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86(¥©�,p���Ñ��)1�ò137-159��©i. Äuo�ík)�È
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2 1�Ù ²;�Ö:iù5Øk��Ì²¡�íÅ�DÂ6

¨¼hryuan@math.ecnu.edu.cnéX·.

§1.1 �Ø�§íN�ý9íN�G��§Ú����

�Ø î.�§|

1. iù3Ø©�m©,{�0�
éíN$Ä�ïÄ?Ð.

”¦+£ãíN$Ä��©�§@Òïá
,�´�3Ù$Ä¥�ØåC

z�±w¤´íN�oØå���Ã���Ü©�,é§�È©â�
ïÄ,


����C, ��÷vu��Ä�ù�Ü©��g�. 1 �´3ØÈcâ

1iù3Ø©11 !í�
y3¡������Ø î.�§|�íNÄåÆ�§.

^ρ,u,p�L3ê¶þx:t��í6��Ý,�ÝÚØr,ù��§���XeÑÝ/ª

ρt + (ρu)x = 0, (1.1)

(ρu)t + (ρu2 + p)x = 0. (1.2)

íN�G��§,´�¼êp = ϕ(ρ). 5¿�~êÑ´þã�§�). y3b�ρ = ρ0 + ρ̂,

u = u0 + û, p = p0 + p̂,Ù¥ρ0 > 0,u0,p0 = ϕ(ρ0) > 0Ñ´~ê. b�ρ̂, û, p̂9Ù¤k�� �

êÑ´�þ,òþãρ,u,p�\(1.1)(1.2),¿�u0 = 0,DKÃXρ̂û�a���9±þ��,

Ò�����5�§|

ρ̂t +ρ0ûx = 0, (1.3)

ρ0ût +ϕ′(ρ0)ρ̂x = 0. (1.4)

1���§ét¦�,1���§éx¦���~,beϕ′(ρ0) > 0,Ò����ÅÄ�§

ρ̂tt−ϕ
′(ρ0)ρ̂xx = 0, (1.5)

Ù¥
√
ϕ′(0)Ò´(Ñ(6Ä)DÂ��Ý, =(�. §�±^�K��úª½©lCþ{

¦). ù´Öö3 �©�§\��§¥®²ÙG
�. XJþã�{¥�3���9

±þ��,=1���§ét¦�,1���§éx¦�,�~���

∂2ρ

∂t2 −ϕ
′(ρ0)

∂2ρ

∂x2 =
∂2T
∂x2 , (1.6)

Ù¥T = ρu2 +ϕ(ρ)−ϕ′(ρ0)ρ¡� LighthillÜþ,|^§��5,(ÜA���{Ú Picard

S�Eâ,��±y²�½^�e²;)��35. ù«�5z�{(aqu�©Æ¥Û

Ü/^���O­�,±9Û¼ê½nÛÜ¦)­�),E,´8cïÄ��5 �©�

§¯K�Ä�Ãã. 5¿éõ��mCþ�/¤áaq(1.6)��§,§´íÄ(Æ�Ä

��§.
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§1.1 �Ø�§íN�ý9íN�G��§Ú�����Ø î.�§| 3

dHelmholtz3O�¥�Ä�
�����,¿dd)º
EÜÑN��*

/¤. ¦?n��/´ù��: m©�$Ä??�XÓ����,
��d�

�R���?�²¡þ��ÝÚØå´��~þ. Helmholtz¦Ñ
ù«�

/e�°(��©�§���È©.”

iù?�Úµd
þãïÄ�¿Â,�Ñ
êÆnØ©Ûéun)Ôn

y�ÚmÐÔn¢��d�.

”
�XJ`�
)ºî8d¢�¤(á�y�, �8�ïÄ�v

,

@o�±ù�`, �CHelmholtz3é(Æ¯K�¢�ïÄ¥���
ã�

�?Ð,¦�°(O��(J3Ø��ò5é�U�¢��ïÄJøkå�

| .”

,�, iù��:”ùÒ¦��©, �Ø`§3?n��5 �©�§�

¡�nØ¿Â, Ø´vkd��j.” 3uLu1859c119Ï5Göttingen{

�6�éþãØ©�`²¥,iù²(��, ”d�ïÄ¿Ø����¢�ï

ÄJøõ�k^�(J;�ö��§U�w¤´é��5 �©�§���

�z.”·�w�, iùéù�Ø©�d�kX�~O(��ä. 3êÆnØ

�¡,ù´{¤þ1�gXÚ/ïÄ��5��� �©�§|���6Ä

�rmä). dc�ïÄ´ríNÄåÆ�§3�µG�e�5z, =z�

�5�ÅÄ�§, ÏL�K��úª½©lCþ{O�Ñ)\±ïÄ, 
ù

�Ø©Jø
��ØÓ�ïÄg´Ú�{. iù²(/��êÆïÄ�(J

éuÔn¢��­�5, �¦���±���¢�Eâ, ��Ã{¢y½*

	�ÀÂÅ.¦��:”¦+ò·��ïÄ(JÏL¢��*	Ú²��'�

�ké��(J, 
�úeA�Ø�U��, �E,��3d3Ø��[�

§Ýþ\±��.”¯¢þ, 1888cDe Lavalu²
Â ))*Ü�+�â¢

y
�Ñ�6, Vieilleu1899cu²
-Å+§ÏLá»©mpØíNÚ$

ØíN��¡§¼�r-Å¿�)p§p�í6,ldé-Å�XÚ¢�ï

Äâ'�¤Ù. ¤±iùéíNÄåÆ�êÆïÄ���cuÔn¢�, ù

Ú¦JÑiùAÛ�@u2Â�éØ´aq�.

�
<Q1µ`iù3T©�ïÄ3Ônþ´��, Ï�ly�Ôn

�Ýù, -Å´����L§, ØU^�©�ý9íN5£ã. �´XC.M.

Dafermos3¦�Í�5Hyperbolic Conservation Laws in Continuum Physic-

s6(1o�)¥Úó¥�Ñ�,þã1µ´“ØX>S”�. Äk,�(entropy)�
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4 1�Ù ²;�Ö:iù5Øk��Ì²¡�íÅ�DÂ6

½Â´�N?d(T. Clausius)31865câJÑ�,���íNÄåÆ�§´

3iù�­�â/¤�;Ùg,�±y²(ë�Smoller�Í�5Shock Waves

and Reaction-Diffusion Equations6), éu�f�-Å, Ôn��Cz´-

ÅrÝ�n��þ,¤±���.´��éÔnL§k�ÐCq�êÆ�.;

1n,iù3�©¥�
(½-Å,Ù¢´�Ñ
�«êÆ�^��,�Ò´

`¦��¿£�
-Å�Ø�_5. iù3�©�ïÄlêÆ�Ýù´��

M#!î�!��
��(�. êÆduéî�5��¦,Ø�U�ÔnÆ[

@�Uê1��/ÏL�ÿ�ßÿÚØî��í��ïÄ,�é�����

î.�§|�k.C�Ð� Cauchy ¯K�·½5,8c�Î´�)û�­

�êÆ¯K.�
�¢r?n)Ôny�,î�)ûÔn¯K,UJÑêÆþ

�)!Ônþ(Cq)Ün��.,Ù¢´�~
Øå�¤Ò.©Ø�lÔn�

ÝÚêÆ�ÝïÄg,y�3A:þ�ØÓ
$\1µ,´�«Ã��Ly.

2. 3éiùØ©�d��ÐÚµ���,·�éþ©J��[!��õ

�ù).

iù3Ø©11!í�
����Ø î.�§|. 3�m©�/�,

vk7�ÒíNØré�Ý��6'X�(���½: 2 Ïd-3�Ý�ρ

��íØ�p = ϕ(ρ), 
4¼êϕ �±6��½. ��Ú?�����IX,

-x¶÷$Ä���.^uP3t�� ux?íN����Ý,2^ωL« 

ux?�²¡�. çá3¡�ωþ�pÝ�dx��ÎN�NÈÒ´ωdx,Ù¤

�¹�íN��þ�ρωdx.

k�Ä�þÅð½Æ3dAÏ�/e�êÆL�ª. 3�mdtS, þã

ÎNSíN�þ�UCþ

ρ(x, t + dt)ωdx−ρ(x, t)ωdx ≈ ω
∂ρ

∂t
dtdx

�±d6\��þ,=

ωρu(x, t)dt−ωρu(x + dx, t)dt ≈ −ω
∂(ρu)
∂x

dxdt

2@o,�ÝρÚ�Ýuq´XÛ½Â�Q?�Ý��þ´�«ÿÝ,
�Ý�½Â�9

Jl6N�ì�Lagrange£ã. éù
Ä�Vg��÷,Òp��î.�§|ÿÝ)�

Vg. 3iù�Ø©¥, ?n���þE,´¼ê, �´Údc<��ïÄëY���

²;)ØÓ,iù�â»��Ò3uXÛn)ØëY�¼ê´ �©�§�).
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§1.1 �Ø�§íN�ý9íN�G��§Ú�����Ø î.�§| 5

5(½. ùüöA���,l
��

∂ρ

∂t
= −

∂(ρu)
∂x

. (1.7)

25wÄþÅð½Æ,½Úî1�½Æ�/ª. þãÎN�\�Ý´∂u
∂t +

u∂u
∂x ,
�^uÙþ�å,÷x¶���,�u

p(x, t)ω−p(x + dx, t)ω ≈ −ω
∂p
∂x

dx = −ϕ′(ρ)
∂ρ

∂x
ωdx,

Ù¥ϕ′(ρ)�L¼êϕ(ρ)��ê. �âÚî1�½Æ,

ρωdx
(
∂u
∂t

+ u
∂u
∂x

)
= −ϕ′(ρ)

∂ρ

∂x
ωdx,

��ωdx,��ÄþÅð�§

ρ

(
∂u
∂t

+ u
∂u
∂x

)
= −ϕ′(ρ)

∂ρ

∂x
. (1.8)

�ρ > 0,=ØÑyý��, (1.7)(1.8)����

∂u
∂t

+ u
∂u
∂x

= −ϕ′(ρ)
∂ logρ
∂x

Ú
∂ logρ
∂t

+ u
∂ logρ
∂x

= −
∂u
∂x
. (1.9)

3. iù35`²6¥��:“3�ïÄ¥Ø
�b�kÊH�$Ä½Æ�

	, �7Lb���k��²�½Æ, ùÒ´íN3vk9þ�á\½�Ñ

��¹e, Ør��ÝCz�½Æ. @®²dPoissonJÑ, �3���´ï

á3�©Ø���Ä:�þ�b�, =�Ý�ρ��Ør±�'uρk
��

ÝUC,Ù¥kL«½Ø'9�½N'9�'.y3®²dRegnaultéíN'

9�ïÄ±99�ÄåÆnØ����n[�9åÆ1�½Æ,=UþÅð�

n]C½
Ä:. �Ä�Poisson½Æ�ù�Ä:q��é�k<��,w5k

7�3Úó¥édk��Aé.”¤±3Ø©Úó¥, iùÄuBoyleÚGuy-

Lussac½Æ

logp + logv = logT + const. (1.10)

0�
y3¡�õ�íN�G��§p = ϕ(ρ) �í�. ùpvL«ü �þ

íN�NÈ['N], TL«l−273◦C�å�§Ý[=Kelvin§I]. iù�Ä


�§Úý9ü«�/.
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6 1�Ù ²;�Ö:iù5Øk��Ì²¡�íÅ�DÂ6

XJduØÓ/:Ør�ØÓ¤Úå�ØÓ/:�§Ý�É²ï��

~¯,±�u�±@�íN¥�§Ý©Ù´��~þ,@o(1.10)�mà´~

ê,l
�§íN�G��§´

p = const.ρ. (1.11)

XJíN$Ä�9���±���Ñ, �Ò´QÃ9�á\, �Ã9�

�Ñ,d�ØrÚ�Ý�'X¡�ý9�§. 3(1.10)¥,r§ÝTw¤pÚv�

¼ê, rð½Øre�'9P�c, r�±ð½NÈ��'9P�c′, (ù�ö

Ñ´éü �þ�íN5`�,)XJp�vu)��UCdp�dv,KíNáÂ

�9þ�

c
∂T
∂v

dv + c′
∂T
∂p

dp,

½ö,du(1.10),k∂ logT
∂ logv =

∂ logT
∂ logp = 1,=

v
T
∂T
∂v

= 1,
p
T
∂T
∂p

= 1,

¤áÂ�9þ�Ò´

T(cdlogv + c′dlogp). (1.12)

ÏdXJvk9�áÂÚ�Ñ,ÒAkdlogp =− c
c′dlogv. XJJ�Poisson,

b½ùü�'9�'� c
c′ = k�§ÝÚØrþÃ',Òk

logp = −k logv + const. ½ p = const.ρk. (1.13)

iùÚ^Ôn¢��(J,`²
3éõ~��/eþãG��§�k�5.

éu c
c′ = k�§ÝÚØrþÃ'�b�,iù?�Ú�
`². Regnault

3Ú Joule (��)�ïÄw«, ”3ð§e)ä�íN¤áÂ�9þ�ué	�

õ¤I�9þ”ù�b��~�C´�(�. XJíN�NÈ3)ädv�L

§¥§Ý�±ØC,@ol(1.10)Òkdlogp =−dlogv,(Ü(1.12),áÂ�9

þ�uT(c− c′)dlogv,¤��õ�updv. Ïd,XJ^AL«9õ�þ,@o

þãb��Ñ

AT(c− c′)dlogv = pdv,

3VZc, 1810.7.21–1878.1.19,{IÔnÆ[.
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=(|^(1.10))

c− c′ =
pv
AT

=
const.

A
,

Ïd�à�ØrÚ§ÝÃ',
 Regnault�¢�L²'9c�§ÝÚØrÃ

',u´k = c
c′ �Ú§Ý9ØrÃ'.

3Úó���,|^þãG��§(1.13)Ú'9c,9õ�þA�¢�êâ,

iùO�
0◦C�ZH�í¥�(�,¿�ÿþ(�¤��¢�êâé',(

J��¬Ü. ·�w�, iùo´r¦�ïÄïá3��®²(@
�j¢

�Ôn5ÆÚ¢�(ØÄ:�þ�.

§1.2 iùØCþÚ�ÝãC�

1. 311!���Ü©, iùm©
é�§|(1.9)�êÆ©Û. ¦��,

ò1���§¦±±
√
ϕ′(ρ),=

±
√
ϕ′(ρ)∂t logρ±u

√
ϕ′(ρ)∂x logρ = −(±

√
ϕ′(ρ))∂xu.

ùp�'�´Ú\¼ê

f (ρ) �
∫ √

ϕ′(ρ)dlogρ, (1.14)

@oþ¡�§�±��(ù«r����ê/ª�E|�~k^)

±∂t f (ρ)±u∂x f (ρ) = −(±
√
ϕ′(ρ))∂xu.

\�(1.9)�1���§∂tu + u∂xu = −
√
ϕ′(ρ)∂x f (ρ)þ�,¿�

f (ρ) + u = 2r, f (ρ)−u = 2s, (1.15)

Ò���§(1.9)�{ü/ª

∂r
∂t

= −(u +
√
ϕ′(ρ))

∂r
∂x
,

∂s
∂t

= −(u−
√
ϕ′(ρ))

∂s
∂x
, (1.16)

Ù¥u,ρ´�â(1.15)(½�rÚs�¼ê. |^ùü��§,Ò�Ñ

dr =
∂r
∂x

(dx− (u +
√
ϕ′(ρ))dt), (1.17)

ds =
∂s
∂x

(dx− (u−
√
ϕ′(ρ))dt). (1.18)
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iù��, 3¢S�¹¥, ²~���´b�ϕ′(ρ)��. Uy�â�,

¦�Ä�´î�V­.�§|. �Ä÷v�©�§dx = (u +
√
ϕ′(ρ))dt�­

�(ùpb�)u,ρ ®²��¿��1w). ù��­�y3��éAuA�

�u +
√
ϕ′(ρ)�A��. iù�Ñ, þã�§L²÷Xdx = (u +

√
ϕ′(ρ))dt(

½�A��, r�±ØC; ÷Xdx = (u−
√
ϕ′(ρ))dt(½�A��, s�±ØC.

�é{`, r����½��òíÄx±�Ý
√
ϕ′(ρ) + uØäO�; s����

½��òíÄx±�Ý
√
ϕ′(ρ)−uØä~�. u´ù���(½�rò¬ÅÚ

��kc�3�s��,¿�Ù�cí?��Ý3z�]��§���s�k

'.

ùpÚ\�#���¼êrÚsy3���©OéAuA��λ2 = u+
√
ϕ′(ρ)

Úλ1 = u−
√
ϕ′(ρ)�iùØCþ. §éA��§|(1.16)´é�z�,/ª'

������§|�{ü. Öö�±é'�e,ò(1.1)(1.2)��/ª

ut + F(u)x = 0,

½ö,éuLipschitzëY�),^óª{K,��

ut + DF(u)ux = 0,

Ù¥u = (u1,u2)> = (ρ,ρu)>, F = (F1,F2)> = (z2, (z2
2)/z1 +p(z1))>, z = (z1,z2)>,

K

DF =

 0 1

−

(
z2
z1

)2
+ p′(z1) 2z2

z1

 ,
§Ø´é�z�Ý
,A��´(�z1 = ρ,z2 = ρu)

λ1 = u−
√

p′(ρ) < λ2 = u +
√

p′(ρ).

l
ù´��î�V­.�§|.

@o, iù´XÛ��XþÚ\iùØCþ�Q? Ø
ÏL��¼êC

�òÝ
DFé�z�g´	,��±�Äé{ü�ÅÄ�§,ßÿiùØC

þ�V�/ª. ��5ù, �lk,rk©O´Ý
DFéAuA��λk��!mA

��þ(§�©O´1�þÚ��þ): lkDF = λklk, DFrk = λkrk, ¡¼êwk :

R2
→R´��k-xiùØCþ,XJé?¿z ∈R2,?¿� j , k,

Dwk(z)� l j(z) ²1. (1.19)
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duÝ
��mA��þo÷v'Xªlir j = 0 (i , j),þã^��Ò´

Dwi(z)ri(z) = 0, (i = 1,2, z ∈R2). (1.20)

�©òw�, iùØCþ����Ò´��m¥�ÕÑÅ­�. Ôn�

mp1�xÕÑÅÒ´s�~��«�,1�xÕÑÅÒ´r�~��«�.

2. iù��{�Ñ,Ø�gCþ¤3�Ôn�méuïÄ�©�§é­

�,��¼ê¤3���m�\�;.

�§|(1.16)�´��5�§. dc, ïÄ��5�©�§�Ì��{,

Ò´a'¼ê�©, 3A)NC�5z. Ø©�12!, iùJÑ
�«ÏL

AÏ���5C�,ògCþÚÏCþ�Úp�,
r��5�§=z��5

�§�#�{. iù�g´´ù��:”þã©ÛÄk�·�Jø
��Ãã

5)ûù��¯K,=r����r′3Û�Û/�s���kcÒ�3��s′�

�,�Ò´`,(½x�t��r�s�¼ê.”¦�Ñ,XJ3(1.16)¥òr�s��

ÕáCþÚ\,Kù
�§Ò=z�x�t��5�©�§,Ïd�±^®��

�{5È©.

�
òù
�©�§z��5,iù`��B�´ò�§(1.17)Ú(1.18)�

�±e/ª4:

dr =
∂r
∂x

{
d
(
x− (u +

√
ϕ′(ρ))t

)
+

[
dr

dlog
√
ϕ′(ρ)

dlogρ
+ 1

+ ds

dlog
√
ϕ′(ρ)

dlogρ
−1

]︸                                                       ︷︷                                                       ︸
=d(u+

√
ϕ′(ρ))

t
}
,

(1.21)

ds =
∂s
∂x

{
d
(
x− (u−

√
ϕ′(ρ))t

)
−

[
ds

dlog
√
ϕ′(ρ)

dlogρ
+ 1

+ dr

dlog
√
ϕ′(ρ)

dlogρ
−1

]︸                                                          ︷︷                                                          ︸
=d(u−

√
ϕ′(ρ))

t
}
.

(1.22)

4ù
L�ªNy
iùR��O�E|. l�©�±wÑ,iùéõu$^�©,


Ø´�ê5�$�.y3p�êÆ�§LurN�ê�VgÚ$�,,«§Ýþ�Ñ


é�����©��Æ,Ù¢´ØT��.
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�
�yþãªf,�I5¿�,�â(1.15),

du = dr−ds,
√
ϕ′(ρ)dlogρ = dr + ds,

d
√
ϕ′(ρ) =

√
ϕ′(ρ)dlog

√
ϕ′(ρ) =

dlog
√
ϕ′(ρ)

dlogρ
(
√
ϕ′(ρ)dlogρ)

=
dlog

√
ϕ′(ρ)

dlogρ
(dr + ds).

XJòs�rw¤ÕáCþ, l(1.21)(1.22)Ò��
x�tù�ö��5�©�

§

∂(x− (u +
√
ϕ′(ρ))t)

∂s
= −t

dlog
√
ϕ′(ρ)

dlogρ
−1

 ,
∂(x− (u−

√
ϕ′(ρ))t)

∂r
= t

dlog
√
ϕ′(ρ)

dlogρ
−1

 .
5¿ùpρ,uÑ�±^r,sL«, ¤±§�'u��¼êx, t´�5�. ddí

� (
x− (u +

√
ϕ′(ρ))t

)
dr−

(
x− (u−

√
ϕ′(ρ))t

)
ds (1.23)

´����©,§�È©, w,÷vXe�§

∂2w
∂r∂s

= −t

dlog
√
ϕ′(ρ)

dlogρ
−1

 = m
(
∂w
∂r

+
∂w
∂s

)
. (1.24)

ùp,5¿��â(1.23),¤á

∂w
∂r

+
∂w
∂s

= x− (u +
√
ϕ′(ρ))t− (x− (u−

√
ϕ′(ρ))t) = −2t

√
ϕ′(ρ),

l


m =
1

2
√
ϕ′(ρ)

dlog
√
ϕ′(ρ)

dlogρ
−1

 ,
¤±ù�´��r + s�¼ê. XJ- f (ρ) = r + s = σ,Kd f (ρ)�½Â,���

�
√
ϕ′(ρ) = dσ

dlogρ ,=dσ =
√
ϕ′(ρ)dlogρ,½ödσ/dρ =

√
ϕ′(ρ)/ρ,l


m =
1

2
√
ϕ′(ρ)

dlog
√
ϕ′(ρ)
ρ

dlogρ
=

1
2

dlog
√
ϕ′(ρ)
ρ

dσ
= −

1
2

dlog dρ
dσ

dσ
. (1.25)
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ù�L�ª�Ð?´äkÑÝ/ª.

éuPoisson¤b��ϕ(ρ) = a2ρk��/,{ü�O�L²

f (ρ) =
2

k−1

√
ϕ′(ρ) + const. =

2a
√

k
k−1

ρ
k−1

2 + const. (1.26)

XJÀÙ¥�?¿~ê���",|^(1.15),k√
ϕ′(ρ) + u =

k + 1
2

r +
k−3

2
s,

√
ϕ′(ρ)−u =

k−3
2

r +
k + 1

2
s,

m =
1
2

k−3
2

1√
ϕ′(ρ)

=
1
2

k−3
k−1

1
r + s

. (1.27)

3b�Boyle½Æϕ(ρ) = a2ρ¤á�^�e,¬��

f (ρ) = a logρ,
√
ϕ′(ρ) + u = r− s + a,

√
ϕ′(ρ)−u = s− r + a,

m = −
1
2a
. (1.28)

iù`,XJ3(1.26)¥�~ê�−2a
√

k
k−1 ,@o�k→ 1+�,

f (ρ) =
2a
√

k
k−1

(ρ
k−1

2 −1)→ a logρ;

éA/,lrÚs¥�~� a
√

k
k−1 ,2-k = 1,Ò���þã(J.

3. �X,iù?Ø
(1.24)�·^��,�Ò´C�(x, t) 7→ (r,s)��_5.

rrÚs��ÕáCþÚ\,�k3§���xÚt�¼ê��1�ª∣∣∣∣∣∣∣ ∂xr ∂tr

∂xs ∂ts

∣∣∣∣∣∣∣ = ∂xr∂xs

∣∣∣∣∣∣∣ 1 −u−
√
ϕ′(ρ)

1 −u +
√
ϕ′(ρ)

∣∣∣∣∣∣∣ = 2
√
ϕ′(ρ)

∂r
∂x
∂s
∂x

(ùp^�
�§|(1.16))Ø�"�âk�U.XJØÑyý�,l
ϕ′(ρ) >

0,@o�k∂xrÚ∂xsÑØ�"��§(1.24)âk�.

XJ3Ôn�m(x, t)���«�S∂xrÚ∂xsÑ�u",@o�â�§(1.16),

3ù�«�Sr,sÑ´~ê,l
íN?u~�G�. ù�´íNÄåÆ�§

�{ü�A).

y3b�3(x, t)�����S ∂r
∂x = 0
 ∂s

∂x , 0. |^(1.16), ��∂tr = 0,

¤±3d��Sr´~ê. (ù��±d(1.21)wÑ.)d�,l(1.22)��x− (u−
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ϕ′(ρ))t´����6us�¼ê. �é{`,�½��s��,@oÒ(½


�^��x = (u−
√
ϕ′(ρ))t + c, §´A��. Ôn�mpù�(½�A)�

�Γ+-ÕÑÅ,½1�xÕÑÅ.5¿3ù«�/, (1.23)E,�±w���©,

�w�´s�¼ê,
(1.24)Ø2·^.

Ón, XJ∂xs = 0
∂xr , 0, @os´~ê, x− (u +
√
ϕ′(ρ))tÚwÑ´r�

¼ê. �½r����r′, @o§3,^��A��x = (u +
√
ϕ′(ρ))t + c′þ�

�Ñ´r′. dd(½�A)��Γ−-ÕÑÅ½12x�ÕÑÅ.

ù�,iùÏLêÆóä,ÒríNÄåÆ�§�ëY�)©¤
na:

~�), ÕÑÅÚ���ëY). þ¡ùã?Øén)ùaV­�§�¦)

�~­�,k7�ÙöÝº.

4. 3Ø©�13!,iù?Ø
XÛl(1.24)�)w�&E¦�Ôn�m

¥)ρ(x, t),u(x, t)�¯K.¦b�(½
w��r,s�¼ê,÷v�©�§

∂2w
∂r∂s

−m
(
∂w
∂r

+
∂w
∂s

)
= 0 (1.29)

9Ð©^�, 
�(½������?¿~ê, Ï�w,ù���~ê´�

±�B\þ��.

�w®��,þã�§�y
¤á(
x− (u +

√
ϕ′(ρ))t

)
dr−

(
x− (u−

√
ϕ′(ρ))t

)
ds = dw, (1.30)

½ö�²(/,��

x− (u +
√
ϕ′(ρ))t = ∂rw(r,s), (1.31)

x− (u−
√
ϕ′(ρ))t = −∂sw(r,s). (1.32)

ùÒ�Ñ
“r���(½��3Û�tÛ/x�s���(½���®”. ?�

Ú,|^

f (ρ) + u = 2r, f (ρ)−u = 2s, (1.33)

Ò�±¦�u,ρ��xÚt�¼ê.

iù�X`²
éuÕÑÅÚ~�)��/XÛ?n. XJr3�m©3

�k���ãþäkÓ���r′,@où��ãÒ¬ÅÚ£Ä�x�5���
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«�.3ù««�Sr = r′,Ïddr = 0,ÒØUl(1.30)�Ñx− (u+
√
ϕ′(ρ))t�

�; ù��5, r′ù��3Û�Û/U�s���(½�����¯KÒØ

�Uk(½��Y. d��§(1.31)�U3ù�«��>.þ¤á, 
��

U�Ñ3�(½���3x�Û«��S¬kr�~ê�r′��¹Ñy; ½ö

`,�Ñ3x��(½� �,3Û«�m��Sr�ù��.3ù
��S�

d(1.32)(1.33)(½ÑuÚρ��xÚt�¼ê.

XJs3�k����«�S��s′,
r´�C�;½örÚsÑ´~ê,Ñ

�±^aq��{��ùü�¼ê. é��«�/, §�3d(1.31)(1.32)(

½���S�d(1.33)¤(½�~ê�.

§1.3 -Å�/¤

1. 314!,iù�Ñ
íNÄåÆ�§�)A�7,��¹-Å.¦�

�, “3XÃÈ©�§(1.29)�c,Ò�dÈ©�vk��b�!Aé,w5�

´ék7��. Ù¥k'¼êϕ(ρ),�IÙ�¼êϕ′(ρ)Ø¬�Xρ�O�


~�. ù3¢S¥�½o´ù��. Ó����Ñ,ù��k

ϕ(ρ1)−ϕ(ρ2)
ρ1−ρ2

=

∫ 1

0
ϕ′(αρ1 + (1−α)ρ2)dα, (1.34)

�N\�^�´: ª¥�ρ1Úρ2�k��UC,Kþª½ö�±ØC,½ö�

Xù�þ(ρ1 ½ρ2)�ÓO\½�Ó~�. Ó�dd��í�, ù�L�ª�

�©ª3ϕ′(ρ1)Úϕ′(ρ2)�m. ”iùrN,ù�(J3e�!¬õg^�. ·

�w�,iù3ùp�b½Ù¢´�¦ϕ´ρ�eà¼ê(=ϕ′′(ρ) ≥ 0).

iùÄk�Ä��AÏ�/, Ù¥Ð©²ï(~�)G��6Ä�«� 

u«ma < x < bS, l
3ù�«m�	, uÚρ, l
rÚsÑ´~ê: ù
þ

3x < a�«�S^N\�eI1 5IP, 3x > b�«�S^N\�eI25

IP. r3Ù¥u)Cz�«�SU11!�(Ø,ÅÚ�c(�Ò´�mý)í

?, 
�§��Ü>.(��ý>.)�cí?��Ý�
√
ϕ(ρ1) + u1, 
3Ù

¥su)UC�«��c>.(�mý>.)K±�Ý
√
ϕ′(ρ2)−u2��ò(�

1). ²L�ã�u
b− a√

ϕ′(ρ1) + u1 +
√
ϕ′(ρ2)−u2
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��m��,5ùü�«����qøl,3§��m/¤���m,Ù¥ks =

s2, r = r1,l
íNâfq2g?u²ï. Ïdlm©�Ä�/�uÑ�Xü

�����DÂ�Å,ù�#�¥m~�G��Ò´ùü�Å�p�^��

Ô.d�,3�c(�÷Xx¶��,=�m)DÂ�Ü©¥,�±(½/´s = s2

(5¿, Ø´r = r1, Ï�36Ä«r´CzX�). Ïd�(½��Ýρ�éX

X��Ýo´u = f (ρ)−2s2,
�ùü��(�ρÚu)±ð½��Ý√
ϕ′(ρ) + u =

√
ϕ′(ρ) + f (ρ)−2s2

�cí?. �dé', 3��DÂ�Ü©, ��Ýρ�éXX��Ý�u =

− f (ρ) + 2r1, 
�ùü��±ð½��Ý
√
ϕ′(ρ) + f (ρ)− 2r1��ò. 5¿

ùp”ð½��Ý”, Ò´�äk�ÝρÚ�Ýu�G�÷XA��DÂ, 
d

�A��Ò´��, =·�éA�´ÕÑÅ«�. ¤±éþãäk;�|8

6Ä�Ð�¯K,Ò�)
~�),ÕÑÅ)Ú���p�^n«a.�).

ùÒ´��;.¯K.d	,�âϕ′′(ρ)> 0�b�,�Ý��DÂ�Ý���,

Ï�
√
ϕ′(ρ)Ú f (ρ)��,�ρ�O�
O�.

ã 1.1 Ð©k�«mS6Ä��^ÚDÂ.

2. �Xiù�~�ß/£ã
-Å/¤�Å�.��ρ´±ρ�p¶, x�

î¶��I­�.@où^­�þ�z�:ò±�ð½��Ý²1î¶$Ä,


�ù�:�p�I��, �Ý��¯. �âù�5Æ·�N´/wÑ, @


äk��p�I�:�ª¬�L@
 u§�c¡�p�I���:. ù

55¿ù=´�����O��m,
Ø´°(�Å�^(å��m.



u
À
�
�
�
°
J
�
�
]
�
§
=
ø
�
Æ
¦
^

§1.3 -Å�/¤ 15

�3Ó��x�þÒ¬kÐA�ρ��áu§. �´3¢Sþù«�¹Ø�U

u),6¤±7½¬?\�«G�,3ù«G�e,ù�½ÆØ3¤á. ¢Sþ

·�3í��©�§�Ò´±b�uÚρ�x�ëY¼ê¿�k����Ä:

�;��3,�:�Ý­�R�uî¶,ù�b�ÒØ2¤á. lù�]må

ù^­�Ò¬Ñymä,±���é���Ý¬;�X��é���ÝÑy:

ù´ò3e�!ùã��/.

Ø Å, =�Ý÷XDÂ��4~�@Ü©Å, u´Ò¬3DÂ�L§

¥�5�Ä, �ªLÞ�ÀÂÅ; �´DÕÅ�°ÝK¬��m¤�'/Ø

äO�.

3. iù�Ñ,3b�¤áPoisson(½Boyle)½Æ��¹e,N´y²,=

¦Ð©²ïÉ�6Ä�«�¿Ø��3��k��«�, �7½, Ø
4�

AÏ��¹�	,3ZÄ�L§¥¬/¤ÀÂÅ.3ù�b�eê�r�cí

?��Ý�
k + 1

2
r +

k−3
2

s;

Ïd'����²þ¬±'����Ý$Ä(éc¡?Ø�;�6Ä,ùps =

s2,l
k > −1=�.ùÒéAy�â�¤`�A�xý���5�^�).�

����r′��7½¬�L��3§c¡����r′′,���r”���sØ¬

'Ó��r′���s²þ�u

(r′− r′′)
1 + k
3− k

,

�Ò´`,éu1 ≤ k ≤ 3��/,��¤á

s′− s′′ < (r′− r′′)
1 + k
3− k

, (1.35)

Òk k+1
2 r′+ k−3

2 s′ > k+1
2 r”+ k−3

2 s”. ¤±�
r′Ø�L§c¡���r”,=(1.35)Ø

¤á,@oé�u�Ã���x, s′′��uKÃ��.du2s = f (ρ)−u,ùÒ�

¦x = +∞���Ý�u = +∞,½ö��±-Boyle½Æ¥��Ý�Ã��(Ï

�d� f (ρ) = a logρ→−∞). XJ�Ñù
AÏ�/ØO, @o7½o¬Ñ

yù���¹,3ü����k�þ�r¥,@�����o´;�3���

���,l
 ∂r
∂xC¤KÃ��,dd���©�§��,�cí?�ÀÂÅÒ

6XJÚ\þf�½VÇ)Q?~X�
n)ë6,½ö�	(½XÚ¥�Ø(½5,

I�é�§�#�n).
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7½�). ��aq�,3 ∂s
∂xC¤(K)Ã���,�A�o¬k��ò�ÀÂ

Å/¤.

�
(½ ∂r
∂x½

∂s
∂xC¤Ã��±9â,�Ø m©u)��mÚ/:,·

��±3�§(1.21)(1.22)¥Ú\¼êw. äNù�5�:5¿�

d(x− (u +
√
ϕ′(ρ))t) = d

∂w
∂r

=
∂2w
∂r2 dr +

∂2w
∂r∂s

ds,


�â(1.24),
∂2w
∂r∂s

ds + ds
(dlog

√
ϕ′(ρ)

dlogρ
−1

)
t = 0,

u´3(1.21)¥��dr,Ò��

∂r
∂x

∂2w
∂r2 +

(dlog
√
ϕ′(ρ)

dlogρ
+ 1

)
t

 = 1. (1.36)

aq/�±��

∂s
∂x

−∂2w
∂s2 −

(dlog
√
ϕ′(ρ)

dlogρ
+ 1

)
t

 = 1. (1.37)

4. éu-Å/¤,·�Ö¿�ÑXey��y².

½n1. �Ä��î�V­.�§|

st +λ1(s,r)sx = 0, rt +λ2(s,r)rx = 0, (1.38)

b�¤áXeý���5^�,

∂sλ1(s,r) > 0, (1.39)


�Ð�s(x,0) = s0(x),r(x,0) = r0(x)´äk;�|8�1w¼ê. XJÐ

�s(x,0) = s0(x)÷v3,:x0?s′0(x0) < 0, @oTÐ�¯Kvk²;): 3

,k���∂xsÒ¬ªuKÃ��.

XJr^�U� ∂rλ2(s,r) > 0,Ð�r(x,0) = r0(x)3,:x0?r′0(x0) <

0,�¤á3,k���∂xrªuKÃ���(Ø.y²´aq�. /X(1.39)�

Ø�ª¡�1�A�xý���5�^�. n)
iù�)`, @oþã^



u
À
�
�
�
°
J
�
�
]
�
§
=
ø
�
Æ
¦
^

§1.3 -Å�/¤ 17

�Ú(Ø´�~g,�. ^�(1.39)L²A��Ý�XsC�
C�(5¿�K

Ò), Ð©^�¿�Xx0NC�ý�s�(u´�Ç|λ1|�) 
mý�s�(u´�

Ç|λ1|�), ¤±¬ÑyØ Å. éuk ≥ 1��§íN½ý9íN, ¤á∂sλ1 =

∂rλ2 = k+1
2 ,¤±§�éA�A�Ñ´ý���5�.

y². 1. du�ïÄsx��»,¤±�Ð´é�§÷v��§. ·�b�®

²�3ü�ëY���²;). ù«á�mÛÜ²;)��35�^A��

{(ÜPicardS��{¦Ñ.�a = sx, b = rx,é(1.38)�1���§'ux¦

�,��

at +λ1ax +
∂λ1

∂s
a2 +

∂λ1

∂r
ab = 0.

����¹ka��§,|^(1.38)�1���§rt +λ1rx = (λ1−λ2)rx,)�

b =
1

λ1−λ2
(rt +λ1rx),

l


at +λ1ax +
∂λ1

∂r
1

λ1−λ2
(rt +λ1rx)a +

∂λ1

∂s
a2 = 0. (1.40)

ùpØ��^b = −rt/λ2O��©?é¯Ò¬w�(�(1.44)Ú(1.45), �±r

p�¦È�����¼ê�ê�/ª).

2. ·�F"ò(1.40)÷A��x = x1(τ)È©,���Ña. ùp

x′1(τ) = λ1(r(x1(τ),τ),s(x1(τ),τ)), x1(0) = x0, τ ≥ 0.

u´,e-α(t) = a(x1(t), t),@o(1.40)Ò´

α′(t) +β(t)α(t) +
∂λ1

∂s
(x1(t), t)α(t)2 = 0. (1.41)

ùp

β(t) =
∂λ1

∂r
1

λ1−λ2
(rt +λ1rx)(x1(t), t).

Uì~�©�§È©Ïf��{,�

ξ(t) = exp
∫ t

0
β(τ)dτ,

@oξ′ = ξβ,l
(1.41)Ò´

(ξα)′+
∂λ1

∂s
ξ(x1(t), t)α2 = 0,
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½ö��
d
dt

(ξα)−1 = −
1

(ξα)2
∂λ1

∂s
ξα2 =

∂λ1

∂s
1
ξ
.

ùÒ)�

α(t) = α(0)ξ(t)−1
(
1 +α(0)

∫ t

0

∂λ1

∂s
(x1(τ),τ)

1
ξ(τ)

dτ
)−1

. (1.42)

3. äó: �3�êθÚΘ,¦�

θ ≤ ξ(t) ≤Θ, ∀t ≥ 0. (1.43)

|^däó,5¿�^�∂sλ1 > 0,��α(0) ≥ 0,Kα(t)Ò´k.�. 
X

Jα(0) < 0,K(1.43)¥mý)ÒS��3k��mS¬ªu",u´α→−∞.

ùÒy²
-Å�/¤.

4. e¡y²(1.43). 5¿÷XA��x = x1(t), s(x1(t), t) = s(x1(0),0) =

s0(x0)´�~ê,¤±∂λ1
∂r

1
λ1−λ2

(x1(t), t)��6ur(x1(t), t),l


β(t) =

(
∂λ1

∂r
1

λ1−λ2

)
(s0(x0),r(x1(t), t))

d
dt

r(x1(t), t). (1.44)

�

h(r) =

∫ r (∂λ1

∂r
1

λ1−λ2

)
(s0(x0),µ)dµ,

@o

β(t) = h′(r(x1(t), t))
d
dt

r(x1(t), t) =
d
dt

h(r(x1(t), t)). (1.45)

u´

ξ(t) = exp(h(r(x1(t), t))−h(r0(x0)))).

dur�´k.�,�h(r(x1(t), t))k.,l
(1.43)(¢¤á. 2

§1.4 -Å�mä^�Ú�^�

1. 3Ø©�15!, iù�Ñ,Ï�â,�Ø A�o´¬Ñy, ¤±=

¦3�m©�ÝÚ�Ý??Ñ´ëYCz�,·��´k7�5Ï¦ÀÂÅ

DÂ�5Æ.
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b�3��t�3x = ξ?u)
uÚρ��C,·�rùü�þ±9Ù¦�

§k'�þ3x = ξ−0?��N±eI15L«,3x = ξ+0?��N±eI2.

íN�éumä:�$Ä�Ý�u1 −
dξ
dtÚu2 −

dξ
dt , Ø�©O±v1Úv2L«.

3�mdtSÏL3x = ξ�²¡þ���¡�ω��þu´Ò�uv1ρ1ωdt =

v2ρ2ωdt;\3§þ¡�å�(ϕ(ρ1)−ϕ(ρ2))ω,Ïd�)��ÝOþ�v2−v1,

u´�âÀþ½Æ,3dt�mS,å�Àþ�uÄþ�Oþ,·���

(ϕ(ρ1)−ϕ(ρ2))ωdt = (v2−v1)v1ρ1ωdt Ú v1ρ1 = v2ρ2,

½ö

(ϕ(ρ1)−ϕ(ρ2)) = (v2−v1)v1ρ1, v1ρ1 = v2ρ2, (1.46)

ddéN´í�

v1 = ∓

√
ρ2

ρ1

ϕ(ρ1)−ϕ(ρ2)
ρ1−ρ2

, (1.47)

l
k

dξ
dt

= u1±

√
ρ2

ρ1

ϕ(ρ1)−ϕ(ρ2)
ρ1−ρ2

= u2±

√
ρ1

ρ2

ϕ(ρ1)−ϕ(ρ2)
ρ1−ρ2

(1.48)

ùp(1.46)½(1.48)Ò´�­¤¡�-Å�Rankine-Hugoniota�^�,7
(1.48)

���ªÒ�Ñ
�²¡þ�L�G�(ρ1,v1):�-Å­�.·�5¿�i

ù´3vkf)�y�î�Vg��¹e,ÏLÔn�Ä�Ñ
���(�

êÆúª,NyÑ
�êÆ[¡é#¯K�¤äk�ÕA�;�­��Ø�

Uå.

2. iù?�Ú�Ñ
XÛÀJþãªf¥��KÒ.¦�Ñ,é�ÀÂ

Å5`, ρ2−ρ17½�v1Úv2k�Ó�ÎÒ.äN5ù,é�cí?Å(�Ý�

u"�Å, ½y3¤¡�12x-Å)5`�KÒ; é��ò1Å(1�x�-

Å)5`��Ò(o´�yíN�ì�L-Å��ÝO\,=Ø 
). 31�«

�¹e(é2--Å), 3(1.47)¥�KÒ, =ÅcíN´À�-Å�(�Ý�K�

7Ö¿ÅðÆ�§È©f)�½Â9R-H^��í�.
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â�±);u´3(1.48)¥À�Ò,�ρ1 > ρ2. 8 ùÒ´�5¤¡�Ôn�^�.

iù�X��,ù��5,Uì3(1.34)e¡¤��b�,

λ2(u1) � u1 +
√
ϕ′(ρ1) >

dξ
dt
> λ2(u2) � u2 +

√
ϕ′(ρ2), (1.49)

ùÒ´y3¤¡�(1�x-Å�) LaxAÛ�^�.dd��mä:£Ä�

úu;�Ù��r�,
¯u+k�§�r�. (=r�&E3ØäÑÑ.)

Ïd,3z�]��r1Úr2�ÏL3mä:üý¤á��©�§5û½.

iù3ùp�Ñ
gd>.¯K�g�. k¦)-Åmý�ëY�). Ï

�s��±�Ý
√
ϕ′(ρ)− u��ò1, íNÄåÆ�§és2, 
�âþã�^

�, r2��±lÐ�(½, l
�±��ρ2Úu2. �´-Å�ý�G�(Ì�

´s1)ØU^Ð©^�Ú�©�§��(½. s19
dξ
dt ���dr1,ρ29u2ÏL

�§(1.48)5��/(½. (5¿d�kü���þ,kü�R-H^�.)

¯¢þ,duu = 2r− f (ρ),l(1.48)��

2(r1− r2) = f (ρ1)− f (ρ2) +

(√
ρ1

ρ2
−

√
ρ2

ρ1

) √
ϕ(ρ1)−ϕ(ρ2)
ρ1−ρ2

= f (ρ1)− f (ρ2) +

√
(ρ1−ρ2)(ϕ(ρ1)−ϕ(ρ2))

ρ1ρ2
, (1.50)

�k��ρ1��U÷vù��§, Ï�3ρ1lρ2�Ã��O��L§¥, þ

ª�mýéz�������g,ù´du f (ρ1)±9

√
ρ1

ρ2
−

√
ρ2

ρ1
Ú

√
ϕ(ρ1)−ϕ(ρ2)
ρ1−ρ2

Ñ´üN/O�, 
���@�Ïf�U�±�~ê. ?�Ú, XJρ1®½,

Kw,l�§(1.48)·�Ò�±��u1Ú
dξ
dt��(½��.

é��ò1�ÀÂÅ�k��aq�(J.

8±m1-Å�~,l(1.46)1�ª��v1Úv27,ÓÒ.XJρ1 > ρ2,�v1 > 0,ù¿�

Xédm1-Å,�ýG�1â´§�Åc))Ï�íNl�ýBL-Å��mý))

mýG�2â´Å�,Ø 5�¦ρ2 > ρ1,ùÒgñ
. ¤±�
�¦m1-Å´Ø �,

=ρ1 > ρ2,K7,�¤áv1,v2Ñ´K�. é�1-Å�?Ø´aq�.
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§1.5 iù¯K9Ù¦)

1. 3Ø©16!, iùJÑ
±¦·¶�éïÄV­ÅðÆ�§�'­

���aAÏ�Ð�¯K.

·�®²��,3�ÀÂÅüý�uÚρ�m,ok�§(�(1.50))

(u1−u2)2 =
(ρ1−ρ2)(ϕ(ρ1)−ϕ(ρ2))

ρ1ρ2
(1.51)

¤á. y3·��¯,XJ3,��½/:,3�½��,k��?¿�½�

mä:,@o¬Ñy�o? ù�¯K,Ò´y3¤¡�iù¯K.ù�¯K�

y²´ïÄV­ÅðÆ�§|f)��Ä����¯K.

iù��,�Uld?Ñy,½´�ü�����$Ä�ÀÂÅ,½´�

cDÂ�,½´��DÂ�ÀÂÅ,����UØÑyÀÂÅ.ù�wu1,ρ1,u2,ρ2¤

���
½,±�y$Ä�Ì�©�§. Uy��â�,iù�Ñ
�â©ã

~��Ð©^��ØÓ, )ko«�U5: (1) ��$Ä�1--Å+�m$Ä

�2--Å, ¥mÑy#~�G�; (2) ��$Ä�1-ÕÑÅÚ�m$Ä�2--

Å,¥m´#�~�G�; (3)��$Ä�1--ÅÚ�m$Ä�2-ÕÑÅ,¥m

´#�~�G�; (4) ��$Ä�1-ÕÑÅÚ�m$Ä�2-ÕÑÅ, ¥m´#

�~�G�. ÕÑÅ´ëY�6ÄG�,I�3²;¿Âe÷v�©�§.

2. N�¦)1�«�/Q? òuÚρ3ÀÂÅm©DÂ��]m���

m��^3Ùmþ�\�§5L«, @o3ρ′ > ρ19ρ′ > ρ2��/e, ·�

k

u1−u′ =

√
(ρ′−ρ1)(ϕ(ρ′)−ϕ(ρ1))

ρ′ρ1
, (1.52)

u′−u2 =

√
(ρ′−ρ2)(ϕ(ρ′)−ϕ(ρ2))

ρ′ρ2
,

5¿ùpm���Ò,´��y±-Å�íN�Ý�ëì,ÅcíN�À�-

Å(NyØ 5),¤±�¦u1−u′ > 0(�m,��1�1--Å�E), u2−u′ < 0

(��,�m1�2--Å�E).u´

u1−u2 =

√
(ρ′−ρ1)(ϕ(ρ′)−ϕ(ρ1))

ρ′ρ1
+

√
(ρ′−ρ2)(ϕ(ρ′)−ϕ(ρ2))

ρ′ρ2
, (1.53)
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du§mý�ü��ρ′�ÓO�,�ρ′ = ρ1½ρ2,m>Ñ�u�u√
(ρ1−ρ2)(ϕ(ρ1)−ϕ(ρ2))

ρ1ρ2
,

l
kØ�ª

u1−u2 >

√
(ρ1−ρ2)(ϕ(ρ1)−ϕ(ρ2))

ρ1ρ2
; (1.54)

�L5,XJþãØ�ª��÷v,Kl(1.53)Ò���/(½ρ′,2l(1.52)Ò

�±)�u′. w,,ù��u′Úρ′�k�|.

3. éuÑy�/(4),Ï
Ù$ÄUUì�©�§5(½,7�
�¿©

/^�´: �¦k

r1 ≤ r2 s1 ≥ s2. (1.55)

du2r = f (ρ) + u, 2s = f (ρ)−u,lù�^��íÑ

u1 = r1− s1 < r2− s1 < r2− s2 = u2,

d	, f (ρ1) + u1 < f (ρ2) + u2¿�X f (ρ1)− f (ρ2) < u2 − u1, 
 f (ρ1)− u1 >

f (ρ2)−u2¿�X f (ρ2)− f (ρ1) < u2−u1,u´(1.55)�±�d/��

u2−u1 > | f (ρ2)− f (ρ1)|. (1.56)

dur3c¡���$Ä�Ý�uá3�¡���$Ä�Ý, r1�r2, s1�s23

$ÄL§¥Ò¬©m,l
��mä:���.

·�éþãiù�{��
�\äN�)º. d�, ·���E�)

´”�G�(r1,s1)+1-ÕÑÅ+ ¥mG�+2-ÕÑÅ+mG�(r2,s2)”. |^m

>s2÷1-A��ØC, ±9r1÷X2-A�yØC, �±(½¥mG�Ò´(r′ =

r1,s′ = s2). u´¤á

u1 = r1− s1 < u′ = r1− s2 < r2− s2 = u2.

d	,d

f (ρ1) + u1 = f (ρ′) + u′ = 2r1, f (ρ1)−u1 = 2s1 > f (ρ′)−u′ = 2s2,
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�� f (ρ1) > f (ρ′),u´ρ1 > ρ′,l

√
ϕ′(ρ1) >

√
ϕ′(ρ′),@o

u1−
√
ϕ′(ρ1) < u′−

√
ϕ′(ρ′),

ù¿�X1-ÕÑÅ�cà��Ý(¢�u"à��Ý,?¿�½r ∈ (r1,r2),é

A)�(ρ,u),3A��x = (u−
√
ϕ′(ρ))tþíNG�Ò´(ρ,u). ù�Ò��(

½
1-ÕÑÅ.é2-ÕÑÅ�?ØÚ�E´aq�.

4. XJ^�(1.54)Ú(1.56)ÑØ¤á,@oiù¯K�)Ò´�/(2)½(3),

�uÑy�c$1�1--Å, �´��ò1�2--Å, ù�wρ1´'ρ2�, �

´�5(½.

¢Sþ, 3ρ1 > ρ2�, ÒéA�/(2). d� f (ρ1) > f (ρ2), l
, dub

�(1.56)Ø¤á,�

2(r1− r2) = f (ρ1)− f (ρ2) + u1−u2 > 0.

,��¡,du(1.54)Ø¤á,�

u1−u2 ≤

√
(ρ1−ρ2)(ϕ(ρ1)−ϕ(ρ2))

ρ1ρ2
,

l


2(r1− r2) ≤ f (ρ1)− f (ρ2) +

√
(ρ1−ρ2)(ϕ(ρ1)−ϕ(ρ2))

ρ1ρ2
.

5¿�r1²L1-ÕÑÅØC, l
¥mG��r′ = r1, u´r1,r2©O�L2--

Å�müý�r�.�âþ¡Ø�ª,�|^-Å'Xª(1.50)¦� u2-ÀÂ

Å�ý�ρ′�, 5¿�¤á�^�ρ′ > ρ2, ��âþ¡ρ′�¦)�{(mý'

uρ14O),7,kρ′ < ρ1. dus′ = f (ρ′)− r1,s1 = f (ρ1)− r1,¤±�ks′ ≤ s1.

¤±l)��»½n�^�,½ölþ�ãéÕÑÅ�©ÛwÑ,ù�Ñy1-

ÕÑÅë��G�(r1,s1)Ú¥mG�(r1,s′).

,�«ρ1 < ρ2��¹,w,Úù«�¹�©Û�Øõ.

5. 3Ø©�17!,iùäN¦)
�§íNî.�§�AÏ~f. ¦�

�:”�
^��{ü�~f5�ã�8¤ã�(J,3ù�~f¥�$Ä�

±^î8¤����{5(½,·�b�,ØrÚ�Ý�m�'XdBoyle½

Æ(½,l
ϕ(ρ) = a2ρ. �ÝÚ�Ým©�3x = 0?u)âC,�3Ùüý

K�~þ. @o�âþã�©o«�¹5?Ø.”
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I.3u1−u2 > 0�,ü>�íNÏdò�é$Ä,b��k(ëw1.54)
(

u1−u2
a

)2
>

(ρ1−ρ2)2

ρ1ρ2
,3ù��^�e,Ò/¤
ü������$Ä�ÀÂÅ.

�
¦)�§(1.53),5¿�ρ′ > ρ1,ρ′ > ρ2��¦,§y3�/ª´

u1−u2

a
=
ρ′−ρ1√
ρ′ρ1

+
ρ′−ρ2√
ρ′ρ2

,

mà��±�� √
ρ′

(
1
√
ρ1

+
1
√
ρ2

)
−

1√
ρ′

(
√
ρ1 +

√
ρ2).

�
z{þª,Ú\#ëêβÚθ,¦�√
ρ′

(
1
√
ρ1

+
1
√
ρ2

)
= βθ,

1√
ρ′

(
√
ρ1 +

√
ρ2) =

β

θ
,

�¦Ò��

β2 =

(
1
√
ρ1

+
1
√
ρ2

)
(
√
ρ1 +

√
ρ2) =

(
α+

1
α

)2
,

Ù¥^α5P 4
√
ρ1
ρ2

. ¤±��β = α+ 1
α .@o(1.53)Ò´

u1−u2

a
(
α+ 1

α

) = θ−
1
θ
.

�θ´þã�§���(w,�3���),@o

ρ′ =

(
α+ 1

α

)2(
1
√
ρ1

+ 1
√
ρ2

)2θ
2 =
√
ρ1ρ2θ

2.

2�â(1.48),Ò���c$Ä�ÀÂÅ��Ý�

dξ
dt

= u2 + a

√
ρ′

ρ2
= u2 + aαθ, ½ö

dξ
dt

= u′+
a
αθ
,

d���ªf�±�Ñu′. ��ò1�ÀÂÅ��Ý�(d��KÒ)

dξ
dt

= u1− a
θ
α

= u′− a
α
θ

;
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Ï
3²L
�ã�mt��,�

(u1− a
θ
α

)t < x < (u2 + aαθ)t

�, �Ý��Ý��´u′�ρ′, 
é���x, Ù��u1Úρ1, é���x, �

�u2Úρ2.

II.3u1−u2 < 0�
u2−u1

a
≥ log

ρ1

ρ2

�,Uc¡�`²,íN�p��l�$Ä,kü�ÅìC°�DÕÅlÐ©

mäx = 0, t = 0?÷�����uÑ, 3§��m�G�´r′ = r1,s′ = s2, l


u′ = r1− s2,ρ′ = f−1(r1 + s2). 3c1Å¥s = s2, 
�÷Xx− (u + a)t = 0, r

´~ê, Ù¥u = r− s2, 
r ∈ (r1,r2). (ë�(1.33)e¡�ã¥�?Ø.) �x >

(u2 + a)t�íNG�´(u2,ρ2),3x = (u′+ a)t�ýíN´¥mG�(u′,ρ′). é

(r1− s2 + a)t ≤ x ≤ (u2 + a)t

�÷/Ü©,¡�ÕÑÅ«�,�½r1 < r0 < r2,K3��x = (r0−s2 +a)tþr =

r0,s = s2,ùÒ�EÑ
ÕÑÅ«�S�). 3

(u1− a)t < x < (u′− a)t

�, r = r1,�·����´u = a + x
t ,�x���s = s1,3x���s = s2.

III.XJþãü«�¹Ñvku),�ρ1 > ρ2,@o¬Ñy����ò1

�ÕÑÅÚ��c1�-Å.éu�ö,d(1.50),�¦Ñ¥mG�(ρ′,u′),�

)�§(5¿I�ρ′ > ρ2)

2(r1− r2)
a

= log
ρ′

ρ2
+
ρ′−ρ2√
ρ′ρ2

.

�θ =
√
ρ′/ρ2,@o§A�´

2(r1− r2)
a

= 2logθ+θ−
1
θ

��,
ρ′ = θ2ρ2.dur′ = r1,ùÒ(½
¥mG�,
-Å­�´��,÷

v(|^(1.48))
dξ
dt

= u2 + aθ = u′+
a
θ
.



u
À
�
�
�
°
J
�
�
]
�
§
=
ø
�
Æ
¦
^

26 1�Ù ²;�Ö:iù5Øk��Ì²¡�íÅ�DÂ6

u´3²L�ã�mt��,�x > (u2 + aθ)t�3ÀÂÅc¡ku = u2,ρ = ρ2,

�3ÀÂÅ��kr = r1,
�Ød�	,3

(u1− a)t < x < (u′− a)t

�ku = a + x
t ,3x���ku = u1,3x���ku = u′.

IV.��,XJÞü«�¹Ñvku),�ρ1 < ρ2,@o¤k�?§ÚIII¥

��,�´����.

§1.6 ¦)�5ÅÄ�§�iù�{

1. 318!, iù��, �
¦�·�¯K���),�â(1.24), ·�7

L5(½¼êw,¦�§U÷veã�©�§

∂2w
∂r∂s

−m(r,s) ·
(
∂w
∂r

+
∂w
∂s

)
= 0 (1.57)

±9¤��Ð©^�.

£�·���Ä��©¯K´XeÅðÆ�§|�Ð�¯K

ρt + (ρu)x = 0, (ρu)t + (ρu2 +ϕ(ρ))x = 0, x ∈R, t ≥ 0,

ρ(x,0) = ρ0(x), u(x,0) = u0(x). (1.58)

XJØ�Ä)¹kmä(-Å)��/, �ïÄ²;), ÏLÚ\iùØCþ,

=z�ïÄXe¯K

rt + (u +
√
ϕ′(ρ))rx = 0, st + (u−

√
ϕ′(ρ))sx = 0, x ∈R, t ≥ 0,

r(x,0) = r0(x), s(x,0) = s0(x). (1.59)

duV­.�§)�k�DÂ�Ý5�, ·��ÄXã1.1¤«�;.�/,

��ÛÜz�¯K: 3x = a, t = 0 Ñu�1�A��(P�(r))þr = r′´~

ê(�s��),3(x = b, t = 0)Ñu�1�xA��(P�(s))þs = s′(�rØ(½).

¤±5¿ùpùü^A��(r)Ú(s)Ù¢´���,¤±·��)����5

 �©�§|�A�gd>.¯K, ¦)�«�´���A��(r)Ú(s)±

9x¶þ«mI = (a,b)�¤�k�«�.
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2. �
¦)ù�¯K, iùÚ\
�§(1.57). 5¿�IþÐ©^�r =

r0(x),s = s0(x)¿�X3G��m�(r,s)-�IXe, I��Ò´ëê­�

c = {(r0(x)),s0(x) : x ∈ (a,b)}.

ù�(1.57) ¤á�«�SÒ´dr = r′,s = s′Úc�¤�k�«�. ù´��®

���½�«�.¤±iùÚ\��ÝãC�Ø�r������5�§|

=z¤
������5�V­.�§, 
�rgd>.=z¤
�½>

.!(�,, ùp��d´�U�Ä²;), 
�ØU´~ê)½{üÅ). ù

Ò�¦r0,s0 ´üN¼ê,�Ò´`­�c�UÚr = r′,s = s′���g,½ö`

´î��.)

5¿3S�>.r = r′,s = s′þØI��½��¼êw�^�(ù
Ñ´�

5ÅÄ�§�A��),
3cþ,�â(1.31)(1.32),k

∂rw = x(r,s), ∂sw = −x(r,s), 3 r = r0(x),s = s0(x) ?. (1.60)

ùÒ��u�½
w3cþ�Ð�^�(w�±����~ê).

�
¦)¯K(1.57)(1.60),iùA^
éó��{,§rþã���Ð�

¯K=z�ïÄ���½�ÅÄ�§�Goursat¯K
. é'3NÚ�§�

ÆS¥,Q|^1���úªÚLaplac�§�Ä�),réNÚ¼ê�Dirichlet¯

K�ïÄ=z�¦)��¼ê))=ïÄ��AÏ�Dirichlet¯K.ùp�

g´´aq�, Ñ´éó�g�, ù�5uÐ��¼©Û¥����f�é

óØy�{.

iù)º�, �
(½U÷v�5�©�§Ú>.^��¼ê, ·��

æ^�)�5�§|�¤^����Ó��{,ò¤k��§¦±Ø½Ïf

¿�\, ,�ù�5À½ù
Ïf, ¦�3Úª¥��¤k���þ���

e�����.

^vL«rÚs���?¿¼ê, §??ëY, ¿�këY�ê, u´d�

§(1.57),¤á

0 =

∫
S

v
(
∂2w
∂r∂s

−m
(∂w
∂r

+
∂w
∂s

))
drds.

òmàÏL©ÜÈ©�¤Ø
®�þ	,�¹��¼ê,
Ø¹§��ê. ·
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ã 1.2 Ôn�mÚ��mþ�>�¯K.

���

0 =

∫
S

(
w[∂rsv +∂r(mv) +∂s(mv)]−∂r(mvw)−∂s(mvw)−∂s(w∂rv) +∂r(v∂sw)

)
drds

=

∫
S

w[∂rsv +∂r(mv) +∂s(mv)]drds +

∫
∂S

v(∂sw−mw)ds + w(mv +∂rv)dr.

(1.61)

ùp®b�∂sw3∂SþëY.5¿>.­�∂Sd(c), (r′), (s′)nã©�
¤, P

§���:©O�(c,r′), (c,s′)Ú(s′,r′),@oþª¥�1�.­�È©�±�

�

−

∫ c,s′

c,r′
−

∫ s′,r′

c,s′
−

∫ c,r′

s′,r′
.

é1�Ü©, Ø
¼êv	, �¹w9∂sw, ù��âÐ©^�(½; é1�Ü

©, 5¿�ds = 0, ¤±=¹��¼êw��, Ø¹�ê; é1nÜ©, dr = 0,
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�±2g^©ÜÈ©,z�

−

∫ c,r′

s′,r′
v(∂sw−mw)ds = −

∫ c,r′

s′,r′
∂s(vw)ds +

∫ c,r′

s′,r′
w(mv +∂sv)ds

= (vw)s′,r′ − (vw)c,r′ +

∫ c,r′

s′,r′
w(mv +∂sv)ds.

ù�3Ù¥Ó��k�¦�¼êwÑy.

·�Ueã�ª(½Ñ¼êv:

1)3 S¥??k: ∂2v
∂r∂s +

∂(mv)
∂r +

∂(mv)
∂s = 0,

2)éu r = r′ : ∂v
∂s + mv = 0,

3)éu s = s′ : ∂v
∂r + mv = 0,

4)éu r = r′,s = s′ : v = 1.

(1.62)

dd,l(1.61)Ò��

ws′,r′ = (vw)c,r′ +

∫ c,s′

c,r′
v(
∂w
∂s
−mw)ds + w(mv +

∂v
∂r

)dr. (1.63)

¤±��)Ñ(1.62)�²;)v,2rw�Ð�(1.60)�\þª,Ò�±)Ñw3(r′,s′):

��.ùÒ�Ñ
¦)úª.

@o,¯K(1.62)k�o`:Q?ù´���5ÅÄ�§�Goursat¯K,

Ù¥A��r = r′,s = s′þ�>�ÏLÈ©�±�Ñ5, Ù¢Ñ´Dirichlet.

�>.^�.¤±ù´��(½�Goursart¯K,>.^�Ø´?¿�. ��

)Ñù��¯K,Ò)û
¤k�/X(1.57)(1.60)�¯K.

3. 3Ø©�19!,iù0�
XÛ¦)¯K(1.62). ¦k{��Ñ
Ä

uFp�C�����v�L�ª. �
�yù�L�ª,Äuù�L�ª¤

Û¹���C�,é÷vPoissonb��õ�íN,iù�±�����AÛ

¼ê÷v�~�©�§,ùÒ|^�AÛ¼ênØ,�y
þã�Ñ�v�Ä

u�?êL«�)Ûª(¢´¯K(1.62)�).

iùéu¦XÛ��v�ÄuÈ©�L�ª�´{�J«
�e�{,�

Ñ
�þO�[!(Ï�¦�8��´w�ÖöXÛß�v�L�ª,AO´

�©^���� Û�C�).ùpÖ¿�[!�Ñ5gu5iù�86?6

ö¤N\�5º(¥©�1157�),^y�Fp�©Û��ó�
U�.



u
À
�
�
�
°
J
�
�
]
�
§
=
ø
�
Æ
¦
^

30 1�Ù ²;�Ö:iù5Øk��Ì²¡�íÅ�DÂ6

�
¦^Fp�C�(©lCþ{), Ú\#gCþσ = r + s,u = r− s. e

¡rσw��mCþ,�½ê�σ′,À½­�σ = σ′�Ð©­�,�ÄÐ�¯K

∂2w
∂σ2 −

∂2w
∂u2 −2m

∂w
∂σ

= 0, (1.64)

w(σ′,u) ≡ 0,
∂w
∂σ

(σ′,u) =
dw
dσ

(u), u ∈R,σ ≥ σ′. (1.65)

5¿ùp��§Ò´(1.57)3(σ,u)�IXe�/ª. ù´�����mCz

�{Z���5ÅÄ�§. iù�Ä'uw�ù�¯K, 8�´ÏLéù�

AÏ¯K)�O�,w�ÖöC�(1.70)´XÛ���. Ú\��¼ê�Fp

�C�

ŵ(σ,µ) =

∫
w(σ,u)eiµu du,

ùpµ´�mCþu�éóCþ,XÃ`²,È©´3Rþ�. @oŵ÷vXe

~�©�§Ð�¯K:

d2ŵ(σ,µ)
dσ2 −2m(σ)

dŵ(σ,µ)
dσ

+µ2ŵ(σ,µ) = 0, (1.66)

ŵ(σ′,µ) = 0,
dŵ(σ′,µ)

dσ
= \(µ) �

∫
dw
dσ

(u)eiµu du. (1.67)

�ψ1Úψ2´�§ψ′′−2mψ′+µ2ψ = 0�ü�Õá�A),¦�¤á

ψ1ψ
′

2−ψ2ψ
′

1 =
dσ
dρ
.

¯¢þ,du

[ψ1ψ
′

2−ψ2ψ
′

1]′ = ψ1ψ
′′

2 −ψ2ψ
′′

1 = ψ1[2mψ′2−µ
2ψ2]−ψ2[2mψ′1−µ

2ψ1]

= 2m[ψ1ψ
′

2−ψ2ψ
′

1],

¿5¿�(1.25),�±�ψ1,ψ2�·�~ê�,¦�¤á(£Á f (ρ) = σ)

ψ1ψ
′

2−ψ2ψ
′

1 = exp(
∫ σ

2m(τ)dτ) = exp(−
∫

dlog
dρ
dσ

) =
dσ
dρ
,

§´��σ�¼ê,�µÃ'.

u´(1.66)Ú(1.67)�)�±��

ŵ(σ,µ) = A(µ)ψ1(σ,µ) + B(µ)ψ2(σ,µ),
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Ù¥

A(µ)ψ1(σ′,µ) + B(µ)ψ2(σ′,µ) = 0,

A(µ)ψ′1(σ′,µ) + B(µ)ψ′2(σ′,µ) = \(µ).

ØJ)�

A(µ) = −
dρ
dσ

(σ′)ψ2(σ′,µ)\(µ), B(µ) =
dρ
dσ

(σ′)ψ1(σ′,µ)\(µ),

u´

ŵ(σ,µ) = (−ψ2(σ′,µ)ψ1(σ,µ) +ψ1(σ′,µ)ψ2(σ,µ))
dρ
dσ

(σ′)\(µ).

dFp�_C�½n,

w(σ,u) =
1

2π

∫
ŵ(σ,µ)eiµu dµ (1.68)

=
1

2π

∫
(ψ1(σ′,µ)ψ2(σ,µ)−ψ1(σ,µ)ψ2(σ′,µ))

dρ
dσ

(σ′)

·

∫
dw
dσ

(u′)e−i(u′−u)µdu′dµ.

òù�ªfÚ(1.63)é',@p�s′,r′éAùp�σ,u,­�cÒ´ùp�σ= σ′,

l
|^38c�AÏ¯Kpw3cþ�", (1.63){z�

ws,r =

∫ c,s

c,r
v
∂w
∂s

ds.

5¿�3­�cþdr = −ds, du = −2ds, 
��Ä�­�È©�½�, ´÷

Xds~����,l
���È©Cþ,k

ws,r =
1
2

∫
v
∂w
∂s

du =
1
2

∫
v(u′)

dw
ds

(u′)du′.

rù�ªfÚ(1.68)é',��kXev�L�ª:

v =
1
π

∫
(ψ1(σ′,µ)ψ2(σ,µ)−ψ1(σ,µ)ψ2(σ′,µ))

dρ
dσ

(σ′)e−i(u′−u)µdµ.

5¿ùpÑy�Ñ´¢�¼ê,�

v(σ,u,σ′,u′) =
2
π

∫
∞

0
cosµ(u−u′)(ψ1(σ′,µ)ψ2(σ,µ)−ψ1(σ,µ)ψ2(σ′,µ))

dρ
dσ

(σ′)dµ.
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4. ·�2wiùéõ�íN�AÏ�/�O�. éPoisson½Æ¤á�

�/, m = (1
2 −

1
k−1 ) 1

σ ,éA�©�§´

d2ψ

dσ2 −
2
σ

(1
2
−

1
k−1

) dψ
dσ

+µ2ψ = 0,

|^�?ê�±��§�Xe/ª�ü�A)

∑
n

(
−

(
σµ−2

2

))n

Π(n)Π(n + 1
k −1)

,

Ù¥��´�nl"m©�gO\��Ã¡, ,��´l1− 1
k−1m©\�Ã

¡. ùp½Â

Π(−α) =
1

2πi

∫
exxα−1 dx.

é?ê¦Ú,3Ñ�Ïf 1
2πi�,���A)�XeÈ©L�ª(σµ

2

) 1
k−1

∫
e
σµ
2 (x− 1

x )x
1

k−1−1 dx,
(σµ

2

)1− 3
k−1

∫
e
σµ
2 (x− 1

x )x1− 1
k−1 dx,

Ù¥È©�3E²¡þ7L"l−∞�∞�´». iù�½O�Lù
È©,

¦��, �±^½È©5L«ψ1Úψ2, l
��v���n­È©�L�ª,

2ÏLz�Ò��

v =

(
r′+ s′

r + s

) 1
2−

1
k−1

F
(

3
2
−

1
k−1

,
1

k−1
−

1
2
,1,−

(r− r′)(s− s′)
(r + s)(r′+ s′)

)
.

ùp�AÛ¼êy = F(α,β,γ;x)´��©�§

x(1−x)y′′+ [γ− (α+β+ 1)x]y′−αβy = 0

�),�±^�?êL«,~XÙ¥��´

F(α,β,γ;x) = 1 +

∞∑
n=1

α(α+ 1) · · · (α+ n−1)β(β+ 1) · · · (β+ n−1)
n!γ(γ+ 1) · · · (γ+ n−1)

xn

�Xiù�y
þãL�ª(¢´(1.62)�). �σ = r + s. �v(r,s) =

exp(−
∫ σ
σ′

m(σ)dσ)y(r,s),Ú\#��¼êy(r,s),K

∂rv = exp(−
∫ σ

σ′
m(σ)dσ)(∂ry−my), ∂sv = exp(−

∫ σ

σ′
m(σ)dσ)(∂sy−my),

∂rsv = exp(−
∫ σ

σ′
m(σ)dσ)

(
∂rsy−∂r(my)−m∂sy + m2y

)
,
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u´l(1.62)��#��¼êy = y(r,s)÷v�§

∂rsy + (m′(σ)−m2)y = 0; (1.69)

5¿�exp(−
∫ σ′
σ′

m(σ)dσ) = 1, Ù¥σ′ = r′ + s′, u´3>.s = s′þd∂rv +

mv = 0�íÑ∂ry = 0,u´y ≡ 1;aq/3r = r′þ�ky ≡ 1.

éuíN÷vPoisson½Æp = a2ρk��/, l(1.27), ®�m(σ) = λ
σ , Ù

¥λ= 1
2 −

1
k−1 ,@om′(σ)−m2 =−λ+λ2

σ2 . Ú\#gCþ(5¿,�â(1.55), r≥ r′,

�s ≥ s′,¤±e¡z < 0,u´�¡Ñy�logz�9Eê�éê)

z = −
(r− r′)(s− s′)
(r + s)(r′+ s′)

, (1.70)

¿�y´z�¼ê, dur = r′Ús = s′éAz = 0, ��¦z = 0�y = 1. 5¿

�exp(−
∫ σ′
σ

m(σ)dσ) = exp(−λ log(σ/σ′)) =
(
σ′
σ

)λ
, �v(r,s) =

(
σ′
σ

)λ
y(z). ��

BO�,iùòyÀ�logz�¼ê,@o

∂y
∂r

=
dy

dlogz

( 1
r− r′

−
1

r + s

)
,

∂2y
∂r∂s

=
1

(r + s)2

dy
dlogz

−
d2y

(dlogz)2

( 1
s′− s

−
1

r + s

)( 1
r− r′

−
1

r + s

)
=

1
σ2

dy
dlogz

−
1
σ2

(r + s′)(r′+ s)
(s′− s)(r− r′)

d2y
(dlogz)2 .

��O�L²1− 1
z =

(r+s′)(r′+s)
(s−s′)(r−r′) ,u´l(1.69)��y÷v�©�§

(1− z)
d2y

(dlogz)2 − z
dy

dlogz
+ (λ+λ2)zy = 0. (1.71)

¤±C�(1.70)x³�/�3u§�Þò�� �©�§3�/«�þ�>

�¯Kz{¤��~�©�§�Ð�¯K!iù3¦uLu1857c�Ø©5é

�±^Gauss?êF(α,β,γ,x)5L��¼ênØ���#�z6¥(�5iù

�86¥©�1�ò72�)�Ñ,�©�§

(1−x)
d2y

(dlogx)2 − (α+α′+ (β+β′)x)
dy

dlogx
+ (αα′−ββ′x)y = 0 (1.72)
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�)

y = P


α β 0

x

α′ β′ γ

 =

∞∑
n=1

anxn

�^�?ê�{¦),Ù¥Xê�±ÏL4íúª

an+1

an
=

(n +β)(n +β′)
(n + 1−α)(n + 1−α′)

(½. dCauchy�'��O{,d�?êL�ª�Âñ��´E²¡þü 

�. ÏL)Ûmÿ,�±(½þã¼ê���½Â��.^þãPÒ, (1.71)�

)Ò´

y = P


0 −λ 0

z

0 1 +λ 0

 .
|^@�Ø©¥(½�C��n,�±���þ^�AÛ?êÚ½È©L«

�y�L�ª.

�
lù
éPoisson½Æ¦��(J�ÑéBoyle½Æ�¤á�(J,

�Uì(1.28)e�`²,lr,s,r′,s′~� a
√

k
k−1 ,,�-k = 1,dd��m = − 1

2a ,±

9

v(r,s) = e
1
2a (r−r′+s−s′)

∞∑
0

(r− r′)n(s− s′)n

(n!)2(2a)2n .

|^Âñ�?ê�Å�¦�,ØJ�y§�(¢�Ñ
¯K(1.62)�).

5. 3Ø©����!,110!,iùÏLÚ\#�¼ê,U?
úª(1.63).

iù��, XJòþ¡���v�úª�\�(1.63), @o·�Ò¬��^­

�cþ�w, ∂w
∂r Ú

∂w
∂s5L«�w3r = r′,s = s′?��;�´3·��¯K¥,3

d­�þ~~�´���Ñ
∂w
∂rÚ

∂w
∂s (ë�(1.31), (1.32),Ù¥�t = 0),
w�

U´ÏL§��È©âU¦�,¤±�Ðrwr′,s′�L�ªC�¤ù��/ª,

¦�3È©Òe�kw��êÑy.

é�ÈL�ª(�©1-/ª)−mvds+(∂v
∂r +mv)dr±9(∂v

∂s +mv)ds−mvdr,

du�§
∂2v
∂r∂s

+
∂(mv)
∂r

+
∂(mv)
∂s

= 0



u
À
�
�
�
°
J
�
�
]
�
§
=
ø
�
Æ
¦
^

§1.6 ¦)�5ÅÄ�§�iù�{ 35

��3,Ñ´��©. ò§�L«�PÚΣ,=

dP = −mvds + (
∂v
∂r

+ mv)dr, dΣ = (
∂v
∂s

+ mv)ds−mvdr.

5¿Pdr+Σds�´��©,ù´du∂P
∂s =−mv = ∂Σ

∂r . ·�ò�¼êL�ω,=

dω = Pdr +Σds.

·��±ù�55½ù
È©¥�È©~ê,¦�ωÚP = ∂ω
∂r , Σ = ∂ω

∂s3r =

r′,s = s′�Ñ�u". @o,du3r = r′þdω = Σds,
dΣ = (∂v
∂s + mv)ds = 0

(^
(1.62)¥�>.^�),KΣ ≡ 0,u´ω ≡ 0. aq/��3s = s′þω ≡ 0.

,	, ω÷v�©�§

∂2ω
∂r∂s

=
∂P
∂s

= −mv,
∂ω
∂r

+
∂ω
∂s

= P +Σ = v−1,

ùp�����Ò¤á´Ï�d(P + Σ) = dv, l
P + Σ− v =~ê, 
3r =

r′,s = s′:,duv = 1,�ù�~êÒ´1. ¤±ω÷v�©�§

∂2ω
∂r∂s

+ m
(
∂ω
∂r

+
∂ω
∂s

+ 1
)

= 0.

¢Sþ§�±dþã�§�àg>.^��Goursat¯K(½.

y3£�(1.63)ª,|^∂rv + mv = ∂rP = ∂rrω, −mvw = w∂rsω, v = ∂rω+

∂sω+ 1,K

wr′,s′ = (vw)c,r′ +

∫ c,s′

c,r′
[∂rω+∂sω+ 1]∂swds + w∂rsωds + w∂rsωdr

= (vw)c,r′ +

∫ c,s′

c,r′
(∂sω+ 1)∂swds + [∂rω∂sw +∂s(w∂rω)−∂sw∂rω]ds

+ [∂r(w∂rω)−∂rw∂rω]dr

= (vw)c,r′ +

∫ c,s′

c,r′
(∂sω+ 1)∂swds−∂rw∂rωdr + d(w∂rω)

= (vw)c,r′ +

∫ c,s′

c,r′
(∂sω+ 1)∂swds−∂rw∂rωdr + (w∂rω)c,s′ −w(v−1−∂sω)c,s′

= wc,r′ +

∫ c,s′

c,r′
(∂sω+ 1)∂swds−∂rw∂rωdr. (1.73)
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ùp^�
s = s′þ∂rω = 0, r = r′þ∂sω = 0�5�.

�
lÐ©G�5(½$Ä,·�7L�t = 0��­���­�c;3d

­�þk∂w
∂r = x, ∂w

∂s = −x,u´2ÏL�g©ÜÈ©,lþªÒ��

wr′,s′ = wc,r′ +

∫ c,s′

c,r′
−xds−x∂sωds−x∂rωdr

= wc,r′ +

∫ c,s′

c,r′
−xds−xdω = wc,r′ +

∫ c,s′

c,r′
ωdx−xds + d(xω)

= wc,r′ +

∫ c,s′

c,r′
ωdx−xds. (1.74)

���Ú|^
ω3(c,r′):Ú(c,s′):�"�5�. 5¿(1.73)½(1.74)¥�ê

�wc,r′ØU�¿�½, Ï���À½, 'X`t = 0,x = 0:éA�G��m

¥(r′′,s′′):�w = 0,@o�â3t = 0þ¤ádw = xdr−xds, w�Ò��(½


.

�X,£�(1.31)(1.32),iù�Ñ
Xeªf

(x− (
√
ϕ′(ρ) + u)t)r′,s′ = xr′ +

∫ xs′

xr′

∂ω
∂r′

dx,

(x + (
√
ϕ′(ρ)−u)t)r′,s′ = xr′ −

∫ xs′

xr′

∂ω
∂s′

dx. (1.75)

þ¡1�ª�màÒ´∂r′ws′,r′ , 
�â(1.73), Ò´(5¿´éÈ©e�¦�,

¤±õ��KÒ)xr′+∂r′w∂r′ω= xr′(1+∂r′(ω)c,r′). �w5iù´ÏL(1.74)5

O��:

∂
∂r′

[wc,r′ +

∫ c,s′

c,r′
ωdx−xds] = xr′ +

∂
∂r′

∫ c,s′

c,r′
ωdx

= xr′ +
∂
∂r′

∫ xs′

xr′

∂ω
∂r′

dx.

ùp´rr′,s′À�û½ω�ëê(Ï��¦
3r = r′,s = s′þω = 0),¤±iù

�þãL�ª�NATl¹ëCþÈ©¦��Ý5n). aq/, (1.75)1�
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ª�±l(1.74)�XeC/5�Ä:

wr′,s′ = wc,r′ +

∫ c,s′

c,r′
ωdx−xds + xdr−xdr

= wc,r′ +

∫ c,s′

c,r′
ωdx−xdr + dw

= wc,s′ +

∫ c,s′

c,r′
ωdx−xdr. (1.76)

iù�Ñ, (1.75)�ü��§,�k3(ë�(1.36)(1.37))

∂2w
∂r2 +

dlog
√
ϕ′(ρ)

dlogρ
+ 1

 t

Ú

∂2w
∂s2 +

dlog
√
ϕ′(ρ)

dlogρ
+ 1

 t

�±Éu"�,âL�X²;)�$Ä.��ùü�þ¥k���u",@o

Ò¬ÑyØ ÀÂÅ, l
�§(1.73)�U3ÀÂÅÓ�ý�ëY6|«�

SA^.

iù��J�
ü�¯K.�´d?ïá��n���Øv±3ÊH�

�/e��lÐ©G�5(½$Ä. (ùÒ´��Ð�ef)�·½5¯K,

�8c�vkXÚ
�÷��Y.) ØL���±��, (½3��t �Ø 

ÀÂÅ� �,Ï
�Ò´ξ��t�¼ê�½�,/Ïu(1.73)±9Uìc¡

éØ ÀÂÅk���§(�Rankine-Hugoniot^�Ú�^�)5�½$Ä.

(ù�Ò´é¹k-Å�©¡ëY)�ïÄ.) “ ØL·�Ø��?�Ú?Ø

e�
,Ó���ïéíNÉ��¡p�����¹�?n,” (ù�Ò´éÐ

>�¯K�ïÄ,�)¹l¯K,-Å����;.ÔnÚó§A^¯K,) ”

Ï�ù�O�¿Ø(J,
�úe�Ø�Uò(J�¢��'�.”
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Ã¡õf�)

·���é��[�5V­.ÅðÆ�§�Ð�¯K, ��5ù, =¦

Ð©^�´1w¼ê, ²;)��U3á�mS�3, ��òÑy-Å([15,

1nÙ14!]). ¤±éùa�§,I�í2)���,é�§�#�n),±

T�, k�/£ãÔny�. �d<�Ú?
�È©f)�Vg, ¿��


�yù«f)���5Ú­½5,Ú\
õ«�^�±]ÀÔnþÜn�f

)[16, 1oÙ].éu���mCþ��/, éA�´ý���5½�5òz

�î�V­ÅðÆ�§|,Glimm, Bressan, Bianchini, 4�², 
Õ�<®

y²
Ð�C����Ð�¯K�f�)��35,��5Ú­½5. @o,

éuõ��mCþ��/, ��Ä��¯KÒ´: ù
�^�UÄ�yf�

)���5? Chiodaroli, De Lellis ÚKreml 3De Lellis, Székelyhidi�ó

�[9, 8]�Ä:þ, é���½~���Ø î.�§|, �E
Lipschitzë

Y�Ð�,y²
éùaÐ�,�3Ãê�÷véA�^���È©f)[5].

Ø�ù�(Ø�~­�, ¦��y²�{�´�~kME5�, �^u)û

Nõaq�¯K.ù�Ù·�Ò50�¦���{.

§2.1 ¯K9Ì�(Ø

1. Ð�¯K.�ÄXe�½~���Ø î.�§|�Ð�¯K:
∂tρ+ div x(ρv) = 0,

∂t(ρv) + div x(ρv⊗v) +∇xp(ρ) = 0,

ρ(·,0) = ρ0(x), v(·,0) = v0(x).

(2.1)

ùpgCþx = (x1,x2) ∈R2´�mCþ, t ≥ 0´�mCþ. ��þρ�LíN

��þ�Ý, v´íN��Ý, p´íØ,§�Ñ´(x, t)�¼ê. Üþv⊗ v�

n)���þv�1�þv>�Ý
¦{���2×2Ý
,
ÑÝ�f´éÝ


�z�1�þ,'u�mCþ5�^�. éõ�íN, p(ρ) = ργ,
γ´��

�u1�~ê,��ý9�ê. �γ = 2�T�§���fYÅ�§,éA/ρ

�LY�, v´Y�, p´YØ.

39
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2. iù¯K.XJÐ©^�´©¡~��:

(ρ0(x),v0(x)) =

(ρ−,v−) x2 < 0,

(ρ+,v+) x2 > 0,
(2.2)

Ù¥ρ±´�K~ê, v±´��~�þ,K¡Ð�¯K(2.1)�iù¯K.duÐ

��x1Ã',|^Tiù¯K3³|ÑC�±9ºÝ� C�x 7→ λx, t 7→ λt

(λ ∈ R+) e�ØC5, �±�Ä��6ux2/t �g�q). 3[13] ¥, ®�

[0�
T¯K�¦). (ë�e¡§2.4.3!.) AO�, �3Ð�(2.2), ¦�

T¯K�k��¥%ÕÑÅ)(ρ∗(x, t),u∗(x, t)). ù�)3t > 0�'u(x, t)Ñ

´LipschitzëY�,¤±´�²;).

3. Ø ÅÐ�.é?¿�½�t0 > 0,-

ρ0(x) = ρ∗(−x, t0), v0(x) = v∗(−x, t0),

duî.�§é²;)�±'u�m��¦),ØJ�y

ρ(x, t) = ρ∗(−x, t0− t), v(x, t) = v∗(−x, t0− t)

´(2.1)30 ≤ t < t0����²;), ·�¡ù����)(ρ,v) ´�Ø Å.

5¿�t ↑ t0�,:�/¤á

(ρ(x, t),v(x, t))→

(ρ+,v+), x < 0,

(ρ−,v−), x > 0,
(2.3)

=�ê��»,l
�)¤-Å.

4. �È©f). �
�)mä¼ê±£ã-Å,I�*¿¯K(2.1)�)

���, �Ò´é¯K(2.1)�Ñ�«�2��n), ½#�3����Sk

��½Â. �d, Äu©ÜÈ©, ±9é(2.1)ï�L§�©Û, <�Ú\
�

È©f)�Vg.

½Â1. ¡¼ê(ρ,v) ∈ L∞(R2
× [0,∞); [0,∞)×R2)´(2.1)���f),XJé

?¿�ÿÁ¼êψ ∈ C∞0 (R2
× [0,∞)), ϕ ∈ C∞0 (R2

× [0,∞);R2), Ñ¤áXe�
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ª: ∫
∞

0

∫
R2

(ρ∂tψ+ρv ·∇xψ)dxdt +

∫
R2
ρ0(x)ψ(x,0)dx = 0, (2.4)∫

∞

0

∫
R2

(ρv ·∂tϕ+ρv⊗v : Dxϕ)dxdt +

∫
R2
ρ0(x)v0(x) ·ϕ(x,0)dx = 0.

(2.5)

ùpDxϕ´�þ�¼êϕ'u�mCþ�JacobiÝ
, A : B´Ý
�Hadamard¦

È(=éA���¦��\).

5. �^�Ú�NNf). é¯K(2.1)�²;),�¤áXe�N\Åð

Æ—Å�UÅð:

∂t
(
ρε(ρ) +ρ

1
2
|v|2

)
+ div x

((
ρε(ρ) +ρ

1
2
|v|2 + p(ρ)

)
v
)

= 0, (2.6)

Ù¥ε(ρ)�Lü �þíNäk�SU,÷v'Xª

p(ρ) = ρ2ε′(ρ).

AO�,éγ = 2�/, ε(ρ) = ρ. ª(2.6)�ÏLUþÈ©�{,=é(2.1)¥1�

��§¦±ε(ρ),1���§�v�SÈ,�\¿�©ÜÈ©��.

éu�²;), �ª(2.6)��Ø2¤á: du)Ø1w¤NyÑ�,«

ÑÑ5,Å�UØATO\,32Â¼ê¿ÂeA�¤á

∂t
(
ρε(ρ) +ρ

1
2
|v|2

)
+ div x

((
ρε(ρ) +ρ

1
2
|v|2 + p(ρ)

)
v
)
≤ 0. (2.7)

Ï¦¦��ª(2.6)¤á�f)��$��K5�IÒ´Onsagerß��SN.

?�Ú5ù, (2.7)��ý´�RadonÿÝ,éÙ|89���±ïÄén)f

)��K5��'­�.

dd,·�Ú\Xe�NNf)�Vg.

½Â2. ¡(2.1)�f)´�NN�,XJé?¿�K�ÿÁ¼êψ ∈ C∞0 (R2
×

[0,∞)),Ñ¤áXeØ�ª:∫
∞

0

∫
R2

(
ρε(ρ) +ρ

1
2
|v|2

)
∂tψ+

(
ρε(ρ) +ρ

1
2
|v|2 + p(ρ)

)
v ·∇xψdxdt ≥ 0.

(2.8)
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½n1. �p = ρ2. �3iùÐ�, ¦�¯K(2.1) kÃ¡õ�k.��NNf

)(ρ,v),�infρ > 0,=Ñvký�.AO�,ùp�iùÐ��dØ Å��.

d1nã�`², ·�kXeíØ. §L²�NNf)�Ø��5¿Ø

´duÐ��K5��Úå�.

íØ1. �p = ρ2. �3LipschitzëY�Ð�,¦�¯K(2.1)kÃ¡õ�k.�

�NNf),�ÑØ¹ý�.

½n1�y²©�üÚ:Äk´éî.�§���5��·�tµ,��

k��5�å��5 �©�§|,éÙ�E�«¡�”÷/e)”�Cq);

,�ÏLBairej½ny², �ÏL3”÷/e)”¥\\v
õ���¼ê,

��°(��NNf).

§2.2 ÷/e)�Vg

1. Ôn�m�÷/©). ·���iù¯K(2.1)�)´©¡1w�,÷

XR2
× [0,∞)�m¥�²¡{x2/t =~ê},)���´~�.AO�,XJ�Ñ

y-Å,K)´©¡~��, 3z�÷/«�S,�Ý�~ê. dd�b��

�E�Cq)�iù¯Kkaq�(�, ½Â��©�eZ÷/, �Ý3z

�÷/¥´~ê, u´¯K�=z�ÏLé�Ý\��¼ê, `²Ø�Øî

.�§|f)Ø��.·�k�ÑéÔn�m�Xe÷/©)�Vg.

½Â3. ��«�R2
×[0,∞)���÷/©)´�Xek��m8P−,P1, · · · ,PN,P+,

Ù¥

P− = {(x, t) : t > 0,x2 < ν−t}, (2.9)

P+ = {(x, t) : t > 0,x2 > ν+t}, (2.10)

Pi = {(x, t) : t > 0,νi−1t < x2 < νit}, i = 1, . . . ,N. (2.11)

ùpν0 = ν− < ν1 < · · · < νN−1 < νN = ν+´?¿�¢ê.

2. î.�§|�tµ. )û(J¯K�Ä�üÑ´òÙ©)�A���

{ü�¯K©O?n. éî.�§ù�r��5� �©�§, Ø
~��
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�5z�{	, ��±lXe�Ýò��5�tµ, =z����5�å�

�5 �©�§|�±ïÄ.

3î.�§¥�r���5�´v⊗v,ù´��2×2�¢é¡Ý
. ·

�PS2×2
0 ´,�"�2×2¢é¡Ý
��N, Id�ü Ý
. @o

U = v⊗v−
1
2
|v|2Id ∈ S2×2

0 .

�Ä^¼êC�O1
2 |v|

2, Ý
U + CId5�Ov⊗ v, ù��òî.�§|�¤

��'uρ̄, v̄,Ū, C̄���5§Ý�$� �©�§|:

∂tρ̄+ div x(ρ̄v̄) = 0, (2.12)

∂t(ρ̄v̄) + div x(ρ̄Ū) +∇x(ρ̄C̄ + p(ρ̄)) = 0, (2.13)

Ù¥ρ̄, C̄´�K¼ê, v̄´���þ, Ū ∈ S2×2
0 .5¿�3z�÷/Pi¥, ρ̄��

,��½~ê�{,þã�§'uv̄,Ū´�5�:

div xv̄ = 0, (2.14)

∂tv̄ + div xŪ = 0, (2.15)


î.�§���5ÒNy3'Xª

Ū = v̄⊗ v̄− C̄Id, ½ v̄⊗ v̄− Ū = C̄Id (2.16)

�¥. 5¿�Tªü>�Ý
�,,Òg,��

C̄ =
1
2
|v|2. (2.17)

y3òª(2.16)�t�XeØ�ª:

v̄⊗ v̄− Ū < C̄Id, (2.18)

Ù¥�C̄3z�÷/S��Ñ´~ê. PÒA < BL«¢é¡Ý
B−Aî�

�½.

÷v(2.12)(2.13)(2.18)�3z�÷/¥´~��¼êρ̄, v̄,Ū�À�¯K(2.1)�

��Cq),¡�÷/e). ÏLéù��Cq),3Ù�~ê�z�÷/«

�Sév̄ÚŪV\v
õ�$Ìpª��¼ê,¦��ª(2.16)¤á,Ò¬��

¯K(2.1)���f).

3. ÷/e)Ú�NN÷/e). e¡·��Ñþ©£ã�÷/e)�î

�½Â.
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½Â4. �iùÐ�(2.2)�¯K(2.1)���÷/e)´�Xen�¼ê|

(ρ̄, v̄,Ū) :R2
× [0,∞)→ (R+,R2,S2×2

0 ),

÷vXe^�:

i) §�´©¡~��: �3R2
× [0,∞)���÷/©)P−, P1, · · · , PN, P+,

¦�

(ρ̄, v̄, Ū) =

N+1∑
i=0

(ρi, vi, Ui)IPi(x, t). (2.19)

d?9±e,·�PIΩ´8ÜΩ�A�¼ê,
P0 = P−, PN+1 = P+,

(ρ0,v0,U0) = (ρ−, v−, v−⊗v−−
1
2
|v−|2Id),

(ρN+1, vN+1, UN+1) = (ρ+, v+, v+⊗v+−
1
2
|v+|

2Id).

ii) é?¿i ∈ {0, 1, · · · , N, N + 1},�3~êCi > 0,¦�

vi⊗vi−Ui < CiId, (2.20)


C0 = |v−|2/2, CN+1 = |v+|
2/2.

iii) (ρ̄, v̄,Ū)32Â¼ê¿Âe÷vXe�§:

∂tρ̄+ div x(ρ̄v̄) = 0, (2.21)

∂t(ρ̄v̄) + div x(ρ̄Ū) +∇x(p(ρ̄) +

N+1∑
i=0

CiρiIPi) = 0. (2.22)

aq�,�^��tµ�Xe�NN÷/e)�Vg.

½Â5. ÷/e)(ρ̄, v̄,Ū)¡��NN�,XJ32Â¼ê¿Âe¤áØ�ª:

∂t
(
ρ̄ε(ρ̄)

)
+ div x

((
ρ̄ε(ρ̄) + p(ρ̄)

)
v̄
)

+∂t(
N+1∑
i=0

CiρiIPi) + div x(
N+1∑
i=0

CiρiviIPi) ≤ 0. (2.23)
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5¿,XJ^iù¯K�)���NN÷/e),@o(2.20)¥�uÒÒ

7L´�Ò,l
���ÒÃlV\. ¤±ØU^iù¯K�)��NN÷

/e).

4. �NN÷/e)��35%¹Ã¡õ�NNf)��35. de¡�

·Ká=��½n1.

·K1. �p = p(ρ)´ëY���¼ê. XJ¯K(2.1)(2.2)�3���NN÷

/e)(ρ̄, v̄,Ū),K§7kÃê��NNf)(ρ,v),�ρ = ρ̄.

5. '�½n. �
y²þã·K,'�´¦)(2.14)(2.15)(2.16). ·�k

Xe½n.

½n2. �(ṽ,Ũ) ∈R2
×S

2×2
0 , C > 0÷v

ṽ⊗ ṽ− Ũ < CId.

Ké?¿m8Ω ⊂R2
×R,�3Ã¡õ�N�(v,U) ∈ L∞(R2

×R,R2
×S

2×2
0 ),

¦�

a) v,U3Ω	ð�";

b) div xv = 0, ∂tv + div xU = 0;

c) (ṽ + v)⊗ (ṽ + v)− (Ũ + U) = CId, a.e Ω.

·�ò3e�!y²d½n.

6. |^½n2y²·K1. ùp�y²Ñ´Äu��O��.

1�Ú: l�NN÷/e)|^½n2�E�NNf). ò½n2 A^

u�½�÷/e)(ρ̄, v̄,Ū)(½�÷/«�Pi (i = 1, · · · ,N), P(vi,Ui)�l½

n2�����N�,¿�

ρ = ρ̄, v = v̄ +

N∑
i=1

vi, U = Ū +

N∑
i=1

Ui, (2.24)

e¡y²dd���(ρ,v)´¯K(2.1)����NNf).

�Ö��Bå�,±e-v0 = vN+1 = 0, U0 = UN+1 = 0.
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1�Ú:�þÅð�§. 32Â¼ê¿Âe��O�,é|83R2
×(0,∞)

S�ÿÁ¼ê,Òk

∂t(ρ) + div x(ρv) = ∂t(ρ̄) + div x(ρ̄v̄)︸             ︷︷             ︸
=0 (÷/e)½Â¥iii))

+div x(ρ̄
N+1∑
i=0

vi)

=

N+1∑
i=0

div x(ρ̄vi) =

N+1∑
i=0

ρ̄div xvi = 0. (2.25)

ùp1n��Ò¤á´5¿�d÷/e)�½Â, ρ̄3z�÷/PiS´~ê,


vi�|8�3PiS;�����Ò|^
½n2¥�5�b).

1nÚ:ÄþÅð�§. 5¿�3z�÷/Pi¥,|^½n2�5�c),A

�??¤á

v⊗v = (vi + vi)⊗ (vi + vi) = Ui + Ui + CiId.

l
3R2
× (0,∞)þ,k�ª

v⊗v = Ū +

N+1∑
i=0

(
Ui + CiIPiId

)
. (2.26)

u´

∂t(ρv) + div x(ρv⊗v) +∇xp(ρ)

= ∂t(ρ̄v̄) +∂t(ρ̄
N+1∑
i=0

vi) + div x(ρ̄Ū) + div x(ρ̄
N+1∑
i=0

Ui) +∇x(ρ̄
N+1∑
i=0

CiIPi + p(ρ̄))

= ∂t(ρ̄v̄) + div x(ρ̄Ū) +∇x
(
p(ρ̄) +

N+1∑
i=0

ρiCiIPi

)
︸                                                ︷︷                                                ︸

=0

+

N+1∑
i=0

ρi(∂tvi + div xUi︸          ︷︷          ︸
=0

) = 0.

ùp���11���"´�â÷/e)�5�iii),1���"
u½n2�

5�b). ·��2g|^
suppvi, suppUi ⊂ Pi,±9Piþρ̄ = ρi�5�.

1oÚ:�^�.l(2.26)ü>�,,Òk�ª

|v|2

2
=

N+1∑
i=0

CiIPi .
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l
��O�Òk

∂t
(
ρε(ρ) +ρ

1
2
|v|2

)
+ div x

((
ρε(ρ) +ρ

1
2
|v|2 + p(ρ)

)
v
)

= ∂t(ρ̄ε(ρ̄) +

N+1∑
i=0

ρiCiIPi) + div x((ρ̄ε(ρ̄) + p(ρ̄) +

N+1∑
i=0

ρiCiIPi)v̄)

+div x((ρ̄ε(ρ̄) + p(ρ̄) +

N+1∑
i=0

ρiCiIPi)
N+1∑
j=0

v j)

= ∂t(ρ̄ε(ρ̄) + div x((ρ̄ε(ρ̄) + p(ρ̄))v̄) +∂t(
N+1∑
i=0

ρiCiIPi) + div x(
N+1∑
i=0

ρiviCiIPi))︸                                                                                     ︷︷                                                                                     ︸
≤0,(2.23)

+

N+1∑
j=0

div x((ρ̄ε(ρ̄) + p(ρ̄) +

N+1∑
i=0

ρiCiIPi)v j)

≤

N+1∑
j=0

(ρ jε(ρ j) + p(ρ j) +ρ jC j)div xv j︸ ︷︷ ︸
=0

= 0.

1ÊÚ: Ð�^�. þãO�´é|83R2
× (0,∞) S�ÿÁ¼ê?1

�,`²
é¤�E�f),î.�§|Ú�^�32Â¼ê¿Âe¤á. e

¡`²ù
f)�÷vÐ�^�.

·�±�þÅð�§�~. [Ä�E|]éÿÁ¼êψ∈C∞0 (R2
×(−∞,∞)),

�θ = θ(t)�÷vXe^���ä¼ê:

θ(t) =


0, t ∈ (−∞, ε],

1w¼ê, t ∈ (ε,δ),

1, t ∈ [δ,∞),

Ù¥0 < ε < δ´ü�ëê. ^θψ��ÿÁ¼ê, (2.25)ÒA���∫
∞

0

∫
R2
θ(t)[ρ∂tψ(x, t) +ρv ·∇xψ(x, t)]dxdt

+

∫ δ

0

∫
R2
θ′(t)ρ(x, t)ψ(x, t)dxdt = 0. (2.27)
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�½δ > 0,���¼êθk(t),�k→∞�§���Âñ�

η(t) =


0, t ≤ 0,
t
δ , 0 < t < δ,

1, t ≥ δ,

�θ′k(t):�Âñ�1
δ I[0,δ]. ù��l(2.27)|^V����Âñ½n(5¿�È

¼êk.Ùk;|8)��∫
∞

0

∫
R2
η(t)[ρ∂tψ(x, t) +ρv ·∇xψ(x, t)]dxdt +

1
δ

∫ δ

0

∫
R2
ρ(x, t)ψ(x, t)dxdt = 0.

3dª¥2-δ ↓ 0,Kη→ I[0,∞)(t).

5¿�é÷/Pi(i = 1, · · · ,N), 8ÜPi ∩ {t = τ} �V��ÿÝ|Pi ∩ {t =

τ}|�τ ↓ 0�Âñ�", 
�â�E�{, 3P0 = P−,PN+1 = P+þ¤�f)Ò

�u�½�iùÐ�.¤±|^�È¼êk.5,N´�y

lim
δ→0

1
δ

∫ δ

0

∫
R2
ρ(x, t)ψ(x, t)dxdt =

∫
R2
ρ(x,0)ψ(x,0)dx.

dd=y²
∫
∞

0

∫
R2

[ρ∂tψ(x, t) +ρv ·∇xψ(x, t)]dxdt +

∫
R2
ρ(x,0)ψ(x,0)dx = 0.

§2.3 ��¼ê�V\

ù�!·�y²½n2.

§2.3.1 ����Ýþ�m

-

X0 =
{
(v,U) ∈ C∞0 (Ω;R2

×S
2×2
0 ) : 1) div xv = 0; 2) ∂tv + div xU = 0;

3) (ṽ + v(x, t))⊗ (ṽ + v(x, t))− (Ũ + U(x, t)) < CId, (x, t) ∈Ω
}
. (2.28)

w,(0,0) ∈ X0,¤±X0Ø´�8.
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1. X0´L∞(Ω;R2
×S

2×2
0 ) ¥�k.f8. ¯¢þ, é�½�~êC, |

^3),ü>�,,Òktr(ṽ + v(x, t))⊗ (ṽ + v(x, t)) ≤ 2C,�=|ṽ + v(x, t)|2 ≤ 2C.d

uṽ´~�þ,dn�Ø�ª,∥∥∥v
∥∥∥

L∞(Ω) ≤
√

2C + |ṽ|.

XJ�3��({(vk,Uk)}∞k=1 ⊂ X03L∞¥Ã.,Kkþ¡(Ø,7´

lim
k→∞

∥∥∥Uk
∥∥∥

L∞ =∞.

PWk = Uk/
∥∥∥Uk

∥∥∥
L∞ ,K

Wk >
1∥∥∥Uk
∥∥∥

L∞

(
((ṽ + vk)⊗ (ṽ + vk)− Ũ−CId

)
.

éu?¿ε> 0,du
∥∥∥vk

∥∥∥
L∞k., ṽ,ŨÚC´®�~�,��¿©��k¦�Wk +

εId�½. ÏtrWk = 0�
∥∥∥Wk

∥∥∥
L∞ = 1,�Wk �ü�A���λk > 0Ú−λk < 0,

K0 < λk(x, t) < ε,l
é?¿�½��þξ ∈R2,�k→∞�ξ>Wk(x, t)ξ��

Âñ�". dd©O�ξ�(0,1)>, (1,0)>Ú(1,1)>, Ò��Wk(x, t)�z�©þ

Ñ��Âñ�",l
�
∥∥∥Wk

∥∥∥
L∞ = 1gñ. ùÒy²
X0´L∞¥�k.8.

2. éX0N\L∞f*ÿÀ�, X0´��Ýþ�m. ¤¢L∞f*ÿÀ,Ò´¦

�é?¿ψ ∈ L1(Ω), �^3X0 þ��¼Lψ : f 7→
∫
Ω

fψdx ëY�3X0þ�

f�ÿÀ(=���ÿÀ).

Ún1. �X´�©�Banach�m, X∗´Ùéó�m. @oX∗þ�k.8B D

�f*ÿÀ��±Ýþz.

y². 1). é?¿�½�x ∈ X, �½ÂX∗ þ��5�¼Lx : ξ 7→ 〈ξ,x〉.

ùpξ ∈ X∗´Xþ�k.�5�¼, 
〈ξ,x〉´�¼ξ3:x?��^. X∗þ�

f*ÿÀÒ´¦�é¤kx ∈ X(½�þã¼êÑëY����ÿÀ.

2). dub�X´�©�,��3���:{x j}
∞

j=13X¥È�.é?¿ξ,η ∈

X∗,½Â

ρ(ξ,η) =

∞∑
j=1

min
{
2− j, |〈ξ−η,x j〉|

}
.

ù´X∗þ���Ýþ,÷vé¡5,�½5Ún�Ø�ª.
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3). �ξk ⇀ ∗ξ,@oé?¿x j,klimk→∞〈ξ
k
−ξ,x j〉 = 0.|^LeviüNÂ

ñ½n,Òk

lim
k→∞

ρ(ξk,ξ) =

∞∑
j=1

lim
k→∞

min
{
2− j, |〈ξk

−ξ,x j〉|
}

= 0.

4). �limk→∞ρ(ξk,ξ) = 0, Ù¥ξk,ξþá3X∗UrÿÀk.�f8B¥.

·��y²é?¿�x ∈ X,Ñ¤álimk→∞〈ξ
k,x〉 = 〈ξ,x〉.

éþãxÚ?¿�ε > 0,d{x j}�È�5,�3,�x j¦�
∥∥∥x−x j

∥∥∥ < ε. u
´,dB�k.5,e�

∥∥∥ξk
∥∥∥ ≤M, ‖ξ‖ ≤M,K

limsup
k→∞

|〈ξk
−ξ,x〉| ≤ limsup

k→∞
(|〈ξk
−ξ,x j〉|+ |〈ξ

k
−ξ,x−x j〉|)

≤ limsup
k→∞

|〈ξk
−ξ,x j〉|+ 2Mε = 0 + 2Mε = 2Mε.

ùplimsupk→∞ |〈ξ
k
−ξ,x j〉| = 0
ulimk→∞ρ(ξk,ξ) = 0. y.! 2

3. Ýþ�m(X0,ρ)��z�E´L∞�k.f8. ·���?ÛÝþ�

mÑ�±��z. P(X0,ρ) ���z�m�(X,d). éξ ∈ X, �3X0¥�

:�{ξk
} f*Âñuξ. |^�´½n(½�ê'ufÂñ�e�ëY5), �

�‖ξ‖L∞ ≤ liminfk→∞
∥∥∥ξk

∥∥∥
L∞ . ¤±X´L∞�k.f8.

§2.3.2 ��N�ëY:�È�5

1. ��N�. é?¿g,êN, �Ä:8Y = L∞(BN(0)× (−N,N);R2
×

S
2×2
0 ).�YN\L2Ýþp��ÿÀ,¿½ÂN�

IN : (X,d)→ Y = (Y,L2)

(v,U) 7→ (v,U)IBN(0)×(−N,N)(x, t), (2.29)

�Ò´`r�5½Â3Ωþ�(v,U)w¤½Â3k.8BN(0)× (−N,N)þ�¼

ê,¿UL2ºÝÝþÙ��.

2. é?¿�½�N, IN´X�Y���ëYN��:�4�.

-ϕ(x, t)´R2
×Rþ�IO��1¼ê(1w,�K,|83ü ¥S,È

©�1),é?¿r > 0,Pϕr(x, t) = 1
r2+1ϕ(x

r ,
t
r ).½ÂN�

Ir
N(v,U) = (ϕr ∗v,ϕr ∗U)IBN(0)×(−N,N).



u
À
�
�
�
°
J
�
�
]
�
§
=
ø
�
Æ
¦
^

§2.3 ��¼ê�V\ 51

du(v,U)∈L2(BN(0)×(−N,N)),|^òÈ�5�,�r→ 0�,3L2BN(0)×

(−N,N)�êe¤á

(ϕr ∗v,ϕr ∗U)→ (v,U).

¤±�r→ 0�N�Ir
N:�Âñ�IN.

2`²é�½�r> 0, Ir
N´(X,d)→ (Y,L2)�ëYN�. �(vk,Uk)3(X,d)¥

Âñ�(v,U),l
(vk,Uk)UL∞f*Âñ�(v,U). 5¿�é?¿(x, t)∈Ω,ϕr(x−

y, t− s)'u(y,s)´L1�È�,UL∞f*Âñ½ÂÒk

lim
k→∞

ϕr ∗vk(x, t) = ϕr ∗v(x, t), lim
k→∞

ϕr ∗Uk(x, t) = ϕr ∗U(x, t).

u´,|^þ¡�:�ÂñÚV����Âñ½n(5¿�È¼êk.,È©

«�k.,l
k��¼ê),�k→∞�Òk∥∥∥Ir
N(vk,Uk)− Ir

N(v,U)
∥∥∥2

L2(BN(0)×(−N,N))

=

∫
BN(0)×(−N,N)

|(ϕr ∗vk(x, t)−ϕr ∗v(x, t),ϕr ∗Uk(x, t)−ϕr ∗U(x, t))|2 dxdt→ 0.

3. ¤kIN(N ∈N)ÑëY�:3X¥È�.e¡½n´ÿÀÆ¥���­

�(J[14].

½n3 (ëY¼ê�:�Âñ4�¼ê�ëY:8�È�5). �X´��ÿ

À�m, (Y,d)´��Ýþ�m. �{ fn : X→ Y}´��ëY¼ê�, ¦�é¤

kx ∈ X,k fn(x)→ f (x),Ù¥ f : X→ Y. XJX´��Baire�m,K¦� fë

Y�:�¤�8Ü3X¥È�:T8�L«����m�È�8��8.

dBairej½n[14], ���Ýþ�m´Baire�m, Ù¥���m�È�

8��8E´È�8. ¤±,¦�¤kIN(N´g,ê)ÑëY�X¥�:E�

L«�X¥���m�È�8��8, l
�¤(X,d)¥�È�8. duX ¹

kÃ¡õ���,ù��ëY:�ÒkÃ¡õ�.

5¿: 3IN�ëY:,·��±rL∞f*Âñ\r�L2rÂñ.

4. ��Ún: ëY:éAtµ��—î.�§�f)

Ún2. �(v,U) ∈ X�IN�ëY:,K3BN(0)× (−N,N)þA�??¤á

(ṽ + v(x, t))⊗ (ṽ + v(x, t))− (Ũ + U(x, t)) = CId. (2.30)
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�âTÚn,3¤k{IN}
∞

N=1ÑëY�:(v,U),3Ω¥þªÒA�??¤

á
. ùÒ´½n2¥�c)�. 5¿½n2¥�a)b) ü�3þãX0���zL

§¥´�3�: eξk = (vk,Uk) ∈X03L∞f*¿ÂeÂñ�ξ= (v,U),ÏL�|

83Ω	�L1 ÿÁ¼ê,ØJwÑξ�|8E3Ω¥;
�©$�32Â¼ê

Âñ,AO´L∞f*ÂñeëY,l
éξE,¤á5�b). ¤±XJÚn2�

±y²,�Òy²
½n2.

§2.3.3 Ún2�y²

�y²Ún2,·�I�XeÚn.

Ún3. é?¿(v,U)∈X0,�3X0¥�S�{(vk,Uk)},UL∞f*ÿÀÂñ�(v,U),

�

liminf
k→∞

‖ṽ + vk‖
2
L2(Γ) ≥

∥∥∥ṽ + v
∥∥∥2

L2(Γ) +β
(
2C|Γ| −

∥∥∥ṽ + v
∥∥∥2

L2(Γ)

)2
. (2.31)

ùpΓ = BN(0)× (−N,N),~êβ��6uΓÚC.

e¡y²Ún2.

1. �(v,U) ∈ X´IN�ëY:. duX´lX0��z���, �3S

�{(vk,Uk)} ⊂ X0 ¦�TS�UÝþd,½�d/UL∞ f*ÿÀ,Âñ�(v,U).

du(v,U) ∈ X´IN�ëY:, dc¡`², S�{(vk,Uk)}�3L2(Γ)¥rÂñ

�(v,U). u´ÏL�f�¿�USÒ, Eb�TS�3Γ¥A�??Âñ

�(v,U). ù�,Ò7,¤á

(ṽ + v(x, t))⊗ (ṽ + v(x, t))− (Ũ + U(x, t)) ≤ CId a.e. Γ. (2.32)

2. �y²(2.31),^�y{. u´�3ÿÝ�u"�Γ�f8Γ0,3Ùþ

(ṽ + v(x, t))⊗ (ṽ + v(x, t))− (Ũ + U(x, t)) < CId.

ü>�,,K3Γ0þ|ṽ+v(x, t))|2 < 2C,3Γ\Γ0þ|ṽ+v(x, t))|2 = 2C. @o3Γþ

È©,Òkî�Ø�ª ∥∥∥ṽ + v
∥∥∥2

L2(Γ) < 2C|Γ|. (2.33)
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3. ,��¡,écã(vk,Uk)∈X0A^Ún3,ÒkX0¥:�{(vk, j,Uk, j)}∞j=1U

ÝþdÂñ�(vk,Uk),¿�¤áØ�ª

liminf
j→∞

∥∥∥ṽ + vk, j
∥∥∥2

L2(Γ) ≥
∥∥∥ṽ + vk

∥∥∥2
L2(Γ) +β

(
2C|Γ| −

∥∥∥ṽ + vk

∥∥∥2
L2(Γ)

)2
. (2.34)

é?¿k,�3 j1(k),� j ≥ j1(k)�d(vk, j,vk) ≤ 1/k.q�âe4��½Â:

liminf
j→∞

ak, j = lim
j→∞

(inf{ak, j,ak, j+1, · · · }),

�3 j2(k),� j≥ j2(k)�, ak, j ≥ liminf j→∞ ak, j−
1
k . ¤±� j(k) = max{ j1(k), j2(k)},

Òk{(vk, j(k),Uk, j(k))}∞k=1UÝþdÂñ�(v,U) (l
dëY:�5�,�UL2(Γ)�

êÂñ),
�∥∥∥ṽ + vk, j(k)

∥∥∥2
L2(Γ) ≥

∥∥∥ṽ + vk

∥∥∥2
L2(Γ) +β

(
2C|Γ| −

∥∥∥ṽ + vk

∥∥∥2
L2(Γ)

)2
−

1
k
. (2.35)

dªü>'uk�4�,(Ü(2.33),Ò��∥∥∥ṽ + v
∥∥∥2

L2(Γ) ≥
∥∥∥ṽ + v

∥∥∥2
L2(Γ) +β

(
2C|Γ| −

∥∥∥ṽ + v
∥∥∥2

L2(Γ)

)2
>

∥∥∥ṽ + v
∥∥∥2

L2(Γ) . (2.36)

gñ!

§2.3.4 ü�·K

�
y²Ún3,k�Ñü�­�·K.

·K2 (ÛÜ²¡Å). �λ > 0´~ê, p = λ[(a,a⊗a)− (b,b⊗b)] ∈R2
×S

2×2
0 ,Ù

¥a , ±b, |a| = |b| =
√

2C.Pσ = [−p,p] = {−(1− t)p + tp : t ∈ [0,1]}´R2
×S

2×2
0

¥L±p��ã. Kéu?¿ε > 0,�3(v,U) ∈ C∞0 (B1(0)× (−1,1)),÷v�§

∂tv + div xU = 0, div xv = 0,
∫

(v,U)dxdt = 0, (2.37)


�

(i) (v,U)��8á3σ�,�ε-��S;

(ii)
∫
|v(x, t)|dxdt ≥ αλ|b− a|,Ù¥α´�AÛ~ê.
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le©T·K�y²�±wÑ, ùp�(v,U)´ò÷XÔn�m,�Ø

�t¶²1���ηDÂ���¼ê�ä���; ÏLò§3Γþ�»é��

pØ����¥þÛÜz, Ò¬��Nõpª��Ìk.���¼ê, V\

�(v,U)¥Ò��f*Âñ��ö�S�. ù
��¼ê��^Ñ8¥3��

m¥��ãσ�NC(�e�·K),=¼ê�3ù���S,�X�m�mC

þ�UC¯�UC.

,��¡,�C > 0Xc¤�½. ·�P

U = {(a,A) ∈R2
×S

2×2
0 : a⊗ a−A < CId}.

5¿U´m8.

·K3 (AÛÚn). �3AÛ~êc0äkXe5�: �(e,A) ∈ U, K�3X·

K2¥¤ã��ãσ,¦�(e,A) +σ ⊂U,
�λ|b− a| ≥ c0
√

C
(2C− |e|2).

ù�·K�Ñ
��m¥¤I�AÏ���σ.

ùü�·Kò3�©�Ñy².

§2.3.5 Ún3�y²

·�^·K2Ú·K3 y²Ún3. ù�ã´��y²�ÍÝ, 5¿N¬

pª�$Ì���¼ê´XÛ�ÚÚ/\\÷/e),±�¤CqS��.

1. ?�(v,U) ∈X0.éu?¿(x0, t0) ∈ Γ,dX0�½Â,¤á(e,A) = (ṽ,Ũ)+

(v(x0, t0),U(x0, t0)) ∈ U. �σ�·K3¥éA��ã, K(e,A) + σ ∈ U, �(

½σ��þa,b÷v

λ|b− a| ≥
c0
√

C
(2C− |e|2). (2.38)

dU´m8,±9v,U�ëY5,é?¿¿©��r > 0,Ñ¤á

(ṽ,Ũ) + (v(x, t),U(x, t)) +σ ⊂U, ∀ (x, t) ∈ Br(x0)× (t0− r, t0 + r).

w,,�3¿©��ε > 0,��¼ê(v,U)��á3þã�ãσ�ε+�S,þ

ª�ÒU�y

(ṽ,Ũ) + (v(x, t),U(x, t)) + (v(x, t),U(x, t)) ∈U,

∀ (x, t) ∈ Br(x0)× (t0− r, t0 + r). (2.39)
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(5: ùÒ¿�XÛÜ�,=(x, t) ∈ Br(x0)× (t0− r, t0 + r)�,¤á

(v(x, t),U(x, t)) + (v(x, t),U(x, t)) ∈ X0.

�,ù�`{Øî�,7I�y(2.39)é¤k(x, t) ∈Ω¤áâ�±.)

2. ÛÜz. éþã�ãσÚε > 0,�Äd·K2�Ñ�¼ê(v,U). ·�ò

�ÛÜz: ½Â

(vx0,t0,r,Ux0,t0,r)(x, t) = (v,U)(
x−x0

r
,
t− t0

r
).

ù�Ò�±�y¤á

(v(x, t),U(x, t)) + (vx0,t0,r(x, t),Ux0,t0,r(x, t)) ∈ X0. (2.40)

d	,�â·K2 ii)Ú(2.38),k∫
|vx0,t0,r|(x, t)dxdt =

∫
|v(

x−x0

r
,
t− t0

r
)|dxdt = r3

∫
|v(z,τ)|dzdτ

≥ αλr3
|b− a| ≥ α(c0/

√

C)r3(2C− |e|2)

= α(c0/
√

C)r3(2C− |ṽ + v(x0, t0)|2). (2.41)

5¿�dΓ̄�;5, �3r0 > 0, ¦�é?¿(x0, t0) ∈ Γ, ��0 < r < r0, (

Ø(2.40)Ú(2.41)Ò¤á.

3. ��{ü�Ún: � f´Rnþ�K�ëY¼ê, m8Ω ⊂ Rnk.. K

�3��6n�~êc̃, ¦�é?¿�½�r > 0, �3Ω Sk��pØ���

¥Br(x1), · · · ,Br(xN),÷vXe�¦:

N∑
j=1

f (x j)rn
≥ c̃

∫
Ω

f (x)dx− ω̃(r)|Ω|,

Ù¥ω̃(r)´r��KüNØ~¼ê,�limr→0 ω̃(r) = 0.

¯¢þ,duΩ̄´;8, f3Ω̄þëY,l
��ëY,Ò�±½ÂÙëY

�ω(r) = sup{| f (x)− f (y)| : x, y ∈ Ω̄, |x− y| ≤ r}.

½ÂΩr = {x ∈Ω : dist (x,∂Ω) > r}. ?�x1 ∈Ωr,2�x2 ∈ Ω̄r \B2r(x1). 8

B�,��xk ∈ Ω̄r \ (∪k−1
j=1B2r(x j)). duΩ̄r´;8,�»�2r�CXΩ̄r �¥�

Ukk��.¤±ù��:xi�Udk��,��N�.w,, Br(x1), · · · ,Br(xN)Ñ
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á3ΩS�pØ��. ,��¡, du∪N
j=1B2r(x j))�¹Ωr, K∪N

j=1B3r(x j)) 7

,�¹Ω. u´∫
Ω

f (x)dx ≤

N∑
j=1

∫
B3r(x j)

f (x)dx

≤

N∑
j=1

∫
B3r(x j)

f (x j)dx +

N∑
j=1

∫
B3r(x j)

| f (x)− f (x j)|dx

≤ cnrn
N∑

j=1

f (x j) +ω(3r)cnrnN ≤ cnrn
N∑

j=1

f (x j) + cnω̃(r)|Ω|.

ùp���Ú^�
∪N
j=1Br(x j) ⊂Ω�{Br(x j)}pØ��,l
cnrnN ≤ |Ω|.

4. CqS���E.ég,êk,�1/k < r0. �r = 1/k,òþ¡(Ø^u«

�ΓÚ¼ê2C− |ṽ + v|2 (d(v,U) ∈ X0¿33)¥�,,��T¼êî��u"),

¿ò¥��ÎN,���3k��:{(x j, t j)}
Nk
j=1,¦�Br(x j)× (t j− r, t j + r)þá

3ΓS�pØ��,
�∑
j

(2C− |ṽ + v(x j, t j)|2)r3
≥ c̃

(
2C|Γ| −

∫
Γ
|ṽ + v(x, t)|2 dxdt

)
− ω̃(r)|Γ|. (2.42)

y3½Â¤I�CqS�

(vk,Uk) = (v,U) +

Nk∑
j=1

(vx j,t j,r,Ux j,t j,r), r = 1/k.

5¿du(vx j,t j,r,Ux j,t j,r)�|8pØ��, (vk,Uk)E3X0¥.

5. CqS��L∞f*Âñ5. ·�5¿�, duëY��¼ê3L1¥È

�,�y²(vk,Uk)UL∞f*ÿÀÂñ�(v,U),du(vk,Uk)3L∞¥��k.,�

I`²é?¿(v∗,U∗) ∈ C1(Ω;R2
×S

2×2
0 ),¤á

lim
k→∞

∫
(vk ·v∗,Uk : U∗)dxdt =

∫
(v ·v∗,U : U∗)dxdt.

~X,·�5y²

lim
k→∞

∫ ∑
j

vx j,t j,r ·v∗dxdt = 0.
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d(2.37),
∫

v(x, t)dxdt = 0,l
∣∣∣∣∣∣∣∣
∫ Nk∑

j=1

vx j,t j,r(x, t) ·v∗(x, t)dxdt

∣∣∣∣∣∣∣∣
= r3

∣∣∣∣∣∣∣∣
Nk∑
j=1

∫
B1(0)×(−1,1)

v(z,τ) · (v∗(x j + rz, t j + rτ)−v∗(x j, t j))dzdτ

∣∣∣∣∣∣∣∣
= r6

∣∣∣∣∣∣∣∣
Nk∑
j=1

∫
B1(0)×(−1,1)

v(z,τ) · (
∫ 1

0
Dx,tv∗(x j +θrz, t j +θrτ))dθ) · (z,τ)dzdτ

∣∣∣∣∣∣∣∣
≤ r6

‖v‖L∞
Nk∑
j=1

∫ 1

0

∫
B1(0)×(−1,1)

|Dx,tv∗(x j +θrz, t j +θrτ))|dzdτdθ

= r6
‖v‖L∞

∫ 1

0

Nk∑
j=1

1
θ3r3

∫
Bθr(x j)×(t j−θr,t j+θr)

|Dx,tv∗(x, t))|dtdxdθ

= r6
‖v‖L∞

Nk∑
j=1

M(Dv∗)(x j, t j)

≤ CN,nr6
‖v‖L∞ r−3

‖Dv∗‖L∞ = O(r3)→ 0, (r→ 0).

ùp���Ú^�
Hardy-Littlewood4��fM�(L∞,L∞).,±9Nk�r3¤

�'�5�.

6. Ø�ª(2.31)�y². AO�,5¿�

‖ṽ + vk‖
2
L2(Γ) =

∥∥∥ṽ + v
∥∥∥2

L2(Γ) +
∥∥∥vk−v

∥∥∥2
L2(Γ) + 2

∫
Γ
(vk−v) · (ṽ + v)dxdt,

Ù¥����¥ṽ+v´1w¼ê,Kdþ¡(Ø, k→∞������4��

",u´

liminf
k→∞

‖ṽ + vk‖
2
L2(Γ) =

∥∥∥ṽ + v
∥∥∥2

L2(Γ) + liminf
k→∞

∥∥∥vk−v
∥∥∥2

L2(Γ) . (2.43)

,��¡,d(2.41)(2.42),¤á∥∥∥vk−v
∥∥∥

L1(Γ) =
∑

j

∫
|vx j,t j,r|dxdt ≥ αc0r3

∑
j

(2C− |ṽ + v(x j, t j)|2)

≥ α(c0/
√

C)c̃
(
2C|Γ| −

∫
Γ
|ṽ + v(x, t)|2 dxdt

)
−α(c0/

√

C)ω̃(r)|Γ|.
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dHölderØ�ª, ∥∥∥vk−v
∥∥∥2

L1(Γ) ≤ |Γ|
∥∥∥vk−v

∥∥∥2
L2(Γ) ,

Ò��


liminf
k→∞

‖ṽ + vk‖
2
L2(Γ) ≥

∥∥∥ṽ + v
∥∥∥2

L2(Γ) +
1
|Γ|

liminf
k→∞

∥∥∥vk−v
∥∥∥2

L1(Γ)

≥

∥∥∥ṽ + v
∥∥∥2

L2(Γ) +
1
|Γ|

(α(c0/
√

C)c̃)2
(
2C|Γ| −

∫
Γ
|ṽ + v(x, t)|2 dxdt

)2
.

ùp^�
limk→∞ ω̃(1/k) = 0. -β = 1
|Γ|C (αc0c̃)2, §��6uΓ,C, Òy²


Ún3.

§2.3.6 ·K2�y²

·�k�ã¿y²XeÚn.

Ún4. �a,b ∈Rn,|a| = |b|,�a , ±b. K�3�þη ∈Rn+1±9Ý
��~X

ên�àg�5�©�f

A(∂) : C∞0 (Rn+1)→ C∞0 (Rn+1;R(n+1)×(n+1)),

÷vXe^�:

• é?¿ϕ ∈ C∞0 (Rn+1),Ý
U = A(∂)ϕ÷v

divU = 0, U> = U, Un+1,n+1 = 0, trU = 0; (2.44)

• η�en+1 = (0, · · · ,0,1)Ø²1;

• XJψ ∈ C3(R), ϕ(y) = ψ(η · y),KA(∂)ϕ(y) = (Ua−Ub)ψ′′′(η · y).ùp

Ua =

 a⊗ a− |a|
2

n In a

a> 0

 .
5¿�Ö¥�þþ´��þ;Ý
�ÑÝ´éz�1�þ�ÑÝ���

��þ. divUa = 0�5gu�Ý|�a�Ø�Øî.�§,Ù¥In�n�ü 

Ý
,gCþcn�©þ�L�m �,1n + 1�©þ�L�m.
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y². 1. |^Fp�C�,±9A´n�àg��5�©�f,kÂ(∂)ϕ(ξ) =

A(iξ)ϕ̂(ξ) = −iA(ξ)ϕ̂(ξ).5¿ϕ̂(ξ)´�Iþ. ¤±(2.44)�dngàgÝ
�

õ�ªA(ξ)�Xe�ê5��Ñ(Ù¥ξ ∈Rn+1):

A(ξ)ξ = 0, A(ξ) = A(ξ)>, A(ξ)n+1,n+1 = A(ξ)en+1 · en+1 = 0, trA(ξ) = 0.(2.45)

2. Pã =

 a

0

 .½Ân + 1��é¡Ý


R = ã⊗ b̃− b̃⊗ ã, Q(ξ) = ξ⊗ en+1− en+1⊗ξ.

KØJ�yXe5�:

Rξ ·ξ = 0, Q(ξ)ξ ·ξ = 0, (2.46)

Rξ · en+1 = 0, (2.47)

Rξ ·Q(ξ)ξ = 0. (2.48)

ùp(2.46)��
uRÚQ(ξ) ��é¡5, 
5¿R���1�", �Rξ��

��©þ�7,�",l
Rξ · en+1 = 0. d	,

Rξ ·Q(ξ)ξ = −ξ>Q(ξ)Rξ = −|ξ|2 e>n+1Rξ︸ ︷︷ ︸
=0

+ξ>en+1 ξ
>Rξ︸︷︷︸
=0

= 0,

Ù¥1���"5gu(2.47),1���"
u(2.46).

3. y3½Â¤Ingàgõ�ª

A(ξ) =
1
2

(
(Rξ)⊗ (Q(ξ)ξ) + (Q(ξ)ξ)⊗ (Rξ)

)
.

Ï�(a⊗b)> = (ab>)> = ba> = b⊗a,¤±A(ξ)> = A(ξ). ql(2.46)��A(ξ)ξ=

−
1
2 (Rξξ>Q(ξ)ξ+ Q(ξ)ξξ>Rξ) = 0. d	,d(2.48), trA(ξ) = tr (Rξ⊗Q(ξ)ξ) =

Rξ ·Q(ξ)ξ = 0.��,l(2.47)��A(ξ)en+1 · en+1 = (e>n+1Rξ)(Q(ξ)ξ)>en+1 = 0.

ùÒy²
¤�E�A(ξ)÷v(2.45).

4. Pµ = |a||b| + a · b = |a|2 + a · b = |b|2 + a · b. du|a| = |b|�a , ±b,

lCauchy-SchwartzØ�ª��µ > 0. �η= α(ã+ b̃−µen+1),Ù¥α´�½X

ê. dua , −b,KηÚen+1Ø²1.
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��O���

Rη = α(ãb̃>− b̃ã>)(ã + b̃−µen+1) = αµ(ã− b̃),

Rηe>n+1 = αµ(ã− b̃)⊗ en+1,

Rηη> = α2µ((ã− b̃))(ã + b̃−µen+1) = α2
(
µ(ã⊗ ã− b̃⊗ b̃) +µ(ã⊗ b̃− b̃⊗ ã)

−µ2(ã− b̃)⊗ en+1

)
,

l


Rη⊗ (Q(η)η) = −Rηη>(ηe>n+1− en+1η
>) = ηn+1Rηη>− |η|2Rηe>n+1

= −α3µ
(
µ(ã⊗ ã− b̃⊗ b̃) +µ(ã⊗ b̃− b̃⊗ ã)−µ2(ã− b̃)⊗ en+1

)
−α3(|a + b|2︸︷︷︸

=2µ

+µ2)µ((ã− b̃)⊗ en+1)

= −α3[µ2((ã⊗ ã− b̃⊗ b̃)) +µ2(ã⊗ b̃− b̃⊗ ã) + 2µ2((ã− b̃)⊗ en+1)].

-α = −µ−
2
3 ,Òk

A(η) =
1
2

(Rη⊗ (Q(η)η) + (Rη⊗ (Q(η)η)>))

= (ã⊗ ã− b̃⊗ b̃) + ((ã− b̃)⊗ en+1) + (en+1⊗ (ã− b̃))

=

 a⊗ a−b⊗b a− b

(a− b)> 0

 = Ua−Ub.

ùÒy²
éXc¤�½�a,b,¤á

A(∂)ψ(η · y) = A(η)ψ′′′(η · y) = (Ua−Ub)ψ′′′(η · y),

Ù¥1���Ò����y. 2

e¡·�y²·K2. �n = 29·K2¤ã�þa,b,�A(∂)9η ∈R2
x×R

1
t

´lþãÚn����©�fÚ�þ.

1. ���¼ê1

κ(x, t) = −λN−3 sin(Nη · (x, t)),

1�wÑη�LÅÄDÂ���,¤±g,I�§ØÚt-¶²1.
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Ù¥N´�½�¿©���ê(�|η|k'). 2��ä¼êòÙÛÜz. -ϕ ∈

C∞0 (B1(0)×(−1,1)),��3[−1,1]�m,�§3B 1
2
(0)×(−1

2 ,
1
2 )þð�1. �ψ(x, t) =

κ(x, t)ϕ(x, t),±9U](x, t) = A(∂)ψ(x, t). w,U]
∈ C∞0 (B1(0)× (−1,1),R3×3)´

é¡Ý
,,�",1n11n����",�z�1ÑÝ�". d	,Ï�U

�z�©þÑ´¦����, dÑÝ½n,
∫

U]dxdt = 0. w,U�z�©þ

Ñ´pª���¼ê.

2. ½Â

v(x, t) = (U]
31(x, t),U]

32(x, t))>, U =

 U]
11(x, t) U]

12(x, t)

U]
21(x, t) U]

22(x, t)

 ,
KdþãU]�5�,¤�(v,U)÷v(2.37).

3. 5¿�(A(∂)κ)(x, t) = λ(Ua −Ub)cos(Nη · (x, t)), 
{u¼ê���

�[−1,1],l
(A(∂)κ)���á3Ù��m¥�ã[−λ(Ua−Ub),λ(Ua−Ub)]þ.

duϕ����3[−1,1]�m,�ϕA(∂)κ����3T�ãþ.

,��¡,|^4ÙZ[{K,ØJy²∥∥∥U]
−ϕA(∂)κ

∥∥∥
C0 ≤ CλN−1,

Ù¥~êC��6u�ä¼êϕ. u´��N¿©�,¦�
∥∥∥U]
−ϕA(∂)κ

∥∥∥
C0 ≤

ε.ù�Ò�y
U]á3
�ã[−λ(Ua−Ub),λ(Ua−Ub)]�ε-��¥. AO/,

(v,U)á3�ãσ�ε-��¥.

4. ����O
∫
|v|�e.. �e¡È©O��B,PB3

1/2´R
2
x×R

1
t ¥±

�:�¥%,�»�1/2�¥. 5¿3T¥þϕ = 1. dþ�ã�, ϕA(∂)κéA

��ÝÜ©´λ(a− b)cos(Nη · (x, t)),
�é?¿(x, t) ∈ B3
1/2,kv(x, t) = λ(a−

b)cos(Nη · (x, t)). u´∫
|v|dxdt ≥

∫
B3

1/2

|v|dxdt ≥
∫

B3
1/2

|λ(a− b)cos(Nη · (x, t))|dxdt

= λ|a− b|
∫

B3
1/2

|cos(N|η|
η

|η|
· (x, t))|dxdt

= λ|a−b|
∫

B3
1/2

|cos(N|η|t′)|dx′dt′.
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ùp���Ú^�
È©
∫

B3
1/2
|cos(ωn · (x, t))|dxdt'uÈ©«��^=ØC

5: �ÏL��C�òen+1��ü �þn?, ¿-t′ = n · (x, t). d?Pω =

N|η|. 35¿�B3
1/2�¹ÎNB1/4(0)× (0, 1

4 ),l
∫
B3

1/2

|cos(ωt′)|dx′dt′ ≥
∫

B1/4(0)

∫ 1
4

0
cos(ωt′)|dt′dx′ = c2

∫ 1
4

0
|cos(ωt′)|dt′

= c2
1
ω

∫ 1
4ω

0
|cos(τ)|dτ.

du|cos(τ)|�±Ï´π, z�±ÏþÈ©�2, ég,ên, �nπ ≤ ω/4 < (n +

1)π�,Òk

4
ω

∫ 1
4ω

0
|cos(τ)|dτ ≥

1
(n + 1)π

∫ nπ

0
|cosτ|dτ =

2n
(n + 1)π

≥ π.

u´·��� ∫
|v| > (c2π/4)λ|a−b|.

ùpc1,c2�Ñ´AÛ~ê. ·K2y..

§2.3.7 ·K3�y²

é�½���~êC,-

K =KC = {(v,U) ∈R2
×S

2×2
0 : U = v⊗v−CId}, (2.49)

U =UC = {(v,U) ∈R2
×S

2×2
0 : v⊗v−U < CId}. (2.50)

·�ky²XeÚn:

Ún5. PK co�K�à�(=R2
×S

2×2
0 ¥�¹K ���à8), KK co�SÜ

Ò´U.

y². 1). ÏLòv��v/
√

C, U��U/C,3±ey²¥Ø�òC��1. é

¢é¡Ý
W,-λmax(W)L«W���A��.duWo�±é�z,dÛ

¼ê½n��ù´'uW�z�©þÑëY�¼ê. �R2
×S

2×2
0 þëY¼

ê

e(v,U) = λmax(v⊗v−U).
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2). e :R2
×S

2×2
0 →R´à¼ê.

¯¢þ,^S1PR2¥ü �±,·�k

e(v,U) = max
ξ∈S1
〈ξ, (v⊗v−U)ξ〉 = max

ξ∈S1
〈ξ,〈ξ,v〉v−Uξ〉

= max
ξ∈S1

[|〈ξ,v〉|2−〈ξ,Uξ〉].

5¿éu?¿�½�ξ ∈ S1, Φ(v,U) = |〈ξ,v〉|2−〈ξ,Uξ〉´à¼ê. ù�l½Â

���y: é?¿τ ∈ [0,1],^Ä�Ø�ª,Òk

Φ(τv1 + (1−τ)v2,τU1 + (1−τ)U2)

= τ2
|〈ξ,v1〉|

2 + (1−τ)2
|〈ξ,v2〉|

2 +τ(1−τ)2〈ξ,v1〉〈ξ,v2〉

−τ〈ξ,U1ξ〉− (1−τ)〈ξ,U2ξ〉

≤ (τ2 +τ(1−τ))|〈ξ,v1〉|
2 + ((1−τ)2 +τ(1−τ))|〈ξ,v2〉|

2

−τ〈ξ,U1ξ〉− (1−τ)〈ξ,U2ξ〉

= τΦ(v1,U1) + (1−τ)Φ(v2,U2).

ü>'uξ�þ(.,=�e(v,U)´à¼ê.

3). o¤áØ�ª1
2 |v|

2
≤ e(v,U),��Ò¤á��=�U = v⊗v− |v|

2

2 Id.

¯¢þ,

e(v,U) = max
ξ∈S1
〈ξ, (v⊗v−

|v|2

2
Id−U)ξ〉+

|v|2

2

= λmax(v⊗v−
|v|2

2
Id−U)︸                        ︷︷                        ︸

≥0

+
|v|2

2
≥
|v|2

2
.

ùp1���K´Ï�tr (v⊗v− |v|
2

2 Id−U) = 0,l
¤kA���Ú�",u

´��A��7�K. XJ�Ò¤á, Kλmax(v⊗ v− |v|
2

2 Id−U) = 0, l
Ý


v⊗v− |v|
2

2 Id−U7´"Ý
.

4). P|U|∞�Ý
U��f�ê,K|U|∞ ≤ e(v,U).

ù´Ï�

e(v,U) = max
ξ∈S1

[|〈ξ,v〉|2−〈ξ,Uξ〉]

≥ max
ξ∈S1

[−〈ξ,Uξ〉] = −min
ξ∈S1
〈ξ,Uξ〉

= −λmin(U) = λmax(U).
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ùp�����ª´duU ∈ S2×2
0 . ùÒy²
|U|∞ ≤ e(v,U). duÓ��

k���mþ?¿ü��êþ�d, dd��|U| ≤ ce(v,U), Ù¥c´�AÛ

~ê.

5). ½Âe�eY²8

S = {(v,U) ∈R2
×S

2×2
0 : e(v,U) ≤ 1}.

d¼êe�à5,ù´��à8;de�ëY5,ù´��48;dþüÚ(Ø,

ù�´��k.8. ¤±S´��à;8,l
�´ëÏ�.

|^¢é¡Ý
�½��=�Ù¤kA��î���,ØJwÑ

U = {(v,U) ∈R2
×S

2×2
0 : e(v,U) < 1}.

y3y²U = IntS. d¼êe�ëY5,w,U´m8,l
U⊂ IntS. �

�,�(v0,U0) ∈ IntS⊂S,�e(v0,U0) = 1,@o5¿��3(v0,U0)3R2
×S

2×2
0

¥���m��,
à¼ê3T��S:��
���.dà¼ê5�, 2 3

T��Se(v,U) ≡ 1. de�à5,ù�k�1´e3ëÏ8Sþ�����â

UÑy. �²we3Sþ�±��"(éAgCþ�v = 0,U = 0),gñ! ùÒy

²
U ⊃ IntS.

6). ���Iy²S =K co.

Äk5¿�w,¤áK ⊂ S,l
duS´à8,ÒkK co
⊂ S.

�y²S⊂K co,�Ä�S�´dÙà:)¤�à�,��y²S�à:Ñ

á3K ¥=�;�Ò´`,e(v,U) ∈ S\K ,�y²(v,U)Ø�U´S�à:.

�d,éþã(v,U),ÏLR2¥·��I(^=)C�,¦�Ý
v⊗v−U =

diag(λ1,λ2)¤�é�
;§�kü�A��λ1 ≥λ2. du(v,U) ∈S,7kλ1 =

λmax ≤ 1. du(v,U) <K ,7kλ2 < 1. (ÄK, λ1 = λ2 = 1,@ov⊗v−U = Id,

�Ò´(v,U) ∈ K .)

yPe1,e2�R
2¥ü ��Ä�þ,�v = v1e1 + v2e2. �

v̄ = e2 ∈R
2, Ū = v1(e1⊗e2 + e2⊗e1) ∈ S2×2

0 .

2à¼ê3½Â�SÜ�����,�ÄL4�:�e| ²¡, ��T:�g�©

7L´",l
¼ê3T4�:���S´~ê.
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é?¿¢êt,��O�Òk

(v + tv̄)⊗ (v + tv̄)− (U + tŪ)

= [v⊗v−U] + t[v1(e2⊗e1 + e1⊗e2) + 2v2e2⊗e2]

+t2e2⊗e2− tv1(e2⊗e1 + e1⊗e2)

= [v⊗v−U] + (2tv2 + t2)e2⊗e2.

ùL²(v + tv̄)⊗ (v + tv̄)− (U + tŪ)�1�A���v⊗v−U�1�A���

Ó(l
�u�u1),
�|t|¿©��, (v+ tv̄)⊗ (v+ tv̄)− (U + tŪ)�1�A�

�Eò�u1. u´·�y²
(v + tv̄,U + tŪ)Ú(v− tv̄,U− tŪ)�t > 0¿©�

�E3S¥. ¤±(v,U)Ø�U´S�à:. y.. 2

dþãÚn,·K3�dXeÚn���Ñ.

Ún6. �3AÛ~êc0,¦�é?¿C > 09?¿�½�(v,U) ∈ IntK co
C ,�3

�ãσ = [−(v̄,Ū), (v̄,Ū)],÷vXe5�:

• �ãσ′ = (v,U) +σ = [(v,U)− (v̄,Ū), (v,U) + (v̄,Ū)] ⊂K co
C ;

• �3a,b ∈ R2, |a| = |b| =
√

2C, a , ±b, ±9'~~êλ > 0, ¦�(v̄,Ū) =

λ((a,a⊗ a)− (b,b⊗b));

• dist (σ′,∂K co
C ) ≥ 1

2dist ((v,U),∂K co
C );

• |v̄| ≥ c0
√

C
(2C− |v|2).

y². 1. éz = (v,U) ∈ IntK co
C , ÏLLT:÷R2

×S
2×2
0 ��I�����

�KC��, ���3k��:zi = (vi,vi⊗ vi−CId) ∈ KC, Ù¥vi ∈ R
2, |vi|

2 =

2C, ¦�ù
:Ü¤�õ¡Nk�éuR2
×S

2×2
0 ÿÀ�SÜ, 
zT3ùS

Ü¥(=z´dõ¡N�'uR2
×S

2×2
0 ÿÀ�S:). duz´S:, ��NU

Cvi,¦��i , j�vi , ±v j.

2. dàAÛ¥�Carathéodory½n(�e©), z�±^{z j}¥�õ5�:

�à|ÜL«. (5¿ùpR2
×S

2×
0 ��ê´N = 4). ¤±·��±�

z =

d+1∑
j=1

λ jz j, λ j ∈ (0,1),
d+1∑
j=1

λ j = 1, 1 ≤ d ≤ 4.
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d	,Ø�b�λ1 = max jλ j. @oé?¿ j > 1,Òk

z±λ j(z j− z1) = (λ1∓λ j)z1 +λ2z2 + · · ·+λ j−1z j−1

+(λ j±λ j)z j +λ j+1z j+1 + · · ·+λd+1zd+1,

§E,3K co
C ¥. ��ãσ′j = [z−

λ j
2 (z j− z1),z +

λ j
2 (z j− z1)],·�äó:

dist (σ′j,∂K
co
C ) ≥

1
2

dist (z,∂K co
C ). (2.51)

¯¢þ,�¥Bρ(z) ⊂K co
C ,KK co

C �¹Bρ(z)∪{z±λ j(z j−z1)}. duK co
C ´

à8,§�¹Bρ(z)∪{z±λ j(z j−z1)}�à�. {ü�AÛ'XÒ`²,XJw ∈

σ′j, @oTà�Ò�¹¥Bρ/2(w). ù�Òy²
Bρ/2(w) ⊂ K co
C , =(2.51)ª¤

á.

3. ,��¡,dz− z1 =
∑d+1

j=2 λ j(z j− z1)��

|v−v1| ≤ d max
j=2,··· ,N+1

λ j|v j−v1| ≤N max
j=2,··· ,N+1

λ j|v j−v1|. (2.52)

�ék > 1,¤áλk|vk−v1| = max j=2,··· ,N+1λ j|v j−v1|,¿�

(v̄,Ū) =
1
2
λk(zk− z1) =

1
2
λk(vk−v1,vk⊗vk−v1⊗v1),

5¿-a = vk, b = v1, λ = 1
2λk, σ = [−(v̄, Ū), (v̄, Ū)]=�¤¦�ã.

AO/,d(2.52),¤á|v−v1| ≤Nλk|vk−v1| = 2N|v̄|.q5¿�|v1|
2 = 2C,

l
�ân�Ø�ª,

√

2C− |v| = |v1| − |v| ≤ |v−v1| ≤ 2N|v̄|.

d	,du(v,U) ∈ IntK co
C ,dþ�Ún, |v| ≤

√
2C,u´

1

4N
√

2C
(2C− |v|2) =

1

4N
√

2C
(
√

2C + |v|)(
√

2C− |v|) ≤
1

2N
(
√

2C− |v|) ≤ |v̄|.

y.. 2

½n4 (Carathéodory½n). �:x ∈ RN á3:8P�à�S, Kx �±�

�P¥�õN + 1�:�à|Ü.



u
À
�
�
�
°
J
�
�
]
�
§
=
ø
�
Æ
¦
^

§2.4 ÷/e)��E 67

y². 1. �x´P ⊂ RN�à�¥��:. ùÒ´`, �3P¥k��:x j, ¦

�x =
∑k

j=1λ jx j,Ù¥λ j > 0�
∑k

j=1λ j = 1.

2. �k >N + 1 (ÄK,ÈI2y),@o�þx2−x1, · · · ,xk−x1Ñ�5�'.

u´�3Ø��"�¢êµ2, · · · ,µk,¦�
∑k

j=2µ j(x j−x1) = 0.

y3½Âµ1 := −
∑k

j=2µ j,@o
∑k

j=1µ jx j = 0,
�
∑k

j=1µ j = 0�µ jØ��

". u´��k��µ j > 0,�

x =

k∑
j=1

λ jx j−α
k∑

j=1

µ jx j =

k∑
j=1

(λ j−αµ j)x j

é?¿¢êαÑ¤á. AO/,�

α := min
1≤ j≤k

{
λ j
µ j

: µ j > 0
}

=
λi
µi
.

5¿α > 0,�é?¿ j = 1, · · · ,k,kλ j−αµ j ≥ 0,
�λi−αµi = 0. u´

x =

k∑
j=1

(λ j−αµ j)x j,

Ù¥λ j−αµ j�K,Ú�1,�λi−αµi = 0.�é{`, x�dP¥�õk−1�:�

à|ÜL«. ­E±þL§, x�L�P¥�õN + 1�:�à|Ü. 2

§2.4 ÷/e)��E

ù�!·�`²,é·��iùÐ�

(ρ−,v− = (v−1,v−2)>), (ρ+,v+ = (v+1,v+2)>),

�ÏL�êO�`²�3�����NN÷/e).

§2.4.1 ÷/e)÷v��ê^�

±e·�b�¤kþÑ��6ut, x2. �÷/©)P0 = P− = {t > 0,x2 <

ν−t}, P2 = P+ = {t > 0, x2 > ν+t}, P1 = {t > 0, ν−t < x2 < ν+t},Ù¥ν−, ν+´�
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½~ê. b�éA÷/e)äkXe/ª:

ρ̄ = ρ−IP− +ρ1IP1 +ρ+IP+ , v̄ = (v̄1, v̄2)>,

v̄1 = v−1IP− +αIP1 + v+1IP+ , v̄2 = v−2IP− +βIP1 + v+2IP+ ,

Ū = U−IP− + U1IP1 + U+IP+ , U± = v±⊗v±−
|v±|2

2
Id, U1 =

 γ δ

δ −γ

 ,
Ù¥ρ1,α,β,γ,δ�´�½¢ê. 5¿ù¿�X3P1¥�Ý�v1 = (α,β)>,�Ý

�ρ1.

1. Äkwe)^�v1⊗v1−U1 < C1Id,ùpC1�´�½¢ê. dþãb

�,ù��uÝ
  C1 +γ−α2 δ−αβ

δ−αβ C1−γ−β2


�½. ù�du�¦Ù1�ªÚ,Ñ´�ê:

(C2
1−α

2 +γ)(C2
1−β

2
−γ)− (δ−αβ)2 > 0, α2 +β2 < 2C1. (2.53)

2. ÷/e)3©Ù¿Âe÷vXe�§:

∂tρ̄+∂2(ρ̄v̄2) = 0,

∂t(ρ̄v̄1) +∂2(ρ̄Ū12) = 0,

∂t(ρ̄v̄2) +∂2(ρ̄Ū22) +∂2(p(ρ̄) +

2∑
i=0

ρiCiIPi) = 0.

5¿ùpC0 = |v−|
2

2 , C2 = |v+|
2

2 ,ρ0 = ρ−,ρ2 = ρ+. du�¦�)´©¡~��,

�âRankine-Hugoniot^�,ØJwÑ3�ýmä�x2 = ν−tþ�÷vXe

^�:

(ρ−−ρ1)ν− = ρ−v−2−ρ1β, (2.54)

(ρ−v−1−ρ1α)ν− = ρ−v−1v−2−ρ1δ, (2.55)

(ρ−v−2−ρ1β)ν− =
1
2
ρ−v2

−2 +ρ1γ+ p(ρ−)−p(ρ1) +
1
2
ρ−v2

−2−ρ1C1.

(2.56)



u
À
�
�
�
°
J
�
�
]
�
§
=
ø
�
Æ
¦
^

§2.4 ÷/e)��E 69

aq�,3mýmä�x2 = ν+tþ�÷vXe^�:

(ρ1−ρ+)ν+ = ρ1β−ρ+v+2, (2.57)

(ρ1α−ρ+v+1)ν+ = ρ1δ−ρ+v+1v+2, (2.58)

(−ρ1β−ρ+v+2)ν+ = −ρ1γ−
1
2
ρ+v2

+2 + p(ρ1)−p(ρ+) +ρ1C1−
1
2
ρ+v2

+2.

(2.59)

3. þã�NN÷/e)��32Â¼ê¿Âe÷vXeUþÑÑ�§:

∂t(ρ̄ε(ρ̄)) +

2∑
i=0

∂t(ρiCiIPi) +∂2((ρ̄ε(ρ̄) + p(ρ̄))v̄2) +

2∑
i=0

∂2(ρiCiv̄2IPi) ≤ 0.

Uìí�Ramkine-Hugoniot^���{,aq��,3�ýmä�x2 = ν−tþ

�¤á

(ρ−ε(ρ−)−ρ1ε(ρ1))ν−+ (ρ−
|v−|2

2
−ρ1C1)ν− (2.60)

≤ (ρ−ε(ρ−) + p(ρ−))v−2− (ρ1ε(ρ1) + p(ρ1))β+ (ρ−v−2
|v−|2

2
−ρ1C1β),

3mýmä�x2 = ν+tþ�¤á

(ρ1ε(ρ1)−ρ+ε(ρ+))ν+ + (ρ1C1−ρ+
|v+|

2

2
)ν+ (2.61)

≤ (ρ1ε(ρ1) + p(ρ1))β− (ρ+ε(ρ+) + p(ρ+))v+2 + (ρ1C1β−ρ+v+2
|v+|

2

2
).

4. o�,·�k

ν+, ν−, ρ1, α, β, γ, δ, C1

l���þÚρ±, v±8�ëê�øÀJ,±÷v����5�ê�§(½Ø�

ª),¤±��5ùq��±�Eéõ÷/e). �¢Sþ�Ee)¿��


´Þ,QI�
)iù¯K�)�/�,��¬E|5��ê$�.AO5¿,

XJõO\��mä,K¬O\o��ê�§(Ø�ª),�¬õÑ58���

þ. ¤±k�ÿ<�O\mä�ê,¬�é�N´/�EÑ÷/e).
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§2.4.2 �î��Ý����½~��î.�§|�iù¯K

�O��Bå�,e¡±fYÅ�§(=íNG��§�p = ρ2)�~,�

ÄØ ÅéA�iùÐ�^��/÷/e)��E. �d, ·�I�ïÄX

eî.�§|:

∂tρ+∂2(m2) = 0, (2.62)

∂tm1 +∂2(
m1m2

ρ
) = 0, (2.63)

∂tm2 +∂2(
m2

2

ρ
+ p(ρ)) = 0. (2.64)

ùpρ(x2, t)´�þ�Ý, m(x2, t) = ρ(x2, t)v(x2, t)´Äþ, 
v = (v1,v2)> ´�

Ý.

��O���T�§�n�A��9ÙéAA��þ©O´

λ1 = v2− c, λ2 = c, λ3 = v2 + c,

R1 =
(

1 v1 v2− c
)>
, R2 =

(
0 1 0

)>
, R3 =

(
1 v1 v2 + c

)>
,

Ù¥c =
√

p′(ρ)´Ñ�.w,λ1,λ3´ý���5�, λ2´�5òz�. T�§

|�n�iùØCþ©O´

w3 = v2 +

∫ ρ

0

√
p′(τ)
τ

dτ, w2 = v1, w1 = v2−

∫ ρ

0

√
p′(τ)
τ

dτ.

diùØCþ�5�,L��m:(ρ−,v−)�1-ÕÑÅ­�´LT:�­

¡{w3 =~ê}�{w2 =~ê}�����­�,=ÕÑÅþG�(ρ,v)�÷v'

Xª

v1 = v−1, v2 + 2
√

2
√
ρ = v−2 + 2

√

2
√
ρ−.

ùp|^
G��§p(ρ) =ρ2. ¤±,XJ�0<ρ− <ρ+, v− = (− 1
ρ+
,2
√

2(
√
ρ−

√
ρ−))>, v+ = (− 1

ρ+
,0)>,Ò���±(ρ+,v+)Ú(ρ−,v−)©O��mÐ��iù

¯K�)Ò´�1-ÕÑÅ.�é{`,XJ±(ρ−,v−)Ú(ρ+,v+)©O��mÐ

�,��mt→∞)þãî.�§,Ò���{x2 ∈R, t < 0}þ��Lipschitzë

Y�1-Ø Å).
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y3±(ρ−,v−)Ú(ρ+,v+)©O��mÐ�,�t > 0��¦)iù¯K.§

�)�¹��1--ÅÚ��2-ÕÑÅ. 5¿3þãe)�E¥mä��7´

-Å,¤±�����Ã¡õf)¿�´3�iù¯K�ü�-Å�m\�

����.

�·�`LØU^iù¯K�)�÷/e),¢SþTiù¯K�)é

ëêÀ�k�½ë�d�,��ØU���Ó.¢Sþ,��½ëêXe:

ρ− = 1, v− = (−
1
4
,2
√

2)>, ρ+ = 4, v+ = (−
1
4
,0)>,ρ1 =

15
7
, α = −

1
4
,

β = δ = 0, ν− = −
7
√

2
4
, ν+ = 0, C1 = 3, γ = −

244
105

,

@o��O�,ØJuy§�(¢÷vcã¤�¦��ê'Xª.

d	,XJ�ëê�

ρ− = 1, v− = (0,2
√

2)>, ρ+ = 4, v+ = (0,0)>,ρ1 =
15
7
, α = 0,

β = δ = 0, ν− = −
7
√

2
4
, ν+ = 0, C1 =

356
105

, γ = −
29
15
,

@oØJ�y,éA��NN÷/e)÷vUþÅð.

§2.4.3 ����î.�§|�iù¯K

éuî.�Ie������Ø î.�§|�iù¯K
∂tρ+∂xm = 0, ∂t(m) +∂x(m2

ρ + p(ρ)) = 0,

(ρ,m)(x,0) =

(ρ−,ρ−v−), x < 0,

(ρ+,ρ+v+), x < 0,

(2.65)

Ù¥m = ρv´Äþ,eb�ρ± > 0, p(ρ) = ργ,γ ≥ 1,kXe(Ø[26, 37]:

1) XJ

v+−v− ≥
∫ ρ−

0

√
p′(τ)
τ

dτ+

∫ ρ+

0

√
p′(τ)
τ

dτ,

Kþãiù¯K�3���g�q),§�)1-ÕÑÅÚ3-ÕÑÅ,¥m

G�´ý�;
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2) XJ∣∣∣∣∣∣∣
∫ ρ+

ρ−

√
p′(τ)
τ

dτ

∣∣∣∣∣∣∣ < v+−v− <
∫ ρ−

0

√
p′(τ)
τ

dτ+

∫ ρ+

0

√
p′(τ)
τ

dτ,

Kþãiù¯K�3���g�q),§�)1-ÕÑÅÚ3-ÕÑÅ,¥m

G�(ρm,ρmvm)´Xe�§|���):

v+−v− =

∫ ρ−

ρm

√
p′(τ)
τ

dτ+

∫ ρ+

ρm

√
p′(τ)
τ

dτ,

vm = v−+

∫ ρ−

ρm

√
p′(τ)
τ

dτ, ρm <min{ρ−,ρ+};

3) XJ ∣∣∣∣∣∣∣
∫ ρ+

ρ−

√
p′(τ)
τ

dτ

∣∣∣∣∣∣∣ = v+−v−,

Kþãiù¯K�3���g�q): �ρ− > ρ+�§��¹1-ÕÑÅ;

�ρ− < ρ+�§��¹3-ÕÑÅ;

4) XJρ− > ρ+,�

−

√
(ρ−−ρ+)(p(ρ−)−p(ρ+))

ρ−ρ+
< v+−v− <

∫ ρ−

ρ+

√
p′(τ)
τ

dτ,

Kþãiù¯K�3���g�q�),§�)1-ÕÑÅÚ3--Å,¥m

G�(ρm,ρmvm)´Xe�§|���): ρ+ < ρm < ρ−,

v+−v− =

∫ ρ−

ρm

√
p′(τ)
τ

dτ−

√
(ρm−ρ+)(p(ρm)−p(ρ+))

ρmρ+
,

vm = v−+

∫ ρ−

ρm

√
p′(τ)
τ

dτ;

5) XJρ− < ρ+,�

−

√
(ρ−−ρ+)(p(ρ−)−p(ρ+))

ρ−ρ+
< v+−v− <

∫ ρ+

ρ−

√
p′(τ)
τ

dτ,
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Kþãiù¯K�3���g�q�),§�)1--ÅÚ3-ÕÑÅ,¥m

G�(ρm,ρmvm)´Xe�§|���): ρ− < ρm < ρ+,

v+−v− =

∫ ρ+

ρm

√
p′(τ)
τ

dτ−

√
(ρm−ρ−)(p(ρm)−p(ρ−))

ρmρ−
,

vm = v−−

√
(ρm−ρ−)(p(ρm)−p(ρ−))

ρmρ−
;

6) XJ

v+−v− = −

√
(ρ−−ρ+)(p(ρ−)−p(ρ+))

ρ−ρ+
,

Kþãiù¯K�3���g�q�): XJρ− < ρ+,§��¹1--Å;

XJρ− > ρ+,§��¹3--Å;

7) XJ

v+−v− < −

√
(ρ−−ρ+)(p(ρ−)−p(ρ+))

ρ−ρ+
,

Kþãiù¯K�3���g�q�),§�)1--ÅÚ3--Å,¥mG

�(ρm,ρmvm)´Xe�§|���): ρm >max{ρ−,ρ+},

v+−v− = −

√
(ρm−ρ−)(p(ρm)−p(ρ−))

ρmρ−
−

√
(ρm−ρ+)(p(ρm)−p(ρ+))

ρmρ+
,

vm = v−−

√
(ρm−ρ−)(p(ρm)−p(ρ−))

ρmρ−
.

§2.5 �)û�¯K

1. é�§(2.62)-(2.64)�½Ð�(ρ− = ρ+ = 1,v± = (±1,0)>)�iù¯K,

w,§�)�¹k���>mä(x1 ���Ý©þka�). d�éAp�¯

KUÄ�EÑÃ¡õ�NNf)? �¹k�>mäÚÕÑÅ��/Q?½ö

^�é��{y²��5?
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2. é���½~6¹l¯K½n�½~�Ñ�67�	/N6,UÄ�

EÑÃ¡õ�NNf)?

3. ¤�E�Ã¡õ�NNf)´Ä´,�����)�ØÓL�?

§2.6 ©zµ5

1. �ÙÌ�SN
u[9][8][5]. ÷vUþÅð�÷/e)êâ�g[22].

©[35]´éùp�(J���{á��Eâ5�nã,�øë�.

2. �Ù0�
8c�EÃ¡õf)�Ä��{��: Bairej�{. éõ

?�Ú�ó�Ñ8¥3XÛ�E�a�NNe)þ.

~X3[26]¥ChiodaroliÚKremly²
éõ�íN���î.�§,X

J��iù¯K¹kü�-Å,K±��Ð��p�¯K�NNf)ÒØ�

�,
�3ý9�êγ ∈ (1,3)�,,
�EÑ��NNf)�Uþ'u�m�

ÑÑÇ'g�q�iù¯K�)��¯, l
`²DafermosJÑ��4�

ÑÑ^�Øv±�y�NNf)��. Březina, ChiodaroliÚKreml3[28]¥

é�§(2.62)-(2.64)�¹����-ÅÚ�>mä�iùÐ�,�E
÷/e

),l
`²
éAÐ���î.�§|kÃ¡õ�NNf). 3[33]¥¦�

é��a)¹��-ÅÚ��ÕÑÅ�iùÐ��EÑ
÷/e),l
é

ùaÐ��y²
��î.�§|kÃ¡õ�NNf).

MarkfelderÚKlingenberg[37]y²
��iù¯K(2.65)�)�¹-Å,

Ò¬kÃ¡õ��NNf). T©é�k��-Å��/,ÏLN\G�,�

�o�÷/«��Ee),��ë�.

[23]¥, éG��§�p = −1/ρ�ChaplyginíNî.�§|, Březina,

Kreml ÚMácha ^�Ù0��nØµe, ÏL�Ee)y²
iù¯K�

)�¹delta-Å½�>mä�Ò¬kÃ¡õf). (duTXÚ´�5òz

�, ¤kmäÑ´�>mä.) Baba�<3[25]¥ò�Ù(Øí2�
��

�½~���î.�§�/, `²
��´3���/)¤ü�-Å(��

±2\���>mä)�iùÐ�, ÑkÃ���NNf). d	, [42]�`

²
é�½w£>.^��k.«�þ��î.�§|�Ð>�¯K, �

3L∞Ð�¦�kÃ¡õ��NNf), l
éAYoungÿÝ�)�Ø��.

KlingenbergÚMarkfelder3[36]¥�Ñ
�Åð����(½��)n��Ø
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 ^6NåÆ�§Ð>�¯K�NNf)�Ø��5.

,�«�EÃ¡õf)��{´àÈ©�{. ��þü«�{aq, �

àÈ©Ì�´�ÚÚÏLS�5V\���.

ÛU©�3[39]¥�Ä
�"�����î.�§|, `²ÃØ´{Z

�´^=�A�, ÑØv±{�ÑyÃ¡õ�NNf). ¦����*	´

^�"�����²¡Å\��§¥,Ùy²�{´àÈ©�{.

Chiodaroli�3©[27]¥�Ä
� Stratonovich�Å�©��Ø ��

Euler�§|,y²
3VÇ¿Âer�÷v�^��Ã¡õf)��35.

Ä��{´b�Ð©�Ý´©¡~���ÅCþ,rù«�Å�©�§=z

�¹�Åëê�Ø�ØEuler �§|, 2òù�Ù0���{í2��Å�

/[21]��(Ø.

3. �BrÚ�d3[24]¥^�é��{y²
�¹kÕÑÅÚý��î

.�§�)���5. Feireisl�y²
aq�(J[31].

4. �Ù0�g�9�{
uJohn Nashéiù6/3p�î¼�m

��åi\¯K�ïÄ, ±9Gromov��Yó�, ��©AÛ, ë6, On-

sagerß��Ñk��'X. �'nã5Ø©9`²g��{��Eâ5Ø

©,X[6][11][4]�,ïÆ�Ö. [6]��Ñ
�
�)û�¯K(Ü©®)û),�

�'5!

5. 3[29]¥, �ö�r÷/e)�Vgí2�
©¡ëY¼ê�/. ¦

�òØ Å/¤�Ð�^��6Ä, |^A��÷vBurgers�§, ���

EÑC1 �Ø Å. ddÐ�^�´�«2Âiù¯K, 
e)��EI�

¦)�
~�©�§(5¿e)3z�÷/¥´¼ê,�:�÷vî.�§).

3[12]¥, Chiodaroli�ïÄ
±Ï«�þ��î.�§�Ð�¯K,ÏL�

Ä�½~î.�§|(ò�þÅð�§{z�div x(m) = 0, Ù¥m = ρv), y

²é�½�C1��Ýρ0, �é�k.�Äþ�Ð�, ¦�Cuachy¯KkÃ

¡õ��NNf)ρ0,m, 
�k1w�ä¼êχ(t)¦�t ∈ [0,T]�|m(x, t)|2 =

ρ0(x)χ(x). ù�Ø©é�'�{9Ù�dÚy²[!0��'�[�, ��

c[�Ö. (~X:tµ��5�©�§�A���Ò´��V\���,�é

��5�ê8ÜUd���à�,½ö���¼©l½n½Âéó¿Âe�

à�. 3dà�¥��ã,=��5�©�§��). ,ë�T©24�,é�

yÚn3y²�,	�«Åg%C��{.)
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6. n«�5z�{: (1)^�©5ÛÜ�5z(�6Ä);(2)C�{: Fourier

C�½öHodographC��; (3)tµ{: �©�¹.

7. )¤ÛÜ1w)�Ð���”�K”(regular)Ð�,
ÑyÃ¡õ�N

Nf)�Ð��”�_”(wild)Ð�.éî.�§|,�_Ð�XÛ©Ù? Feireis-

l�3[30]¥�Ñ
�
#�Vg, ¿^ÑÑYounngÿÝ�)9Ùf-r��

5�y²
�_Ð��¤L1¥���ÕK8(§�Ö8�¹��L1�mÈ8).

ù�Ø©��Ñ�EÃ¡õf)�àÈ©�{�î.�§�©�k'(�Ý

|�Helmholtz©)),k�½éu5(aqg´�ë�©[32]). Breit, Feireisl

ÚHofmanová�òù«�{í2�
��Å�����Øî.�§[38].

8. Xþ¤ã,Ø�Ù0��Bairej�{	,,	�«�EÃ¡õ)��

{´àÈ©�{,ÏLØäS�V\��,~�XìÜþ(fÂñ4�ev̄⊗ v̄−

v⊗v,Ù¥v̄�LS�vkfÂñ�4�).ù«�{Øþã[32]�©	,�^uï

ÄSQG�§(­¡O/=�§), Boussinesq�§, Ø�Øî.�§, Navier-

Stokes�§�f)�Ø��5,��Onsagerß�¥�Ep�K�_f)�

��'(ë�[43, 45, 44, 47, 52, 34, 46]9Ùë�©z).

9. ^àÈ©�{���E,
�Ô�§½C©¯K�Ã¡õ�Lipschitz),

�[40, 41]9Ùë�©z�.

10. é�Øî.�§|�«�>.�/Ã¡õ�NNf)��E, �'

ïÄó�A�vk. éØ�Øî.�§,ë�[18],Ù¥�ö��Ä
��S

6NÐ�kµ���/(Sý6N�	ý6N6Ä��Ý��).
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éäkÔn�µ���[�5ÅðÆ�§|,Ù²;)  �÷v��

N\ÅðÆ�§,êÆþ¡��Åð�§. éu�¹mä��NNf),��

§��Ø2¤á,
C���Ø�ª. @o,�NNf)��o���K5Ò

U�y��§E,¤áQ?ùéun)ë6,�,´��é'�{ü%qÄ�

�¯K. Onsager [48]éuØ�Ø î.�§,ßÿe�Ý|u´HölderëY

�,=u ∈C0,α,K�α> 1/3�,éAf)�Uþ´Åð�;
�α< 1/3�,�±

�EÑUþØÅð��_). ©[50]é��ÅðÆ�§,y²
�)3C0,α¥,

�α > 1/3���§¤á. ù�Ù·�0�ÙïÄ�{Ú(Ø.

§3.1 ÛÜ�Åð

1. ��ÅðÆ�§|. �Q ⊂Rd+1´�m8,3Ù¥kXeÅðÆ�§

|: ∑
0≤i≤d

∂iAi(U) = 0. (3.1)

ùp∂i = ∂/∂xi, x = (x0, · · · ,xd) ∈Q;��¼ê´x 7→ u(x) ∈M⊂⊂Rk,Ù¥M´

��mRk���k.�àm8,
A0,A1, · · · ,Ad´M�R
l�C2�N�. ·�

PAi = (A j
i )1≤ j≤l´��þ. ¤±(3.1)´äkd+1�gCþ, k���þÚl��

§���[�5�§|.

2. 2Â�. �

B :M→L(Rl;R) 'Rl

´�C1N�,^1�þL«�

B(u) = (b1(u), · · · ,bl(u)).

·�`B½Â
��2Â�,XJéi = 0,1, · · · ,d,�3C2�6¼ê

qi :M→R,

¦�

B(u)∇uAi(u) = ∇uqi(u). (3.2)

77
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5¿ùpB(u)´l-�1�þ, JacobiÝ
∇uAi(u)´l× kÝ
(é��þAi�z

����U1�FÝ���Ý
),
FÝ∇uqi(u)´k-�1�þ.

XJu´ëY��¼ê,K(3.1)����ÑÝ/ª:∑
0≤i≤d

∇uAi(u)∂iu = 0.

5¿ùpu´��þ,l
∂iu�´��þ,þã¦{Ò´Ý
¦{. þªüà

�¦1�þB(u),|^(3.2),Ò��∑
0≤i≤d

∇uqi(u)∂iu = 0.

�¤ÑÝ/ª,Ò´ ∑
0≤i≤d

∂iqi(u) = 0. (3.3)

dd,XJ(3.1)÷x0��´V­�,Kq0Ò´·�~`��,
(q1, · · · ,qd)´�

6. 1

3. Ì�½n.

½n1. �(q0, · · · ,qd)´(3.1)���2Â�. �u´(3.1)���f), �é?

¿K ⊂⊂ Q, �3α > 1
3 (��6uK), ¦�u ∈ C0,α(K). @o3D′(Q) 2Â¼

ê¿Âe,¤á�ª ∑
0≤i≤d

∂iqi(u) = 0. (3.4)

y². ·��y²: é?¿ϕ ∈ C∞c (Q),¤á∑
0≤i≤d

〈∂iϕ,qi(u)〉x = 0. (3.5)

ùp

〈 f , g〉x =

∫
Q

f (x)g(x)dx

�L'ux3QþÈ©.
13”êÆÔn�§”�§¥, ·�ÆLéÅÄ�§utt − uxx = 0, A^UþÈ©�{,

(¦ut�^4ÙZ[{K,)¬��'uUþ����§∂t[(ut)2 + (ux)2]−∂x[2utux] = 0. ù

Ò´láuÅÄ�§���§.
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1). é�½�ϕ ∈ C∞c (Q),dîª�m�©l5�,��m8Q1,Q2,Q3,¦

�

suppϕ ⊂⊂Q1 ⊂⊂Q2 ⊂⊂Q3 ⊂⊂Q.

éi = 1,2,�3�6usuppϕÚQ�~êε0 > 0,¦�

sup
x∈Qi,y∈Rd+1\Qi+1

|x− y| > ε0. (3.6)

�C∞�ä¼êI :Rd+1
→ [0,1],÷v

I(x) =

0, x <Q3,

1, x ∈Q2.
(3.7)

éT ∈ D′(Q),�ò�òÿ�T̄ ∈ D′(Rd+1):

〈T̄,ψ〉 = 〈T, Iψ〉, ∀ψ ∈ D(Rd+1).

PIO�Friedrichs�1Ø(=�K�»�é¡,È©�1�� ¼ê

x)�

x 7→ ρε(x), suppρε(x) ⊂ Bε(0).

�T ∈ D′(Rd+1),½Â

Tε = T ∗ρε.

e¡·�o�¦ε ∈ (0, ε0/2).

2). ò(3.1)�f)uòÿ�ū = uI. 5¿�3Q2þū = u, l
3D′(Q2)¿

Âe¤á ∑
0≤i≤d

∂iAi(ū) = 0. (3.8)

d	,d½n^�,duQ2 ⊂⊂Q,l
ū ∈ C0,α(Q2),�α > 1/3.

é?¿Ψ ∈ C2
c (Q1;L(Rl;R)) = C2

c (Q1;Rl),¤á

Ψε
∈ D(Q2;Rl).
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u´l(3.8)��

0 = 〈Ψε,
∑

0≤i≤d

∂iAi(ū)〉 = −
∑

0≤i≤d

〈(∂iΨ)ε,Ai(ū)〉 = −
∑

0≤i≤d

〈∂iΨ, (Ai(ū))ε〉

= −

∑
0≤i≤d

∫
Rd+1

∂iΨ(x) ·Ai(ūε(x))dx−
∑

0≤i≤d

∫
Rd+1

∂iΨ(x) · ((Ai(ū))ε−Ai(ūε))dx.

(3.9)

ùp1���Ò^�
©ÜÈ©, �1�¦���S, 1n��Ò^
5

�
∫

f εg =
∫

f gε.

duϕ®�½, �suppϕ ⊂ Q1, 
ϕB(ūε) ∈ C2
c (Q1,Rl), ¤±�3(3.9)¥

òΨ�¤ϕB(ūε). @o(3.9)�±��

0 = Jε+ Kε,

Ù¥

Jε = −
∑

0≤i≤d

∫
Rd+1

∂i(ϕB(ūε)) ·Ai(ūε)(x)dx,

Kε =
∑

0≤i≤d

∫
Rd+1

∂i(ϕB(ūε))
(
Ai(ūε(x))− (Ai(ū))ε

)
dx.

·�w�Jε��uò(3.1)¥f)�1�����,
Kε´éAØ��.lJε�

±|^�Åð�§.

3). |^2Â�B(u)�½Â,ØJO�

Jε = −

d∑
i=0

∫
Rd+1

∂i(ϕB(ūε)) ·Ai(ūε)dx

=

d∑
i=0

∫
Rd+1

ϕB(ūε) ·∂iAi(ūε)dx

=

d∑
i=0

∫
Rd+1

ϕB(ūε)∇uAi(ūε)︸           ︷︷           ︸
∇uqi(ūε)

∂iūεdx

=

d∑
i=0

∫
Rd+1

ϕ∂iqi(ūε)dx

= −

d∑
i=0

∫
Rd+1

∂iϕqi(ūε)dx.
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duū ∈ C0,α
c (Rd+1),l
�ε→ 0�ūε��Âñ�ū. u´·���

lim
ε→0

Jε = −

d∑
i=0

∫
Rd+1

∂iϕqi(ū)dx =

d∑
i=0

〈ϕ,∂iqi(u)〉x. (3.10)

ù��5,�
y²�Åð

d∑
i=0

∂iqi(u) = 0

¤á,Ò�I�y²,�α > 1/3�, limε→0 Kε = 0.

4). �d,·�äó,kXe�O:∥∥∥∂i(ϕB(ūε))
∥∥∥

L∞(Q1)

≤

∥∥∥ϕ∥∥∥
C1(Q1) ‖B‖C0(M) + C

∥∥∥ϕ∥∥∥
L∞(Q1) ‖B‖C1(M) ‖u‖C0,α(Q2) ε

α−1, (3.11)

‖Ai(ūε)− (Ai(ū))ε‖L∞(Q1)

≤ C‖Ai‖C2(M) ‖u‖
2
C0,α(Q2) ε

2α, i = 0, · · · ,d. (3.12)

dd, 5¿�ūëY�k;|8, ¤±ÃX‖B‖C0(M), ‖Ai‖C2(M)�a��k.,

Ò��

‖Kε‖L∞(Q1) ≤ (C1 + C2ε
α−1)C3ε

2α = O(1)ε3α−1
→ 0, ε→ 0.

�Oª(3.12)òde!�����f�O��. e¡y²(3.11). |^4

ÙZ[{K,ùp'�´�O

‖∂iB(ūε)‖L∞(Q1) ≤ C‖u‖C0,α(Q2) ‖B‖C1(M) ε
α−1. (3.13)

¯¢þ,·�k

∂iB(ūε(x)) = ∇uB(ūε)∂iūε(x), (3.14)

∂iūε(x) = ∂i

∫
ū(y)ρε(x− y)dy =

∫
ū(y)∂iρε(x− y)dy

=
1
ε

∫
ū(y)(∂iρ)ε(x− y)dy =

1
ε

∫
ū(x− y)(∂iρ)ε(y)dy

=
1
ε

∫
(ū(x− y)− ū(x))(∂iρ)ε(y)dy,
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(|^ÑÝ½n,
∫

(∂iρ)ε(y)dy = 0,)l


|∂iūε(x)| ≤
1
ε
‖ū‖Cα(Q2)

∫
|y|α

1
εd+1
|Dρ(

y
ε

)|dy

=
‖ū‖C0,α(Q2)

ε
εα

∫
|z|α|Dρ(z)|dz (y = εz)

≤ C‖ū‖C0,α(Q2) ε
α−1. (3.15)

ddªÚ(3.14),Ò��(3.13). 2

§3.2 ���1���5EÜ���f��O

ù�!·�y²Xe���(Ø.

½n2. é?¿F ∈ C2(M;Rl)Úv ∈ C0,α
c (Rd;M), 0 ≤ α ≤ 1,¤áØ�ª

‖F(v)ε−F(vε)‖L∞ ≤ C(‖F‖C2(M))‖v‖
2
C0,α(Rd) ε

2α. (3.16)

y². 1). XJF´�5N�,KF(v) = Av+b,Ù¥A´l×k~êÝ
, b´l-�

��þ. d�F(v)ε = (Av)ε+ bε = Avε+ b = F(vε),=F(v)ε−F(vε) = 0.¤±y

²�'�3uéF·�Ðm���.

2). d½Â,k

|F(v)ε(x)−F(vε(x))|

=

∣∣∣∣∣∣∣
∫
Rd

y

F(v(x− y))ρε(y)dy−F(vε(x))

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
∫
Rd

y

(F(v(x− y))−F(vε(x)))ρε(y)dy

∣∣∣∣∣∣∣ . (3.17)
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·�O�

F(v(x− y))−F(vε(x))

= F((1− s)v(x− y) + svε(x))
∣∣∣s=0
s=1 = −

∫ 1

0

d
ds

F((1− s)v(x− y) + svε(x))ds

= −s
d
ds

F((1− s)v(x− y) + svε(x))
∣∣∣∣∣1
0
+

∫ 1

0
s

d2

ds2 F((1− s)v(x− y) + svε(x))ds

= −∇vF(vε(x))(vε(x)−v(x− y)) +

∫ 1

0
s

d2

ds2 F((1− s)v(x− y) + svε(x))ds.

(3.18)

ò1���\(3.17),Òk

−

∫
Rd

y

(
∇vF(vε(x))

)(
vε(x)−v(x− y)

)
ρε(y)dy

=
(
∇vF(vε(x))

)−vε(x)
∫
Rd

y

ρε(y)dy +

∫
Rd

y

v(x− y)ρε(y)dy


=

(
∇vF(vε(x))

)
(−vε(x) + vε(x))

= 0.

3). 2�(3.18)¥1��:

d2

ds2 F((1− s)v(x− y) + svε(x))

=
d
ds

(
∇uF((1− s)v(x− y) + svε(x))

)
(vε(x)−v(x− y)))

= 〈∇
2
uF((1− s)v(x− y) + svε(x))(vε(x)−v(x− y)), (vε(x)−v(x− y))〉.

ùp���1�À�éF�z�©þ, Ñ´'uÙHessianÝ
��g.. �
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\(3.17),Òk

|F(v)ε(x)−F(vε(x))|

=

∣∣∣∣∣∣∣
∫
Rd

y

∫ 1

0
s〈∇2

uF((1− s)v(x− y) + svε(x))(vε(x)−v(x− y)), (vε(x)−v(x− y))〉dsρε(y)dy

∣∣∣∣∣∣∣
≤ ‖F‖C2(M)

∫
Rd

y

|v(x− y)−vε(x)|2ρε(y)dy

= ‖F‖C2(M)

∫
Rd

y

∣∣∣∣∣∣
∫
Rd

z

(v(x− y)−v(x− z))ρε(z)dz

∣∣∣∣∣∣2ρε(y)dy

≤ ‖F‖C2(M)

∫
Rd

y

(∫
Rd

z

|v(x− y)−v(x− z)|ρε(z)dz
)2

ρε(y)dy,

5¿�3ùÈ©p|y| ≤ ε, |z| ≤ ε,l
|(x− y)− (x− z)| = |z− y| ≤ 2ε,UYO�

Òk

|F(v)ε(x)−F(vε(x))|

≤ ‖F‖C2(M)

∫
Rd

y

(∫
Rd

z

(2ε)α ‖v‖C0,α ρε(z)dz
)2

ρε(y)dy

= ‖F‖C2(M) (2ε)2α
‖v‖2C0,α

∫
Rd

y

(∫
Rd

z

ρε(z)dz
)2

ρε(y)dy

= ‖F‖C2(M) ‖v‖
2
C0,α (2ε)2α.

y.! 2

§3.3 Ð>�¯K�3���SÅð�¿©^�

1. òþ©���(J^uïÄÅðÆ�§

∂tA0(u) +

d∑
i=1

∂xiAi(u) = 0. (3.19)

�ÙéA��)�6é´q0(u) = η(u),q1(u), · · · ,qd(u),÷v^�

∇uη(u) ·∇uA0(u) = ∇uη(u), ∇uη(u) ·∇uA j(u) = ∇uq j(u), j = 1, · · · ,d.
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(ùÒ´`, éA2Â��B(u) = ∇uη(u). η ∈ C2�y
B ∈ C1.) u´(3.20)�

��ÅðÆ�§Ò´

∂tη(u) +

d∑
i=1

∂xiqi(u) = 0. (3.20)

2. Ì�(Ø. �Ω´�mRd¥�k.m8, Ù>.´LipschitzëY�.

5¿ù¿�X,�3δ0 > 0,¦�é?¿x ∈Ω,�dist (x,∂Ω) < δ0�,¼êx 7→

dist (x,∂Ω)´LipschitzëY�,��3���x̂ ∈ ∂Ω (�6ux),¦�

dist (x,∂Ω) = |x− x̂|, � ∇xdist (x,∂Ω) = −n(x̂).

ùpn(x)´∂Ω3x?�	ü {�þ.

·�P��«�Q = [T1,T2]×Ω. �u ∈ L∞(Q)´(3.20)���f),
�

÷vXe�¦:

i) ∀Q̃ ⊂Q,�3α > 1/3 (��6uQ̃),¦�u ∈ C0,α(Q̃);

ii) éδ ∈ (0,δ0/2],PΩδ = Ω∩{x : dist (x,∂Ω) < δ/2}´>.NC�����,

Qδ = [T1,T2]×Ωδ,K

limsup
δ→0

∣∣∣∣∣∣∣
d∑

i=1

qi(u(t,x))ni(x̂)

∣∣∣∣∣∣∣ = 0. (3.21)

w,, (3.21)��u>.^�q ·n = 0.

½n3. 3þã^�e,f)u÷v�Åð: é?¿T1 ≤ t1 ≤ t2 ≤ T2,k�ª∫
Ω
η(u(t1,x))dx =

∫
Ω
η(u(t2,x))dx. (3.22)

y². 1). �â½n1,3D′(Q)¿Âe¤á�ª

∂tη(u) +

d∑
i=1

∂iqi(u) = 0. (3.23)

XJþª3²;�Å:¿Âe¤á,ò�3ΩþÈ©,2'utlt1È©�t2Ò

��
(3.22). y3`²,ÏL�·�ÿÁ¼ê,�òþã�{î�z.



u
À
�
�
�
°
J
�
�
]
�
§
=
ø
�
Æ
¦
^

86 1nÙ ÅðÆ�§|�Onsagerß�

2). �D(Q)¥ÿÁ¼ê

ϕ(t,x) = θ(t)χ(
dist (x,∂Ω)

δ
),

ùpθ ∈ C∞c (T1,T2), χ ∈ C∞([0,+∞); [0,1]),÷v

χ(s) =

0, s ∈ [0,1/4],

1, s ∈ [1/2,+∞).

�δ ∈ (0,δ0/2)¿©�,¦�suppθ ⊂ (T1 +δ,T2−δ). @o

0 = 〈ϕ,∂tη(u) +

d∑
i=1

∂iqi(u)〉

= −

∫
Q
η(u(t,x))χ(

dist (x,∂Ω)
δ

)θ′(t)dxdt

−

∫
Qδ

θ(t)
d∑

i=1

qi(u(t,x))ni(x̂)
1
δ
χ′(

dist (x,∂Ω)
δ

)dxdt.

3). é1��,|^Lebesgue��Âñ½n,Òk

lim
δ→0

∫
Q
η(u(t,x))χ(

dist (x,∂Ω)
δ

)θ′(t)dxdt

=

∫ T2

T1

θ′(t)
∫

Ω
η(u(t,x))dxdt.

é1��,ØJ�O∣∣∣∣∣∣∣
∫

Qδ

θ(t)
d∑

i=1

qi(u(t,x))ni(x̂)
1
δ
χ′(

dist (x,∂Ω)
δ

)dxdt

∣∣∣∣∣∣∣
≤ sup

(t,x)∈Qδ

∣∣∣∣∣∣∣
d∑

i=1

qi(u(t,x))ni(x̂)

∣∣∣∣∣∣∣
(∫

Ωδ

1
δ

∣∣∣∣∣χ′(dist (x,∂Ω)
δ

)
∣∣∣∣∣ dx

)∫ T2

T1

|θ(t)|dt

≤ C|∂Ω| sup
(t,x)∈Qδ

∣∣∣∣∣∣∣
d∑

i=1

qi(u(t,x))ni(x̂)

∣∣∣∣∣∣∣ .
ùp,ÏLCþO�,k∫

Ωδ

1
δ

∣∣∣∣∣χ′(dist (x,∂Ω)
δ

)
∣∣∣∣∣ dx =

∫
∂Ω

∫ δ

0

1
δ

∣∣∣∣χ′( z
δ

)
∣∣∣∣ dzdy

= |∂Ω|

∫ δ

0

1
δ

∣∣∣∣χ′( z
δ

)
∣∣∣∣ dz = |∂Ω|

∫ 1

0

∣∣∣χ′(s)
∣∣∣ ds = C = |∂Ω|.
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¤±d^�ii),1���δ→ 0´Âñ�0. ¤±·����ª∫ T2

T1

θ′(t)
∫

Ω
η(u(t,x))dxdt = 0.

ùL²3D′(T1,T2)¿Âe¤á

d
dt

∫
Ω
η(u(t,x))dx = 0,

u´
∫
Ω
η(u(t,x))dx´�~ê. y.. 2

3. ~. éØ�Ø î.�§

∂tv +∇· (v⊗v) +∇p = 0, ∇·v = 0,

-u =
(

v p
)
, η(u) = |v|

2

2 ,A0(u) =
(

v 0
)
, Ai(u) =

(
viv + pei vi

)
, i = 1,2,3,

Ù¥e1,e2,e3�R
3 ¥IOÄ�þ,Ò�±^þã(Ø,`²u ∈ C0,α (α > 1/3)

�UþÅð¤á:

∂t(
|v|2

2
) +

d∑
i=1

∂i(vi(p +
|v|2

2
)) = 0.

5¿�

−∆p =
∑
k,l

∂kl(vkvl),

l
dv ∈ C0,α�í�p ∈ C0,α.

§3.4 �)û�¯K

1. é�Ø î.�§,�?�ÚïÄ��ÝÚ�Ý©OkN���K5,

��yf)�Åð? ë�©z[55].

2. é�Ø î.�§,�Ä�EëY��UþÑÑ��NNf)?

§3.5 ©zµ5

1. �ÙSNÌ��g[50]. é��ÅðÆ�§�Cauchy¯K,©[57]3Besov�

m¥�ïÄ
�y��ÅðÆ¤á�f)��$�K5,¿Þ
Ø�Øî.

�§,��î.�§,õà��5åÆ�§,±9^6NåÆ�§�~f.
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2. 'uOnsagerß��SN9Ù�d, ë�Onsager��©[48]±9n

ã[4]. Onsagerß��)üÜ©: Ø�Øî.�§��Ý3Hölder�mC0,α¥

�, eα > 1/3, KUþÅðÛÜ¤á; �α < 1/3��3UþÑÑ�). c�

Ü©�@d[49]�Ñî�y²,Ä��{´�Kz±9��f�O.��Ü©

d[52]y²,Ä��{´^àÈ©�{�Ef).

3. ©[55]é�àgØ�Øî.�§Ú��î.�§, 3Besov�mµe

eïÄ
�yUþÅð¤á�)��$�K5¯K.

4. [51]éØ�Øî.�§|�ÚO), �¡ã¿y²
Onsagerß��

c�Ü©.

5. [56]éØ�Øî.�§ÚNavier-Stokes�§,ïÄ
UþÑÑ¤éA

�ÿÝ�|89ÙHausdorffÿÝe����¯K.
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On oscillatory solutions to the complete Euler system. arXiv: 1710.10918,

2017.
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