Harmonic Analysis— Excercises( 3 )

1. Let{up}y 4 C L(RM) satisfy suppip C {€ € R": £2P~1 < [€[ <C2PT1}.
Then there holds
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1> upllo<C" 3 uplfo-
p=1 p=1
HereC,C’ are constants independentwénd p.

2. Using Littlewood-Paley decomposition to show thig{RR") is embedded
into C?(R") provideds=n/2+ a anda > 0 is not an integer.

3. Prove the following classical time-decay estimatestferGauchy problem
of heat equation
U —Au=0, xeR" t >0,
u(0,x) = @(x), xeR"

Suppose thap € LP(R"), 1 < p < . Then fort > 0, there hold
(1) [u®)[lLerny < [19l]Lp@n)
(D k
(2) [|0*u(t)]|agrny < Ct~ (2 2)| ||| pgn).

Heref = £ — ¢, 1<r,q< «;Cis a positive constant depending onlyng, r, k;
0¥ is anyk—th derivative with respect te.

Hint: Using the Young inequality of convolutions.

4. Suppose fof € LY(R?) there holds
/l\f(x+t) —f(x)|dx< [t teRL
R
Show thatf = 0.

5. (1) Letd be the Dirac distribution(d, f) = f(0). Prove thad = 1.
(2) Show that any harmonic function in the whole sp&femust be a poly-
nomial.



