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1. Mk;�gJT=�� → JT=��-�.ÆU → lw-�.S
(~) ÆU→Slw> “��Q ”(����6?> e4Rlw�^S-e4Rlw���Rlw.).=;�Z�8NzEZ)zsC8N�.ÆUSlw>��R�

2.�.ÆU-+XY�S��u ��.i	 (g)�lw =KbS (~)�.ÆU�
3. V)zsC8Nlw-�.ÆU�lw-Æ^Y�gJT=��-=;�
4.lw|-C� (�.ÆUGlw-�Æ|��*\�JT=��pgT-|);|-X�T}�V)z0�.ÆU.lw-Æ�^�.i����$
1.PV��u����$xMk;�g�G\�JT=��

a11x1+a12x2 + · · ·a1nxn = b1,

a21x1+a22x2 + · · ·a2nxn = b2,

· · · · · · · · ·

am1x1 +am2x2 + · · ·amnxn = bm,�}�'8=�!S�D$�G PV��u����$,^$ÆUR-=�mf^(-R% (��R)P�g�
(1)bU�{F=�o=��~-�{�
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(2)o\F=�-{79"��F>��+�
(3)a\F=�-{79"��F>��+n\+�\F=����*JT=���}�e� g".i















a11 a12 · · · a1n b1

a21 a22 · · · a2n b2
...

...
. . .

...
...

am1 am2 · · · amn bm













�4�e�*JT=��-�.ÆUp:K>�G8lw-S�.ÆU�
2..i����$�G��8lw-S (~)!S-���> .i�U (4)���$:

(1)bUlw~-�{S�
(2)o�S��F>��+�
(3)a�S��F>��+n\+�\S�
3..i����$�<�B)l#M;pÆsT�` 1: (U)*K.i (1)k-��>�-S (>�S)-�PNik-�>�-S�
(2)�lwf rF>�S�1 iF>�S-1\F>�k-0o-~P>

ti,q t1 < t2 < · · · < tr.y�












1 3 2 0 0 1

0 −2 4 0 1 0

0 0 0 3 3 0

0 0 0 0 0 0













(yes),









2 0 −3

0 2 −1

1 0 0









(no).

�` 2:(#� (U)*K.i ���G7_-e4lw��F>�S-1\F>�k-> 1,��0o~-�1k->��
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1 0 2 0 0 1

0 1 4 0 1 0

0 0 0 1 3 0

0 0 0 0 0 0
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�` 3:ÆsT.i	�>(�w��1�{k-n>�->�lw�y�
(

E O

O O

)

,

(

E O
)

,

(

E

O

)
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3.ÆsT�1q\�1��Qlw5p^8N ���U���$ S>^S-e4Rlw��Qlw5pj ���$ S>��Qlw�r_�(1)h8NS�.ÆU���\lwS>��Qlw�
(2)Slw>e4R-=;�'=\-�fM['�=\-�
(3))'\Flw-��Qlw'=\-� (|-C�)y�a�Glw8NS�.ÆUP��^S-e4��R�n�����Q�









0 1 2 −1 4

0 2 4 3 5

0 −1 −2 6 −7
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 (��Æ}"����)
(1)t�lw~1\F>�~��8N\:uSÆU$A~1\Fk-> 1;

(2)8N1�uSÆU$A~�2k->��
(3)o� 1\S;�1S��-lw����*N��e#8NL�;Zpx�4v1\�?�
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(4)o,+e4��QR�8N1�u~�.ÆUa>�S�1\F>�k 1;�1n>��
(5)8N1\u~�.ÆUS>��Q�����.i���8N�.lw-C��p^a�*lw�.ÆU- 9CV�`�S>Z8�DYf[,lw-�;m.si��'� [+X`
]

1. ��.i��` (�lwjN\$�.ÆU0,+-lw�>�.lw� (q� p. 66)

(1)1\u�.lw Ri↔ j = Ci↔ j: bU1 i, jS (~)0,
(2)1:u�.lw R(k)i = C(k)i: 1 iS (~)�^>��+ k0,�
(3)1:u�.lw Ri+(k) j = C j+(k)i: 1 j S (i~)�^>��+ k \+1 iS ( j ~)0,	6��.lw5'pÆlw�
2.��.id���$q\�1�\F me�u�.lw	�\F m×nlw�K*i8Alw!S\$Kbu-S�.ÆU�\F ne�u�.lwg�\F m×nlw�K*i8Alw!S\$Kbu-~�.ÆU�x��x?rlw-�;�
3.ÆsS�1q\�1 8�Q m×nlw A,&o me�.lw R1, · · · ,Rs,$,

Rs · · ·R1A
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>^S-e4Rlw�&o ne�.lw C1, · · · ,Ct ,$,
Rs · · ·R1AC1 · · ·Ct =

(

Er O

O O

)

m×n

.�~ r = r(A)d
lw A-n,2'j�*�.lwW�DJ-z℄tilw� -\F�+ (v\3R�x�).L7 1.8�Q m×nlw A,&o mepÆlw Pj nepÆlw Q$,
PAQ =

(

Er O

O O

)

m×n

.

L7 2.8�Q nelw A,2pÆ-�?Z7_>2-��Q'(�w�L7 3.lw ApÆ-�Z7_> A = P1 · · ·Pk,�~ Pi >�.lw�L7 4.�\pÆlw Ap8N("-S�.ÆUS>(�w�
A = Pk · · ·P1E (⇔ (P1)

−1 · · ·(Pk)
−1A = E) (⇔A−1 =(P1)

−1 · · ·(Pk)
−1E).

#�� |��{~y���!�������$�ab�.i?=&,PV��u�����8 (A E)�S�.ÆU�a AS>��Q ((�w)R�q E�ÆU> A−1. � A�S>(�w�q A�pÆ�#.;�	/lw;-d3�m.|N�O�E�
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1 2 3

2 1 2

1 3 4









-Æ�
�����z% AX = B��. 8 (A B)�S�.ÆUa AS>(�w�

BqÆU> A−1B.H�.i��'4`��Mlw AjNfI$�.ÆUÆ>lw B (W&opÆw P,Q$,
PAQ = B),k� Aj B.℄ (K/).v'\�.℄JF (�<T�8�T�!2T)N�.i��'��3�.i�n

1.q\�`�olw A = (ai j)m×n~��� kS k~ (1≤ k ≤ min{m,n}),ev k S k ~b�3� k2Fk-�ls�{I�- k eS~%�> A -\F ke�%�� A~f\F re�%�>��90f- r +1e�% (�M&o-T)5>��q� r> A-n (rank) ,[� r(A).Z�.i A�n-B> 5tA�v!*D�� A> m×nlw�� r(A) = m (r(A) = n),� A>S (~)�|w��M
A>=w�q ApÆ (>�a)j A�|'.℄C��

2.X�T}� (a)\Flw-|'=\-�
(b) A> m×nlw�q r(A) ≤ min{m,n},� r(A) = 0⇔ A = O.

(c)�lw A~f\F r e�%�>��q r(A) ≥ r; �0f r e�%5>��q r(A) ≤ r.

(d)� A1> A-�lw�q r(A1) ≤ r(A).
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(e) r(A) = r(AT ).

(f) e4Rlw-|.i�>�S-F+�
3.q\�1��.ÆU�BÆlw-|�x��1\��^SA6-5;+��}-0=�
(1)zZx�S�.ÆU�BÆlw-| (xT} (e));

(2)zUZx�lw-|oS�.ÆUG�r�� A�.ÆS> B,x�
r(B) ≤ r(A)Zp�&#��ei�.ÆU-pÆT�A [pe9u�.ÆU% B,+�i' r(A) ≤ r(B).{u8��kf r(A) = r(B).\k: r(B) ≤ r = r(A),mXF:� B�J s*tA (s > r)0M5�1:��#}Tx��H�1:uS�.ÆURlw-|�r\�q��81�uS�.ÆUG�}x��B�ovw81\uS�.ÆU-�RG�x�� (1:u�Rx�H^(�)

(1)�bU A- i, jS,+ B.o� B-�\ se�% Ds.� Ds �
O i, jS�q2[' A- s(> r)e�%�e r = r(A)-4`�
Ds = 0.

(2)�� Ds 
O i, j S�q2e A -�F se�%bU{S,+�eS~%T}� Ds = 0.

(3)� Dsz
O1 iS9�
O1 jS�q# Dspe A-�F
O jS)�
O iS- se�%8NbU�DS,+�eS~%T}y Ds = 0.

(4) Ds z
O1 j S9�
O1 iS�x�j (3)u,� [<]q\L7�� A > m×n lw� P > m epÆlw� Q > n epÆlw�q
r(A) = r(PA) = r(AQ) = r(PAQ).
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Z.i�nB>RI��3: K,-lwfK9-|�fK9|-9uQlwK,�
3.2b���$?.i�ny 1. ([p. 87] 48)� A =









1 1 0

1 0 1

0 1 1









, B =









a 1 1

2 1 a

1 1 a









. � AB -|> 2,� a.g� |A| 6= 0.%9 r(B) = 2.h A ∼









1 1 a

0 1 a

0 0 1−a









⇒ a = 1.

y 2.� A> m×nlw�x�� r(A) = 1⇔&o m?~L| α Y n?~L| β $, A = αT β .x��q\��dG6�2bÆsS
⇒ .�_+3(�R (1,0, · · · ,0)T (1,0, · · · ,0) =















1 0 · · · 0

0 0 · · · 0
...

...
.. .

...

0 0 · · · 0















= PAQ.

⇐ .IppÆ- P,Q$, Pα = (1,0, · · · ,0)T , Qα = (1,0, · · · ,0)T . [<]w℄�
[p.87] 44, 46, 49; [p.88] 55.
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