZ!&K 3 z�'<jH>4uR�,(<jÆ�"8%O�K�'4�:mO#&K�'v4r~��Æ,(&K�'
E%C (?})4H>�/
~1Æ�"R��oZ9��{$C~W�� —5��,gH�
�V�L?}i —(�,(���Æ�"��*
2
�=Æy�W)S
>�?8%��A 4R%� —7I#%�4S*� —V(Æ�4L	�o�6�=^3~1< “S* ” ,(�Kg�V4�"'a4�L�")%C4H>�
�"�~1A�6�`^3L8��A R,�4CF'
O�4l[���xg
y{pja� 1. t V z�5vÆ�ZL�' V 3+�`�4&}��� xg: -o� α,β ∈V,!��'v|$�d-��*5v|��P< α $ β 'gE,J= (α,β ),��
9q�7[�
(a) (α,β ) = (β ,α);

(b) (kα,β ) = k(α,β );

(c) (α +β ,γ) = (α,γ)+(β ,γ);

(d) (α,α) ≥ 0,i (α,α) = 0$iS$ α = 0.
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�s α,β ,γ � V 3o��_�k�o�v|�+�`gE'vÆ�ZLP<yhs^pj,M�hxZL�5?_�v V !�8%�' α 4 Zb|α| y√(α,α). �:y 14�'�V ℄��u. 8%�' α,β 4 nq Æ
 |α −β |. 8%&KC*�' α,β4il< α,β >y
< α,β >= arccos

(α,β )

|α||β |
.T (α,β ) = 0,Æ� α 0 β�k. o�6�*�'0OZ�'�?}��"�#<j48%
+��oZ4<j!�a)N A?8%4��:0r~48%�0��oZ�QN_���/
+/=!<j8%4!���~1Æ�h4Vf�:mr~8%4[ ��+<j4N (d),�'�:
�"8%4 (�"�A). &v�;�# |α| = 00H�0 α = 0,H

|kα|= |k||α| (k∈ R)./
+/P
�$ |cos< α,β > | ≤ 1,m"y(^r~8%[ �Æ��$R��5_
|(α,β )| ≤ |α||β |, (1)EH5X�$0H�0 α,β ���Q�

(1) Æ
 o� — z�\Y`{. n�+<j4N u#�b℄V�T
α,β ���Q�7�$ α = kβ h β = lα.�B�,7�II��7 |(α,β )|=

|(kβ ,β )|= |k||β |2 = (|k||β |)(|β |) = |α||β |.4�, α,β ���Q4I��&\ α 6= 0.<O#℄g t,7�' tα−β 6=

0./
+N (a)—(d),�$
0 < (tα −β , tα −β ) = t2(α,α)−2t(α,β )+(β ,β ).+/V_-�Q/ t 4�1>'Vg℄?�E��_Æ�J
/*�n (α,β )2 <

(α,α)(β ,β ),&��AÆ31 (1).m"�'r~48%�
[ 4��3��Æ#N�t 1. ' Rn3�- x = (x1, · · · ,xn)
T ,y = (y1, · · · ,yn)

T ,+�gE
(x,y) =

n

∑
i=1

xiyi = yTx.
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5� yTxzV,�0�>p��.7[ (a)—(d)�℄�~�*mvzgE��?�' Rn3�gE8z%+q�+��
n*Uz�dR	I<3~{�'gE�#z�_ x'�,Uz |x|=
√

∑n
i=1x2

i ,.*4j��'X
—u���(xUz
|

n

∑
i=1

xiyi | ≤

√

(
n

∑
i=1

x2
i )(

n

∑
i=1

y2
i ). (2)t 2. 'vÆ�ZL C[a,b]3�-o�:| f (x),g(x) ∈C[a,b],+�

( f ,g) =
∫ b

a
f (x)g(x)dx.( E4'�2��f�.7[ (a)—(d)�℄�#z*U6�` C[a,b]s'�5gE���'�_ f (x)'�,Uz | f | =

√

∫ b
a | f (x)|2dx,X
—u���(xUz

|
∫ b

a
f (x)g(x)dx| ≤

√

(
∫ b

a
| f (x)|2dx)(

∫ b

a
|g(x)|2dx). (3)�M�_D��t4�5_ (2)(3),~1
�
3BF!�4%'�t 3. ' R43��k�"��_ xw/$���_W-O�

a1 =













1

1

1

−1













, a2 =













1

−1

1

−1













, a3 =













2

1

3

1













.��e�J�F'��A R Ax = 0,EH
A =









aT
1

aT
2

aT
3









=









1 1 1 −1

1 −1 1 −1

2 1 3 1









.")�"5�d�3 x = (4x4,0,−3x4,x4)
T ,EH x4yO+{A'�+/ |x|=

1,m"�J 26x2
4 = 1,(= k4 =±

√

1
26,31 x = (±4

√

1
26,0,∓3

√

1
26,±

√

1
26)

TnmJ�
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�| 1. |��h\ V zf�O�jUC�KoZ (x,y)1,(x,y)2, !n�
(x,y) = (x,y)1 + (x,y)2 �� V zKoZ�A�G��Ke
 — }�HCM��,(<jB^�~1Æ�"8%?_�v4�L?}i�nC~W��(�a� 2. rhxZL V 3�:3b�_^^��-O�U�*z�5 �k�u
. r ε1, · · · ,εnz V '�:D�.i�z�5-O�_:�U�/� V '�: �kf. rT�� εi(i = 1, · · · ,n)Bz"��_�U� ε1, · · · ,εnz V '�:X��kf.t 4. t α1, · · · ,αmzhxZL'�:-O�_�(�d�Æ��9��4�X ∑m

i=1 l iαi = 0,&�0 αk (kD�K 1,2, · · · ,m)V<j�,
m

∑
i=1

l i(αi ,αk) = 0.") α1, · · · ,αm&&_�?}�7 (αi ,αk) = δik|αi|
2,EH δi j 
7 29'S4 KroneckerqX�+/ αi 6= 0,/
31 lk = 0.=Æ�4( α1, · · · ,αm���Q�t 5. t α1, · · · ,αnzhxZL V '�:�6-OD�t V 3�_ ξ ,η '�D�'>�4�� (x1, · · · ,xn)

T ; (y1, · · · ,yn)
T . ( (ξ ,η) = ∑n

i=1xiyi . ��)�
|ξ | =

√

∑n
i=1x2

i .">�4_Y�gE�y� xi = (ξ ,αi), i = 1, · · · ,n.�4�X ξ = ∑n
i=1xiαi ,&�0 αl (l = 1, · · · ,n)V<j�Æ31 (ξ ,αl) =

∑n
i=1xiδil = xl ,/
 xl = (ξ ,αl)..

(ξ ,η) = (
n

∑
i=1

xiαi ,
n

∑
j=1

y jα j)

=
n

∑
i=1

n

∑
j=1

xiy j(αi ,α j)

=
n

∑
i=1

n

∑
j=1

xiy jδi j

=
n

∑
i=1

xiyi .
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�
�=K�T�4�5?_�vH��-
8�8%4<j�RT�8(�RQ/=K<j4�L?}i�7&K!��'4<j4plÆ�"ayEW�Vy nz�'m8%4�L<j (e$# 1)4pl�m"5?_�vH:1�R�L?}i</<j��'�:m�'r~4pl9f+�\*A��
��u
_X��ke9/�KOM4}pÆ
?_�vH�L?}i4)5�mEO6A?��3�W4J�8 —[2o?}a?��(=K}p�ar 1. t V zgEZL� α1, · · · ,αm ∈ V z m5Æ��9'�_�(' V3 '-O�_: β1, · · · ,βm,�$ α1, · · · ,αmz(K' (HY����y).�4��3O6 β1, · · · ,βm4l?�UJ�8 —[2o?}a?�e�K β1 = α1.�tX β1,β2, · · · ,βk(1≤ k≤m−1)!�8%�n1_�?}�H0 α1, · · · ,αk5u�~18% βk+1R��
βk+1 = αk+1−

k

∑
j=1

(αk+1,β j)

|β j |2
β j , (4)7+S:tX��M βk+1�+ α1, · · · ,αk+1���`��B�αk+1 ��"+

β1,β2, · · · ,βk+1���`�4< l = 1,2, · · · ,kpl
(βk+1,βl) = (αk+1,βl )−

k

∑
j=1

(αk+1,β j)

|β j |2
(β j ,βl)

= (αk+1,βl )−
k

∑
j=1

(αk+1,β j)

|β j |2
(δ jl |βl |

2)

= (αk+1,βl )− (αk+1,βl) = 0.m" β1, · · · ,βk,βk+1PM_�?}�=�Æ)S:?�4(8 �Jq��M�31(?}�'R β1, · · · ,βmB^�+ εi = βi/|βi|, i = 1, · · · ,m,Æ31�L?}�'R�RT α1, · · · ,αm
�Ri�9/ ε1, · · · ,εmÆ
�R�L?}i��3~1��K�q4l#�*s�"	��sU=K#N �J�8—[2o?}a?�
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t 6. N x1 =













1

1

0

0













, x2 =













0

1

1

0













, x3 =













1

0

1

1













�6-OA���e�w� r(x1,x2,x3) = 3,Pn1���Q�+ y1 = x1.7 |y1| =
√

2.V
y2 = x2−

(x2,y1)

|y1|
2 y1

=













0

1

1

0













−
1
2













1

1

0

0













=













−1
2

1
2

1

0













,

m" |y2| =
√

3
2.4V

y3 = x3−
(x3,y1)

|y1|
2 y1−

(x3,y2)

|y2|
2 y2

=













1

0

1

1













−
1
2













1

1

0

0













−
1
2
3
2













−1
2

1
2

1

0













=













2
3

−2
3

2
3

1













,

/
 |y3| =
√

7
3.PmJ�L?}�'Ry 1√

2













1

1

0

0













, 1√
6













−1

1

2

0













, 1√
21













2

−2

2

3













.�| 2.^wÆ�k�$ _X� (1,1,0,0)T,(1,0,1,0)T,(−1,0,0,1)T.t 7. t V z�5hxZL� ξ ∈V, Sz V '�57G�r ξ ; S3o��5�_W-O�U� ξ $ S-O�J= ξ ⊥ S..e�r ξ $ α1, · · · ,αm ∈V-O�( ξ ⊥W = span{α1, · · · ,αm}. (C�* 4)* 1Q\ 12.)��)�rB! ξ ∈W,( ξ = 0.
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�4�X αi1 , · · · ,αir 
 α1, · · · ,αm4�Kk*�QR�n�Æ
W4�Ri�+8 1,�"+BO6#0E5u4W4�L?}i β1, · · · ,βr .+/ βl�"+ αi1 , · · · ,αir ���`�H ξ ⊥αi , i = 1, · · · ,m,P�$ ξ ⊥ β j , j = 1, · · · , r./
�</O# η ∈W, η ��y η = ∑r
i=1yiβi ,(= (ξ ,η) = ∑r

i=1yi(ξ ,βi) = 0.T ξ ∈W,dWy�K r z?_�v�7 ξ 5 β1, · · · ,βr �W�47 l KW�D' yl = (ξ ,βl) = 0, l = 1, · · · , r. m" ξ 4W�y (0,0, · · · ,0)T ∈ Rr . /
 ξ = 0.�
�5��S^�Vy# 8HH>4�KuR�~1L#R�8%�a� 3. t SzhxZL V '�53Z7G� V 3~!$ S�0'�_8�'G=�P< S'-O�ZL�J= S⊥.J# S⊥ �
�l�&yP, 0∈ S⊥.�| 3.!n S⊥ � V K�U��%h\�t 8. t Sz n�hxZL V 'Æ�7ZL�i dimS= r,( dimS⊥ = n− r.�4�X α1, · · · ,αr 
 S4�Ri�+/ S⊥ �
 V 4��N�v�H
dimV = n < ∞,�":1 S⊥ 4�Ri β1, · · · ,βp. (��7 497 3�8 14�4�)< α1, · · · ,αr VJ�8 –[2o?}a�Æ�31 S4�R�L?}i
ε1, · · · ,εr . < β1, · · · ,βpJ�8 –[2o?}a�Æ�31 S⊥ 4�R�L?}i ζ1, · · · ,ζp.�3�4 ε1, · · · ,εr ,ζ1, · · · ,ζpÆ
 V 4�R�L?}i�e��4 ε1, · · · ,εr ,ζ1, · · · ,ζp���Q�X

k1ε1+ · · ·+krεr + l1ζ1 + · · ·+ lpζp = 0. (5)G5_&�t\0 k1ε1 + · · ·+krεr V<j�+/ ζ1, · · · ,ζp�0 S?}�Æ31
(k1ε1+ · · ·+krεr , k1ε1+ · · ·+krεr) = 0.+<jN ��3 k1ε1 + · · ·+krεr = 0.+/ ε1, · · · ,εr 
i�(= k1 = · · · =

kr = 0. �j6�sU5 (5) &�t\0 l1ζ1 + · · ·+ lpζp V<jÆ�"�4
l1 = · · · = lp = 0.=Æ�4( ε1, · · · ,εr ,ζ1, · · · ,ζp���Q�4�4 V HO��' ξ ��) ε1, · · · ,εr ,ζ1, · · · ,ζp �`�V�' η =

∑r
i=1(ξ ,εi)εi + ∑p

j=1(ξ ,ζ j)ζ j ∈ V. 9/+/ (ξ −η,εi) = 0,(ξ −η,ζ j) = 0<
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i = 1, · · · , r, j = 1, · · · , p9�$�m" ξ −η ∈ S⊥ H (ξ −η) ⊥ S⊥.+# 7,A
ξ −η = 0.m" ξ = η. =Æ�4( ε1, · · · ,εr ,ζ1, · · · ,ζp
 V 4�Ri��;�#=

 V 4�R�L?}i�m" dimV = r + p. .!A dimV = n. m" dimS⊥ = p = n− r.�
��| 4.x S�p�h\ V K�U��%h\�!n (S⊥)⊥ = S.N 2a R(A)LgW����A R

Ax = b, (6)EH A
m×n�>�x ∈Rn, b∈Rm.q R(A) = {y∈Rm :)5x∈Rn^3y =

Ax}.57 497 1�# 8~1!�A2( R(A)
 Rm4�K��N�v�&ve$ Ker(A) = {x ∈ Rn : Ax = 0}. Vy?_�v -4�K()�~1
,R�< R(A)MYS4�`�ar 1. t r(A) = r, ( dimR(A) = r i R(A) = Ker(AT)⊥.V, A'a�_:'�5F!�9:Uz R(A)'�:D��4�1.e��4 dimR(A) = r.|�> A�y A=
(

α1 α2 · · · αn

)4�_�EH αi(i = 1,2, · · · ,n) 
 m z�'�+8%�~1Æ, R(A) =

span{α1, · · · ,αn}, (= dimR(A) = r[α1, · · · ,αn] = r(A) = r. α1, · · · ,αn 4�Kk*�QR�MÆ
 R(A)4�Ri�
2.+/ r(AT) = r(A) = r, AT 
 n×m�>�m" Ker(AT)
 Rm4N�v�H dimKer(AT) = m− r. /
+V��# 8,A dimKer(AT)⊥ = m− (m−

r) = r.

3. 4�4 R(A) ⊂ Ker(AT)⊥.�;8%��Æ
��4�X y ∈ R(A),7
y ⊥ Ker(AT),n</O#4 ξ ∈ Ker(AT),��4 (y,ξ ) = 0.=! (·, ·)
 RmH4�L<j�b℄V�tX< x ∈ Rn�$ Ax = y,9/
(y,ξ ) = (Ax,ξ ) = ξ T(Ax) = (ξ T(Ax))T = xTATξ = (ATξ ,x) = (0,x) = 0.
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EH7UK5X)1( ξ T(Ax)
�Kg�(=nYn4KF
��4�7iK5X)(�>�j0KFBv4Q�� (A1A2 · · ·An)
T = AT

n · · ·A
T
2 AT

1 .

4. =�~1�4( R(A) 
 Ker(AT)⊥ 4��N�v�H�,�t4zg r. +�35p 1,�An1ÆM�t��
�w| 1.tWz n�Æ�ZL V '7ZLi dimW = n,(W = V.�4�X α1, · · · ,αn
W4�Ri�.X β1, · · ·βn
 V 4�Ri�+/
W ⊂V,9/ α1, · · · ,αn�"+ β1, · · ·βn���`�+7 497 3�8 24�4�A β1, · · ·βn ��"+ α1, · · · ,αn ���`�/
31 V ⊂ W. P�$
W = V.�
�8 14W$
A�(GY"5�d�m"n�"
uR1��z���vH4��A ��RCwDA ��3
8 14oKx.u-��v 1.T r(A) = m,7 (6)<O# b ∈ Rm9,���v 2.0F'A ATy = 0E,*�\� (6)<O# b ∈ Rm9,���v 3.TF'A ATy = 0, sK���Q4��7E,0 b.Q sKF'��A R\ (6)�,���| 1.!nz�yU�l�N 3a (�RES5�� 4S^���~1�W8%��I�4A (6)4R%�4�IA?� “S
>�? ”. n4	?Æ
5 Rm4��N�v R(A)H:1�K�' b0,^3

Ax = b0 (7),� x0,=H b00 bS “�
 ”. )?_�vH�'�:4H>�` “�
 ”0E��Æ
�J
|b0−b| =

√

(b0−b,b0−b) (8)S
� x0 Æ
5S
>�?#%�4��d�bh�~18%0 r(A) 6=

r(A b) \��A R Ax = b 4 “R%� ” y^38%5 Rn V4R�Vg
f (x) = (Ax−b,Ax−b)
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K1S
D49K (Æ)�' x0,= Ax0 = b0.��~1|e��4 b04)5x�� (8 1).M^L#JR%� x04�KN_��3~1PtX A
m×n�>�m> n,H r(A) = n,�Æ
h�Tq A =
(

a1 a2 · · · an

)

,9/ mz)�' a1, · · · ,an���Q�ar 1. tW z n�hxZL V '+7ZL� v ∈ V # v /∈ W. ( '��'�_ w ∈W w&+�' x ∈ W s':| |v−x| l%;�1���� wB
9�2� v−w ⊥W.� w� v'W s' �k~	. 1/�r w ∈W w&
v−w ⊥W,( wUzw&9# x':| |v−x|'Wsl%;�1'�_��4� �97 1�# 84�4�~1X ε1, · · · ,εr 
W 4�R�L?}i�εr+1, · · · ,εn
W⊥4�R�L?}i�9/ ε1, · · · ,εr ,εr+1, · · · ,εnÆ

V 4�R�L?}i�X v = ∑r

i=1kiεi +∑n
j=r+1k jε j ,~1ÆK w = ∑r

i=1kiεi .�M v−w = ∑n
j=r+1k jε j ⊥W.�3�4 w ∈W ^3Vg |v−x|(x ∈W)K1S
D�b℄V�</O# x ∈W��`y x = ∑r

i=1xiεi,EH xi �
℄g�9/")7 1�# 5,�A
|v−x|2 =

r

∑
i=1

(ki −xi)
2+

n

∑
j=r+1

k2
j . (9)�M0 xi = ki (i = 1, · · · , r)\ |v−x|2K1S
D�HS
DÆ
 ∑n

j=r+1k2
j =

|v−w|2.+&
�y w4x����B�Xw = ∑r
i=1 k̄iεi^3 v−w⊥W,n (∑r

i=1(ki− k̄i)εi +∑n
j=r+1k jε j ,εm) =

0< m= 1, · · · , r 9�$�=Æ#|M ki = k̄i , i = 1· · · , r.(=+G3�4�&
wL^3 |v−x|2K1S
D��
��3�,��A R (7).+8 1,~1!�A2� b0��.Q4rzÆ


b−b0 ⊥ R(A). (10)+G34tX�+/ A).G� R(A) 4�RiÆ
 a1, · · · ,an. m" (10)Æ�0/R� nKA �
(b−b0,aj) = 0 h (b0,aj) = (b,aj), j = 1, · · · ,n. (11)
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")�>�? (e$ AB47 i �7 j )41kÆ
 A47 i �0 B47 j )9Vy nz�'V<j),�n1[���>A 4�_�Æ

bT

0 A = bTA. (12)+/ b0 ∈ R(A),P�tX
b0 =

n

∑
i=1

xiai = Ax0, (13)EH xi (i = 1, · · · ,n)
-J4g�x0 = (x1,x2, · · · ,xn)
T ./
 (12)Æ
R�A 4��

xT
0 ATA = bTA,&�t\KKF�Æ31

ATAx0 = ATb. (14)+/ r(A) = n,~1;� ATA�= (J# ATA
 n�A>),n r(ATA) = n,h<5u6�
ATAy = 0 (15)E,*� y = 0∈ Rn.b℄V�X y
�K��9/5 (15)&�T� yT Æ31 yTATAy = 0. ") yTATAy = (Ay,Ay), ~1Æ31 Ay = 0. /
 r(A) = n,(=Æ, y = 0.=Æ�4( ATA�=�/
�~1�( (14)�#

x0 = (ATA)−1ATb. (16)=Æ
S
>�?#%���A (6)4R%��x� Æ�
[m.t 1. k2�: 








x+y = 3,

2x+3y = 4,

3x+4y = 5

';�/�R�
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����# A =









1 1

2 3

3 4









, b =









3

4

5









,m" ATA =

(

14 19

19 26

)

,(= x0 = 1
3

(

26 −19

−19 14

)(

1 2 3

1 3 4

)









3

4

5









=

(

11
3

−4
3

)

,n3mJ��| 1.vwÆTF&K'�QDb�






























0.39x−1.89y= 1,

0.61x−1.80y= 1,

0.93x−1.68y= 1,

1.35x−1.50y= 1.d�}
1.� R4#�v a,b"\K[` < a,b > .|
(1) a = (2,1,3,2)T,b = (1,2,−2,1)T;

(2) a = (1,2,2,3)T,b = (3,1,5,1)T;

(3) a = (1,1,1,2)T,b = (3,1,−1,0)T.

2. | e1,e2,e3 � R3 K�&�$ _Y�!n� a1 = 1
3(2e1 +2e2−e3),

a2 = 1
3(2e1−e2 +2e3), a3 = 1

3(e1−2e2−2e3)�� R3K�&�$ _Y�
3. vtI��TF& 





2x1 +x2−x3 +x4−3x5 = 0,

x1 +x2−x3 +x5 = 0,
Kbh\ ()	

R5K%h\)K�&�$ _Y�
4.!np�h\#Kr��?�M�� |x +y|2+ |x−y|2 = 2|x|2+2|y|2.

5.�k (1,1,−1,−1)T ,(1,1,0,0)T,(0,0,−1,−1)T,(2,2,−1,−1)T,(1,0,−1,−1)T� R4#K _Bh\K
��P{�
6.vwÆ��K'�QDb� 

















a+1.2b = 1.6,

a+1.4b = 1.7,

a+1.8b = 2.0.
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7. | S⊂ Rn �tI��TF& Ax = 0Kbh\�s# A� m×nd��� S⊥ �~mTF&Kbh\�
8.| α1, · · · ,αm� n
p�h\K mU�k�O�

A =















(α1,α1) (α1,α2) · · · (α1,αm)

(α2,α1) (α2,α2) · · · (α2,αm)
...

...
. . .

...

(αm,α1) (αm,α2) · · · (αm,αm)















.

!n� α1, · · · ,αm���VJu
J |A| 6= 0.
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