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1�ù ��îª�m9ÙIe

·�l�{ü�(�  ´�­��)AÛé�)n���îª�mm©,5n)�©A
Û�Ä��¯K:AÛþ��I�Ã'5. n���îª�mE´·�)¹��¸��«ê
ÆÄ�,·��ïÄ�­�Ú­¡Ñ´§�f8. �d, ·�kES3�5�êÚ)ÛAÛ
¥®ÆL�k'n�îª�mE��
�£.

� n�îª�m9Ù�þ$�

1. îª�m

1. é����8ÜV,3Ú\���5(� 1�,Ò¡��(Rþ�)�5�m. ù��m�
�ên´dÙ�5(���(½�. ék���m(=n <∞), 3(½V��|Ä�þ��, V
ÒÚRn (=n�¢�þ�¤��5�m)�5Ó�,2�Ò´`,�þm��5'X3,«éA
e´ØC�)==ÏLÿþ�þm��5'X´Ã{©Eùü��m(¥�:)�.

2. XJ3VþÚ\SÈ a •b, Ò¡V´��îª�m. 3Vþ�±½Â�þ��Ý|a| =
√

a•a, ¿ÏLCauchy–SchwartzØ�ª½Â�"�þa,bm�Y�θ, ¦�cosθ = a •b/(|a||b|).
dd�±½Â��(R�)�Vg: a ⊥ b ��=�a •b = 0. �
NySÈ(�, ·�3Vþ
Ú\�|IO��Ä{e1, · · · ,en}. �a =

∑n
j=1 a je j,¡(a1, · · · ,an)�a3Ä{e1, · · · ,en}e��I.ÏL

-T(a) = (a1, · · · ,an),Ò�±rV�·����Rn �åÓ�, =�5Ó�T�÷v|T(a)| = |a| (.
�x.d½n). îª�mäkSÈp��ÿÀÚÿÝ(�.
d4zð�ª, îª�m¥�(�5)�åC���±�þSÈ, ¤±Rn¥��åC�é

A�Ý
´��
. PVþ�¤k�åC�(UC�EÜ)�¤�+�O(n),§+Ó��n��
�Ý
UÝ
¦{�¤�+. ù�+´��ØëÏëY+(¹kÿÀ(��+),AO/,Ù�
¹ð�N��©|´��f+,P�SO(n);ù�´¤k1�ª�u1�n���Ý
|¤�+.
5¿O(n)dn(n−1)/2�ëê(½.

3. e¡·���Än�îª�m,P�E. 3Eþ�k���©ÿÀ5�,=�½�5. ·
�¡�þ|a,b,cUmÃX½�(Ù¥z��þÑØ�"),e§�3��IO��Äe��I
÷v

det


a1 a2 a3

b1 b2 b3

c1 c2 c3

 > 0. (1.1)

�±�yù�5�3SO(3)¥�åC�e´ØC�. 3

2. 	È

	È3�m)ÛAÛ¥®²½ÂL.ùp±Ù�~`²ÏL�I5½ÂAÛþ��{.
�½E¥�mÃü ��Ä{e1,e2,e3},½Â	È

a×b =

∣∣∣∣∣∣∣∣∣
e1 e2 e3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣∣∣ .
1=éV¥ü���(¡��þ)a,b½Â\{a + b,éaÚk ∈R½Âê¦ka,¦§�÷veZún.
2=�3V�Rn���éAT,¦�T(ka + b) = kT(a) + T(b).
3ë�1�!1n�!.

3



4 1�ù ��îª�m9ÙIe

·�I�`²Tª�mÃü ��Ä{e1,e2,e3}�À�Ã'.�d,Pþªmà�c. ��O�
�

|c|2 = |a|2|b|2− (a•b)2 = (|a||b|sinθ)2,

u´|c| = |a||b|sinθ,Ù�Ý��IXÀ�Ã'.Ùg,ØJ�yc ⊥ a, c ⊥ b,�1�ª(1.1)��
�|c|2 > 0. ¤±c����´��(½�: a,b,c¤mÃX.¤±a×b´�a,bR�,¤mÃX��
Ý�|a||b|sinθ��þ,Ù¥θ ∈ (0,π)�aÚb�Y�;u´a×b�´a,bÜ¤²1o>/�k�¡
È.

dþã½ÂÚ1�ª�5�,��a×b = −b×a, a× (kb + c) = ka×b + a× c. d	d��O
�,�±�yXeð�ª

(a×b)• (c×d) = (a• c)(b•d)− (a•d)(b• c), (1.2)

(a×b)× c = (a• c)b− (b• c)a. (1.3)

5¿	ÈØ÷v(ÜÆ: (a×b)×c, a×(b×c).d	½Ân��þa,b,c�·ÜÈ(a,b,c) = (a×b)•
c,§Ò´1�ª(1.1),�Ò´a,b,cÜ¤�8¡N�k�NÈ.w,a,b,c�¡��=�(a,b,c) =

0.

3. �þ�¼ê

¡ëYN�r : (a,b)→ E��þ�¼ê(½E¥�^ëê­�).�½E���mÃIO�
�Ä�, r(t)��Ù�I(x(t), y(t),z(t)) ∈ R3�åéA,·����r(t) = (x(t), y(t),z(t)). 4 5¿�

I¼êx(t)�Ñ´êÆ©Û¥ïÄ�ÊÏ�¼ê,¤±k��5�Vg. ½Â

r′(t) = lim
h→0

r(t + h)− r(t)
h

= (x′(t), y′(t),z′(t)).

5¿Tª�>´��IÀ�Ã'�, 5 
1���ª�Ñ
�½�IXe�L�ª. ��±
|^RiemannÚ½ÂÈ©∫ b

a
r(t)dt = lim

|4ti|→0

n∑
i=1

r(t′i )4ti = (
∫ b

a
x(t)dt,

∫ b

a
y(t)dt,

∫ b

a
z(t)dt),

Ù¥a = t0 < t1 < · · · < tn = b´(a,b)���y©, 4ti = ti − ti−1, 
t′i ∈ (ti−1, ti). 5¿é¦�¤á
Leibnitz{K.

~1. �r´��??�"�ëY���þ�¼ê,K

1) |r(t)|´~ê��=�r′(t)• r(t) ≡ 0;

2) r(t)��ØC��=�r′(t)× r(t) ≡ 0;

2) r(t)�,�½��R�,K(r(t),r′(t),r′′(t)) ≡ 0; ��,er′(t)× r(t) , 0,Kr(t)�,�½��R
�.

y². 1). 0 = (|r(t)|2)′ = 2r(t)• r′(t).
2). �r(t) = |r(t)|a,Kr′(t) = a r(t)•r′(t)

|r(t)| = r(t) r(t)•r′(t)
|r(t)|2 . ¤±r(t)Úr′(t)??��.

45¿ùp��ÒÙ¢�Lù�A½��åéA.
5b�T4��3,K��6uîª�m��5ÚÝþún,�ÄÀ�Ã'.
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��,er′(t)× r(t) ≡ 0,K�3¼êm(t)¦�r′(t) = m(t)r(t). ��O���(
r(t)
|r(t)|

)′
=

r′(t)
|r(t)|

−
r(t)
|r(t)|2

r(t)• r′(t)
|r(t)|

= 0.

3). �r(r)•a = 0,Kr′(t)•a = 0, r′′(t)•a = 0,¤±r(t),r′(t),r′′(t)�¡(�5�').
��,dr(t)×r′(t), 0,��a(t) = r(t)×r′(t),§�r(t),r′(t)R�.d(r(t),r′(t),r′′(t)) = 0��a(t)�

Úr′′(t)R�. ¤±d0 = (a(t) • r(t))′ = a′(t) • r(t) + a(t) • r′(t) = a′(t) • r(t) Ú0 = (a(t) • r′(t))′ = a′(t) •
r′(t) + a(t) • r′′(t) = a′(t) • r′(t) ��a′(t)�a(t)²1, =a(t)× a′(t)) = 0. d2), ��a(t)��ØC. ¤
±a(t)/|a(t)|Ò´�r(t)R���½��. 6 2

� n���îª�m9ÙIe

£Á�5�m½î¼�m�Vg�î¼AÛïÄ���!²¡!áN�m¿Ø���

�,�ö¥¿Ø�3AÏ�=�:5éA�5�m�"�þ. ¤±·�Ú\���m�Vg,
5éAÛÆïÄ��m�Ñúnz�½Â.

1. ��îª�m

½Â1 (���m). �V´Rþ��5�m, ¡8ÜP´éAuV������m, XJé?
¿v ∈V, p ∈P,�3���q ∈P (P�p + v),÷vXe5�:

1) (p + v1) + v2 = p + (v1 + v2),Ù¥v1,v2 ∈V;

2) é?¿q ∈P,�3���v ∈V¦�p + v = q. ·�Pv = pq.

·�rP¥��¡�:. ~X�àg�5�ê�§|�)8Ò´�����m. 5¿�
â�5�m�ún,�5�mV���´����m. d	,eV´��îª�m,K¡P´�
�îª�m. ·�rn���îª�mP�E.

~2. R3 = {(a,b,c) : a,b,c ∈R}´����îª�m.

2. Ie

1.�½n���îª�mE¥Ø�¡:�o�:O,P1,P2,P3,¦�e1 = OP1, e2 = OP2Úe3 =

OP3´îª�mE¥��mÃIO��Ä.¡{O;e1,e2,e3}´E3O:���mÃIO��Ie,
{¡Ie.

é?¿:p ∈ E, §3þãIee��IÒ´�þOp3Ä {e1,e2,e3} e��I. d�E Ò
ÚR3ïá
�åéA.¤±3�åÓ�¿Âe, EÚR3´���.

2. 5P. 3ïÄ­¡�, ��ØU��N3­¡þ�mÃIO��Ie. d�·�=
�¦e1,e2,e3�5Ã',
òOp3TÄe�5L«�Xê��§3T(��)Iee��I.¡
Ý
g = (gi j) = (ei • e j)�TIe�XêÝ
. ��þaÚb ��I©O�a = (a1,a2,a3)>Úb =

(b1,b2,b3)>,@o

a•b = a>gb.

6�,,��±��O�(
a(t)
|a(t)|

)′
=

r(t)× r′′(t)
|r(t)× r′(t)|

−
r(t)× r′(t)
|r(t)× r′(t)|2

(r(t)× r′(t))• (r(t)× r′′(t))
|r(t)× r′(t)|

= 0.

ùpI�O�r′′(t)^r(t)Úr′(t)�5L«�Xê.
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3. ØÓIee��IC�5Æ

1. ék = 1,2,�Fk = {Ok;ek
1,e

k
2, ,e

k
3}´E¥ü�mÃIO��Ie. �p3Fke��I´ak =

(ak
1,a

k
2,a

k
3)>. ·��í��þa1Úa2�m�'X.

2. �âÄ�½Â,�3n�êiÝ
A¦�

(e2
1,e

2
2, ,e

2
3) = (e1

1,e
1
2, ,e

1
3)A. (1.4)

du

O1p = (e1
1,e

1
2,e

1
3)a1, O2p = (e2

1,e
2
2,e

2
3)a2 = (e1

1,e
1
2,e

1
3)Aa2,

l


O1O2 = O1p−O2p = (e1
1,e

1
2,e

1
3)(a1

−Aa2).

PO1O23Äe1
1,e

1
2,e

1
3e��I´b ∈R3,@o·�Ò��

a1 = Aa2 + b, ½ a2 = A−1(a1
−b). (1.5)

5¿�þ��IC�5Æ(1.5)�Ä�þC�5Æ(1.4)��,¤±�þ´�«�CÜþ.
��,Ø
^únz�{k�/½Â�þ,��±|^�IC�½Â�þ,=�þ´��

ê|�a,Ù¥?��ê|�ÏL÷vþã5Æ(1.5)�C�C¤,��Ta¥�ê|.
3. (1.4)¥LÞÝ
A´��
. ¯¢þ,

I3 = (e2
1,e

2
2, ,e

2
3)> • (e2

1,e
2
2, ,e

2
3) = A>(e1

1,e
1
2, ,e

1
3)> • (e1

1,e
1
2, ,e

1
3)A = A>I3A = A>A.

5¿ùp�>Ý
��m¦{´�þSÈ,1n��Ò^
SÈ��5±9Ý
¦{�(Ü
Æ.duF1ÚF2Ñ´mÃIe,¤±detA = 1,=A ∈ SO(3).

n n���îª�m¥�fN$Ä

�
²(ü�ã/“��”�Vg, ·�Ú\��îª�m��åC�9fN$Ä�V
g,dd��±�xE¥¤kmÃIO��Ie�¤�8Ü.

1. �åC�ÚfN$Ä

½Â2 (��C�). ¡���mPþ�C�T´��C�,e�3éAn��5�mVþ��5
C�ϕ¦�é?¿p,q ∈P,¤áT(p)T(q) = ϕ(pq).

½Â3 (�åC�,fN$Ä). ¡��îª�mPþ���C�T´�åC�,XJé?¿:p,q∈
P,Ñ¤á|T(p)T(q)| = |pq|;=T´�±ü:målØC���C�.w,d�éA�ϕ´îª�
mþ��åC�,=ϕ ∈O(n). XJϕ ∈ SO(3),K¡�åC�T´Pþ���fN$Ä.

éfN$ÄTÚ�½�O ∈ E,9?¿�P ∈ E,Ñ¤áT(P) = T(O)+T(O)T(P) = T(O)+ϕ(OP),
Ù¥ϕ ∈ SO(3). ¤±EþfN$ÄTÑ�±©)�²£Ú^=�EÜ; fN$Ä+Ò´E ×
SO(3). ù´��o+.

2. fN$Ä�IeC�m�'X

½n1. fN$Är��îª�m�mÃIO��IeC�mÃIO��Ie;��,?��
�îª�m�ü�mÃIO��Ie,�3���fN$Ä,rÙ¥��IeC�,��I
e.
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ù�½nL²��îª�m�mÃIO��IeÚfN$Ä´��éA�. ¤±Eþm
ÃIO��Ie�8ÜÒ´E×SO(3).
y². 1. �F = {O;P1,P2,P3} = {O;e1,e2,e3}´��mÃIO��Ie, T ´���åC�.·
�y²T(F) = {T(O);T(P1),T(P2),T(P3)}�´��mÃIO��Ie. 5¿T(O)T(Pk) = ϕ(OP1) =

ϕ(ek) (k = 1, ,2,3),¤±d�åC��±SÈ�5�, T(O)T(P1),T(O)T(P2),T(O)T(P3)�´�|I
O��Ä�þ;duϕ ∈ SO(3),§��´mÃX.

2. ��,ék = 1,2,�Fk = {Ok;Pk
1,P

k
2,P

k
3} = {O

k;ek
1,e

k
2,e

k
3}´mÃIO��Ie. �P3F1e�

�I´(a1,a2,a3)>,-T(P) = O2 + a1e2
1 + a2e2

2 + a3e2
3. 5¿T(O1) = O2, T(P1

k) = P2
k , k = 1,2,3. ØJw

ÑTéA��5C�´ϕ(e1
k) = e2

k ,¤±T´���åC�.|^(1.4)���ÑT3ÄF1eéA�

Ý
,ù�y²
ù«fN$Ä���5. 2
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1�ù ­��FrenetIeÚFrenetúª

ù�ù·�0�n���îª�mE¥�K­��FrenetIe9ÙFrenetúª,Ä��ï
Ä�{Ò´¦�(�©),^��½�g­����{ü�AÛé�3ÛÜ%C���1w­
�.ÆS¥AO5¿XÛ«©(�½)�IeÃ'�þ.

� ­��ëêL«

1. ·�½ÂE¥�­��ëY�þ�¼êp(t) : R ⊃ (a,b)→E��8. ù«*:¦�·�
�±|^Ä��©Ûóä5ïÄ·��:8,�":´Ó�^­��±´ØÓ��þ�¼ê
��8. �
üØù«Ø(½5,·�I�Xe�½.

½Â1 (NNëêC�). �éu ∈ (c,d),kngëY��¼êt(u)¦�t′(u) > 0,�t(c) = a, t(d) = b,
K¡t(u)´�þ�¼êp(t)���NNëêC�; r̃(u) = r(t(u))�r(t)L«Ó�^­�.

u´·�ïÄ�­�(AÛé�)Ù¢´ëY�þ�¼ê(©ÛÚÿÀé�)3NNëêC
�e��da. 1 ·�¡p(t)´�^ëê­�.

2. �½E¥���mÃIO��Ie(±�þ{¡�Ie) {O;e1,e2,e3}, @o:p(t)Ò�
��Óuîª�mE¥��þr(t) = x(t)e1 + y(t)e2 + z(t)e3

2; 3�åC�¿Âe, �±�r(t) =

(x(t), y(t),z(t))>. ¤±é­�p(t)�ïÄÒ=��éR3¥ëê­�r(t)�ïÄ.
5¿R3���´��n���îª�m. XJ�½(a,b) ⊂ R�R3�ëY�þ�¼êr(t),

·��Ò���^ëê­�.ù�´·��~���½­���ª.3

~1. ¤¢�ÎÚ�Ò´N�r(t) = (acos t,asin t,bt)�;,;§´�Î¡x2 +y2 = a2þmå�2πb�
�^Ú^þ,�­�.

3. o(: ·��ïÄé�´R3¥�ëê­�(N�)r(t),8�´é�3R3�²£Ú���

�C�e, ±9ëêt�?¿NNC�e, T­�(N�)�¤kØCþ; dd)û�½ü^­
�´Ä�±ÏLR3�fN$Ä���¯K,¿y²ÎÜA½�¦�­���35.

4. ��§�uïÄXe�K­�:

½Â2 (�K­�). XJx(t), y(t) Úz(t)Ñ´ngëY��¼ê,4 �r′(t) = (x′(t), y′(t),z′(t)) ét ∈
(a,b)ðØ�",K¡r´�^�K­�; r′(t)��­�r(t):���þ.

5¿|^EÜ¼ê¦�Ú�åC��1w5, ��­���K5´�AÛVg(�ëê
ÚIeÀ�Ã');­���þ���IeÚëêÀ�Ã',���þ�Ý�ëêk'.

5. e¡½Â=�6�­���5��AÏëê)l�ëê.
1¤±l,«�Ýù,AÛÆ´é��51wN��ïÄ,�´��È©ïÄ���äNN�ØÓ,�©AÛïÄ�´�

�N��dapN���Ó�5�.
2d��±@�:½�þ´éÓ�8Ü¥���ü�ØÓ¡�.
3Þ�~f. 3��,<�ò�»w�´����îª�mE,�
P¹((3U��$Ä;,(E¥��^­�),U©Æ

[À�/¥Ún����ð((~X�4(, UH(Ú��()��Ie(Ø´IO��Ie), ù�((�$Ä;,Ò�±
^R3¥ëê�§5£ã, Ù¥ëêÒ´�m. 1�Ò´ÏLõc�*ÿP¹
»(�1(�$Ä]�(ãL/ª�Ñ�ë
ê�§). d�,êÆ[(~XmÊVÚÚî)�
ïÄd$Ä;,(§w��~E,),Ò±TR3 ¥ëê�§�Ä:,@�§´
únz½Â�;2^ín�{�ÄÙ§�IX,'X±���¥%��IX,uyd;,C���{ü,Ò´ý�. �,,�
)ÛAÛØÓ,�©AÛïÄ��{Ø´ÏL��IC�r­�ëê�§z{,
´ÏL�©�óä,��éT­�ëê�
§\±ïÄ,é�­�½­¡���IX(fN$Ä)Ã'�þ, 2�âù
ØCþ, ÏLÈ©½�©�§�óä, 3#��
IXe­#�ïd­�;nØ�y
ù
­�´���.

4�¦ngëY��´du3n�îª�m¥, Ä�þ|�)n��þ, ¤±ér¦�ngÒ�±��4Ü��§|,
=Frenetúª.

9
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½Â3. é�K­�r(t),¡s =
∫ b

a |r
′(t)|dt�­�r(t)�l�, s = s(t) =

∫ t
a |r
′(τ)|dτ�r(t)�l�ëê,

ds = |r′(t)dt|�l���.

ØJ�y,­�r(t)�ëêt´l�ëê��=�|r′(t)| ≡ 1.

� ­ÇÚFrenetIe

1. �­�C : r = r(s)´±l��ëê��K­�,�Ùü ��þ�

α(s) = r′(s). (2.1)

½Â4 (­Ç). ­��ü ��þ'ul��CzÇ¡�­��­Ç:

κ(s) = |α′(s)| = |r′′(s)|. (2.2)

2. ±eb�­ÇþØ�". Kα′(s)´�"�þ,�α′(s)•α(s) ≡ 0,=α′(s)���þR�.½
Âβ(s)�α′(s)���ü �þ,¡�C3r(s):�Ì{�þ. u´

α′(s) = κ(s)β(s). (2.3)

¡γ(s) = α(s)×β(s)�C3r(s):�g{�þ.

½Â5 (FrenetIe). ¡Fs = {r(s);α(s),β(s),γ(s)}´­�C3r(s):�FrenetIe.²¡(X−r(s)) ·α(s) =

0¡�{²¡, (X− r(s)) ·β(s) = 0¡�l�²¡, (X− r(s)) ·γ(s) = 0¡���²¡.

3. 5¿­Ç!Ì{�!g{�!{²¡!l�²¡!��²¡ù
Vg´AÛþ,=�E¥
Ie�À�Ã'.¤±FrenetIe´N3­�Cþ�AÛ(�, 5 §´o+E×SO(3)¥��^
ëê­�.e¡�FrenetúªÒ´ù^­�Fs÷v��©�§. 6

n LÇÚFrenetúª

1. g{�þγ(s)'ul��CzÇγ′(s)�N
��²¡=Ä�¯ú, =­�C l(�
�)²¡­��§Ý.7 duγ′(s) ⊥ γ(s), �α′(s)��β(s), Kγ′(s) = α′(s)× β(s) +α(s)× β′(s) = α(s)×
β′(s),u´γ′(s)�β(s)��.dd½ÂLÇ τ(s):

γ′(s) = −τ(s)β(s), τ(s) = −γ′(s)•β(s), |τ(s)| = |γ′(s)|. (2.4)

5¿τ(s)�½Â�IeÃ'(5¿	È½Â�IeÃ').
2.e¡O�β′(s).�β′(s) = a(s)α(s)+b(s)β(s)+c(s)γ(s),Ka(s) = β′(s)•α(s) =−β(s)•α′(s) =−κ(s),

b(s) = 0, c(s) = β′(s)•γ(s) = −β(s)•γ′(s) = τ(s). u´·���XeFrenetúª: 8

r′(s) = α(s),
α

β

γ


′

= B


α

β

γ

 ,
B =


0 κ(s) 0
−κ(s) 0 τ(s)

0 −τ(s) 0

 . (2.5)

5¿B´�é¡
. 9

5FrenetIe�±@�´­���5z(�,�§Ø�S%AÛ¥,X�©6/���m½�l@�{ü;�Ï´y3­
�á3n��m¥,==(½��Øv±(½­�3�m� �(�±7��^=).

65¿Fs 3E×SO(3)¥?�����^eØC.éXo+þØC�þ|.
7ù5gé²¡­��*	,Ù��²¡ØUC.
8lù´�5�§|��±Nyn)FrenetIe´­���5z(�.
9o+O(n)�)¤�Ò´�é¡
.
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o O�úªÚ~

½n1. é�½ëê­�C : r = r(t),ÙFrenetIeÚ­Ç!LÇkXeúª(½:
α =

r′

|r′|
,

β =
|r′|
|r′× r′′|

r′′−
r′ • r′′

|r′||r′× r′′|
r′,

γ =
r′× r′′

|r′× r′′|
,


κ =
|r′× r′′|
|r′|3

,

τ =
(r′,r′′,r′′′)
|r′× r′′|2

.
(2.6)

y². 1. dr′ = |r′|α¦��

r′′ =
d
dt
|r′(t)|α+ |r′|

dα
ds

ds
dt

=
d
dt
|r′(t)|α+ |r′|2κ(t)β(t),

u´

r′× r′′ = |r′|3κ(t)α×β = |r′|3κ(t)γ.

dd��κ�γ�L�ª. ?


β = γ×α =
(r′× r′′)× r′

|r′× r′′||r′|
=
|r′|2r′′− (r′ • r′′)r′

|r′× r′′||r′|
=
|r′|
|r′× r′′|

r′′−
(r′ • r′′)
|r′× r′′||r′|

r′.

2. 2O�τ. òγ(t)'ul�ëê¦�,|^Frenetúª,k

γ′(t) = γ′(s)
ds
dt

= −τ(t)β(t)|r′(t)|,

±9

γ′(t) =
r′× r′′′

|r′× r′′|
+

d
dt

( 1
|r′× r′′|

)
r′× r′′.

|^β�L�ª,�Ù�SÈ,Ò���ª

−τ|r′| =
|r′|(r′× r′′′)• r′′

|r′× r′′|2
.

ddÒ��τ. 2

~2. ¡�±þ­�r(s̃) = α(s)´­�r����, s̃�Ùl�ëê. Kds̃ = |α′(s)|ds = κ(s)ds. l

­Ç´­����ëê���­�l����'�.ù�5��±í2�­¡,½Â­¡
�Gauss­Ç.

~3. ­�C´����=�κ(s) ≡ 0.

y². eC´��r(s) = r0 +αs,Kκ(s) = |r′′(s)| = 0. ��,dr′′(s) ≡ 0È©Ò��C´��. 2

~4. �»�R���­Ç´1/R.

ù�ÏLéëê�§x(s) = Rcos(s/R), y(s) = Rsin(s/R)O���.

~5. ­�C : r = r(t)´²¡­���=�τ ≡ 0.

y². eC´²¡��, Kr�,��½��R�, l
(r′,r′′,r′′′) = 0, =τ = 0. ��, �τ = 0,
Kγ ≡ γ0´~�þ. l
(r•γ)′ = α•γ0 = 0,u´(r− r(0))•γ0 = 0,=r´²¡­�. 2



12 1�ù ­��FrenetIeÚFrenetúª

~6. �±l�s�ëê�­�C : r = r(t)�­ÇÚLÇ??�". eC´­�¥¡,K(1
κ

)2
+

(1
τ

d
ds

(1
κ

))
=~ê. (2.7)

��,eTª¤á, τ??�"�κØ´~ê,KC´¥¡­�.

y². 1. �|r(s)− r0|
2 = a2,K(r(s)− r0)•α(s) = 0,l
r(s)− r0 = λ(s)β(s)+µ(s)γ(s).5¿λ2 +µ2 = a2.

¦�¿|^Frenetúª�

α(s) = −λκα+ (λ′−µτ)β+ (µ′+λτ)γ.

u´

λ = −
1
κ
, µ = −

1
τ

d
ds

(1
κ

)
.

ùÒy²
�ª(2.7).
2.-a(s) =λ(s)β(s)+µ(s)γ(s),Ù¥λ,µXc½Â.é(2.7)ü>¦�,��µ′+λτ= 0.¤±a′ =α,

=(a− r)′(s) = 0,È©��a = r− (a(0)− r(0)). ¤±|^(2.7)Ú.�x.d½n, |r− (a(0)− r(0))| =
~ê. 2

Ê ­��ÛÜCq

·�|^FrenetúªïÄ­��ÛÜ/�. òl�ëê­�r(s)3s = s0?TaylorÐm�n
�. �Ö�{üå�,Ø��s0 = 0,�r(0) = 0.@o10

r(s) = r′(0)s + r′′(0)
s2

2
+ r′′′(0)

s3

6
+ o(s3)

= sα(0) +
s2

2
κ(0)β(0) +

s3

6
(−κ(0)2α(0) +κ(0)τ(0)γ(0) +κ′(0)β(0)) + o(s3)

=

(
s−

s3

6
κ(0)2

)
α(0) +

(
s2

2
κ(0) +

s3

6
κ′(0)

)
β(0) +

s3

6
κ(0)τ(0)γ(0) + o(s3).

¤±3Ie{O;α(0),β(0),γ(0)}e­�CkXe/ª:

x(s) = s−
κ(0)2

6
s3 + o(s3), y(s) =

κ(0)
2

s2 +
κ′(0)

6
s3 + o(s3), z(s) =

τ(0)
6

s3 + o(s3).

SK 1. O�­�r(t) = ( 1
√

2
cos t,sin t, 1

√
2

cos t)�­ÇÚLÇ.

105¿r′(0) = α(0), r′′(0) = κ(0)β(0),r′′′(0) = κ(0)(−κ(0)α(0) +τ(0)γ(0)) +κ′(0)β(0).



1nù ­�ØÄ�½n

ù�ù·�0�n�­�ØÄ�½n,¿{�0�éA²¡­��FrenetIeÚFrenetú
ª.

� ­�ØÄ�½n

·�®²`²
l�ëê!­ÇÚLÇ´�K­�3��îª�mfN$Ä(½IeC
�)e�ØCþ. ù�ù·�?�Ú^~�©�§nØy²: ùn�þ3��fN$Äe��
/(½
�^�K­�.

½n1 (��5). �C1 : r = r1(s)ÚC2 : r = r2(s)´E¥ü^±l�s ∈ [0,s0]�ëê��K­�.XJ
§��­ÇÚLÇ??��,
�­Çð�u". 1 K�3E¥��fN$Äσ,§r­�C1C

�C2.

y². 1. �â^�, ü^­��k��(½�FrenetIe. ék = 1,2, PCk3s = 0?�Ie
�Fk(0). K�3���fN$Äσ¦�σ(F1) = F2. Ø�EPσ(C1)�C1. KC1ÚC23s = 0k�Ó
�FrenetIe. e¡�y²C1 = C2.

2. - f (s) = |α1(s)−α2(s)|2 + |β1(s)−β2(s)|2 + |γ1(s)−γ2(s)|2. és¦�,|^Frenetúª,¿5¿
�κ1 = κ2,τ1 = τ2,K

f ′(s) =
(
α1−α2 β1−β2 γ1−γ2

)
B
(
α1−α2 β1−β2 γ1−γ2

)> = 0.

ùpB´(2.5)¥��é¡
. 2 2d11Ú, f (0) = 0,¤± f (s) ≡ 0.
3. -g(s) = |r1(s)− r2(s)|2,Kg′(s) = (r1− r2)• (α1−α2) = 0 .dg(0) = 0��r1(s) ≡ r2(s). 2

½n2 (�35). �κ(s),τ(s) ∈C1([0,s0])�κ(s)> 0. K�3E¥±s�l�ëê��Këê­�r =

r(s),Ù­ÇÚLÇ©O´κ(s)Úτ(s). ù��­�3����fN$Äe´���.

y². 1. ·�¦)àg�5CXê~�©�§|(2.5),ÙÐ�^�´r(0) = O,α = e1,β = e2,γ =

e3,Ù¥{O;e1,e2,e3}´E���Ie. d~�©�§�Picard�3��5½n, 3T¯K�)�

L«�

(α(s) β(s) γ(s))> = Φ(s)(e1 e2 e3)> ∈ C2, r(s) =

∫ s

0
α(s)ds ∈ C3.

Ù¥Phi(s)´(2.5)¥1���§|�IOÄ)Ý
.
2. -H(s) = (α β γ)> • (α β γ),K

H′(s) = BH + HBT = BH−HB, H(0) = I3.

|^IO��5àg~�©�§|)���5,Ò��H(s) ≡ I3.5¿·ÜÈ(α,β,γ) = ±1,d
)�ëY5,��α,β,γE´mÃX.u´{r(s);α(s),β(s),γ(s)}´mÃIO��Ie. AO/, r´
�Këê­�.

3. ØJ��{r(s);α(s),β(s),γ(s)}Ò´­�r(s)�FrenetIe, l
r(s)�­ÇÚLÇ©O
´κ(s)Úτ(s). 2

15¿U½Â,­Ç´�K¼ê.
25¿x>Bx = xiBi jx j = xi(Bi j + B ji)x j/2 = 0. Tª=¦éx j´�þ�¤á.
35¿ùp���þ´R3¥�þ¼ê, �12���ê, l
�§|(2.5)Ù¢´Ý
�©�§, �±=z�IO�~�©

�§nØ?n.

13
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� ²¡­�

�u²¡­�3ïÄ­¡þ­��ÿ/­Ç¥�­�5,·�{ü0�²¡­��FrenetI
e9Ù�é­Ç�Vg.

1. b�²¡­�r = r(s)3²¡R2�IO���IXe�L«�

r(s) = (x(s), y(s)),

Ù¥s´l�ëê,Ïd§�ü ��þ´

α(s) = (x′(s), y′(s)).

òα(s)^=π/2��ü {�þ

β(s) = (−y′(s),x′(s)).

u´²¡­�k��½ÂÐ�mÃ��ü Ie|{r(s);α(s),β(s)}. ùaqun��m¥­�
�FrenetIe.

2. 5¿�α′(s)⊥ α(s),¤á

α′(s) = κr(s)β(s),

Ù¥

κr(s) = α′(s) ·β(s) = −x′′(s)y′(s) + y′′(s)x′(s) =

∣∣∣∣∣∣ x′(s) y′(s)
x′′(s) y′′(s)

∣∣∣∣∣∣
¡�²¡­�r = r(s)��é­Ç.§�­Ç�U����ÎÒ(5¿­ÇUÌ{�þ��{o
´��).

duβ′ ⊥ β,�β′(s) = b(s)α(s). ü>�α(s)�SÈ,��b(s) = β′(s) ·α(s) = −β(s) ·α′(s) = −κr(s).
u´��Xe²¡­��Frenetúª:

r′(s) = α(s), α′(s) = κr(s)β(s), β′(s) = −κr(s)α(s). (3.1)

é²¡­�,�¤áÚ�ù½n19½n2aq�Ä�½n.

3. ��ëê. �²¡­��§´r(t) = (x(t), y(t)),K­�l���´

ds = |r′(t)|dt =

√
x′(t)2 + y′(t)2dt.

­�ü ��þÒ´

α(t) =
r′(t)
|r′(t)|

=
(

x′(t)
√

x′(t)2+y′(t)2

y′(t)
√

x′(t)2+y′(t)2

)
,

{�þ´

β(t) =
(
−

y′(t)
√

x′(t)2+y′(t)2

x′(t)
√

x′(t)2+y′(t)2

)
,

l
�é­ÇÒ´

κr(t) =
dα(t)

ds
·β(t) =

dt
ds
α′(t) ·β(t) =

x′(t)y′′(t)−x′′(t)y′(t)

(x′(t)2 + y′(t)2)
3
2

.
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n ~K

~1. ¦·Üτ = cκ (c´~ê, κ > 0)�­�C : r = r(s).

). 1. �c = 0�τ = 0,KCÒ´²¡­�.
2. ±e�c , 0. òFrenetúª

α′ = κβ, β′ = −κα+ cκγ, γ′ = −cκβ

ÏLëêC�t(s) =
∫ s

0 κ(σ)dσ=��

α′(t) = β, β′(t) = −α+ cγ, γ′(t) = −cβ. (3.2)

u´β′′(t) = −ω2β,Ù¥ω =
√

1 + c2. dd)�β(t) = cos(ωt)a+ sin(ωt)b,l
È©1�ª�α(t) =
1
ω (sin(ωt)a− cos(ωt)b + cc). ùpa,b,cÑ´~�þ. �\1�ª, Ò�)Ñγ = − c

ω (sin(ωt)a−
cos(ωt)b) + 1

ωc. dd�y1nª�¤á. ù�Ò��
~�©�§|(3.2)�Ï).
3. 3s = 0 (=t = 0)�α(0),β(0),γ(0)L´mÃIO��Ä.5¿

α(0) =
−1
ω

b +
c
ω

c, β(0) = a, γ(0) =
c
ω

b +
1
ω

c,

ÙLÞÝ
´1�ª�1���
:


0 −

1
ω

c
ω

1 0 0
0 c

ω
1
ω

,l
�IÀa,b,c´IO���þ|.

��,ér′(s) = α(s)È©Ò��¤�­��ëê�§

r(s) =
1
ω

(
a
∫ s

0
sin(ωt(σ))dσ−b

∫ s

0
cos(ωt(σ))dσ+ csc

)
+ d,

Ù¥d´~�þ.�κ> 0ÚτÑ´~ê�T­�Ò´�ÎÚ�;§�r1(s) = (rcosωs,rsinωs,hωs)�
���fN$Ä. �

~2. �{r(t);e1(t),e2(t),e3(t)}´÷­�r(t)½Â���ü ��Ie|. b½(
e′1(t) e′2(t) e′3(t)

)
=

(
e1(t) e2(t) e3(t)

)
B(t),

Ù¥B(t)´3×3¢Ý
. y²B(t)´�é¡�: B(t) + B(t)> ≡ 0.

y². 5¿�

I3 =


e1(t)
e2(t)
e3(t)


(

e1(t) e2(t) e3(t)
)
,

ü>¦�Ò��B(t)>+ B(t) = 0. 2



16 1nù ­�ØÄ�½n



1où �K­¡

lù�ùm©·�ïÄn���îª�mE¥�­¡,�ª8�´y²­¡ØÄ�½n:
�Ñ�½ü�­¡3E�fN$Äe���¿©7�^�,¿y²ÎÜA½�¦�­¡��
35. ­¡�'­�E,�õ,ù�U´duR2ÚR3ÿÀÚ�â��¡ÃõØÓE¤�.

ù�ù·�Äk�­¡��î��½Â,¿0��
~��­¡�~f. e¡Aù0�
drn�îª�m�Ýþ��3­¡þ���1�Ä�/ª(½�­¡�S%5�,±9/
Ïd­¡3�m¥ �(½�1�Ä�/ª½Â��x­¡�­§Ý�­Ç�Vg;��Q
ã¿y²­¡ØÄ�½n: ÷v·��N5^��1�Ä�/ªÚ1�Ä�/ªÒ´(½
­¡�Ä�ØCþ;���N5^����íØ,Ò��Gauss�ý©½n,=1�Ä�/ª
(½
Gauss­Ç.ù�½n�K��©��, §L²�±==ÏLé­¡���ÿþÒ�
�­¡ lîª�m�,«�­§Ý.¤^�{Ø�©Ú�5�ê	,�^����½ �
©�§|�·½5nØ.

� ëê­¡

1. ëê­¡�½Â

1. ·�3?r��ÏÒÏLú�*	ÚÃ�>¹,/¤
éu­¡��
�*@£,a
ú�
�¥�L¡ÚY��L¡´Ø�Ó�. �
½þ�EO­¡,ÒI�3êÆþî�/
½Â­¡. 1

3áNAÛ¥,·��±^únz�{½Â�
AÏ�­¡,~X¥¡½Â����½
:ål�u~ê�:�8Ü.�ù«�{�":´éJ£ãE,�:�­¡,~XE´�L
¡.

3)ÛAÛ¥,­¡�Vgdu¼ê*:�Ú?
��*Ð
. �D´îª²¡R2¥�

��«�,·�@�ëY��N�S : D→E��8Ò´��­¡. ù«­¡��ëê­¡,Ù
¥S�gCþ(u,v) ∈ DÒ´ëê. ù«r­¡w¤´N��*:�`�5Ø�Ny3�±½
ÂéE,�­¡,
�kÏuÚ\©ÛóäïÄ­¡. �´5¿,½Â3ØÓ�ëê��Dþ
�(ØÓ�)ëYN�S��8�U´���,¤±S�����,
&E�U¿Ø´¤�L­
¡���5�. �
°(zù«N�S�Ø(½5,·�kXeVg:

½Â1 (NNëêC�). �D̃ÚD´²¡þü�«�,eϕ : D̃→D, (ũ, ṽ) 7→ (u,v)´C3�N�,�
TC��Jacobi1�ª

J = det
(
∂(u,v)
∂(ũ, ṽ)

)
> 0,

K¡ϕ´NNëêC�. 2d�S(u,v)ÚS̃(ũ, ṽ) = S(ϕ(ũ, ṽ))�L�Ó­¡.

2. 3E¥�½��Ie{O;e1,e2,e3},K:S(u,v)�Óu�þOS(u,v),
�ö�±^ÄL«
�

r(u,v) = x(u,v)e1 + y(u,v)e2 + z(u,v)e3, (4.1)

1êÆ�?Ú,Ø=Ny3�
­�ß���y²,�Ny3éuïÄé�Vg�°(z.
2dÛ¼ê½n, J , 0�y
ϕ�3C3�_N�,¤±´��C3Ó�.

17



18 1où �K­¡

Ù¥�I¼êx(u,v)�Ñ´êÆ©Û¥ïÄL�ÊÏõ�¼ê. XJ^�Ò�LE3dIe
e�R3��åÓ�,@oëê­¡�±��3

r = r(u,v) = (x(u,v), y(u,v),z(u,v)). (4.2)

ùÒré­¡�ïÄ=z�éügCþ��þ�¼ê�ïÄ.�,,´�ïÄù�¼ê��
Ie{O;e1,e2,e3}ÚNNëêC�Ã'�@
5�(=¤¢AÛ5�).
�L5, ·���±é�½�¼êx(u,v), y(u,v),z(u,v), |^(4.2)½Â��îª�mR3 ¥

���ëê­¡,ù�´Ï~�½­¡��ª.

2. ëê­��Ú­«�I

�Ä­¡(4.2), é�½:(u0,v0) ∈ D, ���3­¡þ�u-­�r(u,v0)Úv-­�r(u0,v). �
X(u0,v0)�CÄ,Ò��­¡þ�ëê­��. ·��¡ëê(u,v)�­¡Sþr(u,v):�­«�
I.

3. �K5

1. ­¡þu-­�(v-­�)3(u,v):���þÒ´

ru = ru(u,v) =
∂r
∂u

= (∂ux(u,v),∂uy(u,v),∂uz(u,v)),quadrv = rv(u,v) =
∂r
∂v

= (∂vx(u,v),∂vy(u,v),∂vz(u,v)),

§�´E¥��þ(�â½Â,�>Ø�6uE�Ie,��Ý�6uëêÀ�).

½Â2 (�K5). �­¡S : r = r(u,v)��I¼êx(u,v), y(u,v),z(u,v) ∈ C3(D). eS3r(u0,v0):?
���þru,rv�5Ã',=ru× rv ,= 0,K¡S3T:´�K�;??�K�ëê­¡¡��K
ëê­¡.

2. �K5´���IÚëêÃ'�Vg: �(u,v) = ϕ(ũ, ṽ),5¿ϕ ∈ C3,¤±dEÜ¼ê
5�,�I¼êx(ϕ(ũ, ṽ))�E´C3�;d	,�âóª{K,

rũ = ru
∂u
∂ũ

+ rv
∂v
∂ũ
, rṽ = ru

∂u
∂ṽ

+ rv
∂v
∂ṽ
,

¤±

rũ× rṽ = ru× rvJ , 0.

� �©6/

ëê­¡�Vg®²�±éÐ/£ã·�Ù��­¡�ÛÜÜ©
,�ÿØUL«¤k
·�Ù��­¡(�N). ~X¥¡ÒØ�U^ëê­¡5L«, ù´du¥¡ÚR2�ÿÀØ

ÓE¤�. �
8�ÆSÚn)�N�©AÛ�I�,·�Ú\�©6/�Vg.

½Â3 (ÿÀ6/). �M´��HausdorffÿÀ�m.4 eM�z�:pÑk��m��U ⊂M¦
�UÚn�îª�mRn¥���mf8´ÿÀÓ��,K¡M´��n�ÿÀ6/.

�3þã½Â¥J��Ó�´ϕ : U→ ϕ(U) ⊂ Rn,Ù¥ϕ(U)´Rn¥�m8,K¡(U,ϕ)´
6/M����Ik,¿r�:ϕ(p)3Rn¥��Ix = (x1, · · · ,xn)¡�:p ∈U���ÛÜ�I;
�¡(U;x)´6/M���ÛÜ�IX.

32grN,Tª�>´únz½Â�þ,m>´§�,��IL«,�Ò�L�åC�e��; 
(4.1)¥��Ò(¢´
�L8Ü���Ó��¿. AO/,XJ�E,Kùp�Ò�Ò´���Ó�¿g.

4=Ù¥ü�ØÓ�:kü�Ø��m��.
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½Â4 (�Ik�'5). �M´��n�ÿÀ6/, (U,ϕ)Ú(V,ψ)´§�ü��Ik.e�U∩V ,

∅�, ψ◦ϕ−1,ϕ◦ψ−1Ñ´Cr�(r´��ê,½∞,½)Û),K¡�Ik(U,ϕ)Ú(V,ψ)´Cr�'�.

½Â5 (�©(�). �M´��n�ÿÀ6/,b½A = {(Uα,ϕα) : α ∈ I} (I´���I8)´M�
�Ik���8Ü,¿�÷v±e^�:

a) {Uα : α ∈ I}�¤M���mCX;

b) áuA�?¿ü��IkÑ´Cr�'�;

c) A´Cr4��: XJ(U,ϕ)´M����Ik,�(U,ϕ)�A¥�z��¤
Ñ´Cr�'�,
K(U,ϕ) ∈A.

d�·�¡�Ik8A´6/Mþ���Cr�©(�.

½Â6 (�©6/). �M´��n�ÿÀ6/,e3Mþ�½
��Cr�©(�A,K¡(M,A)´
��n�Cr�©6/. áuA��Ik(U,ϕ)¡�T�©6/�NN�Ik.

½Â7 (�½��©6/). ¡M´��n��½��©6/,eMþ�Cr�©(�A÷vXe5

�: éA)¥?¿ü�Cr�'��Ik(U,ϕ)Ú(V,ψ),�IC�ψ◦ϕ−1�Jacobi1�ªo´��.

���©6/Ò´­¡. ¥¡´�½��,
#'¿d�´Ø�½��.

n ~�­¡�~f

~1 (^=¡). �ÄOxz²¡þ�^­�

x = f (u), y = 0, z = g(u), u ∈ (a,b),

Ù¥ f (u) > 0. òT­�7x-¶^=¤��­¡Ò´^=¡

r = r(u,v) = ( f (u)cosv, f (u)sinv, g(u)).

~2 (^=¡�~). • ¥¡x2 +y2 +z2 = R2:ëê�§r = r(θ,ϕ) = (Rcosϕcosθ,Rcosϕsinθ,Rsinϕ).

• �Î¡x2 + y2 = R2: ëê�§r = r(u,v) = (Rcosu,Rsinu,v).

~3 (�«¡). �^��3�m$Ä×L�­¡(=üëê��x/¤�­¡)���«¡.
Pa(u)´Ä��þ���½:3��u� �(T­���O�), l(u)´Ä��3T����
�(La(u)÷l(u)������1�),K�«¡�§Ò´

r = r(u,v) = a(u) + vl(u).

~4 (�«¡�~f). • �Ú^¡: r = r(u,v) = (ucosv,usinv,av),Ù¥a > 0´~ê;

• I¡: �3¼êv = λ(u)¦�a(u) +λ(u)l(u) = r0��«¡;

• ��¡: ±O�����1���«¡: r = r(u,v) = a(u) + va′(u).

Î¡!I¡Ú��¡Ñ´¤¢�Ð­¡.
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·�ÏLrE�Ýþ��3­¡þ5O�­¡þ­���Ý, ­¡þ�þm�Y�, ±
9­¡¡�¡È�“S%þ”.

� ��mÚ�²¡

1. �S :R2
⊃D→E,r = r(u,v)´���Këê­¡. �ÄE¥ uS�þ�ëê­�1

C : r = r(u(t),v(t)), Ù¥ (u(t),v(t)) ´Dþ��Këê­�, (5.1)

�P(u(0),v(0)) = (u0,v0),S((u0,v0)) = p0. ·��Ä­�C3p0:���þ,|^EÜ¼ê¦��
�

d
dt

r(u(t),v(t))
∣∣∣∣∣
t=0

= (u′(t)ru + v′(t)rv)|t=0.

ØJ�yd��þ�­¡�L«Ã'(=Úëê(u,v)�À�Ã',�ÚE�IeÃ').

2. ­¡þ²Lp0:�?¿�^ëY���K­�3p0:���þ��­¡3T:��

���þ. dþª��­¡S3p0:���þÑ�±^�I­����þru,rv�5L«,Xê
Ò´u′(0)Úv′(0). ��,é?¿a,b ∈R,�±�­�u(t) = u0 +at,v(t) = v0 +bt¦�SþéA­�(
½���þÒ´aru(u0,v0) + brv(u0,v0). ¤±S3�:p���þ�8ÜTpS�R2´��éA�.
dd·��±rR2þ�5(�[£�TpSþ,¦��ö�¤����5�m, 2¡�S3p:�
��m;¡E¥²¡

X(λ,µ) = r(u,v) +λru(u,v) +µrv(u,v)

�S3p:��²¡. �²¡´­¡3�:��5zCq.

3. ½Â­¡3p:�ü {�þ�

n(u,v) =
ru(u,v)× rv(u,v)
|ru(u,v)× rv(u,v)|

.

dd�(½­¡3T:�{���

X(s) = r(u,v) + sn(u,v).

5¿n´�­¡�L«Ã'�þ.

4. dd,3­¡þz�:·�Ñ��
Ùg,Ie {r(u,v);ru(u,v),rv(u,v),n(u,v)}. ù�I
ex�­¡�L«Ã'.���5`,§�Ø´��Ie.

� 1�Ä�/ª

e¡�Ä��mþ�SÈ(�. ù´ÏLrR3�SÈ��3��mþ���.

1ïÄ­¡��{��Ò´r­¡w¤´d­�|¤�;½ö���/,ÏL�ÄR→ S�ëYN�,^R5&ÿS�ÿ
À5�½�©AÛ5�.

2�uÙîª�m�(�ò3e�!?Ø.3�©6/½y��©AÛ¥,��þ´w�­���da�,½ö´�^3
6/�1w¼êaþ���f.
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1. ­¡þS%þ�O�

1. O�­¡þ­��l�Ú­¡þ«��¡È3¢Só�¥kéõ^?(Xì´��Ý
Úì/�¡È).

�O�l�,k�Ä��þ��Ý.�d½Â

E = E(u,v) = ru(u,v)• ru(u,v), F = F(u,v) = ru(u,v)• rv(u,v), G = G(u,v) = rv(u,v)• rv(u,v), (5.2)

¡�1�Ä�/ªXê, 3K

(a1ru + b1rv)• (a2ru + b2rv) = (a1 b1)

 E F
F G

 a2

b2

 , (5.3)

|aru + brv| =
√

a2E + 2abF + b2G.

�Ò´`,dd�±3��mÚ\SÈ,
ù�SÈ´ÏLr��þw�	��mE��þ,
d�ö�SÈ(½�. 5¿SÈ(5.3)Ú­¡�L«Ã'.u´é­�(5.1),Ùl�´

s =

∫ b

a

∣∣∣∣∣ d
dt

r(u(t),v(t))
∣∣∣∣∣ dt =

∫ b

a
|u′(t)ru(u(t),v(t)) + v′(t)rv(u(t),v(t))|dt

=

∫ b

a

√

u′2E + 2u′v′F + v′2Gdt. (5.4)

ÏL��O��±�y,Tª�­¡�L«9ëêt�À�Ã'.

2. e¡2O�­¡þü^��­�3�:�Y�.

�r1(t) = r(u1(t),v1(t))Úr2(s) = r(u2(s),v2(s))´(�t = 0,s = 0�)²L­¡þr(u0,v0):�ü^
­�.§�3T:�Y�θ∈ [0,π)½Â�éA��þru(u0,v0)u′1(0)+rv(u0,v0)v′1(0)�ru(u0,v0)u′2(0)+
rv(u0,v0)v′2(0)�Y�,=

cosθ =

(
u′1(0) v′1(0)

) E F
F G

 u′2(0)
v′2(0)

 ,√
|u′1(0)2E + 2u′1(0)v′1(0)F + v′1(0)2G|

√
|u′2(0)2E + 2u′2(0)v′2(0)F + v′2(0)2G|

.

dd,���I­��??���¿©7�^�Ò´F = 0.

3. ¡È.

é3r(u0,v0):���­¡��, =(u0,u0 +4u)× (v0,v0 +4u)3re��,Ù¡È^d��
þru(u0,v0)4uÚrv(u0,v0)4vÜ¤�²1o>/¡È5�O, 4Ò��­¡¡È��´

|(ru(u0,v0)4u)× (rv(u0,v0)4v)| = |ru(u0,v0)× rv(u0,v0)|4u4v =
√

EG−F24u4v.

ùp|^
n�îª�m	È9Ù$�5�(1.3). u´­¡�¡ÈÒ½Â�

S =

∫
D

√

EG−F2 dudv.

35¿�âCauchy-SchwarzØ�ª,é¡Ý


 E F
F G

´�½
.

45¿L(u0,v0)Ú(u0 +4u,v0)�u-­��l���Ò´ru(u0,v0)4u. ¤±ùp��þ�Ý�l���´���Ý�.
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2. 1�Ä�/ª

1. ��g,�¯K´,þ¡½Â�­¡þ�l�!¡È�þ´�­¡�L«Ã'�í?
�d,�Ä­¡��©

dr = rudu + rvdv,

�âêÆ©Û¥Ù�����©�/ªØC5,§Ú­¡�L«Ã'.·�½Â­¡�1�
Ä�/ª�

I = dr ·dr = Edu2 + 2Fdudv + Gdv2.

5¿ùp^�
îª�mE�SÈ,l
1�Ä�/ª�­¡�L«Ã'.ddØJ�y­¡
þ­�l�9Y�Ñ�­¡L«Ã',�Ú­�ëêÀ�Ã'.

2. 1�Ä�/ªXê3ëêC�e�C�5Æ.��5ëê­¡S : r = r(u,v)k��NN
ëêC�u = u(ũ, ṽ), v = v(ũ, ṽ),Ù¥(ũ, ṽ) ∈ D̃. dþ�ù��

(rũ,rṽ) = (ru,rv)
∂(u,v)
∂(ũ, ṽ)

,

u´5  Ẽ F̃
F̃ G̃

 =
∂(u,v)
∂(ũ, ṽ)

>
 E F

F G

 ∂(u,v)
∂(ũ, ṽ)

. (5.5)

l
d1�ª¦{ÚÈ©�CþO�úª,��∫
D

√

EG−F2 dudv =

∫
D̃

(
√

ẼG̃− F̃2|J|−1)(|J|dũdṽ) = intD̃

√
ẼG̃− F̃2 dũdṽ,

Ù¥J = det ∂(u,v)
∂(ũ,ṽ) .¤±­¡¡È�½Â��ëêÃ'.

3. µØ

·�5¿�,ùp�1�Ä�/ª´d­¡	��mE�SÈÚ�5(�û½�. �´,
,��¡,���½
1�Ä�/ª(½E,F,G,§�3­¡ëêC�e÷vC�5Æ(5.5)),Ò
�±��3ëê²¡(u,v)þO�­¡­�l�Ú­¡¡È�,��ØI���­¡3	��
m�/G. ¤±ù
d1�Ä�/ª(½�þ¡�S%þ. ±�Gauss½n�L²==ÏL
1�Ä�/ª��±��­¡�,
�­�5�. ù
Ò´iùAÛ�ï
,@�®Ø2I
�	��mE
. (�,,�
¦��þÚ��m�VgØ�6u	��m,I�éù
Vg�
·��?�. 'X��þÒ½Â��^3½Â3­¡þ�¼êa��©�f�,ùÒ'�Ä
��:;­¡¡È����½Â�^1�Ä�/ªXê¤¤Ý
�1�ª�ëê�©�¦¤
���©/ª�.) ¤±ÆS��§kÏun)y��©AÛ�óÚâ��5
.

n ­¡þ��ëê­����35

­¡þXJ�3��ëê­��,@oduF = 0,  �±{z$�.�d,·�^~�
©�§(Øy²­¡þÛÜ��ëê­����35.

5u´éu�½1�Ä�/ª,�r§ÏLNNëêC�z¤é�/,=IOîªÝþ,I�÷vn� �©�§,
�
kü���¼ê. ù��´vk)��½¯K;Ùk)�7�^�´·��N5^�¤á; ù��N5^�Ò´­ÇÜþ
�". iù�ÐÒ´ÏLén��/O�ù��N5^�
��¦�­ÇÜþL�ª�.
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½n1 (�g�©ªÈ©Ïf��35). � f (x, y)Úg(x, y)´½Â3«�D ⊂ R2þ�ü�ëY

��¼ê,�3:(x0, y0) ∈D?Ø�". @o�3T:���U ⊂D,±9Uþ�??Ø�"�
ëY¼êλ,¦�λ(x, y) f (x, y)dx +λ(x, y)g(x, y)dy´���©.

y². Ø��(x0, y0) = (0,0),� f , g3Dþ??Ø�".
1. ·��Ïéλ¦�(λ f )y− (λg)x = 0,¿Ø��λ(x,0) = 1. ùÒ��u¦)�� �©�

§

λy−
g
f
λx +

fy− gx

f
λ = 0.

�ÄÐ�¯K
dx
dy

=
g(x, y)
f (x, y)

, x(0) = x̃,

d~�©�§)��3��5ÚëY�65½n, �3O���U¿÷È©­�. �Ò´`,
eP)�x = h(y, x̃),Kh´y, x̃�ëY¼ê,�(x̃, y) 7→ (x, y)´V�,Ù_N��ëY. 6

2. ÷XÈ©­�,·�¦)

dλ(h(y, x̃), y)
dy

= −
fy− gx

f
λ((h(y, x̃), y), λ(g(0, x̃),0) = λ(x̃,0) = 1,

ddÒ�±��λ(g(y, x̃), y),l
é(x, y) ∈U��λ(x, y). 2

½n2. �3�Këê­¡S : r = r(u,v)þkü�??�5Ã'�ëY�����þ|a(u,v),b(u,v).
Kéu?¿p ∈ S,�3��p���U ⊂ S,±9Uþ�#�ëêX(ũ, ṽ),¦�rũ��a,rṽ��b.

y². �a = a1ru +a2rv,b = b1ru +b2rv.�Ä�©ªb2du−b1dvÚ−a2du+a1dv. dc¡½n,�3
��U±9Uþ�¼êξ,η,±9ũ, ṽ¦�dũ = ξ(b2du−b1dv), dṽ = η(−a2du + a1dv). u´

∂(ũ, ṽ)
∂(u,v)

=

 ξb2 −ξb1

−ηa2 ηa1

 , ∂(u,v)
∂(ũ, ṽ)

=
1

ξη(a1b2− a2b1)

 ηa1 ξb1

ηa2 ξb2

 ,
l
rũ = 1

ξ(a1b2−a2b1) a,rṽ = 1
η(a1b2−a2b1) b. 2

½n3 (­¡þ��ëê­����35). �Këê­¡S : r = r(u,v)�z�:Ñk���
�U ⊂ S,±9Sþ�#ëê(ũ, ṽ),¦�#ëêéA���þ|rũ,rṽ´*d���.

y². é��mg,Äru,rv���A��z,Ò�±��Sþ����þ|;2|^c�½n
)ÑéA��ëê­����35. 2

SK 1. ®�­¡�1�Ä�/ª�I = (du)2 + (u2 +a2)(dv)2.¦: (1)­¡þ­�u = vlv1�v2�

l�; (2)­¡þ­�u + v = 0Úu−v = 0�m�Y�; (3)­¡þd­�u = av,u = −av,v = 1�¤
�«��¡È.

6TC��JacobiÝ
�1�ª´∂x/∂x̃ = ∂h(y, x̃)/∂x̃, duh(0, x̃) = x̃, =∂h(0, x̃)/∂x̃ = 1, u´3�:T1�ªÒ´1, l

§3²¡�:�����S�".
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1. ·�`L§�©AÛ��È©��Ñ3ïÄ��5N�,¤ØÓ�´,�©AÛïÄ
�´�aN�(=����NNëêC����5N�)¤�k�5�,=¤¢AÛ5�. �
©{ïÄ1w���5N���­��ÃãÒ´ÛÜ/�5z§r¯K=z�é�5N�

�ïÄ(~XÛ¼ê½nÒ´ù«a.). ùÒéAXNõÛÜ��©AÛ5�Ñ´ÏL�5
N�3�qC�e�ØCþNy�. u´�
ÆÐ�©AÛ,I�é�5�ê�Vg!g�
Ú�{k�Ð�Ýº´ég,��¦.

2. ¼ê��©´êÆ©Û¥���Ä�Vg, ,
êÆ©Û�á¥¿vk�Ñ�©�
?Ûî��½Â.¤±þ�ùé1�Ä�/ª�½ÂÙ¢¿Øî�.é�©Vg����n
)§I�|^�5�ê¥�5�mþ�5�¼½éó�m�Vg.

3. ù�ù�8�§Ò´|^�5�ê¥�5�m!éó�m!õ­�5¼ê!ÜþÈ�
Vg5î�/½Â�Këê­¡3�:���m!{��m§±9����mþé¡�½

�­�5¼ê�1�Ä�/ª. ù
VgØ�6u­¡�L«§�ØI�b�­¡�3,�
	��mE¥¶§�´ÆSy��©AÛ�Ä:§éun)e�ù0��­¡mN���~

­�.

� �5�m9Ùéó�m!õ­�5¼ê!�5N�9Ù�ÝN�

1. �V´ê�Kþ�n��5�m. �5N�V → K¡�V�~�¡�Vþ��5�¼.
Vþ¤k�5�¼��NP�V∗, §���¤Kþ����5�mµ∀ϕ1,ϕ2 ∈ V∗,k ∈ K, �½
Â(kϕ1 +ϕ2)(v) = kϕ1(v) +ϕ2(v),∀v ∈ V.¡ù�����5�mV∗�V�éó�m. 1

2. �½V¥Ä.�þe1, · · · ,en,·�½ÂV∗¥�¼e1, · · · ,enXeµ

ei(e j) = δi
j =

1 i = j,

0 i , j.

ØJ�ye1, · · · ,en�¤V∗��|Ä§¡�e1, · · · ,en�éóÄ.AO�§�v =
∑n

k=1 vkek,Ke j(v) =

v j.
5¿�é�½�v ∈ V,ÏL½Âv(ϕ) = ϕ(v), ∀ϕ ∈ V∗,��±½ÂV∗þ�5�¼v. ¤±�

±rV¥��ÏLþã�ªw�(V∗)∗¥��,=·�ïá
V→ (V∗)∗��5N�. l
�â
�5N�Ä�½n, dim(V∗)∗ ≤ dimV = n. ��âþ�ã?Ø, dim(V∗)∗ = n,u´V�(V∗)∗´�
5Ó��. �
NyÑV�(V∗)∗�mù«'X,·��rϕ(v)P�〈ϕ,v〉.

3. õ­�5¼ê. ¡N�T : V ×V → K´VþV�5¼ê, XJé?¿�½�v ∈ V,
T(·,v)ÚT(v, ·)Ñ´Vþ��5¼ê. d	, XJé?¿u,v ∈ V, �¤áT(u,v) = T(v,u), K¡T´
é¡V�5¼ê(XJé?¿u,v ∈ V,�¤áT(u,v) = −T(v,u),K¡T´�é¡V�5¼ê). ~
XSÈÒ´�«é¡V�5¼ê,
±�0���g�©/ªÒ´�«�é¡V�5¼ê.

¤kVþV�5¼ê�±g,/½Â\{�ê¦$�,l
�¤Kþ����5�m,P
�

⊗2 V∗.
aq/�±½ÂVþm-­�5¼êT : Vm

→ K: T3�½?¿m− 1�gCþ�'u{e
�@�Cþ´��5¼ê. §��NP�

⊗m V∗, ´Kþ�nm��5�m. XJé?¿m�

1r·�����mRN��ïÄ�mX½rXN�R´òX�R'��ü«~^�{. �,c�«���*§���«
du��3R¥§l
�±�õ«$�§�
�BuA^. ¤±ÏLéó�m  U�NÑ��m�Nõ5�Ñ5. ù�
:3�¼©Û9�êÿÀþÓN�nØ¥¬k�õNy.

25
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��σÚ?¿v1, · · · ,vm ∈ V,¤áT(v1, · · · ,vm) = T(vσ(1), · · · ,vσ(m)),K¡T´é¡m-­�5¼ê;X
JT(v1, · · · ,vm) = sign(σ)T(vσ(1), · · · ,vσ(m)) (Ù¥sign(σ) = 1,XJσ´ó��; sign(σ) = −1,XJσ´
Û��),K¡T´�é¡m-­�5¼ê,½m-g	/ª.
aq�½ÂV∗þõ­�5¼ê.
4. ÜþÈ.�ϕ1,ϕ2 ∈ V∗,·��½ÂVþV�5¼êϕ1⊗ϕ2 (¡�ϕ1�ϕ2�ÜþÈ)Xe:

ϕ1⊗ϕ2(v1,v2) = ϕ1(v1)ϕ2(v2), ∀v1,v2 ∈ V.

Vþ?ÛV�5¼ê�¤��5�m´n2��, Ù�|ÄÒ´ei
⊗ e j, 1 ≤ i, j ≤ n. ¯¢þ,

�
∑n

i, j=1 ai jei
⊗ e j = 0,K0 =

∑n
i, j=1 ai jei

⊗ e j(ek,el) = ai jδi
kδ

j
l = akl,¤±ei

⊗ e j�5Ã'.Ùg,�ai j =

T(ei,e j),KØJ�yT =
∑n

i, j=1 ai jei
⊗e j.

5. �5N�9Ù�ÝN�. �V,WÑ´ê�Kþ�5�m, T : V→W´�5N�. KUX
e�ª½Â��5N�T∗ : W∗→ V∗¡�T��ÝN�:

(T∗(w∗))(v) = w∗(T(v)), ∀v ∈ V,w∗ ∈W∗.

�e1, · · · ,en´V��|Ä, f1, · · · ,fm´W��|Ä,KT�L«�Ý
Am×n,Ù��akidT(ei) =∑m
k=1 akifk (½(=A�1i���Ò´T(ei)3f1, · · · ,fme��I). �e1, · · · ,en ´V∗þ�éóÄ,

f1, · · · ,fm´W∗þ�éóÄ,KT∗éA�Ý
Ò´A>.¯¢þ,PT∗éA�Ý
´B = (bi j),KB´n×
mÝ
,�bi j´T∗(f j)'uei��I,l


bi j = (T∗(f j))(ei) = f j(T(ei)) = f j(
m∑

k=1

akifk) = a ji.

u´B = A>.

� {��m

1. ·�rþ¡��5�ênØA^u�©AÛ¯K.ùp�ê�K�R,�5�mV�­
¡Sþ,:p���mTpS,Ùéó�mV∗P�T∗pS,¡�­¡S3p:�{��m. e¡·�(Ü
�©AÛ�µr{��mäNz.

2. �­¡S�ëêL«�r = r(u,v) : D→ R3. 2 �Ä½Â3Sþ�¼ê f : S→ R. ·�
¡ f´Ck (k ≥ 3)g���,XJ��¼ê f̃ = f ◦ r : D→ R´Ck�. ØJ�yùpCk�Vg�­

¡L«Ã'.
SþCk¼ê�NP�Ck(S),§´��Rþ��5�m.
3. � f ∈C∞(S),·�UXe�ª�TpSþ����5�¼T f :éuTpS¥��þv = aru +brv,

�­�ψ(t) = r(u(t),v(t)) :R→ S3t = 0�²Lp:�Ù��þψ′(0) = v,K½Â

〈T f ,v〉 ,
d
dt

∣∣∣∣∣
t=0

f (ψ(t)) = ∂u f̃ (u(0),v(0))u′(0) +∂v f̃ (u(0),v(0))v′(0) = ∂u f̃ (u(0),v(0))a +∂v f̃ (u(0),v(0))b.

5¿mà f (ψ(t)) = f̃ (u(t),v(t))´'ut�ÊÏ����¼ê,¤±màk½Â,��­�ψ�À�
Ã'.du��þ�	��mE¥IeC�Ã',Ø��p��:,@oÏL�Ä­�(u1(t),v1(t)) =

(a1t,b1t), (u2(t),v2(t)) = (a2t,b2t)±9(u(t),v(t)) = ((a1 +b1)t, (a2 +b2)t), (u(t),v(t)) = (ka1t,ka2t),�±y
²T f´�5�. d	ØJ�yT f�½Â�ëê(u,v)�À�Ã',Ï� fÚ­�ψÑÚ(u,v)ëê
Ã'.

2¯¢þ^�©6/�½Â9�IkÒ�±¦e¡?Øk¿Â,ØI�Sá3,�	��m¥.



n ��m 27

4. y3éS���ëêL«r = r(u,v),� f©O� f1, f2,¦�éA f̃1(u,v) = u, f̃2(u,v) = v,@
olþ¡½Â��

〈T f1 ,v〉 = a, 〈T f2 ,v〉 = b, v = aru + brv.

¤±T f1ÚT f2´T∗pS¥�ruÚrvéó��|Ä,¿�

T f = ∂u f̃ (u(0),v(0))T f1 +∂v f̃ (u(0),v(0))T f2 .

5¿XJrT f��PÒ,��d f ,rd f1Úd f2©OP�duÚdv,Ò��Xe“ÙG”��
©úª3

d f = ∂u f̃ du +∂v f̃ dv. (6.1)

5¿3êÆ©Û¥¼ê��©¿vkî�½ÂL.¤±ù�ªf�±w��©�î�½Â:
¼ê��©´�^3��þþ��5�¼;½ö,�©d f�±w�´ f��5z¼ê. 4 ¤±

8�¼ê��©d fÑA�À����5�¼, 
^ù�PÒ�Ð?´ÚêÆ©Û¥�Øî
�,��[ÙG��©úª�Î,3O�þé�B.À�Ð�PÒ´êÆé­���Ü©,�
�[c[N¬.

5. |^�ê�óª{K,�±î�y²�©�/ªØC5,l
(6.1)�à�ëêÀ�Ã
'.

n ��m

e¡�ÑL«��þ�y�PÒ.�½v = aru + brv ∈ TpS,±9­¡Sþ²L:p�­�ψ,
¦�ψ(0) = p, ψ′(0) = v. éu?¿¼ê f ∈ C∞(S),½Â

〈v, f 〉 ,
d
dt

∣∣∣∣∣
t=0

f (ψ(t)) = a∂u f̃ (u(0),v(0)) + b∂v f̃ (u(0),v(0)) = (a∂u + b∂v) f̃ (u(0),v(0)).

AO/,©O�v = ru±9v = rv,Ò��

〈ru, f 〉 = ∂u f̃ (u(0),v(0)), 〈rv, f 〉 = ∂v f̃ (u(0),v(0)).

ùïÆ·��±^ ��f∂uÚ∂v©OL«ruÚrv, ÙÐ?´Ø2�6u	��m. ,��
¡,|^óª{KØJ�y§�'uNNëêC�äk�Ó�C�5Æ.¤±3y��©A
Û¥,~^{∂u,∂v}L«��m�g,Ä..

o 1�Ä�/ª´��mþ�é¡V�5.

£�V�5¼ê9ÜþÈ�½Â,·�uy1�Ä�/ªÙ¢AT��

I = Edu⊗du + Fdu⊗dv + Fdv⊗du + Gdv⊗dv.

§´½Â3��mþ�é¡�½V�5.. �a = a1∂u + a2∂v, b = b1∂u + b2∂v,K

I(a,b) =
(

a1 a2

) E F
F G

 b1

b2

 .
35¿�XJSÒ´ëê²¡D,@o f̃ = f ,l
ùÒ´êÆ©Û¥��©úªd f̃ = ∂u f̃ du +∂v f̃ dv.
43êÆ©Û�/e,Ò¤ád f (v) = grad f ·v.
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1Ôù ­¡m���N�Ú��N�

ù�ù·�0�­¡m�1wN�9Ùp��­¡þ?¿�½:���mÚ{��m

þ��5zN�. ·��?Øü«AO�N�: ��N�Ú��N�.

� ­¡m�1wN�9Ù�5z

�S1 : r1 = r1(u1,v1)ÚS2 : r2 = r2(u2,v2)´ü��Këê­¡,Ù¥(u1,v1) ∈D1, (u2,v2) ∈D2.
q�σ : S1→ S2´��ëYN�,@o�±��D1→D2�N�

σ̃ : (r2)−1
◦σ◦ r1, u2 = u2(u1,v1), v2 = v2(u1,v1).

·�¡σ´Ck�,XJþãN�´Ck�. |^ó¼{KØJ�yù�`{�­¡�Ck�NNë

êC�Ã',¤±´�AÛ5�.

1. �N�

�C : r1(u1(t),v1(t))´t = 0�²L­¡S1þp:��^1w­�,K

σ(r1(u1(t),v1(t))) = r2(σ̃(u1(t),v1(t))) = r2((u2(t),v2(t)))

´t = 0�²L­¡S2þq = σ(p):��^1w­�.·�½Â�N�σ∗p : TpS1→ TqS2�

σ∗p

(
d
dt

r1(u1(t),v1(t))
∣∣∣∣∣
t=0

)
=

(
d
dt

r2(σ̃(u1(t),v1(t)))
∣∣∣∣∣
t=0

)
,

=ò­�C3TpS1þ���þN��­�σ(C)3TpS1?���þ. ù�½Â´Ün�: §�
Úu′1(0),v′1(0)k',
�(½��þ�ëê­�Ã'.ddØJ���N��Ý
:

σ∗p

 ∂u1r1

∂v1r1

 =
∂(u2,v2)
∂(u1,v1)

>
 ∂u2r2

∂v2r2

 . (7.1)

u´�N�´�_�, ��=�N�σ̃�JacobiÝ
�_. ù�Ò�±rσ̃w�´��NNë
êC�.¤±�ù��ëêC��, σÒ¤
äk�Ó­«�I�:�m�éA
.

2. {�N�

1. σ∗p���N�σ∗p¡�σ3p ∈ S1�{�N�,§rTqS2þ��©/ª.£�TpS1��©

/ª,�½Â�1

σ∗p

 du2

dv2

 =
∂(u2,v2)
∂(u1,v1)

 du1

dv1

 . (7.2)

2. �
ϕ = Adu2⊗du2 + Bdu2⊗dv2 + Bdu2⊗dv2 + Cdv2⊗dv2

´Tσ(p)S2þ�é¡V�5.. �O��B,·��±r§��

ϕ =
(

du2 dv2

) A B
B C

 du2

dv2

 ,
1éS2þ¼ê f ,�½Âσ∗p( f ) = f (σ(p));d	,{�N��	�©�f���.
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ØLÙ¥¦{A�n)�ÜþÈ⊗. éuTσ(p)S2þ��þX = a1∂u2 + b1∂v2 , Y = a2∂u2 + b2∂v2 ,¤

á

ϕ(X,Y) =
(

a1 b1

) A B
B C

 a2

b2

 , (7.3)

ùp´ÊÏ�Ý
¦{.
XJ·��¦{�N�σ∗p´�5�,�'uÜþÈ�±©�,~X

σ∗p(du⊗dv) = σ∗p(du)⊗σ∗p(dv),

@oÏLσ∗p��±��TpS1þé¡V�5.

σ∗pϕ =
(

du1 dv1

)∂(u2,v2)
∂(u1,v1)

>
 A B

B C

 ∂(u2,v2)
∂(u1,v1)

 du1

dv1

 . (7.4)

dd,�â(7.1)Ú(7.4),ØJ�y,é?¿p ∈ S19X,Y ∈ TpS1,¤áXe�ª

ϕ(σ∗p(X),σ∗p(Y)) = (σ∗pϕ)(X,Y). (7.5)

� ��N�

½Â1. �σ´l�K­¡S1�S2�3gëY��N�. XJéS1þ?¿�:p, Ù�N�σ∗p :
TpS1→ Tσ(p)S2Ñ�±��þ�ÝØC:é?¿X ∈ TpS1,¤á|σ∗p(X)| = |X|,K¡σ : S1→ S2´�

�N�(��éA).

|^4zð�ªa · b = 1
2 (|a + b|2 − |a|2 − |b|2), ����N��½´�SÈ�, =σ∗p(X) ·

σ∗p(Y) = X ·Y. ��éAaqn�/��.

½n1. �S1ÚS2�1�Ä�/ª©O´I1ÚI2. Kσ : S1→ S2´��N��¿�^�´σ∗I2 = I1,
=¤áXeúª: E1(u1,v1) F1(u1,v1)

F1(u1,v1) G1(u1,v1)

 = J>
 E2(u2,v2) F2(u2,v2)

F2(u2,v2) G2(u2,v2)

 J, J =
∂(u2,v2)
∂(u1,v1)

. (7.6)

y². d(7.5),�ϕ�S2�1�Ä�/ª,@oσ´��N���=�

(σ∗pI2)(X,X) = I2(σ∗,pX,σ∗,pX) = I1(X,X), ∀X ∈ TpS1.

|^4zð�ª(ù�I��g.´é¡�),Ò��

(σ∗pI2)(X,Y) = I1(X,Y), ∀X,Y ∈ TpS1.

ùÒy²
I1 = σ∗(I2). 2

5¿�
¦���C�σ,�â(7.6),I�¦)¹ü���¼êu2,v2�±u1,v1�gCþ�

n���5 �©�§. ù´��(J�. ¤±g´´�Ä��C�e�ØCþ,~X Gauss
­Ç, §´þã�½ �©�§|��)5(½�N5)^�, dd�±'��B/¦)��
C���35¯K. 2

2iù�Ð´�Än�(n ≥ 2)�/aqI���N5^�uy
�5±¦·¶�­ÇÜþ�,=pd­Ç�p�í2.
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½n2. 3�K­¡S1ÚS2�m�3��N��¿�^�´,U
3S1ÚS2þ�·��ëêX,
ÑP�(u,v),¿�3dëêXeü�­¡k�Ó�1�Ä�þ,=

E1(u,v) = E2(u,v), F1(u,v) = F2(u,v), G1(u,v) = G2(u,v).

y². ¿©5w,. 7�5: 5¿���C�éA��N�´�5Ó�,¤±σ̃´NNëêC
�,�±À�(u2,v2)�S1�ëê. ù��5, dþ�½n�úª, 1�Ä�/ªXê7,??
�Ó. 2

n ��N�

ù�!·�Ñ�σ´l�K­¡S1�S2���N�,�§Ú§�_N�Ñ´3gëY��
�.

½Â2. XJéS1þ?¿�:p, σ : S1→ S2��N�σ∗p : TpS1→ Tσ(p)S2Ñ�±��þY�ØC:
é?¿X,Y ∈ TpS1, ¤á∠(σ∗p(X),σ∗p(Y)) = ∠(X,Y), K¡σ : S1 → S2´��N�(��éA½�/
N�).

w,ù�Vg´n�/�q�í2.

½n3. ��Këê­¡S1ÚS2�1�Ä�/ª©O´I1ÚI2,Kσ : S1→ S2´��éA�¿�

^�´: 3S1þ�3��ëY¼êλ,¦�σ∗I2 = λ2I1. AO/,é��éAσ,�3S1ÚS2�·�

�ëêX(u,v),±9��ëY¼êλ,¦�

E2(u,v) = λ2(u,v)E1(u,v), F2(u,v) = λ2(u,v)F1(u,v), G2(u,v) = λ2(u,v)G1(u,v).

y². 1. ¿©5. Äk,�â(7.5),é?¿p ∈ S19X,Y ∈ TpS1,¤á

I2(σ∗p(X),σ∗p(Y)) = (σ∗I2)(X,Y).

u´,

cos∠(X,Y) =
X ·Y
|X||Y|

=
I1(X,Y)√

I1(X,X)
√

I1(Y,Y)
,

cos∠(σ∗pX,σ∗pY) =
I2(σ∗pX,σ∗pY)√

I2(σ∗pX,σ∗pX)
√

I2(σ∗pY,σ∗pY)
=

σ∗I2(X,Y)√
σ∗I2(X,X)

√
σ∗I2(Y,Y)

=
λ2I1(X,Y)√

λ2I1(X,X)
√
λ2I1(Y,Y)

= cos∠(X,Y).

2. 7�5. �r1,r2©O´S1,S2�ëê�§, σ´��éA, K�â½Â, �±
�(u,v)�S1ÚS2��Ó�ëêX.u´σ(r1(u,v)) = r2(u,v),�

σ∗(∂ur1) = ∂ur2, σ∗(∂vr1) = ∂vr2, σ∗(∂ur1 +∂vr1) = ∂ur2 +∂vr2,

l


cos∠(∂ur1,∂vr1) = cos∠(∂ur2,∂vr2),

cos∠(∂ur1 +∂vr1,∂ur1) = cos∠(∂ur2 +∂vr2,∂ur2),

cos∠(∂ur1 +∂vr1,∂vr1) = cos∠(∂ur2 +∂vr2,∂vr2).
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dd��3

F1
√

E1G1
=

F2
√

E2G2
, (7.7)

E1 + F1
√

E1 + 2F1 + G1
√

E1
=

E2 + F2
√

E2 + 2F2 + G2
√

E2
, (7.8)

F1 + G1
√

E1 + 2F1 + G1
√

G1
=

F2 + G2
√

E2 + 2F2 + G2
√

G2
. (7.9)

(7.8)Ú(7.9)�Ø��
√

E1 + F1
√

E1
√

G1 + F1
√

G1

=

√
E2 + F2

√
E2

√
G2 + F2

√
G2

,

Ðm�|^(7.7),Ò�� √
E1G2 +

F1F2
√

E1G2
=

√
E2G1 +

F1F2
√

E2G1
,

l


(
√

E1G2−
√

E2G1)
(
1−

F1
√

E1G1

F2
√

E2G2

)
= 0.

2g|^(7.7),��

(
√

E1G2−
√

E2G1)

1−
F2

1

E1G1

 = 0.

d1�Ä�/ªXêÝ
��ÛÉ5, 1−
F2

1
E1G1

, 0,u´E1G2 = E2G1. �\(7.7)Ò��

E2

E1
=

F2

F1
=

G2

G1
= λ2.

2

'u��N�kXe���½n,§3/ãÿ±¥�k­�A^.

½n4. ?¿���Këê­¡S�z�:p,Ñk����U�±Ú²¡þ���m«�ïá
��éA.�ó�,?¿ü��Këê­¡3ÛÜÑ�±ïá��éA.

ù�½n�y²'�E,,3dÑ�. 4 T½n�y
3Uþ�3ëê(u,v)¦�­¡�1
�Ä�/ªC�I = λ(u,v)2(du2 + dv2). ù��ëêX¡�­¡S��§ëêX.

3ùp��{´: ü�n�/�n��éA��,K§��q,l
n�>¤'~. ¤^�n�/Ò´∂ur1,∂vr1,∂ur1 +∂vr1.
4duõ
����¼êλ,¤±T½n��´¦)¹n���¼ê�dn��� �©�§�¤��§|.
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ù�ù·�0�XÛ|^­¡�éÙ��m� �5�xÙ�­5,ddÚ\1�Ä�
/ª, ¿&?ÙÄ�5�Ú�
A^. ù
�6uò­¡9Ù�²¡3	��m�é', Ø
´S%5�.

� 1�Ä�/ªÚ{­Ç

1. �S : r = r(u,v)´���Këê­¡, §3:(u0,v0) ?�²¡Π�ü {�þ´n =
ru×rv
|ru×rv|

∣∣∣
(u0,v0)

.P(u0,v0)NC�:(u0+M u,v0+M v)�Π�k�ål�δ,@o3�*þ, S3(u0,v0)N

C��­§Ý�±^|δ|��C:(u0+ M u,v0+ M v)�(u0,v0)�ål1 �'5�x. T'���,
@o­¡Ò��­.

2. e¡äNO�.k�ål´

δ(M u,M v) = (r(u0+ M u,v0+ M v)− r(u0,v0)) ·n,


�âTaylorÐm,

r(u0+ M u,v0+ M v)− r(u0,v0) = (ru M u + rv M v) +
1
2

(
ruu(M u)2 + 2ruv M u M v + rvv(M v)2

)
+ o

(
(M u)2 + (M v)2

)
,

¤±eP(5¿ru ·n = 0,rv ·n = 0)

L = ruu ·n = −ru ·nu, M = ruv ·n = −ru ·nv = −rv ·nu, N = rvv ·n = −rv ·nv, (8.1)

�1�aÄ�þ,@o

2δ(M u,M v) = L(M u)2 + 2M M u M v + N(M v)2 + o
(
(M u)2 + (M v)2

)
.

�M u,M v→ 0�,ÙÌ�Ü©Ò´1�Ä�/ª

II = d2r ·n = −dr ·dn = L(du)2 + 2Mdudv + N(dv)2. (8.2)

5¿��M u,M v→ 0�, (u0+ M u,v0+ M v)�(u0,v0)�­¡þ�l�ål�²��Ì�Ü©Ò
´I = Edu2 + 2Fdudv + Gdv2,½ÂS3(u,v):÷��(du,dv)�{­Ç�

κn =
II
I

=
L(u,v)du2 + 2M(u,v)dudv + N(u,v)dv2

E(u,v)du2 + 2F(u,v)dudv + G(u,v)dv2 . (8.3)

3. d1�Ä�/ª�½Âª((8.2)��à),��§ÚE�IeC�Ã',�Ú­¡��±
½��NNëêC�Ã'(|^�g�©�/ªØC5). e­¡½�UC,KnòCÒ,l

1�Ä�/ª�CÒ.¤±,AO/,{­Ç´�AÛþ.

~1. ²¡�1�Ä�/ª´I = du2 + dv2, 1�Ä�/ªII = 0. é�Î¡r = (acos u
a ,asin u

a ,v),
Ù1�Ä�/ª´I = du2 + dv2,1�Ä�/ªII = −1

a (du)2.

1ùp�ål´ùü�:3­¡þ�ål. duål�91�Ä�/ªm�,$�Ø
�B,¤±e¡¢S½Â{­Ç�
^�´|δ|�Tål²��',l
­Ç�k(1/�Ý)�þj.

33
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� ~K

~2. �¬�K­¡´²¡��Ü©,��=�Ù1�Ä�/ªð�u".

y². �Iy¿©5. 5¿�|n| = 1,¤±nu ·n = 0;qL = −ru ·nu = 0,M = −rv ·nu = 0,l
nu3

Äru,rv,ne�IÑ´",=nu = 0. aq��nv = 0,u´n´~�þ. dd=�(r−r(u0,v0)) ·n≡ 0.
2

~3. �¬�K­¡´¥¡��Ü©, ��=�Ùþ?¿�:÷?¿���{­Ç´�"¼
ê.

y². 1. 7�5. �¥¡�§´|r− r(u0,v0)|2 = R2,Ùü 	{�þÒ´n = 1
R (r− r(u0,v0)),l


II = −dr ·dn = − 1
R dr ·dr = − 1

R I,={­Ç´−1/R.
2. ¿©5. �II = c(u,v)I, c(u,v) , 0,K�g.(L− cE)du2 + 2(M− cF)dudv + (N− cG)dv2

≡ 0,
u´L = cE, M = cF, N = cG,=

(nu + cru) · ru = 0, (nu + cru) · rv = (nv + crv) · ru = 0, (nv + crv) · rv = 0.

qn´ü {�þ,¤±

(nu + cru) ·n = 0, (nv + crv) ·n = 0.

du{r;ru,rv,n}´Ie,þ¡ªfL²

nu + cru = 0, nv + crv = 0. (8.4)

©Oév,u¦��
nuv + cvru + cruv = 0, nuv + curv + cruv = 0,

�~��cvru − curv = 0. 5¿ruÚrv�5Ã', u´cu = cv = 0, l
c = c(u,v)´~ê. dd,
l(8.4)��d(n + cr) = (nu + cru)du + (nv + crv)dv = 0,=n + cr = cr0´�~�þ,u´r− r0 = − 1

c n,
|r− r0|

2 = 1/c2. 2

~4. �Î¡�{­Ç´κn = −1
a cos2θ,Ù¥cosθ = du

√

du2+dv2
,=θL«���(du,dv)�u-­��

Y�.

n {­Ç

1. {­Ç�AÛ)º

1. �r = r(u(s),v(s))´­¡Sþ�l�ëê­�,KÙ��þ´α(s) = u′(s)ru + v′(s)rv, 2l


­Ç�þ´

α′(s) = κβ = ruuu′(s)2 + 2ruvu′(s)v′(s) + rvvv′(s)2 + ruu′′(s) + rvv′′(s),

§÷­¡{�n���ÝKÒ´S3T:÷α���{­Ç

κn = κβ ·n = Lu′(s)2 + 2Mu′(s)v′(s) + Nv′(s)2 =
Ldu2 + 2Mdudv + Ndv2

Edu2 + 2Fdudv + Gdv2 =
II
I
.

ùp1n��Ò�Ð?´O��ØI��­��l�ëê.

25¿d�¤áEu′(s)2 + 2Fu′(s)v′(s) + Gv′(s)2 = 1.
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2. {�¡Ú{��. L­¡Sþ(u,v):, d���(du,dv)Ú{�þn(½�²¡¡�­
¡S3(u,v):d÷(du,dv)���{�¡; S�Ù{�¡���¡��^{��.5¿{��´
²¡­�.é{�¡,5½(du,dv)�n����Ù½�.

3. n�,­¡S3(u,v)?÷���(du,dv)�{­Çκn�u�A{����k�{�¡þ

²¡­���é­Ç.

2. Ì­ÇÚÌ��

1. 5¿­¡þ�:?�{­Ç����À�k'. e¡|^­¡Sþ��ëê�(u,v)O
�{­Ç���������'X.

�­¡1�Ä�/ªÚ1�Ä�/ª©O´

I = Edu2 + Gdv2, II = Ldu2 + 2Mdudv + Ndv2,

qPθ�(du,dv)�u-­�����Y�,=

cosθ =

√
Edu

√

Edu2 + Gdv2
, sinθ =

√
Gdv

√

Edu2 + Gdv2
,

K(|^���úªcos2θ = cos2θ− sin2θ)

κn(θ) =
L
E

cos2θ+
2M
√

EG
cosθsinθ+

N
G

sin2θ

=
1
2

(L
E

+
N
G

)
+

1
2

(L
E
−

N
G

)
cos2θ+

M
√

EG
sin2θ.

�

A =

√
1
4

(L
E
−

N
G

)2
+

M2

EG
, cos2θ0 =

1
2A

(L
E
−

N
G

)
, sin2θ0 =

M

A
√

EG
,

K

κn(θ) =
1
2

(L
E

+
N
G

)
+ Acos2(θ−θ0).

l
�θ = θ0�{­Çκn(θ)�����

κ1 =
1
2

(L
E

+
N
G

)
+

√
1
4

(L
E
−

N
G

)2
+

M2

EG
;

�θ = θ0 + π
2�κn(θ)���´

κ2 =
1
2

(L
E

+
N
G

)
−

√
1
4

(L
E
−

N
G

)2
+

M2

EG
;

�A = 0�,{­Ç�θÃ',=

κn(θ) =
1
2

(L
E

+
N
G

)
.

­¡þù��:��ß:.

½n1. é�Këê­¡þ?¿�½:,Ù{­Ç73ü�*d������(¡�Ì��)þ
©O�����Ú���(¡�Ì­Ç).
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2. î.úª. dc¡n�úª,÷��θ�{­Ç´

κn(θ) = κ1 cos2(θ−θ0) +κ2 sin2(θ−θ0).

¤±(½
��Ì��,±9ü�Ì­Ç�,Ò(½
­¡þ�:�¤k{­Ç.
3. Ì­Ç�²þ�H = 1

2 (κ1 +κ2)¡�²þ­Ç:

H =
1
2

(L
E

+
N
G

)
.

Ì­Ç�¦ÈK = κ1κ2¡�Gauss­Ç:

K =
LN−M2

EG
.

4. ��ëêXeÌ­ÇÚÌ���O�ò3e�ù?Ø.

3. ìC��ÚìC­�

½Â1. 3­¡þ�:, Ù{­Ç�"����¡�­¡S3T:�ìC��. XJ­¡þ�
^­�����Ñ´­¡3T:�ìC��,K¡T­�´­¡Sþ�ìC­�.

w,ìC��÷v

Ldu2 + 2Mdudv + Ndv2 = 0,

=
du
dv

=
−M±

√

M2−LN
L

=
N

−M∓
√

M2−LN
.

½n2. ­¡þëê­��´ìC­���¿�^�´L = N = 0.

y². eu-­�Úv-­�Ñ´ìC­�,K(1,0)Ú(0,1)Ñ´ìC��.�\þ¡1��ªfÒ
��L = 0 = N. ��,eL = 0 = N,KMdudv = 0.w,du = 0Údv = 0Ñ´),�
u-­�Úv-­
�Ñ´ìC­�. 2

½n3. ­¡þ�^­�´ìC­�,��=�§´�^��,½ö§���²¡Ò´­¡�
�²¡.

y². ­¡þ�^­��{­Ç´κn = κcosθ,Ù¥κ´­��­Ç, θ�ÙÌ{�β�­¡{
�þn�Y�. u´κn = 0⇔ κ = 0½θ = π/2. eκ ≡ 0,­�Ò´��;ÄK, β�nR�,=��²
¡�­¡�²¡­Ü. 2



1Êù WeingartenN�ÚÌ­Ç�O�

þ�ù0�
î.|^­¡þ­��­Ç5ïÄ­¡­Ç��{. ù�ù·�0�pd
ÄupdN�ïÄ­¡�­§Ý��{.ÏLpdN��±½Â­¡�²¡þ�WeingartenN
�,ù´��g�Ý�f,§�A��ÚA��þTÐÒ´Ì­ÇÚÌ��.dd�±�Ñg
,Ä.eO�Ì­ÇÚÌ���úª.

� GaussN�ÚWeingartenN�

1. �S : r = r(u,v)´�¬�K­¡, n(u,v)´§3(u,v):(½�ü {�þ({ru,rv,n}�¤m
ÃX).òn(u,v)À�å:3�:��þ, Kn(u,v)ª:á3ü ¥¡Σ = {|a| = 1}þ. ½Âpd
N�

g : S→ Σ, r(u,v) 7→ n(u,v).

w,�S�­�'�x³�Ù{�þ�Cz�'�ì�, ¤±{�þ3Σþ×L�¡È�­

¡þ:×L�¡È�'�Ò'��,�dd�x­¡��­§Ý.ù´pdïÄ­¡�Ñu
:.

2. pdN�p�l�²¡Tp(S)�¥¡3g(p):�²¡Tg(p)Σ��N�:

g∗ : Tp(S)→ Tg(p)Σ, g∗

(
d
dt

r(u(t),v(t))
∣∣∣∣∣
t=0

)
=

d
dt

n(u(t),v(t))
∣∣∣∣∣
t=0
, ((u(0),v(0)) = p),

u´

g∗(ru) = nu, g∗(rv) = nv.

5¿nÓ�´Tp(S)ÚTg(p)Σ�{�þ,¤±�±ÏLEòTg(p)Σ²£�Sþp:¦��Tp(S)­Ü.
u´nu,nv��±w�S3p:���þ,l
g∗�w�Tp(S)�g��N�. ·

W = −g∗ : Tp(S)→ Tp(S),

¡�­¡S3p:�WeingartenN�.
3. |^�55ØJO���W(dr) = −dn,l
��WeigartenN��1�Ä�/ª�'

X: II = W(dr) ·dr.
4. WeingartenN�´g�ÝN�:

W(a) ·b = a ·W(b), ∀a,b ∈ Tp(S).

¯¢þ,�a = a1ru + a2rv,b = b1ru + b2rv,KW(a) = −(a1nu + a2nv), W(b) = −(b1nu + b2nv),Ò
��

W(a) ·b = −(a1nu + a2nv) · (b1ru + b2rv) = La1b1 + M(a1b2 + a2b1) + a2b2N

= −(a1ru + a2rv) · (b1nu + b2nv) = a ·W(b).

5. d�5�ê�£, W�±é�z: §kü�¢A��κ1, κ2,�éAA���e1,e2´�

��. 5¿�

κ =
W(dr) ·dr

dr ·dr
=

II
I

TÐ´­¡÷dr���{­Ç.?�Ú,kXe(Ø.

37
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½n1. WeingartenN��ü�A��TÐ´­¡3ù�:�Ì­Ç,éAA���´­¡�
Ì��.

y². �κ1 ≥ κ2. 3TpS�IO��A��þÄ.{e1,e2}e,�dr = cosθe1 + sinθe2,5¿§´
ü �Ý�,Ò��î.úª

κ(θ) = κ1 cos2θ+κ2 sin2θ = κ1− (κ1−κ2)sin2θ,

¤±κ(θ)3θ = 0�����,3θ = π/2�����. 2

6. ß:: ­¡þκ1 = κ2�:. ù��:�¤48. d�{­Ç���Ã',l


(L−κnE)du2 + 2(M−κnF)dudv + (N−κnG)dv2 = 0

´�du,dvÃ'��ª. @o
L
E

=
M
F

=
N
G
.

XJù�'~´",¡ù��ß:´²:,ÄK,¡��:. þ�ù�~K¥¯¢þ®²y²

ù��(Ø:­¡S´²¡,��=�Sþ�:Ñ´²:;­¡S´¥¡,��=�Sþ�:Ñ
´�:.

� Gauss­ÇÚ²þ­Ç

e¡·�0�XÛ|^WeingartenC�5O�Ì­ÇÚÌ��.

1. WeingartenN�3g,Ä.e�Ý


�âWeingartenC��½Â,

W(ru) = −nu, W(rv) = −nv,

¤±'�´é�nuÚnv'uru,rv��5L«. �(
−nu −nv

)
=

(
ru rv

)
A, (9.1)

^(ru,rv)>�¦Tª(�SÈ),|^(ÜÆ1�� L M
M N

 =

 ru

rv

 · ( −nu −nv

)
=

 ru

rv

 · ( ru rv

)
A =

 E F
F G

A,

u´

A =

 E F
F G

−1  L M
M N

 =
1

EG−F2

 LG−MF MG−NF
−LF + ME −MF + NE

 . (9.2)

ùÒ´WeingartenC�3­¡��²¡�g,Ä.{ru,rv}e�Ý
. 5¿�{ru,rv}Ø´IO�

�Ä.,¤±ù�Ý
Ø�½´é¡
.

1�|^SÈ5��±y².
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2. ²þ­Ç!pd­Ç!Ì­ÇÚÌ���O�

1. Ý
�,Ú1�ª´éA�5N��ØCþ,¤±½Â

H =
1
2

Tr(A) =
1
2

LG−2MF + NE
EG−F2 , K = detA =

LN−M2

EG−F2

©O�­¡3T:�²þ­ÇÚpd­Ç.
2. 5¿�O�Ì­ÇÒ´O�A�A��,ù��uO�1�ª

det

 λE−L λF−M
λF−M λG−N

 = 0.

�â1�Ä�/ªXêÚ1�Ä�/ªXê3NNëêC�e�C�5Æ,A��λ�ëê
L«Ã'. ¤±Ì­Ç�ëêL«Ã', �âÙ½Â, �ÚEIeÀJÃ'. ¤±²þ­ÇÚ
pd­ÇÚ­¡�L«Ã'.±��y²�pdý©½n�L²pd­Ç�1�Ä�/ªÃ
',´�S%þ.

3. Ì­Ç÷vλ2
−2Hλ+ K = 0,l
kO�úª

κ1 = H +
√

H2−K, κ2 = H−
√

H2−K.

½n2. ­¡�Ì­Ç´½Â3­¡þ�ëY¼ê,�3z��ß:�,���S,§�´ë
Y��¼ê.

y². db�r ∈ C3��L,M,N,E,F,G ∈ C1,u´,duo¤áH2
≥ K,��κ1,κ2ëY,��H2 >

K�ëY��. 2

4.Ì���O�úª.�¦�Ì­Çκ1,κ2�,eκ1 = κ2,K?¿��Ñ´Ì��.eκ1 , κ2,
�Ä�5�§|  κE−L κF−M

κF−M κG−N

 δu
δv

 = 0, (9.3)

ÙXêÝ
�´1,�±)ÑÌ��

δu
δv

= −
M−κF
L−κE

= −
N−κG
M−κF

.

5. ��±Ø^Ì­Ç
��ÏLÄ�/ª�Xê(½Ì��.�d,ò(9.3)Ðm��

(Lδu + Mδv)−κ(Eδu + Fδv) = 0, (Mδu + Nδv)−κ(Fδu + Gδv) = 0,

)�Ì­Ç÷v

κ =
Lδu + Mδv
Eδu + Fδv

=
Mδu + Nδv
Fδu + Gδv

; (9.4)

ÐmÒ��

(LF−ME)(δu)2 + (LG−NE)δuδv + (MG−NF)(δv)2 = 0,

= ∣∣∣∣∣∣∣∣∣
(dv)2

−dudv (du)2

E F G
L M N

∣∣∣∣∣∣∣∣∣ = 0. (9.5)
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3. Gauss­Ç�AÛ¿Â

�â(9.1),��O���nu×nv = detAru× rv = Kru× rv,l


|nu×nv| = |K||ru× rv|.

5¿�dσ= |ru×rv|dudv´Sþdëê­�u = u0,u = u0 +du,v = v0,v = v0 +dv�¤��«��¡
È,§3pdN�e���¡ÈÒ´dσ0 = |nu×nv|dudv,u´��dσ0 = Kdσ.�D´­¡Sþp:
���m��, g(D)´§3pdN�e��8,Kg(D)�¡È

|g(D)| =
∫

g(D)
dσ0 =

∫
D
|K|dσ,

u´|^�©¥�½n,

K(p) = lim
D→p

|g(D)|
|D|

.

ù´­�Ø¥��aq(Ø�í2.

n ­Ç�ëê�

e¡·�±­¡þ­Ç�ëê��óä,0�­¡3�:�ÛÜÐm,l
n)²þ­
ÇÚpd­Çé­¡ÛÜ/��K�.

1. ­Ç�

½Â1. �C : r(t) = r(u(t),v(t))´�K­¡S : r = r(u,v)þ��^­�, XJC3z�:���þ
Ñ´­¡3T:�Ì��,K¡C´Sþ��^­Ç�.

­Ç��Ò´­¡þÌ��|�È©­�.|^WeingartenC�éÌ����x,�3¼
êλ¦�

W
(

dr(u(t),v(t))
dt

)
= λ

dr(u(t),v(t))
dt

;

,��¡,�âWeingartenC��½Â,¤á

W
(

dr(u(t),v(t))
dt

)
= −

dn(u(t),v(t))
dt

.

¤±·�kXe�OOK:

½n3 (Rodriques½n). C´Sþ­Ç���=�­¡S÷C�{�þ|n(u(t),v(t))÷­�C��
ê�­�C��,=dn(u(t),v(t))

dt ∥
dr(u(t),v(t))

dt .

2. ­Ç�ëê�

½n4. é­¡S : r = r(u,v)þ?¿���½:(u,v),ëê­����´*d���Ì����
=�3T:kF = M = 0.d�, u-­����Ì­Ç´κ1 = L/E, v-­����Ì­Ç´κ2 = N/G.

y². 7�5. Ï�ru,rv��,¤±E = 0;du(du,dv) = (1,0)´Ì��,�\(9.5)��M = 0 (5
¿Eo�u").

¿©5. 3d^�e(9.5)z{�(EN−GL)dudv = 0,w,(du,dv) = (1,0)Ú(du,dv) = (0,1)Ñ
´),l
´Ì��.2d(9.4),Ò�)ÑéAX½n¤«Ì­Ç. 2
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íØ1. ­¡S�ëê­��´���­Ç���¿�^�´F = M = 0. d�S�Ä�/ª�

I = E(du)2 + G(dv)2, II = κ1E(du)2 +κ2G(dv)2.

d1Êù½n2,kXe�35(Ø.

½n5. �K­¡�z���ß:�,���þÑ�3ëêX(u,v),¦�ëê­��¤*d�
��­Ç��.

o ­¡�ÛÜÐm

�­¡S3:pkü�*d���Ì��ü ��þe1,e2,�n = e1× e2. d1Êù½n2,
2(Ü3p:ëêX�·�� ,·��±�:pNC�ëêX(u,v)¦�3p:¤áru = e1,rv =

e2. u´3p:¤á

E = G = 1, F = M = 0, L = κ1, N = κ2.

Ø��p:éAëê��(u,v) = (0,0). |^TaylorÐmª,·�k

r(u,v) = r(0) + ru(0)u + rv(0)v +
1
2

(
ruu(0)u2 + 2ruv(0)uv + rvv(0)v2

)
+ o(u2 + v2).

òruu,ruv,rvvU��Ú{�©),¿5¿�

ruu(0) ·n = L = κ1, ruv(0) ·n = M = 0, rvv(0) ·n = N = κ2,

·���

r(u,v) = r(0) + (u + o(
√

u2 + v2))e1 + (v + o(
√

u2 + v2))e2 +
1
2

(
κ1u2 +κ2v2 + o(u2 + v2)

)
n.

y3r{p;e1,e2,n}��E�Ie,@oS�ëê�§Ò´

x = u + o(
√

u2 + v2), y = v + o(
√

u2 + v2), z =
1
2

(
κ1u2 +κ2v2 + o(u2 + v2)

)
,

½ö

z =
1
2

(
κ1x2 +κ2y2 + o(x2 + y2)

)
.

ù��­¡3p:�IOÐm.

XJκ1,κ2Ø��",�u2 + v2
→ 0,Ò��Cq­¡S∗:

z =
1
2

(
κ1x2 +κ2y2

)
.

w,SÚS∗3p:��,k�Ó�Ì��ÚÌ­Ç,l
÷?¿���{­Ç�Ñ�Ó.�κ1,κ2Ó

Ò�, S∗´�ý��Ô¡. �κ1,κ2ÉÒ�, S∗´�V­�Ô¡. �κ1,κ2�¥���"�, S∗´�
��ÔÎ¡.

~1. O��¡r =
(
(a + rcosu)cosv, (a + rcosu)sinv,rsinu

)
þ�:�pd­Ç,Ù¥0 < r < a´~

ê.
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¯¢þ,��O���

E = r2, F = 0, G = (a + rcosu)2, L = r, M = 0, N = cosu(a + rcosu),

�

K =
LN−M2

EG−F2 =
cosu

r(a + rcosu)
.

¤±u = π/2½3π/2�, K = 0 (�Ô:),§�á3�¡�þ¡Ú�e¡�²1�±þ; π/2 < u <
3π/2�, K < 0 (V­:),§�3�¡�Sý; 0 ≤ u < π/2½3π/2 < u ≤ 2π�, K > 0 (ý�:),§�
3�¡�	ý.
SK 1. ¦V­�Ô¡

r =
(

a(u + v) b(u−v) 2uv
)

�pd­ÇK,²þ­ÇH,Ì­Çκ1,κ29Ù¤éA�Ì��.
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1. Ä�¯K:·�®²��,­¡�1�Ä�/ªIÚ1�Ä�/ªII�­¡��±½�
�NNëêC�Ã',�ÚE¥mÃü ��Ie�C�Ã'.¤±�­¡3�m�fN$Ä
�Ù1�Ä�/ªÚ1�Ä�/ªØC;�Ò´`,§�´­¡�ü�ØCþ. ��,·�¯:
IÚII´Äv±(½­¡�/G,=§��¤­¡����ØCþXÚ?

2. g´:�d,·��ì­��Frenetúª,Äk�Ñ­¡�g,Ie�$Äúª,§�´
�a����5�½ �©�§|;ùa�§|�÷v·��)5^��âk��).ù�
�)^�Ò´Gauss-Codazzi�§|, =­¡ØÄ��§|. eIÚII÷vù��§|, �â�
���5�½ �©�§|��)5½nÒ�±(3����fN$Äe))Ñ���äk
�½IÚII�­¡. ùÒ´­¡ØÄ�½n. Gauss-Codazzi�§|���­�íØÒ´Gauss
ý©½n,=pd­Ç��dI(½,¤±�±==ÏL1�Ä�/ªïÄ­¡�,«�­5,

ØI�rù�­¡�3,�îª�mS.

3. ïÄ?Ð: ¢S¯K¥,   ´�½��²¡«�þ�1�Ä�/ª(����é¡
�½Ý
), 2ÏLGauss-Codazzi�§|¦)Ñ1�Ä�/ªXê, �â­¡ØÄ�½nÒ
��E ¥��Ü­¡. ùÒ´�©AÛ¥�­¡¢y¯K. Gauss-Codazzi�§|´�'u
1�Ä�/ªXê�¹kü��§���[�5�§|;�pd­ÇK > 0�§´ý�.�,
�K < 0�§´V­.�,�KCÒ�§´,«·Ü.�. CAc5�Br!��u!Slemrod
�ÆöÏL·����¼êO�rGauss-Codazzi�§|�6NåÆ¥�Ø î.�§|é
X
å5,�±^V­ÅðÆnØïáåGauss-Codazzi�§|f)��35. ù´ék¿g
�#?Ð.

XJ­¡´ÏL¼êã�/ª�Ñ�, @o Gauss-Codazzi �§|�±=z� Monge–
Ampére �§,�ö´��������5�§: �K > 0, K < 0ÚKCÒ�©O´ý�.!V
­.Ú·Ü.�. éù��§�ïÄ4�/r?
é������5ý�.�§nØ�u
Ð.

4. ù�ù¬Ú\eZÜþPÒ,XOÏd"¦Ú�½,±9�IÓ��O�E|. ù´
y��©AÛ~��â�Ú�{,A�ÙöÝº.

5. PÒ: ­¡�ëê�§P�r = r(u1,u2), u1,u2´ëê. �rα =
∂r(u1,u2)
∂uα , Ù¥α = 1,2. u

´{�þn = r1 × r2/|r1 × r2|. ëê�§��©�±��dr = dr(u1,u2) = rα(u1,u2)duα, ùp^

Einstein�Úª�½: 3��ü�ª¥,eÓ���Ii1,XαÑyüg,�g´��þ�
I,�g´��e�I,KTü�ª¢Sþ�Léuα = 1,2�¦Úª;õé­E��Ii1L
«õ­�¦Úª.

d	,^gαβÚβαβL«­¡�1�aÄ�þÚ1�aÄ�þ:

gαβ = rα · rβ,

bαβ = rαβ ·n = −rα ·nβ = −rβ ·nα,

Ù¥

rαβ =
∂

∂uβ

(
∂r(u1,u2)
∂uα

)
.

u´

I = gαβduαuβ, II = bαβduαuβ.

d	,P
|g| = det(gαβ) = g11g22− g2

12, |b| = det(bαβ) = b11b22−b2
12.

43
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duÝ
(gαβ)´é¡�½
,§k_Ý
,P�g−1 = (gαβ). ¤±¤á

gαβgβγ = δαγ.

6. ·�~ÏLÝþÝ
(gαβ)½Ù_Ý
(gαβ)5ü$½J,,�Üþ��I.~X,·�
P

bγβ = bβξgξγ, bβη = bγβgγη,

Γξαβ = Γ
γ
αβgγξ, Γ

γ
αβ = gγξΓξαβ.

��·��½Γ
γ
αβ�Ieü�á3e�I���à.

� ­¡þg,Ie�$Äúª

1. �S : r = r(u1,u2)´�Ü�Këê­¡, K{r(u1,u2);r1(u1,u2),r2(u1,u2),n(u1,u2)}Ò´S3
:(u1,u2)�g,Ie. ù�Iex�6uü�ëêu1,u2. �â½Â,Id�:r(u1,u2)'uë
ê� �ê´

∂r
∂uα

= rα, α = 1,2. (10.1)

d	,Q,r1,r2,n�5Ã'(�7��),K ∂rα
∂uβ Ú

∂n
∂uβÑ�±^§��5L«. Ø�b½

∂rα
∂uβ

= Γ
γ
αβrγ+ Cαβn,

∂n
∂uβ

= Dγ
βrγ+ Dβn.

(10.2)

e¡(½XêΓ
γ
αβ,Cαβ,D

γ
β ÚDβ.

2. �Ä(10.17)¥1�ª. ü>�{�þn�SÈ,��

Cαβ =
∂rα
∂uβ
·n = rαβ ·n = bαβ.

ò(10.17)¥1�ª�ü>���þrξ�SÈ,��

∂n
∂uβ
· rξ = Dγ

βrγ · rξ = Dγ
βgγξ,

u´

Dγ
βgγξ = −bβξ, Dγ

β = −bβξgξγ = −bγβ .

òTª�n�SÈ,5¿�|n| = 1,��Dβ = 0. u´(10.17)C�
∂rα
∂uβ

= Γ
γ
αβrγ+ bαβn,

∂n
∂uβ

= −bγβrγ.
(10.3)

ùp1��ªfÙ¢Ò´WeingartenC�3g,Ä.e�Ý
, ¤±����Weingartenú
ª. 1��¡�Gaussúª. (10.1)Ú(10.3)Ò´­¡g,Ie�$Äúª.

3. e¡(½ChristoffelPÒΓ
γ
αβ. ò(10.3)¥1�ªÚrξ�SÈ,��

rαβ · rξ = Γ
γ
αβrγ · rξ = Γ

γ
αβgγξ = Γξαβ. (10.4)
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25¿�rαβ = rβα,¤±Γ
γ
αβÚΓξαβ¥©Oéue�IÚ�ü��I´é¡�:

Γ
γ
αβ = Γ

γ
βα Γξαβ = Γξβα.

4. e¡|^ÝþÝ
5���ÑΓγαβ�L�ª. Ñu:´égαβ = rαrβ¦ �,��

∂gαβ
∂uγ

= rαγ · rβ+ rα · rβγ.

^(10.4)�\,��

∂gαβ
∂uγ

= Γβαγ+Γαβγ. (10.5)

�IÓ�,=ò(αβγ)��(βγα)Ú(γαβ),��

∂gβγ
∂uα

= Γγβα+Γβγα,
∂gγα
∂uβ

= Γαγβ+Γγαβ.

ùüª�\,2~�(10.5),|^Γαβγ'u�ü��I�é¡5,Ò��

Γγαβ =
1
2

(
∂gβγ
∂uα

+
∂gγα
∂uβ
−
∂gαβ
∂uγ

)
, Γ

γ
αβ =

1
2

gγξ
(
∂gβξ
∂uα

+
∂gξα
∂uβ
−
∂gαβ
∂uξ

)
. (10.6)

¤±ChristoffelPÒ��6uÝþXê��� �ê,�1�Ä�/ªXêÃ'.
5. 5¿��½1�Ä�/ªÚ1�Ä�/ª�, �§|(10.1)Ú(10.3)´'ur,ru,rv Ún

�12���¼ê�,±u1,u2�gCþ�,¹k24��§����5 �©�§|. ­¡Ø�Ä
�¯KÒ´, XJé�½:(u0,v0), (½
·��IeÐ�r(u0,v0);ru(u0,v0),rv(u0,v0),n(u0,v0),
´Ä�±3(u0,v0)�����S��/)ÑIexr(u,v);ru(u,v),rv(u,v),n(u,v),¦��öT´
ëê­¡C : r = r(u,v)�g,Ie,�C�1�1�Ä�/ªÒ´c¡�½�1�1�Ä�/
ª. )ûù�¯K�'�,Ò´ùa���½ �©�§|Ð�¯K����)5. ùa¯
K,l/ªÚy²5w,Ñ�±��~�©�§nØ��«í2.

� �a����5�½ �©�§|��)5Ú��5

1. ¯K�J{ÚÌ�(Ø

1. «�. Rm¥��«�D̃,Ù¥�:IP�x = (x1, · · · ,xm).
2. ��¼êÚ�§. ��þ�¼êy : D̃→ Rn,x 7→ y(x) = (y1(x), · · · , yn(x))´��¼ê. b

�f : D̃×Rn
→Mn×m,f(x,y) = ( f i

α(x,y))1≤i≤n,1≤α≤m´®��ëY���Ý
�N�. �ÄXe�
�5 �©�§|:

∂y
∂x

= f(x,y). (10.7)

�¤©þ/ª,�Ò´

∂yi

∂xα
= f i

α(x1, · · · ,xm; y1, · · · , yn), 1 ≤ i ≤ n,1 ≤ α ≤m. (10.8)

¤±·�kn���¼ê, mn��§;Ù¥gCþ�ê´m. ±�{PÝ
f�1α��fα.
3. Ð©^�.3�½:x0 = (x1

0, · · · ,x
m
0 ) ∈ D̃,�½y0 = (y1

0, · · · , y
n
0)¦�

y(x0) = y0. (10.9)

4. ±e¡(10.7)(10.9)�¯K(E).
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½n1. ¯K(E)3x0�����U ⊂ D̃SkëY���)�¿©7�^�´Xeð�ª(¡�
�È5^�,½�N5^�)¤á:

∂ f i
α

∂xβ
−

∂ f i
β

∂xα
+
∂ f i
α

∂y j f j
β −

∂ f i
β

∂y j f j
α = 0, ∀i,α,β. (10.10)

d�)´��/,�ü�ëY��.

±�¦^�©/ª��ó,�±rT½nÚ�N5^����{'!g,. 1

2. y²

1. ��5. le¡)��EL§�wÑ)e�3,7,��.
2. �K5. dub�f ∈ C1,2|^¤�)�ëY��5,ÏL�§��y ∈ C2.
3. 7�5. �)y = y(x)�3,K§ü�ëY��,u´ ∂2 yi

∂xαxβ =
∂2 yi

∂xβxα ,�â�§(10.8),2^
EÜ¼ê¦�{K,Ò��(10.10).

4. ¿©5. �Ö�{üå�,Ø��x0 = 0. y²g´: �Ä(10.7)¥1��,À�±x1��

mCþ���5~�©�§|,��y3x1¶þ��;Ùg�Ä1��,À�±x2��mCþ�

��5~�©�§|,±x1¶þ��Ð�,��y3x1x2 ²¡��;2�Ä1n�,À�x3�g

Cþ�~�©�§,±x1x2²¡���Ð�,¦�x1x2x3�m��;�gaí. I�5¿�´,�
¦ù
~�©�§�)��3���Ð�À�Ã'(d~�©�§�k�3��5½n,Û
Ü)�3�m��6uD̃±9f(x,y)����, l
(¢��Ð�Ã');��)Ñ�¼êy�
�y§(¢÷v(10.7)¥¤k�§(÷vÐ©^�(10.9)´w,�),d��^��N5^�.

5. �d,·�égCþ�êm^êÆ8B{. 8BÄ:. �m = 1�,Ò´Xe~�©�§
|Ð�¯K: 

dy(t)
dt = f1(t;y(t)),

y(0) = y0.
(10.11)

�â Picard�3Ú��5½n, �3ε > 0¦�þã¯K�x1
∈ (−ε,ε)�k���ëY���

)y(x1,0,0, · · · ,0),�T)´C2�.
6. 8Bb�. ém ≥ 2, y3b��gCþ�êk�um�éA¯K(E)3(−ε,ε)kþk��

�C2�).
y3�gCþ�ê´m,�Ä¯K(10.7)(10.9). ò���3xm = 0?,¿=�Äc¡m−1�,

Ò��'ugCþx1, · · · ,xm−1�¯K(E),l
�â8Bb�,k���C2�)y(x1, · · · ,xm−1,0),
Ù¥x1, · · · ,xm−1

∈∈ (−ε,ε),÷vÐ�^�(10.9),�

dy(x1, · · · ,xm−1,0)
dxα

= fα(x1, · · · ,xm−1,0;y(x1, · · · ,xm−1,0)), ∀α = 1, · · · ,m−1. (10.12)

7. é?¿�½�ëê(x1, · · · ,xm−1) ∈ (−ε,ε)m−1,�ÄXe~�©�§|Ð�¯K
dy(x1,··· ,xm−1,xm)

dxm = fm(x1, · · · ,xm−1,xm;y(x1, · · · ,xm−1,xm)),

y(x1, · · · ,xm−1,xm)|xm=0 = y(x1, · · · ,xm−1,0).
(10.13)

5¿Ð©^�®dþ�Ú�½. u´dc¡14Ú�`², ¿|^)éëêÚÐ��ëY�
�5½n,écãε,�xm

∈ (−ε,ε)�,T¯K�3���ëY���)y(x) = y(x1, · · · ,xm−1,xm),

1XJT½n¥?�Úb�«�D̃´üëÏ�,K)�±òÿ���«�D̃þ. ù��Û5(Ø�y²�^�ëÏÚüë
Ï�ÿÀ5�,3dÑ�.
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�'uxmü�ëY��,'uxk (1 ≤ k ≤m−1)Úxm�·Ü �êëY(ù�±ÏLò~�©�
§��È©�§,^¹ëCþÈ©¦���). e¡I�y²y = y(x)÷v(10.7)cm− 1���
§,l
´C2�.

8. éα = 1, · · · ,m−1, i = 1, · · · ,n,�

gi
α(x) =

∂yi(x)
∂xα

− f i
α(x,y(x)),

·��y²,éx∈ (−ε,ε)m,¤ági
α(x) = 0.Äk5¿�,�â(10.13)�Ð�^�Ú8Bb�(10.12),

¤á

gi
α(x1, · · · ,xm−1,0) = 0, i = 1, · · · ,n. (10.14)

Ùg,O�(1���Ò^
(10.13)¥��§,1n��Ò^
gi
α�½Â,1n��Ò^
�N

5^�)

∂gi
α(x)
∂xm =

∂
∂xα

(
∂yi(x)
∂xm

)
−

(
∂ f i
α(x,y(x))
∂xm +

∂ f i
α(x,y(x))
∂y j

∂y j(x)
∂xm

)
=

∂
∂xα

(
f i
m(x,y(x))

)
−

(
∂ f i
α(x,y(x))
∂xm +

∂ f i
α(x,y(x))
∂y j f j

m(x,y(x))
)

=

(
∂ f i

m(x,y(x))
∂xα

+
∂ f i

m(x,y(x))
∂yk

(
f k
α(x,y(x)) + gk

α(x)
))
−

(
∂ f i
α(x,y(x))
∂xm +

∂ f i
α(x,y(x))
∂y j f j

m(x,y(x))
)

=
∂ f i

m(x,y(x))
∂yk

(
gk
α(x)

)
,

ù´��'u(g1
α(x), · · · , gn

α(x))���àg�5~�©�§|. d(10.14),Ù��)Ò´". y
..

n �½1�1�Ä�/ª�­¡���5

e¡·�|^½n1¥���5(Ø5y²Xe½n.

½n2. �S1,S2´½Â3Ó��ëê«�D⊂R2þ�ü��Këê­¡,3z�:(u1,u2) ∈D§
�Ñk�Ó�1�Ú1�Ä�/ª. @o­¡S1�±ÏLE���fN$Ä�S2­Ü.

y². 1. du­¡S1,S2äk�Óëê,¤±Ù1�1�Ä�/ª©O�Ó�duÙ1�1
�Ä�/ªXê©O�Ó.�Si�g,Ie|�Fi = {r(i);r(i)

1 ,r
(i)
2 ,n

(i)
}, i = 1,2. éu?¿�½��

:u0 = (u1
0,u

2
0) ∈D,¤á

r(1)
α (u0) · r(1)

β (u0) = r(2)
α (u0) · r(2)

β (u0) = gαβ(u0),

r(1)
α (u0) ·n(1)(u0) = r(2)

α (u0) ·n(2)(u0) = 0, (10.15)

n(1)(u0) ·n(1)(u0) = n(2)(u0) ·n(2)(u0) = 1,

�Fi(u0)´mÃX.duùü�Ieäk�Ó�ÝþXêÚ½�,òF1(u0)N�F2(u0)����
5C�Ò´E¥���fN$Ä. 2±eòS13dfN$Äe��EP�S1. 5¿1�1�Ä

2òF1(u0),F2(u0)ü�Ie©O�Gram-Schmidt��z,��ü�mÃIO��IeF′1(u0),F′2(u0),§��m(½���
fN$Äσ,¦�σ(F′1(u0)) = F′2(u0). duF1(u0)ÚF2(u0)éA�GramÝ
�Ó,¤±§�dF′1(u0),F′2(u0)©OL«�Xê´
�����,=�σ(F1(u0)) = F2(u0).
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�/ª3fN$ÄeØC, ¤±e¡y²¥��S1,S23�Óëê:k�Ó1�1�Ä�/

ªXê,�3u0:k�ÓIe. ·��y²3u0�,���SF1 = F2.
2. �d,�âIe�$Äúª,·�éÑF1−F2÷v��©�§. �

r̃(u) = r(1)(u)− r(2)(u)), r̃α(u) = r(1)
α (u)− r(2)

α (u)), ñ(u) = n(1)(u)−n(2)(u)).

ùpα = 1,2.Ï�F1(u0) = F2(u0),¤±w,k

r̃(u0) = 0, r̃α(u0) = 0, ñ(u0) = 0. (10.16)

2�ÄF1ÚF2÷v��5�§|(10.3). du1�!1�Ä�/ªXê�Ó,¤±�§¥
Xê´�Ó�. ���~,��Xe�§|:

∂r̃
∂uα

= r̃α,
∂r̃α
∂uβ

= Γ
γ
αβr̃γ+ bαβñ,

∂ñ
∂uβ

= −bγβ r̃γ.

(10.17)

ù´��'ur̃, r̃α, ñ��5 �©�§|. w,"´(10.18)(10.16)�ëY��).¦^½n1�
��5(Ø,Ò��r̃ = 0,=F1,F2�Ie�:3�ëê:Ñ­Ü.ùÒy²
S1 = S2. 2

½n3. �S1,S2´E¥üÜ�Këê­¡,PÙ1�1�Ä�/ª©O�I jÚII j ( j = 1,2). XJ
k1wN�σ : S1→ S2¦�

σ∗(I2) = I1, σ∗(II2) = II1,

K�3E�fN$Äσ̃¦�σ = σ̃|S1 ,=S1ÚS2²LE���fN$Ä´­Ü�.

y². ½n^�L²σ´���C�,¤±S1,S2�±��Ó�ëêX,¦�σòS1þ­«�I

�(u1,u2)�:N�S2þ­«�I�(u1,u2)�:,l
S1,S2�1�1�Ä�/ªXêéA��.
2dþ�½n,�é���fN$Äσ̃¦�S1,S2þäk�Ó­«�I�:­Ü.¤±σ = σ̃|S1 .

2

SK 1. �

fαβ(u) = (r(1)
α (u)− r(2)

α (u)) · (r(1)
β (u)− r(2)

β (u)),

fα(u) = (r(1)
α (u)− r(2)

α (u)) · (n(1)(u)−n(2)(u)), f (u) = |n(1)(u)−n(2)(u)|2.

y²§�÷vXe�§|:

∂ fαβ
∂uγ

= Γδαγ fδβ+Γδβγ fδα+ bαγ fβ+ bβγ fα,
∂ fα
∂uγ

= −bδγ fδα+Γδαγ fδ+ bαγ f ,
∂ f
∂uγ

= −2bδγ fδ,

γ = 1,2. (10.18)

SK 2. y²ð�ª: ∂αgγβ−∂βgαγ = gβλΓλγα− gαλΓλγβ.
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1. ¯K.3ëê«�u = (u1,u2) ∈D ⊂R2þ�½ü��g�©/ª

ϕ = gαβduαduβ, ψ = bαβduαduβ, (11.1)

Ù¥1 ≤ α,β ≤ 2, gαβ = gβα,bαβ = bβα,¿�(gαβ)´�½Ý
. @o´Ä�3ëê­¡r : D→E¦
�Ù1�!1�Ä�/ª©O´ϕÚψ?

2. g´. ké7�^�.XJù��­¡r�3,@oÙg,Ie÷vXe$Äúª:

∂r
∂uα

= rα,
∂rα
∂uβ

= Γδαβrδ+ bαβn,
∂n
∂uβ

= −bδβrδ,

(11.2)

Ù¥

Γδαβ =
1
2

gδξ
(
∂βgξα+∂αgξβ−∂ξgαβ

)
, bγβ = gγξbξβ, (gαβ) = (gαβ)−1. (11.3)

b�r ∈ C3(D),@oXe�N5^�7L¤á:

∂2r
∂uβ∂uα

=
∂2r

∂uα∂uβ
, (11.4)

∂2rα
∂uβ∂uγ

=
∂2rα
∂uγ∂uβ

, (11.5)

∂2n
∂uβ∂uγ

=
∂2n

∂uγ∂uβ
. (11.6)

5¿(11.4)Ò´∂βrα = ∂αrβ. |^(11.2)¥1�|�§, ù�±dgαβÚbαβ'uαÚβ�é¡5�
y.

e¡ò(11.5)|^(11.2)Ðm,��Gauss�§ÚCodazzi�§|;XJÀ1�Ä�/ªXê
�®�þ,K�ö�w�´'u1�Ä�/ªXê��� �©�§|,
Gauss�§´'u
1�Ä�/ªXê��ê�§. lGauss�§Ò���­��pd½n,=pd­Ç��d1
�Ä�/ª(½. ,��¡,O�L²(11.6)�duCodazzi�§|,¤±�N5�duGauss–
Codazzi�§|,ùÒ´­¡ØÄ��§.

3. ��,�gαβÚbαβ÷vGauss–Codazzi�§|,é�5�§|(11.2)A^þ�ù'u��
�½ �©�§|�(Ø,Ò�±��r��35,l
¯K�±)û.

� Gauss–Codazzi�§|

ò(11.2)�\(11.5)Ú(11.6),��Xe�ª:

∂
∂uγ

(
Γδαβrδ+ bαβn

)
=

∂

∂uβ
(
Γδαγrδ+ bαγn

)
, (11.7)

∂
∂uγ

(bδβrδ) =
∂

∂uβ
(bδγrδ). (11.8)

ò(11.7)Ðm,¿^(11.2)�\,�n����(
∂
∂uγ

Γδαβ−
∂

∂uβ
Γδαγ+Γ

η
αβΓ

δ
ηγ−Γ

η
αγΓ

δ
ηβ− bαβbδγ+ bαγbδβ

)
rδ+

(
Γδαβbδγ−Γδαγbδβ+

∂bαβ
∂uγ
−
∂bαγ
∂uβ

)
n = 0.

49
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dur1,r2,n�5Ã',¤±þª�du

∂
∂uγ

Γδαβ−
∂

∂uβ
Γδαγ+Γ

η
αβΓ

δ
ηγ−Γ

η
αγΓ

δ
ηβ−bαβbδγ+ bαγbδβ = 0, (11.9)

Γδαβbδγ−Γδαγbδβ+
∂bαβ
∂uγ
−
∂bαγ
∂uβ

= 0. (11.10)

ò(11.8)Ðm,¿^(11.2)�\,�n���� ∂bδβ
∂uγ
−

∂bδγ
∂uβ

+ bηβΓ
δ
ηγ− bηγΓ

δ
ηβ

rδ+
(
bδβbδγ− bδγbδβ

)
n = 0.

¤±(11.8)�du

∂bδβ
∂uγ
−

∂bδγ
∂uβ

+ bηβΓ
δ
ηγ−bηγΓ

δ
ηβ = 0, (11.11)

bδβbδγ−bδγbδβ = 0. (11.12)

5¿(11.12)´g,¤á�,Ï�

bδβbδγ = gδξbξβbδγ = gξδbδγbξβ = bξγbξβ = bδγbδβ.

1. Codazzi�§|

�§|(11.10)¡�Codazzi�§|:

∂bαβ
∂uγ
−
∂bαγ
∂uβ

= Γ
η
αγbηβ−Γ

η
αβbηγ. (11.13)

·�ky²(11.11)�(11.13)´�d�. ¯¢þ,|^(11.13),Ò¤á

∂γbδβ−∂βb
δ
γ = ∂γ(bβαgαδ)−∂β(bγαgαδ) = gαδ(∂γbαβ−∂βbαγ) + bαβ∂γgαδ−bαγ∂βgαδ

= gαδbβηΓ
η
αγ− gαδbγηΓ

η
αβ+ bηβgαη∂γgαδ−bηγgαη∂βgαδ

= gαδ
(1
2

bβηgηξ(∂αgξγ+∂γgξα−∂ξgαγ)−
1
2

bγηgηξ(∂αgξβ+∂βgξα−∂ξgαβ)

−bηβ∂γgαη+ bηγ∂βgαη
)

= gαδ
(1
2

bξβ(∂αgξγ+∂γgξα−∂ξgαγ)−
1
2

bξγ(∂αgξβ+∂βgξα−∂ξgαβ)−bξβ∂γgαξ+ bξγ∂βgαξ
)

= −bξβ
1
2

gαδ(∂γgξα+∂ξgαγ−∂αgξγ) + bξγ
1
2

gαδ(∂βgαξ+∂ξgαβ−∂αgξβ)

= −bξβΓ
δ
ξγ+ bξγΓ

δ
ξβ.

¤±(11.13)%¹(11.11). ØJwÑ���¤á.

e¡�Ñ(11.13)�äN/ª.5¿�β=γ�§´²��,l
�k(α,β,γ) = (1,1,2), (2,1,2)ü
«�/: ∂2b11−∂1b12 = Γ

η
12bη1−Γ

η
11bη2,

∂2b21−∂1b22 = Γ
η
22bη1−Γ

η
21bη2,

(11.14)
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2. Gauss�§

1. ª(11.9)¡�Gauss�§. �

Rδαβγ =
∂
∂uγ

Γδαβ−
∂

∂uβ
Γδαγ+Γ

η
αβΓ

δ
ηγ−Γ

η
αγΓ

δ
ηβ, (11.15)

¡�­¡�1�Ä�þ�RiemannPÒ. 1 ·��½: òRδαβγ�þ�IÏLÝþ(gαβ)eü�á
3�>1�� �:

Rαδβγ = gδηR
η
αβγ, Rδαβγ = gδηRαηβγ.

(ù��½´�
�ye¡�ïá�Rαδβγ'u�I�,
é¡5.) u´(11.9)���

Rδαβγ = bαβbδγ−bαγbδβ,

ü$�I�C�

Rαδβγ = bαβbγδ−bαγbβδ. (11.16)

2. e¡�ÑRiemannPÒRαδβγ�O�L�ª. �â½Â,Òk

Rαδβγ = gδη
(
∂γΓ

η
αβ−∂βΓ

η
αγ+ΓξαβΓ

η
ξγ
−ΓξαγΓ

η
ξβ

)
= ∂γΓδαβ−∂βΓδαγ− (∂γgδη)Γ

η
αβ+ (∂βgδη)Γ

η
αγ+ΓξαβΓδξγ−ΓξαγΓδξβ

= ∂γΓδαβ−∂βΓδαγ+Γ
η
αγΓηδβ−Γ

η
αβΓηδγ

=
1
2

(
∂α∂γgδβ+∂δ∂βgαγ−∂α∂βgδγ−∂δ∂γgαβ

)
+Γ

η
αγΓηδβ−Γ

η
αβΓηδγ. (11.17)

ùp��ü��Ò¦^
ChristoffelPÒ�½Â

Γδηγ =
1
2

(
∂ηgδγ+∂γgδη−∂δgηγ

)
.

3. |^½Â,ØJ�y

ΓηγαΓ
η
βδ

= ΓηδβΓ
η
αγ. (11.18)

u´l(11.17)��RiemannPÒäkXeé¡5:

Rαδβγ = Rβγαδ. (11.19)

l(11.18)�k
ΓηαβΓ

η
δγ
−ΓηαγΓ

η
δβ

= −
(
ΓηδβΓ

η
αγ−ΓηδγΓ

η
αβ

)
,

u´

Rαδβγ = −Rδαβγ. (11.20)

d(11.19)Ú(11.21)��±��

Rαδβγ = Rβγαδ = −Rγβαδ = −Rαδγβ. (11.21)

ùÒ´`: Rαδβγ��I�©�c�ü|, �ü|�I����ØC;�z�|¥ü��I�
��Ùê�CÒ.5¿(11.16)màäk�Ó5�.

4. dd��, R11βγ = R22βγ = 0, Rαδ11 = Rαδ22 = 0.u´Gauss�§(11.16)¥Ù¢�k��
�§:

R1212 = b11b22−b12b21. (11.22)
1ùÙ¢´Riemann­ÇÜþ�©þ.
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3. Gauss½n

£Á­¡�Gauss­Ç�½Â,lGaussúª(11.22)=��

K =
b11b22−b2

12

g11g22− g2
12

=
R1212

det(gαβ)
. (11.23)

ùL²pd­Ç��d1�Ä�/ªû½,�1�Ä�/ªÃ'.¤±==ÏLÝþÒ�±
(½­¡�,«�­5. 5¿�1�Ä�/ª3��C�eØC, ¤±kXeGauss�ý©
½n:

½n1. ­¡�Gauss­Ç´­¡3��C�e�ØCþ.

4. AÏëê­��e�Gauss–Codazzi�§|

�Ä­¡þ��ëê­��(F = 0),|^�AChristoffelPÒ�úª,�±O�Ñ

R1212 = −
√

EG

( (
√

E)v
√

G

)
v
+

 (
√

G)u
√

E


u

 ,
¤±Gauss­Ç�O�úª�

K = −
1
√

EG

( (
√

E)v
√

G

)
v
+

 (
√

G)u
√

E


u

 .
SK 1. �­¡S�1�Ä�/ª´I =

(du)2 + (dv)2(
1 + c

4 (u2 + v2)
)2 ,Ù¥c´~ê. ¦T­¡� Gauss­Ç.

?�Ú,XJæ^���­Ç����ëê(F = 0 = M),@oCodazzi�§|¬kXe{
ü�/ª: 2

∂L
∂v

= H
∂E
∂v
,

∂N
∂u

= H
∂G
∂u
, (11.25)

Ù¥H = 1
2

(
L
E + N

G

)
´­¡�²þ­Ç.

±þù
úªÑ´ÏL��O����,�Ñ�[!.

SK 2. (1)O�¥¡�1�Ä�/ª. 5¿3¥�Ie,�»�a�¥¡���

r(θ,ϕ) =
(
acosθcosϕ,acosθsinϕ,asinθ

)
.

(2)O�ü ¥¡3¥�I(x1,x2) = (θ,ϕ)e� Christoffel PÒ.ùpθ ∈ (0,π),ϕ ∈ (−π,π).

[�Y: I = (dx1)2 +(sinx1)2(dx2)2,�"�ChristoffelPÒ´Γ1
22 =−sin(x1)cos(x1),Γ2

12 = Γ2
21 = cotx1.]

SK 3. �­¡S�1�!1�Ä�/ª©O´I = u2
(
(du)2 + (dv)2

)
, II = A(u,v)(du)2 +B(u,v)(dv)2.

y²: AB = 1�A,BÑ=´u�¼ê.

[J«: ©O^ Gauss½nÚ��­Ç�ëê�e� Codazzi�§|.]

23��ëê�e,��O�,K Christoffel PÒkXeL�ª,Ù¥(u,v) = (u1,u2), E = g11,G = g22:

Γ1
11 =

1
2E
∂uE, Γ2

11 = −
1

2G
∂vE, Γ1

12 =
1

2E
∂vE, Γ2

12 =
1

2G
∂uG, Γ1

22 = −
1

2E
∂uG, Γ2

22 =
1

2G
∂vG. (11.24)
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½n2. XJd(11.1)�Ñ�ü��g�©/ªϕ∈C2,ψ∈C1÷vGauss-Codazzi�§|(11.14)(11.22),
KéD¥?¿�:u0,§Ñk����U ⊂ D,±9���Këê­¡r : U→E,r = r(u1,u2)¦
�T­¡�1�Ä�/ªÚ1�Ä�/ª©O´ϕÚψ.

y². 1. |^ϕÚψ�±�Ñ�5�§|(11.2),Ù¥r,r1,r2,n´��¼ê(�12�©þ), u1,u2´

gCþ. 3u0 = (u1
0,u

2
0):�½Ð�^�

r(u0) = r0, r1(u0) = r0
1, r2(u0) = r0

2, n(u0) = n0, (11.26)

·�w,I�Ð�(11.26)÷vXe^�:

r0
α · r

0
β = gαβ(u0), r0

α ·n
0 = 0, n0

·n0 = 1, (r1,r2,n) > 0. (11.27)

duGauss-Codazzi�§|Ò´(11.2)��N5^�, �âþ�ù½n1, (11.2)Ú(11.26)äk�
��C3�)r,r1,r2,n. ·��`²rÒ´¤¦�­¡.

2. �d,� 
fαβ(u1,u2) = rα(u1,u2) · rβ(u1,u2)− gαβ(u1,u2),

fα(u1,u2) = rα(u1,u2) ·n(u1,u2),

f (u1,u2) = n(u1,u2) ·n(u1,u2)−1.

�â(11.27),¤á

fαβ(u0) = 0, fα(u0) = 0, f (u0) = 0. (11.28)

��O�L² fαβ, fα, f÷vXe�5 �©�§|

∂ fαβ
∂uγ

= Γδαγ fδβ+Γδβγ fδα+ bαγ fβ+ bβγ fα,
∂ fα
∂uγ

= −bδγ fδα+Γδαγ fδ+ bαγ f ,
∂ f
∂uγ

= −2bδγ fδ,

γ = 1,2.

¤±dþ�ù½n1¥)���5,k

fαβ(u1,u2) = 0, fα(u1,u2) = 0, f (u1,u2) = 0. (11.29)

|^dª=�wÑr1,r2,n´�5Ã'�(§�� GramÝ
´�½�): AO/,

n =
r1× r2

|r1× r2|
;

2d)�ëY5,l(11.27)��3u0�����S

(r1(u1,u2),r2(u1,u2),n(u1,u2)) > 0.

u´{r1(u1,u2),r2(u1,u2),n(u1,u2)}�¤mÃX.
3. ��wr. d(11.2)¥1���§,��r1,r2´Ù��þ,�·�®y§�3u0����

�S�5Ã',¤±r´���Këê­¡. ù��5, {r(u1,u2);r1(u1,u2),r2(u1,u2),n(u1,u2)}Ò
´T­¡�g,Ie. d	,d fαβ = 0�T­¡1�Ä�/ªÒ´ϕ;2d(11.2)¥1���§,
ÏLü>�n�SÈ,��T­¡�1�Ä�/ªÒ´ψ. ½n�y. 2

5: r­¡*��g,Ie�m¥ïÄ, q�k�":, Ò´�Ú\éõq�¿Ø7L
�#���¼ê(Ï�ù
¼êÑ´r� �ê),�Ùã�`:´��¼ê� �êØ2�¹
#���¼ê,u´�±rAÛ¯K=z��©�§¯K.
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n ~K

~1. �­¡S : r = r(u,v)�1�Ä�/ª´I = λ(u,v)2
(
(du)2 + (dv)2

)
. y²: ruu + rvv = 2λ2Hn.ù

pH´S�²þ­Ç, n´Ùü {�þ.

y². |^­¡g,Ie�$Äúª,

ruu = Γ1
11ru +Γ2

11rv + b11n =
λu

λ
ru + b11n,

rvv = Γ1
22ru +Γ2

22rv + b22n = −
λu

λ
ru + b22n,

�\��

ruu + rvv = (b11 + b22)n.

5¿�²þ­ÇH = 1
2

1
λ2 (b11 + b22),�\þª=�. 2

u´4�­¡,=H = 0�­¡�ëê�§�z�©þÑ÷vLapalce�§.

~2. ¦­¡S,§�1�!1�Ä�/ª©O´

I = (1 + u2)(du)2 + u2(dv)2, II =
1

√

1 + u2

(
(du)2 + u2(dv)2

)
.

). ���y��Gauss�§ÚCodazzi�§|Ñ¤á, (ÙGauss­Ç´1/(1 + u2)2,) ¤±ù�
�­¡�3. T­¡ü�Ä�/ª�XêÑ��6uu,�(u,v)´��­Ç�ëê�,^=¡
ÎÜù��A:. ¤±Ø��r = ( f (u)cosv, f (u)sinv, g(u)),Ù¥ f (u) > 0Úg(u)´�½¼ê. ^
=¡�1�!1�Ä�/ª´

I = [ f ′(u)2 + g′(u)2][(du)2 + f (u)2(dv)2], II =
f ′(u)g′′(u)− f ′′(u)g′(u)√

f ′(u)2 + g′(u)2
(du)2 +

f (u)g′(u)√
f ′(u)2 + g′(u)2

(dv)2].

é'Xê,� f (u) = u, g(u) = 1
2 u2=�.

~3. y²: ²þ­Ç´~ê�­¡½ö´¥¡!²¡,½ö�3ëêX(u,v)¦�Ù1�!1
�Ä�/ª©Oäk/ª

I = λ[(du)2 + (dv)2], II = (1 +λH)(du)2
− (1−λH)(dv)2,

Ù¥H´²þ­Ç.

y². �­¡SØ´¥¡½²¡,l
vkß:,u´�3ÛÜ���­Ç�ëê�. d�¤
á

I = E(du)2 + G(dv)2, II = L(du)2 + N(dv)2,


κ1 = L/E,κ2 = N/G©O´ü�Ì­Ç.Ø��κ1 > κ2 (ÄK��(u,v)),K2H = κ1 +κ2´~ê.
|^Codazzi�§|,¤á∂v(L−HE) = 0, ∂u(N−HG) = 0. u´�3��¼êa(u)9K�¼

êb(v)¦�

L−HE = a(u), N−HG = b(v),

=

a(u) = E(
L
E
−H) = E

κ1−κ2

2
, b(v) = G(

N
G
−H) = −G

κ1−κ2

2
,
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�λ = 2
κ1−κ2

> 0,KE = λa,G = −λb. �NNëêC�

ũ =

∫ √
a(u)du, ṽ =

∫ √
−b(v)dv,

K

I = λ[(dũ)2 + (dṽ)2].

5¿�(ũ, ṽ)E,´��­Ç�ëê�,1�Ä�/ª´

II = L̃(dũ)2 + Ñ(dṽ)2.

5¿�­Ç�­¡�ëêL«Ã',E¤áκ1 = L̃/λ, κ2 = Ñ/λ,

2H =
L̃
λ

+
Ñ
λ
.

u´
L̃
λ
−H = H−

Ñ
λ

=
κ1−κ2

2
=

1
λ
,

=��

L̃ = 1 +λH, Ñ = λH−1.

2

SK 4. �S´R3¥�­¡,ÙÌ­Ç´ü�pØ�Ó�~ê. y²: S´�Î¡��Ü©.

o N¹: Gauss-Codazzi�§|����d/ª

·�y3í�Gauss-Codazzi�§|(11.14)����d/ª. �d,Äky²: eA(t)´¢
gCþt�Ý
���¼ê,@o

d
dt

lndetA(t) = tr(A(t)−1Ȧ(t)). (11.30)

ùpȦ(t)´A(t)'ut��ê.
¯¢þ,éX(0) = In��/,|^1�ª¦�{K,N´��

d
dt

X(t)
∣∣∣∣∣
t=0

= trẊ(0).

é���/,�ÄÝ
X(t) = Y(0)−1Y(t),Ò��

detY(0)−1 d
dt

lndetY(t)
∣∣∣∣∣
t=0

= tr(Y(0)−1Ẏ(0)).

dd,Ò����y�ª.
·�2y²Xeð�ª(£Á|g| = det(gαβ))

∂α ln
√
|g| = Γδαδ. (11.31)

¯¢þ,þªmàÐm,2|^(11.30),Ò��

1
2

gδη
(
∂αgδη+∂δgδη−∂ηgδη

)
=

1
2

gδη∂αgδη =
1
2

tr(g−1∂αg) =
1
2
∂α(lndet g) = ∂α ln

√
|g|.
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y3Ú\#��¼ê

L =
b11√
|g|
, M =

b12√
|g|

=
b21√
|g|
, N =

b22√
|g|
.

@o|^þ¡�ª,ØJ�y(11.14)�±�d/��

∂1M−∂2L = Γ2
22L−2Γ2

12M +Γ2
11N, (11.32)

∂1N−∂2M = −Γ1
22L + 2Γ1

12M−Γ1
11N. (11.33)

d	

LN−M2 =
|b|
|g|

= K, (11.34)

Ù¥KÒ´­¡�Gauss­Ç.
eÚ\#��¼êρ,u,v,p,q¦�

L = ρv2 + p, M = −ρuv, N = ρu2 + p, q =
√

u2 + v2, c =

√
∂p
∂ρ
,

@o(11.35)(11.36)�ÌÜ���½~�Ø î.�§|¥�ÄþÅð�§�q:

∂1(ρuv) +∂2(ρv2 + p) = −Γ2
22(ρv2 + p)−2Γ2

12ρuv−Γ2
11(ρu2 + p), (11.35)

∂1(ρu2 + p) +∂2(ρuv) = −Γ1
22(ρv2 + p)−2Γ1

12(ρuv)−Γ1
11(ρu2 + p), (11.36)


Gaussúª�w�Ëã|½Æ:
ρpq2 + p2 = K.

3p = − 1
ρ�b�e,Ò¤ác2 = q2 +K. ¤±a'íNÄåÆ,�±y²�K > 0�íN´æÑ�

�,T�§|´��ý�|;�K < 0�íN´�Ñ��,T�§|´��V­|;XJKCÒ,
@oGauss-Codazzi�§|Ò´V­–ý�·Ü.�§|. T�§|´8c �©�§ïÄ�
­:é���,�ë�;Í[4]½Ø©[6].
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