
Harmonic Analysis— Excercises� 2�
1. Show there exists at most one smooth solution of this initial value problem

for the telegraph equation






utt +dux −uxx = f in (−∞,∞)× (0,T)

u = g, ut = h on (−∞,∞)×{t = 0}.

Hered is a constant.

2. Show there exists at most one smooth solution of this problem for the

beam equation



















utt +uxxxx = 0 in (0,1)× (0,T)

u = ux = 0 on({0}× (0,T))∪ ({1}× (0,T))

u = g, ut = h on (0,1)×{t = 0}.

3. LetG(u) = λ |u|p−1u. Show that forp any odd integer ands > 1
2 any real

number (note thatu may be complex-valued):

(1) G : u 7→ G(u) is a continuous map onHs(R1);

(2) For anyu,v ∈ Hs(R1), there is a functionL(x,y) which is nondecreasing

for each independent variablesx ≥ 0,y ≥ 0 such that

||G(u)−G(v)||Hs(R1) ≤ L(||u||Hs(R1), ||v||Hs(R1))||u− v||Hs(R1).

4. Show thatH1(Rn) is dense inH
1
2(Rn).

5. Assume thatu ∈ S ′(Rn)∩ L1
loc(R

n) and u(x) ≥ 0. Show that if ˆu ∈

L∞(Rn), thenu ∈ L1(Rn) and

||u||L1(Rn) = ||û||L∞(Rn).

Hint: Consideruk(x) = χ(x/k)u(x), with χ ∈C∞
c (Rn), 0≤ χ ≤ 1,χ(0) = 1.
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