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1�ù FourierC�

� d´��ê,éî¼�m Rd, ù�ù·�Ú\ L1(Rd)� L2(Rd) ¼ê� Fourier C

��½Â, 0�§��5�, ¿©ÛÙ¤�NÚ©ÛØ%óä��
�Ï.

� L1(Rd)þ� FourierC�

½Â1.

� u(x) ∈ L1(Rd) ,¡¼ê F (u)(y) = 1

(2π)
d
2

∫
Rd e−ix·yu(x)dx�Ù FourierC�,

{P� û(y); ¡ F −1(u)(y) = 1

(2π)
d
2

∫
Rd eix·yu(x)dx�Ù Fourier_C�, {P� ǔ(y).

5¿½Â¥ x · yL« Rd¥ü��þ x, y�SÈ. du u ∈ L1(Rd), þãÈ©´ýéÂ

ñ�, l½ÂÜn. d	ØJwÑ ‖û‖L∞ ≤ ‖u‖L1 , = Fourier (_)C�´ L1 � L∞�k.

�5�f. e¡·��òw� ûÙ¢´��ëY��3Ã¡�P~�"�¼ê. �ÙG½

Â,kw����~f.

~1. é?¿ t > 0, ¤á (e−t|y|2)
∧

(x) = ( 1
2t )

d
2 e−

|x|2
4t .

y². 1. é?¿ b > 0, a ∈R, ÄkO�
∫
R

eiax−bx2
dx. ·�k∫

R
eiax−bx2

dx = e
−a2
4b

∫
Γ=

{
z∈C: Imz= −a

2
√

b

} e−z2

√
b

dz (z =
√

bx−
ia

2
√

b
)

= e
−a2
4b

(∫
R

e−x2
dx

)
1
√

b
(�X¼ê� Cauchy È©½n)

= e
−a2
4b

(
π
b

) 1
2
.

2. l,é?¿ t > 0 ,��∫
Rd

eix·y−t|y|2 dy =

d∏
j=1

∫
R

eix jy j−ty2
j dy j =

(
π
t

) d
2

e−
|x|2
4t .

dd|^½Â, (3þª¥ò x�� −x,)=� (e−t|y|2)
∧

(x) =
(

1
2t

) d
2 e−

|x|2
4t . 2

e¡�½nò3^ Fourier©Û�{y² Sobolevi\½n�(Ø�å��^.

½n1. � f ∈ L1(Rd),K f̂ Ú f̆ Ñ´ Rdþ���ëY�¼ê.

3



4 1�ù FourierC�

y². �â�ª

f̂ (x + h)− f̂ (x) =
1

(2π)
d
2

∫
Rd

f (y)
(
e−ih·y

−1
)
e−ix·y dy,

¤á (��±^ Lebesgue��Âñ½n��y² h→ 0�þª4��")

| f̂ (x + h)− f̂ (x)| ≤ cd

∫
Rd
| f (y)||e−ih·y

−1|dy

≤ C
∫
|y|≤r
| f (y)||e−ih·y

−1|dy + 2C
∫
|y|>r
| f (y)|dy.

é?¿� ε > 0, �� r¿©�¦�1���u ε; éù��½� r,2- |h|¿©�,Ò�±¦

C|e−ih·y
−1| ≤ ε; 5¿ùp |h|���� xÃ'.l·��� | f̂ (x + h)− f̂ (x)| ≤ (1 + || f ||L1)ε.

ùÒy²
 f̂ ��ëY.é f̆ �y²���Ó. 2

½n2 (Riemann-LebesgueÚn). � f ∈ L1(Rd),K lim|ξ|→∞ f̂ (ξ) = 0� lim|ξ|→0 f̆ (ξ) = 0.

y². %Cg�. 1. é��¼ê f (x) = χ[a,b](x), §´4«m [a, b]�A�¼ê, ��O�

Ò��

χ̂[a, b](ξ) =
1
√

2π

e−ibξ
−e−iaξ

−iξ
,

¤±(Ø¤á.

2. |^ FourierC�Cþ©l�A5, e f (x) =
∏d

j=1χ[a j, b j](x) ∈ L1(Rd), @o

f̂ (ξ) =
1

(2π)
d
2

d∏
j=1

e−ib jξ j −e−ia jξ j

−iξ j
,

¤±(Ø�,¤á (3 |ξ| → ∞L§¥,�©þ ξ j = 0�{, |^â7�{K, d�´�k

.þ, ØK�(Ø¤á). AO/, ½n(Øé{ü¼ê g (k���N�A�¼ê��5|

Ü)E,¤á.

3. d¢C¼ê�£, é?¿�½� f ∈ L1(Rd), é?¿ ε > 0, �3{ü¼ê g ¦�∥∥∥ f − g
∥∥∥

L1 ≤ ε, l

| f̂ (ξ)| ≤ |̂( f − g)(ξ)|+ |ĝ(ξ)| ≤
∥∥∥ f − g

∥∥∥
L1 + |ĝ(ξ)| ≤ ε+ |ĝ(ξ)|.

u´Òk limsup
|ξ|→∞ | f̂ (ξ)| ≤ ε. |^ ε�?¿�5=�¤y. é Fourier_C��aqy

². 2
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� Plancherel½n9 L2(Rd)þ FourierC�

½n3 (Plancherel½n).
� u ∈ L1 ⋂L2(Rd),K û, ǔ ∈ L2(Rd),¿�¤á�ª
||u||L2(Rd) = ||û||L2(Rd) = ||ǔ||L2(Rd).

y². ±e11Ú�14Ú´y²d�½n�Ø%g�; Ù¦Ú½¤�¹�SN´�
~

��©ÛE|.

1. e v ,w ∈ L1 ⋂L2(Rd),K¤á∫
Rd

v(x)ŵ(x)dx =

∫
Rd

w(y)v̂(y)dy. (1.1)

¯¢þ, du v, w ∈ L1, l v̂, ŵ ∈ L∞, ¤±þªü>È©k¿Â; |^ Fubini½n,�∫
Rd

v(x)ŵ(x)dx =
1

(2π)d/2

∫
Rd

v(x)
∫
Rd

w(y)e−ix·y dydx

=
1

(2π)d/2

∫
Rd

w(y)
∫
Rd

v(x)e−ix·y dxdy =

∫
Rd

w(y)v̂(y)dy.

±ey²�'�Ò´À�AÏ�¼ê vÚ w : vÀ�� GaussØ, w�À�� uk'.

2. - vε(x) = e−ε|x|
2

(ε > 0). |^~ 1, (vε)
∧

(y) = ( 1
2ε )

d
2 e−

|y|2

4ε . �\ (1.1), ��∫
Rd

ŵ(x)e−ε|x|
2
dx =

( 1
2ε

) d
2
∫
Rd

w(y)e−
|y|2

4ε dy. (1.2)

3. é½n¥�½� u(x), - v(x) = ū(−x), w(y) = (u ∗v)(y) =
∫
Rd u(y−x)v(x)dx, K¤á

±e¯¢ (�y,Öe¡y²��5¿ù
5�^3Û?!)

1) w(x) ∈ L1
∩L∞(Rd); 2) w(x)ëY; 3) ŵ = (2π)

d
2 ûv̂.

|^½ÂØJuy

v̂(x) =
1

(2π)
d
2

∫
Rd

e−ix·yū(−y)dy =
( 1
2π

) d
2
∫
Rd

e−ix·yu(y)dy = û(x),

¤±d 3)��, ŵ = (2π)
d
2 û ¯̂u = (2π)

d
2 |û|2.

4. òþãL�ª�\ (1.2),��∫
Rd
|û(x)|2e−ε|x|

2
dx =

( 1
4πε

) d
2
∫
Rd

w(x)e−
|x|2
4ε dx.

- ε→ 0, �>d Levi½n, |^�È¼ê��K59'u ε�üN5, ��∫
Rd
|û(x)|2 dx =

∫
Rd

lim
ε→0
|û(x)|2e−ε|x|

2
dx = lim

ε→0

∫
Rd
|û(x)|2e−ε|x|

2
dx.
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m>|^%Cð��5�, ¤á

lim
ε→0

( 1
4πε

) d
2
∫
Rd

w(x)e−
|x|2
4ε dx = w(0), (�y) (1.3)

 w(0) =
∫
Rd u(−y)v(y)dy =

∫
Rd u(−y)ū(−y)dy =

∫
Rd u(y)ū(y)dy =

∫
Rd |u|2 dy = ‖u‖2L2 . ¤±,

‖û‖L2 = ‖u‖L2 . aq�é Fourier_C��Ñ�Ay².

5. e¡y²1 3Ú 1)ª. Äk, |^È©�²£ØC5Ú Fubini½n, éu, v ∈ L1(Rd),

¤á ∣∣∣∣∣∫
Rd

∫
Rd

u(x− y)v(y)dydx
∣∣∣∣∣

≤

∫
Rd

∣∣∣∣∣∫
Rd

u(x− y)v(y)dy
∣∣∣∣∣dx

≤

∫
Rd

∫
Rd
| u(x− y) || v(y) | dydx

≤

∫
Rd
| v(y) |

(∫
Rd
| u(x− y) | dx

)
dy

≤ ‖ u ‖L1‖ v ‖L1 ,

l��XeÄ��òÈØ�ª:

‖u ∗v‖L1 ≤ ‖u‖L1 ‖v‖L1 . (1.4)

�y² w ∈ L∞(Rd), I�^� u ∈ L2�^�.|^ HölderØ�ª, k

| w(x) | =

∣∣∣∣∣∫
Rd

u(x− y)u(−y)dy
∣∣∣∣∣

≤

(∫
Rd
| u(x− y) |2 dy

) 1
2
(∫
Rd
| u(−y) |2 dy

) 1
2

= ‖ u ‖2L2 , (ùp¦^
È©�²£ØC5)

l ‖w‖L∞ ≤ ‖u‖
2
L2 .

6. e¡y²1 3Ú 2)ª,¦^�´~��%Cg�.Äk�Ä u ∈C∞0 (Rd)��/, d�

|^ Lagrange¥�½n, w, w´ëY�. 2�Ä���/. du C∞0 (Rd)3 L1
∩L2(Rd)

¥´È��, � ∀u ∈ L1
∩L2(Rd), ∃uk ∈ C∞0 (Rd), ¦� uk→ u (� L2�êÂñ). AO/, �

3� kÃ'�~ê C¦� ‖uk‖L2 ≤ C. ½Â wk(x) =
∫
Rd uk(x− y)ūk(−y)dy, @oéA�¤k
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x, ¤á

|wk(x)−w(x)| ≤
∣∣∣∣∣∫
Rd
|uk(x− y)−u(x− y)||u(−y)|dy

+

∫
Rd

uk(x− y)(ūk(−y)− ū(−y))dy
∣∣∣∣∣

≤

(∫
Rd
|uk(x− y)−u(x− y)|2dy

) 1
2
(∫
Rd
|u(−y)|2dy

) 1
2

+‖uk‖L2 ‖uk−u‖L2

≤ (‖uk‖L2 + ‖u‖L2)‖uk−u‖L2 ≤ C′ ‖uk−u‖L2 ,

Ù¥~ê C′� kÃ'. ùL²ëY¼ê� {wk}��Âñ� w, u´ w´ëY¼ê.

1 3)ª´ FourierC�����5��A^, ò3e¡½n 4¥�±y².

7. ��y² (1.3)ª. ùpNy
�â�È¼êØÓ/:ØÓ/�éÈ©\±©)ï

Ä�Ä��{. Äk, ÏL��{ØJ�y

1

(4πε)
d
2

∫
Rd

e−
|x|2
4ε dx = 1,

l�Iy² 1

lim
ε→0

( 1
4πε

) d
2
∫
Rd
|w(x)−w(0)|e−

|x|2
4ε dx = 0.

�d, |^w(x)3 x = 0�ëY5, é?¿ δ > 0, �3R> 0¦�� |x| ≤R� |w(x)−w(0)| ≤ δ.

@o

(
1

4πε
)

d
2

∫
Rd
|w(x)−w(0)|e−

|x|2
4ε dx

= (
1

4πε
)

d
2

∫
|x|≤R
|w(x)−w(0)|e−

|x|2
4ε dx + (

1
4πε

)
d
2

∫
|x|≥R
|w(x)−w(0)|e−

|x|2
4ε dx

≤ δ(
1

4πε
)

d
2

∫
Rd

e−
|x|2
4ε dx + 2‖w‖L∞ (

1
4πε

)
d
2

∫
|x|≥R

e−
|x|2
4ε dx

≤ δ+ 2‖w‖L∞ (
1
π

)
d
2

∫
|y|≥R/(2

√
ε)

e−|y|
2
dy.

y� ε→ 0, 1��Âñu"; Kd δ�?¿5, =�¤y. 2

1Tª�>Ò´ 1
πd/2

∫
Rd |w(

√
4εy)−w(0)|e−|y|

2
dy, |^wk.±9 e−|y|

2
�È,±9 ε→ 0�w(

√
4εy)−w(0)

:�Âñ�", �â Lebesgue��Âñ½n������(Ø.
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Plancherel½n`² FourierC� F : L1
∩L2
⊂ L2

→ L2´�f�ê� 1�k.�5�

f. du L1
∩L23 L2¥È�, d Banach È½k.�5�f��òÿ½n,�é?¿ L2¼

ê½ÂÙ FourierC�, ��±L2�êØC: ‖ F u ‖L2=‖ u ‖L2 . aq�½Â L2þ Fourier_

C�,§�´���.

n FourierC��Ä�5�

½n4. ±e� u, v ∈ L2(Rd).

1) FourierC��± L2SÈ:
∫
Rd uvdx =

∫
Rd û ¯̂vdx;

2)e Dαu ∈ L2(Rd) (Ù¥ α´õ�I),K D̂αu = (iy)αû(y);

3)� u, v ∈ L1
∩L2(Rd), K û ∗v = (2π)

d
2 ûv̂;

4) (û)∨ = u.

5¿,éõ�Iα = (α1, · · · ,αd), y = (y1, · · · , yd) ∈Rd,k(iy)α = (iy1)α1 · · · (iyd)αd .

5� 4) ¢Sþ`²
 Fourier C�´ L2(Rd) þ��åÓ�,  Plancherel ½n��

À���½n��«í2. 5� 2 )´¦ Fourier C�4����Ï. ��¡, §L²

FourierC��±r�� (�94�)��©$�z�ªÇ�mS��ê$� (¦{), l�

±3�ÛÜeÏL�êóä�(¹{ü/ïÄ �©�f; ,��¡, ��wÑ¼ê�

(�ê�) 1w5Ny3Ù FourierC�3pª (|y|¿©��)�P~5. duP~5'1w

5{ü, ¤±�±|^ FourierC��°[�{'/ïÄ¼ê�1w59¼ê�m��E.

d	, éõ�/e��5����¼ê� Fourier C�  '�1w, ¤±ïÄÙ Fourier

C����5�¼ê  �N´
. ù
Ñ´ FourierC�3 �©�§ïÄ¥äk4Ù

��^��Ï.

y². 1. FourierC� F ´ Hilbert�m L2 þ��åk.�f, Kd�¼©Û(Ø (4z

ð�ª), §g,��SÈ, = (F u, F v)L2 = (u,v)L2 , l5� 1)�y.



n FourierC��Ä�5� 9

2. ^%C�g�y² 2). Äk� u ∈ C∞0 (Rd), ©ÜÈ©��

D̂αu(y) = (2π)−
d
2

∫
Rd

e−ix·yDαu(x)dx

= (−1)|α|(2π)−
d
2

∫
Rd

Dα
x (e−ix·y)u(x)dx

= (−1)|α|(2π)−
d
2

∫
Rd

(−iy)αe−ix·yu(x)dx

= (iy)α(2π)−
d
2

∫
Rd

e−ix·yu(x)dx

= (iy)αû(y).

,�%C: é?¿÷v Dαu ∈ L2(Rd)� L2(Rd)¥�¼ê u, ÏLIO��1�fÒ�±é

��x¼ê uk ∈ C∞0 (Rd), ¦� uk
L2
→ u, Dαuk

L2
→Dαu. |^ FourierC�� L2�ê�5�,

ÒkF uk
L2
→F u, F (Dαuk) L2

→F (Dαu). ÏL���f�, ��þãÂñ�´A�??¿Â

e¤á�. lò®yþªA^u uk¿ü>�4� k→∞=�.

3. du (u ∗v)(x) =
∫

Rd u(x− y)v(y)dy, ��O���

û ∗v(ξ) = (2π)−
d
2

∫
Rd

e−ix·ξ
(∫
Rd

u(x− y)v(y)dy
)

dx

= (2π)−
d
2

∫
Rd

(∫
Rd

e−i(x−y)·ξu(x− y)dx
)

e−iy·ξv(y)dy

= (2π)
d
2 û(ξ)v̂(ξ).

4. e¡y² 4). Äk, é u, v ∈ L2(Rd), ¤áXeúª∫
Rd

ǔ(x)v(x)dx =

∫
Rd

v̌(y)u(y)dy. (1.5)

dª� u, v ∈ L1
∩L2(Rd) ��1 1 Úy² (1) �����U Fourier C��½Â�y. é

u, v ∈ L2, K�3 {uk}, {vk} ⊂ L1
∩L2 ¦�� k→∞ �U L2 �ê uk→ u, vk→ v. |^

Fourier_C�� L2 �ê9 HölderØ�ª, Ò��
∫
Rd ǔk(x)vk(x)dx→

∫
Rd ǔ(x)v(x)dx. d

dÒ�±y² (1.5).

Ùg, ·�k

v̌(y) = (v)∧(y).

é v ∈ L1�/ù����y:

m> = (2π)−
d
2

∫
Rd

e−ix·yv(x)dx = (2π)−
d
2

∫
Rd

eix·yv(x)dx = v̌(y) =�>.
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���/ÏL%C=���. (Üþãüúª, ·��� ∀v ∈ L2¤á∫
û∨vdx =

∫
û v̌dx =

∫
û (v)∧dx =

∫
uvdx =

∫
uvdx.

ùp1n��Ò^�
 FourierC��SÈ5� 1). u´d v�?¿5� û∨ = u. y.. 2

o A^Þ~

FourierC��A^Ì�Ly3ü��¡: 1)��)�L�ª; 2)|^ Plancherel½n

��)� L2 �ê��Oª (UþØ�ª). ��:3��5¯K�ïÄ¥c��, ò31

�ù¥Þ~0�. ùp·��w��¦Ñ)L�ª�{ü~f.

~2. ¦��mSý�.�§ −4u + u = f �)�L�ª,Ù¥ f ∈ L2(Rd).

). é¼ê u, Ò�mCþ� FourierC��� |y|2û + û = f̂ ,l û =
f̂

1+|y|2 . e B̂ = 1
1+|y|2 ,

Kk u = (2π)−
d
2 B ∗ f . ¦Ñ B  ´¯K�J:. e¡/ª/�±O�.

5¿� ∀α > 0¤á 1
α =

∫
∞

0 e−αtdt. � α = 1 + |y|2, K 1
1+|y|2 =

∫
∞

0 e−t(1+|y|2) dt, l�

�� Bessel ³ B�

B = F
−1(

1
1 + |y|2

) = (2π)−
d
2

∫
Rd

1
1 + |y|2

eix·y dy

= (2π)−
d
2

∫
Rd

∫
∞

0
e−te−t|y|2eix·y dtdy

= (2π)−
d
2

∫
∞

0
e−t

(∫
Rd

eix·y−t|y|2 dy
)

dt

= (2π)−
d
2

∫
∞

0
(
π
t

)
d
2 e−te−

|x|2
4t dt = 2−

d
2

∫
∞

0
t−

d
2 e−t− |x|

2
4t dt.

2

Ê Sobolev�m Hs(Rd)

|^ Fourier C��5�, �±�B/½Â?¿�� (�àg) Sobolev �m Hs(Rd).

ùa�m��´��¦)¯õ �©�§�ó��mÚ\�, �´n)Ù§�E,�m

(Xe!ò���\� Sobolev�m)�Ä:.
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½Â2. � 0 < s <∞, � u ∈ L2(Rd). ½Â u ∈Hs(Rd)��=� (1 + |ξ|s)û(ξ) ∈ L2(Rd), Ù�

ê�

‖u‖Hs(Rd) =
∥∥∥(1 + |ξ|s)û

∥∥∥
L2(Rd) .

�±y² Hs(Rd)´ Hilbert�m; §�SÈ�Xe�½:

(u,v)Hs(Rd) = ((1 + |ξ|s)
1
2 û, (1 + |ξ|s)

1
2 v̂)L2(Rd).

e¡�·K`² Hs(Rd) (¢�w�²; Sobolev �m Wk,2(Rd) (k = 1, 2, . . .) ��«í

2. ·�£Á, U½Â, u ∈Wk,2(Rd)��=� u9Ù�� k��f�ê Dαu (|α| ≤ k)þ´

L2(Rd)¼ê, � ‖u‖Wk,2(Rn) =
(∑
|α|≤k ‖Dαu‖2L2(Rd)

) 1
2
.

·K1. é k = 1, 2, . . . , Hk(Rd) = Wk,2(Rd).

y². �Iy u ∈ L2´Wk,2¥¼ê��=� (1 + |ξ|k)û ∈ L2(Rd), = u ∈Hk.

1. Äk� u ∈Wk,2, K ∀|α| ≤ k, Dαu ∈ L2, é u ∈ C∞0 (Rd), ¤á

D̂αu(ξ) = (iξ)αû(ξ).

ÏL%C��dªé u ∈Wk,2�¤á. 2u´�� (iξ)αû(ξ) ∈ L2, ∀|α| ≤ k. AO/,é 0≤ l≤ k,

|^ |ξ|2l
≤ C

∑
|β|=l |ξ

β
|
2Ú Plancherel½n, Ò��∫

Rd
|ξ|2l
|û(ξ)|2 dξ ≤ C

∫
Rd

∑
β=l

|ξβ|2|û(ξ)|2 dξ =

∫
Rd
|Dlu|2 dx.

|^ l = 0Ú l = küª, Òk∫
Rd

(1 + |ξ|k)2
|û(ξ)|2 dξ ≤ C‖u‖2Wk,2 ,

= u ∈Hk� ‖u‖Hk ≤ C‖u‖Wk,2 .

2. ��, � u ∈Hk, Ké |α| ≤ k,

‖(iξ)αû(ξ)‖2L2 ≤

∫
Rd
|ξ|2|α||û(ξ)|2 dξ ≤ C

∫
Rd

(1 + |ξ|k)2
|û(ξ)|2 dξ <∞. (1.6)

2� uk ∈ C∞0 ÷v uk → u (Wk,2), K ûk → û (L2), u´kf� ûk j → û a.e. qd Dαuk → Dαu (L2) �

(iξ)αûk = D̂αuk→ D̂αu (L2), lkf�, Ø�E�� uk j , ¦� (iξ)αûk j → D̂αu a.e. u´|^A�??Â

ñ4����5, �� (iξ)αû = D̂αu.
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� uα := F −1[((iξ)αû(ξ))], Kþª`²
 uα ∈ L2.

e¡y² uα3f�ê¿ÂeÒ´ Dαu. ¯¢þ, ∀ϕ ∈ C∞0 (Rd), (¢¤á∫
Rd

(Dαϕ) ūdx =

∫
D̂αϕ ¯̂udξ =

∫
(iξ)α ϕ̂ ¯̂udξ

= (−1)|α|
∫
ϕ̂ (iξ)α ûdξ = (−1)|α|

∫
ϕ̂ ûαdξ = (−1)|α|

∫
Rd
ϕuαdx.

l (1.6)·���� ‖Dαu‖L2 ≤ C‖u‖Hk , u´ ‖u‖Wk,2 ≤ C‖u‖Hk . y.. 2

5P.·�®²ù
 FourierC�kéõ`:,�§�kü���²w�":: 1�, �U3

��m!±Ï«� (�¡)�äkAÏé¡5�«�þ½Â FourierC�; 3 1�, éJ^5

?n� L2�mþ��O.

3 Fourier C��Ä�g�´ÏL�L��|Ü5L«¼ê. �L���3�¦.�mäk,
+�

^eØC�5�, l�¦«�äk,
AÏ�é¡5�.
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L2 �O

ù�ùÌ�ÏLïÄ¢~`²|^ Fourier C�3�ÛÜ*:e�� �©�§¯K

)� L2 �O��{. ·�Äk£�²;�UþÈ©�{,©ÛÙ`:�Øv;,�Ú\NÚ

©Û�{�±�°(�©Û:±V.�§|Ð>�¯K½5� Kreiss–Lopatinskii^�

�~0�5��ª©Û�{ (Normal Modes Analysis);2Ò��äN¢~���[/0�

XÛò¯K�ÛÜz¿|^�5�êÚEC¼ê�£�Eé¡zf;,�|^ü ©)!à

g*ÜÚ Plancherel½n�Ñ L2�O.ù
�ß/Ny
 FourierC��ã�%å,±9N

Ú©ÛïÄ¯K�~°[�\�A:.

� UþÈ©�{: é¡V|9rÑÑ>.^�

UþÈ©�{ï�Ônéu, ÙêÆþ�Ä�g�´b���¼ê U äkûÐ5�

(Xä;�|8�1w¼ê),ÏL3�§|ü>Ó�¦± U (½ U�¼ê),3T��«�þ

È©¿ÏL©ÜÈ©Ú�§|�A5�²�ê,��'u U½Ù�ê�,��½�L�ª;

|^daL�ª���êÚ\¼ê�m, ¿|^5��Ð¼ê3Ù¥�È�5ÏL�fò

ÿ½�¼òÿ�����/� L2�O.

��~f,·��	���5 �©�§|�>�¯K:

LU � A0∂tU +

d∑
α=1

Aα∂αU + DU = f , t ∈R, x = (y′,xd), xd > 0, y′ ∈Rd−1, (2.1)

BU = g, t ∈R, x = (y′,xd), xd = 0, y′ ∈Rd−1, (2.2)

Ù¥ A j ( j = 0, 1, · · · , d)Ú D´ n×nÝ
, U��� n��þ�¼ê. Ø���5, ÏL

~���AÏ�þ¼ê, ·��b� g = 0.

�§ (2.1)ü>Ó�� U� Rn�SÈ,��

(A0∂tU,U) +

d∑
α=1

(Aα∂αU,U) + (DU,U) = ( f ,U). (2.3)

13
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·�uy, �
�²�ê, ��'u U é¡�þ, 7Lr�êD�Xêþ�; �d7L�¦

Aα (α = 0, · · · , d)´é¡Ý
. 3d^�e¤á

∂α(AαU, U) = (Aα∂αU, U) + (AαU, ∂αU) + ((∂αAα)U, U)

= (Aα∂αU, U) + (U, Aα∂αU) + ((∂αAα)U, U)

= 2(Aα∂αU, U) + ((∂αAα)U, U).

ùpduÑy
 Aα� �ê,�d?9±eIb� Aα ∈W1,∞. u´ (2.3) C� (∂0 = ∂t)

d∑
α=0

∂α(AαU, U)−
(
(

d∑
α=0

∂αAα)U, U
)
+

(
(D + DT)U, U

)
= 2( f , U),

òÙ3 Ω = {xd > 0}þÈ©,|^ U ∈ C∞c (Rn)�b�,Ò��

−

∫
Rd−1

(AdU, U)|xd=0 dy +

∫
Ω

(PU, U)dx = 2
∫

Ω
( f , U)dx, (2.4)

Ù¥

P = D + DT
−

d∑
α=0

∂αAα

´é¡Ý
.

·�F" (2.4)�>´�K�,@o7�^�Ò´: 1) P ´ Ωþ��½Ý
 (P ≥ λIn,

λ > 0); 2) 3 kerB þ (AdU, U) ≤ 0. ddÒLg,/Ú\ L2(Ω) �m, ¿émàA^

Cauchy–SchwarzØ�ª��

λ‖U‖2L2(Ω) ≤ 2
∥∥∥ f

∥∥∥
L2(Ω) ‖U‖L2(Ω) ,

=Uþ�O

‖U‖L2(Ω) ≤ C
∥∥∥ f

∥∥∥
L2(Ω) .

±d�Ä:uÐ�nØ¡��é¡�§|nØ ,§�±^5ïÄNõ·Ü.�§�>�¯

K.

y3,XJ·�=�� A0´�½�,@o��5`Ø�U�� P´�½�, q�þ¡�

UþÈ©�{Ò¬��. �ù�����E| “\�”�±�Ï·�ÝLJ'. - γ ≥ 1

´�½���~ê, ¿�

Ũ = e−γtU,
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K Ũ÷vXe>�¯K:

LŨ � A0∂tŨ +

d∑
α=1

Aα∂αŨ + (D +γA0)Ũ = e−γt f , in Ω, (2.5)

BŨ = 0, on ∂Ω, (2.6)

Ù�AÝ
 P̃ � 2γA0 + P,lÀ� γ ¿©�,�� A0�½,Ò�±�y P̃�½: P̃ ≥ γIn.

½Â1 (é¡V|). ¡�� �©�§| (2.1)´é¡V.�, XJ Aα (α = 0, · · · , d) þ

�é¡
,� A0´�½�.

�þã'u�§�5���Ü, �
���O, �I�>.^���Ï. ·�¡>.Ý


 B´fÑÑ�, e3 kerBþ�g. (AdU, U) ≤ 0 (�K½). d��±��'u U�Xe

\��O:�3 γ09 C > 0, ¦��ëê γ ≥ γ0�¤á

γ
∥∥∥Ũ

∥∥∥2
L2(Ω) ≤

2
γ

∥∥∥e−γt f
∥∥∥2

L2(Ω) +
γ

2

∥∥∥Ũ
∥∥∥2

L2(Ω) ,

=

γ‖U‖2
L2
γ(Ω)
≤

4
γ

∥∥∥ f
∥∥∥2

L2
γ(Ω) . (2.7)

ùp·�g,/Ú\\��m L2
γ(Ω) �

{
u : ‖u‖L2

γ(Ω) �
∥∥∥e−γtu

∥∥∥
L2(Ω) <∞

}
.

SK 1. y² L2
γ(Ω)´�� Hilbert�m. 2

�
¦)¹gd>.���5¯K,·�  I���U3>.þ��O.ùÒ�¦X

e�rÑÑ>.^�: (AdU, U)3 kerBþØ3 kerAd�	7Lî�K½. 1 ù��u�

¦�3��~ê CÚ ε¦��g. w 7→ ε|Adw|2 + (Adw,w)−C|Bw|2�K½�=3 kerAdþ

�". 2 bX>.^�(¢´rÑÑ�,d (2.4)·�Òk>.�O

ε

∫
xd=0
|AdŨ|2 dy ≤ C

(
1
γ

∥∥∥e−γt f
∥∥∥2

L2(Ω) +
∥∥∥e−γtg

∥∥∥2
L2(Rd−1)

)
. (2.8)

1��V|Ð>�¯K·½����¦´ kerAd ⊂ kerB.
2y². 7�5. du kerAd ⊂ kerB, ùp½Â�V�5. B(u, v) = ε(Adu,Adv)+ (Adu,v)−C(Bu,Bv) 3

kerAd þ�". 5¿� Ad ´é¡�,¤±k���Ú©) Rn = R(Ad)
⊕
>kerAd. � w = wr + wk, Ù¥

wr ∈ R(Ad), wk ∈ kerAd, @o B(w,w) =B(wr,wr). ·��Iy²�3 ε Ú C ¦� B(w, w) 3 R(Ad)þî

�K½. ùpPÒ R(Ad)� Ad��8.

�y{. b�þãäóØé,@o�3S� {wm}, wm ∈ R(Ad), |wm| = 1 ¦� 1
m |Adwm|

2 + (Adwm, wm) ≥

m|Bwm| ≥ 0. 5¿�â�5N�Ó�Ä�½n, Ad´R(Ad) =Rn/ker(Ad)→ R(Ad)�Ó�,¤±3R(Ad)þAd
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nÜþã£�,·�uyÊÏ�UþÈ©�{kXe`:: §·^uCXê��5�§

| (�¦Xêáu W1,∞); �Ù":�é²w: �¦�§|é¡, �>.^�rÑÑ. A

O´��:, éõÔn¯KÑØ÷v. ùÒI�uÐ�°[�©Û�{: NÚ©Û�{.

� Kreiss–Lopatinskii^�

·�|^5��ª©Û (Normal modes analysisi)�{í�ÑV.�§|Ð>�¯

K÷v½5�¦���7�^�: Kreiss-Lopatinskii^�.duaq (2.7)(2.8)��O7

,Û¹X)é�àg� f Ú g� (,«)½5, ¤± Kreiss-Lopatinskii^��´��U

þ�O�7�^�. ¤¢5��ª©Û�{, ��Ò´|^©lCþ�Ãã¼�¯K��


k¿Â�A)��{. ù
A)éun)Ôny�9��nØ�uÐÑkX��éu

½/�¿Â.

1. V5

�Ä>�¯K (2.1)(2.2). du=¦���/EoIb� A0�ÛÉ,lØ���5,±

eÑ� A0 = In.

½Â2 (V5). ¡���§|

∂tU +

d∑
α=1

Aα∂αU + DU = f (2.9)

´V.�,e

A(ξ) =

d∑
α=1

Aαξα, ξ = (ξ1, · · · , ξd)

'u ξ���é�z,�A��þ�¢ê:

A(ξ) = P(ξ)−1diag(ρ1, · · · , ρn)P(ξ), ρ j ∈R;

‖P(ξ)‖
∥∥∥P(ξ)−1

∥∥∥ < C, ∀ξ ∈Rd.

�_,u´ R(Ad)´48, ldu {wm}´;�, Ø���5, � wm→w (m→∞),K w ∈ R(Ad). qw,

w ∈ kerB, |w| = 1, � (Adw, w) ≥ 0,�rÑÑ�b�gñ!

¿©5: w,.
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T½Â5uéNõäNêÆÔn�§ (Maxwell�§|, �Ø  Euler�§|�)�

5��Ä�Ú Fourier©Û (/X ei(tλ−x·ξ)a�1Å)��35). ¤±�5V.�§·Ü

^NÚ©Û�{ïÄ.

±eÑI�b� Aα´~êÝ
. éCXê�/I�[�©�f½��©�fóä.

2. Ä�g�

í� Kreiss–Lopatinskkii (K-L) ^��g�Xe: é η ∈ Rd−1, τ ∈ C, �	 (2.9) �

D = 0, f = 0�Xe/ª�AÏ)

U(x, t) � exp(τt + iη · y)U(xd). (2.10)

·��8�´�é�¿©^�±�y�3»�½5�Xþ/ª�),=/X (2.10)�'u

�mCþ t > 0�êO�, 'u�mCþ¯�P~�"�A).ùÒ�¦

γ = Reτ > 0. (2.11)

��·�é�ù«^�,Ù�¡Ò´>�¯K (2.1)(2.2)½�7�^�,= K -L^�.

ò (2.10)�\�§ (2.9) (Ù¥ D = 0 = f ), Ò��

Ad dU(xd)
dxd

+ (τIn + iA(η))U(xd) = 0,

Ù¥A(η) =
∑d−1
α=1 Aαηα. �{üå�,e¡·�=Ò>. {xd = 0}�A���/,= detAd , 0

��/\±í�. �

A(τ,η) � −(Ad)−1(τIn + iA(η)),

þªÒ´± τ,η�ëê�g£�5~�©�§| (ODE)

dU(xd)
dxd

=A(τ, η)U. (2.12)

3. »�½5A)��E

Ún1. ��f ∂t +
∑
αAα∂α ´V.�,K ∀η ∈Rd−1, Reτ > 0,Ý
A(τ,η)vkXJê�

A��;Ù½�A�� (=¢Ü�Kê�A��) ��ê (UêO�)�u Ad ��A�

���ê.
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y². 1. � ω ´A(τ, η)�XJêA��,= P(ω; τ,η) = det(ωIn−A(τ,η)) = 0,K ω÷v

det(τIn + iA(η) +ωAd) = 0. dV.�½Â, τ7L´XJê,�b� Reτ > 0gñ.

2. duõ�ª P(· ; τ, η) 1w/�6u τ, η, K§���ëY�6u (τ, η) 3, l

|^ {Reτ > 0} ×Rd−1 �ëÏ5, ä� (K) ¢Ü���êØ¬Cz. � τ = 1, η = 0, K

A = −(Ad)−1, ��A(τ, η)�K¢ÜA���êÒ´ Ad �A����ê. 2

dþãÚn,���m Cn�Xe�Ú©)

Cn = E−(τ,η)
⊕

E+(τ,η), Reτ > 0, η ∈Rd−1,

Ù¥ E±(τ,η) ©O� A(τ, η) �½/Ø½f�m (¢Ü�K/��A��éA�A��þ

Ú2ÂA��þÜ¤�f�m), §�þ� A(τ, η) �ØCf�m. P π±(τ, η) ©O�þã

©)(½� Cn � E±(τ, η)�ÝK�f, @o πA =Aπ. qP U±(xd) = π±(τ, η)U(xd), K

ODE (2.12)�A©)� d
dxd

U± =AU±, )©O�

U±(xd) = exp
(
xdAτ, η)

)
U±(0),

U = U−+U+. 5¿�Ø�U+(0) = 0, ÄKU+(xd)ò3 xd→∞��êO�; U−(xd)3

xd→∞�o´�êP~�". du·��¦�»�½5�A)3�m���P~,¤±·

�� U+(0) = 0,= U(0) ∈ E−(τ, η).,��¡,�Ä (2.10)�÷vàg>.^� BU|xd=0 = 0,

@o U(0) ∈ kerB. ¤±XJ�3 Reτ > 0, η ∈Rd−1 ¦� kerB∩E−(τ, η)¹k�"�þ,@

"·�Ò��EÑ¤F"�A). �©¬)ºù«A)7,�� Hardmard Ø½5. ¤

±·���
Xe K-L^�.

½Â3 (K-L^�). ¡V.�§|>�¯K (2.1)(2.2)÷v K-L^�,e ∀Reτ > 0, η ∈Rd−1,

Ñ¤á

kerB∩E−(τ, η) = {0}. (2.13)

þã½Â´AÛz�, ØBuO�.�d, � e1
−

(τ, η), · · · , ep
−

(τ, η)´ E−(τ, η)��|Ä

3� [21]1 26�, Theorem 3.9.1.
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(dÚn 1,ù|Ä�3,Ù¥ëê Reτ > 0, η ∈Rd−1). Ú\ Lopatinskii1�ª 4

∆(τ, η) = det(Be1
−(τ, η), · · · , Bep

−
(τ, η)),

K K-L^���u�¦ ∆(τ, η) 3 Reτ > 0, η ∈Rd−1þvk":. ?�Ú,e ∆(τ,η)348

Reτ ≥ 0, η ∈Rd−1þÑvk":,K¡�� K-L^�¤á.

4. Hölder�m¥ HadamardØ½5:ºÝC�

éA) (2.10),|^�©�f'u t, xÑ�¹���ê�A:,·��� C�,���

x¼ê

uλ(x, t) = u(λx, λt) = eλτt+iλη·yu(λxd), λ > 0;

§�E,÷v�§ (2.9) (Ù¥ D = f = 0),±9Ó��>.^�

Buλ(x, t)|xd=0 = eiλt+λη·yB(u(0)) = 0;

�´Ð©^��

uλ(x,0) = eλiη·yU(λxd).

�±wÑ� λ→∞ �Ð�3 Hölder �m Ck(R+) ¥�ê ‖ uλ(x, 0) ‖Ck
x
∼ O(λk) �õ�õ

�ªO�. ,, éu?Û�½� t > 0, ) uλ(x, t) = eτλt
· eλiη·yU(λxd) 3?Û�m Ck(R+)

¥'u λ Ñ´�êO��. ¤±Ø�UÏLÐ��?Û Hölder �ê5�� u(x, t) �,�

Hölder�ê. ù�ÒL²
T>�¯K��3 Hölder�mµee´Ø½�. �±y²

3 Sobolev�mµee§EØ½. ¤±·�` K-L^�´>�¯K½ (U���O)�

7�^�. �¡·�¬w�,§3,«§Ýþù�´�«¿©^�.

n ~: �Ñ�üí+NC�µ¡��5½5©Û

·�ÏL��äN~f5Ð«XÛ|^ Fourier C���V.�§>�¯K�Uþ

�O.ùp0��g´éu)ûÙ§¯K,ïá��nØ�äk/�Úéu¿Â. 5

4ùp p´ Ad�A����ê. ÏL©Û?\Ω�A���ê,�±`²,>.^��Ý
 B��7L

´ p,>�¯K�)âk�U�3!��,¤±ùpO��´��p×pÝ
�1�ª.
5�!9±eÑ´ÀÖSN.
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ã 2.1 �>mä(µ���)¡òÙþ¡��Ñ�í6�e��·�íN©�m5.

1. ��Ø  Euler�§|

·��Ä�¯K´íNÄåÆ¥�Ñ�üí+NC�µ¡��5½5©Û (�ã 2.1).

ùpíN$Ä����§´Xen�½~�Ø  Euler�§|:



(ρu)x + (ρv)y + (ρw)z = 0,

(ρu2 + p)x + (ρuv)y + (ρuw)z = 0,

(ρuv)x + (ρv2 + p)y + (ρuw)z = 0,

(ρwu)x + (ρwv)y + (ρw2 + p)z = 0,

(ρuE)x + (ρvE)y + (ρwE)z = 0,

Ù¥ E � 1
2 (u2 + v2 + w2) + γ′

γ′−1 ·
p
ρ , γ′ > 1 ´~ê (é�í�� 1.4). ùp��þ (u, v, w)

´íN6�, p ´íNØr ,ρ ´íN�Ý, G��§´ p = A(s)ργ
′

, Ù¥ s ´�, ¼ê

A(s) � exp( s
cv

).Ñ�½Â� c �
√
γ′p/ρ.

éu²;),�ØÑyý��,þã Euler�§|���Xeé¡/ª

A1(u)∂xU + A2(u)∂yU + A3∂zU = 0,
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Ù¥U = (u, v, w, p, s)>,

A1(u) =



ρu 0 0 1 0

0 ρu 0 0 0

0 0 ρu 0 0

1 0 0 u
ρc2 0

0 0 0 0 u


, A2(u) =



ρv 0 0 0 0

0 ρv 0 1 0

0 0 ρv 0 0

0 1 0 v
ρc2 0

0 0 0 0 v


,

A3(u) =



ρw 0 0 0 0

0 ρw 0 0 0

0 0 ρw 1 0

0 0 1 w
ρc2 0

0 0 0 0 w


.

5¿þãÝ
¥ØÓ���UäkØÓþj,¤±3±�O�¥ØU?¿/�Ý
¦{½¦

A��é�z—7L��yäk�Óþj�þâU�\. �^êÆnØïÄùaÔn¯K

�~I�òÙÃþjz.

SK 2. e6N÷ x¶��Ñ�6,= u > c > 0,Kþã Euler�§|´é¡V|. 2

2. ��5gd>.¯K

Xã 2.1 ¤«, ·��Ä«� {x > 0} ¥íN�$Ä. �µ¡ (gd>.) ��§� z =

ψ(x, y) (ψ(0, y)≡ 0),K�¦)�«�´
{
x≥ 0, z≥ψ(x, y)

}
,3Ù¥�)�¼êU¦� Euler

�§| (3·�¿Âe)¤á. §kü�>.. dub�íN÷ x¶����Ñ�� (u > c),

¤±3 {x = 0, z ≥ 0}þAT�Ð�^�,= (u, v, w, p, s)Ñ�½. 3gd>.þI�ü�^

�,=üýØr��, p = p,±9÷gd>.íN{��Ý�",= (ψx, ψy, −1)(u, v, w) = 0,

½ö uψx + vψy = w. ùÒ´��5gd>.¯K�J{. ù�¯Kk��A) (U, ψ ≡ 0),

Ù¥�Ñ�6´þ!�, =d~�þ U � (u, v, 0, p, ρ
+

) �½, ·�íNG�d~�

þ(0, 0, 0, p, ρ
−

)�½; µ¡Ò´²¡ {x > 0, z = 0}. e©¥ù�A)��¡��µ).

3. ~Xê�5z¯K

�
)û¦)«�Ø(½�(J, �±ÏLaq z−ψ(x, y) 7→ z�a��IC�ò«
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�z� {x > 0, z > 0}, gd>.Ò�½� {z = 0, x > 0}. ,�3�µ)?�5z,¿|^Ð

>�^�¤A÷v��N5^��ECq),|^Cq)z{,Ò¬��±e~Xê�5>

�¯K: 
A1(U)∂xU̇ + A2(U)∂yU̇ + A3(U)∂zU̇ = f , z > 0, x ∈R, y ∈R,

ṗ = p, z = 0,
(2.14)

Ù¥ U̇���¼ê,�Lí6G���6Ä.6Ä�gd>. ψ̇��§�

uψ̇+ vψ̇ = ẇ|z=0.

ù´��Ñ$�§,ÙÐ�^�� ψ̇(0, y) = 0.

SK 3. �y>�¯K (2.14)¥>. {z = 0}´A�>.,Ù>.^�´fÑÑ�ØrÑÑ�.

(kerB = {ṗ = 0}, (A3(U)U̇, U̇) = 2ṗẇ3 kerBþK½�Øî�K½.) 2

dd��·�ØU�"ÊÏ�UþÈ©�{w�·� ẇ|z=0��O,ù��O%´¦

) ψ̇7I�.6 e©·�ò0�XÛ|^NÚ©Û3�ÛÜeÅ:�Eé¡zf��Uþ�

O��{)ûù�(J.ØLÄk·�I�O� K-L^�.e¡SK�Ñ
�y K-L ^�

´Ä¤á���¯��{. ±�·�¬w� K-L^�¤á�±�Ï·��E�ÛÜ�é¡

zf.

SK 4. ò U̇(x, t) = eτ·xeiη·yeλzU̇ �\ (2.14), Ù¥ Reτ > 0, Reλ < 0, U̇ ´~�þ, O�

Lapatinskii1�ª¿u� K-L^�´Ä¤á. 2

�Ö�{ü,±e·�r UÒ�� U.

o �ÛÜz�é¡zf��E9Uþ�O

ù�!�8�, Ò´3 U̇ ∈ C∞c (R3
+) �b�e, é¯K (2.14) �Ñ ṗ, ẇ 3 z = 0 ?�

L2 �O. 7¤^�{´ÏL FourierC�ò¯K�êz, 3ªÇ�mÅ:�Eé¡zf, ÏL

ODE UþÈ©9 Plancherel½n�Ñ�U��Oª.
6ØüØé,
Ôn¯K�U�3ØÓ�êÆ£ãÚ=z�ª,~XÏL��þ�C�,��Ù§/ª

�é¡V|,éA>.^��´rÑÑ�.
7��`5,��éù��¼ê���O,|^È�5Ú%CÒ�±���2��¼ê¤7L÷v��

Oª. ¤±�m©=é1w¼ê��Oäk��¿Â.
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1. ~Xê�5¯K�ÃþjzÚ A3(U)é�z

�5¯K (2.14)5guÔn¯K,¤±ØÓ�þ�UkØÓ�þj. ~XÝ


A3(U) =



0 0 0 0 0

0 0 0 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 0 0


,

�,é��þ�ê�þ�",�´þj%Ø���Ó,��Ù§�é�����'þj�

ØÓ. XJr A3 ��vkþj�XêiÝ
?1Ý
$�, Ò�U¬ÑyØÓþjþ�\

��Ø,7,���Ø�(Ø.8¤±éÔn¯KïÄåÐÒ�AO5¿þj9Ãþjz�¯

K.ù�´3e¡é A3 é�z�Ý
À��5¿�/�.d	,3ò A3(U) é�z�Ó�,

A�±�A A1(U)E,é¡�½.

�d,- U̇ = PV, V�#��þ,Ó�3�§ü>�¦ Q. ùpÀ�

P =



1 0 0 0 0

0 1 0 0 0

0 0 c c 0

0 0 γ′p −γ′p 0

0 0 0 0 1


, Q =



1
γ′p 0 0 0 0

0 1
γ′p 0 0 0

0 0 c
γ′p 1 0

0 0 c
γ′p −1 0

0 0 0 0 1


,

u´

P−1 =



1 0 0 0 0

0 1 0 0 0

0 0 1
2c

1
2γ′p 0

0 0 1
2c −

1
2γ′p 0

0 0 0 0 1


.

8lêÆþù,�Ï´�käk�Óþj�ê�\{$�âk¿Â;¤±äkØÓþj�ê¿Ø'u\

{Ú¦{�¤���;Ý
$��k��¤38Ü´ê�âk¿Â.'uþj�ù�:3�5�ê�Æ

¥rN�Ø
.
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eP V = (V1, V2, V3, V4, V5)>,K

V1 = u̇,

V2 = v̇,

V3 =
ẇ
2c

+
ṗ

2γ′p
,

V4 =
ẇ
2c
−

ṗ
2γ′p

,

V5 = ṡ,

 (2.14)Ò=z� 
B1(U)∂xV + B2(U)∂yV + B3(U)∂zV = Q f , z > 0,

βVnc =
g
γ′p

, z = 0,

Ù¥ β = (1, −1), Vnc = (V3,V4)>,

B1(U) = QA1(U)P =



u
c2 0 1 −1 0

0 u
c2 0 0 0

1 0 2u 0 0

−1 0 0 2u 0

0 0 0 0 u


,

B2(U) = QA2(U)P =



v
c2 0 0 0 0

0 v
c2 1 −1 0

0 1 2v 0 0

0 −1 0 2v 0

0 0 0 0 v


,

B2(U) = QA2(U)P =



0 0 0 0 0

0 0 0 0 0

0 0 2c 0 0

0 0 0 −2c 0

0 0 0 0 0


.
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2. \�

éëê γ > 0,- Ṽ � e−γxV,Kk
γB1(U)Ṽ + B1(U)∂xṼ + B2(U)∂yṼ + B3(U)∂zṼ = e−γxQ f , z > 0,

βṼnc = e−γx g
γ′p

, z = 0.

5¿ùp γ′Ò´ý9�ê,´��½��ê. y3�'� (8I)Ò´�O Ṽnc
∣∣∣
z=0.

�d,·��I�Ä f = 0��/. ¯¢þ,�Ä9Ï¯K
γB1(U)Ṽ′+ B1(U)∂xṼ′+ B2(U)∂yṼ′+ B3(U)∂zṼ′ = e−γxQ f , z > 0,

(0,0,1,0,0)Ṽ′ = 0, z = 0.

P B = (0, 0, 1, 0, 0),l kerB = {Ṽ′3 = 0},K

(B3Ṽ′, Ṽ′) = 2c(Ṽ′3
2
− Ṽ′4

2) 3 kerB þK½,

¤±þã¯K÷vrÑÑ^�. dc!SN��Ṽ′nc∣∣∣
z=0 �dÊÏUþÈ©�O. d�-

Ṽ′′ = Ṽ− Ṽ′,w,k: Ṽ′′nc∣∣∣
z=0��O⇒ Ṽnc

∣∣∣
z=0��O.

¤±e¡·�=�Ä¯Kµ
γB1(U)Ṽ + B1(U)∂xṼ + B2(U)∂yṼ + B3(U)∂zṼ = 0, z > 0,

βṼnc = h, z = 0.
(2.15)

3. FourierC� −→ ODE + �ê�§

é¯K (2.15), dub� U̇ ´;|1w�, �é x ∈ R, y ∈ R � Fourier C�. P

Fx→δ, y→η(Ṽ(x, y, z)) = V̂(δ, η, z) Ú F (g) = ĝ,�§C�

(γ+ iδ)B1(U)V̂ + iηB2(U)V̂ + B3(U)
dV̂
dz

= 0.

- τ = γ+ iδ,Ù¥ γ > 0, K��± (τ, δ)�ëê��§
B3(U)

dV̂
dz

+ (τB1(U) + iηB2(U))V̂ = 0 z > 0,

βV̂nc = ĥ z = 0,
(2.16)

ùp τ ∈ C, Reτ > 0, η ∈R. du B3ÛÉ,ù´�� ODEÚ�ê�§ÍÜ�XÚ.
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4. �ê�§� ODE)Í

��ò(2.16)Ðm,|^

τB1(U) + iηB2(U) =



uτ+ ivη
c2 0 τ −τ 0

0
uτ+ ivη

c2 iη iη 0

τ iη 2(uτ+ ivη) 0 0

−τ −iη 0 −2(uτ+ ivη) 0

0 0 0 0 uτ+ ivη


,

�Ä�!�!Ê1,���ê�§Ü©
(uτ+ ivη)V̂1 +τc2(V̂3− V̂4) = 0,

(uτ+ ivη)V̂2 + iηc2(V̂3− V̂4) = 0,

(uτ+ ivη)V̂5 = 0;

�Än!o1,�� ODEÜ©
dV̂3

dz
+

1
2c

(τV̂1 + iηV̂2) +
uτ+ ivη

c
V̂3 = 0,

dV̂4

dz
+

1
2c

(τV̂1 + iηV̂2)−
uτ+ ivη

c
V̂4 = 0.

d�ê�§Ü©)Ñ V̂1, V̂2�\ ODEÜ©, �Ñ)Í� ODE:
dV̂nc

dz
=B(τ,η)V̂nc, z > 0,

βV̂nc = ĥ, z = 0,
(2.17)

Ù¥,

B(τ,η) =

 −a(τ,η) b(τ,η)

−b(τ,η) a(τ,η)

 ,
a(τ,η) =

c
2
η2
−τ2

uτ+ ivη
+

uτ+ ivη
c

, b(τ,η) =
c
2
η2
−τ2

uτ+ ivη
.

ØJwÑ¯K (2.17)kXeA:: 1) Ý
 B(τ, η) 3 uτ+ ivη = 0 ?k��4:; 2)B(τ, η)

'u (τ, η) �àg�g,= B(tτ, tη) = tB(τ, η), ∀t ∈R+. ��5�¦�·��±3��;

8 Σ = {(τ,η) : τ ∈ C, Reτ ≥ 0, η ∈R, |τ|2 + |η|2 = 1}þ�Ä~�©�§�Uþ�O¯K.
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5. Kreiss-Lopatinskii^�

�	 ODE¯K (2.17). P E−(τ, η)� B(τ, η)�½f�m, E+(τ, η)�ÙØ½f�

m. yI�y K-L^�µ

kerB
⋂

E−(τ,η) = {0}, ∀Reτ > 0,η ∈R.

ù�du Lopatinskii1�ª

∆(τ,η) = det(Be−(τ,η)) , 0,

Ù¥ e−(τ,η)´ E−(τ, η)�Ä..

�dkO�A��.�Ä det(λI−B(τ, η)) = 0�

λ2 = (a + b)(a− b) = η2
−τ2 +

1
c2 (uτ+ ivη)2.

� τ = 1, η = 0�, λ2 = −1 +
(u

c

)2
⇒ λ− = −

√(u
c

)2
−1, λ+ =

√(u
c

)2
−1. �éu Reτ > 0,7

kA��λ±,÷v Reλ− < 0,� Reλ+ > 0.

P r−�éAu λ−�A��þ,K λ−+ a −b

b λ−− a

r− = 0 =⇒ r− =

 λ−− a

−b


=⇒ e−(τ,η) = r− · (uτ+ ivη) =

 λ−(uτ+ ivη)−
c
2

(η2
−τ2)−

(uτ+ ivη)2

c
−

c
2

(η2
−τ2)

 .

Ón��, e+(τ,η) = (uτ+ ivη)

 b

λ+ + a

.

SK 5. ��oØU� (b, λ−+ a)>��½f�m�Ä.º 2

Ïd,

∆(τ, η) = βe−(τ, η) =

(
λ−−

uτ+ ivη
c

)
(uτ+ ivη).

eλ− =
uτ+ ivη

c
,K

(uτ+ ivη)2

c2 = λ2 = η2
−τ2 +

1
c2 (uτ+ ivη)2

⇒ η2 = τ2
⇒ τ = ±|η|,
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Reτ ≥ 0, Kτ = |η| ∈R+. ¤± Reλ− =
uτ
c
> 0, �b� Reλ− < 0gñ�

nþ,3�K�"Ïf λ−−
uτ+ ivη

c
�,k±e(Ø:

1) Lopatinskii1�ª� ∆(τ, η) = uτ+ ivη;

2) Lopatinskii^�¤á,= Reτ > 0� ∆(τ, η) , 0;

3) �� Lopatinskii^�Ø¤á: τ = −
ivη
u
´ ∆(τ, η) = 0���":. �¡ò¬w�,

ù¬��Uþ�O¹k���ê��.

6. �ÛÜé¡zf

�!�)û�¯K´é ODE
dV̂nc

dz
=B(τ,η)V̂nc, z > 0,

βV̂nc = ĥ, z = 0

�� V̂nc
|z=0��O.ùp V̂nc = V̂nc(z; τ, η), β = (1, −1), B(τ, η) =

−a b

−b a

.

½Â4 ( Kreissé¡zf). P;8

Σ =
{
(τ, η) : τ ∈ C, Re(τ) ≥ 0, η ∈R, |τ|2 + |η|2 = 1

}
.

� (τ0, η0) � Σ S�½�:, e�3 (τ0, η0) 3 Σ þ��� V Ú C∞ N� T, r, Ù¥

T : V→GL2(C), r : V→ H2(C) (�� HermiteÝ
), ÷ve�^�: ∃~ê k, C > 0¦�

(1) ∀(τ, η) ∈V, Re(r(τ, η) T(τ,η) B(τ,η) T−1(τ,η)) ≥ kγI2,Ù¥ γ = Re(τ);

(2) ∀(τ,η) ∈V, r(τ,η) + C(βT−1(τ,η))∗ (βT−1(τ,η)) ≥ I2,

K¡ r(τ, η)� (τ0, η0)NC��� (ÛÜ)é¡zf.

e¡©n«�/©O�Eé¡zf: 1© (τ0,η0)´ Σ�S:; 2© (τ0,η0)´ Σ�>.:�

∆(τ0, η0) , 0; 3© (τ0,η0)´ Σ�>.:� ∆(τ0, η0) = 0.
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�/ 1© ·�Äk�ÄS:��/,= (τ0, η0) ∈ Σ, Re(τ0) > 0. �±é� (τ0,η0)���

��V ,¦�∀(τ,η) ∈V,¤áRe(τ) > 0.

1�Ú. é�T(τ, η)¦�òB(τ, η)é�z.

Xc¤O�L�, �-

e−(τ,η) =
(
λ−− a −b

)T
, e+(τ,η) =

(
b λ+ + a

)T
,

±9T(τ,η) = (e−(τ,η), e+(τ,η))−1, K

T(τ,η)B(τ,η)T(τ,η)−1 =

λ−(τ,η) 0

0 λ+(τ,η)

 .
dÚn1,·��·� �V,¦��3��~ê k÷vXe�¦: Reλ−(τ,η)<−k, Reλ+(τ,η)>

k, ∀(τ,η) ∈V.

1�Ú.�Eé¡zf,= Hermite
 r(τ,η).

b� r =

−1 0

0 K

,Ù¥K > 0��½~ê. @oé?¿ K ≥ 1, Ñk

Re(r(τ,η)T(τ,η)B(τ,η)T−1(τ,η)) = Re

−λ−(τ,η)

Kλ(+)(τ,η)


=

−Re(λ−(τ,η))

KRe(λ+(τ,η))


≥

k

kK


≥ kI ≥ kγI. (0 ≤ γ ≤ 1)

e¡�I�y�¦ 2).

�d,·�I�|^ Lopatinskii^�.£Á ∆(τ,η) , 0⇐⇒ kerβ∩E−(τ,η) = {0},�Ò8

c¯K, dimkerβ = 1, dimE−(τ,η) = 1,u´

kerβ⊕E−(τ,η) = C2.
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ld�êÓ�½n, β : E−(τ,η) −→ C´Ó�N�. 3 C2 ��IC� Ŵ = TV̂nc e (dI

OÄ.C� (e−, e+)Ä.), E−(τ,η) = (z1, 0)>, E+(τ, η) = (0, z2)>, z1, z2 ∈ C, βC� βT−1.

|^ù
5�,�Ä C2
→C2��5C� P : Z =

z1

z2

→

βT−1

z1

z2


z2


,ØJuy P´ü�,l

�´�_�. ¤±�3 C0 > 0¦�

|Z|2 ≤ C0|PZ|2 ≤ C0(|z2|
2 + |βT−1Z|2).

yéu C = 2C0, K = 2C0 + 1,|^þ¡ù�Ø�ª,·�k

Z∗r(τ,η)Z + C|βT−1Z|2 ≥ −|z1|
2 + (2C0 + 1)|z2|

2 + 2|Z|2−2C0|z2|
2

≥ |Z|2.

ù�Ò´¤F"� r(τ,η) + C0(βT−1(τ, η))∗(βT−1(τ,η)) ≥ I2.

�/ 2© ·�2�Ä Lopatinskii 1�ªØ�"�@
>.:: (τ0, η0) ∈ Σ, Re(τ0) =

0, ∆(τ0,η0) , 0.

éd·�L©n«�¹?Ø.

• η2
0 +δ2

0 >
(uδ0 + vη0)2

c2 :

ù«�¹e, λ± = ±

√
η2

0 +δ2
0−

(uδ0 + vη0)2

c2 ,¤± ∃(τ0, η0)���V⊂ Σ 9�ê k,¦

� ∀(τ,η) ∈V, Re(λ−) ≤ −k, Re(λ+) ≥ k.ù� 1©���Ó.

• η2
0 +δ2

0 =
(uδ0 + vη0)2

c2 :

ù«�¹e λ± = 0, Ý
 B(τ,η) ØUé�z, ¤±é¡zf�E'�E,, ·�Ñ��

[L§ (�[23]).

• η2
0 +δ2

0 <
(uδ0 + vη0)2

c2 :

ù«�¹e,λ=±i

√
(uδ0 + vη0)2

c2 −η2
0−δ

2
0, duλ±pØ�Ó, ÛÜ/§�Ñ´ τ=γ+ iδ
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��X¼ê. �â�Ü–iù�§|,·�k

∂Reλ−
∂r

∣∣∣∣∣
(τ0,η0)

=
∂Imλ−
∂δ

∣∣∣∣∣
(τ0,η0)

= ±
∂
∂δ

√
(uδ+ vη)2

c2 − (η2 +δ2)
∣∣∣∣∣
δ=δ0,η=η0

= ±
(u2
− c2)δ+ uvη

c2

√
(uδ+ vη)2

c2 − (η2 +δ2)

∣∣∣∣∣
δ=δ0,η=η0

.

édqkü«�/:

♦ (u2
− c2)δ+ uvη > 0, u´ λ± = ±i

√
(uδ0 + vη0)2

c2 −η2
0−δ

2
0;

♦ (u2
− c2)δ+ uvη < 0, u´ λ± = ∓i

√
(uδ0 + vη0)2

c2 −η2
0−δ

2
0.

N´O�d�Ø�UÑy (u2
− c2)δ+ uvη = 0, ¤±ok ∂Reλ−

∂γ |(τ0,η0) < 0. aqO��

∂Reλ+

∂γ |(τ0,η0) > 0.

é T, r��EÓ 1©��, Ï� e±3 (τ0, η0)���SEk½Â;��«O3u��

Re(r(τ,η)T(τ,η)B(τ,η)T−1(τ,η)) =

−Re(λ−(τ,η))

KRe(λ+(τ,η))


�,�|^ ∂Reλ±

∂γ |(τ0,η0) ≷ 0,@o3 (τ0,η0)����S Reλ±|(τ,η) ≷ ±kγ.

�/ 3© (τ0,η0) ∈ Σ, Re(τ0) = 0, ∆(τ0,η0) = 0.

5¿� B(τ,η)3 (τ0,η0)����%��SE�é�z. - m = uτ+ ivη, du m2(λ−−

a)2 + m2b2 =
c2(η2

0 +δ2
0)

2
|(τ0,η0) , 0, K�½Â T(τ,η) =

m(λ−− a) mb

−mb (λ−− a)


−1

, §¦�eª¤

á

T(τ,η)B(τ,η)T−1(τ,η) =

λ−(τ,η) 2b(τ,η)

0 λ+(τ,η)

 .
du λ±(iδ0,η0) = ±

√
η2

0 +δ2
0 ∈R pØ�Ó,¤±3 (τ0,η0)����VS λ±ëY,��3

�ê k¦�

Reλ−(τ, η) < −k, Reλ+(τ,η) > k, ∀(τ,η) ∈V. (2.18)

éù«�/·�ØU�Eé¡zf,òÏL ODEÈ©|^>.^������O.
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7. àg*Ü� ODE�Uþ�O

dþ¡�©Û��,é Σþz��:Ñ�±é�����V,3Ùþ�Eé¡zf½Ý


 T, §��¤ Σ���mCX.du Σ´;8, 7�3k�fCX {V1, V2, . . . , VJ}.u

´, kláudk�fCX�ü ©) {χ1, χ2, . . . , χJ},Ù¥ 0 ≤ χ j ≤ 1, suppχ j ⊂V j, Σ ⊂

∪
J
j=1V j,�

∑
χ2

j = 1.

P�Au V j þ� r, T ©O� r j, T j. é r j(τ,η), T j(τ,η), χ j(τ,η)þ��àg"g*Ü,

¦�§�½Â3 Reτ > 0, η ∈Rþ.

y3m©3V jþ��O.Äk-W j(z; τ,η) = χ j(τ,η)T j(τ,η)V̂nc
j (z; τ,η),@od (2.17),

dW j(z;τ,η)

dz
= T j(τ,η)B(τ,η)T j(τ,η)−1W j(z;τ,η), z > 0,

βT j(τ,η)−1W j(0;τ,η) = χ j(τ,η)ĥ(τ,η), z = 0.

éuV jØ´d4:¤�����/,|^é¡zf5�,

d
dz

(W∗jr jW j) =
d
dz

(W∗j)r jW j + W∗jr j
dW j

dz
= W∗j(T jBT−1

j )∗r jW j + W∗jr jT jBT−1
j W j

= W∗j(rjT jBT−1
j )∗W j + W∗jr jT jBT−1

j W j

= 2W∗jRe(r jT jBT−1
j )W j

≥ 2kγ|W j|
2.

|^� z→∞�W j→ 0�b�^�,

2kγ
∫ +∞

0 |W j(z;τ,η)|2dz ≤
∫ +∞

0
d
dz

(W∗jr jW j)dz

= −(W∗jr jW j)
∣∣∣∣∣
z=0

≤ −|W j|
2
∣∣∣∣∣
z=0

+ CW∗(βT−1)∗(βT−1)W∗

= −|W j(0;τ,η)|2 + C|χ j(τ,η)ĥ(τ,η)|2,

Òk

2kγ
∫ +∞

0
|W j(z,τ,η)|2dz + |W j(0,τ,η)|2 ≤ c|χ j(τ,η)ĥ(τ,η)|2.

2|^ T j9Ù_3 suppχ jþ�f�êk.,·���

|χ j(τ,η)V̂nc(0,τ,η)|2 ≤ C′|χ j(τ,η)ĥ(τ,η)|2, (2.19)

Ù¥ C′=�6V j.
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4:��þ�O �V j´�¹B�4: {(τ,η) : uδ+vη = 0}�����,Ù¥ τ = γ+ iδ.

£Á·�kXe�§

d
dz

 W1
j (z,τ,η)

W2
j (z,τ,η)

 =

 λ−(τ,η) 2b(τ,η)

0 λ+(τ,η)


 W1

j (z,τ,η)

W2
j (z,τ,η)

 , (2.20)

Ù¥b =
c
2
η2
−τ2

uτ+ ivη
, λ÷vλ2 = η2

−τ2 + 1
c2 (uτ+ ivη)2. �â (2.18),é λ��àg�gòÿ,

Ò��é Reτ > 0, η ∈R,¤á

Reλ− < −k
√
|τ|2 + |η|2, Reλ+ > k

√
|τ|2 + |η|2.

y3w (2.20)¥1���§
dW2

j

dz
= λ+W2

j .

��y limz→∞W2
j (z; τ,η) = 0, ÙÐ�7L�": W2

j (0, τ, η) = 0,¤± W2
j (z, τ, η) ≡ 0.du

(2.20)�1���§Ò´
dW1

j

dz
= λ−W1

j + 2bW2
j ,

l�|^W2
j = 0��4:,��

dW1
j

dz
= λ−W1

j .u´

d|W1
j |

2

dz
= 2Re(λ−)|W1

j |
2,

È©Ò�� |W1
j (0,τ,η)|2 ≥ 2k

√
|τ|2 + |η|2

∫ +∞

0 |W1
j |

2dz. ·�uy,'��´�O |W1
j (0,τ,η)|.

ù���>.^� βT j(τ,η)−1W j(0,τ,η) = χ j(τ,η)ĥ(τ,η).

£Á

T−1
j (τ,η) =

 m(λ−− a) mb

−mb m(λ−− a)

 , Ù¥ m = uτ+ ivη.

¤±

βT−1
j W j(0,τ,η) = (1,−1)

 m(λ−− a) mb

−mb m(λ−− a)


 W1

j

0


=

(
m(λ−− a + b) m(b−λ−+ a)

) W1
j

0


= m(λ−− a + b)W1

j = ĥχ j.
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5¿� m(λ−− a + b) = ∆(τ,η)S(τ,η)−1, Ù¥ S(τ,η) , 0,K

∆(τ,η)W1
j (0,τ,η) = Sχ j(τ,η)ĥ(τ,η), (τ,η) ∈V j.

é ∆(τ,η) = uτ+ ivη,3V jþw,¤á |∆(τ,η)| ≥ cγ, ?1�àg"gòÿ 9�

|∆(τ,η)| ≥
cγ√
|τ|2 + |η|2

, (τ,η) ∈R+
×V j.

5¿ù´�O����ê���å. u´|^ S�k.5, |W1
j (0,τ,η)| ≤ c

χ jĥ
√
|τ|2 + |η|2

γ
,

= |W j(0,τ,η)|2 ≤ C
|χ j|

2
|ĥ|2(|τ|2 + |η|2)

γ2 , ½ö�d/,

|χ j(τ,η)|2|V̂(0,τ,η)|2 ≤ C j
|χ j|

2
|ĥ|2(|τ|2 + |η|2)

γ2 . (2.21)

8. �ª�O: Plancherel½n9\� Sobolev�m

5¿� |τ|2 + |η|2 > γ2,ò (2.19) Ú (2.21)'u jl 1� J¦Ú,Òk

|V̂(0,τ,η)|2 ≤ c
|ĥ|2(|τ|2 + |η|2)

γ2 , (τ = γ+ iδ).

'u δ, η3 R2þÈ©,K"
R2
|V̂(0,τ,η)|2dδdη ≤ c

1
γ2

"
R2
|ĥ|2(|γ|2 + |δ|2 + |η|2)dδdη.

|^ Plancherel½n�"
R2
|Ṽ(x, y,0)|2 dxdy =

"
R2
|e−γxV̂(x, y,0)|2 dxdy

≤
C
γ2

"
R2
|ĥ|2(|γ|2 + |δ|2 + |η|2)dδdη ∆

=
C
γ2 ‖h‖

2
H1
γ
.

(2.22)

ù�Ø�ªïÆ·�Ú\#��m

H1
γ(R2) =

u : ‖u‖H1
γ(R2) =

("
R2
|û(δ,η)|2(|γ|2 + |δ|2 + |η|2)dδdη

) 1
2

< +∞

 ,
L2
γ(R2) =

u : ‖u‖L2
γ(R2) =

("
R2

e−γx
|u(x, y)|2 dxdy

) 1
2

< +∞

 ,
9dué T j ?1�àg"gòÿ,¤±d? ∆�7L´�àg"gòÿ,�,wþ�§´�àg�g

�. Ó�é S����àg"gòÿ.
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u´ (2.22)�±{ü/��

‖Vnc
‖

2
L2
γ(R2)

≤
c
γ2 ‖h‖

2
H1
γ(R2)

.

ùÒ´·�¤I���Oª.
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1nù 2Â¼ê(�):VgÚÄ�5�

2Â¼ênØ�NÚ©ÛÚ �©�§�uÐJø
��4�°2%qk´LC� ($

�) �Í�,kX2��A^. ù�ù·�0�'u2Â¼ê��
Ä��£. Äk´d C∞

¼ê�¤�eZÿÁ¼ê�m�½Â9ÙÿÀ (Âñ5). ù
�mþ�ëY�5�¼Ò�

¤�a2Â¼ê. ,�0�2Â¼ê�¦�!òÈ9 FourierC��$�9Ù5�.

� ÿÁ¼ê�m

1. Schwartz�ü¼ê�m S(Rd)

½Â1. � f ´ Rdþ� C∞E�¼ê,eé?¿õ�I α, β, ¤á

ρα, β( f ) � sup
x∈Rd
|xα∂β f (x)| < +∞,

K¡ f ´�� Schwartz¼ê. ¤k Schwartz¼ê|¤�8ÜP� S(Rd), ¡� Schwartz�

ü¼ê�m. ù´���5�m.

ùp {ρα,β}´ S(Rd)þ��x��ê. S(Rd)´�� Frechet�m (�Ýþz����

ÛÜàÿÀ�5�m), =:

♦ �Ýþz: e f , g ∈ S(Rn),½Âål

d( f , g) �
∞∑
j=1

2− j ρ j( f − g)

1 +ρ j( f − g)
, (3.1)

Ù¥ ρ j� ρα,β ����Þ.ØJ�y d´ S(Rd)þ���Ýþ (÷v�½5!é¡59

n�Ø�ª).

♦ 'u d��: ��y?� Cauchy�ÑÂñ;

♦ ÛÜà: �:k��à�� { f : ρα, β( f ) < r},Ù¥ r ∈Q, α, β�õ�I.

~1. e−|x|
2
∈ S(Rd), e−|x| < S(Rd).

~2. e f ∈ S(Rd),Ké?Ûõ�I α,β, ¤á∂α f , xβ f ∈ S(Rd).

37
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~3. e f1 ∈ S(Rn), f2 ∈ S(Rm),K

f1⊗ f2(x1, x2, . . . , xn+m) = f1(x1, x2, . . . , xn) f2(x1, x2, . . . , xm) ∈ S(Rn+m).

SK 1. f ∈ S(Rd)⇔∀õ�I α, β, |∂α(xβ f (x))| < Cα,β. 2

e¡�(Ø38�ò¬²~^�.

SK 2. f ∈ S(Rd) ��=� ∀õ�I α, g,ê N, �3~ê Cα, N > 0 ¦� |∂α f (x)| ≤

Cα,N(1 + |x|)−N. 2

½Â2 (Âñ). � fk ∈S(Rd), f ∈S(Rd),e∀α, βk lim
k→∞

ρα, β( fk− f ) = 0,K¡ fk
k→∞
−→ f (S(Rd)).

5¿, ÏLò(3.1)¥�Ú©�üÜ©, 4�¡�Ã���Ú¿©�, 2�Äc¡k��,

ØJy²,þãÂñ�½Â�Uål d(·, ·)Âñ´�d�.

SK 3. y²¦�!¦±õ�ª!\{�$�þ'uTÿÀëY. 2

~4. �½ x0 ∈R
d, f ∈ S(Rd).½Â fk(x) = f (x +

x0
k ), K fk

k→∞
−→ f (S(Rd)).

½Â3 (òÈ). XJ f , g ∈ S(Rd),½Â§��òÈ�

( f ∗ g)(x) �
∫
Rd

f (x− y)g(y)dy.

½n1. XJ f , g ∈ S(Rd),K( f ∗ g)(x) ∈ S(Rd)� ∂α( f ∗ g) = ∂α f ∗ g = f ∗∂αg.

y². 1. ky ∂ j( f ∗ g) = ∂ j f ∗ g,ù´du¤á

lim
h→0

( f ∗ g)(x + he j)− ( f ∗ g)(x)

h

= lim
h→0

1
h

∫
Rd

[ f (x + he j− y)− f (x− y)]g(y)dy

= lim
h→0

1
h

∫
Rd

[ f (z + he j)− f (z)]g(x− z)dz

=

∫
Rd

lim
h→0

1
h

[ f (z + he j)− f (z)]g(x− z)dz (Lebesgue��Âñ½n)

=

∫
Rd
∂ j f (z)g(x− z))dz

= ∂ j f ∗ g

.

l ∂i∂ j( f ∗ g) = ∂i(∂ j f ∗ g) = ∂i∂ j f ∗ g. aq�8By² ∂α( f ∗ g) = ∂α f ∗ g⇒ f ∗ g ∈ C∞.
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2. f ∗ g¯u?Ûõ�ªP~. é?Û¿©�� N,·�k

| f ∗ g(x)| ≤
∫
Rd
| f (x− y)||g(y)|dy

≤ CN

∫
Rd

(1 + |x− y|)−N(1 + |y|)−Ndy (� N > d)

≤ CN

∫
|x−y|> 1

2 |x|
(1 + |x− y|)−N(1 + |y|)−Ndy

+CN

∫
|x−y|≤ 1

2 |x|
(1 + |x− y|)−N(1 + |y|)−Ndy

∆
= I1 + I2.

ùp

I1 ≤ C
(
1 +
|x|
2

)−N ∫
Rd

(1 + |y|)−Ndy ≤ CN(1 + |x|)−N.

éu I2,d� |x| − |y| ≤ |x− y| ≤ 1
2 |x|,@o |y| ≥

1
2 |x|, lk

I2 ≤ C(1 + |x|2 )−N
∫
|x−y|≤ 1

2 |x|
(1 + |x− y|)−Ndy

= C(1 + |x|2 )−N
∫
|z|≤ 1

2 |x|
(1 + |z|)−Ndz

= C(1 + |x|2 )−N
∫
Rd

(1 + |z|)−Ndz ≤ CN(1 + |x|)−N.

Ïd, | f ∗ g(x)| ≤ CN(1 + |x|)−N. u´��

|∂α( f ∗ g)(x)| = |∂α f ∗ g(x)| ≤ Cα,N(1 + |x|)−N,

l f ∗ g ∈ S. 2

½n2. FourierC� (_C�)´ S(Rd)þ�Ó�.

y². 1. ·�I�y²: 1© u ∈ S(Rd)⇒ û, ŭ ∈ S(Rd); 2© Fourier (_)C�´�5N�,�

�_; 3©ëY5: uk→ u (S(Rd))¿�X ûk→ û (S(Rd))±9 ǔk→ ǔ (S(Rd)).

2. ey 1© u ∈ S(Rd)⇒ û ∈ S(Rd). Äk,ØJwÑ ∂αû(ξ) = Fx→ξ[(−ix)αu(x)](ξ)�3,

= û ∈ C∞. Ùg,

ρα,β(û) = sup
ξ∈Rd
|ξα∂βû|

= C sup
ξ∈Rd
|ξα(̂xβu)| = C sup

x∈Rd
|
̂(∂α(xβu))|

≤ C′‖∂α(xβu)‖L1(Rd) ≤ C′
∑
|α′|≤m
|β′|≤n

ρα′,β′(u) < +∞.
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ùp m = |β|+ d + 1, n = |α|,

3. Ï� S ⊂ L2, ¤± FourierC��_�Ù_Ò´ Fourier_C�.

4. ey 3© uk→ 0,K ûk→ 0,=é?Û�I α, β, lim
k→∞

ρα,β(ûk) = 0. ¯¢þ,

lim
k→∞
‖ξα∂βûk‖L∞ ≤ C lim

k→∞
‖
̂∂α(xβuk)‖L∞

≤ C lim
k→∞
‖∂α(xβuk)‖L1

≤ C lim
k→∞

∑
|α′|≤m
|β′|≤n

ρα′,β′(uk) = 0.

2

e¡�(Ø±�¬^�. ùp²£�fτy½Â�: τy f (x) � f (x− y).

~5. é ϕ ∈ S(Rd) 9 e j = (0, · · · , 0, 1, 0, · · · , 0), h , 0,� h→ 0�, (τ−he jϕ−ϕ)/h± S(Rd)

�ÿÀÂñ�
∂ϕ
∂x j

.

y². é ϕ ∈ S(Rd) 9?¿�õ�I α, β,^ Taylorúª (Ðm�ü�),

sup
x∈Rd

∣∣∣∣∣∣xα∂β
τ−he jϕ(x)−ϕ(x)

h
−
∂ϕ(x)
∂x j

∣∣∣∣∣∣ ≤ sup
x∈Rd
|xα∂β

∂2ϕ(x +θhe j)

∂x2
j

· (h)|

≤ C|h| sup
x∈Rd
|xα∂β̃ϕ| → 0, (� h→ 0, )

Ù¥ |β̃| = |β|+ 2, θ ∈ [0,1],¿|^
 h→ 0� |xα|
|(x+he j)α|

=

∣∣∣∣∣∣ x
α j
j

(x j+h)α j

∣∣∣∣∣∣ ���k.5. 2

2. Ù§ÿÁ¼ê�m: C∞0 (Rd)Ú C∞(Rd)

Ø
þã� FourierC�þ�½�� Schwartz�m S(Rd)	,3 �©�§ÚNÚ©

Û¥�²~I�±eüaÿÁ¼ê�m.

♥ C∞0 (Rd) =
{
u ∈ C∞(Rd) : u�|8´;8

}
.

Âñ5. � f ∈ C∞0 (Rd), { fk}´ C∞0 (Rd)¥���¼ê, ��3;8 K¦� supp fk ⊂ K.

eéu?Ûõ�I α, Ñ¤á

lim
k→∞

sup
x∈K
|∂α( fk− f )(x)| = 0,

K¡ fk3 C∞0 (Rd)¥Âñ� f ,P� fk→ f (C∞0 (Rd)).
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♥ C∞(Rd).

Âñ5. � f ∈ C∞(Rd), { fk} ´ C∞(Rd)¥���¼ê,e ∀α, ∀N ∈N¤á

lim
k→∞

ρ̃α,N( fk− f ) = 0,

K¡ fk3 C∞(Rd)¥Âñ� f ,P� fk→ f (C∞(Rd)). ùp�� ρ̃α,N ½Â�

ρ̃α,N( f ) = sup
|x|≤N
|∂α f (x)|.

~6. � ϕ ∈ C∞0 (Rd), ½Â ϕk(x) � ϕ(x− k)/k. S� ϕk A�??Âñ�", � ϕk→ 0 (C∞),

� ϕk¿Ø3 C∞0 ¥Âñ,�Ø3 S¥Âñ.

dþãÂñ5·�kXeëYi\'X,�cö3�ö¥´È��:

C∞0 ⊂ S ⊂ C∞. (3.2)

� 2Â¼ê9ÙÄ�$�

1. 2Â¼ê�½Â9~

2Â¼êÒ´½Â3ÿÁ¼ê�mþ�ëY�5�¼.

♦ 2Â¼ê: D′(Rd) = (C∞0 (Rd))′;

♦ �O2Â¼ê: S′(Rd) = (S(Rd))′;

♦ äk;|8�2Â¼ê: E′(Rd) = (C∞(Rd))′.

·�~r�5�¼ u�^uÿÁ¼ê f �� u( f )½ 〈u, f 〉.

e¡(J^ “k.5”�xëY5,3nØ©Û¥²~^�.

·K2. � u´½Â3�½ÿÁ¼ê�mþ��5�¼. K

1) u ∈ D′(Rd)⇐⇒ ∀K ⊂Rd, K�;8, ∃m ∈N, C > 0,¦� |〈u, f 〉| ≤ C
∑
|α|≤m

∥∥∥∂α f
∥∥∥

L∞(Rd),

Ù¥ f ∈ C∞0 (Rd) � supp f ⊂ K.
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2) u ∈ S′(Rd)⇐⇒∃C > 0,k ∈N,m ∈N,¦� |〈u, f 〉| ≤ C
∑

|α|≤k,|β|≤m
ραβ( f )é?¿ f ∈ S(Rd)

þ¤á.

3) u ∈ E′(Rd)⇐⇒ ∃C > 0, k ∈N, N ∈N,¦� |〈u, f 〉| ≤ C
∑
|α|≤k

ρ̃α,N( f )é?¿ f ∈ C∞(Rd)

þ¤á.

y². ùp± 2)�~�Ñy². 1

d�O2Â¼ê9S(Rd)¥Âñ�½Â, w,�±�� “⇐=” (¿©5). ey7�5

“=⇒”.

·�£Á, ¡ B ⊂ T ´ÿÀ�m (X, T )�ÿÀÄ,eéu?¿�m8 U ∈ T 9 x ∈U,

�3 V ∈ B¦� x ∈ V ⊂U,= B¥m8ÏL¿$�Ò�±�� T ¥�?¿m8. w,3Ý

þ�m (X, d)¥,¤k¥ B(x,ε)Ò�¤
dÝþ dp��ÿÀ���ÿÀÄ.y�âN� u

�ëY5,±9du�5, u(0) = 0,l (−1,1) ���8AT´�¹"¼ê���m8. u

´�3 S(Rd)¥���¥ B(0,δ) ¦�é?¿ f ∈ B(0,δ),¤á |〈u, f 〉| < 1.

�âc¡é S(Rd) �ål (3.1) �½Â, éþã(½� δ > 0, �é� k, m ∈N ¦�

8Ü { f ∈ S(Rd) : ∀|α| ≤ k, |β| ≤ m, ραβ( f ) < δ/2} ´ B(0,δ) ���f8. (ål d( f ,0) =∑
∞

j=1 2− j ρ j( f )
1+ρ j( f ) ½Â¥� j = J¿©�¦� 2−J

≤ δ/2,Ò�±¦ J�¡Ã���ÚØ�u δ/2.

dd JÒ�±(½ kÚm,Ï�ρ j´��ρα,β����Þ.)ù�·�y²
 ∃k, m ∈N, δ > 0,

¦�

∀|α| ≤m, |β| ≤ k, ραβ( f ) < δ/2 =⇒ |〈u, f 〉| < 1.

yé f̃ ∈ S(Rd),- f =
f̃∑

|α|≤m,|β|≤k ραβ( f̃ )
δ
3 ,Kdþã5�� |〈u, f 〉| < 1,u´

|〈u, f̃ 〉| =

∣∣∣∣∣∣∣∣〈u, 3δ
∑

|α|≤m,|β|≤k|

ραβ( f̃ ) f 〉

∣∣∣∣∣∣∣∣ =
3
δ

∑
|α|≤m,|β|≤k|

ραβ( f̃ )|〈u, f 〉|

<
3
δ

∑
|α|≤m,|β|≤k|

ραβ( f̃ ).

¤±� C = 3
δ ,=��y. 2

~7. ½Â δ0�é ∀ f ∈ C∞0 (Rd), 〈δ0, f 〉 = f (0), K δ0 ∈ D
′(Rd).

13y² 1)�5¿,|83 Kþ� C∞¼ê3 Ck (k ∈N)��e�´�Ýþz�.
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). w, δ0´ C∞0 þ�5�¼. � fk −→ f (C∞0 (Rd)),K 〈δ0, fk〉 = fk(0) −→ f (0) = 〈δ0, f 〉. 2

~8. éÛÜ�È¼ê g ,�½ÏLXeÈ©5½Â�5�¼

Lg( f ) �
∫
Rd

f (x)g(x)dx,

�ò gÀ�2Â¼ê.

~X: 1, |x|2 ∈ S′(Rd), 1, e|x|
2
∈ D

′(Rd)�. AO/, Lp(1 ≤ p ≤∞)¥�¼êþ��À�

�O2Â¼ê.

~9. é?Û σ-k�� BorelÿÝ µ,ÏLXeÈ©5½Â�5�¼

Lµ( f ) =

∫
Rd

f (x)dµ(x).

¤±�r µw��O2Â¼ê. w, fk −→ f (S(Rd)) =⇒ Lµ( fk) −→ Lµ( f ).

AO�, LebesgueÿÝ�À����O2Â¼ê.

~10. ÛÉ¼ê log |x| ∈ S′(Rd).

~11. éu¼ê g(x), XJ ∃C, k,¦�é?¿� x,k

|g(x)| ≤ C(1 + |x|)k,

K g ∈ S′(Rd).

y². |^·K 2 2),é?¿ f ∈ S(Rd),¤á

|Lg( f )| =

∣∣∣∣∣∫
Rd

f (x)g(x)dx
∣∣∣∣∣ ≤

sup
x∈Rd

(1 + |x|)m
| f (x)|

∫
Rd

(1 + |x|)k−mdx

≤ C
∑
|α|≤m

ρα,0( f ).

ùp®� m¿©�¦�È©k�. 2

~12. RþQ�¼êq�ÿÝ�;|2Â¼ê�~f.

〈u, f 〉 = lim
ε→0

∫
ε≤|x|≤1

f (x)
dx
x

= lim
ε→0

∫
ε≤|x|≤1

( f (x)− f (0))
dx
x
. (†)
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y². |^©ÜÈ©,k

〈u, f 〉 = −
∫ 1

−1
f ′(x) ln |x|dx + lim

ε→0
2ε ln |ε|

f (−ε)− f (ε)
2ε

= −

∫ 1

−1
f ′(x) ln |x|dx.

¤± (†) (¢½Â
���5�¼. d (†) �N´wÑ |u( f )| ≤ 2
∥∥∥ f ′

∥∥∥
L∞ , le fk →

f (C∞(R)), K u( fk)→ u( f ), =ù´��ëY�¼. §�6uÿÁ¼ê f ��ê� f

��,�ØUw�´¼ê½ÿÝ. 2

é2Â¼ê�m,·�A^ÙfÿÀ½ÂÂñ5.

½Â4. ¡2Â¼êS� {uk} ⊂ D
′ (�A/ S′, E′)Âñ� u ∈ D′ (�A/ S′, E′),eéu?

Û f ∈ C∞0 (�A/ S, C∞)Ñ¤á

lim
k→∞
〈uk, f 〉 = 〈u, f 〉.

N´wÑ2Â¼ê�4�´���. d	,d (3.2), ¤áXeëYi\

E
′
⊂ S

′
⊂D

′.

2. Ä�$�

2Â¼ênØ�¤õ�?3u3é��ÝSØ=�)
¯õêÆïÄé� (ü
),�

äk´L�(�Ú$� (��). e¡0�2Â¼ê��
~�$�9ÙÛÜ5�. ·�Ì�

± S′�~`².

1. ¦�: � u ∈ S′(Rd),é?¿õ�I α,½ÂÙ�ê ∂αu ∈ S′Xe: ∀ f ∈ S(Rd),

〈∂αu, f 〉 = (−1)|α|〈u,∂α f 〉.

2. FourierC�: u ∈ S′(Rd),Ù FourierC� û ∈ S′Ú_C� ŭ ∈ S′½Â�: ∀ f ∈ S(Rd)

〈û, f 〉 = 〈u, f̂ 〉, 〈ǔ, f 〉 = 〈u, f̌ 〉.
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3. ²£�f: ∀u ∈ S′(Rd),½ÂÙ²£ τtu ∈ S′�:

〈τtu, f 〉 = 〈u,τ−t f 〉.

ùp τt f (x) = f (x− t), t ∈Rd´�½�þ.

4. � �f: ∀u ∈ S′(Rd),½ÂÙ� � δa(u) ∈ S′:

〈δa(u), f 〉 = 〈u,a−nδ
1
a ( f )〉.

ùp δa f (x) = f (ax), a > 0´�½�¢ê.

5. ���f: ∀u ∈ S′(Rd),½ÂÙ�� ũ ∈ S′�

〈ũ, f 〉 = 〈u, f̃ 〉,

ùp f̃ (x) = f (−x).

6. òÈ: ∀u ∈ S′(Rd), h ∈ S(Rd), ½ÂÙòÈ h ∗u ∈ S′�

〈h ∗u, f 〉 = 〈u, h̃ ∗ f 〉,

Ù¥ f ∈ S(Rd).

²£!� !��!̂ =�´Rd���ØC+,¤±þ¡��u½Â
3ù
 (�I)

C�e2Â¼ê�C�/ª. �Öö(Ü2Â¼ê�1w¼ê��AÏ�/,gC�yþã

½Â�Ün5.

~13. ¦ δ0� FourierC�.

). Ï� 〈δ̂0, f 〉 = 〈δ0, f̂ 〉 = f̂ (0) = 1

(2π)
d
2

∫
Rd e−ix·0 f (x)dx = 1

(2π)
d
2

∫
Rd f (x)dx,¤± δ̂0 = 1

(2π)
d
2

. 2

~14. ¦ ∂αδ0� FourierC�.

). du

〈(∂αδ0)∧, f 〉 = 〈∂αδ0, f̂ 〉 = (−1)|α|〈δ0,∂
α f̂ 〉

= (−1)|α|∂α f̂ (0) =
1

(2π)
d
2

∫
Rd

(ix)α f (x)dx,
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¤± (∂αδ0)∧ = 1

(2π)
d
2

(ix)α. 2

lùü�~fw,   5����¼ê� FourierC�5��'�Ð.¤±²~ké�

� (2Â)¼ê� FourierC�mÐïÄ,2£�� (2Â)¼ê��.

~15. � h ∈ S(Rd), ¦ h ∗δx0 .

). �â½Â,

〈h ∗δx0 , f 〉 = 〈δx0 , h̃ ∗ f 〉 = (h̃ ∗ f )(x0) =

∫
Rd

h̃(x0− y) f (y)dy

=

∫
Rd

h(y−x0) f (y)dy,

¤± (h ∗δx0)(y) = h(y−x0) . 2

5¿, é���ü�2Â¼ê, y3�vké�ÊH@��¦È�½Â, ¤±3Ñyü

�2Â¼ê�¦�7LAO�%. e¡ïÄòÈ9 FourierC�ü«$�.

3. ÛÜ5�

2Â¼ê´�^3ÿÁ¼êþ��¼,��w´�ÛÜ�,Ã{&Ä§3gCþ�mÛ

Ü�“��”. �´, ÏLÿÁ¼ê�ÛÜ5, (¢�±ïÄ2Â¼ê3gCþ�m��
m

8þ�5�. ùÑ�6uXe2Â¼ê|8�Vg.

½Â5. � u ∈ D
′

(Rd),½Â u �|8� (5¿ùpî��L�4�)

supp u =
⋂{

Kc : K ⊂Rd,∀ϕ ∈ C∞c (Rd),supp ϕ ⊂ K,K〈u,ϕ〉 = 0
}
,

= supp u ´���48M,� ϕ ∈ C∞c (Rd) �|8�MØ���, 〈u,ϕ〉 = 0.

~16. ®� 〈δx0 , f 〉 = f (x0),K supp δx0 = {x0}.

½Â6. � h ´�È¼ê,¡ u 3m8 V þ�Óu h, e∀ϕ ∈ C∞0 (Rd) � supp ϕ ⊂ V,¤á

〈u,ϕ〉 =
∫
Rd hϕdx.

·K3. 1) � u ∈ E
′

(Rd),K supp u�;8; 2) e u ∈D
′

(Rd),� supp u�;8,K u ∈ E
′

(Rd).

y². 1. ∀ f ∈ C∞(Rd),dëY5,�3 C, mÚ N¦�

|〈u, f 〉| ≤ C
∑
|α|≤m

ρ̃α,N( f ), Ù¥ ρ̃α,N( f ) = sup
x∈B(0,N)

|∂α f (x)|.
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e� f (x) ÷v supp f ∩B(0,N) = ∅, K ρ̃α,N( f ) = 0⇒〈u, f 〉 = 0,l supp u ⊂ B(0,N). d½

Â, supp u´48,ly�§´;8.

2. � supp u ⊂ B(0,N);- η ∈ C∞0 (Rd) ÷v�¦: 3 B(0,N) þ η ≡ 1,3 B(0,N +1) �

	 η ≡ 0. e f ∈ C∞0 (Rd),K3 B(0,N)þ f (1−η) ≡ 0,¤±

〈u, f 〉 = 〈u,η f 〉+ 〈u, (1−η) f 〉 = 〈u,η f 〉.

l, ∀ϕ ∈ C∞(Rd),�½Â 〈u,ϕ〉 = 〈u,ηϕ〉; ´�yd½Â� η �À�Ã',� (|^¦�

� Leibniz{KÚ η®��5�)

|〈u,ϕ〉| = |〈u,ηϕ〉| ≤ C
∑
|α|≤m

sup
x∈B(0,N)

|∂α(ηϕ)(x)| ≤ k�� ρ̃α,N(ϕ)�Ú.

¤± u ∈ E′. 2
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ù�ù·��[/0�k'2Â¼êòÈÚ FourierC���
���\�5�.

� 2Â¼êÚòÈ

1. S� S′�òÈ

½n1. � u ∈ S
′

(Rn), ϕ ∈ S(Rn), K

1) ϕ ∗u ∈ C∞(Rn),�¤áúª ∂α(ϕ ∗u) = (∂αϕ) ∗u = ϕ ∗ (∂αu);

2) ϕ∗u9Ù?¿��ê3 |x| →∞�,�õ±õ�ªO�;=é?¿�I α, ∃Cα, kα >

0,¦� |∂α(ϕ ∗u)(x)| ≤ Cα(1 + |x|)kα ;

3)e u ∈ E
′

(Rn), K ϕ ∗u ∈ S(Rn).

y². 1. � u ∈ S
′

(Rn), ϕ,ψ ∈ S(Rn), @o�â½Â,Òk (5¿«©ëê�2Â¼ê¤�

^�¼ê�gCþ)

〈ϕ ∗u,ψ〉 = 〈u, ϕ̃ ∗ψ〉 [Ù¥ ϕ̃(x) = ϕ(−x)]

= 〈u,
∫
Rn
ϕ̃(· − y)ψ(y)dy〉 [±ey´ëê]

=

∫
Rn
〈u, ϕ̃(· − y)〉ψ(y)dy [|^È©RiemannÚ3S¥Âñ]

=

∫
Rn
〈u,τyϕ̃〉ψ(y)dy [Ù¥ τyϕ(x) = ϕ(x− y)]

=

∫
Rn

u(τyϕ̃)ψ(y)dy [d? u(τyϕ̃)�'u y�¼ê]

¤± (ù�(Ø3e¡y²¥�õg^�)

(ϕ ∗u)(y) = u(τyϕ̃),

= ϕ ∗u´�::k½Â�¼ê. ùp RiemannÚ3 S¥Âñò31 5Ú�±�y.

2. ey (ϕ ∗u)(y) ∈ C∞, �dky (ϕ ∗u)(y) ∈ C1. d�êÚ²£�f½Â,

(ϕ ∗u)(y + he j)− (ϕ ∗u)(y)

h
=

u(τy+he jϕ̃)−u(τyϕ̃)
h

= u

τy+he jϕ̃−τyϕ̃

h

 ,
49
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¤±�â~þ�ù~ 5�(Ø,

lim
h→0

(ϕ ∗u)(y + he j)− (ϕ ∗u)(y)

h
= lim

h→0
u

τy+he jϕ̃−τyϕ̃

h


= u

lim
h→0

τy+he jϕ̃−τyϕ̃

h

 =

〈
u,
∂(τyϕ̃)
∂y j

〉
. (4.1)

�â½Â,·�k

∂(τyϕ̃(x))
∂y j

=
∂(ϕ̃(x− y))

∂y j
=
∂(ϕ(y−x))

∂y j
= (∂ jϕ)(y−x) = (̃∂ jϕ)(x− y) = τy(̃∂ jϕ)(x). (4.2)

ùp ∂ jgL«é¼ê g�1 j�gCþ¦ �ê. u´·���

∂ j(ϕ ∗u)(y) = u(τy(̃∂ jϕ)) = (∂ jϕ) ∗u(y).

ùÒy²
 ∂ j(ϕ ∗u) = (∂ jϕ ∗u).

·��Iy² ∂ j(ϕ ∗u) = ϕ ∗ (∂ ju).l (4.2)1o��ÒÑu,¤á

∂(τyϕ̃(x))
∂y j

= (∂ jϕ)(y−x) = −
∂
∂x j

(ϕ(y−x)),

l,Uì(4.1),

∂ j(ϕ ∗u)(y) =

〈
u,−

∂
∂x j

(ϕ(y−x))
〉

=
〈
∂ ju,ϕ(y−x)

〉
= ∂ ju(τyϕ̃) = ϕ ∗ (∂ ju)(y).

5¿3ùpO�� τyϕ̃(x) = ϕ̃(x− y) = ϕ(y−x). dd|^8B{,éu?¿õ�I α, �

� ∂α(ϕ ∗u) = (∂αϕ ∗u) = ϕ ∗ (∂αu),� ϕ ∗u ∈ C∞.

3. ey(Ø 2). d u�ëY59 ϕ�ü�5�, (5¿±euxL« u´�^3± x�g

Cþ�ÿÁ¼êþ�2Â¼ê,Ø´�ê!)

|∂α(ϕ ∗u)(y)| = |u(τy∂̃αϕ)| = |〈u, ∂̃αϕ(· − y)〉| = |〈ux,∂
αϕ(y−x)〉|

≤ C
∑

|γ|≤m, |β|≤k

||xγ∂α+β
x ϕ(y−x)||L∞(Rn

x )

= C
∑

|γ|≤m, |β|≤k

||(y− z)γ∂α+β
z ϕ(z)||L∞(Rn

z )

≤ CCM||(|y|+ |z|)m(1 + |z|)−M
||L∞(Rn

z )

≤ C
′

M(1 + |y|)m (�M = m).
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���Ú|^
é a, b > 0, ¤á a + b ≤ (1 + a)(1 + b).

4. é u ∈ E
′

(Rn),�y ϕ ∗u ∈ S(Rn),�Iy: ∀α,M > 0,¤á

|∂α(ϕ ∗u)| ≤ Cα,M(1 + |y|)−M.

¯¢þ, ϕ´�ü�,l´ C∞�,K�3 NÚ m,¦�

|(ϕ ∗u)(y)| = |〈ux,ϕ(y−x)〉 ≤ C
∑
|α|≤m

sup
x∈B(0,N)

|∂αxϕ(y−x)|

≤ CM sup
x∈B(0,N)

(1 + |y−x|)−M

≤ CM
1

(1 + |y|/2)M (� |y| ≥ 2N�,¤á |x| ≤ |y|/2, K |y|/2 ≤ |y| − |x| ≤ |y−x|)

≤ C
′

M
1

(1 + |y|)M .

aq/é∂α(ϕ ∗u)���AP~5(Ø.

5. ��·�`²1 1 Ú¥È© Riemann ÚU S ÿÀÂñ. ò�N [−N, N]n ©�

�>�´ 1
N � (2N2)n ���N Qm, P ym � Qm �¥%, K Riemann Ú�

(2N2)n∑
m=1

ϕ̃(x−

ym)ψ(ym)|Qm|.

·�I�y²é?¿ α, β, RiemannÚ
(2N2)n∑
m=1

xα∂βx(ϕ̃(x− ym)ψ(ym)|Qm|) � L∞(Rn
x) �

êÂñ�

∫
Rn

xα∂βxϕ̃(x− y)ψ(y)dy, = (ÎÒ AcL«8ÜA�Ö8 Rn
\A)

(2N2)n∑
m=1

xα∂βx(ϕ̃(x− ym)ψ(ym)|Qm|)−
(2N2)n∑
m=1

∫
Qm

xα∂βxϕ̃(x− y)ψ(y)dy

−

∫
([−N,N]n)c

xα∂βxϕ̃(x− y)ψ(y)dy L∞
→ 0, � N→∞.

e¡P

I =

(2N2)n∑
m=1

xα∂βx(ϕ̃(x− ym)ψ(ym)|Qm|)−
(2N2)n∑
m=1

∫
Qm

xα∂βxϕ̃(x− y)ψ(y)dy;

II =

∫
([−N,N]n)c

xα∂βxϕ̃(x− y)ψ(y)dy.

Äk©Û II,5¿�é?¿M > 0,¤á

|II| ≤
∫

([−N,N]n)c
|xα∂βxϕ̃(x− y)ψ(y)|dy

≤ CM|x||α|
∫

([−N,N]n)c

1
(1 + |x− y|)M

1
(1 + |y|)M dy.
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ùp��È©�(J3u x, yÑ�±�~�,§��m�3¿�. ©ü«�¹. e |x− y| ≥
|x|
2

,

K

1
(1 + |x− y|)M ≤

1
(1 + |x|/2)M ≤ CM

1
(1 + |x|)M ,

l,

1
(1 + |x− y|)M(1 + |y|)M ≤ CM

1
(1 + |x|)M

1
(1 + |y|)M ≤ CM

1
(1 + |x|)M/2

1
(1 + |y|)M/2 ;

qe ||x| − |y|| ≤ |x− y| ≤ |x|2 , K |x| ≤ 2|y|, �ï1��,k

1
(1 + |x− y|)M(1 + |y|)M ≤

1
(1 + |y|)M =

1
(1 + |y|)M/2

1
(1 + |y|)M/2

≤ CM
1

(1 + |x|)M/2
1

(1 + |y|)M/2 .

¤±,

|II| ≤ C
′

M|x|
|α| 1

(1 + |x|)M/2

∫
([−N,N]n)c

1
(1 + |y|)M/2 dy (4.3)

3 (4.3)ª¥,�½M ≥ 2|α| �
M
2
> n + 1,K|^È©Âñ5,Ò��

|II| ≤ C
′

M

∫
([−N,N]n)c

1
(1 + |y|)M/2 dy→ 0 � N→∞.

,��¡,|^¥�½n,¤á (ξ = θym + (1−θ)y, θ ∈ [0,1])

|I| =

∣∣∣∣∣∣∣∣
(2N2)n∑
m=1

xα
∫

Qm

[∂βxϕ̃(x− ym)ψ(ym)−∂βxϕ̃(x− y)ψ(y)]dy

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
(2N2)n∑
m=1

xα
∫

Qm

∇y[∂βxϕ̃(x− y)ψ(y)]|y=ξ(ym− y)dy

∣∣∣∣∣∣∣∣
≤

(2N2)n∑
m=1

|x||α|
√

n
N

∫
Qm

CM
1

(1 + |x−ξ|)M
1

(1 + |ξ|)M dy

≤ C
′

M

(2N2)n∑
m=1

|x||α|
√

n
N

∫
Qm

1
(1 + |x|)M/2

1
(1 + |ξ|)M/2 dy

≤ C
′

M

√
n

N

(2N2)n∑
m=1

∫
Qm

1
(1 + |ξ|)M/2 dy [®�M ≥ 2|α|].
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ùp1n1¥��È©��{�é II�?n�� (=© |x−ξ| ≥ |x|/2Ú |x−ξ| < |x|/2. éu

��«�/,¤á |ξ| ≥ |x|/2). du 1 + |ξ| ≥ 1 +
|ξ|
2

, l
1

(1 + |ξ|)M/2 ≤
1

(1 + |ξ|/2)M/2 ,�

|I| ≤ C
′′

M

√
n

N

(2N2)n∑
m=1

∫
Qm

1
(2 + |ξ|)M/2 dy (4.4)

q5¿�¤á y = ξ−θ(ym− y), θ ∈ [0,1], l� N¿©�� |y| ≤ |ξ|+ |ym− y| ≤ |ξ|+1. �

\ (4.4)ª,�

|I| ≤ C
′′

M

√
n

N

(2N2)n∑
m=1

∫
Qm

1
(1 + |y|)M/2 dy ≤ C

′′

M

√
n

N

∫
∪

(2N2)n
m=1 Qm

1
(1 + |y|)M/2 dy

≤ C
′′

M

√
n

N

∫
Rn

1
(1 + |y|)M/2 dy ≤ C

′′′

M
1
N
→ 0 � N→∞.

2

aqu S(Rn)þ� FourierC�òòÈC�¦{,·�k

½n2. é?¿� ϕ ∈ S(Rn), u ∈ S′(Rn), ¤á ϕ̂ ∗u = (2π)
n
2 ϕ̂û.

y². é?¿� ψ ∈ S(Rn), ·�k

〈ϕ̂ ∗u,ψ〉 〈(2π)
n
2 ϕ̂û,ψ〉

=〈ϕ ∗u, ψ̂〉 =(2π)
n
2 〈û, ϕ̂ψ〉

=〈u, ϕ̃ ∗ ψ̂〉 =(2π)
n
2 〈u, (ϕ̂ψ)∧〉

=〈u, ˆ̂ϕ ∗ ψ̂〉.

¤±�I�y² ϕ̃ = ˆ̂ϕ, ½ö ˘̃ϕ = ϕ̂,ùd½Â´w,�. 2

2. Ù§òÈ

þ¡·��Ä
2Â¼ê E′(Rn), S′(Rn)��ü¼ê (S(Rn))�òÈ.¯¢þ,éu±

e�/·���±½ÂòÈ:

• u ∈ E′(Rn), v ∈ S′(Rn). d��±½Â u ∗v : 〈u ∗v, ϕ〉 = 〈v, ũ ∗ϕ〉, ∀ϕ ∈ S(Rn). dc¡

½n�� ũ ∗ϕ ∈ S(Rn),N´�y u ∗v ∈ S′(Rn).
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• � u ∈ E′(Rn), v ∈ D′(Rn)���U

〈u ∗v, ϕ〉 = 〈v, ũ ∗ϕ〉, ∀ ϕ ∈ C∞0 (Rn)

½Â§��òÈ u ∗v ∈ D′(Rn). ù3½Â~Xê�5�©�f�Ä�)�¬^�. (5

¿�|^ supp ũ ∗ϕ ⊂ supp ũ + suppϕ�5�5�y ũ ∗ϕ ∈ C∞0 (Rn).)

• u ∈D′(Rn), ϕ ∈C∞c (Rn).d��±½Â u∗ϕ(x) = 〈uy, ϕ(x− y)〉. �±y² u∗ϕ ∈C∞(Rn).

(3�SK.)ùp uyL« u´�^3± y�gCþ¼êþ�2Â¼ê.

éþã½Â�òÈ,Ñ¤áúª ∂α(u ∗v) = (∂αu) ∗v = u ∗ (∂αv).

3. òÈ�A^: È�5

·��� C∞c (Rn)3Nõ�¼ê�m ('XS(Rn), Lp(1 6 p <∞))¥È�.-<÷¿�´

)p¦·�ò¼ê�½Â*Ð�2Â¼ê�m E′(Rn), S′(Rn)ÚD′(Rn),·�E,�±k

ù«È�5. �O(/`,·�kXe½n:

½n3. C∞c (Rn) 3 E′(Rn), S′(Rn), D′(Rn) ¥È�.

y². ·��y² C∞c (Rn) 3D′(Rn) ¥È�.©üÚ:

1. y² C∞(Rn) 3D′(Rn) ¥È�.

�IO1wzfϕ, =�¦ϕ ∈C∞c (Rn), ϕ> 0,
∫
Rnϕdx = 1, ϕ̃=ϕ.-ϕε(x) = 1

εnϕ(x
ε ), ε >

0. u´·�k

uε(x) � u ∗ϕε(x) = 〈uy, ϕε(x− y)〉 ∈ C∞(Rn).

·�äó: 〈uε,ψ〉
ε→0
−→ 〈u,ψ〉, ∀ψ ∈ C∞c (Rn),= uε→ u (D′(Rn)). ?�� C∞(Rn)3

D
′(Rn)¥È�.
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¯¢þ,

〈uε,ψ〉 =
∫
Rn
〈uy,ϕε(x− y)〉ψ(x)dx = lim

d(∆i)→0

∑
i

〈uy,ϕε(xi− y)〉ψ(xi)|∆i|

= lim
d(∆i)→0

〈uy,
∑

i

ϕε(xi− y)ψ(xi)|∆i|〉 [d suppψ;5,d?�k�Ú]

= 〈uy, lim
d(∆i)→0

∑
i

ϕε(xi− y)ψ(xi)|∆i|〉 [RiemannÚ3 C∞c (Rn)¥Âñ,3�SK]

= 〈uy,

∫
Rn
ϕε(x− y)ψ(x)dx〉 = 〈uy,

∫
Rn
ϕε(y−x)ψ(x)dx〉

= 〈uy,ψε〉
ε→0
−→ 〈u,ψ〉. [|^ ψε3 C∞c (Rn)¥Âñ� ψ,3�SK]

u´äó¤á,ùÒ�¤
y²�1�Ú. 1

2. y3y² C∞c (Rn)3D′(Rn)¥È�.

�d·��Ä¼ê�ä��{. �ψ ∈C∞c (Rn), ÷v3B(0,1)þψ≡ 1;3B(0,2)	ψ≡ 0.

- ψk(x) = ψ(x
k ), 2� {uk} ⊆ C∞(Rn)¦� uk

k→∞
−→ u (D′(Rn)). w,,·�k ψkuk ∈ C∞c (Rn).

·�äó: ψkuk
k→∞
−→ u (D′(Rn)).

¯¢þ,é?¿ ϕ ∈ C∞c (Rn), 5¿� k¿©�¦� suppϕ ⊂ B(0,k)� ϕ · (ψk−1)�",

u´

〈ψkuk,ϕ〉 = 〈uk,ψkϕ〉 = 〈uk,ϕ〉+ 〈uk,ϕ(ψk−1)〉

= 〈uk,ϕ〉+ 〈uk,0〉 = 〈uk,ϕ〉
k→∞
−→ 〈u,ϕ〉.

2

� 2Â¼êÚ FourierC�

1. FourierC�´ S′þÓ�

½n4. FourierC� F ´ S′(Rn)þ�ëY�5Ó�.

y². 1. w, F , F −1 : S′(Rn)→ S′(Rn)´�5N�.

15¿¤áXe|8'X: suppϕ ∗ψ ⊂ suppϕ+ suppψ.
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2. F , F −1 : S′(Rn)→ S′(Rn) ´ëYN�. �y: �uk −→ u, Ï�

〈ûk, f 〉 = 〈uk, f̂ 〉 −→ 〈u, f̂ 〉 = 〈û, f 〉

¤± ûk −→ û.

3. F : S′(Rn)→ S′(Rn) ´�_N�. ¯¢þ, ∀u ∈ S′, f ∈ S,

〈(u∨)∧, f 〉 = 〈(u∨), f∧〉 = 〈u, ( f∧)∨〉 = 〈u, f 〉.

= (u∨)∧ = u. Ón (u∧)∨ = u. 2

2. E′þ FourierC�9 Paley-Wiener-Schwartz ½n

ù�!�^�õECþ�E�)Û¼ê�5�. � Ω ⊂ Cn ´��«� (ëÏm8), ë

Y¼ê f : Ω→ C¡�´)Û� (½�X�),XJé z = (z1, · · · , zn) ∈Ω, f´¢���,�

d f =
∑n

j=1
∂ f
∂z j

dz j. ùp
∂ f
∂z j

= 1
2

(
∂ f
∂x j
− i ∂ f

∂y j

)
, dz j = dx j + idy j,Ù¥ z j = x j + iy j, x j, y j ∈R. �d

�½Â´32Â¼ê¿Âe¤á Cauchy-Riemann�§|:

∂ f
∂z̄ j

=
1
2

(
∂ f
∂x j

+ i
∂ f
∂y j

)
= 0, j = 1, · · · , n.

�±y²éõ��X¼ê, E,¤á Cauchy È©úª; 3 z0
∈ Ω ���S�±Ðm�Â

ñ�õ��?ê
∑
α aα(z− z0)α. d	, õ��X¼êk��AO�5�, ='u�Cþ©O

�X�¼êÒ´õ��X¼ê. �é{`,XJé?¿ z0
∈Ω,é?¿ 1 ≤ k ≤ n,'uECþ

zk ∈ C�¼ê g(zk) � f (z0
1, · · · ,z

0
k−1,zk,z0

k+1, · · · ,z
0
n)XJ'u zk´�X�,@o f ��Ò3Ω

þ�X.éõ��X¼ê�kXe��5½n: XJ���X¼ê3�:�+��",@o

§3�¹ù�:����X�«�SÑ´". ù
(Ø�y²�ë� [20,17Ù].

½n5. � u ∈ E′(Rn),K û(ξ) =
( 1
2π

) n
2 〈

ux,e−ix·ξ
〉
,§�±mÿ� Cnþ��X¼ê.

y². é ϕ ∈ S,|^È©
∫
Rnϕ(ξ)e−ix·ξdξ�iùÚ3 C∞(Rn)¥Âñ (3�SK),Ò��

〈û(ξ), ϕ(ξ)〉 = 〈ux, ϕ̂〉 = 〈ux,
1

(2π)
n
2

∫
Rn
ϕ(ξ)e−ix·ξdξ〉

=
1

(2π)
n
2

∫
Rn
〈ux, e−ix·ξ

〉ϕ(ξ)dξ,

= û(ξ) =
(

1
2π

) n
2
〈
ux, e−ix·ξ

〉
.
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±e�Ñ~ê
(

1
2π

) n
2 . du (ix)αe−ix·z

∈ C∞(Rn), �±½Â F(z) =
〈
ux, e−ix·z

〉
. ØJ�

yC 3 h→ 0� (3�SK)

e−ix·(z+he j)−e−ix·z

h
→

∂
∂z j

(e−ix·z) = −ix je−ix·z (3 C∞¥),

¤±�¤á

∂αF(z) = 〈ux, (−ix)αe−i〈x,z〉
〉.

�âõECþ�¼ê)Û�½Â, F(z)´E)Û� (½¡��X�). 2

½n6. (1) (;|1w¼ê� Paley-Wiener-Schwartz½n) � u ∈ C∞c (Rn), suppu ⊆ B(0,A),

K û�òÿ� Cnþ�)Û¼ê F(z),�÷v

(P1) ∀N ∈N, ∃~ê CN > 0,¦�

|F(z)| 6 CN(1 + |z|)−NeA|Imz|.

��, e Cn þ�)Û¼ê F(z) ÷v (P1), K�3 u ∈ C∞c (Rn), suppu ⊆ B(0,A), ¦�

û(ξ) = F(ξ), ∀ξ ∈Rn.

(2) (;|2Â¼ê� Paley-Wiener-Schwartz½n) � u ∈ E′(Rn), suppu ⊆ B(0,A),K û�

òÿ� Cnþ�)Û¼ê F(z),�÷v

(P2) ∃ C, N > 0�~ê,¦�

|F(z)| 6 C(1 + |z|)NeA|Imz|.

��, e Cn þ�)Û¼ê F(z) ÷v (P2), K�3 u ∈ E′(Rn), suppu ⊆ B(0,A), ¦�

û(z) = F(z).

(1)�y². ky “ ⇒ ” : ·�©±eAÚ. �{'å�, ·�Ñ� Fourier C�¥�Ï

f1/(2π)
n
2 .

1�Ú: )Ûmÿ. 5¿�é?¿ ξ ∈Rn,k û(ξ) =
∫
|x|6A u(x)e−ix·ξdx. ·��±òÙò

ÿXe:

F(z) =

∫
|x|6A

u(x)e−ix·z dx, z ∈ Cn.
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ù´k¿Â�,Ï�

|e−ix·z
| = |ex·Imze−ix·Rez

| 6 eA|Imz|. (4.5)

1�Ú: F(z) ∈ C∞(Cn). d�Oª (4.5)±9 uk;|8,·��±��¦��È©�^

S,u´w,k F(z) ∈ C∞(Cn). AO/, F(z)3 Cnþ)Û.

5: d F(z)3 Cnþ)Û���" C∞c (Rn)¼ê� FourierC�Ø�Uäk;|8 (ÿ

ØO�n). XeØ,,�X¼ê Fò3��m8þ�",Ï F ≡ 0,u´ uòð�".

1oÚ: y² (P1)¤á. é?¿�õ�I α,|^©ÜÈ©

|zαF(z)| = C
∣∣∣∣∂̂αu(z)

∣∣∣∣ = C

∣∣∣∣∣∣
∫
|x|6A

∂αu(x)e−ix·zdx

∣∣∣∣∣∣
6 C

∫
|x|6A
|∂αu(x)|

∣∣∣e−ix·z
∣∣∣dx

6 CαeA|Imz|,

Ïk

(1 + |z|)N
|F(z)| 6 CNeA|Imz|, ∀ N ∈N.

ddá� (P1)¤á.

2y “⇐ ” : � Cn þ�)Û¼ê F(ξ)÷v (P1),·�|^ Fourier_C�½ÂXeRn

þ�¼ê

u(x) =
( 1
2π

) n
2
∫
Rn

eix·ξF(ξ)dξ.

·�ò©üÚy²ùÒ´�é�¼ê.

1�Ú: u ∈ C∞(Rn). é?¿��I α, d F(ξ) �P~5, 5¿ ξ ´¢�, |F(ξ)| ≤

CN(1 + |ξ|)−N,�N > |α|+ n + 2,@o

∂αx u =
( 1
2π

) n
2
∫
Rn
∂αx

(
eix·ξ

)
F(ξ)dξ

=
( 1
2π

) n
2
∫
Rn

(iξ)α
(
eix·ξ

)
F(ξ)dξ

<∞.

¤± u ∈ C∞(Rn).

1�Ú: uäk;|8.
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ù�Ú�'�,´y²éu�½� x,±9?¿�½� η = (η1, · · · ,ηn) ∈Rn,¤á

u(x) =
( 1
2π

) n
2
∫
Rn

eix·ξF(ξ)dξ =
( 1
2π

) n
2
∫
Rn

eix·(ξ+iη)F(ξ+ iη)dξ. (♠)

k�Äü�C� ξn��/,^���X¼ê� CauchyÈ©½n,∫
Γ

eixnzF(ξ1, · · · ,ξ j−1,z)dz = 0,

Ù¥ Γ´d Imz = 0, Imz = ηn Ú Rez = ±a(½�Ý/��.5¿� z = ±a + is (s u 0Ú

ηn�m)�, dz = ids,d F�P~5,þã�È¼êÂ�u∣∣∣e±iaxn−xnsF(ξ1, · · · ,ξ j−1,a + is)
∣∣∣ ≤ CNe−sxn+A|s|(1 + |a|+ |s|)−N

≤ CNe−sxn+A|s|(1 + |a|)−N,

È©
∣∣∣∫ ηn

0 e−sxn+A|s|ds
∣∣∣ < C,Ù¥ C� aÃ',l� |a| →∞�∣∣∣∣∣∣

∫
{Rez=±a,Imz∈(0,ηn)}

eixnzF(ξ1, · · · ,ξ j−1,z)dz

∣∣∣∣∣∣ ≤ CN,s,x

(1 + |a|)N → 0.

ùÒy²
∫
R

eixnξnF(ξ1, · · · ,ξ j−1,ξn)dξn =

∫
R

eixn(ξn+iηn)F(ξ1, · · · ,ξ j−1,ξn + iηn)dξn,

l,

u(x) =
( 1
2π

) n
2
∫
Rn

eix·ξF(ξ)dξ

=
( 1
2π

) n
2
∫
Rn−1

ei
∑n−1

j=1 x jξ j

(∫
R

eixnξnF(ξ1, · · · ,ξ j−1,ξn)dξn

)
dξ1 · · ·dξn−1

=
( 1
2π

) n
2
∫
Rn−1

ei
∑n−1

j=1 x jξ j

(∫
R

eixnξn+iηnF(ξ1, · · · ,ξ j−1,ξn + iηn)dξn

)
dξ1 · · ·dξn−1

=
( 1
2π

) n
2
∫
Rn

eix·(ξ+i(0,··· ,0,ηn)F(ξ+ i(0, · · · ,0,ηn)dξ,

2r ξn−1À� z,Ó�^þã�{Ú\ ηn−1,�gaí,�ªÒ¬�� (♠).

d (♠),ØJwÑ

|u(x)| 6 Ce−x·η
∫
Rn
|F(ξ+ iη)|dξ.

� N v
�,¦� (1 + |ξ|+ |η|)−N
≤ (1 + |ξ|)−N �È,2g|^ F�P~5 (5¿, |ξ+ iη| =√

|ξ|2 + |η|2 ∼ |ξ|+ |η|),

|u(x)| 6 CNe−x·η+A|η|
∫
Rn

dξ
(1 + |ξ|)N = C̃Ne−x·η+A|η|.
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y3� η = t x
|x| , t > 0,�

|u(x)| 6 C̃Net(A−|x|), ∀t > 0.

Ïd,� |x| > A �,- t→∞�� u3 B(0, A)�	� 0,=k suppu ⊆ B(0,A). �

(2)�y². ky “⇒ ” : c�äó®3½n 5¥y². y3·�y² F(z)÷v5� (P2).

�d,�¼ê ψ ∈ C∞(R),§3 (−∞,1/2)¥��� 1,3 (1, ∞)¥���". �

ϕξ(x) = e−ix·ξψ(|ξ|(|x| −A)) ∈ C∞,

§3 u�|8 {|x| ≤ A}���þ� e−ix·ξ��.u´dëY5,

|F(ξ)| = |〈ux,ϕξ(x)〉| ≤ C
∑
|α|≤N

sup
x
|Dα

xϕξ(x)|.

Ï� ϕξ�|83 |x| ≤ A + 1
|ξ| þ,¤±

|e−ix·ξ
| ≤ e(A+ 1

|ξ| )|Imξ| ≤ eA|Imξ|+1,

 Dα
xϕξ(x)�õO\'u |ξ|�õ�ª�,Ùgê�ùp� N��.¤± (P2)¤á.

2y “⇐ ”. 5¿�� F(z)3 Rnþ���¤á

|F(ξ)| 6 C(1 + |ξ|)N, ∀ξ ∈Rn.

u´ F(ξ) ∈ S′(Rn),��3 u ∈ S′(Rn)¦� û(ξ) = F(ξ).

� ϕε X½n 3 ¥¤½Â��1Ø, K suppϕε ⊂ B(0,ε), � u ∗ϕε � Fourier C�

(2π)n/2ûϕ̂εk Cnþ�)Ûòÿ F(z)ϕ̂ε(z),÷v (ùpM´?¿�g,ê)

|F(z)ϕ̂ε(z)| 6 C(1 + |z|)NeA|Imz|
·CM+N(1 + |z|)−M−Neε|Imz|

= CM(1 + |z|)−Me(A+ε)|Imz|.

d�½n�1�Ü© (;|1w¼ê� Paley-Wiener-Schwartz½n)��, u ∗ϕε ´ C∞ ¼

ê� supp(u ∗ϕε) ⊆ B(0, A+ε). - ε→ 0,du u ∗ϕε→ u (D′),|^2Â¼ê|8�½Â=

� suppu ⊂ B(0,A),l u ∈ E′. �
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ù�ù·�Äk0��©�f�Ä�)�Vg,¦Ñ Laplace�f�Ä�),,�0�

ëY²£ØC�f^2Â¼êòÈL«�½n±9 SchwartzØ½n. ù
(JÑ�9^2

Â¼ê5L«�f,éu8�n)òÈ.9�òÈ.ÛÉÈ©�fÑkXÄ���5.

� ~Xê�5�©�f�Ä�)

½Â1. ¡2Â¼ê E ∈D′(Rn)´~(E)Xê�©�f P�
∑

aα∂α ���Ä�),e PE = δ0.

�©�f�Ä�)��5Ny3ÙäkXe5�: � u, f ∈ E′(Rn),K

E ∗ (Pu) = P(E ∗u) = (PE) ∗u = δ0 ∗u = u,

P(E ∗ f ) = P(E) ∗ f = f .

ùØJ^¦��òÈ�S�5��y. ùü^5�L²,�Ä�) E�òÈ,Q´ P��_,

�´ P�m_. 1�ªL²,��é���Ä�),@oé?¿� f ∈ E′(Rn),�§ Pu = f Ò

k) u = E ∗ f ∈ D′(Rn),��±ÏL1�ª,d f ��K5&E�� u ��K5.

SK 1. O���¼ê¦��f u′�Ä�). 2

e¡O� Laplace �f�Ä�). ù´·��¡ïÄ�òÈ.ÛÉÈ©�f��5

��.

½n1. �

E(x) =


1

2π ln |x|, x ∈R2
\ {0},

−
1

(n−2)cn
|x|2−n, x ∈Rn

\ {0}, n > 2,

Ù¥ cn´ Rn¥ü ¥�L¡È.@o ∂ jE´ÛÜ�È¼ê x j|x|−n/cn,�

∆E =

n∑
j=1

∂2
j E = δ0.

y². 1. � ϕ ∈ C∞0 (Rn),Kd��Âñ½nÚ Gaussúª,

〈∂ jE,ϕ〉=−〈E,∂ jϕ〉=− lim
ε→0

∫
|x|>ε

E(x)∂ jϕ(x)dx =

∫
Rn
ϕ(x)∂ jE(x)dx+ lim

ε→0

∫
|x|=ε

E(x)ϕ(x)
x j

|x|
dS.

61
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����¡È©´ O(ε) (n > 2)½ O(ε| lnε|) (n = 2)þ?,l ε→ 0�4��". �2Â¼

ê�ê ∂ jEÙ¢´ÛÜ�È¼ê ∂ jE(x) = x j|x|−n/cn.

2. 5¿� x , 0�,��O�,(¢¤á ∆E(x) = 0. dd,|^%CÚ1� Greenúª,

·�k

〈∆E,ϕ〉 = 〈E,∆ϕ〉 = lim
ε→0

∫
|x|>ε

(E∆ϕ−ϕ∆E)dx

= lim
ε→0

∫
|x|=ε
〈ϕ∇E−E∇ϕ,

x
|x|
〉dS

= lim
ε→0

∫
|x|=ε
〈ϕ∇E,

x
|x|
〉dS + lim

ε→0
O(ε lnε)

= lim
ε→0

1
cnεn

∫
|x|=ε

ϕ(x)〈x,
x
|x|
〉dS

= lim
ε→0

1
cnεn−1

∫
|x|=ε

ϕ(x)dS = ϕ(0).

½n�y. 2

£Á� n = 2�,3E²¡ zþ,¤á ∆ = 4 ∂2

∂z∂z̄ ,±9

4
∂E(z)
∂z

= 4
∂
∂z

1
4π

ln |z|2 =
1
π

1
z
,

l

∂
∂z̄

( 1
π

1
z

)
= δ0,

= Cauchy–Riemann�f (�¤��ý�.�§|)�Ä�)´ 1/(πz).

� ²£ØC�f�2Â¼ê�òÈ

½Â2. � X´ Rnþ�¼ê�¤��5�m. ¡ X ´'u²£µ4�,e ∀ f ∈ X, ∀z ∈Rn,

¤á τz f ∈ X. 1� X, Y´ü�'u²£µ4��5�m, T : X→ Y ´�5�f. ¡ T�²

£ØC�f,e:

τx(T f ) = T(τx f ), ∀x ∈Rn.

~1. Lp(Rn) (1 ≤ p ≤∞)´'u²£µ4��m.

1£Á½Â: (τx f )(y) = f (y−x), f̃ (x) = f (−x).
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½n2 (²£ØC�f�òÈL«). � 1 ≤ p, q ≤∞, T´ Lp(Rn)→ Lq(Rn) �²£ØC�k

.�5�f,K�3��� v ∈ S′(Rn),¦�

T f = f ∗v, ∀ f ∈ S(Rn).

ù�½n�y²I�Xe��o÷�i\Ún. §ò3��y².

Ún1. � h ∈ Lq(Rn) (1 ≤ q ≤ ∞), �é?¿õ�I |α| ≤ n + 1, ¤á ∂αh ∈ Lq(Rn), @o h

A�??�u��ëY¼ê H,�÷vØ�ª

|H(0)| ≤ cn,q

∑
|α|≤n+1

||∂αh||Lq(Rn).

½n 2�y² 1. Äky²: ∀ f ∈ S(Rn), α´õ�I,¤á ∂α(T f ) = T(∂α f ).�d��y

∂ j(T f ) = T(∂ j f ).

£Áé?¿ g ∈ S(Rn),� h→ 0�¤á

τ−he j g− g
h

→ ∂ jg (S(Rn)).

dd,

〈∂ j(T f ), g〉 = −〈T f ,∂ jg〉 = − lim
h→0

〈
T f ,

τ−he j g− g
h

〉
= − lim

h→0

∫
Rn

(T f )(x)
τ−he j g− g

h
(x)dx

= lim
h→0

∫
Rn

τhe j −1
−h

(T f )(x)g(x)dx [�©�“©ÜÈ©”]

= lim
h→0

∫
Rn

T

τhe j f − f
−h

 (x)g(x)dx [²£ØC5]

=

∫
Rn

T(∂ j f )(x)g(x)dx = 〈T(∂ j f ), g〉. [T�ëY5]

ùÒy²
 ∂ j(T f ) = T(∂ j f ).

2. ½Â u� S(Rn)þ��5�¼: 2

〈u, f 〉 � (T f )(0).

2�±lòÈ/ªßÑT½Â�ª.



64 1Êù 2Â¼ê(n): �©�f�Ä�)9 SchwartzØ½n

Äk,d1 1Ú, ∀õ�I α, ∀ f ∈ S(Rn),¤á ∂α(T f ) = T(∂α f ) ∈ Lq(Rn).�âÚn 1,��

(T f )(0)k½Â,¤±þã½ÂÜn. Ùg,w, 〈u, f 〉 'u f ´�5�. 2g,dÚn 1,¤á

|〈u, f 〉| = |(T f )(0)| ≤ cn,q

∑
|α|≤n+1

||∂α(T f )||Lq(Rn) = cn,q

∑
|α|≤n+1

||T(∂α f )||Lq

≤ cn,q||T||Lp→Lq

∑
|α|≤n+1

||∂α f ||Lp(Rn)

≤ c′n,q||T||Lp→Lq

∑
|α|≤m, |β|≤k

ρα,β( f ),

ùÒy²
 u ∈ S′(Rn).

3. � v ≡ ũ,K T f = f ∗v.¯¢þ,dþ�ù�Ñ�òÈ�L�ª,

f ∗v(x) = 〈v,τx f̃ 〉 = 〈ũ,τx f̃ 〉 = 〈u, τ̃x f̃ 〉 = 〈u, f (x + ·)〉

= 〈u,τ−x f 〉 = T(τ−x f )(0) = (τ−x(T f ))(0) = (T f )(x).

4. ��5. ek�O2Â¼ê v1, v2 ¦� T f = f ∗v1 = f ∗v2,Ké?¿ f ∈ S(Rn), þ

¤á f ∗ (v1−v2) = 0. ü>� FourierC�Ò�� v1−v2 = 0. �

e¡·�2y²i\Ún 1.

Ún 1�y² 1. � h ∈ Lq(Rn). ��ä¼ê

ΦR ∈ C∞c (Rn), ΦR(x) �


1, |x| ≤ R

0, |x| > 2R
, K ΦRh ∈ L1(Rn).

|^ L1¼ê� Fourier (_)C�´��ëY¼ê,±9 Fourier (_)C�´ L1(Rn)→ L∞(Rn)

�k.��f,�I�y Φ̂Rh ∈ L1(Rn),Ò�� ΦRh = (Φ̂Rh)∨´ëY¼ê,±9¤äó�Ø

�ª. ùp�g�Ò´^1w5��P~5,½^P~5��1w5. ù�´^ Fourier©

Ûy²ÃX Sobolevi\½n�Ä�g´.

2. |^Xe'uõ�ª�Ä�Ø�ª:
|x|k ≤ ck,n

∑
|α|=k |xα|,

1 ≤ cn(1 + |x|)−(n+1) ∑
|α|≤n+1 |(−ix)α|.

Ù¥1�ª�±|^ëY¼ê3ü ¥¡ {|x| = 1}þ7�����\±y²,1�ª�d
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1�ª(Ü��ª½ny². d1�ª,·��� (5¿XÛ¢y^1w5�P~5)

|Φ̂Rh(x)| ≤ cn(1 + |x|)−(n+1)
∑
|α|≤n+1

|(−ix)αΦ̂Rh(x)|

≤ cn(1 + |x|)−(n+1)
∑
|α|≤n+1

| ̂Dα(ΦRh)(x)|

≤ cn(1 + |x|)−(n+1)
∑
|α|≤n+1

||Dα(ΦRh)||L1(Rn)

≤ cn(1 + |x|)−(n+1)
∑
|α|≤n+1

||Dα(ΦRh)||Lq(Rn)((2R)n)
1
q′

≤ cn,q,R(1 + |x|)−(n+1)
∑
|α|≤n+1

||Dα(ΦRh)||Lq(Rn)

≤ cn,q,R(1 + |x|)−(n+1)
∑
|α|≤n+1

||Dαh||Lq(Rn).

l
∫
Rn |Φ̂Rh(x)|dx ≤ cn,q,R

∑
|α|≤n+1 ||Dαh||Lq(Rn). dd=�

|h(0)| = |ΦRh(0)| =
∣∣∣∣∣∫
Rn

Φ̂Rh(x)dx
∣∣∣∣∣ ≤ cn,q,R

∑
|α|≤n+1

||Dαh||Lq(Rn).

�

5P. ½n 2¥��� v ∈ S′¦� T f = f ∗v==é?¿ f ∈ S(Rn)¤á´7��,�é{`,

f ���ØU�¿*�.~X�Ä L∞(R)→ L∞(R)�²£ØC�f. �

X �

{
f ∈ L∞(R;C) : Φ( f ) = lim

R→∞

1
R

∫ R

0
f (t)dt�3

}
⊂ L∞(R),

K Φ(·)� Xþk.�5�¼: |Φ( f )| ≤ || f ||L∞ . dHahn-Banach�¼òÿ½n, Φ ���ò

ÿ� L∞(R)þ��¼ Φ̃ : L∞(R)→ C; §½�À� L∞(R)þ�k.�5�f.

Φ̃´²£ØC�. ù´Ï� ∀x ∈R,

Φ̃(τx f )−τxΦ̃( f ) = Φ̃(τx f )− Φ̃( f ) = Φ̃(τx f − f )

= Φ(τx f − f ) = 0.
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ùpI�yé�½� x ∈R, τx f − f ∈ X. ¯¢þ,∣∣∣∣∣∣ lim
R→∞

1
R

∫ R

0
(τx f − f )dt

∣∣∣∣∣∣ =

∣∣∣∣∣∣ lim
R→∞

1
R

(∫ R

0
f (t−x)dt−

∫ R

0
f (t)dt

)∣∣∣∣∣∣
=

∣∣∣∣∣∣ lim
R→∞

1
R

(∫ R−x

−x
f (t)dt−

∫ R

0
f (t)dt

)∣∣∣∣∣∣
=

∣∣∣∣∣∣ lim
R→∞

1
R

(∫ 0

−x
−

∫ R

R−x

)
f (t)dt

∣∣∣∣∣∣
≤ lim

R→∞

1
R
|| f ||L∞ ·2|x|

= 0.

5¿� ∀ f ∈ S(R),Ñ¤á Φ( f ) = 0,¤±e�3 u ∈ S′(R)¦� Φ̃( f ) = f ∗u,K7,k u ≡ 0.

¤±du L∞�Ø�©5,^2Â¼ê�òÈ�7UL«Ñ L∞þ¤k²£ØCk.�5�

f.

n SchwartzØ½n

SchwartzØ½n�Ñ�±ré2���aëY�5�f^¦È�mþ�2Â¼ê5L

«. ùéu·�±�n)Ú½Â�òÈ.ÛÉÈ©�fäk�¿Â.

1. 2Â¼ê�ÜþÈ

k0�2Â¼ê�ÜþÈ�Vg. deã½n 4¥���5y²Ò��� Schwartz Ø

½n¥äó���5. ùp�Ù§(Ø�¡Ø¬^�,�y²E|´ékéu5�.

½n3. � X ⊂ Rm, Y ⊂ Rn Ñ´m8, ϕ(x, y) ∈ C∞(X×Y),��3 X�;f8 K¦���

x < K,Ò¤á ϕ(x, y) = 0,@o ∀u ∈ D′(X), 3

y 7→ u(ϕ(·, y)) ∈ C∞,

� ∂αyu(ϕ(·, y)) = u(∂αyϕ(·, y)).

3
D
′(X) ´ C∞0 (X) þ�5ëY�¼�¤��kfÂñÿÀ�8Ü, Ù���� X þ�2Â¼ê. ùp

C∞0 (X)´|83 X¥� C∞0 (Rn)¼ê|¤�!���ê ρα(u) = supx∈K |∂
αu(x)| � Fréchet�m.
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y². �½ y ∈ Y,ò ϕ3 (x, y):� TaylorÐm,��

ϕ(x, y + h) = ϕ(x, y) +

n∑
j=1

h j
∂ϕ(x, y)
∂y j

+ψ(x, y,h).

é?¿õ�I α,3Tª¥ò ϕ�� ∂αxϕ(x, y),§E¤á. 5¿�®b� ϕ'uCþ xk

;|8,Ké�½�y,

sup
x
|∂αxψ(x, y,h)| = O(|h|2), � h→ 0.

�â u��5,k

u(ϕ(·, y + h)) = u(ϕ(·, y)) +

n∑
j=1

h j〈u,
∂ϕ(·, y)
∂y j

〉+ O(|h|2),

Ù¥����|^
 u ëY�5�. dd, Ò�� u(ϕ(·, y)) 'u y ´ëY�, �

∂ ju(ϕ(·, y)) = u(∂y jϕ(·, y)).ÏLS�8B, (ò ∂y jϕ(·, y)À� ϕ),Ò���y�(Ø. 2

½Â3. � Xi ⊂R
ni (i = 1, 2)´m8, ui ∈ C(Xi). ½Â u1 � u2 �ÜþÈ u1⊗u2 ∈ C(X1×X2)

�

u1⊗u2(x1,x2) = u1(x1)u2(x2), x j ∈ X j.

ØJ�y,é?¿ ϕ j ∈ C∞0 (X j),¤áXe�ª:"
(u1⊗u2)(ϕ1⊗ϕ2)dx1dx2 =

∫
u1ϕ1 dx1

∫
u2ϕ2 dx2. (5.1)

½n4. � u j ∈ D
′(X j) ( j = 1, 2),K�3���2Â¼ê u ∈ D′(X1×X2) ¦�

u(ϕ1⊗ϕ2) = u1(ϕ1)u2(ϕ2), ϕ j ∈ C∞0 (X j). (5.2)

d	, u�÷v

u(ϕ) = u1[u2(ϕ(x1, x2))] = u2[u1(ϕ(x1, x2))], ϕ ∈ C∞0 (X1×X2), (5.3)

Ù¥ u j�^3 x j�gCþ�¼êþ.

e u j ∈ E
′, j = 1, 2, Ké ϕ ∈ C∞, þã(ØE¤á. u ¡� u1 � u2 �ÜþÈ, P�

u = u1⊗u2.
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�òT½n(ØÚ½Â 3a',r'u¼ê�(Øí2�2Â¼ê, (5.3)Òaqu'

uÈ©Ú\gÈ©� Fubini½n
.

y². 1. ��5. =y²e u ∈D′(X1×X2)é?Û ϕ j ∈ C∞0 (X j)Ñ¤á u(ϕ1⊗ϕ2) = 0,K

u ≡ 0.

��1Ø ψ j ∈R
n j , ψ j ≥ 0,

∫
ψ j dx j = 1,� suppψ j ⊂ {|x j| ≤ 1}. �

Ψε(x1,x2) = ε−n1−n2ψ1

(x1

ε

)
ψ2

(x2

ε

)
= ψ1,ε⊗ψ2,ε.

£Á (þ�ù½n 3y²�1�Ú®y)� ε→ 0�, éu X1×X2 �?¿�½�;f8 Y,

Ñ¤áΨε ∗u→ u (D′(Y));,��¡

(Ψε ∗u)(x1,x2) = u(Ψε(x1− ·,x2− ·)) = u(ψ1,ε(x1− ·)⊗ψ2,ε(x2− ·)) = 0,

u´3 Yþ7k u = 0. d Y�?¿5��3 X1×X2þ u�".

2. �35. � K j� X j�;f8,K

|u j(ϕ j)| ≤ C j

∑
|α|≤k j

sup |∂αϕ j|, ϕ j ∈ C∞0 (K j).

e ϕ ∈ C∞0 (K1×K2),�â½n 3,Òk

Iϕ(x1) , u2(ϕ(x1, ·)) ∈ C∞0 (K1),

� ∂αx1
Iϕ(x1) = u2(∂αx1

ϕ(x1, ·)).|^ u2�ëY5,Òk

sup
x1

|∂αx1
Iϕ(x1)| ≤ C2

∑
|β|≤k2

sup
x1,x2

|∂αx1
∂
β
x2
ϕ(x1,x2)|.

ò u1�^u Iϕ(x1),|^ÙëY5Úþ¡Ø�ª,

|u1(Iϕ)| ≤ C1C2

∑
|α|≤k1,|β|≤k2

sup
x1,x2

|∂αx1
∂
β
x2
ϕ(x1,x2)|.

dd,½Â u(ϕ) = u1(Iϕ),K u ∈ D′(X1×X2). §÷v (5.2) Ú (5.3)�1���ª. Ó��±

�� v ∈ D′(X1×X2)÷v (5.2)Ú (5.3)�1���ª. |^��5,7k u = v,l u÷v

(5.2)Ú (5.3).

3. {e�(Ø,=u ∈ E′��/,�aqy². 2
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2. SchwartzØ½n

�½ K ∈ C(X1×X2),ØJ�y

(Kϕ)(x1) =

∫
K(x1,x2)ϕ(x2)dx2, ϕ ∈ C0(X2), x1 ∈ X1

½Â
l C0(X2)� C(X1)���È©�f 4,�¤á�ª (ò KÀ�2Â¼ê)

〈Kϕ,ψ〉 = K(ψ⊗ϕ), ψ ∈ C∞0 (X1), ϕ ∈ C∞0 (X2). (5.4)

e¡·�òy²,�Kí2���2Â¼ê,ϕ ∈C∞0 (X2)�, KϕE�À���2Â¼ê.

½n5 (Schwartz Ø½n). é?¿�½� K ∈ D′(X1 ×X2), (5.4) ½Â
�� C∞0 (X2) �

D
′(X1)�ëY�5N�K (= ϕ j3 C∞0 (X2)¥Âñ� 0�Kϕ j3D

′(X1)¥Âñ� 0).

��, é?��½� C∞0 (X2) � D′(X1) �ëY�5N� K , Ñ�3���2Â¼ê

K ∈ D′(X1×X2)¦� (5.4)¤á. 2Â¼ê K¡�N�K ‘�Ø.

y². 1. e K ∈ D′(X1×X2), @odÙëY5, éu X j �;f8 K j, j = 1, 2, �3~ê

C > 0Úg,ê k1, k2,¦�é?¿ ψ ∈ C∞0 (K1)Ú ϕ ∈ C∞0 (K2),¤áØ�ª

|K(ψ⊗ϕ)| ≤ C
∑

|α|≤k1, |β|≤k2

sup
x1,x2

|∂αx1
ψ||∂

β
x2
ϕ|.

ùL²e ϕ�½,K�5�¼ ψ 7→ K(ψ⊗ϕ)Ò(½
�� D′(X1)2Â¼ê,P� Kϕ. U

ì2Â¼ê�ÿÁ¼ê�é��{, �Ò´ (5.4)¤á. � ψ��ÿÁ¼ê�½�, þ¡Ø

�ª�L²
�5�fK �ëY5.

2. e¡y²½n1�Ü©. éu��5,y²Ú½n 4¥�����. (� u = K1−K2

¿U�Cþ©O�1,y²u = 0.)

3. e¡m©y²�35. Äk,é?¿�½� X j�;f8 K j, j = 1, 2,�3~ê C > 0

Úg,ê N1, N2¦�¤áXeØ�ª:

|〈Kϕ,ψ〉| ≤ C
∑
|α|≤N1

sup
x1

|∂αx1
ψ|

∑
|β|≤N2

sup
x2

|∂αx2
ϕ|, ∀ψ ∈ C∞0 (K1), ϕ ∈ C∞0 (K2). (5.5)

4y²ëY5�,|^ x23��;8þ, x13�½,:�4��;8�m��þ,lé K¤á��ë

Y5.
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¯¢þ,db�,V�5.

C∞0 (K1)×C∞0 (K2) 3 (ψ,ϕ) 7→ 〈Kϕ,ψ〉

'uCþ ψÚ ϕ´©OëY� (= ϕ?¿�½�'u ψëY, ψ?¿�½�'u ϕëY).

�´|^�¼©Û¥��´½n5, Fréchet �m��È (ùE,´������Ýþ�m,

l´1�j8)þ�'u��Cþ©OëY�V�5.7,´'u¤kCþëY�. ùÒ

��
 (5.5).

4. �½ X j �;f8 Y j, ¿�;8 K j ´ Y j �����. é?¿ (x1, x2) ∈ Y1×Y2 9

ε > 0,�

Kε(x1,x2) , ε−n1−n2

〈
Kψ2

(x2− ·

ε

)
, ψ1

(x1− ·

ε

)〉
, (5.6)

Ù¥ ψ j´½n 4y²¥½Â��1¼ê. (ØJy²,ù´'u ε, x1, x2� C∞¼ê.)

� ε�u Y j � Kc
j (K j �Ö8)�ål�, (5.6)´k½Â�. |^�O (5.5), ØJ��,

é µ = n1 + n2 + N1 + N2,¤á

|Kε(x1,x2)| ≤ Cε−µ, x j ∈ X j, j = 1,2. (5.7)

5¿�XJÎÜ (5.4)�¦�2Â¼ê K �3, @o�âòÈ½Â,Òk Kε = K ∗Ψε =

K ∗ (ψ1,ε⊗ψ2,ε),l� ε→ 0�AT3D′(Y1×Y2)¥ Kε→ K. Édéu,e¡�g´Ò´

y²� ε→ 0� Kε (¢3 D′(Y1×Y2) ¥Âñ,ÙÄ�g�´,r¼ê f (ε)3 0:NC�

TaylorÐm,Ò'�N´é� f � ε→ 0��4�.

5=��k.5�n [24, p. 69]: � X´ÿÀ�5�m,ØUL«����4�DÕ8�¿8 (=1�

j8). � {Ta : a ∈ A}´�x X�[D��5�m Y�ëYN�. q�é?¿ a ∈ A, x, y ∈ X,¤á

||Ta(x + y)|| ≤ ||Tax||+ ||Tay||, ||Ta(αx)|| = α||Ta(x)||, ∀α ≥ 0.

@oXJ8Ü {Tax : a ∈ A}éz���½� xÑk.,K x→ 0� Tax 'u a ∈ A��/3 Y¥rÂñ�

".

ùp£Á¤¢DÕ8,´�SÜ´�8�8. Bairej½n�Ñ��Ýþ�m´1�j8. [D��5�

m´�k[�ê�ê�Kþ��5�m Y. [�ê´�� Y→ R+ �¼ê h,÷v�¦ i) h(x) = 0⇒ x = 0,

ii) �3��~ê C¦� h(x + y) ≤ C(h(x) + h(y)), ∀x, y ∈ Y, iii) h(kx) ≤ |k|h(x), ∀k ∈ K,x ∈ Y.

�ÖöÀ�T�� A, X, Y, Ta,^�´½ny²þã'uV�5.�Øä.
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5. 5¿e ψ ∈ C∞(Rn), |^ ψε(x) 'u (ε,x) �àg −n g5�,6 ¤á (ùp�

x = (x1, · · · ,xm))

ε
∂
∂ε
ψε(x) +

∑
j

x j ∂

∂x jψε(x) = −nψε(x),

lk

∂
∂ε

(
ε−nψ(

x
ε

)
)

=
∑

j

∂

∂x j

(
ε−nψ j(

x
ε

)
)
, ψ j(x) = −x jψ(x). (5.8)

|^ëY5 (5.5),ØJÏL�©y²é (5.6)�¦�,�¦��±Ú 〈·, ·〉±9 K �S.u

´d5� (5.8),�
∂Kε(x1,x2)

∂ε
=

∑
ν

∂Lνε(x1,x2)
∂xν

,

Ù¥ ν�H (x1, x2)�¤k�I©þ (x1
1, · · · ,x

m
1 , x1

2, · · · ,x
n
2), Lνε´3 (5.6)¥ò ψ1½ ψ2�

� −xνψ1 ½ −xνψ2 ���L�ª. l�O (5.5)é Lνε E,k�. 5¿ùp�±ò�ê ∂xν

JÑ5,Ï� x1� x2���Cþm´p�Õá�.

6. Eþã¦�L§,�±�� K( j)
ε (x1, x2) =

∂ jKε(x1, x2)
∂ε j ,§�L�÷v�O (5.5)�¼

ê� j��ê�Ú.y3�½¿©�� δ > 0Ú ε > 0,kXe� Cauchy{�� TaylorÐm

ª

Kε =

µ∑
j=0

1
j!

(ε−δ) jK( j)
δ

+
1
µ!

(ε−δ)µ+1
∫ 1

0
K(µ+1)
δ+t(ε−δ)(1− t)µdt.

2�½ Φ ∈ C∞0 (Y1×Y2),@o� ε→ 0�,¤á

〈Kε,Φ〉 → 〈K0,Φ〉 ,

µ∑
j=0

1
j!

(−δ) j
〈K( j)

δ
,Φ〉+

1
µ!

(−δ)µ+1
∫ 1

0
〈K(µ+1)

δ(1−t), Φ〉(1− t)µdt.

¯¢þùp�Iy²
∫ 1

0 〈K
(µ+1)
δ+t(ε−δ), Φ〉(1 − t)µdt →

∫ 1
0 〈K

(µ+1)
δ(1−t), Φ〉(1 − t)µdt. �d, �ò

K(µ+1)
δ+t(ε−δ)� µ+ 1��ê (5¿ù
�êÑ´'uCþ xν�)=£� Φ�þ,2|^ (5.5)�

�O,¤á

C(1− t)µ(δ+ t(ε−δ))−µ ≤ Cδ−µ,

ld Lebesgue ��Âñ½n, ±92r Φ ��ê�£5��(Ø. |^ K0 �þãL�

ª,ØJ�â½Â,±9 (5.5),�y K0 ∈ D
′(Y1×Y2).

6¼ê f (x) ¡� k gàg�, XJé?¿ t > 0, k f (tx) = tk f (x). Tªü>é t 3 t = 1 ¦�, Òk

x ·D f (x) = k f (x).
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7. y3y² K0(¢´÷v (5.4)�2Â¼ê. � ϕ j ∈ C∞0 (Y j),@o

〈Kε,ϕ1⊗ϕ2〉 =

"
Kε(x1,x2)ϕ1(x1)ϕ2(x2)dx1 dx2.

qP ψ̃ j,ε(x) � ε−nψ j(−x/ε),Kd�fK Ú 〈 , 〉��5,"
Kε(x1,x2)ϕ1(x1)ϕ2(x2)dx1 dx2 =

"
〈Kψ̃2,ε(· −x2)ϕ2(x2), ψ̃1,ε(· −x1)ϕ1(x1)〉dx1 dx2.

òmýÈ©�� RiemannÚ,|^ K Ú 〈 , 〉�ëY5,�±y²È©Ò�� 〈 , 〉��.u

´¤á

〈Kε,ϕ1⊗ϕ2〉 = 〈K (ϕ2 ∗ ψ̃2,ε), ϕ1 ∗ ψ̃1,ε〉.

Ï� ε→ 0� ϕ j ∗ ψ̃ j, ε3 C∞0 (Y j)¥Âñ� ϕ j,u´��

〈K0,ϕ1⊗ϕ2〉 = 〈Kϕ2,ϕ1〉, ϕ j ∈ C∞0 (Y j).

du Y j´ X j�?¿;f8,½n�y. 2

~2. � X´ Rn�mf8. ð�N� I : C∞0 (X)→ C∞0 (X) �Ø´Xe(½�2Â¼ê K:

〈K,Φ〉 =
∫

X
Φ(x,x)dx, Φ ∈ C∞0 (X,X).

5¿�y K�|83é�� {(x, x) : x ∈ X}þ.

~3. � f : X1→ X2 ´ëYN�,½Â Kϕ = ϕ◦ f , ϕ ∈ C∞0 (X2),K§�Ø KdXe�ª(

½:

〈K, Φ〉 =

∫
X1

Φ(x, f (x))dx, Φ ∈ C∞0 (X1,X2).

�� K�|83 f �ã� {(x, f (x)) : x ∈ X1}þ.



18ù ��½n

ïÄ �©�§���{��, ´3·�¼ê�m��§�)�(�ê�)�Oª, 2

|^%CÚ;5¦). 3NÚ©Û¥,ù  éAXy²,
�5�f3·��m�m�k

.5. ��½n�±�Ï·�ÏL==�Ä�
4à�½AÏ��/,Ò��3���/�

f�k.5. w,ù´y²�fk.5�rkå�óä.

Uy²�{´Äu¢©Û�{�´E©Û�{,��½n©�¢��ÚE��üa. c

ö�;.�L´ Marcinkiewicz ��½n, �ö�;.�L´ Riesz–Thorin ��½n. §

�3�YÛÉÈ©�fnØ¥�üX�~���Ú.d	,ùü�½n�y²E|�ék

éu5,���.

� ©Ù¼ê�f Lp�m

1. ©Ù¼ê

� (X,µ)´ÿÝ�m, f (x)´ (X, µ)þ��ÿ¼ê. ·�£Á~^�¼ê�m Lp �½

Â:

½Â1. Lp(X, µ) �
{

f (x) : ‖ f (x) ‖Lp(X,µ),
(∫

X | f (x)|pdµ(x)
) 1

p <∞

}
,1 ≤ p <∞; � p =∞ �,

L∞(X, µ) �
{

f (x) : ‖ f (x) ‖L∞(X, µ)= esssupx∈X| f (x)| <∞
}
.

½Â2 (©Ù¼ê). � f ´�ÿ¼ê,½ÂÙ©Ù¼ê�

d f (α) � µ
(
{x ∈ X : | f (x)| > α}

)
, ∀ α ≥ 0.

w, d f ´üN4~¼ê. 5¿: ©Ù¼ê�U�N¼ê�N���,ØU�NÙÛÜ

�äN����¹.

~1. � f (x) = 1
x , x ∈ (0, ∞),� µ� LebesgueÿÝ,K d f (α) = |{x ∈ (0,∞) : | f (x)| > α}| = |{x ∈

(0,∞) : x < 1
α }| =

1
α . 5¿ùp |U|L«8Ü U� LebesgueÿÝ.

SK 1. éXe{ü¼ê,¦Ù©Ù¼ê: f (x) =
N∑
α=1

cαIMα(x),ùpMα ⊂X´�ÿf8, cα ∈C,

 IM´8ÜM�A�¼ê. 2

73
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·K1 (Ä�5�). 1) | f | ≤ |g| ⇒ d f ≤ dg;

2) c ∈ C\ {0},K dc f (α) = d f ( α|c| );

3) d f+g(α+β) ≤ d f (α) + dg(β);

4) d f g(αβ) ≤ d f (α) + dg(β).

y². ùp�y² 3),Ù§��SK. �½Â,|^ | f (x) + g(x)| ≤ | f (x)|+ |g(x)|��

d f+g(α+β) = µ({x ∈ X : |( f + g)(x)| > α+β})

≤ µ({x ∈ X : | f (x)|+ |g(x)| > α+β})

≤ µ({x ∈ X : | f (x)| > α}∪ {x ∈ X : |g(x)| > β})

≤ µ({x ∈ X : | f (x)| > α}) +µ({x ∈ X : |g(x)| > β})

= d f (α) + dg(β).

2

·K2. e f ∈ Lp(X,µ) (0 < p <∞) ,K ‖ f ‖pLp(X,µ)= p
∫
∞

0 αp−1d f (α)dα.

y². ^ Fubini½n,k

p
∫
∞

0
αp−1d f (α)dα = p

∫
∞

0
αp−1

(∫
X

I{x∈X:| f (x)|>α}(x)dµ(x)
)

dα

=

∫
X

p
∫
| f (x)|

0
αp−1 dα

 dµ(x)

=

∫
X
αp

∣∣∣| f (x)|
0 dµ(x) =

∫
X
| f (x)|p dµ(x)

= ‖ f ‖pLp(X,µ) .

2

íØ1. e ϕ � (0, ∞] þ�ëY���üN4O�¼ê, � ϕ(0) = 0, K
∫

Xϕ(| f |)dµ(x) =∫
∞

0 ϕ′(α)d f (α)dα.

dþã(Ø��,|^©Ù¼êU
�B/O���9¼ê���þ;§rõ�¼êÈ

©¯K=z�é8Ü�OÿÝ��ù����é��{ü� (AÛ) ¯K. ¤±þãúª²

~^�. e¡´��ék^��~f,5¿ |U|L«8Ü U� LebesgueÿÝ.
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~2 (Good-lambdaØ�ª). � u, v´½Â3Rnþ��K¼ê,¿� inf{1, u}Ú v ∈ Lp(Rn).

e�3 ε > 0Ú γ ∈ [0,1)÷v (1 +ε)pγ < 1¦�é?Û λ > 0Ñ¤á

|{x ∈Rn : u(x) > (1 +ε)λ, v(x) ≤ λ}| ≤ γ|{x ∈Rn : u(x) > λ}|, (6.1)

@o

‖u‖Lp ≤ C(p,ε,γ)‖v‖Lp .

y². 1. k� ‖u‖Lp <∞,@o

‖u‖pLp = p
∫
∞

0
λp−1
|{u(x) > λ}|dλ = (1 +ε)p

∫
∞

0
pλp−1

|{u(x) > (1 +ε)λ}|dλ

= (1 +ε)p
∫
∞

0
pλp−1

|{u(x) > (1 +ε)λ, v(x) ≤ λ}∪ {u(x) > (1 +ε)λ, v(x) > λ}|dλ

≤ (1 +ε)p
∫
∞

0
pλp−1

|{u(x) > (1 +ε)λ,v(x) ≤ λ}|dλ+ (1 +ε)p
∫
∞

0
pλp−1

|{v(x) > λ}|dλ

≤ γ(1 +ε)p
∫
∞

0
pλp−1

|{u(x) > λ}|dλ+ (1 +ε)p
∫
∞

0
pλp−1

|{v(x) > λ}|dλ

= γ(1 +ε)p
‖u‖pLp + (1 +ε)p

‖v‖pLp .

du γ(1 +ε)p < 1,¿� ‖u‖Lp <∞,·�Ò��

‖u‖pLp ≤
(1 +ε)p

1−γ(1 +ε)p ‖v‖
p
Lp .

2. e inf{1, u} ∈ Lp(Rn),KØJ�yéu?¿ m > 1,Ñ¤á inf{m, u} ∈ Lp(Rn):

‖inf{m, u}‖pLp =

∫
u≤1
|u|p +

∫
1<u≤m

|u|p + mp
∫

u>m
≤

∫
u≤1
|u|p + mp

∫
u>1

≤ mp
∫

u≤1
|u|p + mp

∫
u>1

= mp
‖inf{1, u}‖pLp <∞.

d	, inf{m, u} E,÷v^� (6.1). ¯¢þ, e (1 + ε)λ ≥ m, K�àÒ´", �,¤á; e

(1 +ε)λ <m,@o λ <m,�
{
inf{m, u}(x) > (1 +ε)λ

}
=

{
u(x) > (1 +ε)λ

}
. ¤±é inf{m, u}

|^®y(Ø,Ò�� ‖u‖Lp = limm→∞ ‖inf{u, m}‖Lp ≤ C(p, ε, γ)‖v‖Lp . 2

2. f Lp�m

½Â3. 1) f L∞(X, µ) = L∞, ∞(X, µ) , L∞(X, µ);
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2) é 0 < p <∞, f Lp(X,µ) �
{

f : f ´ (X,µ)þ��ÿ¼ê,¿� ‖ f ‖Lp, ∞(X, µ)<∞
}
,

Ù¥

‖ f ‖Lp, ∞(X, µ) � inf
{
c : d f (α) ≤

cp

αp , ∀α > 0
}

(6.2)

= sup
{
rd f (r)

1
p : ∀r > 0

}
(6.3)

SK 2.|^ d f (α) ≤ cP

αp ⇔ αd f (α)
1
p ≤ c,2dþe(.�½Â,y² (6.2)Ú (6.3)��. 2

·�5¿f Lp �m (1 ≤ p ≤∞)�[D��5�m,= ‖ · ‖Lp, ∞(X, µ) Ø´���ê,

÷vXe5�:

♦ àg5:

‖ k f ‖Lp,∞(X, µ) = sup
{
rdk f (r)

1
p : ∀r > 0

}
= sup

rd f

( r
|k|

) 1
p

: ∀r > 0


= sup

 r
|k|

d f

( r
|k|

) 1
p
· |k| : ∀r > 0


= |k|sup

 r
|k|

d f

( r
|k|

) 1
p

: ∀r > 0

 = |k| ‖ f ‖Lp,∞(X,µ) .

♦ �½5: ‖ f ‖Lp,∞(X,µ)= 0 ⇒ ∀r > 0, rd f (r)
1
p = 0 ⇒ d f (r) = 0 ⇒ f ≡ 0 a.e.

♦ n�Ø�ªØ¤á,�´é Cp = max{1, 2p−1
},¤á1

‖ f + g ‖Lp,∞(X,µ)≤ Cp(‖ f ‖Lp,∞(X,µ) + ‖ g ‖Lp,∞(X,µ)).

·K3. é 0 < p <∞,k LP(X, µ) $ LP, ∞(X, µ),� L∞(X, µ) = L∞, ∞(X, µ).

y². 1. LP
⊆ LP,∞. � f ∈ Lp, K

‖ f ‖PLp(X,µ)=

∫
X
| f (x)|p dµ(x) ≥

∫
{x∈X:| f (x)|>α}

αpdµ(x) = αpd f (α), ∀α > 0,

= ∀α > 0, αd f (α)
1
p ≤‖ f ‖Lp(X,µ)⇒ ‖ f ‖Lp,∞≤‖ f ‖LP . ¤± f ∈ Lp,∞.

1�|^ ∀p > 0 ,¤á (a + b)p
≤ Cp(ap + bp), ±9©Ù¼ê�1n�5�\±�y.
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2. �é��¼ê h(x) ,¦� h(x) < Lp ,� h(x) ∈ Lp,∞. �d� h(x) = |x|−
n
p , x ∈X =Rn,

µ� LebesgueÿÝ,K∫
Rn
|h(x)|pdx =

∫
Rn
|x|−ndx =

∫
∞

0

1
r

dr · |cn| =∞,

¤± h(x) < Lp . �

dh(α) =
∣∣∣{x ∈Rn : |h(x)| > α

}∣∣∣ =

∣∣∣∣∣{x ∈Rn : |x| < α−
p
n

}∣∣∣∣∣ = ncnα
−p,

¤± ‖ h ‖Lp,∞= sup
α>0

(
αdh(α)

1
p

)
= (ncn)

1
p <∞ . 2

SK 3.[KolmogrovØ�ª]� u ∈ L1,∞(Rn),Ké Rn �?¿��äkk�ÿÝ��ÿf8

E9?Û δ ∈ (0,1),Ñ¤á ∫
E
|u(x)|δdx ≤

1
1−δ

|E|1−δ ‖u‖δL1,∞ .

2

(J«: |^∫
E
|u(x)|δdx = δ

∫
∞

0
λδ−1
|{x ∈ E : |u(x)| > λ}|dλ ≤ δ

∫
∞

0
λδ−1 inf

{
|E|,
‖u‖L1,∞

λ

}
dλ,

,�òÈ©©üÜ©O�.)

� �ê��

½n1. � 0 < p < q ≤∞, f ∈ Lp,∞
∩Lq,∞(X,µ) ,K ∀r ∈ (p, q),¤á f (x) ∈ Lr(X,µ),�

‖ f ‖Lr(X,µ)≤

(
r

r−p
+

r
q− r

)∥∥∥ f
∥∥∥

1
r −

1
q

1
p−

1
q

Lp,∞(X,µ)

∥∥∥ f
∥∥∥

1
p−

1
r

1
p−

1
q

Lq,∞(X,µ) .

5¿,� θ =
1
r−

1
q

1
p−

1
q
, K 1−θ =

1
p−

1
r

1
p−

1
q
, 1

r = θ
p + 1−θ

q .

y². Ì�g�´òÈ© (¼ê)�ÏL�½eZ�½ëê©),±���Z��.©ü«�

/.

1. q <∞�/. Ï� f ∈ Lp,∞
∩Lq,∞, d½Â,

∀α > 0, αd f (α)
1
p ≤‖ f ‖Lp,∞ , αd f (α)

1
q ≤‖ f ‖Lq,∞ .
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¤±,

d f (α) ≤min

‖ f ‖pLp,∞

αp ,
‖ f ‖qLq,∞

αq

 .
Ïd,|^ ‖ f (x) ‖rLr(X,µ)= r

∫
∞

0 αr−1d f (α)dα, ÏL�È©� B�ëê,Òk

‖ f (x) ‖rLr(X,µ) ≤ r
∫
∞

0
αr−1 min

‖ f ‖pLp,∞

αp ,
‖ f ‖qLq,∞

αq

dα

= r
∫ B

0
αr−1 min

‖ f ‖pLp,∞

αp ,
‖ f ‖qLq,∞

αq

dα

+r
∫
∞

B
αr−1 min

‖ f ‖pLp,∞

αp ,
‖ f ‖qLq,∞

αq

dα

≤ ‖ f ‖pLp,∞

∫ B

0
rαr−1−pdα+ ‖ f ‖qLq,∞

∫
∞

B
rαr−1−qdα

=
r

r−p
‖ f ‖pLp,∞ Br−p +

r
q− r

‖ f ‖qLq,∞ Br−q.

y�ëê B÷v ‖ f ‖pLp,∞ Br−p =‖ f ‖qLq,∞ Br−q ,= B =

(
‖ f ‖q

Lq,∞

‖ f ‖p
Lp,∞

) 1
q−p

,@oÒk2

‖ f ‖rLr≤

(
r

r−p
+

r
q− r

)
‖ f ‖pLp,∞

‖ f ‖qLq,∞

‖ f ‖pLp,∞


r−p
q−p

.

z{��=��y�ª.

2. q =∞�/. d�éu α >‖ f ‖L∞ ,¤á d f (α) = 0. u´2|^ d f (α) ≤ α−p
∥∥∥ f

∥∥∥p
Lp,∞ ,

�� ∥∥∥ f
∥∥∥r

Lr ≤ r
∫
‖ f‖L∞

0
αr−1α−p

∥∥∥ f
∥∥∥p

Lp,∞ dα

=
r

r−p

∥∥∥ f
∥∥∥p

Lp,∞

∥∥∥ f
∥∥∥r−p

L∞ ,

=�¤y. 2

n ¢���{: Marcinkiewicz��½n

e¡0�Marcinkiewicz��½n,§·^u��5�f�2��a�f.

½Â4. � (X, µ)Ú (Y, ν)´ü�ÿÝ�m, T�½Â3 (X, µ)þ��ÿ¼êa (���f8)

þ��f,��� (Y,ν)þ��ÿ¼ê. eéu?¿ c ∈ CÚ¦ Tk½Â� f , g,¤á
25¿ùpÏLëê�À�,^ü���¦È��§��Ú��{.
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♦ T( f + g) = T( f ) + T(g) ,T(c f ) = cT( f ),K T¡��5�f.

♦ |T( f + g)| ≤ |T( f )|+ |T(g)| , |T(c f )| = |c||T( f )|,K T¡�g�5�f.

♦ |T( f + g)| ≤ K(|T( f )|+ |T(g)|) , |T(c f )| = |c||T( f )|,K T¡�[�5�f. ùp K´� f , g

Ã'�~ê.

e¡2Ú\ü�~^�â�.

½Â5. é�f T , e�3~ê C÷v ‖ T f ‖Lq(Y,ν)≤ C ‖ f ‖Lp(X,µ) ,K T ¡�´ (p,q).�f;

e T÷v ‖ T f ‖Lq,∞(Y,ν)≤ C ‖ f ‖Lp(X,µ) ,K T¡�´f (p,q).�f.

Marcinkiewicz��½n©�é���/Úen��/ü«,Ù¥é���/��~^.

e¡©OQã.

½n2 (é���/Marcinkiewicz��½n). � (X,µ)Ú (Y,ν)´ü�ÿÝ�m, T�½Â

3 Lp0(X,µ)∩Lp1(X,µ) (0 < p0 < p1 ≤∞)þ�g�5�f. ��3~ê A0, A1¦�

‖ T f ‖Lp0,∞(Y,ν)≤ A0 ‖ f ‖Lp0 (X,µ), ∀ f ∈ Lp0(X,µ),

‖ T f ‖Lp1,∞(Y,ν)≤ A1 ‖ f ‖Lp1 (X,µ), ∀ f ∈ Lp1(X,µ).

K ∀p ∈ (p0,p1), f ∈ Lp(X,µ),Ñ¤á ‖ T f ‖Lp(Y,ν)≤M ‖ f ‖Lp(X,µ),Ù¥

M � 2
(

p
p−p0

+
p

p1−p

) 1
p

A

1
p−

1
p1

1
p0
−

1
p1

0 A

1
p0
−

1
p

1
p0
−

1
p1

1 .

5: 3T½n¥,e T��5�f,�=�¦ T½Â3 (X,µ)�{ü¼êaþ.

y². 1. � p1 <∞. é f ∈ Lp0 ∩Lp1 Ú?¿� s > 0,�©)

f0(x) =


f (x), e | f (x)| > s,

0, e | f (x)| ≤ s,
f1(x) =


0, e | f (x)| > s,

f (x), e | f (x)| ≤ s,

Kd |T f | ≤ |T f0|+ |T f1|,¤á

µ(t) � dT f (t) ≤ dT f0(t/2) + dT f1(t/2) ≤
(2A0

t

)p0
∫
| f0|p0 dµ+

(2A1

t

)p1
∫
| f1|p1 dµ.
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l ∫
|T f |p dν = p

∫
∞

0
tp−1µ(t)dt

≤ p(2A0)p0

∫
∞

0
tp−1−p0

(∫
| f |>s
| f |p0 dµ

)
dt + p(2A1)p1

∫
∞

0
tp−1−p1

(∫
| f |≤s
| f |p1 dµ

)
dt.

2. y� s� t�¼ê,= t = As,Ù¥ A��½���~ê, 3@o∫
|T f |p dν = p(2A0)p0Ap−p0

∫
∞

0
sp−1−p0

(∫
| f |>s
| f |p0 dµ

)
ds

+p(2A1)p1Ap−p1

∫
∞

0
sp−1−p1

(∫
| f |≤s
| f |p1 dµ

)
ds.

�â Fubini½n,∫
∞

0
sp−1−p0

(∫
| f |>s
| f |p0 dµ

)
ds =

∫
| f |p0 dµ

∫
| f |

0
sp−1−p0 ds =

1
p−p0

∫
| f |p dµ,

aq/∫
∞

0
sp−1−p1

(∫
| f |≤s
| f |p1 dµ

)
ds =

∫
| f |p1 dµ

∫
∞

| f |
sp−1−p1 ds =

1
p1−p

∫
| f |p dµ,

l ∫
|T f |p dν ≤

{
p

p−p0
(2A0)p0Ap−p0 +

p
p1−p

(2A1)p1Ap−p1

}∫
| f |p dµ.

3. �ëê A¦�þªmà)ÒSXê����. ÏLé A¦�,ØJ��

A = 2A
−

p0
p1−p0

0 A
p1

p1−p0
1 .

òd�\��O�,)ÒSêÒ´Mp.

4. p =∞�/: 3�SK. 2

½n3 (en��/ Marcinkiewicz ��½n). � (X, µ) � (Y, ν) ´ü�ÿÝ�m, T �

½Â3 Lp0(X, µ)∩ Lp1(X, µ) þ�[�5�f, ��� (Y, ν) þ��ÿ¼ê. � 0 < p0 ,

p1 ≤ ∞, 0 < q0 , q1 ≤ ∞, � T ´f (p0, q0) .Úf (p1, q1) . (= T : Lp0(X)→ Lq0,∞(X),

T : Lp1(X)→ Lq1,∞(X)). @oé 0 < θ < 1,

1
p

=
1−θ

p0
+
θ
p1
,

1
q

=
1−θ

q0
+
θ
q1
, p ≤ q,

3ù�Ú´y²¥�:«�)!=,é f �©)pÝ s´Ä��,�5�6u,��ëþ t.
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T� (p,q).,=e f 3 T�½Â�¥,K ‖ T f ‖Lq(Y,ν)≤ C ‖ f ‖Lp(X, µ) . XJ T´�5�f,§

�±��òÿ� Lp(X, µ)→ Lq(Y,ν)�k.�5�f.

y²Äu Lorentz�mnØ,�� [12, p. 62].

o E���{: Riesz–Thorin��½n

1. Riesz–Thorin��½n

½n4 (Riesz–Thorin��½n). � (X, µ), (Y, ν)´ÿÝ�m, T´�5�f,½Â3 (X, µ)

�{ü¼êaþ, ��� (Y, ν) þ��ÿ¼ê. b� T � (p0, q0) . Ú (p1, q1) ., Ù¥

1 ≤ p0, q0, p1, q1 ≤∞,�

||T f ||Lq0 (Y) ≤M0 || f ||Lp0 (X), ||T f ||Lq1 (Y) ≤M1 || f ||Lp1 (X).

K T� (p, q).�

||T f ||Lq(Y) ≤M1−θ
0 Mθ

1 || f ||Lp(X).

ùp�I (p, q)deª(½,Ù¥ 0 ≤ θ ≤ 1:

1
p

=
1−θ

p0
+
θ
p1
,

1
q

=
1−θ

q0
+
θ
q1
.

?�Ú,d{ü¼ê3 Lp ¥�È�5, T �±òÿ� Lp(X, µ)→ Lq(Y, ν)�k.�5�f,

��f�ê ||T||LP→Lq ≤M1−θ
0 Mθ

1 .

T½n�y²�6uXeE©Û(Ø.

½n5 (Phragmén–Lindelöf����n). � f (z)3�G«� D � {z ∈ C : 0 < Rez < 1}þ�

X,3 D̄þëYk.,¿��3~êM¦�

| f (z)| ≤M, ∀z ∈ ∂D = {z ∈ C : Rez = 0}∪ {z ∈ C : Rez = 1},

@oé?¿� z ∈D,¤á | f (z)| ≤M. d	,e�3 z0 ∈D¦� | f (z0)| = M,K f (z) ´~�¼

ê.
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y². � | f (z)|3 Dþ���þ.� B. é n ∈N,½Â�X¼ê

fn(z) = f (z)e
z2
n = f (z)e

x2
−y2

n e
2ixy

n ,

K3 ∂Dþ | fn(z)| ≤Me
1
n ,� z ∈D� | fn(z)| ≤ Be

1
n e−

y2

n ,lé�½� n,�3 R > 0,¦�

|y| ≥ R� | fn(z)| ≤ Be
1
n e−

R2
n ≤M. é fn(z)3 D̄∩{|Im z| ≤ R}þ^;«�¥�X¼ê����

�n,Ò¤á | fn(z)| ≤Me
1
n ;u´3Ã.8 D̄þ�¤á | fn(z)| ≤Me

1
n . - n→∞ Ò��3 D̄

S | f (z)| ≤M. e3 z0 ∈D¤á | f (z0)| = M,KdIO�����n,Ò�� f (z)ð�~ê. 2

½n6 (Hadamard n�½n). � w(z) ´�/«� D̄ þ�k.ëY¼ê, 3 D S�X, �

3 {Rez = 0} þ÷v |w(z)| ≤ B0, 3 {Rez = 1} þ÷v |w(z)| ≤ B1. @oéu?¿ z ∈ D, ¤á

|w(z)| ≤ B1−Rez
0 BRez

1 .

y². Ø�� B0, B1´�ê (e�",�ÏL%Cy²). �Ä¼ê f (z) � w(z)
B1−z

0 Bz
1
,w,§3 D

S�X,�3 D̄þëYk.. q | f (iy)| ≤ 1, | f (1 + iy)| ≤ 1,l3 Dþ | f (z)| ≤ 1. 2

½n4�y². 1. � f (x) =
∑m

k=1 akeiαkIAk(x) ´ Xþ�{ü¼ê,Ù¥ ak > 0, αk ∈R, Ak´

X�pØ���äkk�ÿÝ�f8, IA´8Ü A�A�¼ê. �â�f�ê�½Â,�

I�� (5¿ùp� q′´ q��Ý�I: 1
q′ +

1
q = 1)∥∥∥T( f )

∥∥∥
Lq(Y,ν) = sup

{∣∣∣∣∣∫
Y

T( f )(x)g(x)dν(x)
∣∣∣∣∣ : g´{ü¼ê�

∥∥∥g
∥∥∥

Lq′ (Y,ν) ≤ 1
}
.

·��r g�� g =
∑n

j=1 b jeiβ jIB j ,Ù¥ b j > 0, β j ∈R, B j´ Y�pØ���äkk�ÿÝ

�f8.

2. P4

P(z) =
p
p0

(1− z) +
p
p1

z, Q(z) =
q′

q′0
(1− z) +

q′

q′1
z.

5¿ P(θ) = 1, Q(θ) = 1. é z ∈ D̄ (cã½n¤½Â�4�/«�),½ÂEC¼ê

F(z) =

∫
Y

T( fz)(x)gz(x)dν(x),

Ù¥

fz =

m∑
k=1

aP(z)
k eiαkIAk , gz =

n∑
j=1

bQ(z)
j eiβ jIB j .

4é��X{�¢©Û¯K,´XÛÚ\�X¼ê,l�±^�X¼ê�5��Q?ù�ã´'�,r

θ ∈ [0,1]ù�¢¶þü «m�Cþ)Ûmÿ�E²¡�/«� Dþ�Cþ z.
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w, z = θ� fz = f , gz = g. e¡ïÄ¼ê F(z)�5�.

3. |^�5,��

F(z) =

m∑
k=1

n∑
j=1

aP(z)
k bQ(z)

j eiαkeiβ j

∫
Y

T(IAk)(x)IB j(x)dν(x),

l,5¿� ak, b j > 0,K F(z)3 Dþ�X,3 D̄þëY,¿�k. (�6u f Ú g).

4. � Rez = 0 �, d AK pØ��9 |a
P(z)
k | = ap/p0

k ��
∥∥∥ fz

∥∥∥p0

Lp0 =
∥∥∥ f

∥∥∥p
Lp ; aq/, ¤á∥∥∥gz

∥∥∥q′0
Lq′0

=
∥∥∥g

∥∥∥q′

Lq′ . 3 Rez = 1�,�¤á
∥∥∥ fz

∥∥∥p1

Lp1 =
∥∥∥ f

∥∥∥p
Lp ±9

∥∥∥gz
∥∥∥q′1

Lq′1
=

∥∥∥g
∥∥∥q′

Lq′ . u´d Hölder

Ø�ª,3 Rez = 0�

|F(z)| ≤
∥∥∥T( fz)

∥∥∥
Lq0

∥∥∥gz
∥∥∥

Lq′0
≤M0

∥∥∥ fz
∥∥∥

Lp0

∥∥∥gz
∥∥∥

Lq′0
= M0

∥∥∥ f
∥∥∥ p

p0
Lp

∥∥∥g
∥∥∥ q′

q′0

Lq′ ;

aq/,3 Rez = 1�

|F(z)| ≤
∥∥∥T( fz)

∥∥∥
Lq0

∥∥∥gz
∥∥∥

Lq′0
≤M1

∥∥∥ f
∥∥∥ p

p1
Lp

∥∥∥g
∥∥∥ q′

q′1

Lq′ .

5. �â Hadamardn�½n,é θ = Rez,¤á

|F(z)| ≤

M0
∥∥∥ f

∥∥∥ p
p0
Lp

∥∥∥g
∥∥∥ q′

q′0

Lq′


1−θ M1

∥∥∥ f
∥∥∥ p

p1
Lp

∥∥∥g
∥∥∥ q′

q′1

Lq′


θ

= M1−θ
0 Mθ

1

∥∥∥ f
∥∥∥

Lp

∥∥∥g
∥∥∥

Lq′ .

£Á P(θ) = Q(θ) = 1,l F(θ) =
∫

Y(T f ) gdν,|^
∥∥∥g

∥∥∥
Lq′ ≤ 1,��

∥∥∥T f
∥∥∥

Lq ≤M1−θ
0 Mθ

1

∥∥∥ f
∥∥∥

Lp ,

=�¤y. �

2. A^Þ~

½n7 (Schur½n). � K(x, y)´¦ÈÿÝ�m (X×Y, µ×ν)þ�ÛÜ�È¼ê,�

sup
x∈X

∫
Y
|K(x, y)|dν(y) = A <∞, sup

y∈Y

∫
X
|K(x, y)|dµ(x) = B <∞.

K T f (x) =
∫

Y K(x, y) f (y)dν(y) ( f ∈ L∞(Y,ν)äk;|8)�òÿ� Lp(Y,ν)→ Lp(X,µ)þ�k

.�5�f,�

‖T‖ ≤ A1− 1
p B

1
p , (1 ≤ p ≤∞).
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y². d^�´�

|(T f )(x)| ≤ A‖ f ‖L∞ , ∀x ∈ X,

l�f T´ (∞, ∞).. ey T� (1, 1).:

‖T f ‖L1 ≤

∫
X

∣∣∣∣∣∫
Y

K(x, y) f (y)dν(y)
∣∣∣∣∣ dµ(x)

≤

∫
Y

(∫
X
|K(x, y)|dµ(x)

)
| f (y)|dν(y)

≤ B‖ f ‖L1 .

|^ Riesz��½n=�(Ø. 2

~3. Lp(Rn)(1 ≤ p ≤ 2) þ� FourierC�.

� f ∈ Lp(Rn) (1 ≤ p ≤ 2),�©) f = g + h,Ù¥ g ∈ L1, h ∈ L2Xe:

g =


f , e | f | ≥ 1,

0, e | f | ≤ 1;
h =


0, e | f | ≥ 1,

f , e | f | ≤ 1.

½Â f � FourierC��

f̂ = ĝ + ĥ.

ù�½Â´Ün�,=Ø�6uäN©). ¯¢þ,b��3ü�©): f = g1 + h1 = g2 + h2.

@o g1 − g2 = h2 − h1, l ̂g1− g2 = ̂h2−h1. |^ L1 9 L2 þ Fourier C���5, Òk

ĝ1− ĝ2 = ĥ2− ĥ1,½ö ĝ1 + ĥ1 = ĝ2 + ĥ2.

du || f̂ ||L∞ ≤ || f ||L1 ,= F ´ (1,∞).;q F : L2(Rn) → L2(Rn)´j�f, ||F || = 1,=

F ´ (2, 2) .. @o-

1
q

=
1−θ
∞

+
θ
2
,

1
p

=
1−θ

1
+
θ
2
,

K F : Lp
→ Lq� ‖F ‖ ≤ 1, Ù¥ 1

p + 1
q = 1−θ + θ

2 + θ
2 = 1.¤±�ª·�kXe(J:

|| f̂ ||Lp′ (Rn) ≤ || f ||Lp(Rn), Ù¥
1
p

+
1
p′

= 1, 1 ≤ p ≤ 2.

~4. 'uòÈ� YoungØ�ª. � f ∈ L1(Rn), g ∈ Lr(Rn),K

|| f ∗ g||Lr(Rn) ≤ || f ||L1(Rn) ||g||Lr(Rn), 1 ≤ r ≤∞.
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y². ½ÂXeòÈ. (�ÛÉ)È©�f T f (g) = f ∗ g. 31�ù·�Òy²


||T f g||L1(Rn) = || f ∗ g||L1(Rn) ≤ || f ||L1(Rn) ||g||L1(Rn).

,	w,¤á

||T f g||L∞(Rn) = || f ∗ g||L∞(Rn) =

∥∥∥∥∥∫
Rn

f (x− y)g(y)dy
∥∥∥∥∥

L∞(Rn)
≤ || f ||L1(Rn)||g||L∞(Rn).

¤±T f Q´ (1, 1).,�´ (∞, ∞).,��f�êM0 = || f ||L1 , M1 = || f ||L1 . @oé?¿ 1 ≤

p ≤∞, T f � (p, p).: ||T f g||Lp ≤ || f ||L1 ||g||Lp ,=�¤y. 2

~5. 'uòÈ� YoungØ�ª (Y).� f ∈ Lp(Rn), g ∈ Lq(Rn),K

|| f ∗ g||Lr(Rn) ≤ || f ||Lp(Rn) ||g||Lq(Rn),

Ù¥ 1
r + 1 = 1

p + 1
q , 1 ≤ p, q, r ≤∞.

y². 1. E½Â�5�f T f (g) = f ∗ g.dþ�~, T f ´ (1, p). :

||T f g||Lp = || f ∗ g||Lp = || f ||Lp ||g||L1 , Ù¥M0 = || f ||Lp .

2. e q = p′, Kd HölderØ�ª, T f � (p′, ∞).,�

||T f g||L∞ = || f ∗ g||L∞ =

∥∥∥∥∥∫
Rn

f (x− y)g(y)dy
∥∥∥∥∥

L∞
≤ || f ||Lp ||g||Lp′ , Ù¥M1 = || f ||Lp .

3. u´d Riesz–Thorin��½n� T f ´ (q, r).,��A�f�êØ�u || f ||Lp ,Ù¥

1
q

=
1−θ

1
+
θ
p′
,

1
r

=
1−θ

p
+
θ
∞
.

��O�Òk

1
p

+
1
q

= 1−θ+
θ
p′

+
1
p

= 1 +
1−θ

p
= 1 +

1
r
.

y.. 2
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1Ôù ²£ØC�f� Fourier¦f

ù�ù·�0�k'²£ØC�f9Ù Fourier¦f�Ä��£,Ù¥�f�=� (�

Ý)±9 (2,2).²£ØC�f Fourier¦f��x3ÛÉÈ©�f�ïÄ¥~~^�.

� �f��ÝÚ=�

3�¼©Û�ÆS¥, ·������5�m X �éó�m X∗ ´ïÄ X ����

óä; aq/�5�f T ����f T∗ �´ïÄ T gC��ëì. � T ´ X→ Y �k

.�5�f,Kd�¼©Û(Ø,Ù���f T∗ ´ Y∗→ X∗ �k.�5�f,��f�ê�

Ó: ||T∗|| = ||T||. éu¢ Lp(Rn)�m,�¼��^½Â� 〈 f , g〉 =
∫
Rn f (x) g(x)dx,·���

� ( f , g) � 〈 f , g〉;éE Lp(Rn)�m,�
� p = 2�SÈ�½Â�Î,�¼�^½Â�

( f | g) � 〈g, f̄ 〉 =
∫
Rn

g(x) f (x)dx.

duùp�¼�^�ª�½�«O,���f�äN�{�k¤ØÓ:é¢ (SÈ)�m, e

(T f , g) = ( f , T′g),·�¡ T′´ T�=��f;éE (SÈ)�m,e (T f | g) = ( f | T∗g),K¡

T∗´ T��Ý�f.

e¡·�w�
/ªO��~f.

~1. � (T f )(x) =
∫
Rn K(x, y) f (y)dy,Ù¥ K(x, y)¡� T �Ø,K

(1) T′�Ø� K(y, x);

(2) T∗�Ø� K(y, x).

y². (1)du

( f , T′g) = (T f , g) =

∫
Rn

g(x)dx
∫
Rn

K(x, y) f (y)dy

=

∫
Rn

f (y)dy
∫
Rn

K(x, y)g(x)dx,

¤± (T′g)(y) =
∫
Rn K(x, y)g(x)dx. � T′�Ø� K′(x, y). �CþO� x� y�

(T′g)(x) =

∫
Rn

K′(x, y)g(y)dy =

∫
Rn

K(y,x)g(y)dy,

87
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¤±, K′(x, y) = K(x, y). (2)�y²3�SK. 2

~2. � T f (x) = (m(ξ) f̂ (ξ))∨(x),Ù¥¼ê m(ξ)���f T� Fourier¦f ,K

(1) T′� Fourier¦f� m(−ξ);

(2) T∗� Fourier¦f� m(ξ).

y². (1)|^�ª
∫

uv̂ =
∫

ûv,��

( f , T′g) = (T f , g) =

∫
T f (ǧ)∧dξ =

∫
(T f )∧ ǧdξ

=

∫
m f̂ ǧdξ =

∫
f (mǧ)∧dξ.

u´ T′g = (mǧ)∧,l1

(T′g)∧ = (mǧ)∧∧ = m̃ǧ = m̃˜̌g = m̃ĝ = m(−ξ)ĝ,

= T′� Fourier¦f´ m(−ξ).

(2)^ Plancherel½n,

( f | T∗g) = (T f | g) =

∫
T f gdξ =

∫
T̂ f ĝdξ

=

∫
m̄ ¯̂f ĝdξ =

∫
¯̂f ((m̄ ĝ)∨)∧dξ =

∫
f̄ (ĝ m̄)∨dξ,

=� T∗g = (ĝm̄)∨. 2

� ²£ØC�f�mMp,q(Rn)

·�½Â

M
p,q(Rn) �

{
T ∈ B(Lp(Rn), Lq(Rn)) : Tτx = τxT, ∀x ∈Rn

}
´�²£�f���� (p, q) .k.�5�f|¤�D��5�m, Ù�ê´ ||T||p,q =

||T||Lp→Lq . d{ü��¼©Û(Ø,��Mp,q(Rn)´���,= Banach �m.

1ùp|^
�ª F 2( f ) = f̃ , = f̂∧ = f̃ , ½ö f̂ = F −1( f̃ ). ¯¢þ, F −1( f̃ )(x) = 1
(2π)

n
2

∫
Rn f̃ (ξ)eix·ξdξ =

1
(2π)

n
2

∫
Rn f (−ξ)eix·ξdξ = 1

(2π)
n
2

∫
Rn f (ξ)e−ix·ξdξ = f̂ (x).
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½n1. e 1 ≤ q < p <∞,KMp,q(Rn) = {0} .

y². 1. Äk,·�äó: e f ∈ Lp(Rn), 1 ≤ p <∞,K lim
|h|→∞

||τh f + f ||Lp = 2
1
p || f ||Lp .

¯¢þ,d(Øé f ∈ C∞0 (Rn)w,¤á. 2

3���/,æ�%C��{y²: ∀ f ∈ Lp(Rn), 1 ≤ p <∞, ∃ fk ∈ C∞0 (Rn), fk→ f (Lp);

= ∀ε > 0, ∃K ∈N,� k > K�, || fk− f ||Lp ≤ ε. |^n�Ø�ª, ∀h ∈Rn,¤á

∣∣∣||τh f + f ||Lp − ||τh fk + fk||Lp
∣∣∣ ≤ ||τh( f − fk) + f − fk||Lp

≤ ||τh( f − fk)||Lp + || f − fk||Lp

= 2|| f − fk||Lp ≤ 2ε,

u´ ||τh fk + fk||Lp −2ε ≤ ||τh f + f ||Lp ≤ ||τh fk + fk||Lp + 2ε.- |h| →∞,Òk

2
1
p || fk||Lp −2ε ≤ liminf

|h|→∞
||τh f + f ||Lp ≤ limsup

|h|→∞
||τh f + f ||Lp ≤ 2

1
p || fk||Lp + 2ε, ∀k > K.

2- k→∞,��

2
1
p || f ||Lp −2ε ≤ liminf

|h|→∞
||τh f + f ||Lp ≤ limsup

|h|→∞
||τh f + f ||Lp ≤ 2

1
p || f ||Lp + 2ε,

d ε�?¿5,=�¤y.

2. |^ T�²£ØC5Ú�5,k

||τh(T f ) + T f ||Lq = ||T(τh f + f )||Lq ≤ ||T||Lp→Lq ||τh f + f ||Lp .

- |h| →∞,Ï� 2−
1
q + 1

p < 1,d1�Ú�(Ø,Ò��

||T f ||Lq ≤ 2−
1
q + 1

p ||T||Lp→Lq || f ||Lp .

u´U�f�ê�½Â, ||T||Lp→Lq ≤ 2−
1
q + 1

p ||T||Lp→Lq ,l T = 0. 2

½n2. e 1 < p ≤ q <∞,KMp, q(Rn) =Mq′, p′(Rn),Ù¥ 1
p + 1

p′ = 1.

ù�½n`²Mp, q(Rn)Ú Mq′, p′(Rn)Ù¢´ “ü¬çý,��<ê”.

y². 1. 1Êù¥,·�®²y²
�^3�ü¼ê�mþ�²£ØC�f�òÈL«: é

T ∈Mp, q,�3��� u ∈ S′,¦� ∀ f ∈ S,¤á T f = f ∗u .

2XJ f ∈ C∞0 ,K� hé��, τh f Ú f �|8Ø��. d	,5¿þãäóé L∞¼êw,Ø¤á.
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e¡`²

T∗g = g ∗ ¯̃u, ∀g ∈ S. (7.1)

¯¢þ,

( f | T∗g) = (T f | g) = 〈 f ∗u, g〉 = 〈 f̄ ∗ ū, g〉 = 〈ū, ˜̄f ∗ g〉 = 〈ū, ˜̄f ∗ ˜̃g〉 = 〈ū, ( f̄ ∗ g̃)∼〉

= 〈 ˜̄u, f̄ ∗ g̃〉 = 〈 ¯̃u, g̃ ∗ f̄ 〉 = 〈g ∗ ¯̃u, f̄ 〉 = 〈 f̄ , g ∗ ¯̃u〉.

ùp|^
( f ∗ g)∼(x) � ( f ∗ g)(−x) = f̃ ∗ g̃(x). d	, d�¼©Û�(Ø, T∗ ∈Mq′,p′(Rn) �

||T||p,q = ||T∗||q′,p′ .

2. ·�`² T�½Â3 Lq′ þ,�3 Lq′
∩Lpþ�½Â�Ù�53 Lpþ�½Â��. Ä

k, T3 Lq′ þ�Xe½Â:

T f = T̃∗ ˜̄f .

§�ké f ∈ S½Â,,�|^È�5,òT�fòÿ� Lq′ . ?�Ú,é f ∈ S,d (7.1),¤á〈
T̃∗ ˜̄f , g

〉
= 〈

˜̄̃
f ∗ ¯̃u, g〉 = 〈̃ ˜̄f ∗˜̃̄u, g〉 = 〈 f ∗u, g〉 = 〈T f , g〉.

¤±dòÿ���5,3 Lq′
∩Lp¥þãü« T�^��ª´�Ó�.

3. ��y² ||T||p,q = ||T||q′,p′ . ®� ||T||p,q = ||T∗||q′,p′ ,¤±�Iy ||T∗||q′,p′ = ||T||q′,p′ . d

||T∗||q′,p′ = sup
||T∗ f ||p′
|| f ||q′

±9 ||T||q′,p′ = sup

∥∥∥∥∥∥T̃∗ ˜̄f

∥∥∥∥∥∥
p′

|| f ||q′
, ù´w,�. ¤±·�y²
Mp,q

⊂M
q′,p′ .

dé¡5,Ón��Mq′,p′
⊂M

p,q,½n�y. 2

n M
1,1(Rn)ÚM2,2(Rn) ��x

ù�!·��ÑÏL2Â¼ê u�5�5�x�f�mM1,1(Rn)ÚM2,2(Rn)�ü�

½n.

·�Äk£Á Rn þk�E� Borel ÿÝ�¤� Banach �m M(Rn) , §´ C00(Rn)

�éó�m; C00(Rn)Ò´ RnþëY�3Ã¡�?Âñ� 0�¼êU����ê�¤�

Banach�m. � µ ∈M(Rn),K

||µ||M = sup
f∈C00(Rn)
|| f ||∞=1

∣∣∣∣∣∫
Rn

f (x)dµ(x)
∣∣∣∣∣ .
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·�5¿�ÏL h 7→
∫

M h(x)dx,Ù¥M ⊂Rn� Borel8,�À h ∈ L1(Rn)�M(Rn)¥�ÿ

Ý,�w,

‖h‖M ≤ ‖h‖L1(Rn) .

¤±këYi\: L1(Rn) ↪→M(Rn).

½n3. T ∈M1,1(Rn)��=� ∃!µ ∈M(Rn)¦� T f = f ∗µ. d��¤á ||T||1,1 = ||µ||M.

y². 1. ¿©5. � µ ∈M(Rn),du (T f )(x) =
∫

f (x− y)dµ(y),w, T´²£ØC�,�∫
|(T f )(x)|dx =

∫ ∣∣∣∣∣∫ f (x− y)dµ(y)
∣∣∣∣∣dx

≤

∫ ∫
| f (x− y)|dx|dµ(y)|

= || f ||1

∫
Rn
|dµ(y)| ≤ ||µ||M|| f ||L1 .

u´ T ∈M1,1� ||T||1,1 ≤ ||µ||M.

2. 7�5. é T ∈ M1,1, �3��� u ∈ S′(Rn), ¦� ∀ f ∈ S(Rn), k T f = f ∗u. �


�� u �&E, �|^òÈ%Cð��5� . é?¿ ε > 0, � fε(x) � 1
εn e−π|

x
ε |

2
, O��

|| fε||L1 = ||e−π|x|
2
||L1 = 1,�

||T fε||L1 ≤ ||T||1,1|| fε||L1 = ||T||1,1.

¤± {T fε}3 L1(Rn)¥��k.. du L1(Rn) ↪→M(Rn) = (C00(Rn))′,¤±{T fε}3M(Rn)

¥��k..

Ï� C00(Rn)´�©�,d Banach–Alaoglu½n, {T fε}3M ¥´f ∗�;�;=�3

µ ∈M ⊂ S′Úf� εk→ 0,¦� ∀g ∈ S ⊂ C00,

〈T fεk , g〉 → 〈µ, g〉.

,��¡,5¿� fεk ∗ g→ g3 S¥Âñ,@o

〈T fεk , g〉 = 〈 fεk ∗u, g〉 = 〈u, f̃εk ∗ g〉 = 〈u, fεk ∗ g〉 → 〈u, g〉.

ùÒ`² u = µ.u´ µ���5d u���5�y.
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3. d�du

|〈µ, g〉|
||g||L∞

= lim
εk→0

|〈T fεk , g〉|
||g||L∞

≤ lim
εk→0
||T fεk ||L1

≤ ||T||1,1 lim
εk→0
|| fεk ||L1 = ||T||1,1,

¤± ||µ||M ≤ ||T||1,1. 2(Ü1�Ú¤�Ø�ª,Ò�� ||T||1,1 = ||µ||M. y.. 2

e¡·�ïÄM2,2(Rn)��x. ù�½néu±�ïÄÛÉÈ©�f���.

½n4. T ∈M2,2(Rn)��=�e T f = f ∗u,K û ∈ L∞(Rn), d��¤á ||T||2,2 = C||û||L∞(Rn),

ùp C = (2π)
n
2 .

y². 1. ¿©5. ∀ f ∈ S(Rn), u ∈ S′(Rn),e û ∈ L∞(Rn)� T f = f ∗u,Küà� Fourier

C�,�� T̂ f = C f̂ û. d Plancerel½n,

||T f ||L2 = ||T̂ f ||L2 = C|| f̂ û||L2 ≤ C||û||L∞ || f̂ ||L2 = C||û||L∞ || f ||L2 ,

¤± ||T||L2→L2 ≤ C||û||L∞ .

2. 7�5. ·�®�, é T ∈ M2,2, �3��� u ∈ S′(Rn), ¦� ∀ f ∈ S(Rn), ¤á

T f = f ∗u. @o T̂ f = C f̂ û,e¡�y² û ∈ L∞(Rn).

� ϕ ∈ C∞c (Rn), suppϕ ∈ B(0,2),�3 B(0,1)þ ϕ ≡ 1, 0 ≤ ϕ ≤ 1. - ϕR(x) = ϕ( x
R ),K

CϕRû = (Tϕ̌R)∧.du ϕR ∈ L2, ϕ̌R ∈ L2,� T ∈M2,2, ¤±k Tϕ̌R ∈ L2. �â Plancherel½

n,=� (Tϕ̌R)∧ ∈ L2,u´ ϕRû ∈ L2. ùÒ`²
 û|B(0,R) = ϕû
∣∣∣
B(0,R) ∈ L2(B(0,R)). d R�?

¿5,�� û ∈ L2
loc(Rn).

e¡?�Ú`² û ∈ L∞. � f ∈ C∞0 (Rn), K¤á

C2
∫
Rn
| f û|2dx =

∫
Rn
|(T f̌ )|2dx ≤ ||T||2L2→L2 || f̌ ||

2
L2

= ||T||22,2|| f ||
2
L2 = ||T||22,2

∫
Rn
| f |2dx,

ùÒ¿�X ∫
Rn

(C2
|û|2− ||T||22,2)| f |2 dx ≤ 0.

d f �?¿5,7,A�??¤á C2
|û|2 ≤ ||T||22,2.l û ∈ L∞ � C||û||L∞ ≤ ||T||2,2. d	,(

Ü1�Ú�Ø�ª,Ò�� C‖û‖L∞(Rn) = ‖T‖2,2 . y.. 2
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o Fourier¦f�mMp(Rn)

ù�!·�éuòÈ.�fýul Fourier ¦f��Ý,=òÈØ u� FourierC�

��Ý,ïÄ�f�mMp,p(Rn).

½Â1. ½Â Lp
−Fourier¦f�mXe:

Mp(Rn) �
{
m ∈ L∞(Rn) : ∀ f ∈ S(Rn), Tm f � (m f̂ )∨´ (p,p).�5�f

}
,

Ù�ê½Â� ||m||Mp = ||Tm||Lp→Lp .

�Ä Fourier ¦f�'�3u§ò�fü�=z�éA�� (¦f) �¼êü�, l

äk�~��éu¿Â,  ¦�¯K��é��{z. �d·�5¿±eo^éA'X

(�|^½Â���y):

• m ∈Mp⇐⇒ Tm ∈M
p,p,

• m1m2⇐⇒ Tm1Tm2 = Tm1m2 ,

• m1⇐⇒ T∗m1
= Tm1

,

• km1⇐⇒ kTm1 = Tkm1 , k ∈ C.

�e=Û�u Fourier ¦f, ":´éA� Banach �ê�Ø
�, vkü �½'u�_

Øµ4. ù�´uÐ[�©�f�nØ��Ï��.

~3. 1) M1(Rn) = F (M(Rn)) ⊂ L∞(Rn);

2) M2(Rn) = L∞(Rn).

¯¢þ,d½n 3,du

|µ̂(ξ)| =
∣∣∣∣∣∫
Rn

e−ix·ξdµ(x)
∣∣∣∣∣ ≤ ∫

Rn
|dµ(x)| = ||µ||M,

¤± 1)¤á. 2)K´½n 4�íØ.

~4. é?¿ 1 ≤ p ≤∞,k m = eiξ·b
∈Mp(Rn).
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y². Ï� T̂m f = eiξ·b f̂ (ξ),¤±

Tm f = (eiξ·b f̂ (ξ))∨ =

(
1
C

∫
Rn

e−i(x−b)·ξ f (x)dx
)∨

=

(
1
C

∫
Rn

e−iy·ξ f (y + b)dy
)∨

= F −1(Fy f (y + b)) = f (y + b),

¤± (Tm f )(t) = f (t + b). du ||Tm f ||Lp = || f ||Lp ,� Tm ∈M
p,p,=� eiξ·b

∈Mp(Rn). 2

½n5. (1) � 1 < p <∞ �,Mp(Rn) =Mp′(Rn);

(2) � 1 < p < q < 2 �,M1 ⊆Mp ⊆Mq ⊆M2 = L∞.

y². 1. d½n 2,Mp,p(Rn) =Mp′,p′(Rn),l Mp(Rn) =Mp′(Rn).

2. eyM1 ⊆Mp. dM1 = F (M(Rn))�∀m ∈M1,k Tm f = ( f̂ m)∨ = f ∗µ/C� (1,1)

. (�f�ê� ||µ||M(Rn)/C),Ù¥ µ ∈M(Rn). ,��¡,

||Tm f ||L∞ =
1
C

∣∣∣∣∣∫
Rn

f (x− y)dµ(y)
∣∣∣∣∣ ≤ || f ||L∞∫

Rn
|dµ(y)|

1
C

=
1
C

(||µ||M(Rn))|| f ||L∞ ,

= Tm´ (∞, ∞).. ¤±d Riesz–Thorin��½n, Tm ∈M
p,p� ||Tm||p,p ≤

1
C ||µ||M(Rn).u

´ m ∈Mp,�¤á

||m||Mp = ||Tm||p,p ≤
1
C
||µ||M = ||Tm||1,1 = ||m||M1 .

3. 2y Mq ⊆M2. e m ∈ Mq, K Tm ∈ M
q,q =Mq′,q′ . d Riesz–Thorin ��½n,

Tm ∈M
2,2. ¤±, m ∈M2 = L∞,�

||m||M2 = ||Tm||2,2 ≤ ||Tm||q,q = ||m||Mq .

4. ��,5¿� p < q < p′,KMp ⊆Mq�y²�1nÚaq. 2

½n6. Mp(Rn)U¼ê¦{´�� Banach �ê.

y². 1. N´�yMp ´��5�m,  || · ||Mp ´���ê. eyMp 'u¦{µ4:

m1, m2 ∈Mp =⇒ m1m2 ∈Mp, � ||m1m2|| ≤ ||m1||||m2||. ù´Ï� (5¿«©=
´Mp �

ê,=
´�f�ê)

||m1m2|| = ||Tm1m2 || = ||Tm1Tm2 || ≤ ||Tm1 ||||Tm2 || = ||m1||||m2||.
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2. ��5. �Mp¥ Cauchy� {mk},@o

lim
k, j→∞

||mk−m j||Mp = 0.

Ï�Mp ↪→M2 = L∞, ¤± {mk} �´ L∞ ¥� Cauchy�; u´�3 m ∈ L∞, ¦� mk→

m (L∞). e¡�Iy a) m ∈Mp; b) mk→m (Mp).

�y² a),é?¿ f ∈ S,5¿�

Tmk f (x) =
1
C

∫
Rn

f̂ (ξ)mk(ξ)eix·ξdξ,

- k→∞,d Lebesgue��Âñ½n,

Tmk f (x)→ Tm f (x) =
1
C

∫
Rn

f̂ (ξ)m(ξ)eix·ξdξ a.e.

¤±^ FatouÚn,k ∫
Rn
|Tm f (x)|pdx =

∫
Rn

liminf
mk→m

|Tmk f (x)|pdx

≤ liminf
mk→m

∫
Rn
|Tmk f (x)|pdx

≤ liminf
mk→m

(
||Tmk ||p,p|| f ||Lp

)p
.

ùÒ´` m ∈Mp�

||m||Mp ≤ liminf
mk→m

||mk||Mp .

��½� j,ò {mk}O�� {mk−m j},|^þª��

||m−m j||Mp ≤ liminf
mk→m

||mk−m j||Mp .

du {mk}´ Cauchy�,- j→∞,=� lim
j→∞
||m j−m||Mp = 0. y.. 2

ØM1ÚM2	,é���Mp\±�x´��(J�ÿ��¤�ó�,8c=k�


"Ñ�¿©½7�^�.�¡·�ò0�ÛÉÈ©�f�nØ,±9Hörmander–Mihlin¦

f½n. §��Ñ
�aòÈ.�f´ (p, p).�¿©^�,3 �©�§¥kX��A

^.
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1lù Hardy–Littlewood4�¼ê

²Lc¡�O�,·�y3m©?\NÚ©Û¢CnØ�Ø%/�.

� Hardy–Littlewood4�¼ê

1. 4�¼ê�½Â94��f� (∞,∞).

½Â1 (¥%��¥%4�¼ê). � f ∈ L1
loc(R

n),Ù¥%��¥% Hardy–Littlewood (H-L)4

�¼ê©O½Â�

Mc f (x) � sup
r>0

1
|Br(x)|

∫
Br(x)
| f (y)|dy;

M f (x) � sup
x∈Br(y)

1
|Br(y)|

∫
Br(y)
| f (ξ)|dξ.

ùp Br(x)´± x�¥%, r��»�m¥N.

ùü�4�¼ê�m�±:�/p���,= Mc f (x) ≤M f (x) ≤ 2nMc f (x). ¢Sþ,e

x ∈ Br(y),K7k Br(y) ⊂ B2r(x),u´

1
|Br(y)|

∫
Br(y)|
| f (ξ)|dξ ≤

1
|Br(y)|

∫
B2r(x)

| f (ξ)|dξ

=
1

|B2r(x)|2−n

∫
B2r(x)

| f (ξ)|dξ = 2n 1
|B2r(x)|

∫
B2r(x)

| f (ξ)|dξ.

ü>©O�þ(.=�. d	ØJwÑ4��fM����g�5�f,´ (∞, ∞).:

|M f (x)| ≤ || f ||L∞ .

2. CXÚn�4��f�f (1,1).

½n1. M´f (1,1).: |{M f (x) > α}| ≤
3n

α
|| f ||L1(Rn).

ù�½nØ�X�©)ºkNõA^, �|^CX�O8ÜÿÝ�´�~Ä���

{. e¡k0� VitaliCXÚn.

Ún1 (VitaliCXÚn). � {B j}
k
j=1 ´ R

n ¥k��m¥,K7�3Ù¥eZ�m¥ {B ji}
l
i=1,

÷v:

97
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1) §�üüpØ��;

2)

∣∣∣∣∣∣ l⋃
i=1

B ji

∣∣∣∣∣∣ ≥ 3−n

∣∣∣∣∣∣ k⋃
j=1

B j

∣∣∣∣∣∣.
y². 1. Ø�� |B1| ≥ |B2| ≥ · · · ≥ |Bk|. e¡¦^8B{¿Uì�½�5KÀ�¤��

{B ji}
l
i=1.

� B j1 = B1. b� B j1 , · · · , B ji ®À½,@o B ji+1 UXe5KÀ�:

• §� B j1 , · · · , B ji þØ��;

• §´3 {B j}
k
j=1¥� B j1 , · · · , B ji þØ����e�¥¥ÿÝ�����.

du k<∞,±þÀ�²Lk�Ú�(å,=�3 l<∞¦�∀B j < {B ji}
l
i=1, B j7� {B ji}

l
i=1

¥�,��¥��.

2. 5� 1)�â±þ1���{5K®¤á. e¡�y 2). ¯¢þ,e,� B j < {B ji}
l
i=1,

K7�3,� B jr ¦� |B jr | ≥ |B j| � B jr ∩B j , ∅, 1 l B j ⊂ 3B jr
2¤á. dd�íÑ

k⋃
j=1

B j ⊂
l⋃

r=1
3B jr . @o ∣∣∣∣∣∣ k⋃

j=1
B j

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣ l⋃
r=1

3B jr

∣∣∣∣∣∣ ≤ l∑
r=1
|3B jr |

= 3n
l∑

r=1
|B jr | = 3n

|

l⋃
r=1

B jr |.

2

ù�y²�'�,Ú4�¼ê��,Ñ´�Ä“4�”. ù´?nNõ¯K�'�:.

½n 1�y². 1. 8Ü Eα = {x ∈Rn : M f (x) > α}´m8. ù´Ï�é x ∈ Eα,d�¥%4

�¼ê�½Â,7�3��¥ Bx,¦�

• x ∈ Bx;

•
1
|Bx|

∫
Bx
| f (y)|dy > α.

¤± ∀y ∈ Bx,k

M f (y) = sup
y∈B

1
|B|

∫
B
| f (z)|dz ≥

1
|Bx|

∫
Bx

| f (z)|dz > α,

1ÄK,e� B j ���¥ B ji Ñ' B j �,b� B jk ´ù
¥¥���@�,@o�Ð3À� B jk �,ÒA

TÀ� B jØ´y3� B jk .
2kBL«� BÓ%,��»´ B�» k��¥N.
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l�3 x���¥�� Bx¦� Bx ⊂ Eα.

2. � K ´ Eα �?¿��;f8. ∀x ∈ K, ∃Bx ⊂ Eα, ¦� 1
|Bx|

∫
Bx
| f (y)|dy > α, ¤±

{Bx}x∈K �¤
 K���mCX.d K�;5,�3 K���k�mCX {Bi}
k
i=1. 2d Vitali

CXÚn,�3üüpØ��� {B ji}
l
i=1 ⊂ {Bi}

k
i=1,�

∣∣∣∣∣∣ l⋃
i=1

B ji

∣∣∣∣∣∣ ≥ 3−n
|

k⋃
j=1

B j|. Ï�

|K| ≤

∣∣∣∣∣∣∣
k⋃

i=1

Bi

∣∣∣∣∣∣∣ ≤ 3n
l∑

i=1

|B ji | ≤ 3n
l∑

i=1

1
α

∫
B ji

| f (z)|dz

=
3n

α

∫
l⋃

i=1
B ji

| f (z)|dz ≤
3n

α

∫
Eα
| f (z)|dz, (8.1)

¤± |K| ≤ 3n

α

∫
Eα
| f (z)|dz ≤ 3n

α || f ||L1 . 2d LebesgueÿÝ�S�K5,=�

|Eα| = sup{|K| : K ⊂ Eα, K´;8} ≤
3n

α
|| f ||L1 .

�

Ï� M Q´f (1,1) ., q´ (∞,∞) ., d Marcinkiewicz ��½n, M´ (p,p) .

(1 < p ≤∞).

~1 (KolmogorovØ�ª). � f ∈ L1
loc(Rn),K

|{x : M f (x) > λ}| ≤
Cn

λ

∫
{x: M f (x)>λ}

| f (y)|dy.

y². ù�Ø�ª�±d (8.1)wÑ.ùp�Ñ,��y².

P Eλ = {x : M f (x) > λ}. é¼ê f �©) f = f1 + f2,Ù¥ f1 = fχEλ , f2 = fχRn\Eλ . é

?¿ x ∈ Eλ,d H-L4�¼ê�½Â,�3�¹ x�¥ B,¦� 1
|B|

∫
B | f | > λ,u´ B ⊂ Eλ,l

3 Bþ f = f1,K7kM( f1)(x) > λ. ùÒy²


Eλ ⊂ {x : M f1(x) > λ}.

|^M´f (1,1).,XJ f1�È,Ò��

|Eλ| ≤
C
λ

∥∥∥ f1
∥∥∥

L1 =
C
λ

∫
Eλ
| f (y)|dy.

XJ f1Ø�È,KþªmàÒ´ +∞,lØ�ªE,¤á. 2
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~2. � f ∈ L1,∞(Rn), E ⊂RnÿÝk�,� 0 < p < 1. y²:∫
E
| f |p ≤

1
1−p

|E|1−p
∥∥∥ f

∥∥∥p
L1,∞ .

y². P Eλ = {x ∈ E : | f (x)| > λ},@o |Eλ| ≤ |E|� |Eλ| ≤ 1
λ

∥∥∥ f
∥∥∥

L1,∞ . u´é?¿ δ > 0,¤á∫
E
| f |p = p

∫
∞

0
λp−1
|Eλ|dλ

≤ p|E|
∫ δ

0
λp−1 dλ+ p

∥∥∥ f
∥∥∥

L1,∞

∫
∞

δ
λp−2 dλ

= δp
|E|+

p
1−p

∥∥∥ f
∥∥∥

L1,∞ δ
p−1.

� δ =
∥∥∥ f

∥∥∥
L1,∞ /|E|=�¤y. 2

SK 1. ½ÂMp f (x) = [M(| f |p)(x)]
1
p . |^þãSK(Øy²,é 0 < p < 1, Mp ´ L1,∞ þk

.�f,=
∥∥∥Mp f

∥∥∥
L1,∞ ≤ C(n,p)

∥∥∥ f
∥∥∥

L1,∞ . 2

~3. y²: é 1 < p <∞, Hardy–Littlewood4��f´ Lp,∞(Rn)� Lp,∞(Rn) �ëYN�.

y². 1. |^~ 2��{,ØJy²±e¯¢: � (X,µ)�ÿÝ�m, E ⊂ X� µ(E) <∞. q

� f ∈ Lp,∞(X,µ) (Ù¥ p ∈ (0,∞)),Ké 0 < q < p,¤á∫
E
| f (x)|q dµ(x) ≤

p
p− q

µ(E)1− q
p
∥∥∥ f

∥∥∥q
Lp,∞ .

dd��

sup
E: 0<µ(E)<∞

µ(E)
1
p−

1
q

(∫
E
| f (x)|q dx

) 1
q

≤

(
p

p− q

) 1
q ∥∥∥ f

∥∥∥
Lp,∞ .

e¡òé q = 1, p ∈ (1,∞)|^dØ�ª.

2. � f ∈ Lp,∞(Rn)⊂ L1
loc. ½ÂEλ �

{
x : M f (x)>λ

}
,±9ER

λ �
{
x : M f (x)>λ

}
∩

{
|x|<R

}
,

�öÿÝk�.@o�â1 1Ú�(Ø,

|ER
λ |

1
p−1

∫
ER
λ

| f (x)|dx ≤
p

p−1

∥∥∥ f
∥∥∥

Lp,∞ .

- R→∞,Ò��

|Eλ|
1
p−1

∫
Eλ
| f (x)|dx ≤

p
p−1

∥∥∥ f
∥∥∥

Lp,∞ .

d~ 1,¤á

λ|Eλ|
1
p ≤ Cn|Eλ|

1
p−1

∫
Eλ
| f (x)|dx.
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l

λ|Eλ|
1
p ≤ Cn

p
p−1

∥∥∥ f
∥∥∥

Lp,∞ .

�>'u λ > 0�þ(.,Òy²

∥∥∥M f

∥∥∥
Lp,∞ ≤ Cn

p
p−1

∥∥∥ f
∥∥∥

Lp,∞ . 2

� 4�¼ê�A^: :�Âñ�4�¼ê{

1. ^ Hardy–Littlewood4��f��Ù§4��f

Hardy–Littlewood4��f��é¼êýé�3�:±��²þ����ö,�±^

5��Ù§�
²þz�f,~X~��òÈ�1�f,�ö3�©�§¥kNõA^.

½n2. � k � [0, ∞) þüN4~, Øk��:	ëY��K¼ê. q� K(x) = k(|x|) áu

L1(Rn),¿P Kε(x) � 1
εn K(x

ε ). K

sup
ε>0

(| f | ∗Kε)(x) ≤Mc f (x)||K||L1(Rn), ∀ f ∈ L1
loc(Rn), x ∈Rn.

y². 1. �Ié Kk;|8�ëY�/y²;é��� K,�^÷vþã^�� K j üN�

þ%C K,�A�(Ø�^ Levi üNÂñ½n�Ñ.d	,��é x = 0 y²,���/^�

Oªü>�²£ØC5,^¼ê f (x + t)�O f (x) =�.

2. e¡�Iy: é�½� f ∈ L1
loc(Rn),k∫

Rn
| f (y)Kε(−y)|dy ≤Mc f (0)||K||L1(Rn).

� e1 = (1, · · · , 0),K Kε(−y) = Kε(|y|e1). P F(r) =
∫
Sn−1 | f (rθ)|dθ, a(r) =

∫ r
0 F(s)sn−1ds,5

¿� a(0) = 0, Kεk;|8,��∫
Rn
| f (y)Kε(|y|e1)|dy =

∫
∞

0

∫
Sn−1
| f (rθ)|Kε(re1)rn−1dθdr

=

∫
∞

0
F(r)Kε(re1)rn−1dr =

∫
∞

0
a′(r)Kε(re1)dr

= a(r)Kε(re1)|∞0 −
∫
∞

0
a(r)dKε(re1) =

∫
∞

0
a(r)d(−Kε(re1)).

d?����� Lebesgue–StielgesÈ©. Ï�

a(r) =

∫ r

0

∫
Sn−1
| f (sθ)|dθsn−1ds

=

∫
Br(0)
| f (y)|dy ≤ |Br(0)|Mc f (0),
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¤±,P ωn = |B(0,1)|,2|^ Sn−1�L¡È� nωn,�ªÒk

| f | ∗Kε(0) ≤
∫
∞

0
rnωnMc f (0)d(−Kε(re1))

= Mc f (0)ωn
(
(rn)(−Kε(re1))|∞0 +

∫
∞

0
Kε(re1)nrn−1dr

)
= nωnMc f (0)

∫
∞

0
Kε(re1)rn−1dr

= Mc f (0)
∫
∞

0

∫
Sn−1

Kε(re1)rn−1dθdr

= Mc f (0)||Kε||L1 = Mc f (0)||K||L1 .

y.. 2

íØ1. � ϕk��¼ê Φ: |ϕ| ≤Φ,� Φ ∈ L1(Rn)�»�é¡3üN4~�ëY¼ê,K

sup
ε>0

(|ϕε| ∗ | f |)(x) ≤Mc f (x)||Φ||L1 , ∀ f ∈ L1
loc, x ∈Rn.

2. :�Âñ�4�¼ê{

� (X,µ), (Y,ν)´ÿÝ�m. é ε > 0,� Tε ´½Â3 Lp(X,µ)þ,��� (Y, ν)¥�ÿ

¼ê��5�f. ½Â4��f:

(T∗ f )(x) � sup
ε>0
|(Tε f )(x)|.

¤¢:�Âñ�4�¼ê{´�,��é Lp(X,µ) �,�È�f8¥� f ,¤á (Tε f )(x):

�Âñ,@od T∗ �f (p,q).Ò�íÑé��� f , Tε f �A�??Âñ. î�5`,·�

k±e½n.

½n3. � D´ Lp(X,µ)�È�f8, {Tε}ε>0´ Dþ��x�5�f,e

• �3 B > 0¦� ||T∗ f ||Lq,∞(Y,ν) ≤ B|| f ||Lp(X,µ);

• é?¿� g ∈ D, 3 ν ÿÝ¿Âe, éA�¤k� x, ε→ 0 � (Tεg)(x)Âñ, (PÙ4�

�(T|Dg)(x),l(½
���5N� T|D),

K ∀ f ∈ Lp(X,µ), Tε f 3 ν ÿÝ¿ÂeA�??Âñu,� T f ;d��5N� T ´ T|D 3

Lp(X,µ)þ����5òÿ,��f (p,q)..
3Φ(x)��6u |x|.
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y². 1. �½ f ∈ Lp(X,µ),é?¿ y ∈ Y,½Â

O f (y) = lim
ε>0

lim
θ>0
|(Tε f )(y)− (Tθ f )(y)|.

w, O f (y) ≤ supε,θ>0(|Tε f (y)|+ |Tθ f (y)|) ≤ 2T∗ f (y).e¡y²: ∀δ > 0,k

ν({y ∈ Y : O f (y) > δ}) = 0. (8.2)

e (8.2) ¤á, Òk O f (y) 'uÿÝ ν-A�??� 0, l�íÑ {(Tε f )(y)}ε>0 A�??�

Cauchy�.

2. dÈ�5, ∀η > 0, ∃g ∈ D, ¦� || f − g||Lp < η. |^n�Ø�ª´� O f (y) ≤

O f−g(y) + Og(y),d½n^��� Og(y) = 0. ¤±¤á

ν({y ∈ Y : O f (y) > δ}) ≤ ν({y ∈ Y : O f−g(y) > δ})

≤ ν({y ∈ Y : 2(T∗( f − g))(y) > δ})

≤

(2B
δ
|| f − g||Lp

)q
≤

(
2Bη
δ

)q

.

ùp^
 T∗´f (p,q).. 2d η�?¿�5,Ò�� (8.2).

3. d {Tε f (y)}A�??� Cauchy��,é νÿÝeA�¤k�y, ê� {Tε f (y)}ε>0Â

ñ,PÙ4�� T f (y). ùÒ(½
ν�ÿ¼ê T f (y) ,l�Ñ
�5�f T 3 Lp(X,µ)þ

�½Â.Ï� |T f (y)| ≤ T∗ f (y),� T∗´f (p,q).,d½ÂÒ��� T´f (p,q).. y.. 2

3. 3�©½n¥�A^

e¡Äk0�½n 33¼ê�© (ÛÜ5�)�¡�A^.

½n4 (Lebesgue�©½n). e f ∈ Lloc(Rn),K

lim
R→0

1
|BR(x)|

∫
BR(x)

f (y)dy = f (x), a.e. x ∈Rn.

¦�dª¤á�: x�� f � Lebesgue:.

y². ?� N > 0,ÏLò f 3±�:�%, N + 1��»�¥ BN+1(0)	�"òÿ,�Ø�

� f ∈ Lp(Rn). é R > 0,½Â�5�f TRXe: (TR f )(x) � 1
|BR(x)|

∫
BR(x) | f (y)|dy. §éA�4

��fd

T∗ f (x) � sup
R>0

1
|BR(x)|

∫
BR(x)
| f (y)|dy = Mc f (x)
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(½, l T∗ ´f (p,p) .. éuëY¼ê g, � R→ 0 �, é÷v |x| ≤ N �?¿ x Ñ¤

á (TR f )(x)→ g(x). dëY¼ê3 Lp(Rn)¥�È�5,^½n 3,��é?¿� f ∈ Lp(Rn),

T f (x) � limR→0
1

|BR(x)|

∫
BR(x) | f (y)|dy A�??�3, � T ´ð�N����òÿ, lÒ

´ð�N�. ùÒ´`�3�� Lebesgue "ÿ8 SN ⊂ BN(0), é x ∈ BR(0) \ SN, ¤á

limR→0
1

|BR(x)|

∫
BR(x) | f (y)|dy = f (x). y3P S = ∪∞N=1SN,§´ Lebesgue"ÿ8,@oé?¿

x ∈Rn
\S,�¤á limR→0

1
|BR(x)|

∫
BR(x) | f (y)|dy = f (x). 2

5¿ùp¥N BR(x)e��?Û�¹ x�ÿÝªu"�¥N½�N,^���Ó�y²

g´,��y�(Ø¤á. ¤±éÛÜ�È¼ê f ,·���

| f (x)| ≤M f (x), a.e. x ∈Rn.

·�5¿� Lp(Rn) (1 ≤ p <∞)�m´ÏL�Û�È©½Â�. ùp��©½n`²�� Lp

¼ê3z:NC��©Ù�´NyÑ,«ëY5�. d	,é���¼êXÛ�½=
:´

Lebesgue:,K´^È©ÚÿÝóäÃ{)û�¯K.ùI��é�½¼ê�äNA:äN

��.

íØ2. � Tε f = f ∗ϕε, ϕ ÷v: ϕ ∈ L1(Rn);
∫
Rnϕdx = a; ϕ k��»�é¡üN4~�

L1(Rn)�È�ëY��¼ê Φ. Ké?¿� f ∈ Lp(Rn), 1 ≤ p <∞,¤á

Tε f (x)→ a f (x) a.e.

y². 1. (Øé f ∈ C0(Rn)w,¤á. q4��f

T∗ f (x) = sup
ε>0
| f ∗ϕε|(x) ≤ sup

ε>0
| f | ∗Φε(x) ≤Mc f (x)||Φ||L1

�f (p,p).,d½n 3=�y. 2

n ý�.�§� Lp>�¯K

e¡·�^4�¼êïÄäk Lp >�� Laplace �§� Dirichlet ¯K. ùa¯K3

ïÄV–ý�EÜ–·Ü.�§|�ÃXªÑ��>mä½ªÑ�-Å¯K�¬��: d

uVÜ©�)�U¹k-Å�mä1w5é�, ��æÑ�6 (ý�) Ü©>.�k

Lipschitz1w5,>.��=´ Lp¼ê.
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·��Ä�{ü��/, ±¼�éùa¯K�Ä��@£. �Ä Laplace �§�Xe

Dirichlet¯K: 
utt +∆xu = 0, (x, t) ∈Rn

×R+,

u(x,0) = f (x), x ∈Rn.

e f ∈ Lp(Rn), 1 ≤ p <∞,T¯K´Äk)? ek) u(x, t),K� t→ 0�, u(x, t) ´Ä:�Â

ñ� f (x)º

1. :�Âñ

d �©�§�£, ·��� Laplace�§3þ��m� Dirichlet¯KéA� Green

¼ê�Xe PoissonØ

P(x) =
Γ(n+1

2 )

π
n+1

2

1

(1 + |x|2)
n+1

2

.

§÷v ||P||L1(Rn) = 1. - Pt(x) � 1
tn P(x

t ),�±�y

d2Pt(x)
dt2 +

n∑
j=1

∂2
x j

Pt(x) = 0,

= Pt(x)´'u (x, t)�NÚ¼ê. þã Laplace�§ Dirichlet¯K�)Ò´

u(x, t) = ( f ∗Pt)(x).

ù´��%Cð�,¤±>�3 limt→0
∥∥∥u(·, t)− f

∥∥∥
Lp(Rn) = 0¿Âe÷v. qe f ∈ C0(Rn),|

^1�ù¥?n GaussØ��{ (9�§� Cauchy¯K),�±y² u(t,x)→ f (x) (t→ 0)

??¤á.

,��¡§d½n 2, (| f | ∗Pt)(x)≤Mc f (x)||P||L1 = Mc f (x),¤± (T∗ f )(x) = sup
t>0
| f | ∗Pt(x)≤

Mc f (x). ù��â½n 3, ∀ f ∈ Lp, 1 ≤ p <∞,k u(t,x) = ( f ∗Pt)(x)→ f (x)A�??¤á.

2. ���Âñ

� F(x, t) ´ Rn+1
+ �

{
(x, t) : x ∈ Rn, t > 0

}
þ��ÿ¼ê, ·�½Â§�m�� a > 0

����4�¼ê

F∗a(x) � sup
t>0

sup
|y−x|<at

|F(y, t)|,

§�Ò´ F3I Γa(x) �
{
(y, t) ∈Rn+1

+ : |y−x| < at
}
þ�þ(..
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½n5. � ϕ äk»�é¡��ëY4~�áu L1(Rn) ���¼ê Φ, Kéu?¿ f ∈

Lp
loc(Rn),� F(x, t) = ϕt ∗ f (x),@o¤á

F∗a(x) ≤ Cn,a
(
‖Φ‖L1 + |Φ(0)|

)
Mc f (x).

ùpMc f (x)´ f � Hardy–Littlewood¥%4�¼ê.

y². |^½n 2y²1�Ú¤æ��{z,�Iy²: é?¿ |z| < aε,¤á∫
Rn
| f (y)||Φε(z− y)|dy ≤ Cn,aMc f (0)

(
‖Φ‖L1 + |Φ(0)|

)
. (8.3)

¯¢þ,-

Ψ(x) =


Φ(0), |x| ≤ a,

Φ(|x| − a), |x| > a,

KΨ(x)Ò´ sup
|u|≤a |Φ(x−u)|���»�é¡ëY4~��È���¼ê. u´ |Φε(z−y)|=

|Φε(y− z)| = ε−nΦ(ε−1y−ε−1z) ≤ sup
|u|≤a ε

−nΦ(ε−1y−u) ≤ ε−nΨ(ε−1y) = Ψε(y) = Ψε(−y).½

n 2y²1 2Ú®²y� | f | ∗Ψε(0) ≤ CnMc f (0)‖Ψ‖L1 . ddÒ�� (8.3)¤á. 2

�âþã½n,N´wÑ,� ϕ(x)´ PoissonØ P(x)�,± f ∈ Lp(Rn) (1 ≤ p <∞)�>

��þ��m�NÚ¼ê u(x, t)���A�??Âñu f (x),=éA�¤k x ∈Rn,é¤k

a > 0,¤á

lim
Γa(x)3(y,t)→(x,0)

u(y, t) = f (x).

o Calderon–Zygmund©)

��, ·�0�4Ù�� Calderon–Zygmund ©)½n, §(Ü
¼ê�3�m�

©Ù,r¼ê©)�k.�Ð�Ü©ÚkeZ5��“ØÐ”�Ü©. ùò38�ïÄÛÉÈ

©�f�f (1,1).�å'��^.

½Â2 (�?�N). Rn¥>�� 2k,�>²1u�I¶���N

[2km1,2k(m1 + 1))× [2km2,2k(m2 + 1))× · · ·× [2kmn,2k(mn + 1))

¡��?�N.ùp k,m1, · · · ,mnþ��ê.
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�½ k,��m��ù���?�NCX,�äk±eü^Ä�5�:

(a) � k�Ó�,§�üüpØ��;

(b) � kØÓ�,7k���¹3,��¥½pØ��.

½n6 (Calderon–Zygmund©)). � f ∈ L1(Rn), α > 0. K�3 Rnþ�¼ê gÚ b,÷v:

1) f = g + b;

2) ||g||L1 = || f ||L1 , ||g||L∞ ≤ 2nα;

3) b =
∑
j

b j,Ù¥ supp b j�¹3,��?�N Q j¥,� Q j∩Qk = ∅(k , j);

4)
∫

Q j
b jdx = 0;

5) ||b j||L1(Q j) ≤ 2n+1α|Q j|;

6)
∑
j
|Q j| ≤

1
α || f ||L1 ;

7) α < 1
|Q j|

∫
Q j
| f (x)|dx ≤ 2nα;

8) ∀x ∈Rn
\ (∪ jQ j),¤á | f (x)| ≤ α.

y². 1. ÀJ÷v½n�¦��N.

Ï� || f ||L1(Rn) <∞,�� l¿©�,¦�é?¿�>�� 2l��NQ,Ñ¤á |Q|> 1
α || f ||L1 .

ù���N�¡�1 0��N,Ù8ÜP� G0.

éz� Q ∈ G0,òÙz�>��©�� 2n���N,�ö>�� 2l−1,¡�1 1��N,

Ù8ÜP� G1.

UìXeOKÀJ�N (k = 1,2, · · · ):

• é1 k��N Q ∈ Gk,e
1
|Q|

∫
Q
| f (x)|dx > α,

KÙ�À¥,�±�3. P¤k�À¥�1 k��N� Sk.

• évkÀ¥�1 k��N Q ∈ Gk \Sk,òÙz>��©��1 k + 1��N.¤k1 k + 1

��N8ÜP� Gk+1.
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é k = 1, 2, · · · ,þãÚ½�±Ã�?1e�. P S �
∞⋃

i=1
Si. ùÒ´½n5� 3)¥Ñy��N

�8Ü.

2. �E÷v^�� b j.

é?¿�Q j ∈ S,- b j(x) � f (x)− 1
|Q j|

∫
Q j
| f (y)|dy ,K5� 4)w,¤á. - b �

∞∑
j=1

b j,K

3)¤á.

3. - g � f − b,K5� 1)÷v.

4. 2�y5� 5). l½Â��
∫

Q j
|b j|dx ≤ 2

∫
Q j
| f |dx. Ï� Q j�À¥,7k Q j′ ¦�Ï

LÙ>é©�g4�� Q j,K |Q j′ | = 2n
|Q j|� Q j ⊂Q j′ ; Q j′ �¤±�©),´Ï�vk�

À¥,=¤á 1
|Q j′ |

∫
Q j′
| f (x)|dx ≤ α,½

∫
Q j′
| f (x)|dx ≤ 2nα|Q j|. u´��

∫
Q j
|b j|dx ≤ 2n+1α|Q j|.

AO�,e Q j ∈ S,K α < 1
|Q j|

∫
Q j
| f (x)|dx ≤ 2n

|Q j′ |

∫
Q j′
| f (x)|dx ≤ 2nα. 5� 7)�y.

5. ey5� 6). e Q j ∈ S,K 1
|Q j|

∫
Q j
| f (x)|dx > α,5u´

∑
j

|Q j| <
1
α

∑
j

∫
Q j

| f (x)|dx =
1
α

∫
⋃

Q j

| f (x)|dx ≤
1
α

∫
Rn
| f (x)|dx.

6. 2�y5� 2). Ï�

g = f −b =


f , x <

⋃
Q j,

1
|Q j|

∫
Q j
| f (x)|dx, x ∈Q j,

¤±

||g||L1 ≤

∑
j

∫
Q j

 1
|Q j|

∫
Q j

| f (x)|dx

dy +

∫
Rn\

⋃
Q j

| f (x)|dx

=

∫
Rn
| f (x)|dx.

qé x ∈Q j,Xc¤ã�3 Q′j¦� Q jd Q′j©)�g��,l

|g(x)| ≤
1
|Q j|

∫
Q j

| f (y)|dy ≤
2n

|Q j′ |

∫
Q j′

| f (y)|dy ≤ 2nα.

,��¡,éu x <
⋃

Q j,7�3�� {Q̃ j}
∞

j=1,¦� Q̃ j ∈ G j,� x ∈ Q̃ j,
⋂

Q̃ j = {x}, |Q̃ j| → 0.

¤±d Lebesgue�©½n,|^ 1
|Q̃ j|

∫
Q̃ j
| f (x)|dx ≤ αéù� Q̃ j¤á,- j→∞,= |Q̃ j| → 0,

45¿¤k1 0��NÑ�©�K
.
5l3 Q jþ¤áM f (x) > α.
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��

lim
|Q̃ j|→0

1
|Q̃ j|

∫
Q̃ j

| f (x)|dx = | f (x)| ≤ α.

ùÒy²
5� 8),l�¤á |g(x)| < 2nα.y.. 2

4�¼êÚ C-Z©)´NÚ©Û¥����{��.e¡2Þ��~f,�Ï�[Ù

Gù@�{.

~4. e f ∈ L1(Rn),± λ > 0�Y²é f � C-Z©),¤��NP� {Qλ
k },K:

|{x ∈Rn : Mc f (x) > 7nλ}| ≤ 2n
∑

k

|Qλ
k |.

©Û:
{
x : | f (x)| > λ

}
⊂ {x : M f (x) > λ} ⊂ (∪kQλ

k )∪Z,Ù¥ |Z| = 0.

y². 1. é?¿ Qλ
k , P (Qλ

k )∗ �� Qλ
k Ó%�>��Ùü���N. e¡`²: é?¿

x <
⋃
k

(Qλ
k )∗,kMc f (x) ≤ 7nλ, =e x <

⋃
k

(Qλ
k )∗, Ké?¿± x�¥%��N Q, ¤á:

1
|Q|

∫
Q
| f (y)|dy ≤ 7nλ.

e¡©ü«�/?Ø.

2. Q ⊂Rn
\(
⋃
k

Qλ
k ). d�é?¿ x ∈Qk | f (x)| ≤ λ =⇒

1
|Q|

∫
Q | f (x)|dx ≤ λ ≤ 7nλ¤á.

3. ÄK Q7�,� Qλ
k ��. du x3 Q¥� x < (Qλ

k )∗, ¤±¤á Qk ⊂ 3Q, (3Q´

± Q�¥%�%, >�� Q�>�� 3���N),u´é¤k� Q��� Qλ
k �¿,¤á⋃

Qλ
k ⊂ 3Q. @o∫

Q
| f (y)|dy =

∫
Q∩(Rn\

⋃
k

Qλ
k )
| f (y)|dy +

∫
Q∩(

⋃
k

Qλ
k )
| f (y)|dy

≤ λ|Q|+
∫

⋃
k

(Q∩Qλ
k )
| f (y)|dy

≤ λ|Q|+
∫

⋃
k∈A

(Qλ
k )
| f (x)|dx (ùpPA � {k : Qλ

k ∩Q , ∅})

= λ|Q|+
∑
k∈A

∫
Qλ

k

| f (y)|dy

≤ λ|Q|+
∑
k∈A

2nλ|Qλ
k | (Ï�

1
|Qλ

k |

∫
Qλ

k
| f (y)|dy ≤ 2nλ)

= λ|Q|+ 2nλ
∑
k∈A

|Qλ
k | = λ|Q|+ 2nλ|

⋃
k∈A

Qλ
k |

≤ λ|Q|+ 2nλ ·3n
|Q| = λ(1 + 6n)|Q| ≤ λ7n

|Q|.
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y.. 2
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1Êù òÈ.ÛÉÈ©�f9Ù Lp k.5

ù�ù·�m©0�òÈ.ÛÉÈ©�f���nØ. ùaÛÉÈ©�f/ªþ��

�:

(T f )(x) =

∫
Rn

K(x− y) f (y)dy,

Ù¥“ÛÉ”´�È©Ø K(x)3 x = 0?kÛ5 (~XO��Ã¡�)� K(x) < Lp(Rn) (1 ≤ p≤

∞).¤±þãÈ©ªÙ¢´ØÂñ,lvk¿Â�. ·��)û�Ì�¯K´µ

• Ï� K3 x = 0?�Û5,=¦ f ∈ C∞0 ,þã/ª½Â¥�È©ª��7Âñ. ¤±Ä�

?Ö´3'u K�Ün��¦þ���^�e,�ÑÛÉÈ©�f�î�½Â;

• 3 K��o^�e,þã½Â��f T´ (p,p).?

30����nØ�,1��ù¥·�ò0�AÏ�¤¢àgÛÉÈ©�f,±9Riesz

C�Ú Hilbert C�. 3@p·�òw�ÛÉÈ©�f2�/Ñy3 �©�§�ïÄ¥.

±�30�
Hardy�mH1(Rn)Ú BMO(Rn)�m�,·��ò|^ù�ù¤ã�ïÄÛ

ÉÈ©�f���g�,&Ä�òÈ.�ÛÉÈ©�f,§�éuÐ[�©�fÚ��©�

f� LpnØk��^.

� Calderon–ZygmendÛÉÈ©Ø

1. Calderon–ZygmundÛÉÈ©Ø

½Â1 (Calderon–ZygmundÛÉÈ©Ø). � K(x)´½Â3Rn
\ {0}þ�3?¿Ø�¹�:

�;8þ�È�¼ê,¿��3~ê A1,A2,A3 > 0¦�±e^�¤á:

1. Û5rÝ^�: sup
R>0

∫
R<|x|<2R

|K(x)|dx = A1 <∞;

2. ��5^�: sup
ε,N>0

∣∣∣∣∣∣
∫
ε<|x|<N

K(x)dx

∣∣∣∣∣∣ = A2 <∞;

3. Hörmander1w5^�: sup
y,0

∫
|x|≥2|y|

|K(x− y)−K(x)|dx = A3 <∞,

113
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K¡ K�2Â Calderon–ZygmundÈ©Ø, {¡“C–ZØ”,Ù¥ A1,A2,A3¡�“C–Z~ê”.

~1. K(x) = 1/|x|nØ´ C-ZØ.

2. 'u“C–ZØ”^��5

þã C-ZØ�n�^�9ÙXe0��¿©^�ò3�¡O�¥ª�^�,Ö7ÙG.

1©Û5rÝ^��¿�^��: sup
R>0

1
R

∫
|x|≤R

|K(x)||x|dx = B1 <∞.

y². ¿©5. Ï�
∫

R<|x|<2R
|K(x)|dx≤

∫
R<|x|<2R

|K(x)|
|x|
R

dx≤
1

2R

∫
|x|<2R

|K(x)||x|dx ·2≤ 2B1,

¤± A1 ≤ 2B1.

7�5. �âÛ5rÝ^�3�/þÈ©�A:,ùp|^é�m��/©)���E

|:

1
R

∫
|x|<R
|K(x)||x|dx =

1
R

∞∑
k=0

∫
2−k−1R≤|x|≤2−kR

|K(x)||x|dx

≤
1
R

∞∑
k=0

∫
2−k−1R≤|x|≤2−kR

|K(x)|(2−kR)dx

≤
1
R

∞∑
k=0

(2−kR)A1 = 2A1.

¤± B1 ≤ 2A1. y.. 2

2©Û5rÝ^��¿©^�: sup
x∈Rn
|K(x)||x|n = C1 <∞.

y². ∫
R≤|x|≤2R

|K(x)|dx ≤ C1

∫
R≤|x|≤2R

1
|x|n

dx = C1

∫
R≤r≤2R

1
rn rn−1 dr

= C1 lnr
∣∣∣∣2R

R
= C1 ln2.

y.. 2

3© Hörmander^��¿©^� :

a) FÝ^�: �3 C1 > 0¦�é?¿ x , 0,¤á |∇K(x)| ≤
C1

|x|n+1
.

b) Lipschitz^�: �3 C2 > 0Ú δ > 0, ¦�é?¿ |x| > 2|y|, y , 0, ¤á

|K(x− y)−K(x)| ≤ C2
|y|δ

|x|n+δ
.
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y². a) =⇒ b) =⇒ Hörmander^�.

1. a) =⇒ b). |^¥�½n,k

|K(x− y)−K(x)| ≤ |∇K(x− ty)||y| ≤
C1|y|

|x− ty|n+1
≤

2n+1C1|y|
|x|n+1

.

ùp t ∈ [0,1],¿�|^
du |x| > 2|y| > 0,¤á |x− ty| ≥ |x| − |y| ≥ |x|/2 > 0.

2. b) =⇒ Hörmander^�.��O�Òk∫
|x|>2|y|

|K(x− y)−K(x)|dx ≤
∫
|x|>2|y|

C2
|y|δ

|x|n+δ
dx ≤ C′2|y|

δ
∫

r>2|y|

1
rn+δ

rn−1 dr

= C′2|y|
δ
∫

r>2|y|
r−1−δdr =

C′2
δ2δ

<∞.

y.. 2

� Ì�(Ø

eã´'uòÈ.ÛÉÈ©�f�Ì�½n.

½n1. � K´ C-ZØ.K�3W ∈ S′(Rn),§3 Rn
\{0}þ�u K. ¡ T f = W ∗ f ( f ∈ S(Rn))

�d K(½���ÛÉÈ©�f. d	e�(Ø¤á (χA�8Ü A�A�¼ê):

a) T´ (2,2).: sup
0<ε<N<∞

sup
ξ,0

∣∣∣∣(K(x)χ{ε<|x|<N})∧(ξ)
∣∣∣∣ ≤ C1,� ‖ T ‖L2→L2≤ C1;

b) T´f (1,1).,� ‖ T ‖L1→L1,∞≤ C2;

c) T´ (p,p). (1 < p <∞),� ‖ T ‖Lp→Lp≤ C3 max
{

p,
p

p−1

}
ùp C1,C2,C3´=�6u C-Z~ê9�m�ê n�~ê.

ù�½n�y²Ú½Xe:

1) `²¤äó2Â¼êW ∈ S′(Rn)��35,�ÑÛÉÈ©�f�î�½Â;

2) ^ FourierC�y² (2,2).;

3) [Benedek-Calderon-Panzone�n]^ C-Z©)Ú Hörmander^�y² (r,r) (r > 1)

.⇒f (1,1).;
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4) ♦ Marcinkiewics��½n⇒ T´ (p,p)., 1 < p ≤ 2;

♦ éó�{⇒ T´ (p,p)., 2 < p <∞.

�
`²é f ∈ Lp (1 ≤ p <∞),�±3A�??¿Âe½Â(T f )(x),·��^:�Âñ�4

�¼ê{,�dI�0�ÛÉÈ©�féA��ä�fÚ4��f�½Â9Ùk.5.

n ÛÉÈ©�f�½Â

1. C-ZØ(½�2Â¼ê

·K1. K3�:�	´���O2Â¼ê: ∀ε > 0, K(x)χ{ε<|x|<∞} ∈ S′(Rn).

y². Äk,é ∀ϕ ∈ S(Rn),U�½,½Â�¼�^�

〈K(x)χε<|x|<∞, ϕ〉 �

∫
Rn

K(x)χε<|x|<∞ϕ(x)dx =

∫
ε<|x|

K(x)ϕ(x)dx.

�y²ÙëY5,|^Û5rÝ^�:∣∣∣∣∫
ε<|x|

K(x)ϕ(x)dx
∣∣∣∣ ≤ ∫

ε<|x|

∣∣∣∣K(x)ϕ(x)
∣∣∣∣dx =

∞∑
k=0

∫
2kε<|x|<2k+1ε

|K(x)||ϕ(x)|dx

=
∞∑

k=0

∫
2kε<|x|<2k+1ε

|K(x)|
(1 + |x|)M

|ϕ(x)|
(1 + |x|)M dx ≤

∞∑
k=0

∫
2kε<|x|<2k+1ε

|K(x)|
|(1 + |x|)M

|ϕ(x)|
(1 + 2kε)M

dx

≤ sup
x∈Rn
|(1 + |x|)Mϕ(x)|

∞∑
k=0

1
(1 + 2kε)M

∫
2kε<|x|<2k+1ε

|K(x)|dx

≤ A1 sup
x∈Rn

(1 + |x|)M
|ϕ(x)|

∞∑
k=0

1
(1 + 2kε)M

≤ A1CM,ε sup
x∈Rn

(1 + |x|)M
|ϕ(x)|

≤ A1CM,ε
∑

|α|≤M,|β|≤0
ρα,β(ϕ).

ùpM´?¿��u 1�ê. y.. 2

·K2. ��3S� {δ j} ↘ 0 ( j→∞)¦�4�

lim
j→∞

∫
1>|x|>δ j

K(x)dx = L (9.1)

�3,K�3W ∈ S′(Rn)¦� ∀ϕ ∈ S(Rn),¤á 〈W, ϕ〉 = lim
j→∞

∫
δ j<|x|< j

K(x)ϕ(x)dx.
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5¿ØÓ�S� {δ j}�U��·���ØÓ�2Â¼ê W ∈ S′(Rn). w,ù
ØÓ�

W3�:�	´�Ó�.

y². ½ÂW� ∀ϕ ∈ S(Rn), 〈W, ϕ〉 = lim
j→∞

∫
j>|x|>δ j

K(x)ϕ(x)dx. ·�`²ù�½Â´Ün

�.

1. Ï� K ∈ L1
loc(Rn

\{0}),¤±z�
∫

j>|x|>δ j

K(x)ϕ(x)dxþ�3.

2. e¡y²4���35. �d,5¿�∫
j>|x|>δ j

K(x)ϕ(x)dx =
∫

j>|x|≥1
K(x)ϕ(x)dx +

∫
1>|x|>δ j

K(x)ϕ(x)dx

=
∫

j>|x|≥1
K(x)ϕ(x)dx +

∫
1>|x|>δ j

K(x)(ϕ(x)−ϕ(0))dx

+ϕ(0)
∫

1>|x|>δ j

K(x)dx = I1 + I2 + I3.

Ù¥,d·K 1�� I1→
∫
|x|>1

k(x)ϕ(x)dx;d·K�^�,¤á I3→ ϕ(0)L. ¤±'�´�

w I2�Âñ5. ù�duy²§´ Cauchy �. ¯¢þ,|^Û5rÝ^�,k∣∣∣∣ ∫
δk>|x|>δ j

K(x)(ϕ(x)−ϕ(0))dx
∣∣∣∣ ≤ ∫

δk>|x|>δ j

|K(x)||ϕ(x)−ϕ(0)|dx

≤ |∇ϕ(x)|L∞(Rn)
∫

δk>|x|>δ j

|K(x)||x|dx ≤ |∇ϕ(x)|L∞(Rn)
∫

δk>|x|
|K(x)||x|dx

≤ C|∇ϕ(x)|L∞(Rn)δk→ 0.

3. e¡2�yW ∈ S′(Rn). dþ¡O�(J,�Î|^Û5rÝ^�,

|W(ϕ)| =
∣∣∣∣ ∫
|x|>1

K(x)ϕ(x)dx +

∫
|x|<1

K(x)(ϕ(x)−ϕ(0))dx +ϕ(0)L
∣∣∣∣

≤

∣∣∣∣ ∫
|x|>1

K(x)ϕ(x)dx
∣∣∣∣+ ∣∣∣∣ ∫
|x|<1

K(x)(ϕ(x)−ϕ(0))dx
∣∣∣∣+ ∣∣∣∣ϕ(0)L

∣∣∣∣
≤

∣∣∣∣ ∫
|x|>1

K(x)ϕ(x)dx
∣∣∣∣+ |∇ϕ|L∞ ∫

|x|<1

|K(x)||x|dx +
∣∣∣∣ϕ(0)L

∣∣∣∣
≤ C× k����ê ρα,β(ϕ) �Ú.

y.. 2
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d��5^�,

sup
0<R<1

∣∣∣∣ ∫
R≤|x|≤1

k(x)dx
∣∣∣∣ = A2 <∞ =⇒∃R j↘ 0, lim

R j→0

∫
1>|x|>R j

k(x)dx = L

7�3. ¤±éu C-ZØ,=|^Û5rÝ^�Ú��5^�,Ò�±(½Ñ��cã½Â

�2Â¼êW.

2. ÛÉÈ©�f�½Â

lþ¡y²·���2Â¼êWdeª(½:

W(ϕ) =

∫
|x|>1

K(x)ϕ(x)dx + lim
j→∞

∫
δ j<|x|<1

K(x)(ϕ(x)−ϕ(0))dx +ϕ(0)L;

�3 S′(Rn)�ÿÀe¤áXe�'Xª:

W = lim
δ j→0,N→∞

K(δ j,N), K(δ j,N) � K(x)χ{δ j<|x|<N}. (9.2)

£Áùp χU L«8Ü U �A�¼ê. ¤±, XJÏL C-Z Ø K (½
��2Â¼ê

W ∈ S′(Rn),Uì�O2Â¼ê��ü¼ê�òÈ�½Â, KéA�ÛÉÈ©�f�

T f (x) � f ∗W(x), f ∈ S(Rn), (9.3)

@o T f (x) ∈ C∞(Rn),�¤á

T f (x) = W(τx f̃ ) = lim
δ j→0, N→∞

T(δ j,N) f (x), (9.4)

Ù¥

T(δ j,N) f (x) � K(δ j,N)
∗ f (x).

5¿é f ∈ S(Rn), (9.4)¥Âñé?¿�½� xþ (:�)¤á.

d	,|^·K 1,·���Ø�Äþ�ä N; écãW,�¤á

W = lim
δ j→0

Kχ{|x|>δ j} (S′(Rn)).

e¡�·KL²,4� (9.1)�´È©Ø K�±(½��2Â¼êW�7�^�.
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·K3. e�3S� δ j↘ 0 ( j→∞) ¦�d 〈W, ϕ〉 = lim
j→∞

∫
δ j<|x|

K(x)ϕ(x)dx, ∀ϕ ∈ S(Rn)(½


��2Â¼êW ∈ S′(Rn),@o4� lim
j→∞

∫
1>|x|>δ j

K(x)dx = L�3.

y². ·�k

〈W, ϕ〉 =
∫

1<|x|

K(x)ϕ(x)dx + lim
j→∞

∫
1>|x|>δ j

K(x)ϕ(x)dx.

du�>Ú1��þ(½2Â¼ê,@o

lim
δ j→0

∫
1>|x|>δ j

K(x)ϕ(x)dx

�(á
��S′(Rn)2Â¼ê. �ϕ∈S(Rn)¦� |x| ≤ 1�ϕ≡ 1,ÒL² lim
j→∞

∫
1>|x|>δ j

K(x)dx =

L�3. y.. 2

3. �ä C-ZØE´ C-ZØ

·���
�äØ K(ε,N) ��áu L1,q�32Â¼ê¿Âe%C K(½�2Â¼ê

W,¤±§�5�éïÄÛÉÈ©�fäk��^. e¡´'u�äØ5�����~

��½n.

½n2. é?¿ 0 < ε <N <∞, K(ε,N) � Kχ{ε<|x|<N} E´ C-ZØ,¿�§� C-Z~ê=�6u

K � C-Z~ê (l� ε, NÃ').

y². �½ ε,N, P h(x) � K(x)χε<|x|<N. ·��y² h ÷vÛ5rÝ^�, ��5^�Ú

Hörmander1w5^�.

1. Û5rÝ^�.Ï� |h| ≤ |K|,¤±Û5rÝ^�w,¤á.

2. ��5^�.
∣∣∣∣ ∫
R1<|x|<R2

h(x)dx
∣∣∣∣ =

∣∣∣∣ ∫
max {R1,ε}<|x|<min {R2,N}

K(x)dx
∣∣∣∣ < A2.

3. e¡�I�y “Hörmander^�”.ÚNÚ©Û¥éNõÈ©�?nE|��,ùp

I�[��©a?Ø.

4. �/ (A): |y| ≥N. d� |x| ≥ 2|y|¿�X |x| ≥ 2N � |x− y| ≥ |x| − |y| ≥ |y| ≥N,u´

��k ∫
|x|≥2|y|

|h(x− y)−h(x)|dx = 0.
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5. �/ (B): |y| <N. d�éÈ©«�U |x|����©),��∫
2|y|≤|x|,|y|<N

|h(x− y)−h(x)|dx

=


∫

2|y|≤|x|≤ε,|y|<N

+

∫
2|y|≤|x|,|y|<N≤|x|

+

∫
2|y|≤|x|,|y|<N,ε<|x|<N

 |h(x− y)−h(x)|dx

= I1 + I2 + I3.

e¡©O�yùn�È©k..

6. È© I1. d� h(x) = 0. |^ |x| ≥ 2|y|�� |x− y| ≤ |x|+ |y| ≤ 3|x|/2 ≤ 3ε/2. u´

I1 =

∫
2|y|≤|x|≤ε,|y|<N

|h(x− y)|dx ≤
∫

|x−y|≤3ε/2

|h(x− y)|dx

=

∫
ε≤|x−y|≤3ε/2

|h(x− y)|dx ≤
∫

ε≤|x|≤2ε

|h(x)|dx ≤ A1.

7. È© I2. d�Ek h(x) = 0. |^ |x| ≥ 2|y|�� |x− y| ≥ |x| − |y| ≥ |x|/2 ≥N/2. u´

I2 =

∫
2|y|≤|x|,|y|<N,|x|≥N

|h(x− y)|dx ≤
∫

N/2≤|x−y|

|h(x− y)|dx =

∫
N/2≤|x|≤N

|h(x)|dx ≤ A1.

8. È© I3. édÈ©2Uì |x− y|����«�©):

I3 =

∫
2|y|≤|x|, |y|<N,ε<|x|<N

|h(x− y)−h(x)|dx

=

∫
2|y|≤|x|, |y|<N,ε<|x|<N,|x−y|<ε

+

∫
2|y|≤|x|, |y|<N, ε<|x|<N, |x−y|>N

+

∫
2|y|≤|x|, |y|<N, ε<|x|<N, ε<|x−y|<N

= I + II + III.

e¡2�géùn�È©\±?Ø.

9. È© I. d� h(x− y) = 0. q |x|/2 ≤ |x| − |y| ≤ |x− y| ≤ εíÑ |x| ≤ 2ε. u´

I =

∫
2|y|≤|x|, |y|<N, ε<|x|<N, |x−y|<ε

|h(x)|dx ≤
∫

ε<|x|<2ε

|h(x)|dx ≤ A1.

10. È© II. d�Ek h(x− y) = 0. qN ≤ |x− y| ≤ |x|+ |y| ≤ 3|x|/2íÑ |x| ≥ 2N/3. u´

II =

∫
2|y|≤|x|, |x−y|>N, |y|<N, ε<|x|<N

|h(x)|dx ≤

∫
2N/3<|x|<N

|h(x)|dx ≤ A1.



o ÛÉÈ©�f� Lp (1 < p <∞)k.5 121

11. ��,éuÈ© III,��|^ K� Hörmander^�,Ò¤á

III =

∫
2|y|≤|x|, ε<|x|<N, |y|<N, ε<|x−y|<N

|h(x− y)−h(x)|dx ≤

∫
|x|≥2|y|

|K(x− y)−K(x)|dx ≤ A3.

y.. 2

o ÛÉÈ©�f� Lp (1 < p <∞)k.5

1. FourierC�� L2k.5

½n3. �ä C-ZØ K(ε,N) � Kχ{ε<|x|<N}� FourierC���k.,= ||K̂(ε,N)||L∞(Rn) ≤ C,Ù¥

C�� K� C-Z~êk'.

y². �½ ε, N, P h(x) � K(x)χε<|x|<N(x). ùpy²�'�´ÏL·�V�~�|^

Hörmander^�.

1. Äk,·�5¿�,é ξ , 0,� y � πξ/|ξ|2,@oeiy·ξ = eπi = −1. u´

ĥ(ξ) =
1

(2π)
n
2

∫
Rn

h(x)e−ix·ξdx =
1

(2π)
n
2

∫
Rn

h(x− y)e−i(x−y)·ξdx

= eiy·ξ 1

(2π)
n
2

∫
Rn

h(x− y)e−ix·ξdx = −
1

(2π)
n
2

∫
Rn

h(x− y)e−ix·ξdx.

¤±¤á

ĥ(ξ) = −
1

2(2π)
n
2

∫
Rn

(h(x− y)−h(x))e−ix·ξdx.

2. dd,ÏLéþãÈ©«�©),|^ Hörmander^�,ØJ��

|ĥ(ξ)| ≤ Cn

∣∣∣∣∫
Rn

(h(x− y)−h(x))e−ix·ξdx
∣∣∣∣

≤ Cn

∣∣∣∣∫
|x|≥2|y|

(h(x− y)−h(x))e−ix·ξdx
∣∣∣∣+ Cn

∣∣∣∣∫
|x|<2|y|

(h(x− y)−h(x))e−ix·ξdx
∣∣∣∣

≤ Cn

∫
|x|≥2|y|

|h(x− y)−h(x)|dx + Cn

∣∣∣∣∫
|x|<2|y|

(h(x− y)−h(x))e−ix·ξdx
∣∣∣∣

≤ CnA3 + Cn|I|.

¤±e¡�Iy²È© I��k..
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3. éu I,UY©):

−I =

∫
|x|<2|y|

(h(x)−h(x− y))e−ix·ξdx

=

∫
|x|<2|y|

h(x)(e−ix·ξ
−1)dx +

∫
|x|<2|y|

h(x)dx−
∫
|x|<2|y|

h(x− y)e−ix·ξdx

= J1 + J2− J3.

éu J1,�±|^Û5rÝ^�,�� (5¿ y = πξ/|ξ|2)

|J1| =
∣∣∣∣∫
|x|<2|y|

h(x)(e−ix·ξ
−1)dx

∣∣∣∣ ≤ ∫
|x|<2|y|

|h(x)||x ·ξ|dx ≤ |ξ|
∫
|x|<2|y|

|h(x)||x|dx

≤ 2C|ξ||y| ≤ 2Cπ.

éu J2,|^��5^�,

|J2| =
∣∣∣∣∫
|x|<2|y|

h(x)dx
∣∣∣∣ =

∣∣∣∣∫
ε<|x|<min(2|y|,N)

K(x)dx
∣∣∣∣ ≤ A2.

¤±e¡�I�� J3����O.

4. éu J3,|^�c¡���E|,k (5¿ e−iy·ξ = −1)

−J3 = −

∫
|x|<2|y|

h(x− y)e−ix·ξdx = −e−iy·ξ
∫
|x|<2|y|

h(x− y)e−i(x−y)·ξdx

=

∫
|x|<2|y|

h(x− y)(e−i(x−y)·ξ
−1)dx +

∫
|x|<2|y|

h(x− y)dx = J4 + J5.

Ù¥,éu J4,du |x− y| ≤ |x|+ |y| ≤ 3|y|,UY|^Û5rÝ^�,Òk

|J4| ≤

∫
|x−y|<3|y|

|h(x− y)||(x− y) ·ξ|dx ≤ |ξ|
∫
|z|<3|y|

|h(z)||z|dz ≤ 3C|y||ξ| = 3Cπ.

5. ���ÄÈ© J5. d��
|^��5^�,·��Ä�¹ {|x| < 2|y|}����«�

{|x− y| ≤ 3|y|},u´

J5 =

∫
|x−y|≤3|y|

h(x− y)dx−
∫
|x|≥2|y|, |x−y|≤3|y|

h(x− y)dx = J6 + J7.

d��5^�,

|J6| =

∣∣∣∣∣∣
∫
|z|≤3|y|

h(z)dz

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∫
ε≤|z|≤min(3|y|,N)

K(z)dz

∣∣∣∣∣∣ ≤ C3.

2w J7. du |x| ≥ 2|y|Û¹X |x− y| ≥ |x| − |y| ≥ |y|,¤±|^Û5rÝ^�,Ò¤á

|J7| ≤

∫
|y|≤|x−y|≤3|y|

|h(x− y)|dx =

∫
|y|≤|z|≤3|y|

|h(z)|dz ≤ 2C1.
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6. du {ξ = 0}´"ÿ8,þãO�(JL²
∥∥∥F (K(ε,N))

∥∥∥
L∞ ��k.. y.. 2

dù�½n,·������ä�f T(ε,N) f = f ∗K(ε,n)´ (2,2).,��f�ê��6u

K� C-Z~ê.

íØ1. ‖ Ŵ ‖L∞≤ C =⇒ T � (2,2)..

y². du K(ε,N)
→ W, (S′(Rn)), |^ Fourier C��ëY5, ¤á K̂(ε,N) →

Ŵ (S′(Rn)). ,��¡, ‖ K̂(ε,N) ‖L∞≤ C,  L∞(Rn) ´ L1(Rn) �éó�m, ¤±

{K̂(ε,N)}´ L∞(Rn) ¥�f*;8. u´�3f� ̂K(ε j,N j) 3 L∞ f*¿ÂeÂñ, l�3

2Â¼ê¿ÂeÂñ. d2Â¼ê4����5,7k

lim
ε j→0,N j→∞

̂K(ε j,N j) = Ŵ (L∞f*ÿÀ½2Â¼ê¿ÂeÂñ).

ùp5¿|^ L∞3f*ÿÀe���5,�� Ŵ ∈ L∞,��â�ê3f*ÿÀe�e�ëY

5,7k ∥∥∥Ŵ
∥∥∥

L∞ ≤ liminf
ε j→0,N j→∞

∥∥∥∥ ̂K(ε j,N j)
∥∥∥∥

L∞
≤ C.

dd,´� T f = f ∗W� (2,2).. y.. 2

2. Benedeck-Calderon-Panzone�n�f (1,1)k.5

½n4 (Benedek-Calderon-Panzone�n). � T´��g�5�f,÷v±e^�:

• T ´f (p,p) ., 1 < p <∞, =�3~ê C1 ¦�é?¿ f ∈ Lp, ¤á|{x : |T f (x)| > λ}| ≤

C1
‖ f‖

p
Lp

λp ;

• �3�u 1�~ê C2,C3, ¦�éu÷v

suppb ⊂ B(x0,r),
∫

B(x0,r)
b(x)dx = 0

�?¿ L1
∩Lp¼ê b,¤á∫

Rn\B(x0,C2r)
|Tb(x)|dx ≤ C3 ‖b‖L1 .

Kéuäk;�|8�k.¼ê f (x),k

|{x : |T f (x)| > λ}| ≤ C

∥∥∥ f
∥∥∥

L1

λ
.
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òäk;�|8�k.¼ê|¤�8ÜP� L∞c ,|^§3 L1 ¥�È�5,±9�ÿÝ

ÂñS��3A�??Âñ�f�,�±ò Tòÿ� L1þ�f (1,1).,��êE� C��.

y². 1. � f ∈ L∞c (Rn) ⊂ L1,U λ > 0éÙ� C-Z©) f = g + b ⇒ |T f | ≤ |Tg|+ |Tb|. u´

dT f (λ) = |{x ∈Rn : |T f (x)| > λ}| ≤ |{x ∈Rn : |Tg(x)| > λ
2 }|+ |{x ∈R

n : |Tb(x)| > λ
2 }|

= dTg(λ2 ) + dTb(λ2 ) = A + B.

Ù¥,£Á
∥∥∥g

∥∥∥
L∞ ≤ 2nλ�

∥∥∥g
∥∥∥

L1 ≤

∥∥∥ f
∥∥∥

L1 ,¤±
∥∥∥g

∥∥∥p
Lp ≤

∥∥∥g
∥∥∥p−1

L∞

∥∥∥g
∥∥∥

L1 ≤ cn,pλp−1
∥∥∥ f

∥∥∥
L1 . u´|

^ T�f (p,p).,Òk

A ≤
C1

λp Cn,pλ
p−1
|| f ||L1 ≤

Cn,p

λ
‖ f ‖L1 .

�¡¬y²¤á b ∈ Lp
∩L1.

2. �
�O B,|^1��^�.� xk � C-Z©)¤��N Qk �¥%. ± Qk �é�

�� 2rk ��»�¥P� B(xk, rk). P B∗(xk,rk) = B(xk,C2rk),±9 B∗ = ∪kB∗(xk,rk). ù�·

�Òk

B = dTb(λ2 ) = |{x ∈Rn : |Tb(x)| > λ
2 }|

= |({x ∈ B∗ : |Tb(x)| > λ
2 })∪ ({x ∈Rn

\B∗ : |Tb(x)| > λ
2 })|

≤ |B∗|+ |{x ∈Rn
\B∗ : |Tb(x)| > λ

2 }|

≤
∑
k
|B∗(xk,rk)|+

∫
Rn\B∗

|Tb(x)|
λ
2

dx = I + J.

ùp,£Ád C-Z©)��
∑

k |QK| ≤
‖ f ‖L1

λ
,¤±

I =
∑

k

Cn
2 |B(xk,rk)| ≤ CnCn

2

∑
k

|Qk| ≤ C′n
‖ f ‖L1

λ
.

3. e¡�O J. d C-Z ©), k b =
∑

k bk,  suppbk ⊂ Qk, �
∫

bk dx = 0, ‖bk‖L1 ≤

2n+1λ|Qk|,u´

J =

∫
Rn\B∗

|Tb(x)|
λ
2

dx
�y
≤

2
λ

∫
Rn\B∗

∑
k

|Tbk(x)|dx

LeviüNÂñ½n
≤

2
λ

∑
k

∫
Rn\B∗

|Tbk(x)|dx ≤
2
λ

∑
k

∫
Rn\B∗(xk,rk)

|Tbk(x)|dx

1�^�
≤

2
λ

∑
k

C3‖bk‖L1(Rn) ≤
Cn

λ

∑
k

λ|Qk| ≤ Cn
1
λ

∥∥∥ f
∥∥∥

L1 .
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ùÒy²
 T´f (1,1)..

4. e¡y²A�??¤á |Tb(x)| ≤
∑
k
|Tbk(x)|. ù´·�b� f ´äk;|8�k.¼

ê��Ï.ùp'�´|^ T�f (p,p).. Äk`²: bk ∈ Lp(1 ≤ p <∞). �d£Á C-Z©

)¥ bk�½Â:

bk(x) =

 f (x)−
1
|Qk|

∫
Qk

f (y)dy

χQk .

u´|^ HölderØ�ª,

|bk(x)|p ≤ Cp

| f (x)|p +
∣∣∣∣ 1
|Qk|

∫
Qk

f (y)dy
∣∣∣∣p
χQk ≤ Cp

| f |p +
1
|Qk|

∫
Qk

| f |p dy

χQk ,

l

∫
Qk

|bk|
p dx = 2Cp‖ f ‖pLp(Qk) <∞,�

∑
k

∫
Qk

|bk|
p dx = 2Cp

∑
k

∫
Qk

| f |p dx ≤ 2Cp

∫
Rn

| f |p dx.

u´|^ QkpØ���A:, |b|p =
∑

k |bk|
p,Òk

‖b‖pLp =
∑

k

|bk|
p
Lp ≤ ‖ f ‖pLp <∞.

5. e¡`² ‖b−
N∑

k=1
bk‖Lp(Rn)→ 0(N→∞). ¯¢þ,

‖b−
N∑

k=1
bk‖

p
Lp = ‖

∞∑
k=N+1

bk‖
p
Lp=

∞∑
k=N+1

‖bk‖
p
Lp ≤ Cp

∞∑
k=N+1

‖ f ‖pLp(Qk)

= Cp

∫
∪k≥N+1Qk

| f |p dx→ 0,

Ù¥1���Ò^
 Qk pØ���5�±9 Levi üNS�Âñ½n; �����Ò|^



∑

k |Qk|�k�5,l limN→∞ | ∪k≥N+1 Qk| → 0,±9È©�ýéëY5.

6. |^ T´f (p,p) .,·���

|{x : |T(b−
N∑

k=1

bk)| ≥ λ}| ≤
C||b−

N∑
k=1

bk||
p
Lp

λp → 0 (N→∞).
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ùÒ´`S� T(b−
N∑

k=1
bk)�ÿÝÂñ� 0. u´ T(b−

N∑
k=1

bk)7kf�A�??Âñ� 0.l

,

|Tb(x)| ≤

∣∣∣∣∣∣∣∣T
b(x)−

N j∑
k=1

bk(x)


∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣T


N j∑
k=1

bk(x)


∣∣∣∣∣∣∣∣

≤

∣∣∣∣∣∣∣∣T
b(x)−

N j∑
k=1

bk(x)


∣∣∣∣∣∣∣∣+

N j∑
k=1

|Tbk(x)| −−−−−→
N j→∞

∞∑
k=1

|Tbk(x)|

A�??¤á. ùÒ�¤
 BCP�n�y². 2

e¡·�|^ BCP�nïÄÛÉÈ©�f�f (1,1).. � K(x)´�� C-ZØ.c¡

·�®½Â§��ä K(ε,N) = K(x)χε<|x|<N ∈ L1(Rn),¿P

(T(ε,N) f )(x) = K(ε,N)
∗ f (x).

½n5. � K(x)� C-ZØ,K T(ε,N)´f (1,1).,��f�ê=�6u C-Z~êÚ�m�ê

n.

y². 1. T(ε,N)´ (2,2).���d F (K(ε,N))���k.5 (� ε, NÃ')��.

2. �y T̃ = T(ε,N)f (1,1).,d BCP�n,�I�ye suppb⊂ B(x0,r)�
∫

b(x)dx = 0,

� C2 = 2, C3 = A3 > 0,Ò¦�

∫
B(x0,C2r)c

|T̃b(y)|dy ≤ C3

∫
B(x0,r)

|b(y)|dy. (9.5)

¯¢þ,du
∫

b(x)dx = 0,

T(ε,N)(b)(x) =

∫
B(x0,r)

K(ε,N)(x− y)b(y)dy

=

∫
B(x0,r)

[K(ε,N)(x− y)−K(ε,N)(x−x0)]b(y)dy,
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|^ K(ε,N)E� C-ZØ� C-Z~ê� K��Ó,Òk∫
B(x0,2r)c

|T(ε,N)b(x)|dx

≤

∫
B(x0,2r)c

∫
B(x0,r)

|K(ε,N)(x− y)−K(ε,N)(x−x0)||b(y)|dydx

≤

∫
B(x0,r)

[∫
B(x0,2r)c

|K(ε,N)(x− y)−K(ε,N)(x−x0)|dx
]
|b(y)|dy

≤

∫
B(x0,r)

[∫
|x−x0|>2r>2|y−x0|

|K(ε,N)((x−x0)− (y−x0))−K(ε,N)(x−x0)|dx
]
|b(y)|dy

≤ A3

∫
B(x0,r)

|b(y)|dy.

ùÒ`² T(ε, N)´f (1,1).:
∣∣∣∣{x : |T(ε, N) f (x)| > λ

}∣∣∣∣ ≤ C
λ

∥∥∥ f
∥∥∥

L1 .y.. 2

y½Â�f� T(ε,N)éA�4�ÛÉÈ©�f

(T∗ f )(x) � sup
0<ε<N<∞

|(T(ε,N) f )(x)|.

½n6. T∗´f (1,1).,Ù�f�ê��6uØ K� C-Z~ê.

T½n�y²ë� [12, p.297, ½n4.3.5].

dd(Ø9Marcinkiewicz��½n,·��� T(ε, N)7,´ (p,p). (1 < p ≤ 2),�

AO/^:�Âñ�4�¼ê{,��é f ∈ Lp (1≤ p≤ 2), limε→0,N→∞T(ε,N) f (x) = T f (x)A

�??¤á;Ó�ù�ªf��Ñ
� f ==´ Lp¼ê�ÛÉÈ©�f�½Â.2^ Fatou

Ún,Ò�� ∥∥∥T f
∥∥∥

Lp ≤ liminf
ε→0,N→∞

∥∥∥T(ε,N) f
∥∥∥

Lp ≤ C
∥∥∥ f

∥∥∥
Lp .

ùp~ê C��6u n, pÚØ K� C-Z~ê. ùÒy²
 T´ (p,p). (1 < p < 2).

e¡·�2^ BCP�ny² T´f (1,1).. ùp'�´y²éu÷v BCP�n1�

^�� b,� x ∈Rn
\B(x0,2r)�,A�??¤á

Tb(x) =

∫
B(x0,r)

K(x− y)b(y)dy. (9.6)

¯¢þ,du limε→0,N→∞T(ε,N)b(x) = Tb(x)A�??¤á,u´� ε < r�,dué y ∈ B(x0,r)

¤á |x− y| > r > ε,¤±

Tb(x) = lim
ε→0,N→∞

∫
ε<|x−y|<N

K(x− y)b(y)dy

= lim
N→∞

∫
|x−y|<N

K(x− y)b(y)dy =

∫
K(x− y)b(y)dy.
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ùp�����ª¤á´Ï� |x− y| ≤ |x|+ r + |x0|,l� N¿©���äg,�£�.

·K4. T´f (1,1)..

y². du (9.6)¤á,¤±y²�½n 5�����,��r@p� T(ε,N)þ�� T, K(ε,N)

�¤ K=�.y.. 2

3. éó�n� Lp (2 < p <∞)k.5

ù�,·�®²y²
 T´ (p,p). (1 < p ≤ 2)Úf (1,1).. @oNoé 2 < p <∞y

² TE´ (p,p).Q?ù�|^ T��59Ù���f�ØE´ C-ZØ�5�.

1�Ú:du T (Ú T(ε,N))´ Lp (1 < p ≤ 2)þk.�5�f,�§k½Â3 Lp′ þ��

��f T′ (Ú (T(ε,N))′),� ‖T‖Lp′→Lp′ = ‖T‖Lp→Lp . ùp 1
p′ +

1
p = 1.d	,XÓ31Ôù¥O�

L�, (T(ε,N))′ E,�L«�òÈ.�f, �ÙÈ©Ø� K(ε,N)(−x)½ K(ε,N)(−x). 5¿e K

� C-ZØ,K K(−x), K(ε,N)(−x) (½ K(−x), K(ε,N)(−x))E,´ C-ZØ,§�� C-Z~ê�Ú

K� C-Z~êk'. ¤±dc¡®y²�(Ø, (T(ε,N))′Ú§¤éA�4��f (T′)∗7,´

f (1,1).;2|^Marcinkiewicz��½nÚ p′�?¿�5�,Ò�� (T(ε,N))′Ú (T′)∗ ´

(q,q). (1 < q <∞). ��|^ (T(ε,N))′ ����f´ T(ε,N), Ò���ö´ (q′,q′).. du

1 < q <∞,¤± 1 < q′ <∞. d	, T(ε,N)� Lq′ �f�ê=�6u K� C-Z~ê±9 n, q′.

1�Ú: � p ≥ 2. é?¿ f ∈ (Lp
∩L1) ⊂ L2,·�®�A�??¤á T(ε,N) f (x)→ T f (x).

¤±d FatouÚn,

∥∥∥T f
∥∥∥p

Lp =

∫
Rn
|T f (x)|p dx ≤ liminf

ε→0,N→∞

∫
Rn
|T(ε,N) f (x)|p dx ≤ C

∥∥∥ f
∥∥∥p

Lp .

ùÒy²
 T´ (p,p).,��f�ê��6u K� C-Z~ê±9 n, p.éu��� f ∈ Lp,

ÏL�fòÿÒ�±½Â T f .

ù�,·�Ò�¤
½n 1�y².
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½n

��þ�ùSN�UY,·�y30�4�ÛÉÈ©�f�k.5,¿���ÛÉÈ©

�fnØ���A^,y²3¢S¥~^� Hörmander–Mihlin¦f½n. §´l Fourier

¦f�ÝéÛÉÈ©�fnØ�,�«�ã.

� 4�ÛÉÈ©�f�k.5�ÛÉÈ©�f�:�Âñ

½n1. � K(x)� C-ZØ,K T∗ ´ (p,p). (1 < p <∞),��f�ê=�6u C-Z~êÚ�

m�ê n±9 p.

éu4��f T∗ f (x) � sup0<ε<|x|<N<∞ |K
(ε,N)
∗ f (x)|, du§´g�5�, ·��7U½

ÂÙ�Ý�f,¤±ØUÏLéó�{`²§é p > 2�´ (p, p).. e¡ò^ T∗ �äN&

E, /Ï Hardy–Littlewood 4��fÚ¼ê� Calderón-Zygmund ©), y²§é p > 2

�´ (p, p).. 5¿þ�ù�½n 6`
 T∗´f (1,1).. �Öe¡y²��'5�Û§é

p = 1Ø·^.

y². 1. ±eob� 1 < p <∞. é f ∈ L∞(Rn)�äk;�|8��/,�½ x ∈Rn,·�

kXe©):

T(ε,N)( f )(x) �

∫
ε≤|x−y|≤N

K(x− y) f (y)dy

=

∫
ε≤|x−y|

K(x− y) f (y)dy−
∫
|x−y|≥N

K(x− y) f (y)dy

=

∫
ε≤|x−y|

[K(x− y)−K(z1− y)] f (y)dy +

∫
ε≤|x−y|

K(z1− y) f (y)dy

−

∫
|x−y|≥N

[K(x− y)−K(z2− y)] f (y)dy−
∫
|x−y|≥N

K(z2− y) f (y)dy

=

∫
ε≤|x−y|

[K(x− y)−K(z1− y)] f (y)dy + T( f )(z1)−T( fχ|x−·|<ε)(z1)

−

∫
|x−y|≥N

[K(x− y)−K(z2− y)] f (y)dy−T( f )(z2) + T( fχ|x−·|<N)(z2).

129
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ùp z1, z2©O´÷v |z1−x| ≤ ε
2 Ú |z2−x| ≤ N

2 �?¿�:. dub� f ∈ L∞ �k;|

8,þª�à9$�¥Ñy�z��é÷vcã^�� z1, z2þ´??k½Â�. 1

2. òþ¡�ªfk�'u z1Ú z2©O3 B(x, ε2 )Ú B(x, N
2 ) þ�È©²þ. �>E,

´ T(ε,N)( f )(x),m>cn��g¤�Xe/ª:

|J1| ≤
1
ωn

(2
ε

)n ∫
|z1−x|≤ ε2

∫
|x−y|≥ε

|K(x− y)−K(z1− y)|| f (y)|dydz1

≤
1
ωn

(2
ε

)n ∥∥∥ f
∥∥∥

L∞

∫
|z1−x|≤ ε2

[∫
|x−y|≥ε

|K(x− y)−K(z1− y)|dy
]
dz1

≤
1
ωn

(2
ε

)n ∥∥∥ f
∥∥∥

L∞

∫
|z1−x|≤ ε2

[∫
|x−y|≥2|x−z1|

|K(x− y)−K((x− y)− (x− z1))|dy
]
dz1

≤ A3
∥∥∥ f

∥∥∥
L∞ ; (^ Hörmander^�)

|J2| ≤
1
ωn

(2
ε

)n ∫
|z1−x|≤ ε2

|T f (z1)|dz1 ≤Mc(T f )(x);

|J3| ≤
1
ωn

(2
ε

)n ∫
|z1−x|≤ ε2

|T( fχ|x−·|≤ε)(z1)|dz1 ≤

 1
ωn

(2
ε

)n ∫
|z1−x|≤ ε2

|T( fχ|x−·|≤ε)(z1)|p dz1


1
p

≤ ‖T‖Lp→Lp

(
1
ωn

(2
ε

)n ∫
|z1−x|≤ε

| f (z1)|p dz1

) 1
p

≤ ‖T‖Lp→Lp (Mc(| f |p)(x))
1
p .

��aq/,ò ε�¤ N, z1�¤ z2,é�n��k�O

|J4| ≤ A3
∥∥∥ f

∥∥∥
L∞ ; |J5| ≤Mc(T f )(x); |J6| ≤ ‖T‖Lp→Lp (Mc(| f |p)(x))

1
p .

£ÁùpÎÒMc( f )´ Hardy–Littlewood4�¼ê. ¤±·�Ò��Xe��O:

|T∗ f (x)| ≤ 2A3
∥∥∥ f

∥∥∥
L∞ + 2Mc(T f )(x) + 2‖T‖Lp→Lp (Mc(| f |p)(x))

1
p︸                                           ︷︷                                           ︸

Sp( f )(x)

. (10.1)

3. ·�Äk|^ (10.1)y² T∗´f (p,p).. duMcÚ TÑ´ (p,p).,¤± Sp( f )�

1~X,du |z1− x| ≤ ε/2,¤±� |x− y| ≥ ε� |z1− y| ≥ |x− y| − |z1− x| ≥ ε/2,¤±È© I �
∫
ε≤|x−y|K(z1−

y) f (y)dy <∞.,��¡,�c©½Â Tbaq,ØJ�y

I = lim
δ→0,N→∞

∫
K(δ,N)(z1− y)( f (y)χ|y−x|≥ε)dy,

?

I = lim
δ→0,N→∞

∫
K(δ,N)(z1− y) f (y)dy− lim

δ→0,N→∞

∫
K(δ,N)(z1− y)( f (y)χ|y−x|≤ε)dy = I1− I2.

Ï�ùp f ∈ L1,dÛÉÈ©�½Â, I1 = T( f )(z1), I2 = −T( fχ|x−·|≤ε)(z1).
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1��´ (p, p).. ,	,|^ H-L4��f´f (1,1).,k

|{x : (Mc(| f |p)(x))
1
p > r}| = |{x : (Mc(| f |p)(x)) > rp

}| ≤ Cn

∥∥∥ f
∥∥∥p

Lp

rp ,

l ∥∥∥∥(Mc(| f |p)(x))
1
p

∥∥∥∥
Lp,∞

= sup
r>0

(
r|{x : (Mc(| f |p)(x))

1
p > r}|

1
p
)
≤ Cn,p

∥∥∥ f
∥∥∥

Lp ,

= Sp( f )�1��´f (p, p).;¤±o�5` Sp´ ([�5�) 2f (p,p).,Ù�f�ê=

�6u p, nÚ C-Z~ê. �du (10.1)ªm>1��Ø´f (p, p).�,¤±·�I���

\/©Û: Ä�g�´ÏLr f ©)�k.���Ü©|^ (10.1)�O,Ã.�Ü©;m

(10.1)ª,|^ T∗�f (1,1).�O.

4. f ∈ Lp�©). é?¿� α > 0, ·�k©) f = fα + f α, Ù¥ fα = fχ| f |≤α/(16A3),

f α = fχ| f |≥α/(16A3). K fα ∈ Lp
∩L∞, f α ∈ L1

∩Lp. AO/,¤á

∥∥∥ f α
∥∥∥

L1 =

∫
| f α|p|| f α|1−p

≤

(16A3

α

)p−1 ∥∥∥ f
∥∥∥p

Lp . (10.2)

?�Ú, é f αUpÝ αγ� C-Z©), �� f α = gα+ bα, Ù¥ γ > 0�½, gα ´Ð�k.

�Ü©, bα´��Ü©. ¤±·��ªkXe©)

f = fα+ gα+ bα,

l,|^�f Sp�[�5 (�5 2),

|{x : T∗ f (x) > α}| ≤ |{x : T∗( fα+ gα)(x) >
α
2
}|+ |{x : T∗(bα)(x) >

α
2
}|

≤ |{x : 2A3
∥∥∥ fα+ gα

∥∥∥
L∞ + Sp( fα+ gα)(x) >

α
2
}|+ |{x : T∗(bα)(x) >

α
2
}|

≤ |{x : 2A3
∥∥∥ fα

∥∥∥
L∞ + 2Sp( fα)(x) >

α
4
}|︸                                      ︷︷                                      ︸

b1

+ |{x : 2A3
∥∥∥gα

∥∥∥
L∞ + 2Sp(gα)(x) >

α
4
}|︸                                      ︷︷                                      ︸

b2

+ |{x : T∗(bα)(x) >
α
2
}|︸                  ︷︷                  ︸

b3

.

2ØJ��

[Mc(| f + g|p)(x)]
1
p ≤ [2pMc(| f |p + |g|p)(x)]

1
p ≤ 2[Mc(| f |p)(x) + Mc(|g|p)(x)]

1
p ≤ 2([Mc(| f |p)(x)]

1
p + [Mc(|g|p)(x)]

1
p ),

u´ Sp( f + g) ≤ 2Sp( f ) + 2Sp(g).
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5. þ�ù½n 5®²y² T∗´f (1,1).,l|^ ‖bα‖L1 ≤ 2
∥∥∥ f α

∥∥∥
L1 ±9 (10.2)��

�O

b3 ≤ C
‖bα‖L1

α/2
≤ 4C

∥∥∥ f α
∥∥∥

L1

α
≤ C(n,p,A)

∥∥∥ f
∥∥∥p

Lp

αp .

,	,du 2A3
∥∥∥ fα

∥∥∥
L∞ ≤ 2A3

α
16A3

= α/8,|^ Sp�f (p, p).��

b1 ≤ |{x : Sp( fα)(x) >
α
16
}| ≤ C(n,p,A)

∥∥∥ fα
∥∥∥p

Lp

αp ≤ C(n,p,A)

∥∥∥ f
∥∥∥p

Lp

αp .

aq/,� γ = (2n+4A3)−1, d C-Z©)�5� 2),

2A3
∥∥∥gα

∥∥∥
L∞ ≤ 2A32nαγ ≤ α/8.

u´

b2 ≤ |{x : Sp(gα)(x) >
α
16
}| ≤ C(n,p,A)

∥∥∥gα
∥∥∥p

Lp

αp ≤ C(n,p,A)

∥∥∥ f
∥∥∥p

Lp

αp .

ùp3���Ú·�^
Xe�O (1n�Ø�Ò^
 (10.2)):∥∥∥gα
∥∥∥p

Lp ≤

∥∥∥gα
∥∥∥p−1

L∞

∥∥∥gα
∥∥∥

L1 ≤ (2nαγ)p−1
∥∥∥ f α

∥∥∥
L1 ≤

(
2nα

2n+4A3

)p−1 (16A3

α

)p−1 ∥∥∥ f
∥∥∥p

Lp =
∥∥∥ f

∥∥∥p
Lp .

u´·�y²


|{x : T∗ f (x) > α}| ≤ C(n,p,A)

∥∥∥ f
∥∥∥p

Lp

αp ,

= T∗´f (p, p)..

6. ��y² T∗ ´r (p, p) .. ·�®²�� T∗ ´f (2p, 2p) .Úf (1, 1) .. d

Marcinkiewicz��½n, á=�� T∗ ´r (p, p).. u´ÏL�fòÿ, �é?¿ f ∈ Lp

½Â T∗ f . (�, T∗�´g�5�,��âÙ½Â,ù��òÿ�´¤á�.) y.. 2

íØ1. � f ∈ Lp (1 ≤ p <∞), K T(ε,N) f → T f 3A�??¿Âe9 Lp¿ÂeÑ¤á.

y². 1. d:�Âñ�4�¼ê{,c�ØäN´�y¤á.

2. é�½� f ∈ Lp,du limε→0,N→∞T(ε,N) f (x) = T f (x)A�??¤á,�

|T(ε, N) f (x)−T f (x)|p ≤ 2p(T∗ f (x))p

´��È¼ê,�d Lesbegue ��Âñ½n,��

lim
ε→0, N→∞

∥∥∥T(ε, N) f −T f
∥∥∥

Lp = 0.

y.. 2
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o(

��,·�rc¡¤��(Ø��o(:�K´C-ZØ,K�3��2Â¼êW ∈S′(Rn),

3 Rn
\ {0} þ�Óu K, ¦��é�ü¼ê f , ::½ÂÛÉÈ©�f T f (x) = W ∗ f (x) =

limε→0,N→∞K(ε,N)
∗ f (x) = limε→0,N→∞T(ε,N) f (x). �f TÚ T(ε,N)9�'4��f T∗´ Lp

k. (1 < p <∞)�f (1,1) .; §���f�ê�� n, pÚ C-Z~êk'. ò T�5òÿ

¤ Lp þ�f�,é?¿ f ∈ Lp, T(ε, N) f Ø�U Lp �êÂñ� T f ,�3A�??¿Âe

�´Âñ�.

� Hörmander–Mihlin¦f½n

·�|^cãÛÉÈ©�fnØy² Hörmander–Mihlin¦f½n. ÛÉÈ©�fn

Ø´|^È©Ø�Ñ�fk.5�¿©^�,ù�½nK´l Fourier¦f (òÈØéA

2Â¼ê� FourierC�)�Ý�Ñ�äéAòÈ.�fk.5�¿©^�.§�y²¦^


 Littlewood–Paley�/©)�g�.

½n2 (Hörmander-Mihlin¦f½n). � m(ξ) ∈ L∞(Rn
\ {0}), ��3 A > 0,¦�÷ve�

^���:

a) (Mihlin^�) é?Ûõ�I α, |α| ≤ [n
2 ] + 1:

|∂αm(ξ)| ≤ A|ξ|−|α|;

b) (Hörmander^�) é?Ûõ�I α, |α| ≤ [n
2 ] + 1 :

sup
R>0

R−n+2|α|
∫

R<|ξ|<2R
|∂αm(ξ)|2dξ ≤ A2.

K m ∈Mp(Rn), 1 < p <∞,�

||m||Mp ≤ Cn max
{

p,
1

p−1

}
(A + ||m||L∞). (10.3)

q Tm´f (1,1).,�

||Tm||L1→L1,∞ < Cn(A + ||m||L∞).
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y². 1. dul Mihlin ^��±íÑ Hörmander ^�, ·��I3�ö¤á�^�e

y²(Ø. qdu m ´k.�, W � m̌ éA�òÈ�f Tm 7´ (2,2) .. ¤±XJ·

�y²
 Tm ´f (1,1) ., Kd Marcinkiewicz ��½n, §7´ (p,p) . (1 < p ≤ 2), =

m ∈Mp =Mp′ ,Ù¥ 1/p′+ 1/p = 1. ¤±Ò�±�� Tm´ (p,p). (1 < p <∞) �(Ø.

2. �
y² Tm ´f (1,1)., d BCP�n, ·��Iy² W 3 Rn
\ {0}þ�Óu�

�ÛÜ�È¼ê K,  K ÷v Hörmander 1w5^�. ¯¢þ, éu÷v suppb ⊂ B(x0,r)

�
∫

b(x)dx = 0 �¼ê b ∈ L1
∩L2, �±ÏLIO��1�f��S� {bε} ⊂ C∞0 (Rn) ¦

�3 L1 Ú L2 �êe bε→ b, � suppbε ⊂ B(x0,r + 2ε),
∫

bε(x)dx = 0. U�f Tm �½Â,

Tmbε(x) = 〈W, τxb̃ε).éu x ∈Rn
\B(x0,C2r),� ε�u (C2−1)r/2��:Ø�¹3 suppτxb̃ε

S. 3¤±Ù¢¤á Tmbε(x) = 〈K, τxb̃ε) = K ∗ bε(x). du®²�� Tm ´ (2,2).,¤±U�

fòÿ,- ε→ 0,Ò¤á

Tmb(x) = K ∗b(x), x ∈Rn
\B(x0,C2r).

ddL�ªÒ�±|^ Hörmander^��y BCP�n1��^�¤á
 (ëìþ�ù½

n 5�y²).

3. �e�y²Ò´�ERn
\{0}þÛÜ�È¼ê K. � ζ̂´|8��G«� {12 ≤ |ξ| ≤ 2}

���3 [0,1]� C∞¼ê,¦�4

∑
j∈Z

ζ̂(2− jξ) = 1, ξ , 0.

é j ∈Z,�

m j(ξ) �m(ξ)ζ̂(2− jξ), K j = m̌ j.

@o3�O2Â¼ê¿Âe
∑N

j=−N K jÂñ�W. ¯¢þ,é?¿ϕ ∈S(Rn),�âLebesgue

��Âñ½n, 〈 N∑
j=−N

K j, ϕ

〉
=

〈 N∑
j=−N

m j, ϕ̌

〉
→

〈
m, ϕ̌

〉
=

〈
W, ϕ

〉
, N→∞.

3du τxb̃ε(y) = bε(x− y),§�|8��´ {y : |x− y−x0| < r + 2ε < C2r},� |x−x0| ≥ C2r�, yÒØU´

�:.
45¿éz��½� ξ,ùpÑ´k�Ú.- g(ξ) =

∑
j∈Z ζ̂(2− jξ),� ξ , 0�§??�",�é?¿��

ê k,Ñ¤á g(2−kξ) = g(ξ). @o ζ̂(ξ)/g(ξ) Ò÷vùp��¦.
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d	,5¿� K j� FourierC�k;|8,¤± K j´ C∞¼ê.

4. P n0 = [n
2 ] + 1. e¡y²�3~ê C̃n¦�

sup
j∈Z

∫
Rn
|K j(x)|(1 + 2 j

|x|)
1
4 dx ≤ C̃nA, (10.4)

sup
j∈Z

2− j
∫
Rn
|∇K j(x)|(1 + 2 j

|x|)
1
4 dx ≤ C̃nA. (10.5)

5. ky (10.4). Äk,∫
Rn
|K j(x)|(1 + 2 j

|x|)
1
4 dx =

∫
Rn
|K j(x)|(1 + 2 j

|x|)n0(1 + 2 j
|x|)

1
4−n0 dx

≤

(∫
Rn
|K j(x)|2(1 + 2 j

|x|)2n0 dx
) 1

2
(∫
Rn

(1 + 2 j
|x|)−2n0+ 1

2 dx
) 1

2

(10.6)

5¿�ÃØ n´óê�´Ûê,Ñ¤á −2n0 + 1
2 < −n,lÏL�� y = 2 jx,þ¡1���

� (∫
Rn

(1 + 2 j
|x|)−2n0+ 1

2 dx
) 1

2

= 2− jn/2
(∫
Rn

(1 + |y|)−2n0+ 1
2 dy

) 1
2

≤ Cn2− jn/2

��.éu (10.6)mà1��,|^Ðmª

(1 + 2 j
|x|)n0 ≤ Cn

∑
|γ|≤n0

|(2 jx)γ|,

@o,d Plancherel½n,5¿� K̂ j = m j,��∫
Rn
|K j(x)|2(1 + 2 j

|x|)2n0 dx ≤ Cn

∑
|γ|≤n0

∫
Rn
|K j(x)|222 j|γ|

|xγ|2 dx

≤ Cn

∑
|γ|≤n0

22 j|γ|
∫
Rn
|F
−1(∂γK̂ j)(x)|2 dx = Cn

∑
|γ|≤n0

22 j|γ|
∫
Rn
|∂γm j(ξ)|2 dξ.

�
O���È©,é?¿õ�I |γ| ≤ n0,|^ Leibnizúª,±9½n^�,��∫
Rn
|∂γm j(ξ)|2 dξ =

∑
δ≤γ

Cδ

∫
Rn
|2− j|γ−δ|∂γ−δζ̂(2− jξ)(∂δm)(ξ)|2 dξ

≤

∑
δ≤γ

Cδ2−2 j|γ|22 j|δ|
∫

2 j−1≤|ξ|≤2 j+1
|∂δm(ξ)|2 dξ

≤

∑
δ≤γ

Cδ2−2 j|γ|22 j|δ|2A2(2 j)n−2|δ| = C̃nA22 jn2−2 j|γ|.

ù�·�Ò��
 ∫
Rn
|K j(x)|2(1 + 2 j

|x|)2n0 dx


1
2

≤ C̃nA2
jn
2 .
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ùÒ�¤
 (10.4)�y².

6. éu (10.5)�±aqy²: òþ¡ K j�� ∂rK j. du

F (|x|γ∂rK j(x)) = Cn2 j∂γ
(
2− jξrζ̂(2− j

|ξ|)m(ξ)
)

= Cn2 j∂γ
(
ζ̂r(2− j

|ξ|)m(ξ)
)
,

¤±ò1 5Úy²¥¼ê ζ̂�� ζ̂r = ξrζ̂(ξ)�?n����,�c¡¬õ�� 2 jÏf. ¤±

(10.5)¥z�¬õ�� 2− jÏf5²ï.

7. y3y²e x , 0,K
∑

j∈ZK jÂñ���¼ê,·�ò�P� K. ¯¢þ,|^K j�

½ÂÚ FourierC�� (1,∞).,

|K j(x)| ≤
∥∥∥m j

∥∥∥
L1 ≤ ‖m‖L∞

∫
ζ̂(2− jξ)dξ ≤≤ Cn ‖m‖L∞ 2 jn. (10.7)

ùÒL²

∑

j≤0 K jUì L∞Âñ�k.. d	,|^ (10.4),é?¿ δ > 0 ��

(1 + 2 jδ)
1
4

∫
|x|≥δ
|K j(x)|dx ≤ C̃nA,

¤±
∑

j>03�:�?Û�����	�È,¤±A�??k�.ù�,·�Òy²
 K ´�

� Rn
\ {0}þ�ÛÜ�È¼ê,�

∑
j K j 3 R

n
\ {0}�?¿;f8þ L1 Âñ,¤±7,�

S
′Âñ. (Ü1 3Ú�(Ø,ùÒy²
3�:�	 K = W � m̌.

8. y3y² K =
∑

j K j÷v Hörmander^�: 5

∫
|x|≥2|y|

|K(x− y)−K(x)|dx ≤ 2C′nA, ∀ y , 0.

éu�½� y , 0,�3�ê k¦� 2−k
≤ |y| ≤ 2−k+1. �â (10.7),Úª Ik(x)�

∑
j≤k K j(x)

´3:�¿Âe¤á�, Jk(x)�
∑

j>k K j(x)3�:±	UìL1¿Â¤á,K(x) = Ik(x)+ Jk(x)

3:�¿Âe¤á. ¤±|^n�Ø�ª,∫
|x|≥2|y|

|K(x− y)−K(x)|dx ≤
∫
|x|≥2|y|

|Ik(x− y)− Ik(x)|dx +

∫
|x|≥2|y|

|Jk(x− y)− Jk(x)|dx = I + J.

55¿ùp��Ò¿Ø�½´:�¿Âe�, ¤±ØU��^'u:�¦Ú�n�Ø�ª=z�y²

�O

∑
j∈Z

∫
|x|≥2|y|

|K j(x− y)−K j(x)|dx ≤ 2C′nA, ∀ y , 0.
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9. k�OÈ© I. duùp´:�4�,UY|^n�Ø�ª,K¤á (5¿ |y| ≤ 2−k+1)

I ≤
∑
j≤k

∫
|x|≥2|y|

|K j(x− y)−K j(x)|dx =
∑
j≤k

∫
|x|≥2|y|

∫ 1

0
| − y ·∇K j(x−θy)|dθdx

≤

∫ 1

0

∑
j≤k

2−k+1
∫
Rn
|∇K j(x−θy)|(1 + 2 j

|x−θy|)
1
4 dxdθ

≤ C̃nA
∑
j≤k

2 j−k+1
≤ C̃′nA. (^
 (10.6))

10. 2�OÈ© J. du3 |x| > δþ (ùp δ > 0´?¿�)
∑

j≥0 K j U L1({|x| > δ})�ê

Âñ,

‖Jk‖L1 = lim
m→∞

∥∥∥∥∥∥∥∥
m∑

j=k+1

K j

∥∥∥∥∥∥∥∥
L1

≤ lim
m→∞

m∑
j=k+1

∥∥∥K j
∥∥∥

L1 =

∞∑
j=k+1

∥∥∥K j
∥∥∥

L1 ,

¤±

J ≤
∫
|x|≥2|y|

(|Jk(x− y)|+ |Jk(x)|)dx ≤ 2
∫
|x|≥|y|

|Jk(x)|dx

≤ 2
∞∑

j=k+1

∫
|x|≥|y|

|K j(x)|dx = 2
∞∑

j=k+1

∫
|x|≥|y|

|K j(x)|
(1 + 2 j

|x|)
1
4

(1 + 2 j|y|)
1
4

dx

≤ 2C̃nA
∞∑

j=k+1

1

(1 + 2 j|y|)
1
4

≤ 2C̃nA
∞∑

j=k+1

1

(1 + 2 j−k)
1
4

≤ C̃′nA.

ùp^�
|y| ≥ 2−k�^�.ùÒy²
 K÷v Hörmander^�. 2

SK 1. y² |ξ|iτ ∈Mp,ùp 1 < p <∞,� τ ∈R. 2

n A^Þ~

e¡0� Hörmander–Mihlin ¦f½n���A^, y²Ã��/«�þ���5ý

�.�§��û>�¯K�)� Lp�O.

1.  �©�§>�¯K

�½ h > 0,½Â²¡þ�/«�

B �
{
(x, y) ∈R2 : x ∈R, y ∈ (0, h)

}
,

9Ùþ!e>.

F0 �
{
(x, 0) : x ∈R

}
, F1 �

{
(x,h) : x ∈R

}
.
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½Â Bþ~Xê�5ý�.�f

Lu � ∂xxu +∂yyu + a∂xu + bu, a, b ∈R

9>. F jþ��ê�f

M ju � α j∂yu +β j∂xu +λ ju, α j, β j, λ j ∈R, j = 0, 1.

�Ä>�¯K (P)

Lu = f , 3 B S, M ju = 0, 3 F j þ.

·��8�´é�Xê a, b, α j, β j, λ j¤÷v�^�,¦��3~ê C, ±¤áØ�ª

‖u‖Lp(B) ≤ C
∥∥∥ f

∥∥∥
Lp(B) , (10.8)

Ù¥ 1 < p <∞, f ∈ Lp(B).

2. ~�©�§>�¯K

�d,b� u ∈H2(B),é u'u x ∈R� FourierC�:

û(ξ, y) =
1
√

2π

∫
∞

−∞

u(x, y)e−ixξdx, ξ ∈R, y ∈ (0,h).

@ocã �©�§½)¯KÒ=z� û(ξ, y) 'u y ����5~�©�§ü:>�¯

K,Ù¥ ξ ∈R´ëê: 

û” + (−ξ2 + iaξ+ b)û = f̂ , y ∈ (0,h),

α0û′(ξ,0) + (iβ0 +λ0)û(ξ,0) = 0,

α1û′(ξ,h) + (iβ1 +λ1)û(ξ,h) = 0.

(10.9)

d~�©�§>�¯K� FredholmJ�5 (� [22,1 26!, 1 248�]),þã¯Kk

��)��=�àg¯K�k"). �Äàg�§

v” + (b + iaξ−ξ2)v = 0,

§�Ä:)X´

v1(y) = sinρy, v2(y) = cosρy,
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Ù¥

ρ = (b + iaξ−ξ2)
1
2

(·�ÏLE²¡��K¢¶½Âm�¼ê). ¤±��Ï)

v(y) = µ1v1(y) +µ2v2(y), µ1,µ2 ∈ C.

|^ v÷v�>.^� ((10.9)¥�üª),���'u µ1, µ2 ����g�§|
[α0v′1(0) + (iβ0ξ+λ0)v1(0)]µ1 + [α0v′2(0) + (iβ0ξ+λ0)v2(0)]µ2 = 0,

[α1v′1(h) + (iβ1ξ+λ1)v1(h)]µ1 + [α1v′2(h) + (iβ1ξ+λ1)v2(h)]µ2 = 0.

(10.10)

§�k")�¿©7�^�´Xê1�ª�":

F(ξ) � (sinρh)[α0α1ρ
2
−β0β1ξ

2 +λ0λ1 + i
(
λ1β0 +λ0β1

)
ξ]

−ρ(cosρh)[α0λ1−α1λ0 + i
(
α0β1−α1β0

)
ξ] , 0, ∀ξ ∈R. (10.11)

±eb� F(ξ)vk¢�,@o (10.9)�)�±L«�

û(ξ, y) =

∫ h

0
K(ξ, y,z) f̂ (ξ,z)dz, (10.12)

Ù¥ K(ξ, y, z) (ξ´ëê)´~�©�§ü:>�¯K� Green¼ê (ë� [22] 26 !, 251

�),� z ≥ y�½Â�

K(ξ, y,z) =
1
δ

[
α0 cosρy−

iβ0ξ+λ0

ρ
sinρy

][
α1 cosρ(z−h)−

iβ1ξ+λ1

ρ
sinρ(z−h)

]
,

� z ≤ y�½Â�

K(ξ, y,z) =
1
δ

[
α1 cosρ(y−h)−

iβ1ξ+λ1

ρ
sinρ(y−h)

][
α0 cosρz−

iβ0ξ+λ0

ρ
sinρz)

]
,

Ù¥

δ =
(
α1[iβ0ξ+λ0]−α0[iβ1ξ+λ1]

)
cosρh +

(
α0α1ρ

2 + [iβ0ξ+λ0][iβ1ξ+λ1]
)sinρh

ρ
.
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3. ¦f½n� Lp�O

éu u ∈W2,p(B)∩W2,2(B),·�F"|^ (10.12)y²XeØ�ª

‖u‖Lp(B) ≤ C‖Lu‖Lp(B) . (10.13)

�d,·�y²XeÚn.

Ún1. � ξ, y, z 7→ K(ξ, y, z)´1w¼ê,�

max
y∈(0,h)

∫ h

0
max
ξ∈R

{
|K(ξ, y,z)|+ |ξ||DξK(ξ, y,z)|

}
dz <∞, (10.14)

max
z∈(0,h)

∫ h

0
max
ξ∈R

{
|K(ξ, y,z)|+ |ξ||DξK(ξ, y,z)|

}
dy <∞, (10.15)

@od

û(ξ, y) =

∫ h

0
K(ξ, y,z) f̂ (ξ,z)dz (10.16)

½Â��5�f f 7→ u3 Lp(B)þ´k.�,Ù¥ p ∈ (1,∞).

y². ½Â¼ê

M(y,z) �max
ξ∈R

{
|K(ξ, y,z)|+ |ξ||DξK(ξ, y,z)|

}
.

ÏL^ RiemannÚ%CÈ©(10.16), Mihlin¦f½n (^uK(ξ, y,z),Ù¥éA n = 1�/,

 y, z ´ëê. 5¿ M(y,z) Ò´T¦f(½��f��ê���þ., ë� (10.3)), ±9

MinkowskiiØ�ª,��é?¿ p ∈ (1,∞),�3~ê C ¦�

(∫
∞

−∞

|u(x, y)|p dx
) 1

p

≤ C
∫ h

0
M(y,z)

(∫
∞

−∞

| f (x,z)|p dx
) 1

p

dz. (10.17)

2émàÈ©�fA^ Schur½n (�18ù½n 7, M(y,z)´È©Ø,À
∥∥∥ f (·,z)

∥∥∥
Lp(R)�

gCþ;TÈ©�f´ (p, p).),Ò��(Ø. 2

��,·���'u>�¯K (P)�Xe(Ø:

½n3. � b > 0, a , 0,��§ F(ξ) = 0vk¢�,@oé?¿ p ∈ (1,∞),�3~ê C0¦�é

u¯K (P)�) u ∈W2,p(B)∩H2(B),¤áØ�ª (10.13).
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y². �Ié Grenn¼ê K�yþãÚn�^�.¯¢þ,O����3~ê L¦�

|K(ξ, y,z)| ≤
L
|ρ|

exp |ρ|(y + z−2h),

|ξ||DξK(ξ, y,z)| ≤ Lexp |ρ|(y + z−2h),

� |ξ| →∞� |ρ| ∼ |ξ|, ξ→ 0� ρ ∼
√

b. 5¿ a , 0, b > 0 �y
 ρ(ξ) , 0,läk��

e.. 2
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1��ù àgòÈ.ÛÉÈ©�f; RieszC�Ú HilbertC�

|^c¡ïá���nØ,ù�ù·�0�àgòÈ.ÛÉÈ©�f�Ä�(J,±9

~^���AÏ� Riesz C�Ú HilbertC�.

� àgòÈ.ÛÉÈ©�f

1. ²; Calderon–ZygmendØ

±eP Sn−1� n−1�ü ¥¡.

½Â1. � Ω(x)´ Rn¥�àg"g¼ê 1, Ω ∈ L1(Sn−1),�¤á��5^�∫
Sn−1

Ω(x)dSx = 0, (11.1)

K¡ K(x) � Ω(x)
|x|n �²; Calderon–Zygmend (ÛÉÈ©)Ø.

5¿Uùp�½Â,²; Calderon–Zygmend (ÛÉÈ©)Ø�7´1Êù¥½Â� C-

ZØ.d	²; C-ZØØáu L1(Rn); �§÷vÛ5rÝ^�Ú��5^�,¤±§éA�

��O2Â¼ê WΩ, �±��3�ü¼ê�mþ(½��òÈ.ÛÉÈ©�f TΩ. |^

cüù¥���5(Ø,·�kXe(J:

½n1. � Ω(½
��²; Calderon–Zygmend (ÛÉÈ©)Ø K,� Ω�÷vXe Dini^

�: ∫ 1

0

ω(s)
s

ds <∞,

Ù¥ ω(ρ) � sup
{
|Ω(x)−Ω(y)| : x, y ∈ Sn−1� |x− y| < ρ

}
.K K� C-ZØ�éAÛÉÈ©�

f TΩ9Ù4��f T∗
Ω
þ�f (1,1).Ú (p,p). (1 < p <∞).

y². �I�y Hörmander1w5^�.©±enÚ.

1.Äky²��AÛ(Ø:e Rn¥ØÓü: x, y÷v |x| ≥ 2|y|,K¤á∣∣∣∣∣ x− y
|x− y|

−
x
|x|

∣∣∣∣∣ ≤ 2
|y|
|x|
.

1=é?¿ k > 0,¤á Ω(kx) = Ω(x).

143
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�
y²ù�(Ø,·��½��:� x:,±9 0 < r ≤ |x|/2. �½¥ B(x,r)¥?¿�

: z,K O, xÚ z(½��²¡. ù�Ò(½
 y = x− z.2 �
¦
∣∣∣∣ z
|z| −

x
|x|

∣∣∣∣¦�U�,w,I

� z ∈ ∂B(x,r),=�þ y� zR� (�ã 11.1). 3�>�� 1,º�� θ���n�/¥^�

ã 11.1 ½n 1AÛ(Ø«¿ã.

u½n,k ∣∣∣∣∣ z
|z|
−

x
|x|

∣∣∣∣∣ =
sinθ

sin(π−θ2 )
=

1

sin(π−θ2 )

|y|
|x|

=
1

cos(θ/2)
|y|
|x|
.

¤±�I�y cos(θ/2) ≥ 1/2.�d,|^n�úª cos(θ2 ) =
√

1+cosθ
2 ,±9 |x| ≥ 2|y|,

cosθ =
|z|
|x|

=
|x− y|
|x|
≥
|x| − |y|
|x|

= 1−
|y|
|x|
≥

1
2
,

¤± cos(θ2 ) ≥
√

3/4 ≥ 1/2,lAÛäó¤á.

2. 5¿ ω(ρ)´�üN4O�¼ê,l4� limρ→0ω(ρ)�3. d	, Dini^�¿�

X limρ→0ω(ρ) = 0,¤±§Û¹X Ω´ Sn−1þ�ëY¼ê. AO/,·�k ‖Ω‖L∞ <∞.

3. �½ y ∈Rn
\{0},K

∫
|x|>2|y|

|K(x− y)−K(x)|dx =

∫
|x|>2|y|

∣∣∣∣∣∣∣∣
Ω( x−y
|x−y| )

|x− y|n
−

Ω( x
|x| )

|x|n

∣∣∣∣∣∣∣∣dx

≤

∫
|x|>2|y|

1
|x− y|n

∣∣∣∣∣Ω(
x− y
|x− y|

)−Ω(
x
|x|

)
∣∣∣∣∣dx +

∫
|x|>2|y|

∣∣∣∣∣∣Ω(
x
|x|

)
(

1
|x− y|n

−
1
|x|n

)∣∣∣∣∣∣dx

= I + J.

25¿¤á |y| = |z−x| ≤ r ≤ |x|/2.
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éu¼ê G(x) = 1
|x|n ,¤á |∇G(x)| ≤ n

|x|n+1 . ��|^1Êù0��Hörmander^����¿

©^� (FÝ^�),Òk

J ≤ ||Ω||L∞
∫
|x|>2|y|

∣∣∣∣∣ 1
|x− y|n

−
1
|x|n

∣∣∣∣∣dx ≤ C|Ω|L∞ .

éuÈ© I,|^ Dini^�,k

I ≤
∫
|x|>2|y|

1
|x− y|n

ω

(
2
|y|
|x|

)
dx (�âAÛ(J)

≤

∫
|x|>2|y|

2n

|x|n
ω

(
2
|y|
|x|

)
dx (|x− y| ≥ |x| − |y| >

|x|
2

)

=

∫
Sn−1

∫
∞

2|y|

2n

rnω

(
2|y|

r

)
rn−1drdS

= ωn2n
∫
∞

2|y|
ω

(
2|y|

r

)
1
r

dr

= ωn2n
∫ 0

1
ω(s)

s
2|y|

2|y|
−s2 ds (s =

2|y|
r

)

= 2nωn

∫ 1

0

ω(s)
s

ds ≤ cn.

y.. 2

|^¼ê Ω�AÏ5,3�K Dini^���/e,^�
AÏ�E|,��±y² TΩ

9Ù4��f� Lpk.5. ù�¡���5(Øò3e¡1n�!�Ñ.

2. Fourier¦f

·�®²w�, °(/���5�f� Fourier¦f, Ò�±ÏL�êü�y²�f�

��Nõ©Û5�. e¡·�O�²; C-ZØ� FourierC�.

½n2. � n ≥ 2�Ω ∈ L1(Sn−1)÷v��5^� (11.1). @odéA� C-ZØ K(½�2Â

¼êWΩ� FourierC�dXeA�??k��¼ê�Ñ:

ŴΩ(ξ) = cn

∫
Sn−1

Ω(θ)
(
log

1
|ξ ·θ|

−
iπ
2

sgn(ξ ·θ)
)

dSθ. (11.2)

ùp~ê cn = 1
(2π)n/2 .3

ù�½n�y²I��õêÆ©Û�¡O�È©�E|. ·�3e¡���Ñ.
35¿ù�Ïf´d·�31�ù¤�½� FourierC�úªp�Ñ�.
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(1). Sn−1 þÈ©L«� Sn−2 þÈ©�È© � n ≥ 2, f ´�»� R�¥¡ RSn−1 þ�

¼ê. @o¤á ∫
RSn−1

f (x)dS(x) =

∫ R

−R

∫
√

R2−s2Sn−2
f (s,θ)dSθ

Rds
√

R2− s2
. (11.3)

ù�(Ø�±|^¥�Iúªy² (� [12, p.441]).

�`² (11.2) �Ñ� ŴΩ(ξ) A�??k� (5¿ù¿Ø¿�X§´ L∞ ¼ê), |^ Ω

���5^�Úéê�5�,�Ié?¿ ξ′ ∈ Sn−1,y²∫
Sn−1

Ω(θ) log
1
|ξ′ ·θ|

dSθ <∞.

�d,�â Fubini½n, �I�y²∫
Sn−1

∫
Sn−1
|Ω(θ)| log

1
|ξ ·θ|

dSθdSξ =

∫
Sn−1
|Ω(θ)|

(∫
Sn−1

log
1
|ξ ·θ|

dSξ

)
dSθ <∞. (11.4)

¯¢þ,� ξ = A>ξ′ , A���Ý
. du (A>ξ′, θ) = (ξ′, Aθ),@o∫
Sn−1

(
log

1
|ξ ·θ|

)
dSξ =

∫
Sn−1

(
log

1
|A>ξ′ ·θ|

)
dS′ξ

=

∫
Sn−1

(
log

1
|ξ′ ·Aθ|

)
dSξ′ (�A¦�Aθ = e1 � (1,0, · · · ,0)>)

=

∫
Sn−1

(
log

1
|ξ′1|

)
dSξ′

=

∫ 1

−1

∫
√

1−s2Sn−2

∣∣∣∣∣log
1
|s|

∣∣∣∣∣dSθ
ds
√

1− s2

= cn

∫ 1

−1
| log |s||(1− s2)

n−3
2 ds <∞. (n ≥ 2)

(2). È©1�¥�½n � f , g´ [a, b]þ Riemann�È�¼ê,� g ´üN�. K�

3 ξ ∈ [a, b]¦�¤á∫ b

a
f (x)g(x)dx = g(a)

∫ ξ

a
f (x)dx + g(b)

∫ b

ξ
f (x)dx.

(3). ¹n�¼ê�Ã.«mþ�~È©�Âñ9��k.�O � a ∈ R \ {0}, 0 < ε <

N <∞,K±e(Ø¤á:
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1. lim
ε→0, N→∞

∫ N

ε

cos(ra)− cosr
r

dr = log
1
|a|

;

2.

∣∣∣∣∣∣
∫ N

ε

cos(ra)− cosr
r

dr

∣∣∣∣∣∣ ≤ 2
∣∣∣∣∣log

1
|a|

∣∣∣∣∣ , ( 0 < ε <N <∞);

3. lim
ε→0, N→∞

∫ N

ε

sin(ra)
r

dr =
π
2

sgn(a);

4.

∣∣∣∣∣∣
∫ N

ε

sin(ra)
r

dr

∣∣∣∣∣∣ ≤ 3, (0 < ε <N <∞);

5. lim
ε→0,N→∞

∫ N

ε

e−ira
− cosr
r

dr = log
1
|a|
−

iπ
2

sgn(a);

6.

∣∣∣∣∣∣
∫ N

ε

e−ira
− cosr
r

dr

∣∣∣∣∣∣ ≤ 3 + 2
∣∣∣∣∣log

1
|a|

∣∣∣∣∣ , ( 0 < ε <N <∞).

y². du
e−ira
− cosr
r

=
cos(ra)− cosr− i sin(ra)

r
, =Iy²co�¤á; ��ü�´§�

���íØ.

1. ùp^�´êÆ©Û¥z�\gÈ©2ÏLÈ©�S¦�“7Vs²”�E|. du

cos(ra) = cos(−ra),±eØ�� a > 0.u´∫ N

ε

cos(ra)− cosr
r

dr =

∫ N

ε

1
r

(∫
|a|

1
(−sin(tr))rdt

)
dr = −

∫ N

ε

∫
|a|

1
sin(tr)dtdr

= −

∫
|a|

1

(∫ N

ε
sin(tr)dr

)
dt =

∫
|a|

1

cos(tN)− cos(tε)
t

dt

= −

∫
|a|

1

cos(tε)
t

dt +

∫
|a|

1

cos(tN)
t

dt

= −

∫
|a|

1

cos(tε)
t

dt +

∫
|a|N

N

cos t
t

dt→ ln
1
|a|
.

ùp�����ª¥, 1��é ε→ 0^��Âñ½n, 1��é N→∞^È©1�¥�

½n.

2. dþãí�L§·�wÑ

∣∣∣∣∣∣
∫ N

ε

cos(ra)− cosr
r

dr

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣2

∫
|a|

1

1
t

dt

∣∣∣∣∣∣ = 2| ln |a||.

3. ù´êÆ©Û¥�ÏL\½ÏfO��~È©�;.¯K.é a > 0,P

I(a) �
∫
∞

0

sinx
x

e−ax dx.

d��Âñ½n, I(∞) = 0.d	

I′(a) = −
1

1 + a2 ,
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u´ I(a) = π
2 −arctana,l I(0) = π

2 . 4 ùÒy²

∫
∞

0
sinx

x dx = π
2 . dd,|^ sin´Û¼

ê,

lim
ε→0,N→∞

∫ N

ε

sin(ra)
r

dr = sgn(a) lim
ε→0, N→∞

∫
|a|N

|a|ε

sinr
r

dr =
π
2

sgn(a).

4. � 0 < ε < 1�,£Á |sinx|
|x| ≤ 1,´�¤á |

∫ 1
ε

sinx
x dx| ≤ 1. ,	,dÈ©1�¥�½n,

�� ∃ξ ∈ (a,b)¦�±eªf¤á:∫ b

a

sinx
x

dx =
1
a

∫ ξ

a
sinxdx +

1
b

∫ b

ξ
sinxdx =

1
a

(cosa− cosξ) +
1
b

(cosξ− cosb)

=
(1

b
−

1
a

)
cosξ+

1
a

cosa−
1
b

cosb.

¤±é N > ε ≥ 1,¤á ∣∣∣∣∣∣
∫ N

ε

sinx
x

dx

∣∣∣∣∣∣ ≤ 1
ε
−

1
N

+
1
ε

+
1
N
≤

2
ε
≤ 2.

¤±é?¿ 0 < ε <N <∞, ¤á
∣∣∣∣∫ N
ε

sinx
x dx

∣∣∣∣ ≤ 1 + 2 = 3. y.. 2

½n 2�y². k
cãO�ó�,·��±é¯/y²½n 2
. é?¿ ϕ ∈ S(Rn),d2

Â¼ê� FourierC��½Â,±9 Ω���5^� (e¡18��Ò)

〈ŴΩ,ϕ〉 = 〈WΩ, ϕ̂〉 = lim
ε→0

∫
1
ε>|x|>ε

Ω( x
|x| )

|x|n
ϕ̂(x)dx

= (
1

2π
)

n
2 lim
ε→0

∫
1
ε>|x|>ε

Ω( x
|x| )

|x|n

∫
Rn
ϕ(ξ)e−ix·ξdξdx

= (
1

2π
)

n
2 lim
ε→0

∫
Rn
ϕ(ξ)

∫ 1
ε>|x|>ε

Ω( x
|x| )

|x|n
e−ix·ξdx

dξ

= (
1

2π
)

n
2 lim
ε→0

∫
Rn
ϕ(ξ)

∫ 1
ε

ε

∫
Sn−1

Ω(θ)e−irθ·ξ

r
dSθdr

dξ

= (
1

2π
)

n
2 lim
ε→0

∫
Rn
ϕ(ξ)

∫
Sn−1

Ω(θ)
∫ 1

ε

ε

e−irθ·ξ
− cosr
r

drdSθ

dξ

= (
1

2π
)

n
2

∫
Rn
ϕ(ξ)

∫
Sn−1

Ω(θ)
( 1
ln |θ ·ξ|

−
π
2

isgn(θ ·ξ)
)
dSθdξ

=

〈
(

1
2π

)
n
2

∫
Sn−1

Ω(θ)
( 1
ln |θ ·ξ|

−
π
2

isgn(θ ·ξ)
)
dSθ, ϕ

〉
.

4�y² lima→0+ I(a) = I(0),�Ä
∣∣∣∣∫ N

0
sinx

x (e−ax
−1)dx

∣∣∣∣+ ∣∣∣∫ ∞
N

sinx
x (e−ax

−1)dx
∣∣∣. é���,|^�~È©�

Dirichlet�O{,�N¿©�,§Ò�±?¿�;éc��,^ Lebesgue��Âñ½n, a→ 0+ �§�4

�Ò´".
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þ¡�ê1���Ò¤á´|^
 Lebesgue��Âñ½n,Ù¥��¼ê�

|ϕ(ξ)Ω(θ)|
(
4 + 2| ln |

1
θ ·ξ
||

)
∈ L1(Rn

ξ)×L1(Sn−1),

§��È5ë� (11.4). ùÒy²
 ŴΩ = ( 1
2π )

n
2
∫

Sn−1 Ω(θ)
(

1
ln |θ·ξ| −

π
2 isgn(θ ·ξ)

)
dSθ. �

3. àgòÈ.ÛÉÈ©�f Lpk.5���(Ø

5¿�

Ω(x) =
1
2

[Ω(x)−Ω(−x)] +
1
2

[Ω(x)−Ω(−x)],

¤±?Û²; C-ZØÑ�±©)�Ø�Û¼ê��/,±9ó¼ê��/.

½n3 (Ø�Û¼ê�/). � Ω �Û¼ê�3 Sn−1 þ�È. K TΩ 9Ù4��f T∗
Ω
Ñ´

(p,p). (1 < p <∞.)

½n4 (Ø�ó¼ê�/). � n ≥ 2�Ω� Sn−1þ�È�ó¼ê,¤á��5^� (11.1),¿

�

cΩ �

∫
Sn−1
|Ω(θ)| log+

|Ω(θ)|dθ <∞.

@oÙ¤éAÛÉÈ©�f TΩ ´ (p,p) . (1 < p <∞), ��f�ê�õ� cn max{p2, (p−

1)−2
}(cΩ + 1).

5¿ùpØ2I� Dini^�.y²�� [12, pp. 272–278].

� RieszC�

e¡·�0��
�\AÏ�àgòÈ.ÛÉÈ©�f. §�Q´ÛÉÈ©�fnØ

��@ïÄé�,3 �©�§¥kNõA^.

½Â2. ��m�ê n ≥ 2.�Ω j(x) = cn
x j
|x| , ( j = 1, · · · ,n),l K j(x) = cn

x j

|x|n+1 ,@o K j´ C-Z

Ø;§¤½Â�ÛÉÈ©�f R j( f )(x) = cn p.v.
∫
Rn

x j−y j

|x−y|n+1 f (y)dy¡�1 j� Riesz C�.

ØJwÑΩ j÷vDini^� (5¿ω(s)≤ s),¤± R j´f (1,1).Ú (p,p) . (1< p<∞).
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1. Fourier¦f

½n5. XJ� cn = (2π)
n
2

Γ( n+1
2 )

π
n+1

2
, @o R̂ j( f )(ξ) = −i

ξ j
|ξ| f̂ (ξ) .

y². 1. du Ω j´Û¼ê,d½n 2,·�k

ŴΩ j = (
1

2π
)

n
2 (−

π
2

)i
∫

Sn−1
cnθ jsgn(θ ·ξ)dSθ

= (
1

2π
)

n
2 (−

π
2

)i(2π)
n
2
Γ(n+1

2 )

π
n+1

2

∫
Sn−1

θ jsgn(θ ·ξ)dSθ

=
Γ(n+1

2 )

2π
n−1

2

(−i)
∫

Sn−1
θ jsgn(θ ·ξ)dSθ = −i

ξ j

|ξ|
.

�`²�����Ò¤á,�I�y²∫
Sn−1

θ jsgn(θ ·ξ)dSθ =
2π

n−1
2

Γ(n+1
2 )

ξ j

|ξ|
.

Ø���5,ùp�b� |ξ| = 1.

2. |^�È¼êÚÈ©«��Ûé¡5,N´wÑe¡(Ø¤á:

∫
Sn−1

sgn(θk)θ jdSθ =


0, k , j,∫

Sn−1 |θ j|dSθ, k = j.

¯¢þ,� k , j�,du θ j3 Sn−1 ⋂
{θk ≶ 0}þ´Û¼ê,∫

Sn−1
sgn(θk)θ jdSθ =

∫
Sn−1 ⋂

{θk>0}
θ jdSθ−

∫
Sn−1 ⋂

{θk<0}
θ jdSθ = 0−0 = 0.

3. �½ ξ ∈ Sn−1,@o�3��Ý
 A = (a jk) ,¦� Ae j = (ξ1,ξ2, . . .ξn)> = ξ. ù¿�

X A�1 j�Ò´ (ξ1,ξ2, . . .ξn)> = ξ. AO/, a j j = ξ j. ÏL��,ØJ��∫
Sn−1

θ jsgn(θ ·ξ)dSθ =

∫
Sn−1

θ jsgn(θ ·Ae j)dSθ =

∫
Sn−1

θ jsgn(e j ·A>θ)dSθ

=

∫
Sn−1

θ jsgn(A>θ) jdSθ (�C�θ = Aθ′)

=

∫
Sn−1

(Aθ′) jsgn(θ′j)dSθ′ (rθ′�¤θ)

=

∫
Sn−1

n∑
k=1

(a jkθk)sgn(θ j)dSθ =

n∑
k=1

a jk

∫
Sn−1

θksgn(θ j)dSθ

= a j j

∫
Sn−1
|θ j|dSθ =

ξ j

|ξ|

∫
Sn−1
|θ j|dSθ.
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¤±{e�Ò´y² ∫
Sn−1
|θ j|dSθ =

2π
n−1

2

Γ(n+1
2 )
.

4. |^úª (11.3),k

þª�> =

∫ 1

−1

∫
√

1−s2Sn−2
dSθ|s|

ds
√

1− s2

=

∫ 1

−1

∫
Sn−2
|s|(1− s2)

n−2
2

1
√

1− s2
dsdSθ

= ωn−2

∫ 1

0
(1− s2)

n−3
2 ds2 = ωn−2

∫ 1

0
(1− t)

n−3
2 dt

= ωn−2

∫ 1

0
u

n−3
2 du =

2
n−1

ωn−2 =
2π

n−1
2

Γ(n+1
2 )
.

y.. 2

��þã(J�A^,·�y²

íØ1. Rnþ RieszC� {R j}
n
j=1÷v'Xª

n∑
j=1

R2
j = −I, Ù¥ I´ð��f.

y². Ø�� f ∈ S(Rn). Ï� R̂ j( f )(ξ) = −i
ξ j
|ξ| f̂ (ξ) , ¤±

n̂∑
j=1

R2
j f =

n∑
j=1

R̂2
j f =

n∑
j=1

−
iξ j

|ξ|
R̂ j f = −

n∑
j=1

|ξ j|
2

|ξ|2
f̂ = − f̂ .

d FourierC���_5Ò��(Ø. 2

2. A^Þ~

½n6. � f ∈ Lp(Rn), (1 < p <∞)� ∆u = f , K ||D2u||Lp ≤ c|| f ||Lp .

y². é ∆u = f ü>� FourierC�,Ó�¦±
−iξ j
|ξ|
−iξk
|ξ| ,Ò��

−iξ j

|ξ|

−iξk

|ξ|
(−|ξ|2)û(ξ) =

−iξ j

|ξ|

−iξk

|ξ|
f̂ (ξ).

�> = −F (∂ j∂ku) ,m> = F (R jRk f ) , ¤± ∂ j∂ku = −R jRk f . u´ ||D2u||Lp ≤ cn|| f ||Lp . y

.. 2

ù�(Ø´äëY���Xê��ý�.�§W2,p nØ�Ñu:. �[(Ø�� [11]

1ÊÙ.'u|^ Newton ³¦) Poisson�§�¯K,·�3e�ù¬�[0�.
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n HilbertC�

e¡0���þ�;.�ÛÉÈ©�f— HilbertC�.

½Â3. d Rþ C-ZØ K(x) =
√

2π
π

1
x (½�ÛÉÈ©�f

H( f )(x) = lim
ε→0

Hε f (x) � lim
ε→0

∫
|y|≥ε

f (x− y)
1
y

dy

¡� HilbertC� .

éN´�y K(x) =
√

2π
π

1
x (¢´ C-ZØ,¤±HilbertC�9ÙéA�4��fÑ´f

(1,1).Ú (p,p). (1 < p <∞).

½n7. HilbertC�÷v Ĥ f (ξ) = −isgn(ξ) f̂ (ξ).

y². � K(½�2Â¼ê�W. |^��5^�,��O�,é?¿ ϕ ∈ S(R),Ñ¤á

〈Ŵ, ϕ〉 = 〈W, ϕ̂〉 = lim
ε→0

√
2π
π

∫
ε<|x|< 1

ε

1
x
ϕ̂(x)dx

= lim
ε→0

1
π

∫
ε<|x|< 1

ε

1
x

∫
R
ϕ(ξ)e−ix·ξdξdx

= lim
ε→0

1
π

∫
R
ϕ(ξ)

∫
ε<|x|< 1

ε

1
x

e−ix·ξdx

dξ

= lim
ε→0

1
π

∫
R
ϕ(ξ)

∫
ε<|x|< 1

ε

1
x

[cos(x ·ξ)− i sin(x ·ξ)]dx

dξ

= lim
ε→0

−i
π

∫
R
ϕ(ξ)

∫
ε<|x|< 1

ε

sin(x ·ξ)
x

dx

dξ

=
−2i
π

lim
ε→0

∫
R
ϕ(ξ)

∫ 1
ε

ε

sin(x ·ξ)
x

dx

dξ

=
−2i
π

∫
R
ϕ(ξ)

π
2

sgn(ξ)dξ

= 〈−isgn(ξ), ϕ(ξ)〉.

Ïd Ŵ = −isgn(ξ) . y.. 2

dþã'u¦f�&E,|^ [−isgn(ξ)]2 =−1,Ò��¤áH2 =−I. d	,£ÁT, T∗, T′

�Fourier¦f©O�m(ξ), ¯m(ξ), m(−ξ). ¤±éuHilbertC�,¤á H∗ = −H, H′ = −H.

SK 1. � f ∈ L1(R). y²: e¤á H f ∈ L1(R),K7k
∫
R

f (x)dx = 0. 2
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J«: db�� Ĥ f = −isgn(ξ) f̂ (ξ)´ëY¼ê,l7k f̂ (0) = 0.d FourierC��

½Â=�(Ø.

SK 2. � f , x f ∈ L2(R). y²: e¤á
∫
R

f (x)dx = 0,K H f ∈ L1(R). 2

y². |^ ∫
| f |dx ≤

(∫
(1 + x2)| f (x)|2 dx

) 1
2
(∫

1
1 + x2 dx

) 1
2

≤ C(
∥∥∥ f

∥∥∥
L2 +

∥∥∥x f
∥∥∥

L2)

�� f ∈ L1(R). du H f ∈ L2(R), �I2y x(H f )(x) ∈ L2, ½ x̂H f = −∂ξ(sgn(ξ) f̂ (ξ)) ∈ L2,

ùd f̂ (0) = 09 ∂ξ f̂ ∈ L2 (= x̂ f ∈ L2)�±�y. y.. 2

HilbertC���X¼ê>�¯K

HilbertC���X¼ê>�¯KkX��éX.�	Xe Cauchy–Riemann�§|3

þ�²¡ Ω =
{
(x, y) ∈R2 : y ≥ 0

}
�>�¯K:

∂u
∂x
−
∂v
∂y

= 0, 3 ΩS,

∂u
∂y

+
∂v
∂x

= 0 3 ΩS,

u(x,0) = f (x) 3 ∂Ωþ.

(11.5)

·�Äk¦)T¯K.dEC¼ê�£,ù�duÏé�X¼ê F(z) = u + iv, z = x + iy¦�

� zª�u>.� (= y→ 0�)Ù¢Ü u (3,«ÿÀe)Âñ� f (x).

É CauchyÈ©½néu,·��

F(z) =
i
π

∫
R

f (t)
z− t

dt, Imz > 0.

5¿ù�¼ê3 Imz > 0?(¢´k½Â�,�¦��±�È©��.e¡�y F(z)(¢

´¯K (11.5)�).

Äk,�â F(z)�L�ª, w,¤á ∂F
∂z̄ = 0,= F(z)´�X¼ê. ¤± C–R�§|¤á.

Ùg,du

F(z) =
i
π

∫
R

f (t)
x− t + iy

dt =
i
π

∫
R

x− t− iy
(x− t)2 + y2 f (t)dt,

¤±

u(x, y) = ReF(z) =
y
π

∫
R

f (t)
(x− t)2 + y2 dt = Py ∗ f (x).
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£Áùp P(x) = 1
π

1
1+x2 T´���/� PoissonØ, ÙéA� C�Ò´ Py(x) = 1

yP( x
y ) =

1
π

y
x2+y2 . ¤±d%Cð��5�9:�Âñ�4�¼ê{, ∀ f ∈ Lp(Rn), 1 < p <∞,3Lp9

A�??¿ÂeÑ¤á

lim
y→0

u(x, y) = f (x).

ùÒ�y
>.^�¤á.

5¿þã)���(½


v(x, y) = ImF(z) =
1
π

∫
R

x− t
(x− t)2 + y2 f (t)dt = Qy ∗ f (x).

ùp Q(x) = 1
π

x
1+x2 ¡��Ý PoissonØ, ÙéA� C�� Qy(x) = 1

π
x

y2+x2 . ��ég,�

¯K´, v(x, y)� y→ 0�´Ä3,«¿ÂeÂñ?XJÂñ,@o4�´�o? w,ù�

4�ATd f ��(½,@où«û½Å�´�o?

5¿� QØáu L1(R),·�ØU|^%Cð�. ¤±þã¯K��Y¿Ø´w´�

�.

·K5. ∀ f ∈ Lp(R), 1 ≤ p <∞,3Lp(R)9A�?Ð¿ÂeÑ¤á ε→ 0�

Qε ∗ f (x)−Hε f (x)→ 0.

y². e¡O�L² Qε ∗ f (x)−Hε f (x)�±���Âñ�"��1òÈ��:

Qε ∗ f (x)−Hε f (x)

=
1
π

∫
R

x− t
(x− t)2 +ε2 f (t)dt−

1
π

∫
|x−t|>ε

f (t)
x− t

dt

=
1
π

∫
|x−t|<ε

x− t
(x− t)2 +ε2 f (t)dt +

1
π

∫
|x−t|>ε

(
x− t

(x− t)2 +ε2 f (t)−
f (t)

x− t

)
dt

=
1
π

(∫
|t|<ε

t
t2 +ε2 f (x− t)dt−

∫
|t|>ε

[ t
t2 +ε2 −

1
t

]
f (x− t)

)
dt

=
1
π
ψε ∗ f (x).

ùp ψε = 1
εψ(x

ε ), 

ψ(t) =


t

t2+1 , |t| < 1,

−1
t(t2+1) , |t| ≥ 1
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´�áu L1(R)�Û¼ê,¤±
∫
R
ψ(x)dx = 0. u´¤á

lim
ε→0

∥∥∥ψε ∗ f (x)
∥∥∥

Lp(R) = 0.

�
`²:�Âñ,5¿�

Ψ(t) =


1, |t| < 1,

1
(t2+1) , |t| ≥ 1

´ ψ ���»�4~� L1 �È���¼ê. ¤±d:�Âñ�4�¼ê{� Qε ∗ f (x)−

Hε f (x)→ 0A�??¤á. y.. 2

|^ Hε éA�4�ÛÉÈ©�f´f (p,p).,�� Hε f (x)→ (H f )(x)�3A�??

Ú Lp (1 < p <∞)¿Âe¤á,·�Ò��Xe(Ø: � f ∈ Lp(R) (1 ≤ p <∞),KA�??¤

á Qε ∗ f (x)→H f (x). d	e (1 < p <∞),KT4��3 Lp(R)¿Âe¤á. �Ò´`,d¢

Ü�>� f (½�þ�E²¡��X¼ê�JÜ�>�´ H f .
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1��ù ©êgÈ©�f� Newton ³

Poisson �§3 �©�§nØÚA^¥äk�©��/ . ùÌ�Ny3n�¡.

Äk,���{üÚ;.��§��,é§�n)kÏurºÚïÄ�E,�¯K;Ùg,N

õ��êÆÔn�§,X Navier–Stokes�§|,Ñ��¹k Laplace�f;1n,Nõ¯

K�ïÄ�ªÑI�|^ Poisson�§�nØ��óä. 3ù�ù,·�ò|^©êgÈ©

�fÚÛÉÈ©�fnØ,`² Newton ³(¢�Ñ
 Poisson�§�),¿�¤áeZ

Lp�O.Xc)º,ùp�(Ø9�{Ñk2��A^.

�Ä Rn¥ Poisson�§

∆u = f .

|^ Laplace�f�Ä�), u�±ÏLXe Newton ³L«:

u(x) =

∫
Rn

N(x− y) f (y)dy,

ùp (ωn´ Rn¥ü ¥�NÈ, nωn´ÙL¡È)

N(x) =


1

2π ln |x|, n = 2,

−1
n(n−2)ωn

1
|x|n−2 , n ≥ 3.

·�kXe(Ø:

½n1. � Ω ⊂Rn ´k.«�, f ∈ Lp(Ω) (1 < p <∞) ,K ∆u = f k) u = N ∗ f ∈W2,p(Ω),

§3A�??¿Âe÷v�§. d	,��3��6u n, pÚ |Ω|�~ê C,¦�

‖u‖W2,p(Rn) ≤ C
∥∥∥ f

∥∥∥
Lp(Ω) .

du N9 ∇NÑáu L1
loc(Rn),¤±� f P~�¯�, u = N ∗ f Ú ∇u(x) = ∇N ∗ f (x)Ñ

k¿Â. §�éA�´�aÈ©ØäkfÛ5�òÈ.È©�f, ¡�©êgÈ©�f. �

5¿� ∇2N=áu Lloc(Rn
\ {0}), ¤±O� u����ê D2u�Ò7LÚ\ÛÉÈ©�f.

e¡Äk0�©êgÈ©�f,,�í�ÛÉÈ©�f´N�Ú\�. ��nÜ¤�(ØÒ

�±y²½n 1.

157
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� ©êgÈ©�f

|^ Fourier C��5�, ∆̂ f = −|ξ|2 f̂ (ξ), = −∆ f = (|ξ|2 f̂ (ξ))∨ . é z ∈ C, ·��½

Â©êg Laplace�f

(−∆)
z
2 f = (|ξ|z f̂ (ξ))∨ = (|ξ|z)∨ ∗ f .

N´�yÙ�+5�,= (−∆)w(−∆)z = (−∆)w+z. e¡·�¬y² (|ξ|z)∨ = Cn,z|x|−n−z. �


�y |x|−n−z
∈ L1

loc(Rn)� |ξ|z ∈ L1
loc(Rn) (3�:�È),�¦ Re(−n− z) > −n, Rez > −n ,=

−n < Rez < 0 . e- z = −s ∈R,K�¦ 0 < s < n .

·K6. (|ξ|−s f̂ (ξ))∨(x) = cn,s
∫
Rn

f (y)
|x−y|n−s dy.

y². |^CþO�,ØJy² ξ , 0�¤á�ª

∫
∞

0
e−λ|ξ|

2
λ

s
2−1 dλ = |ξ|−s

∫
∞

0
e−λλ

s
2−1 dλ = Γ(s/2)|ξ|−s. (12.1)

u´,£Áúª (uv)∨ = cnu∨ ∗v∨,±9 (e−λ|ξ|
2
)∨(x) =

(
1

2λ

)n/2
e−
|x|2
4λ ,@o

(|ξ|−s f̂ (ξ))∨(x) = cn,s

∫
Rn

eix·ξ
(∫

∞

0
e−λ|ξ|

2
λ

s
2−1 dλ

)
f̂ (ξ)dξ

= cn,s

∫
∞

0
λ

s
2−1

(∫
Rn

eix·ξe−λ|ξ|
2

f̂ (ξ)dξ
)

dλ

= cn,s

∫
∞

0
λ

s
2−1 f ∗ (e−λ|ξ|

2
)∨(x)dλ

= cn,s

∫
∞

0
λ

s
2−

n
2−1

∫
Rn

f (y)e−
|x−y|2

4λ dydλ

= cn,s

∫
Rn

f (y)
∫
∞

0
λ

s
2−

n
2−1e−

|x−y|2

4λ dλdy

= cn,s

∫
Rn

f (y)
∫
∞

0
µ

n
2−

s
2−1e−µ|x−y|2 dµdy

= cn,s

∫
Rn

f (y)|x− y|−n+s dy.

ùp1��Ú�����ÒÑ^
 (12.1). 2

½Â1. ¡ Is f (x) = (−∆)−
s
2 f (x) = Cn,s

∫
Rn

f (y)
|x− y|n−s dy (0 < s < n) � f �©êgÈ©. Is¡

�©êgÈ©�f.
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(p,q).�I�½ ·�F"��©êgÈ©�f� (Lp(Rn), Lq(Rn)) k.5. duÈ©Ø

´àg s−ng�,�ÄÏL Rn �� C�: (πδ f )(x) = f (δx), δ > 05(½�I (p, q)I÷

v�7�^�.XÓe¡¤Ð«�,ù«ÏL¤3�mgÓ�+(½�f (p, q).�I��

�,´ïÄ�f½ �©�§�,
¯K�k��{.

é� C�: (πδ f )(x) � f (δx), δ > 0 , ��O�k

(πδ−1Isπδ f )(x) =

∫
Rn

1
|
x
δ − y|n−s f (δy)dy =

∫
Rn

δn−s

|x−δy|n−s f (δy)d(δy) ·
1
δn

= δ−s
∫
Rn

f (z)
|x− z|n−s dz = δ−s(Is f )(x),

±9

||(πδ f )(x)||Lp =

(∫
Rn
| f (δx)|pdx

) 1
p

=

(∫
Rn
| f (z)|pdz ·δ−n

) 1
p

= δ−
n
p || f ||Lp .

¤±,b� Is´ (p, q)., p ,∞, q ,∞ ,Ò¤á

||Is f ||Lp = δs
||πδ−1Isπδ f ||Lq = δsδ

n
q ||Isπδ f ||Lq ≤ ‖Is‖Lp,Lq δsδ

n
q ||πδ f ||Lp = ‖Is‖Lp,Lq δs+ n

q−
n
p || f ||Lp .

d�f�ê�½Â9 δ > 0�?¿5,ùÒ�¦ s + n
q −

n
p = 0 ,=

s
n

+
1
q

=
1
p

.

½n2 (Hardy-Littlewood-Sobolve½n). � 0 < s < n, 1
q = 1

p −
s
n , 1 ≤ p < n

s , f ∈ Lp(Rn). @

o¤á

1) (Is( f ))(x) ≤ C|| f ||
ps
n

LpMc f (x)1− ps
n , l Is ´f (1, n

n−s ) .. (ùp Mc f (x) ´ f � Hardy–

Littlewood¥%4�¼ê.)

2) e 1 < p < n
s ,K ||Is f ||Lq ≤ Cn,p,s|| f ||Lp .

y². 1. Ø�� f (x) ≥ 0 .K

Is f (x) =

∫
Rn

1
|x− y|n−s f (y)dy =

∫
Rn

1
|y|n−s f (x− y)dy

=

∫
|y|≤r

1
|y|n−s f (x− y)dy +

∫
|y|>r

1
|y|n−s f (x− y)dy = I + J,

Ù¥ r > 0´��½�ëê.

- ψ(y) � 1
|y|n−sχ|y|≤1 , K

ψr(y) =
1
rnψ(

y
r

) =
1
rn

1

|
y
r |

n−s
χ
{|

y
r |≤1} = r−s 1

|y|n−sχ{|y|≤r}.
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¤± I = rsψr ∗ f . q ψ´»�4~� L1�È�¼ê,@o

I = rsψr ∗ f (x) ≤ CrsMc f (x)||ψ||L1 =
(
Cn,sMc f (x)

)
rs,

ë�1lù½n 2.

2. éÈ© J,��^ HölderØ�ª, (Ù¥1
p + 1

p′ = 1),

J =

∫
|y|>r

1
|y|n−s f (x− y)dy ≤

(∫
|y|>r
| f (x− y)|pdy

) 1
p
(∫
|y|>r
|y|−(n−s)p′dy

) 1
p′

≤ Cn,p,s

(∫
Rn
| f (x− y)|pdy

) 1
p
(∫

∞

r
λ−(n−s)p′+n−1dλ

) 1
p′

= Cn,p,sr
s− n

p || f ||Lp .

ùp�
���È©Âñ,I� n− (n− s)p′ < 0,= p < n/s.

3. nþ, Is f (x) ≤ Cn,s,p(rsMc f (x) + rs− n
p || f ||Lp). � r ¦� rs− n

p || f ||Lp = rsMc f (x), = r =

(Mc f (x)
|| f ||Lp

)−
p
n ,Ò��

Is f (x) ≤ Cn,s,pMc f (x)
(

Mc f (x)
|| f ||Lp

)− ps
n

= Cn,s,p|| f ||
ps
n

LpMc f (x)1− ps
n .

dd|^ H-L4��f�f (1,1).,l18ù (6.3)ª,ØJ���Ñ Is�f (1, n
n−s )..

4. � 1 < p < n
s �,|^ H-L4��f� (p,p).,Òk

||Is f (x)||Lq ≤ Cn,s,p|| f ||
ps
n

Lp

(∫
Rn

Mc f (x)(1− ps
n )qdx

) 1
q

,

 (1− ps
n )q =

np
n−sp (1− sp

n ) = p ,¤±

||Is f (x)||Lq ≤ Cn,s,p|| f ||
ps
n

Lp

(∫
Rn

Mc f (x)pdx
) 1

q

= Cn,s,p|| f ||
ps
n

Lp ||Mc f ||
p
q

Lp ≤ Cn,s,p|| f ||
ps
n

Lp || f ||
p
q

Lp

= Cn,s,p|| f ||
ps
n +

p
q

Lp = Cn,s,p|| f ||Lp .

y.. 2

íØ1. � Ω ⊂Rn´k.«�, f ∈ Lp(Ω) (1 < p <∞), u = N ∗ f ,K

||u||Lp(Ω) ≤ Cp,n,|Ω||| f ||Lp , ||∇u||Lp(Ω) ≤ Cp,n,|Ω||| f ||Lp .
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y². 1. ò f (x)"òÿ� Rn . Ï� |Ω|k�,dHölderØ�ª, f ∈ Lp
∩L1(Rn). d	�â

½Â, u = N ∗ f = (−∆)−1 f ´éAu s = 2�©êgÈ©�f .

2. � 1 < p < n/2. d���I 1
q = 1

p −
2
n ,K q > p. d H-L-S½n�� u ∈ Lq(Rn) ,�¤

á ||u||Lp(Ω) ≤ C|Ω|,p,n ‖u‖Lq(Ω) ≤ C|Ω|,p,n ‖u‖Lq(Rn) ≤ Cp,q,n,|Ω||| f ||Lp(Ω) .

3. � n/2 ≤ p <∞. d���I r ¦� 1
p = 1

r −
2
n , K p > r. |^ H-L-S ½nÒ¤á

||u||Lp(Ω) ≤ ||u||Lp(Rn) ≤ Cp,n
∥∥∥ f

∥∥∥
Lr(Rn) = Cp,n

∥∥∥ f
∥∥∥

Lr(Ω) ≤ C|Ω|,p,n
∥∥∥ f

∥∥∥
Lp(Ω)) .

4. �â½Â, ∇u = ∇N ∗ f = (−∆)−
1
2 f ´éAu s = 1�©êgÈ©�f. ¤±aq/©

1 < p < nÚ n ≤ p <∞ü«�/,Ò�±y² ||∇u||Lp(Ω) ≤ Cp,n,|Ω||| f ||Lp(Ω) . y.. 2

� àgòÈ.ÛÉÈ©�f��Ñ

� K ∈ C∞(Rn
\ {0}) ´àg 1− n g�¼ê, KØJ��kàg"g�¼ê Ω(x), §

�À�ü ¥¡ Sn−1 þ� C∞ ¼ê (lk.), ¦� K(x) =
Ω( x
|x| )

|x|n−1 . du Ω k., ��

K(x) ∈ Lloc(Rn). 3 x , 0?¦�,K ∇K(x) ∈ C∞(Rn
\ {0})�àg −ng ,¤± ∇K(x)3�:

Û5�r,Ø2´ Lloc(Rn)¼ê.

d K �ÛÜ�È5,��é f ∈ C∞c (Rn)�±½ÂÈ©�f R f (x) = K ∗ f (x) ,§´1w

¼ê. �´ ∂ j(R f )(x) = (∂ jK) ∗ f Ø¤á (Ï ∂ jKØ´ÛÜ�È�,��È©ØÂñ,¤±¦�

Ø�UÚÈ©�S).

ØL,32Â¼ê¿Âe,·�k

R f (x) = K ∗ f (x) = K(τx f̃ ) = 〈K, τx f̃ 〉,

Uì1où½n 1, ∂ j(R f )(x) = (∂ jK) ∗ f (x) = 〈∂ jK, τx f̃ 〉 ,ùp���� ∂ jK´ K�1 j�2

Â¼ê¿Âe� �ê. 1

13ù�ã?Ø¥,�[�AO5¿«© ∂ jK´�L K�2Â¼ê�ê,�´²;¿Âe½Â3Rn
\ {0}

þ��ê.
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e¡O� ∂ jK . � ϕ ∈ C∞c (Rn),@o

−〈∂ jK, ϕ〉 = 〈K, ∂ jϕ〉 =

∫
Rn

K(x)∂ jϕ(x)dx = lim
ε→0

∫
|x|≥ε

K(x)∂ jϕ(x)dx

= lim
ε→0

(∫
|x|≥ε

∂ j
(
K(x)ϕ(x)

)
dx−

∫
|x|≥ε

∂ jK(x)ϕ(x)dx
)

= lim
ε→0

(∫
|x|=ε

Kϕ ·
−x j

x
dS

)
− lim
ε→0

∫
|x|≥ε

∂ jK(x)ϕ(x)dx = I− J.

5¿ùp1n��Ò¤á´|^
 Lebesgue��Âñ½n.

e¡�	1��.|^{ü���,±9 K�àg 1−ng5,Òk

I = − lim
ε→0

∫
|y|=1

K(yε)y jε
n−1ϕ(εy)dSy = − lim

ε→0

∫
|y|=1

K(y)y jϕ(εy)dSy

=

(
−

∫
|y|=1

K(y)y jdSy

)
ϕ(0) = −C j〈δ, ϕ〉,

Ù¥~ê

C j =

∫
|y|=1

K(y)y jdSy. (12.2)

éuÈ© JéA�È©Ø ∂ jK (5¿ùp ∂ j��´²;¿Âe��ê,¤± ∂ jK´�:

�	�1w¼ê),e¡½nL²§´�²; C-ZØ.

½n3. P P = ∂ jK, §´àg −ng�,läk/ª P(x) =
Ω( x
|x| )

|x|n
. d	��5^�¤á:∫

|x|=1
P(x)dSx = 0⇔

∫
Sn−1

Ω(x)dSx = 0.

y². 1. d K´àg 1−ng�,= K(tx) = t1−nK(x),üàé x j ¦�,N´�� ∂ jK´àg

−ng�. ¤±Û5rÝ^�¤á.

2. e¡�y��5^�.��K¼ê ρ(r)÷v ρ(r) ∈ C∞c (R), suppρ ⊂ (A,B) ⊂ (0,∞) .

dÑÝ½n,

0 =

∫
A<|x|<B

∂ j
(
ρ(|x|)K(x)

)
dx =

∫
Rn
ρ′(|x|)

x j

x
K(x)dx +

∫
Rn
ρ(x)∂ jK(x)dx = I1 + I2.

ùp

I1 =

∫
Sn−1

∫
∞

0
ρ′(r)θ jK(rθ)rn−1drdSθ =

∫
Sn−1

∫
∞

0
ρ′(r)θ jr1−nK(θ)rn−1drdSθ

=

∫
Sn−1

θ jK(θ)dSθ

∫
∞

0
ρ′(r)r1−nrn−1dr = 0,
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¿�

I2 =

∫
Sn−1

∫
∞

0
ρ(r)∂ jK(rθ)rn−1drdSθ =

∫
Sn−1

∫
∞

0
ρ(r)∂ jK(θ)r−n+n−1drdSθ

=

∫
Sn−1

∂ jK(θ)dSθ

∫
∞

0

ρ(r)
r

dr,


∫
∞

0
ρ(r)

r dr , 0 , ¤±
∫

Sn−1 ∂ jK(θ)dSθ = 0 . y.. 2

ù��5, du¼ê ∂ jK ÷vÛ5rÝ^�Ú��5^�, §Ò(½
��2Â¼ê

W∂ jK = p.v.∂ jK:

〈W,ϕ〉 = lim
ε→0

∫
|x|≥ε

∂ jK(x)ϕ(x)dx = p.v.
∫
Rn
∂ jK(x)ϕ(x)dx, ϕ ∈ C∞c (Rn).

¤±

J = 〈p.v.∂ jK, ϕ〉.

d	du |x| = 1�Ω(x) = P(x) = ∂ jK ∗ (x),ld K�1w5, Ω(x)´¥¡þ�1w¼ê,u

´ Dini^�¤á. ¤± ∂ jK´� C-ZØ.

nþ©Û,·���32Â¼ê¿Âe,

∂ jK = p.v.∂ jK + C jδ,

ùp�à´2Â¼ê¿Âe��ê,mà1��´²;�êp�Ñ�Ì�2Â¼ê,1��

´ Dirac ÿÝ. ·�w�2Â¼ê�ê�±�Ð/�x¼ê�Û5. ù�±@�´du²

;�ê´ÛÜ5�,2Â¼ê�êäk�N5½uÈ© (ÚO¿Â)E¤�. o�,é

R f = K ∗ f ,·���
©):

∂ j(R f ) = (∂ jK) ∗ f = (p.v.∂ jK) ∗ f + C jδ ∗ f = p.v. (∂ jK) ∗ f + C j f . (12.3)

ùp (p.v.∂ jK) ∗ f Ò´dØ ∂ jK(½�ÛÉÈ©�f.

n Poisson�§�¦)

e¡�y u = N ∗ f ÷v�§ ∆u = f �k�O
∥∥∥∂ jku

∥∥∥
Lp(Ω) ≤ Cp

∥∥∥ f
∥∥∥

Lp(Ω) .

��O�,é n ≥ 2Ñ¤á

∂ ju(x) =
1

nωn

∫
Rn

x j− y j

|x− y|n
f (y)dy.
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¤± K(x) = K j(x) = ∂ jN(x) =� 1
nωn

x j
|x|n .

�¦ ∂ jku,|^þ!���nØ,·�k©)

∂ jku = p.v.(∂ jkN) ∗ f + C jk f .

©ü«�/?Ø©

♦ � k , j�,¦²;�ê�� ∂kK j = −1
ωn

x jxk

|x|n+2 ,Uì(12.2),~ê

C jk =
1

nωn

∫
|x|=1

x jxk dSx = 0.

P T jk�d C-ZØ ∂kK j = ∂ jkN(½�ÛÉÈ©�f,@o

∂kju(x) = T jk f (x),

u´
∥∥∥∂kju

∥∥∥
Lp ≤ Cp

∥∥∥ f
∥∥∥

Lp .

♦ � k = j �, ¦²;�ê�� ∂ jK j =
1

nω

 1
|x|n
−n

x2
j

|x|n+2

. §(½�ÛÉÈ©�fP�

T j j. w,¤á
∑n

j=1∂ jK j = 0. d	ØJ�Ñ~ê C j j = 1
nωn

∫
|x|=1 x2

j dSx. ¤±

∂ j ju(x) = T j j f (x) + C j j f (x).

dd·��� D2u ∈ Lp(Ω) �á=�±���O
∥∥∥∂ j ju

∥∥∥
Lp ≤ Cp

∥∥∥ f
∥∥∥

Lp , j = 1, · · · , n.

���y ∆u = f . Äk,

n∑
j=1

T j j f (x) = p.v.(
n∑

j=1

∂ jK j) ∗ f = 0.

Ùg,
n∑

j=1

C j j =
1

nωn

∫
|x|=1

dSx = 1,

¤±∆u =
∑n

j=1∂ j ju = f .

ù�·��Ò�¤
½n 1�y². ÏL“v�Xê{”,3z�:����S^~Xê

�§%CäkëYXê�CXê��ý�.�§,�±y²½n 1¤ã� Lp �OÙ¢é�

���p��äkëYXê�ý�.�§Ñ¤á. ù�nØÚ SchaudernØ��,éuï

Äý�.�§k�~����^.
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o 3�þ|©Û¥�A^

Poisson�§9Newton ³´ïÄ�þ|�kåóä. � v = (v1, v2, v3)´½Â3R3

þ��þ|,§�ÑÝÒ´ R3þ�¼ê

divv = ∂x1v1 +∂x2v2 +∂x3v3,

^ÝÒ´�þ

curlv = (∂x2v3−∂x3v2, ∂x3v1−∂x1v3, ∂x1v2−∂x2v1).

ÑÝ,^ÝÚ�þ|�m¤áXe��ð�ª:

∇(divv)− curl(curlv) = ∆v. (12.4)

�´duù�'Xª,¦·��±|^�þ|ÑÝ9^Ý�&E, (2\þ·�>.^�,) Ï

L Poisson�§¦)Ñ�þ|.

^Ý�§|�¦)

��;.A~,�ÄXe���½ý�.�§|

curlv = w, divv = 0 3 R3 S, (12.5)

Ù¥�þ| w(x) ∈R3®�, v(x) ∈R3´�¦�.

½n4. � w ∈ Lp(R3; R3) (1 < p < 3). K (12.5)k)��=�32Â¼ê¿Âe¤á

divw = 0. (12.6)

eþª¤á,K vdXe�ª(½:

v = −curlψ, (12.7)

Ù¥�þ¼ê ψ÷v Poisson�§

∆ψ = w. (12.8)
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v�wªL�ª�

v(x) =

∫
R3

K3(x− y)w(y)dy, (12.9)

Ù¥ K3´ 3�Ý
:

K3(x)h = −
1

4π
x×h
|x|3

, ∀h ∈R3.

y². 1. � (12.5)kÛÜ�È�) v. duð�ª divcurlv = 032Â¼ê¿Âe�Î¤

á,¤±7,�¦‘divw = 0.

2. ��,e (12.6)¤á,·�y²,|^ (12.7)(12.8)(½� v´¯K (12.5)�).

Äk, |^ Newton ³��

ψ(x) =
−1
4π

∫
R3

w(y)
|x− y|

dy ∈W2,p
loc(R3).

éTª3È©Òe¦�,|^^Ý½ÂO�,Ò���� (12.9),¿� v = −curlψ ∈W1,p
loc(R3).

|^ð�ª div(curlψ) = 0,Ò�� divv = 0.

3. ?�ÚI��y curlv = w. �d,é ψ^ (12.4), '�´y² divψ = 0. ¯¢þ,d

� w = ∆ψ = curl(−curlψ) = curlv.

ÏLÈ©Òe¦�,ØJ��

divψ(x) =
−1
4π

∫
R3
∇x

(
1
|x− y|

)
·w(y)dy =

1
4π

∫
R3
∇y

(
1
|x− y|

)
·w(y)dy.

|^®�^� divw = 0,é?¿ ϕ ∈ C∞0 (R3),Ñ¤á∫
R3
∇yϕ(y) ·w(y)dy = 0,

�5¿� 1
|x−y| 'uCþ yØ´ C∞0 (R3)�,I�é§�·��1w�ä�^þã^�,2�

OØ�,`²Ø��±���?¿�.

�dÚ\��3 [0,1]��ä¼êϕ1, ϕ2 ∈C∞0 (R3)¦� suppϕ1 ∈R
3
\B(0,1), suppϕ2 ∈

B(0,4),�3 R3
\B(0,2)þ ϕ1 = 1,3 B(0,3)þ ϕ2 = 1. u´éu?¿� ε > 0,

suppϕ1(x/ε)ϕ2(εx) ⊂
{
ε ≤ |x| ≤

4
ε

}
,

�3��
{
2ε ≤ |x| ≤ 3

ε

}
þ ϕ1(x/ε)ϕ2(εx) = 1.
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y3éu�½� x, 5¿�
ϕ1((x− y)/ε)ϕ2(ε(x− y))

|x− y|
∈ C∞0 (R3),¤±|^ divw = 032

Â¼ê¿Âe¤á,=��∫
R3
∇y

(
ϕ1((x− y)/ε)ϕ2(ε(x− y))

|x− y|

)
·w(y)dy = 0.

2�ÄØ�,^ Leibniz{K¿5¿�ä¼ê�|8A:,∣∣∣∣∣∣
∫
R3
∇y

(
1−ϕ1((x− y)/ε)ϕ2(ε(x− y))

|x− y|

)
·w(y)dy

∣∣∣∣∣∣
≤

∫
{|y|≤2ε}∪{|y|≥3/ε}

|w(x− y)|
|y|2

dy +

∫
{ε≤|y|≤2ε}

|w(x− y)|
ε|y|

dy +

∫
{

3
ε≤|y|≤

4
ε }

ε|w(x− y)|
|y|

dy

� I1 + I2 + I3.

éu1��È©,|^½n 2y²1 1, 2Ú��{ (� n = 3, s = 1),��

I1 ≤ CMcw(x)ε+ Cpε
3
p−1
‖w‖Lp .

5¿ùpI� p < 3�^�.é I2�� �©1,é I3^ HölderØ�ª,Ò��

I2 ≤
1
ε2

∫
|y|≤2ε

|w(x− y)|dy ≤ CεMcw(x),

I3 ≤ Cpε‖w‖Lp

(∫ 4/ε

3/ε
r2−p′ dr

)1/p′

=


Cpε‖w‖Lp , p = 3/2, p′ = 3;

Cpε
2− 3

p′ ‖w‖Lp , p < 3, p , 3/2.

¤±o¤á

I1 + I2 + I3 ≤ CεMcw(x) + Cpε
3
p−1
‖w‖Lp .

duMcw(x) ∈ Lp,¤±éuA�¤k� x, Mcw(x)´k��. u´Ò��

lim
ε→0

∫
R3
∇y

(
1−ϕ1((x− y)/ε)ϕ2(ε(x− y))

|x− y|

)
·w(y)dy = 0.

ùÒy²
 divψ = 0. y.. 2

SK 1. |^ (12.3)Ú (12.9),y²

Dv(x)h = −p.v.
∫
R3

1
4π

w(y)×h
|x− y|3

+
3

4π
{[(x− y)×w(y)]⊗ (x− y)}h

|x− y|5
dy +

1
3

w(x)×h.

ùp (z⊗w)i j � ziw j,= z⊗w = z>w. 2
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1�nù BMO�m (�): ½Â9ÛÉÈ©�f� (L∞,BMO).

Calderón–Zygmend ÛÉÈ©�f�7´ L∞(Rn) �g��ëY�5�f, ùÒé?

n,
�.�/�¯K�5
(J.�d,ù�ù0�k.²þ��¼ê�m,= BMO(Rn)

�Ä�5�,¿y² C-ZÛÉÈ©�fl L∞ � BMO�ëY5. Ø3 �©�§¥�A^

	, BMO�méu�òÈ.ÛÉÈ©�fnØ�uÐ�åX��^.

� Sharp4��f� BMO�m

1. Sharp4��f

� Q´ Rn¥��N,é f ∈ L1
loc(Rn),P fQ �

1
|Q|

∫
Q

f (x)dx � f 3 Qþ�²þ�.¡

f̃Q �
1
|Q|

∫
Q
| f (x)− fQ|dx

� f 3 Qþ�²þ�Ä,¿½Â f � Sharp4�¼ê� f ](x) � sup
x∈Q

f̃Q, ½

f ](x) � sup
x∈Q

1
|Q|

∫
Q
| f (y)− fQ|dy.

ùpþ(.´é�¹ x�?Û�N��. g�5�f ] : f → f ]Ò�� Sharp4��f.

·K1 (Sharp 4��f�Ð�5�). (a) ½Â¥% sharp 4�¼ê f ]c (x) � sup
r>0

f̃Q(x,r), Ù¥

Q(x,r)´± x�¥%, r�>���N,K f ]c (x) ≤ f ](x) ≤ 2n+1 f ]c (x).

(b) é x ∈ Rn, ¤á f ](x) ≤ 2M f (x), ùp M ´ Hardy–Littlewood 4��f. � ] ´f

(1,1).Ú (p,p). (1 < p <∞).

(c) (| f |)](x) ≤ 2 f ](x).

y². 1. ��N Q�¹: x,� Q�>�� r, � Q̃ �Q(x,2r), K

1
|Q|

∫
Q
| f − fQ|dy ≤

1
|Q|

∫
Q
| f (y)− fQ̃|dy +

1
|Q|

∫
Q
| fQ̃− fQ|dy

≤
2n

|Q̃|

∫
Q̃
| f − fQ̃|dy + | fQ̃− fQ|

≤ 2n f ]c (x) + | fQ̃− fQ|.

171
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,��¡

| fQ− fQ̃| =

∣∣∣∣∣∣ 1
|Q|

∫
Q

( f (y)− fQ̃)dy

∣∣∣∣∣∣ ≤ 1
|Q|

∫
Q
| f (y)− fQ̃|dy

≤
2n

|Q̃|

∫
Q̃
| f (y)− fQ̃|dy ≤ 2n f ]c (x).

¤±�>�þ(.�� f ](x) ≤ 2n+1 f ]c (x); f ]c (x) ≤ f ](x)´w,�.

2. é?¿���¹ x��N Q,{üO�Òk

1
|Q|

∫
Q
| f (y)− fQ|dy ≤

1
|Q|

∫
Q
| f (y)|dy +

1
|Q|

∫
| fQ|dy

= M f (x) + | fQ| ≤M f (x) +
1
|Q|

∫
Q
| f (y)|dy

≤ 2M f (x).

¤± f ](x) ≤ 2M f (x).

3. |^n�Ø�ª,O��

∣∣∣| fQ| − | f |Q∣∣∣ =

∣∣∣∣∣∣ 1
|Q|

∫
Q

(
| f | − | fQ|

)
dy

∣∣∣∣∣∣
≤

1
|Q|

∫
Q
|| f | − | fQ||dy

≤
1
|Q|

∫
Q
| f − fQ|dy ≤ f ](x).

u´

1
|Q|

∫
Q

∣∣∣| f (y)| − | f |Q
∣∣∣dy ≤

1
|Q|

∫
Q

∣∣∣| f (y)| − | fQ|
∣∣∣dy +

1
|Q|

∫
Q

∣∣∣| fQ| − | f |Q∣∣∣dy

≤
1
|Q|

∫
Q
| f − fQ|dy + || fQ| − | f |Q|

≤ 2 f ](x).

2

SK 1. k�^3¥þ�È©²þ� Sharp 4�¼ê f ]B (=ò½Â¥�N Q ��¥ B)

¬��B�
. y²ùü«�ª½Â� Sharp 4�¼ê´�d�: �3~ê cn, c′n ¦�

cn f ](x) ≤ f ]B(x) ≤ c′n f ](x). 2
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2. k.²þ�Ä¼ê�m BMO(Rn)

½Â1 (BMO(Rn)). � f ∈ Lloc(Rn),e f ](x) ∈ L∞(Rn),K¡ f �k.²þ�Ä¼ê (Bounded

Mean Oscillation,{¡ BMO¼ê). BMO¼ê�N�¤��5�m¡� BMO(Rn).

5. 3 BMO¼êaþ�½Â “�ê” ‖ f ‖BMO=‖ f ] ‖L∞(Rn),½����∥∥∥ f
∥∥∥

BMO = sup
Q

1
|Q|

∫
Q
| f (x)− fQ|dx,

ùpþ(.´é?¿�N Q ��. 5¿� ‖ f ‖BMO= 0 =⇒ f ´~ê, ¤±3¼ê¿Âe

‖·‖BMOØ´�ê. ØL3 BMO¼êa¥Ú\�da “ f1 ∼ f2 ⇐⇒ f1− f2 =~ê”�, ‖·‖BMO

Ò´éAû�mþ��ê. ¤±·��½,±�¤¡ BMO�mÑ´ù��K~ê�û�m,

§3þã�êe¤�D��5�m.

d	,ØJwÑ3þã½Â¥,�±r�N Q��¥ B,¤��ê´�d�.

~1. L∞ ⊂ BMO(Rn).ù´Ï� f ](x) ≤ 2M f (x),¤±
∥∥∥ f

∥∥∥
BMO ≤ 2

∥∥∥ f
∥∥∥

L∞ .

~2. W1,n(Rn) ⊂ BMO(Rn).

y². k£Á¥þ� PoincaréØ�ª:

�3~ê C¦�éu Rn¥?¿�¥ B(x,r),e u ∈W1,p(B(x,r)), 1 ≤ p ≤∞,K

‖ u−uB(x,r) ‖Lp(B(x,r))≤ Cn,pr ‖Du ‖Lp(B(x,r)) .

yéu u ∈W1,n(Rn) ⊂W1,1(B(x,r)),|^TØ�ªÚ HölderØ�ª,Ò��

1
|B(x,r)|

∫
B(x,r)
|u−uB(x,r)|dy

≤
Cnr
|B(x,r)|

∫
B(x,r)
|Du|dy

≤
Cnr
rn

(∫
B(x,r)
|Du|ndy

)1
n

(∫
B(x,r)

dy
) 1

n′ (Ù¥
1
n

+
1
n′

= 1)

=
Cn

rn−1

(
rn

)1−
1
n

(∫
B(x,r)
|Du|ndy

)1
n

≤ Cn

(∫
Rn
|Du|ndy

)1
n

≤ Cn ‖ u ‖W1,n(Rn) .
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�>é x ∈RnÚ r > 0�þ(.,¿|^�¥% Sharp4�¼ê��¥% Sharp4�¼ê�

� (·K 1),Òy²
 ‖ u ‖BMO≤ Cn ‖ u ‖W1,n(Rn) . 2

|^½Â�y��¼ê´ BMO¼ê,I�O�§3?¿�Nþ�È©²þ,ù��Ñ

'�E,. �d,·��Ñe¡½n.

½n1. � f ∈ Lloc(Rn), K f ∈ BMO(Rn) ⇐⇒ �3 C > 0, é?¿ Q, �3 aQ ∈ R, ¦�

1
|Q|

∫
Q | f − aQ|dx ≤ C. AO/,

∥∥∥ f
∥∥∥

BMO ≤ 2C.

y². 1. =⇒.� aQ = fQ,Ò��
∥∥∥ f

∥∥∥
BMO ≤ C.

2. ⇐=. Äk,

1
|Q|

∫
Q
| f − fQ|dx ≤

1
|Q|

∫
Q
| f − aQ|dx +

1
|Q|

∫
Q
|aQ− fQ|dx ≤ C + |aQ− fQ|.

qÏ�

| fQ− aQ| =

∣∣∣∣∣∣ 1
|Q|

∫
Q

( f − aQ)dx

∣∣∣∣∣∣ ≤ 1
|Q|

∫
Q
| f − aQ|dx ≤ C,

¤±
1
|Q|

∫
Q | f − fQ|dx ≤ 2C,=

∥∥∥ f
∥∥∥

BMO ≤ 2C. 2

~3. ln |x| ∈ BMO(Rn).AO/, L∞´ BMO�ýf�m.

y². 1. éu¥ B(x,r),� |x| ≤ 2r�,�~ê aB = lnr,Òk

1
|B(x,r)|

∫
B(x,r)
| ln |y| − aB|dy

=
Cn

rn

(∫
B(0,1)

∣∣∣∣∣ln |x + rz|
r

∣∣∣∣∣dz
)

rn (ùp- y = x + rz)

= Cn

∫
B(0,1)

| ln |
x
r

+ z||dz = Cn

∫
B(0,1)

| ln |x0 + z||dz (ùp x0 =
x
r
, |x0| ≤ 2)

= Cn

∫
B(x0,1)

| ln |y||dy ( y = x0 + z)

≤ Cn

∫
B(0,3)

| ln |y||dy = Cnωn

∫ 3

0
| lnr|rn−1dr

= Cnωn

(∫ 1

0
(− lnr)rn−1dr +

∫ 3

1
(lnr)rn−1dr

)
≤ C′n.
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2. � |x| > 2r�,¥ B(x,r)®lm�:, ln |y|Ì�� ln |x|��,¤±� aB = ln |x|,Òk

1
|B(x,r)|

∫
B(x,r)
| ln |y| − aB|dy = Cn

∫
B(0,1)

∣∣∣∣∣ln |x + rz|
|x|

∣∣∣∣∣dz

= Cn

∫
B(0,1)

∣∣∣∣∣ln | x|x| + rz
|x|
|

∣∣∣∣∣dz = Cn

∫
B(0,1)

∣∣∣∣∣ln |x0 +
r
|x|

z|
∣∣∣∣∣dz ( x0 =

x
|x|

)

= Cn(
r
|x|

)−n
∫

B(x0,r/|x|)
| ln |y||dy ( y = x0 +

rz
|x|

)

≤ Cn sup
|x0|=1

sup
δ<1/2

δ−n
∫

B(x0,δ)
| ln |y||dy (5¿3 B(x0,δ)þ¤á | ln |y|| ≤ ln2)

≤ Cn ln2sup
δ>0

δ−n
∫

B(x0,δ)
dy

≤ C′′n .

nþ,Ò�y ln |x| ∈ BMO. 2

éê¼ê´ BMO¼ê�;.�L,l§�±éu·�©Ûn) BMO¼ê���5�.

e¡·�y² BMO�m���5,ù�±¦ò�¼©Û�(Ø�A^u BMO�m.

½n2. BMO�m´��~ê� Banach�m.

y². ·��Iy²��5: � { f (n)
}
∞

n=1´BMO�m¥�Cauchy�,�y²�3 f ∈BMO

¦� limn→∞
∥∥∥ f (n)

− f
∥∥∥

BMO = 0.

1. d Cauchy�½Â,é?¿ ε > 0, �3 N,� m, n >N�, ‖ f (n)
− f (m)

‖BMO≤ ε.AO

/,
{∥∥∥ f (n)

∥∥∥
BMO

}
n
��k.. d BMO�ê�½Â,é?¿�N I ⊂Rn,

1
|I|

∫
I
|( f (n)

− f (n)
I )− ( f (m)

− f (m)
I )|dx ≤ ε.

¤± { f (n)
− f (n)

I }
∞

n=1� L1(I)¥� Cauchy�. ùpAO5¿ N� IÃ'.

d L1(I)���5,�3 f I(x) ∈ L1(I)¦�� n→∞�3 L1(I)¥¤á

f (n)
− f (n)

I → f I, (13.1)

=: é?¿ ε > 0,�3 N′ (��6u I),¦�� n >N′�,
∫

I | f
(n)
− f (n)

I − f I
|dx ≤ ε.

2. e¡�E4�¼ê.� J ⊂Rn��N,�I ⊂ J,Kdþãín,�3 f J
∈ L1(J) ⊂ L1(I),

�� n→∞�,3 L1(J)¥¤á

f (n)
− f (n)

J → f J. (13.2)
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y�	ê� { f (n)
J − f (n)

I }n,§´k.�. ¯¢þ,

| f (n)
J − f (n)

I | =

∣∣∣∣∣ 1
|I|

∫
I
( f (n)
− f (n)

J )dx
∣∣∣∣∣ ≤ 1
|I|

∫
I
| f (n)
− f (n)

J |dx

≤
|J|
|I|

1
|J|

∫
J
| f (n)
− f (n)

J |dx ≤
|J|
|I|
‖ f (n)

‖BMO≤ C(I, J) <∞.

¤±�3üN4Oªu�Ã¡�S� {nk} ,¦� f (nk)
J − f (nk)

I → CI,J.du

( f nk − f nk
I )− ( f nk − f nk

J ) = f nk
J − f nk

I ,

- nk→∞,Ò��3 L1½A�??¿Âe¤á

f I
− f J = CI,J =⇒ f J = f I

−CI,J. (13.3)

3. y- {Ik}����N, I1 ⊂ I2 ⊂ I3 ⊂ · · · � ∪
∞

k=1Ik =Rn.d (13.3),3~���~ê�

�� f I2 ¦�3 I1 þk f I2 = f I1 ; f I3 ÏL~���~ê,3 I2 þ� (#�) f I2 �Ó; · · · f Ik+1

~���~ê�3 Ikþ� (#�) f Ik �Ó. dd½Â4�¼ê f = f Ik , x ∈ Ik.

4. ey f ∈ BMO(Rn),=�3 C,¦�é?¿�N I, ¤á
1
|I|

∫
I | f − fI|dx ≤ C.y�½ I,

7k,� J = Ik,¦� I ⊂ J.du�ì½Â, f |J = f J, ��Iy²
1
|I|

∫
I | f

J
− f J

I |dx < C.

d (13.3)ª,ü>� I þÈ©²þ�,� f J
I = f I

I −CI,J;2d (13.1)ª,3 I þÈ©,��

f I
I = 0,¤± f J

I = −CI,J,l2^ (13.3),��

f J = f I + f J
I =⇒ f J

− f J
I = f I. (13.4)

ù��5,

1
|I|

∫
I
| f I(x)|dx ≤

1
|I|

∫
I
| f I
− ( f (n)

− f (n)
I )|dx +

1
|I|

∫
I
| f (n)
− f (n)

I |dx

≤
1
|I|

∫
I
| f I
− ( f (n)

− f (n)
I )|dx+ ‖ f (n)

‖BMO .

é?¿ ε > 0,�3 NI,¦� n >NI �
1
|I|

∫
I | f

I
− ( f (n)

− f (n)
I )|dx ≤ ε. ¤±|^ ε�?¿�5,

1
|I|

∫
I
| f I(x)|dx ≤ ε+ sup

n
‖ f (n)

‖BMO=⇒
1
|I|

∫
I
| f I(x)|dx ≤ sup

n
‖ f (n)

‖BMO<∞.

ùÒL² f ∈ BMO,� ‖ f ‖BMO≤ sup
n
‖ f (n)

‖BMO .
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5. ��y² ‖ f (n)
− f ‖BMO→ 0 (n→∞), =é?¿ ε > 0,�3 N > 0,¦�� n > N

�, éu?¿�N I,Ñ¤á
1
|I|

∫
I | f − f (n)

− ( fI − f (n)
I )|dx ≤ ε.Úc¡��, �±é� J = Ik ¦

� I ⊂ J,� f |J = f J.u´�Iy²,é?¿ ε > 0,�3 N (� I, JþÃ'), � n ≥N�,k
1
|I|

∫
I | f

J
− f (n)

− ( f J
I − f (n)

I )|dx ≤ ε.31 4Ú,d (13.4),®²y² f J
− f J

I = f I,¤±

1
|I|

∫
I
| f J
− f (n)

− ( f J
I − f (n)

I )|dx =
1
|I|

∫
I
| f I
− ( f (n)

− f (n)
I )|dx

≤
1
|I|

∫
I
| f I
− ( f (m)

− f (m)
I )|dx +

1
|I|

∫
I
|( f (m)

− f (m)
I )− ( f (n)

− f (n)
I )|dx

� A + B.

Äk�ÄÈ© A. |^ (13.1),é?¿ θ > 0,�3MI,� m >MI �, A < θ. 2wÈ© B. é

ε > 0,� n >N (d Cauchy�½Â(½,� IÃ')�, B ≤ ε. u´�� A + B ≤ θ+ ε.2d θ

?¿� (=- m→∞), Ò��� n >N�o¤á
1
|I|

∫
I | f

J
− f (n)

− ( f J
I − f (n)

I )|dx ≤ ε.y.. 2

eã BMO¼ê��ä5�ò31�Êùy² BMO´ Hardy�H1 �m�éó�^

�.

·K2. � f , g´¢�� BMO¼ê,Kmax{ f , g}Úmin{ f , g}�´ BMO¼ê,�∥∥∥max{ f , g}
∥∥∥

BMO ≤
3
2

(
∥∥∥ f

∥∥∥
BMO +

∥∥∥g
∥∥∥

BMO),
∥∥∥min{ f , g}

∥∥∥
BMO ≤

3
2

(
∥∥∥ f

∥∥∥
BMO +

∥∥∥g
∥∥∥

BMO).

y². d·K 1�(Ø c),·��� | f | ∈ BMO�
∥∥∥| f |∥∥∥BMO ≤ 2

∥∥∥ f
∥∥∥

BMO. |^Ä�'Xª

max{ f , g} =
1
2

(| f − g|+ f + g), min{ f , g} =
1
2

( f + g− | f − g|)

Ò��(Ø. 2

� ÛÉÈ©�f� (L∞, BMO).

|^ BMO�m�½Â±9 C-ZÈ©Ø�Hörmander^�,Ò�±y² C-ZÛÉÈ©

�f´ L∞(Rn)� BMO(Rn)�k.�5�f. ·�kwXeAÏ�´����/.

½n3. � K´ C−ZØ, T´d K(½�òÈ.ÛÉÈ©�f,K�3~ê C > 0,é?¿ä

k;|8� f ∈ L∞(Rn) ,¤á

‖ T f ‖BMO≤ C ‖ f ‖L∞ .
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y². 1. � Q � Rn ¥�± CQ �¥%, >�� l ����N, Q∗ ´� Q Ó%�>��

2l
√

n��N. �¼ê©): f = f1 + f2,Ù¥ f1 = fχQ∗ , f2 = fχRn\Q∗ .

2. �O T f . Ï� f ∈ L∞�äk;|8,¤± f ∈ L2(Rn),� f1 ∈ L2(Rn), f2 ∈ L2(Rn).

u´ T f = T f1 + T f2k½Â.

·�À� a =
∫
Rn\Q∗K(CQ− y) f2(y)dy, K

1
|Q|

∫
Q
|T f (x)− a|dx ≤

1
|Q|

∫
Q
|T f1(x)|dx +

1
|Q|

∫
Q
|T f2(x)− a|dx

� I + II.

Äk,|^ HölderØ�ª9 T� (2,2).,ØJ��

I ≤
(

1
|Q|

∫
Q
|T f1(x)|2dx

) 1
2

≤ C|Q|−
1
2 ‖ f1 ‖L2≤ C|Q|−

1
2 ‖ f ‖L∞ |Q∗|

1
2

≤ CCn ‖ f ‖L∞ .

Ùg,£ÁéA�¤k� x ∈Q,¤á

lim
ε→0

N→∞

∫
Rn\Q∗

Kε,N(x, y) f (y)dy = T f2(x) =

∫
Rn\Q∗

K(x− y) f (y)dy

(5¿ f �|8��9 x ∈Q¦��ä Kε,N = K). ¤±

II =
1
|Q|

∫
Q

∣∣∣∣∣∣
∫
Rn\Q∗

K(x− y) f (y)dy−
∫
Rn\Q∗

K(CQ− y) f (y)dy

∣∣∣∣∣∣dx

≤
1
|Q|

∫
Q

∫
Rn\Q∗

|K(x− y)−K(CQ− y)|| f (y)|dydx

≤ ‖ f ‖L∞
1
|Q|

∫
Q

∫
Rn\Q∗

|K(x− y)−K(CQ− y)|dydx

≤ A3 ‖ f ‖L∞ .

ùp����Ø�Ò´|^
 Hörmander^�∫
Rn\Q∗

|K(x− y)−K(CQ− y)|dy ≤
∫
{|Z|≥2|Y|}

|K(Z−Y)−K(Z)|dZ ≤ A3,

Ù¥e x ∈Q, y ∈Rn
\Q∗; � Z = CQ− y, Y = CQ−x,K

|Z| = |y−CQ| ≥
1
2
·2l
√

n = l
√

n ≥ 2 ·
l
√

n
2
≥ 2|x−CQ| = 2|Y|.
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¤±·���

1
|Q|

∫
Q
|T f (x)− a|dx ≤ C

∥∥∥ f
∥∥∥

L∞ ,

Ù¥ C��6u C-Z~êÚ n. d½n 1Ò��
∥∥∥T f

∥∥∥
BMO ≤ 2C

∥∥∥ f
∥∥∥

L∞ . 2

e¡½Â?¿ L∞¼êþ�ÛÉÈ©�f. ùp�Ì�J:3u L∞ ´Ø�©�,¤±

ØU^�fk.òÿ.

½Â2. � Q´±�:�¥%,>�� l��N, Q∗´±�:�¥%, 2l
√

n�>���N.é

?¿ f ∈ L∞(Rn),����©)

f = f1 + f2, f1 = fχQ∗ , f2 = fχRn\Q∗ .

é?¿ x ∈Q, ½Â

T f (x) � T f1(x) +

∫
Rn\Q∗

(K(x− y)−K(−y)) f2(y)dy.

5¿ùp�Ié x ∈Q½Â T f (x),Ï� Q�±´?¿��. e¡`²ù�½Â´Ün

�.

1. 5¿� f1 ∈ L2,¤± T f1(x)éA�¤k x ∈Qk¿Â.qmàÈ©Âñ. ù´Ï�d

½n 3y²¥�©Û,

∫
Rn\Q∗

|K(x− y)−K(−y)|| f2(y)|dy ≤ ‖ f2 ‖L∞
∫
Rn\Q∗

|K(x− y)−K(−y)|dy

≤ A3 ‖ f2 ‖L∞≤ A3 ‖ f ‖L∞ .

2. ½Â� Q�À�Ã'.� Q̄´,	��±�:�¥%��N, Q̄∗��A��±�

:�¥%,�¹ Q̄��N,@ok©) f = f̄1 + f̄2,Ù¥ f̄1 = fχQ̄∗ . ±eØ�� Q̄ ⊂Q. ·�

O�

(
T f1(x) +

∫
Rn\Q∗

(K(x− y)−K(−y)) f2(y)dy
)
−

(
T f̄1(x) +

∫
Rn\Q̄∗

(K(x− y)−K(−y)) f̄2(y)dy
)

�I + II.
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Äk�Ä

I � T f1(x)−T f̄1(x) = lim
ε→0

N→∞

∫
Rn

Kε,N(x− y)( f1(y)− f̄1(y))dy

= lim
ε→0

N→∞

∫
Q∗\Q̄∗

Kε,N(x− y) f (y)dy

=

∫
Q∗\Q̄∗

K(x− y) f (y)dy.

Ùg,ØJ�y

II �

∫
Rn\Q∗

(K(x− y)−K(−y)) f2(y)dy−
∫
Rn\Q̄∗

(K(x− y)−K(−y)) f̄2(y)dy

=

∫
Q∗\Q̄∗

K(−y) f (y)dy−
∫

Q∗\Q̄∗
K(x− y) f (y)dy,

u´

I + II =

∫
Q∗\Q̄∗

K(−y) f (y)dy.

¤±3����~ê¿Âe,½Â´Ün�.

3. � f ∈ L∞�k;|8�,½Â��5�Î (#N����~ê). ¯¢þ,é½Âª

T f = T f1 +

∫
Rn\Q∗

(K(x− y)−K(−y)) f2(y)dy,

�I� Q ⊃ supp f , K f = f1,1���",¤±üà½Â�¬Ü.

½n4. U½Â 2, d C-ZØ K (½�òÈ.ÛÉÈ©�fé?¿ f ∈ L∞(Rn)Ñk½Â,

� ∥∥∥T f
∥∥∥

BMO ≤ C ‖ f ‖L∞ .

y². 1. £Á f = f1 + f2, f1 = fχQ∗ .Ï� f1 ∈ L∞ äk;|8, ^½n 3�
∥∥∥T f1

∥∥∥
BMO ≤

C
∥∥∥ f

∥∥∥
L∞ .

2. é?¿�N I ⊂Rn,� Q¿©�,¦� I ⊂Q. @o

1
|I|

∫
I

∣∣∣∣∣∣
∫
Rn\Q∗

(K(x− y)−K(−y)) f2(y)dy

∣∣∣∣∣∣dx

≤ ‖ f2 ‖L∞ sup
x∈I

∫
Rn\Q∗

|K(x− y)−K(−y)|dy

≤ A3 ‖ f ‖L∞ .
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ùp�Î¦^
 Hörmander1w5^�.l|^½n 1 (� aI = 0),Òk∥∥∥∥∥∥
∫
Rn\Q∗

(K(x− y)−K(−y)) f2(y)dy

∥∥∥∥∥∥
BMO
≤ 2A3

∥∥∥ f
∥∥∥

L∞ .

¤± T f ∈ BMO� T´ (L∞, BMO).�f. 2
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1�où BMO�m (�):

John–Nirenberg½nÚ Sharp4�½n

ù�ù·�0� BMO¼ê��
���5�,Ù¥����á John–Nirenberg½

n,§�Ñ
 BMO¼ê3?¿�Nþ©Ù¼ê��O.du|^©Ù¼ê�±O�Ù��

¼ê�ÃõÈ©Ú�ê,l�±�Ñ BMO ¼ê�Nõ��OªÚ�d�x. ·��ò

y² Sharp4�½n,¿±§��éX BMO¼êÚ L∞ ¼ê�g,�x0,�Ñ (Lp,Lp)Ú

(L∞,BMO).�f���½n,lí2
 Riesz��½n�·^��.

� k.²þ�Ä¼ê�5�

·�k0�'u BMO¼êÃ¡�5�����È5½n. ù3±�ÆS Carlesonÿ

ÝÚ�È�f�¬^�. ,�y² John–Nirenberg½n9ÙíØ,±9§�3��ý�.

 �©�§nØ¥��A^.

1. Ã¡�5�

½n1. � f ∈ BMO, Kéu?¿�½� δ > 0,
f

1 + |x|n+δ
∈ L1(Rn), �

`δ
∫
Rn

| f (x)− fQ|

`n+δ+ |x−x0|n+δ
dx ≤ C ‖ f ‖BMO,

Ù¥ Q´± x0 ∈R
n�¥%,>�� `��N, C ´��6u n, δ�~ê.

y². �Ié�N¥%� x0 = 0 � ` = 1 ��/y². Pd�N� Q0. é���/, �

I�Ä¼ê f̃ (x) � f (x0 + `x). e¡y²��g�ÚA:, Ò´é Rn ��/©), òÈ©

I �
∫
Rn

| f (x)− fQ0 |

1 + |x|n+δ
lÑz�©O?n.

1. � Qk = Q(0,2k), Sk = Qk\Qk−1, k = 1, 2, · · · , @o¤á

Rn = Q0∪
(
∪
∞

k=1 Sk

)
, I = I0 +

∞∑
k=1

Ik,

Ù¥

Ik =

∫
Sk

| f − fQ0 |

1 + |x|n+δ
dx, I0 =

∫
Q0

| f − fQ0 |

1 + |x|n+δ
dx.

183
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N´�O

I0 ≤
1
|Q0|

∫
Q0

| f − fQ0 |dx ≤‖ f ‖BMO .

2. 3 Skþ, |x| ≥ 2k−2, 1 + |x|n+δ
≥ |x|n+δ

≥ 2(k−2)(n+δ) = 2−2(n+δ)
·2k(n+δ).¤±

Ik ≤ 2−k(n+δ)+2(n+δ)
∫

Sk

| f − fQ0 |dx

= 2−k(n+δ)+2(n+δ)
(∫

Qk

| f − fQk |dx + |Qk|| fQk − fQ0 |

)
= 2−k(n+δ)+2(n+δ)2kn

(
1
|Qk|

∫
Qk

| f − fQk |dx + | fQk − fQ0 |

)
≤ 2−kδ+2(n+δ)(‖ f ‖BMO +| fQk − fQ0 |),



| fQk − fQ0 | ≤

k∑
i=1

| fQi − fQi−1 | =

k∑
i=1

∣∣∣∣∣∣ 1
|Qi−1|

∫
Qi−1

( f − fQi)dx

∣∣∣∣∣∣
≤

k∑
i=1

|Qi|

|Qi−1|

1
|Qi|

∫
Qi

| f − fQi |dx

≤

k∑
i=1

‖ f ‖BMO
2in

2(i−1)n
= 2nk ‖ f ‖BMO,

¤± |Ik| ≤ 22(n+δ)−kδ(1 + 2nk) ‖ f ‖BMO= Cn,δ2−kδk ‖ f ‖BMO .

3. du
∑
∞

k=1 2−kδk = Cδ <∞,·�k I ≤ (1 + CδCn,δ)
∥∥∥ f

∥∥∥
BMO . 2

2. John-Nirenberg½n

½n2 (John-Nirenberg½n). �3~ê C1, C2 > 0, ¦�e f ∈ BMO(Rn), f , 0, Ké?¿

�N QÚ λ > 0, Ñ¤á

∣∣∣∣{x ∈Q : | f (x)− fQ| > λ
}∣∣∣∣ ≤ C1|Q|exp

 −C2λ∥∥∥ f
∥∥∥

BMO

 .
y². 1. Ø���5,�b�

∥∥∥ f
∥∥∥

BMO = 1, fQ = 0;ÄK� f �
f − fQ
‖ f ‖BMO

=�.¤±e¡�

Iy

∣∣∣{x ∈Q : | f (x)| > λ}
∣∣∣ ≤ C1e−C2λ|Q|. (14.1)
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2. e 0 < λ ≤ 1, � C1 = e, C2 = 1, @o C1e−C2λ = e · e−λ = e1−λ
∈ (1,e).¤± |{x ∈ Q :

| f (x)| > λ}| ≤ |Q| ≤ e1−λ
|Q|g,¤á.

3. e¡�Ié λ > 1 ��/y². ùpkü�'��{: Äk´ÏL Calderón–

Zygmend ©)�� {x ∈ Q : | f (x)| > λ} �¹3é f 3 Q S� C-Z ©)¤����N�

¿8�S; Ùg´ò�O (14.1) lÑz, ==é���5O�� λk � C-Z ©), 2ÏL

|{x ∈Q : | f (x)| > λk}|�üN5�����ëY5��O (14.1). �¡ù«�{�~k;.5,

3ÃX��ý�.�§�MoserS���{¥�´�~��.

4. 5¿� f ∈ L1(Q); q ‖ f ‖BMO= 1, fQ = 0,¤±

1
|Q|
‖ f ‖L1(Q)≤

∥∥∥ f
∥∥∥

BMO = 1 < λ. (14.2)

é f , 3QþUpÝ λ�C-Z©): òQÏLr�>�©,�� 2n���N,2é÷v (14.2)

�z���NUY©),��. ����vk�©)��N {Qλ
k }, §�pØ��. d C-Z©

)�5�,·���3 Q\(
∞⋃

k=1
Qλ

k )þ | f | ≤ λ.¤±�
�O |{x ∈Q : | f (x) > λ|}| ⊂ (
⋃
k

Qλ
k )∪Z,

Ù¥ Z´��"ÿ8, �I�O |
⋃
k

Qλ
k | =

∑
k
|Qλ

k |.

5. d C-Z©)�5�,¤á λ <
1
|Qλ

k |

∫
Qλ

k
| f (x)|dx ≤ 2nλ.|^ f ∈ BMO,dªmà��

±U?. ¯¢þ, Qλ
k 7d,��N Q′ ÏL�g�©>���,3 Q′ þ¤á (14.2)�§

â¬��©,¤±

1
|Qλ

k |

∫
Qλ

k

| f (x)|dx ≤
1
|Qλ

k |

∫
Qλ

k

| f (x)− fQ′ |dx + | fQ′ |

≤
2n

|Q′|

∫
Q′
| f − fQ|dx + | fQ′ |

≤ 2n
‖ f ‖BMO +| fQ′ |

≤ 2n +λ. (14.3)

6. � µ = λ+ 2n+1, é f 3QþUpÝ µ�C-Z©), ��pØ����x�N {Qµ
j }.

·�äó, Qµ
j 7�¹3,� Qλ

k ¥.

ù�±ÏL�	é�N Q�©)L§wÑ.¯¢þ, Q��3pÝ λÚ µeÑ�©)


. éue���N Q′, du µ > λ, e¤á 1
|Q′|

∫
Q′ | f (x)|dx ≤ λ, K'u λ, µ §Ñ¬�©

);e¤á λ < 1
|Q′|

∫
Q′ | f (x)|dx ≤ µ, K§'u µ�©),'u λØ�©),¤±äó¤á;e

µ ≤ 1
|Q′|

∫
Q′ | f (x)|dx,K Q′Ø2�©),äó�¤á.
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7. 3 Qµ
j þ¤á µ ≤

1
|Qµ

j |

∫
Qµ

j
| f (x)|dx, = µ|Qµ

j | ≤
∫

Qµ
j
| f (x)|dx. y�½�� Qλ

k , �§�

��¹,�� Qµ
j ,Òk

∑
{ j: Qµ

j ⊂Qλ
k }

µ|Qµ
j | ≤

∑
{ j: Qµ

j ⊂Qλ
k }

∫
Qµ

j

| f (x)|dx =

∫
⋃

{ j: Q
µ
j ⊂Qλk }

Qµ
j

| f (x)|dx.

u´

λ+ 2n+1 = µ ≤
1∑

{ j: Qµ
j ⊂Qλ

k }

|Qµ
j |

∫
⋃

{ j: Q
µ
j ⊂Qλk }

Qµ
j

| f (x)|dx

≤
1∑

{ j: Qµ
j ⊂Qλ

k }

|Qµ
j |

∫
⋃

{ j: Q
µ
k ⊂Qλk }

Qµ
j

| f (x)− fQλ
k
|dx + | fQλ

k
|

≤

|Qλ
k |∑

j∈Ak

|Qµ
j |

1
|Qλ

k |

∫
Qλ

k

| f (x)− fQλ
k
|dx + | fQλ

k
| (PAk � { j : Qµ

j ⊂Qλ
k })

≤

|Qλ
k |∑

j∈Ak

|Qµ
j |

∥∥∥ f
∥∥∥

BMO + | fQλ
k
|

≤

|Qλ
k |∑

j∈Ak

|Qµ
j |

+
1
|Qλ

k |

∫
Qλ

k

| f (x)|dx ((14.3))

≤

|Qλ
k |∑

j∈Ak

|Qµ
j |

+ 2n +λ,

=�� 2n
≤

|Qλ
k |∑

j∈Ak

|Qµ
j |

,½
∑

j∈Ak

|Qµ
j | ≤ 2−n

|Qλ
k |. é k¦Ú,Òk

∑
j

|Qµ
j | ≤

∑
k

∑
j∈Ak

|Qµ
j | ≤ 2−n

∑
k

|Qλ
k |.

8. k
þ¡ù��O,e¡Ò�±é λÚ µ�S�
:

(1) λ = 1, µ = 1 + 2n+1;

(2) λ = 1 + 2n+1, µ = 1 + 2 ·2n+1;

(3) λ = 1 + 2 ·2n+1, µ = 1 + 3 ·2n+1;

· · · · · ·

(r) λ = 1 + (r−1)2n+1, µ = 1 + r ·2n+1;
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· · · · · ·

l¤á�O

∑
j

|Q(1+r·2n+1)
j | ≤ 2−n

∑
k

|Q(1+2n+1(r−1))
k |

≤ 2−n
·2−n

∑
k′
|Q(1+(r−2)2n+1)

k′ |

≤ 2−nr
∑

k′
|Q1

k′ | ≤ 2−nr
|Q|.

yé?¿ α > 1,�3 r ∈N, ¦�

µ = 1 + r ·2n+1 < α ≤ 1 + (r + 1) ·2n+1.

|^

{x ∈Q : | f (x) > α|} ⊂ {x ∈Q : | f (x)| > µ},

��

|{x ∈Q : | f (x)| > α}| ≤ {x ∈Q : | f (x)| > µ}

≤

∑
j

|Qµ
j | =

∑
j

|Q(1+2n+1r)
j |

≤ 2−nr
|Q| = (eln2)−nr

|Q| = e−(ln2)nr
|Q|

≤ e−[(α−1)2−(n+1)
−1]n ln2

|Q| (Ï� (α−1)2−(n+1) < r + 1)

= e−n(α·2−(1+n)
−2−(1+n)

−1) ln2
|Q|

= |Q|e−n ln2·2−(n+1)α
·en ln2(2−(n+1)+1)

= C1e−C2α|Q|.

5¿ùp�~ê C1, C2��6u�m�ên.ùÒ�¤
½n�y². 2

½n3. � f Ø´~ê. ±eØä´�d�:

i) f ∈ BMO(Rn);

ii) �3~ê C1, C2¦�éu?¿�N Q, Ñ¤á

|{x ∈Q : | f (x)− fQ| ≥ s}| ≤ C1e−C2s
|Q|;
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iii) �3 p ∈ [1,+∞)Ú Cp, ¦�

sup
Q

(
1
|Q|

∫
Q
| f (x)− fQ|pdx

) 1
p

≤ Cp < +∞;

iv) �3 C3, C4,¦�é?¿�N Q ⊂Rn ,

1
|Q|

∫
Q

(eC3| f (x)− fQ|−1)dx ≤ C4.

y². 1. i)⇒ii): = John-Nirenberg½n.

2. ii)⇒iii): ^d©Ù¼êO�È©�úª. ¯¢þ,é?¿ 1 ≤ p <∞,∫
Q
| f (x)− fQ|p dx = p

∫
∞

0
tp−1
|{x ∈Q : | f (x)− fQ| > t}|dt

≤ pC1|Q|
∫
∞

0
tp−1e

−
C2

‖ f‖BMO
t
dt

≤ pC1|Q|

 C2∥∥∥ f
∥∥∥

BMO


−p ∫

∞

0
tp−1e−t dt

≤ pC1C−p
2 Γ(p)|Q|

∥∥∥ f
∥∥∥p

BMO .

3. iii)⇒iv): |^�ê¼ê�?êÐm,5¿� kΓ(k) = k!,·�k

1
|Q|

∫
Q

(eC3| f (x)− fQ|−1)dx =

∞∑
k=1

1
|Q|

1
k!

∫
Q

(C3| f (x)− fQ|)k dx

=

∞∑
k=1

1
k!

Ck
3k!C1C−k

2

∥∥∥ f
∥∥∥k

BMO = C1

∞∑
k=1

C3
∥∥∥ f

∥∥∥
BMO

C2


k

.

XJ� C3 = 1
2C2/

∥∥∥ f
∥∥∥

BMO,þªmàÒÒ� C4 = C1��.

4. iv)⇒iii): |^?êÐm9���K5=�.

5. iii)⇒i): |^ HölderØ�ª=�. 2

íØ1. � f ∈ BMO,K�3~ê C5, C6,¦�e v = eC5 f ,Ké?¿�N Q ⊂Rn ,¤á(
1
|Q|

∫
Q

vdx
)(

1
|Q|

∫
Q

1
v

dx
)
≤ C6. (14.4)

��,edØ�ª¤á,K f ∈ BMO.
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y². 1. � C5 = C3. d iv)�

∫
Q

eC5 f (x)−C5 fQ dx ≤ (C4 + 1)|Q|,
∫

Q
e−C5 f (x)+C5 fQ dx ≤ (C4 + 1)|Q|.

ü>�¦, ��~ê e±C5 fQ =�¤yØ�ª.

2. ��,�y f ∈ BMO,Ø�� C5 = 1. |^à¼ê� JensenØ�ª,¤á

exp
(

1
|Q|

∫
Q
λ(x)dx

)
≤

1
|Q|

∫
Q

eλ(x) dx.

l,� λ = ∓ f ,K¤á

1
|Q|

∫
Q

e f (x)− fQ dx = exp(− fQ)
1
|Q|

∫
Q

e f (x) dx

≤

(
1
|Q|

∫
Q

e− f (x) dx
)(

1
|Q|

∫
Q

e f (x) dx
)
≤ C6,

1
|Q|

∫
Q

e− f (x)+ fQ dx = exp( fQ)
1
|Q|

∫
Q

e− f (x) dx

≤

(
1
|Q|

∫
Q

e f (x) dx
)(

1
|Q|

∫
Q

e− f (x) dx
)
≤ C6.

P Q+ � {x ∈Q : f (x)− fQ ≥ 0}, Q− = {x ∈Q : f (x)− fQ < 0},@o

1
|Q|

∫
Q

e| f (x)− fQ|dx =
1
|Q|

(∫
Q+

e f (x)− fQ dx +

∫
Q−

e− f (x)+ fQ dx
)

≤
1
|Q|

(∫
Q

e f (x)− fQ dx +

∫
Q

e− f (x)+ fQ dx
)

≤ 2C6.

du x < ex,Ò��

1
|Q|

∫
Q
| f (x)− fQ|dx ≤

1
|Q|

∫
Q

e| f (x)− fQ|dx ≤ 2C6,

=� f ∈ BMO�
∥∥∥ f

∥∥∥
BMO ≤ 2C6/C5. 2

÷v^� (14.4) ��KÛÜ�È¼ê v ¡� A2�¼ê. þãíØ��uy²
 v ´

A2 �¼ê��=� lnv ∈ BMO. ùÙ¢é�� Ap ��¤á. Ap �nØ3ïÄ\�¼ê�

m9Ùþ�f�ëY5,±9òzý�.�§)��K5�K¥Ñk�A^.
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� A^: ä�ÿXê��ý�.�§�Moser–HarnackØ�ª

� Ω´ Rn ¥�«�,é i, j = 1, · · · , n, ai j
∈ L∞(Ω),¡3 Ωþ����5 �©�§

−∂i(ai j(x)∂ ju(x)) = 0´ý�.�,XJ�3~ê λ> 0¦�é?¿� x ∈ΩÚ ξ= (ξ1, · · · ,ξn) ∈

Rn, ¤á

ai j(x)ξiξ j ≥ λ|ξ|
2.

(ùp¦^
¦Ú�½: Ó��ü�ª¥Ñy�E�IÑ�½l 1 � n ¦Ú.) ¡¼ê u ∈

H1(Ω)´T�§���f),XJé?Û ϕ ∈H1
0(Ω),¤á∫

Ω
ai j(x)∂ ju(x)∂iϕ(x)dx = 0.

y3b�u> 0k��e.,´��f),@oéu?¿η ∈C∞0 (Ω),��ϕ= 1
uη

2
∈H1

0(Ω),

òÙ��ÿÁ¼ê�\f)½Âª,Ò��

−

∫
Ω

ai j∂ ju∂iu
1
u2η

2 dx +

∫
Ω

ai j∂ ju
1
u

2η∂iηdx = 0.

1�ª|^ý�.½Â,1�ª|^ ai j�k.59 YoungØ�ª,

λ

∫
Ω
|Du|2

1
u2η

2 dx ≤ ε
∫

Ω
|Du|2

1
u2η

2 dx + Cε

∫
Ω
|Dη|2 dx.

� ε = λ/2,K∫
Ω
|Du|2

1
u2η

2 dx ≤ C
∫

Ω
|Dη|2 dx⇒

∫
Ω
|D lnu|2η2 dx ≤ C

∫
Ω
|Dη|2 dx.

y3éu?¿�¹3ΩS�¥B2R,� η¦� suppη⊂B2R,3BR þ η= 1,� |Dη| ≤ 4/R.

@o ∫
BR

|D lnu|2 dx ≤
C
R2

∫
B2R

dx = CRn−2.

£Á¥þ� PoincaréØ�ª,K∫
BR

| lnu− (lnu)BR |
2 dx ≤ CRn.

^ HölderØ�ªÒ�� ∫
BR

| lnu− (lnu)BR |dx ≤ CRn,
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Ù¥ C� uÚ BRÃ'.u´·�y²
 lnu ∈ BMO(Ω).

y3|^þ�!�íØ 1,�3~ê α > 0¦�é v = eα lnu = uα,¤á(
1
|BR|

∫
BR

vdx
)
≤ C

(
1
|BR|

∫
BR

1
v

dx
)−1

.

,��¡,|^MoserS��{ (ë�[15, 4.4!]),é��f) u�±y²XeØ�ª:

é?¿ p > 0 Ú q < 0,�3~ê c1, c2¦�

sup
BR/2

u ≤ c1

(
1
|BR|

∫
BR

up dx
)1/p

, inf
BR/2

u ≥ c2

(
1
|BR|

∫
BR

uq dx
)1/q

.

� p = α, q = −α, Ò��

sup
BR/2

u ≤ c1

(
1
|BR|

∫
BR

up dx
)1/p

≤ Cc1

(
1
|BR|

∫
BR

u−p dx
)−1/p

≤ c1c2C inf
BR/2

u.

ù�, éuXê=�k.�ÿ¼ê���ÑÝ/ý�.�§���f)u, ��
 Moser–

HarnackØ�ª: �3~êK=�6un,Ω,λÚ|ai j|L∞ ,¦�∀B2R ⊂Ω,¤á

sup
BR/2

u ≤ K inf
BR/2

u.

du�I�ai jk.Ú�½,þãí�L§Ú(ØÑ�^u[�5�§,¤±T(Ø9ÙØy

�{3��[�5ÑÝ/ý�.�§ÚC©{�nØ¥åX'���^.

n Sharp4�½n

1. Good-lambda�O

½Â1 (�?4�¼ê). � f ´ RnþÛÜ�È¼ê,½ÂÙ�?4�¼ê�

Md f (x) � sup
{

1
|Q|

∫
Q
| f (y)|dy : x ∈Q�Q´�?�N

}
.

w, Md( f )(x) ≤M f (x), ¤± Md ´f (1,1).. d	d Lebesgue�©½n, A�??

¤á f (x) ≤Md f (x). ¤±,|^ Sharp4�¼ê�Ð�5�,·���é 1 < p <∞,¤á∥∥∥ f ]
∥∥∥

Lp ≤ C
∥∥∥M f

∥∥∥
Lp ≤ C

∥∥∥ f
∥∥∥

Lp ≤ C
∥∥∥Md f

∥∥∥
Lp .

ù�!�y²� Sharp4�½n`�L5�¤á,=
∥∥∥Md f

∥∥∥
Lp ≤ C

∥∥∥ f ]
∥∥∥

Lp . �d,·�ky²

Xe~�¡� Good-lambda�O�½n,lÙy²¥·���±uyò4�¼ê��{Ú

�?�N(Ü,¬�y�a4��N��35,läk#�`:.
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½n4. é?¿ λ > 0, γ > 0Ú f ∈ Lloc(Rn),¤á

∣∣∣{x ∈Rn : Md f (x) > 2λ, f ](x) ≤ γλ
}∣∣∣ ≤ Cnγ

∣∣∣{x ∈Rn : Md f (x) > λ
}∣∣∣. (14.5)

y². 1. P Ωλ �
{
x ∈ Rn : Md f (x) > λ

}
. XJ |Ωλ| =∞, KÈIy². ¤±±eob�

|Ωλ| <∞.

é?¿ x ∈Ωλ,7,�3������?�N Qx¦�

1
|Qx|

∫
Qx
| f (y)|dy > λ. (14.6)

5¿: Qx7,�¹3 ΩλS;¤±��� Qx��35d |Ωλ| <∞ �y.

y3P {Q j}´¤k x ∈Ωλ éA�÷v (14.6)����N�8Ü.du�?�N½öp

Ø��,½öp��¹,¤±d4�5,ù
�N�m�pØ��. d	,duz� Q j7�¹

3Ωλ S,w,k ∪ jQ j ⊂Ωλ. ,��¡,z� x ∈Ωλ7�¹3,� Q j �S,=Ωλ ⊂ ∪ jQ j,

¤±·���

Ωλ = ∪ jQ j .

5¿�¤á
{
x ∈Rn : Md f (x) > 2λ, f ](x) ≤ γλ

}
⊂Ωλ,�
y² (14.5),e¡��y²

∣∣∣{x ∈Q j : Md f (x) > 2λ, f ](x) ≤ γλ
}∣∣∣ ≤ Cnγ|Q j|. (14.7)

dªü>'u j¦ÚÒ�±�� (14.5).

2. y3�½ jÚ x ∈Q j,¦�Md f (x) > 2λ,� f ](x) ≤ γλ. 5¿�3

Md f (x) = sup
R3x

1
|R|

∫
R
| f (t)|dt (≥ 2λ) (14.8)

¥,þ(.´é�¹ x�¤k�?�N R��. du Q j∩R , ∅ (Ñ�¹ x),¤±�â�?�

N�½Â,ùp� R½ö�¹ Q j,½ö��¹3 Q j¥.

� (14.8)¥þ(.3 R′��,e R′�¹ Q j� R′ ,Q j,@oò (14.6)¥ Qx�� R′�

�Î¤á. ùÒ� Q j�4�5gñ. ¤±7L¤á R′ ⊂Q j.

ù��5,·��±3 (14.8)¥ò f �� fχQ j ØUCÙ�,=E¤á

Md( fχQ j)(x) > 2λ.
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3. P Q´ÏLò>�©�� Q j��>�� Q jü��@��?�N,§´��(½

�. |^ Q j �4�5,¤á

| fQ| ≤ | f |Q ≤ λ.

dn�Ø�ªÒ¤á

Md

(
( f − fQ)χQ j

)
(x) ≥Md( fχQ j)(x)− | fQ| ≥ 2λ−λ = λ.

ù¿�X·�y²


{x ∈Q j : Md f (x) > 2λ} ⊂
{
x ∈Q j : Md

(
( f − fQ)χQ j

)
(x) ≥ λ

}
.

ém>8Ü�ÿÝ,|^Md�f (1,1).,Òk�O

∣∣∣∣{x ∈Q j : Md

(
( f − fQ)χQ j

)
(x) ≥ λ

}∣∣∣∣ ≤ Cn

λ

∫
Q j

| f (y)− fQ|dy

≤
Cn2n

|Q j|

λ
1
|Q|

∫
Q
| f (y)− fQ|dy

≤
Cn|Q j|

λ
f ](ξ j), ∀ξ j ∈Q j.

u´¤á

|{x ∈Q j : Md f (x) > 2λ, f ](x) ≤ γλ}| ≤
Cn|Q j|

λ
(γλ) = Cnγ|Q j|.

y.. 2

2. Sharp4�½n

½n5 (Sharp4�½n). � 0< p0 <∞,K ∀p0 ≤ p<∞,�3~ê Cn,p¦�é÷vMd f ∈ Lp0

�?¿¼ê f , Ñ¤á

||Md f ||Lp(Rn) ≤ Cn,p|| f ]||Lp(Rn).

5¿^� “Md f ∈ Lp0”üØ
�"~ê¼ê,�þã(Ø´Ün�.

y². 1. é N > 0,½ÂÈ©

IN �

∫ N

0
pλp−1

|{x ∈Rn : Md f (x) > λ}|dλ.
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duMd f ∈ Lp0 , IN ´k��:

IN ≤
pNp−p0

p0

∫ N

0
p0λ

p0−1
|{x ∈Rn : Md f (x) > λ}|dλ ≤

pNp−p0

p0

∥∥∥Md f
∥∥∥p0

Lp0 <∞.

2. 5¿·��±U� IN �

IN = 2p
∫ N

2

0
pλp−1

|{x ∈Rn : Md f (x) > 2λ}|dλ.

d Good-lambda�O,ØJ��

IN ≤ 2p
∫ N

2

0
pλp−1

|{x ∈Rn : Md f (x) > 2λ, f ](x) ≤ γλ}|dλ

+2p
∫ N

2

0
pλp−1

|{x ∈Rn : f ](x) > γλ}|dλ

≤ 2pCnγ

∫ N
2

0
pλp−1

|{x ∈Rn : Md f (x) > λ}|dλ

+2p
∫ N

2

0
pλp−1

|{x ∈Rn : f ](x) > γλ}|dλ

≤ 2pCnγIN +
2p

γp

∫ Nγ
2

0
pλp−1

|{x ∈Rn : f ](x) > λ}|dλ.

� γ = 1/(Cn2p+1),|^ IN <∞,Ò�±��

IN ≤ Cn,p

∫ NCn,p
2

0
pλp−1

|{x ∈Rn : f ](x) > λ}|dλ ≤ Cn,p
∥∥∥ f ]

∥∥∥p
Lp .

u´em>k�,K4 N→∞,Ò��

∥∥∥Md f
∥∥∥

Lp ≤ Cn,p
∥∥∥ f ]

∥∥∥
Lp .

y.. 2

��5¿�Ï� | f (x)| ≤Md f (x) a.e.¤á,¤± f ∈ Lp(Rn) (1 ≤ p <∞)Ò¿�X

|| f ||Lp ≤ Cn,p||Md f ||Lp ≤ Cn,p|| f ]||Lp .

SK 1. � f ∈ Lp0 ∩BMO,Ké?¿ p ∈ [p0,∞),¤á f ∈ Lp�
∥∥∥ f

∥∥∥
Lp ≤ Cn,p,p0

∥∥∥ f
∥∥∥1−θ

Lp0

∥∥∥ f
∥∥∥θ

BMO .

ùp 1
p = 1−θ

p0
. 2

y². du
∥∥∥ f ]

∥∥∥
Lp ≤ Cn,p,p0

∥∥∥ f ]
∥∥∥1−θ

Lp0

∥∥∥ f ]
∥∥∥θ

L∞ , �>|^ Sharp 4�½n, m>1��|^

Sharp4��f´ (p0, p0).=�. 2
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o Lp� BMO�m��fS�½n

½n6 ((L∞,BMO)�fS�½n). e T´ (p, p). (1 < p <∞)Ú (L∞, BMO).��5�

f,K T´ (q,q). (p ≤ q <∞).

y². ½Â T1 f � (T f )].5¿ T1�g�5�f.

• T1´ (p,p).: |^þ�ù·K 1Ò¤á

||T1 f ||Lp ≤ Cn,p||M(T f )||Lp ≤ Cn,p||T f ||Lp ≤ Cn,p|| f ||Lp .

• T1´ (∞,∞).:ù´Ï�

||T1 f ||L∞ = ||T f ||BMO ≤ C|| f ||L∞ .

dMarcinkiewicz��½n, T1´ (q, q). (p ≤ q <∞). ��â Sharp4�½n,

||T f ||Lq ≤ C||(T f )]||Lq = C||T1 f ||Lq ≤ C|| f ||Lq .

2

ESK

1. � f ∈ Lp0(Rn), 1 ≤ p0 <∞,é?¿ f � C-Z©)���N {Qλ
k },P t(λ) =

∑
k
|Qλ

k |,K

é?¿ A > 0,¤á:

t(λ) ≤ |{x : f ](x) >
λ
A
}|+

2
A

t(2−n−1λ).

5. |^

λ <
1
|Qλ

k |

∫
Qλ

k

| f (x)|dx ≤

 1
|Qλ

k |

∫
Qλ

k

| f (x)|pdx


1
p
,

é f ∈ Lp��±� C-Z©).

y². ±pÝ µ = 2−1−nλ é f � C-Z ©), ��N {Qµ
j }. 5¿?¿�� Qλ

k 7�¹3,

� Qµ
j ¥. é?¿ x ∈

⋃
k

Qλ
k ,½ö¤á f ](x) >

λ
A

(=�mà1����),½ö x < {x ∈
⋃
k

Qλ
k :

f ](x) >
λ
A
} =⇒ x ∈ {x ∈

⋃
k

Qλ
k : f ](x) ≤

λ
A
}.·�e¡Ò´���ùÜ©���.
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Äk·�5¿�

| fQµ
j
| ≤

1
|Qµ

j |

∫
Qµ

j

| f (x)|dx ≤ 2nµ = 2n
·2−1−nλ =

λ
2
.

d f ](x) ≤
λ
A

=⇒
1
|Qµ

j |

∫
Qµ

j
| f (x)− fQµ

j
|dx ≤

λ
A
.d	,

∫
Qλ

k

| f (x)− fQµ
j
|dx ≥

∫
Qλ

k

| f (x)|dx−
∫

Qλ
k

| fQµ
j
|dx ≥ λ|Qλ

k | −
λ
2
|Qλ

k | =
λ
2
|Qλ

k |.

PA j �
{
k : Qλ

k ⊂Qµ
j , ∃x ∈Qλ

k ¦� f ](x) ≤
λ
A

}
, K

∑
k∈A j

λ
2
|Qλ

k | ≤
∑
k∈A j

∫
Qλ

k

| f (x)− fQµ
j
|dx

≤

∫
Qµ

j

| f (x)− fQµ
j
|dx ≤

λ
A
|Qµ

j |.

=⇒
∑

k∈A j

|Qλ
k | ≤

2
A
|Qµ

j |. é j¦Ú,Òk

∣∣∣∣∣∣∣{x ∈⋃
k

Qλ
k : f ](x) ≤

λ
A

}∣∣∣∣∣∣∣ ≤∑
j

∑
k∈A j

|Qλ
k | ≤

2
A

∑
j

|Qµ
j | =

2
A

t(µ),

=�(J. 2
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ù�ù·�^ ”�f”©)9|Ü�y�*:50� Hardy�m H1(Rn)�½Â9

�5�,X��Ýþ�m���5!�f���½n!ÛÉÈ©�f� (H1, L1)k.5. �

�, ·�y² H1 �éó�m´ BMO. ù¦��±|^�¼©Û¥r��éó�{5ïÄ

BMOÚH1�m.

� Whitney©)

·�k0�Xer Rn ¥ýmf8T�/©)�eZ�N�Whitney©)½n. §�

±�Ï·�r��H1¥�¼ê©)� ”�f”��5|Ü.

½n1 (Whiteney©)½n). �m8 U ⊂Rn, F �Rn
\U , ∅,K�3���SÜpØ���

�? (4)�N {Q j}
∞

j=1, ÷v (Ù¥ l(Q)´�N Q�>�):

a) U =
∞⋃
j=1

Q j;

b) ∀k ∈N,k
√

nl(Qk) ≤ dist (Qk,F) ≤ 4
√

nl(Qk);

c) eü�N Q j∩Qk , ∅,K 1
5 ≤

l(Q j)
l(Qk) ≤ 5;

d) é�½�N Q j,�õk 15n��N Qk����.

y². 1. l�:Ñu,ò Rn^>�� 2k (k ∈Z)��?�NCX.P Dk�ù«�N{
(x = (x1, · · · ,xn) ∈Rn) : m j2−k

≤ x j ≤ (m j + 1)2−k
}

(m j ∈Z)

��N.òz�ù���NÏLé�©�>,Ò�±�� 2n� Dk+1¥��N.

2. é?¿�ê k,P Uk �
{
x ∈U : 2

√
n2−k < dist (x,F) ≤ 4

√
n2−k

}
,@o U = ∪k∈ZUk. y

½Â�N�8Ü

F
′ �

{
Q´�?�N : �3�ê k¦�Q ∈Dk�Uk∩Q , ∅

}
,

K F ′¥�N÷v5� b).

197
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¯¢þ,� Q ∈ F ′,K l(Q) = 2−k. � x ∈Q∩Uk,@oÒ¤á

√
n2−k

≤ dist (x,F)−
√

nl(Q) ≤ dist (Q,F) ≤ dist (x,F) ≤ 4
√

n2−k.

ùÒ´ b).

3. |^5� b),�� ∪Q∈F ′Q ⊂U. ,��¡,é?¿ x ∈U,7,�3 k¦� x ∈Uk;q

�½�3Q ∈Dk¦� x ∈Q. u´¤áQ ∈ F ′,lU ⊂ ∪Q∈F ′Q. ùÒy²
 ∪Q∈F ′Q = U.

5¿?¿ü�ØÓ��?�N½öÙSÜØ��,½ö���¹3,	���¥. ¤±

é?¿�½�Q∈F ′,�3���4��NQ∗ ∈F ′,§�¹Q (5¿ l(Q∗)<dist (Q,F)+ l(Q)<

∞). P F � F ′ ¥�NéA�4��N|¤�8Ü, K F ¥?¿ü�ØÓ��N7,(S

Ü)pØ��. 2|^þ¡¤y,ØJ�� ∪Q∈FQ = U. ùÒy²
5� a). du F ⊂ F ′,¤

±5� b)�¤á.

4. � Q j, Qk ∈ F p��>, 5¿�é x ∈ Q j ∩Qk, ¤á dist (Q j,F) ≤ dist (x,F) ≤

diam(Qk) + dist (Qk,F),@o

√
nl(Q j) ≤ dist (Q j,F) ≤

√
nl(Qk) + dist (Qk,F) ≤

√
nl(Qk) + 4

√
nl(Qk) = 5

√
nl(Qk).

|^ Q j, Qk�é¡5,Òy²
 c).

5. ��,5¿�?¿Q ∈Dk7� 3n
−1�Dk¥Ù§�N���� (��Ä�ü��N

�kº:½c!¡��/. ù��uò>�� Qn���N�>�n�©,K¥m���N

�k±� 3n
−1�Ó>��N�Ù��),z� Q ∈Dk �¹ 5n�>�� l(Q)/5���N,

l|^ c),�õk (3n
−1)5n < 15n��N� Q��. 2

� H
1�m��f�x

1. (1,q)�f� H(q)
1 �m�½Â

½Â1 ((1, q)�f). � 1 ≤ q ≤∞, a´ Rn þ��ÿ¼ê,÷v: 1) |8^�: supp a ⊂ Q;

2) ��^�: ‖a‖Lq ≤ |Q|
1
q−1; 3) ��Ý^�:

∫
Q a(x)dx = 0,K¡ a(x)´�� (1,q)�f .

|^HölderØ�ª��e 1≤ r< q,K (1, q)�f7� (1, r)�f. d	�¤á ||a||L1 ≤ 1.
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½Â2 (H(q)
1 �m). ½Â H(q)

1 (Rn) =
{

f =
∞∑

k=1
λkak : ak´ (1,q)�f, λk ∈ C,

∞∑
k=1
|λk| <∞

}
,Ù�

ê�

|| f ||
H(q)

1
= inf

 ∞∑
k=1

|λk| : f =

∞∑
k=1

λkak, ak´ (1,q)�f

 .
ØJ�yù(¢´��ê. d	, H(q)

1 ´ëYi\� L1� (5¿ùp�ª f =
∞∑

k=1
λkak´

3 L1¿Âe¤á�).

½n2. H(q)
1 (Rn)´ Banach�m.

y². 1. � { fn}´ H(q)
1 ¥� Cauchy�,K��f� { fnk}, ¦�

fnk − fnk−1 =

∞∑
j=1

λ(k)
j a(k)

j ,

Ù¥
∞∑
j=1
|λ(k)

j | ≤
1
2k . |^ H(q)

1 ⊂ L1,¤á || fnk − fnk−1 ||L1 ≤
1
2k ,l

∑
k

( fnk − fnk−1)3 L1 ¥Âñ.

d L1���5���3 f ∈ L1¦�
∞∑

k=1
( fnk − fnk−1) = f − fn0 .

2. e¡y² f ∈H(q)
1 . ¯¢þ,·�k©)

f − fn0 =

∞∑
k=1

( fnk − fnk−1) =

∞∑
k=1

∞∑
j=1

λ(k)
j a(k)

j =

∞∑
k=1

µkbk, (15.1)

ùp µk ∈ C, bk´ (1,q)�f. qÏ�

∞∑
j=k

|µk| =

∞∑
k=1

∞∑
j=1

|λ(k)
j | ≤

∞∑
k=1

1
2k
<∞, (15.2)

¤±�â½Â,Òk f = ( f − fn0) + fn0 ∈H(q)
1 . 5¿ (15.1)¥1n��Ò (#üS)¤á,´

|^
 (15.2)Ð«�ýéÂñ5Ú Tonelli-Fubini½n.

3. ��y²U H(q)
1 �ê¤á fn→ f (n→∞�). ù´Ï�

|| f − fnk ||H(q)
1
≤

∞∑
i=k

∞∑
j=1

|λ(i)
j | ≤

∞∑
i=k

1
2i ≤

1
2k−1

,

¤± lim
k→∞
|| f − fnk ||H(q)

1
= 0. qÏ� { fn}´ H(q)

1 ¥� Cauchy�,¤± lim
n→∞

fn = f . 2
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2. H(q)
1 = H(∞)

1 =H1

e¡�½nL²: ∀1 ≤ q ≤∞, �m H(q)
1 Ù¢Ñ´���. ùÒ´Hardy�mH1(Rn).

½n3. é?¿ 1 ≤ q ≤∞,Ñ¤á H(q)
1 = H(∞)

1 ,= ∃C1, C2¦� ∀ f ∈H(q)
1 ,¤á

C1|| f ||H(q)
1
≤ || f ||H(∞)

1
≤ C2|| f ||H(q)

1
.

y². 1. du (1, ∞) �f�½´ (1,q) �f, ¤±Uì½Â, d f =
∞∑

k=1
λkak ∈ H(∞)

1 ��

f ∈H(q)
1 ,= H(∞)

1 ⊂H(q)
1 . 2d½Â,w,¤á

|| f ||
H(q)

1
= inf

 ∞∑
k=1

|λk| : f =

∞∑
k=1

λkak, ak´ (1,q)�f


≤ inf

 ∞∑
k=1

|λk| : f =

∞∑
k=1

λkak, ak´ (1,∞)�f

 = || f ||H(∞)
1
.

¤±e¡�Iy² H(q)
1 ⊂H(∞)

1 9Ø�ª || f ||H(∞)
1
≤ C2|| f ||H(q)

1
.

ùpy²�'�Ò´XÛr�� H(q)
1 ¼ê©)� (1,∞)�f�Ú. Ø���5, e¡

=é q = 2�Ñy². ���/�Iée¡y²�·�?U=�.

2. ·�Äk�ÄXÛr (1, 2)�f©)� (1, ∞)�f�Ú.� a´�� (1, 2)�f,�

supp a ⊂Q. PM2( f )(x) � (M(| f |2)(x))
1
2 ,Ù¥M´Hardy–Littlewood4��f. ½Â¼ê

b(x) � |Q|a(x).

§w,äkXe5�:

||b||2L2 ≤ |Q|, supp b ⊂Q,
∫

Q
b(x)dx = 0.

3. ∀λ > 0,P

Uλ � {x : M2(b)(x) > λ} =
{
x : M(|b|2)(x) > λ2

}
.

ù´��m8. � λ¿©��,k Uλ ⊂ 2Q. ¯¢þ,é?¿ x < 2Q,Ï� supp b ⊂Q,k

M(|b|2)(x) = sup
x∈Q′

1
|Q′|

∫
Q′
|b(y)|2dy ≤

||b||2
L2

|dist (x,Q)|n
≤

|Q|
(
√

nl(Q)/2)n
= c2

n,

¤±e λ > cn,K7k x <Uλ.
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4. é Uλ A^ Whitney ©)½n, �� Uλ =
∞⋃
j=1

Q j, �
√

nl(Q j) ≤ dist (Q j,Uc
λ) ≤

4
√

nl(Q j), Kdist (C j,Uc
λ)≤ (9/2)

√
nl(Q j), (C j´�NQ j�¥%,)u´7k (10Q j)∩(Uc

λ), ∅.

ùp Uc
λ �R

n
\Uλ. é x ∈ (10Q j)∩Uc

λ,kM(b2)(x) ≤ λ2,¤±·���∫
Q j

|b(x)|2dx ≤
∫

10Q j

|b(x)|2dx ≤ λ2
|10Q j| ≤ c2

nλ
2
|Q j|,

l  1
|Q j|

∫
Q j

|b(x)|2dx


1
2

≤ cnλ. (15.3)

5. ò b'u {Q j}�©):

b(x) = g0(x) +
∑

j

h j(x),

ùp

g0(x) � b(x)χRn\Uλ
(x) +

∞∑
j=1

 1
|Q j|

∫
Q j

b(x)dx

χQ j(x),

h j(x) �

b(x)−
1
|Q j|

∫
Q j

b(x)dx

χQ j(x).

|^ Lebesgue�©½nÚØ�ª (15.3),�� |g0(x)| ≤ cnλ. q�ì½Â,w,¤á

supp g0 ⊂ 2Q, supp h j ⊂Q j,

∫
Q j

h j(x)dx = 0.

d	,  1
|Q j|

∫
Q j

|h j(x)|2dx


1
2

≤ 2

 1
|Q j|

∫
Q j

|b(x)|2dx


1
2

≤ 2cnλ.

��,|^
∫

2Q b(x)dx = 0±9
∫

2Q h j(x)dx = 0,Ò��
∫

2Q g0(x)dx = 0.

6. -

b j(x) �
1

2cnλ
h j(x),

Kdþ¡�(Ø, ∀ j, ¤áXe5�:

supp b j ⊂Q j,

∫
Q j

b j(x)dx = 0, ||b j||
2
L2 ≤ |Q j|.
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¤± b j ÷v� baq�^�.é b j ?1�þã1 3Ú�1 5Úaq�©)L§,�8B�

�Xe©)ª:

b(x) = g0(x) + 2cnλg j0(x) + (2cnλ)2
∑
j0 j1

g j0 j1(x) · · ·+ (2cnλ)k
∑

j0 j1··· jk−1

g j0 j1··· jk−1(x)

+(2cnλ)k+1
∑

j0 j1··· jk

b j0 j1··· jk(x),

ùp supp b j0 j1··· jk ⊂Q j0 j1··· jk ,�eI j0 j1 · · · jkØÓ��N Q j0 j1··· jk pØ��. d	⋃
jk

Q j0 j1··· jk =
{
x : M(|b j0 j1··· jk−1 |

2)(x) > λ2
}
,

1
|Q j0 j1··· jk |

∫
Q j0 j1··· jk

|b j0 j1··· jk |
2dx ≤ 1.

d Hardy–Littlewood4��f�f (1,1).,

(2cnλ)k+1
∫
Rn

∑
j0 j1··· jk

|b j0 j1··· jk(x)|dx (LeviüNÂñ½nÚ HölderØ�ª)

≤ (2cnλ)k+1
∑

j0 j1··· jk−1 jk

|Q j0 j1··· jk |
1
2

∫
Q j0 j1··· jk

|b j0 j1··· jk |
2dx


1
2

≤ (2cnλ)k+1
∑

j0 j1··· jk−1 jk

|Q j0 j1··· jk |

≤ (2cnλ)k+1
∑

j0 j1··· jk−1

∣∣∣∣{x : M(|b j0 j1··· jk−1 |
2)(x) > λ2

}∣∣∣∣
≤ (2cnλ)k+1 c

λ2

∑
j0 j1··· jk−1

∫
Rn
|b j0 j1··· jk−1(x)|2dx

= (2cnλ)k+1cλ−2
∑

j0 j1··· jk−1

∫
Q j0 j1··· jk−1

|b j0 j1··· jk−1(x)|2dx

≤ (2cnλ)k+1cλ−2
∑

j0 j1··· jk−1

|Q j0 j1··· jk−1 | (é'7Ú�,^8B{)

≤ (2cnλ)k+1(cλ−2)2
∑

j0 j1··· jk−2

|Q j0 j1··· jk−2 | ≤ · · ·

≤ (2cnλ)k+1(cλ−2)k
∑

j0

|Q j0 | = (2cnλ)k+1(cλ−2)k
|2Q|

≤ 2cnλ|2Q|
(2cnc
λ

)k
. (15.4)

� λ >max{1,2cnc}�,þªmà3 k→∞�Âñ�". ùÒ´`,

(2cnλ)k+1
∑

j0 j1··· jk

b j0 j1··· jk(x)
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3 L1¥Âñu 0. ¤±¤á©)ª

b(x) = g0(x) + 2cnλg j0(x) + (2cnλ)2
∑
j0 j1

g j0 j1(x) · · ·+ (2cnλ)k
∑

j0 j1··· jk−1

g j0 j1··· jk−1(x) + · · ·

7. dc¡�©),��þª��äkXe5�:

(1) supp g j0 j1··· jk ⊂ 2Q j0 j1··· jk ;

(2)
∫

2Q j0 j1··· jk
g j0 j1··· jkdx = 0;

(3) |g j0 j1··· jk | ≤ cnλ.

-

a j0 j1··· jk(x) �
1

cnλ
1

|2Q j0 j1··· jk |
g j0 j1··· jk ,

K ||a j0 j1··· jk ||L∞ ≤ |2Q j0 j1··· jk |
−1, ¤± a j0 j1··· jk ´ (1,∞) �f. dd·����©)ª (£Á

b(x) = |Q|a(x)):

a(x) =
cnλ
|Q|

|2Q|a0 + (2cnλ)
∑

j0

|2Q j0 |a j0 + · · ·+ (2cnλ)k+1
∑

j0 j1··· jk

|2Q j0 j1··· jk |a j0 j1··· jk + · · ·


∆
=

∑
k

λkak.

5¿�

∑
k

|λk| =
2ncnλ
|Q|

|Q|+ (2cnλ)
∑

j0

|Q j0 |+ · · ·+ (2cnλ)k+1
∑

j0 j1··· jk

|Q j0 j1··· jk |+ · · ·

 ,
3 (15.4)¥·�Ù¢®²��

∑
j0 j1··· jk

|Q j0 j1··· jk | ≤ (cλ−2)k
|2Q| = 2n

|Q|(cλ−2)k,

¤± ∑
k

|λk| ≤ 2ncnλ

1 + 2n
∞∑

k=0

( c
λ2

)k
 .

� λ¿©�Ò�¦�

∑
k

|λk| ≤ Cn <∞, (15.5)
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Ù¥~ê Cn��6u�m�ê n. ùÒy²
 a ∈H(∞)
1 � ||a||H(∞)

1
≤ Cn.

8. ��,y²é?¿� f ∈H(2)
1 ,k f ∈H(∞)

1 � || f ||H(∞)
1
≤ Cn|| f ||H(2)

1
.

¯¢þ, ∀ε > 0, �3�x (1,2) �f {ak} ¦� f =
∞∑

k=1
λkak, �

∑
k
|λk| ≤ || f ||H2

1
+ ε. Ï�

ak =
∑

jµ jb jk,Ù¥ b jk ´ (1, ∞)�f,�Uì (15.5),
∑

j |µ j| < Cn,¤± f �L«� (1,∞)

�f��5|Ü
∑

k, jλkµ jb jk. ?�Ú,�¤á

|| f ||H(∞)
1
≤

∑
k, j

|λk||µ j| ≤ Cn

∑
k

|λk| ≤ Cn(|| f ||H(2)
1

+ε) <∞,

¤± H(2)
1 ⊂H(∞)

1 . d ε�?¿5=�íÑ�y²�Ø�ª. 2

n ÛÉÈ©�f� (H1, L1).

½n4. � T ´d C-Z Ø K (½�òÈ.ÛÉÈ©�f, K ∃C > 0 ¦� ∀ f ∈ H1, ¤á

||T f ||L1 ≤ C|| f ||
H1 .

y². 1. � a´ (1,∞)�f,K a ∈ L∞∩L1,� Tak½Â.d T´ (2,2).��3� aÃ'

�~ê C, ¦� ||Ta||L2 ≤ C|| f ||L2 .

� supp a ⊂Q. P Q∗´± Q�¥% CQ�¥%,>�´ Q� 2���N,@o

∫
Q∗
|Ta(x)|dx ≤

(
|Q∗|

∫
Q∗
|(Ta)(x)|2dx

) 1
2

≤ C|Q|
1
2 ||a||L2 ≤ C.

qÏ�é x ∈Rn
\Q∗, y ∈Q,k

|x−CQ| ≥
1
2
√

nl(Q∗) =
√

nl(Q) ≥ 2|y−CQ|,

¤±�â Hörmander^�,é?¿ y ∈Q,¤á

∫
Rn\Q∗

|K(x− y)−K(x−CQ)|dx =

∫
Rn\Q∗

|K(x−CQ− (y−CQ))−K(x−CQ)|dx

≤

∫
|x|≥2|y|

|K(x− y)−K(x)|dx ≤ K3,
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?,d a´ (1,∞)�f,∫
Rn\Q∗

|Ta(x)|dx =

∫
Rn\Q∗

∣∣∣∣∣∣
∫

Q
K(x− y)a(y)dy

∣∣∣∣∣∣dx

=

∫
Rn\Q∗

∣∣∣∣∣∣
∫

Q
(K(x− y)−K(x−CQ))a(y)dy

∣∣∣∣∣∣dx

≤

∫
Q

∫
Rn\Q∗

|K(x− y)−K(x−CQ)|dx|a(y)|dy

≤ K3

∫
Q
|a(y)|dy ≤ K3.

éÜþ¡�ü��Oª,Òy²


||Ta||L1 ≤ C. (15.6)

2. y�Ä���/. ∀ f ∈ H1, ∀ε > 0, ·�k f � (1,∞)�f©)ª f =
∞∑

k=1
λkak, �∑

k
|λk| ≤ || f ||H1 +ε. 5¿�Úª f =

∞∑
k=1
λkak´3 L1¿Âe¤á�,¤±|^ T�f (1,1).,

·��±ïá:�¿Âe¤á��ª (�e¡1 3Ú)

(T f )(x) =

∞∑
k=1

λk(Tak)(x), a.e. x ∈Rn. (15.7)

|^ L1�ê�n�Ø�ª,Òk

||T f ||L1 ≤

∑
k

|λk|||Tak||L1 ≤ C
∑

k

|λk| ≤ C(|| f ||
H1 +ε).

ùp|^
 (15.6). d ε�?¿5=�íÑ(Ø.

3. e¡y² (15.7). é?¿ µ > 0,·�k∣∣∣∣∣∣∣
x ∈Rn :

∣∣∣∣∣∣∣(T f )(x)−
∞∑

k=1

λk(Tak)(x)

∣∣∣∣∣∣∣ > µ

∣∣∣∣∣∣∣

≤

∣∣∣∣∣∣∣
x :

∣∣∣∣∣∣∣(T f )(x)−
N∑

k=1

λk(Tak)(x)

∣∣∣∣∣∣∣ > µ2

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
x :

∣∣∣∣∣∣∣
∞∑

k=N

λk(Tak)(x)

∣∣∣∣∣∣∣ > µ2

∣∣∣∣∣∣∣

≤
‖T‖L1→L1,∞

µ/2

∥∥∥∥∥∥∥ f −
N∑

k=1

λkak

∥∥∥∥∥∥∥
L1

+

∣∣∣∣∣∣∣
x :

∞∑
k=N

|λk||(Tak)(x)| >
µ

2


∣∣∣∣∣∣∣

≤ Cµ

∥∥∥∥∥∥∥
∞∑

k=N

λkak

∥∥∥∥∥∥∥
L1

+
1
µ/2

∫
Rn

∞∑
k=N

|λk||(Tak)(x)|dx

≤ C′µ
∞∑

k=N

|λk| → 0, � N→∞ �.

ùp^�
 (15.6), ‖ak‖L1 = 1±9 ChebyshevØ�ªÚ LeviüNÂñÚn. u´ (15.7)�

y. 2
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o H
1Ú Lp�m��f��

Ún1. � f ∈ Lp, 1 < p < p2 < ∞, K ∀α > 0, �3 f ���©) f (x) = g(x) + b(x), ¦�

g ∈ Lp2(Rn), b ∈H1(Rn),�÷v:

||g||p2
p2
≤ Cαp2−p

|| f ||pp, ||b||H1 ≤ Cα1−p
|| f ||pp.

ùp~ê C� f 9Ù©)Ã'.

y². 1. ±e� f Ø´"¼ê. é | f |p ∈ L1UpÝ αp� C-Z©),·�k:

(1) Rn = Ω∪F, Ω∩F = ∅;

(2) Ω =
⋃

j
Q j, Q j´pØ����N,�÷v |Ω| =

∑
j
|Q j| ≤ α−p

|| f ||pp;

(3) ∀Q j,k α <
(

1
|Q j|

∫
Q j
| f (x)|pdx

) 1
p
≤ 2

n
pα;

(4) éA�¤k x ∈ F,k f (x) ≤ Cnα.

·�Ú\

g(x) �


f (x), x ∈ F;

fQ j(x) = 1
|Q j|

∫
Q j

f (x)dx, x ∈Q j.
b(x) � f (x)− g(x) =

∑
j

( f (x)− fQ j(x))χQ j .

2. |^ HölderØ�ª9þã5�,Òk

∑
j

| fQ j |
p2 |Q j| ≤

∑
j

 1
|Q j|

∫
Q j

| f |pdx


p2
p

|Q j| ≤
∑

j

(2
n
pα)p2 |Q j| ≤ 2

np2
p αp2−p

|| f ||pp,

¤±

||g||p2
p2

=

∫
Ω
|g|p2dx +

∫
F
|g|p2dx ≤

∫
F
| f |p| f |p2−pdx +

∑
j

| fQ j |
p2 |Q j|

≤ (Cnα)p2−p
∫

F
| f |pdx + 2

np2
p αp2−p

|| f ||pp

≤ αp2−p(2
np2

p + Cp2−p
n )|| f ||pp.

3. �y² b ∈H1,�Iy²

a j(x) � (21+ n
pα)−1

|Q j|
−1( f (x)− fQ j(x))χQ j
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´ (1, p)�f. ¯¢þ,|8^����Ý^�´w,�,|^ (a + b)p
≤ 2p−1(ap + bp),k 1

|Q j|

∫
Q j

|a j(x)|pdx


1
p

= (21+ n
pα)−1

|Q j|
−1

 1
|Q j|

∫
Q j

| f − fQ j |
pdx


1
p

≤ 2(21+ n
pα)−1

|Q j|
−1

 1
|Q j|

∫
Q j

| f (x)|pdx


1
p

≤ 2(21+ n
pα)−1

|Q j|
−12

n
pα ≤ |Q j|

−1,

=��^��¤á. ¤± b(x) =
∑
j

21+ n
pαa j(x)|Q j|,� ‖b‖H1 ≤

∑
j

21+ n
pα|Q j| ≤ Cn,pα1−p

|| f ||pp. 2

½n5. � 1 < p1 <∞, T´ Rnþ�ÿ¼êaþ�g�5�f. e T´f (p1, p1).,q´f

(H1, L1). (=lH1� L1,∞ëY),K ∀1 < p < p1, T´ (p,p)..

y². é f ∈ Lp, 1 < p < p1 <∞, dÚn 1 �©) f (x) = g(x) + b(x), Ù¥ g ∈ Lp1(Rn),

b ∈H1(Rn). d T�g�5�� |(T f )(x)| ≤ |(Tg)(x)|+ |(Tb)(x)|. Ï�

|{x : |(T f )(x)| > α}| ≤ |{x : |(Tg)(x)| >
α
2
}|+ |{x : |(Tb)(x)| >

α
2
}|

≤ C1
||g||p1

p1

(α2 )p1
+ C2
||b||
H1

α
2
≤ C
|| f ||pp
αp ,

¤± ∀1 < p < p1, T´f (p, p).. dMarcinkiewicz��½n,Ò�� T´ (p′, p′).,Ù

¥ p < p′ < p1. du p�±?¿�C 1,¤± p′ ∈ (1, p1). 2

Ê BMO´H1�éó�m

½n6. (H1)∗ = BMO (=�3��l (H1)∗� BMO�ëY�5Ó�).

y². 1. ky² BMO ↪→ (H1)∗ = (H(q)
1 )∗,Ù¥ 1 < q <∞. Ä�g�´/Ï ϕ ∈ BMO9H1

���È�f�m5�EH1þ���k.�5�¼.

P

W = { f ∈H(q)
1 : f ´ (1,q)�f�k��5|Ü}.

l½ÂØJ��W¥¼êäk;|8,�W´H1�È�f�m.

é?¿�½� ϕ ∈ BMO,�EWþ�ëY�5�¼

`ϕ( f ) � 〈ϕ, f 〉 =
∫
Rn
ϕ f dx, ∀ f ∈W. (15.8)
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ù�½Â´Ün�. ¯¢þ,b� a´�� (1, q)�f, supp a ⊂Q. P aQ � a3 Qþ�È

©²þ�,K|^�f���5^�, aQ = 0. ddO��

|〈ϕ,a〉| =

∣∣∣∣∣∫
Rn

a(x)ϕ(x)dx
∣∣∣∣∣ =

∣∣∣∣∣∣
∫

Q
a(x)ϕ(x)dx

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫

Q
(a(x)− aQ)ϕ(x)dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∫

Q
(ϕ(x)−ϕQ)a(x)dx

∣∣∣∣∣∣
≤ |Q|1−

1
q ||a||Lq

(
1
|Q|

∫
Q
|ϕ−ϕQ|

q′dx
) 1

q′

≤ ||ϕ||BMO.

ùp 1
q′ +

1
q = 1. é f ∈W, f =

N∑
k=1
λkak, Ù¥ ak´ (1,q)�f,@o

|〈ϕ, f 〉| =

∣∣∣∣∣∣∣
N∑

k=1

λk

∫
Rn

akϕdx

∣∣∣∣∣∣∣ ≤
N∑

k=1

|λk|||ϕ||BMO.

¤±È©Ek¿Â.�´du
∑N

k=1 |λk|�7��
∥∥∥ f

∥∥∥
H1 ��,��Ø�

|〈ϕ, f 〉| ≤ C||ϕ||BMO|| f ||H1 , ∀ f ∈W. (15.9)

ÄK,�5�¼ 〈ϕ, · 〉3WþëY.ÏLW�È�5,d�¼�±��/òÿ�H1þ�ëY

�5�¼ `ϕ,�
∥∥∥`ϕ∥∥∥ ≤ C

∥∥∥ϕ∥∥∥
BMO. ùÒ�±y²3N� ϕ 7→ `ϕ¿Âe¤á BMO ↪→ (H1)∗.

2. �d,·�5¿��ϕ ∈ L∞(Rn)⊂ BMO(Rn)�, (15.8)éu f ∈H1
⊂ L1Ek½Â.y

3� ϕ ∈ L∞ ⊂ BMO,é?¿ f =
∑

kλkak ∈H
1 (ak´�f,|83Qkþ)�

∑
k |λk| ≤ 2

∥∥∥ f
∥∥∥
H1 ,

5¿�
∑

kλkak3 L1¥Âñ� f ,Ò¤á

|〈ϕ, f 〉| =

∣∣∣∣∣∫
Rn

f (x)ϕ(x)dx
∣∣∣∣∣ =

∣∣∣∣∣∣∣
∞∑

k=1

λk

∫
Qk

ak(x)
(
ϕ(x)−ϕQk

)
dx

∣∣∣∣∣∣∣
≤

∞∑
k=1

|λk|

∣∣∣∣∣∣
∫

Qk

ak(x)
(
ϕ(x)−ϕQk

)
dx

∣∣∣∣∣∣
≤ 2C

∥∥∥ f
∥∥∥
H1

∥∥∥ϕ∥∥∥
BMO .

¤±d� (15.9)¤á.

3. é ϕ ∈ BMO,P ϕm �max
{
−m, min{ϕ, m}

}
∈ L∞ (ùp m = 1, 2, 3, · · · ),Kd BMO

¼ê�5� (�1�nù·K 2),

∥∥∥ϕm
∥∥∥

BMO ≤ 3
∥∥∥ϕ∥∥∥

BMO .
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qéu?¿ f ∈W,�â Lebesgue��Âñ½n,¤á

lim
m′→∞

〈ϕm′ , f 〉 = 〈ϕ, f 〉.

ù´Ï�,e f ´���f,K ϕm′ f A�??Âñ� ϕ f ,� |ϕm′ f | ≤ |ϕ f |, f ∈ L2 k;|

8, ϕÛÜ²��È,l ϕ f 3 supp f þ�È.

u´

|〈ϕ, f 〉| = limsup
m′→∞

|〈ϕm′ , f 〉| ≤ 2C
∥∥∥ f

∥∥∥
H1

∥∥∥ϕm′
∥∥∥

BMO ≤ C
∥∥∥ f

∥∥∥
H1

∥∥∥ϕ∥∥∥
BMO .

ùÒé���/y²
 (15.9).

4. ��,e¡·��y²é?¿�½� ` ∈ (H1)∗, �3��� ϕ ∈ BMO, ¦� `ϕ = `.

g´E´�·�ÿÁ¼ê�m¦� `wÑ�/.

�d,?��N I,P

Lq
0(I) �

{
f ∈ Lq(I) :

∫
I

f dx = 0
}
.

é?¿ f ∈ Lq
0(I), - a(x) = || f ||−1

q |I|
1
q−1 f (x)χI(x), K a ´ (1, q) �f. w, a ∈ H(q)

1 , �

||a||
H(q)

1
≤ 1.

Ï� ` ∈ (H(q)
1 )∗,�½Âp�N�

l̃I( f ) � || f ||q|I|
1− 1

q `(a), ∀ f ∈ Lq
0(I). (15.10)

|^ `��5,ØJ�yù´ Lq(I)þ�ëY�5�¼. AO/,¤á

|l̃I( f )| ≤ ||`|||I|1−
1
q || f ||Lq . (15.11)

d RieszL«½n,�3 g(I)
∈ Lq′(I),¦�

l̃I( f ) =

∫
I

f g(I)dx, ∀ f ∈ Lq
0(I). (15.12)

5. ¼ê g(I) 3����~ê�¿Âe´���. ¯¢þ,ekü�ù��¼ê,P§�

��� h,Kéu?¿ f ∈ Lq(I),du f − fI ∈ Lq
0,Ò¤á 0 =

∫
I( f − fI)hdx =

∫
I f (h−hI)dx,¤

± h = hI Ò´�~ê.

6. Eþã1�Ú,K�é÷v Ik ⊂ Ik+1 � R
n =

⋃
k

Ik ����Nx {Ik}k,���x�

A�¼ê {g(Ik)
}k,¦� g(Ik)� g(Ik+1)�����~ê. u´�½Â¼ê ϕ¦� ϕ|Ik = g(Ik).
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7. yéu Rn ¥?¿�N I,�3 m¦� I ⊂ Im+1. d	, ∀ f ∈ Lq(I),¤á (1��Ø�

Ò^ (15.11))∣∣∣∣∣∫
I
(ϕ−ϕI) f dx

∣∣∣∣∣ =

∣∣∣∣∣∫
I
( f − fI)ϕdx

∣∣∣∣∣ =
∣∣∣l̃I( f − fI)

∣∣∣ ≤ ||l|||I|1− 1
q || f − fI||Lq ≤ 2|I|1−

1
q ||l|||| f ||Lq .

u´,é 1
q′ = 1− 1

q ,

(
1
|I|

∫
I
(ϕ−ϕI)q′dx

) 1
q′

= sup
|| f ||Lq=1

|I|−(1− 1
q )
∣∣∣∣∣∫

I
(ϕ−ϕI) f dx

∣∣∣∣∣ ≤ 2||l||.

dumà� I�À�Ã',�� ϕ ∈ BMO,� ||ϕ||BMO ≤ 2||l||.

8. é?¿� (1,q) �f a, e suppa ⊂ I, Kw, a ∈ Lq
0(I), ��â (15.10) Ú (15.12),

¤á `(a) =
∫

I aϕdx = 〈ϕ,a〉. ddØJí�e f ∈W, K�,¤á `( f ) = 〈ϕ, f 〉. ùÒy²


` = `ϕ.

9. ��`²é�½ ` ∈ (H1)∗, þã ϕ ���5. ¯¢þ, ek ϕ1, ϕ2 ∈ BMO ¦�

`ϕ1 = `ϕ2 = `, K ∀(1,q)�f a,¤á 〈ϕ1−ϕ2,a〉 = 0.|^1 3Ú�{,Ò�±y²3 suppa

þ ϕ1−ϕ2 ´~ê. |^ a�?¿5,��f ak ¦�Ù|8á3÷v1 6Ú�¦� Ik ¥,Ò

�±y²3��m ϕ1Ú ϕ2Ñ�����~ê. ¤±3 BMO¿Âe ϕ1 = ϕ2.

ù�·�Òy²
 ϕ 7→ `ϕ ´ BMO � (H1)∗ �m��5�ëY�Ó�. (�5N´�

y.) ½ny.. 2

��·�AO5¿, BMOÚH1ÑØ´g��m,= BMO∗ ,H1.
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ù�ù·�0��òÈ.ÛÉÈ©�f�½Â9Ù3 Lp �Ä�¼ê�mþ�k.5.

�òÈ.ÛÉÈ©�faq,Ø%?Ö´¦�UÏLÈ©5L«Ä���f,¿ÏLÈ©Ø

��é{ü��ê½¼ê5�5�x�f�k.5��E,�5�. �òÈ.ÛÉÈ©�

f���ØÓ´,duØU^ FourierC�,y²�òÈ.ÛÉÈ©�f� L2k.5�(J

�õ. ¤±31�lù����ù,·�òy² T(1)½n,§�Ñ
�a�òÈ.ÛÉÈ©

�f L2k.�¿©^�.

� IOØ��f� SchwartzØ

1. IOØ

½Â1. � K(x, y)´½Â3 Rn
×Rn

\Λþ�ÛÜ�È¼ê,Ù¥ Λ = {(x,x)|x ∈Rn
}. e K÷

v±e^�:

a) Û5rÝ^�: �3 A > 0¦�

|K(x, y)| ≤
A

|x− y|n
; (16.1)

b) �K5^�: �3 δ > 0¦�� |x−x′| ≤ 1
2 max

{
|x− y|, |x′− y|

}
�¤á

|K(x, y)−K(x′, y)| ≤
A|x−x′|δ

(|x− y|+ |x′− y|)n+δ
; (16.2)

� |y− y′| ≤ 1
2 max

{
|x− y|, |x− y′|

}
�¤á

|K(x, y)−K(x, y′)| ≤
A|y− y′|δ

(|x− y|+ |x− y′|)n+δ
, (16.3)

K¡ K´äk~ê δ, A� IOØ . ¤käk~ê δ, A�IOØ�8ÜP� SK(δ,A).

� K(x, y) ∈ SK(δ, A),Kw,

Kt(x, y) = K(y,x) ∈ SK(δ, A), K∗(x, y) = K(y,x) ∈ SK(δ, A).

211
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x

x′
θ

y

ã 16.1

~1. e |x−x′| ≤ 1
2 max

{
|x− y|, |x′− y|

}
,K

max{|x− y|, |x′− y|} ≤ 2min{|x− y|, |x′− y|}.

y². d xÚ x′ �é¡5§Ø�� |x− y| ≤ |x′− y|,u´�Iy² |x′− y| ≤ 2|x− y|. dK�

� |x−x′| ≤ 1
2 |x
′
− y|,u´k

|x′− y| ≤ |x−x′|+ |x− y| ≤
1
2
|x′− y|+ |x− y|

£�=� |x′− y| ≤ 2|x− y|. 2

~2. � K(x, y) = |x− y|−n ,Ù¥ x , y,K K(x, y) ∈ SK(1, n4n+1).

y². K(x, y)w,÷vÛ5rÝ^� (16.1). dé¡5,·��Iy² K(x, y)÷v�K5^

� (16.2).

1. � |x−x′| ≤ 1
2 max{|x− y|, |x′− y|}�,d¥�½n·�k

|K(x, y)−K(x′, y)| =
n

|θ− y|n+1
|x−x′|, (16.4)

Ù¥ θ = tx + (1− t)x′, t ∈ (0,1). ·�äó¤á

|θ− y| ≥
1
2

max{|x′− y|, |x− y|}. (16.5)

dd,

|θ− y| ≥
1
4

(|x− y|+ |x′− y|), (16.6)

�\ (16.4), á�

|K(x, y)−K(x′, y)| ≤ n4n+1 |x−x′|
(|x− y|+ |x′− y|)n+1

,

= K(x, y) ∈ SK(1, n4n+1).
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2. e¡y²äó (16.5). Xã 16.1, ©OP ∠x′xy, ∠xx′y, ∠x′yx � α, β, γ. Ø��

|x− y| ≤ |x′ − y|, Ïd�Iy² |θ− y| ≥ 1
2 |x
′
− y|. db� |x− x′| ≤ 1

2 max{|x− y|, |x′ − y|} k

|x−x′| ≤ 1
2 |x
′
− y|,qd~ 1��k |x− y| ≤ |x′− y| ≤ 2|x− y|,u´

|x−x′| ≤
1
2
|x′− y| ≤ |x− y| ≤ |x′− y|,

�k α ≥ β ≥ γ. 2wn�/ x′θy. ·�5¿� β ≥ γ ≥ ∠x′yθ, =k |θ− y| ≥ |θ− x′|, l

2|θ− y| ≥ |θ− y|+ |θ−x′| ≥ |x′− y|,= |θ− y| ≥ 1
2 |x
′
− y|. äó�y. 2

~3. e K(x, y)÷v

|∇xK(x, y)| ≤
A′

|x− y|n+1
, ∀x, y ∈Rn, x , y,

K K(x, y)÷v�K5^� (16.2).

y². d¥�½n�¤á

|K(x, y)−K(x′, y)| ≤ A′
|x−x′|
|θ− y|n+1

,

Ù¥ θ = tx′+ (1− t)x, t ∈ (0,1). (16.6)w�·�

|K(x, y)−K(x′, y)| ≤ A′4n+1 |x−x′|
(|x− y|+ |x′− y|)n+1

,

= K(x, y)÷v�K5^� (16.2) (Ù¥ δ = 1). 2

~4. � A´ Rþ� Lipschitz¼ê, |A(x)−A(y)| ≤ L|x− y|. ½Â

K(x, y) =
1

(x− y) + i
(
A(x)−A(y)

)
KÏL�O ∇K,ØJ�y K ∈ SK(1,4 + 4L).

~5. � A÷vþ~¥�^�,é?¿��ê m ≥ 1,½Â m� Calderón-Zygmund��f

Km(x, y) �
1
πi

(
A(x)−A(y)

x− y

)m 1
x− y

, x, y ∈R.

ÏLO� ∇Km,ØJ�y Km ∈ SK(1, 4(2m + 1)Lm).
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2. IOØòÿ�2Â¼ê

½Â2. �W ∈ D′(Rn
×Rn),eW|Rn×Rn\Λ = K(x, y) ∈ SK(δ, A),K¡W � Kòÿ���2

Â¼ê.

·�5¿¿Ø´¤k�IOØÑ�±òÿ�2Â¼ê,~X 1
|x−y|n ÒØ1 (���,��

o?). d	,Ó�IOØk�Uòÿ�ØÓ�2Â¼êW. ¯¢þ,eW � Kòÿ�2Â¼

ê,@oW +δ{x=y}�´ Kòÿ�2Â¼ê. ùp 〈δ{x=y}, ϕ(x, y)〉 �
∫
Rnϕ(x,x)dx.

~6. � K(x, y)÷vÛ5rÝ^� (16.1)Ú�K5^� (16.2),�äk�é¡5,=

K(x, y) = −K(y,x) ∀x , y, x, y ∈Rn.

K K�÷v^� (16.3),��òÿ� Rn
×Rnþ�2Â¼ê.

y². d�é¡5, Kw,÷v^� (16.3). eyÙ�òÿ� Rn
×Rnþ��O2Â¼ê.

1. ½Â

〈W, F〉 � lim
ε→0

"
|x−y|>ε

K(x, y)F(x, y)dydx ∀ F ∈ S(Rn
×Rn). (16.7)

e¡`²þã4��3. ÄuÛ5rÝ^�,·��Iy²

lim
ε→0

"
ε<|x−y|≤1

K(x, y)F(x, y)dydx

�3. du

Iε �

"
ε<|x−y|≤1

K(x, y)F(x, y)dydx

=

"
ε<|y−x|≤1

K(y,x)F(y,x)dxdy

= −

"
ε<|x−y|≤1

K(x, y)F(y,x)dydx,

=�

Iε =
1
2

"
ε<|x−y|≤1

K(x, y)
(
F(x, y)−F(y,x)

)
dydx.

2. -

f (x, y) � (1 + |x|2 + |y|2)n+1F(x, y),
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K

| f (x, y)− f (y,x)| = (1 + |x|2 + |y|2)n+1
∣∣∣F(x, y)−F(y,x)

∣∣∣ .
,��¡,d�©¥�½n9 F�ü�5�,

| f (x, y)− f (y,x)| = |∇x,y f (ξ,η) · (x− y, y−x)|

≤ 2‖∇ f ‖L∞ |x− y|

≤ 2|x− y| sup
x,y∈Rn

∣∣∣∣∣∇[(
1 + |x|2 + |y|2

)n+1
F(x, y)

]∣∣∣∣∣
≤ Cn|x− y|.

u´·���

Iε ≤ Cn

"
ε<|x−y|≤1

K(x, y)|x− y|(
1 + |x|2 + |y|2

)n+1
dydx

≤ CnA
"

ε<|x−y|≤1

1
|x− y|n−1

1(
1 + |x|2 + |y|2

)n+1
dydx.

dd�È© limε→0 I�3,= (16.7)k¿Â.

3. |^þ¡©Û�{,ØJ�y (16.7)(¢�½
�� S′(Rn
×Rn)¥�2Â¼ê (l

�,´D′(Rn
×Rn)¥2Â¼ê). 2

3. �f� SchwartzØ

�ÄëY�5�f T : D(Rn)→D′(Rn), d Schwartz Ø½n, �3���2Â¼ê

W ∈ D′(Rn
×Rn)÷v

〈T( f ),ϕ〉 = 〈W, f ⊗ϕ〉 ∀ f , ϕ ∈ D(Rn), (16.8)

Ù¥ ( f ⊗ϕ)(x, y) = f (x)ϕ(y). ·�¡2Â¼êW´�f T� SchwartzØ.

·�Ì�ïÄù��ëY�5�fT : D(Rn)→D′(Rn),Ù SchwartzØ3 (Rn
×Rn)\Λ

þ��� K(x, y) ∈ SK(δ, A). ù¿�Xª (16.8)kXeÈ©L«

〈T( f ), ϕ〉 =
∫
Rn

∫
Rn

K(x, y) f (x)ϕ(y)dxdy,

Ù¥ f , ϕ ∈ D(Rn)�÷v supp( f )∩ supp(ϕ) = ∅.
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� Calderón–Zygmund�f

½Â3. � T : D(Rn)→D′(Rn)´ëY�5�f. ¡ T´ Calderón–Zygmund�f,e

a) T�±òÿ� L2(Rn)þ�k.�f:
∥∥∥T f

∥∥∥
L2 ≤ B

∥∥∥ f
∥∥∥

L2 ;

b) �3 0 < δ, A <∞±9 K ∈ SK(δ, A),¦�é?¿ f ∈ C∞0 (Rn),¤á

T( f )(x) =

∫
Rn

K(x, y) f (y)dy, a.e. x < supp( f ).

d�P� T ∈ CZO(δ, A, B),¿¡ K´ T¤'é�IOØ.

SK 1. e T´� K'é��f,K T� SchwartzØW3 Rn
×Rn

\Λþ�u K. 2

~7. 0 ∈ SK(δ, A), � K(x, y) = 0'é��fk"�f 0±9ð��f I.

·K1. � T ∈ CZO(δ, A, B) ´� K ∈ SK(δ, A) 'é��f. Ké?¿ f ∈ L∞c (= f ∈

L∞, � f äk;|8)±9A�¤k� x < supp( f ),¤áXeÈ©L«

T( f )(x) =

∫
Rn

K(x, y) f (y)dy. (16.9)

T·K�d�,3uò�f T�½Â��l½Â 3� C∞0 í2�
 L∞c .

y². 1. ´�ª (16.9)ýéÂñ. ù´Ï�·�k

|K(x, y) f (y)| ≤ Ad−n
x | f (y)|, Ù¥ dx � dist (x,supp( f )).

2. � f , ϕ ∈ L∞c , d = dist (supp( f ), supp(ϕ)) > 0.Ke∫
Rn

T( f )(x)ϕ(x)dx =

∫
Rn

∫
Rn

K(x, y) f (y)ϕ(x)dydx, (16.10)

|^ ϕ�?¿5Ò��� (16.9).

3. ey (16.10). é�½� f , ϕ ∈ L∞c ,�§��|83B(0,R)¥. � f j, ϕ j ∈C∞0 (Rn) (�^

IO��1¢y),©O| 3 f , ϕ �|8����þ. §���k.� f j
L2
−→ f , ϕ j

L2
−→ ϕ,

��3A�??¿ÂeÂñ,

dist (supp( f j), supp(ϕ j)) ≥
d
2
> 0, ∀ j ≥ 0.
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w,ª (16.10)é f j, ϕ j¤á,=k∫
Rn

T( f j)(x)ϕ j(x)dx =

∫
Rn

∫
Rn

K(x, y) f j(y)ϕ j(x)dydx

d T� L2k.5�� T( f j)
L2
−→ T( f ),?∫

Rn
T( f j)(x)ϕ j(x)dx→

∫
Rn

T( f )(x)ϕ(x)dx.

q ∫
Rn

∫
Rn

K(x, y)
(

f (y)ϕ(x)− f j(y)ϕ j(x)
)
dydx

=

∫
Rn

∫
Rn

K(x, y) f (y)
(
ϕ(x)−ϕ j(x)

)
dydx

+

∫
Rn

∫
Rn

K(x, y)ϕ j(x)
(

f (y)− f j(y)
)
dydx

=I1 + I2

2d
∣∣∣∣K(x, y) f (y)

(
ϕ(x)−ϕ j(x)

)∣∣∣∣≤CNAd−n
| f (y)|χBR(0)(x)||ϕ||L∞c ,|^��Âñ½n,�� I1→

0 ( j→∞). Ó�/,·��k I2→ 0 ( j→∞). u´ª (16.10)�y. 2

n Calderón–Zygmund�f3 L∞(Rn)þ�^�½Â

du C∞0 (Rn)3 L∞(Rn)¥ØÈ�,¤±ØU{ü/ÏL�f��òÿ5½ÂÛÉÈ©

�f3 L∞(Rn)þ��^. �
�Ñ Calderón–Zygmund�f3 L∞(Rn)þT��½Â,Ú

\¼ê�m

D0(Rn) �
{
ϕ ∈ D(Rn) :

∫
Rn
ϕ = 0

}
,

¿D�Ù� D(Rn) ���ÿÀ. P D′0(Rn) � D0(Rn) þëY�5�¼�N. 5¿¤á

D
′(Rn) ⊆D′0(Rn).

~8. BMO(Rn) ⊆D′0(Rn).

y². �½ b ∈ BMO(Rn),½Â `(ϕ) ,
∫
Rn b(x)ϕ(x)dx. ò b�� b + c, c�~ê,þªmàÈ

©ØC,¤±½ÂÜn. �I2y² `(·)½Â
D0(Rn)þ���ëY�5�¼. �5´w,

�. e¡`²ÙëY5. � ϕk→ ϕ (D0(Rn)), = ∃K ⊂Rn ��N, supp(ϕk) ⊂ K, ∀k,� ϕk
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9Ù?¿��êÑ3 Kþ��Âñ� ϕ9Ù�A�ê. y�y `(ϕk)→ `(ϕ). ¯¢þ,du

ϕk−ϕ ∈ D0(Rn),·�k

∣∣∣∣∣∫
Rn

b(ϕk−ϕ)dx
∣∣∣∣∣ =

∣∣∣∣∣∫
Rn

(b−bK)(ϕk−ϕ)dx
∣∣∣∣∣

≤

∫
K
|b− bK|dx‖ϕk−ϕ‖L∞

≤|K|‖b‖BMO‖ϕk−ϕ‖L∞ → 0 (k→∞).

y.. 2

½Â4. � T : D(Rn)→D′(Rn) ´ëY�5�f, Ù Schwartz Ø� W, � W|(Rn×Rn)\Λ =

K(x, y) ∈ SK(δ, A). é f ∈ L∞(Rn)∩C∞(Rn), ½Â T( f ) ∈ D′0(Rn) Xe: ∀ϕ ∈ D0(Rn), �

supp(ϕ) ⊆ B(x0,R). � η ∈ C∞0 (Rn), 0 ≤ η ≤ 1,� η|B(x0,2R) ≡ 1. ½Â

〈T( f ),ϕ〉 = 〈T( fη),ϕ〉+
∫
Rn

∫
Rn

K(x, y)ϕ(x)dx f (y)
(
1−η(y)

)
dy. (16.11)

�`²T½Â´Ün�,7L`²:

• (16.11)màk¿Â;

• mà� ηÀ�Ã';

• e f ∈ D(Rn),Kd½Â�±c½Â�Ó.

1. d f ∈ L∞ ∩C∞ � fη ∈ D(Rn). q T ´l D(Rn) � D′(Rn) �ëY�5�f,

ϕ ∈ D0(Rn),� 〈T( fη), ϕ〉k¿Â.2`²È©

I �
∫
Rn

(∫
Rn

K(x, y)ϕ(x)dx
)

f (y)
(
1−η(y)

)
dy

Âñ.
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5¿� y ∈ supp( f (1−η))�, |x0− y| ≥ 2R ≥ 2|x−x0|,�|^ ϕ���5Ú�K5^�,

|I| =
∣∣∣∣∣∫
Rn
ϕ(x)

∫
Rn

K(x, y) f (y)
(
1−η(y)

)
dydx

∣∣∣∣∣
=

∣∣∣∣∣∫
Rn
ϕ(x)

∫
Rn

(
K(x, y)−K(x0, y)

)
f (y)

(
1−η(y)

)
dydx

∣∣∣∣∣
≤

∫
Rn

∫
|y−x0|≥2|x−x0|

|K(x, y)−K(x0, y)|| f (y)|
(
1−η(y)

)
dy|ϕ(x)|dx

≤

∫
Rn

∫
|y−x0|≥2|x−x0|

A
|x−x0|

δ

|x0− y|n+δ
·2| f (y)||ϕ(x)|dydx

≤ 2A‖ f ‖L∞
∫
Rn
|x−x0|

δ
|ϕ(x)|

∫
|y−x0|≥2|x−x0|

1
|x0− y|n+δ

dydx

≤ CA,n‖ f ‖L∞
∫
Rn
|x−x0|

δ
|ϕ(x)|

(∫
∞

2|x−x0|

r−n−δ+n−1 dr
)

dx

= CA,n‖ f ‖L∞
∫
Rn
|x−x0|

δ
|ϕ(x)|

(
1
−δ

r−δ
∣∣∣∣∣∞
2|x−x0|

)
dx

= CA,n,δ‖ f ‖L∞
∫
Rn
|x−x0|

δ
|ϕ(x)||x−x0|

−δdx

≤ CA,n,δ‖ f ‖L∞‖ϕ‖L1 ,

= (16.11)màk¿Â.ù«�Oò3e¡²~Ñy.

2. ,� ξ ∈ C∞0 , ξ|B(x0,2R) ≡ 1, 0 ≤ ξ ≤ 1,K ϕ� f · (η−ξ)�|8pØ��,�â·K 1,

Ò¤á 〈
T
(

f · (η−ξ)
)
,ϕ

〉
=

∫
Rn

∫
Rn

K(x, y) f (y)(η(y)−ξ(y))dyϕ(x)dx.

ü>£�,=� (16.11)mà η�� ξ´���,��ä¼ê η�À�Ã'.

3. � f ∈ D(Rn)�,K fη, f · (1−η) ∈ D(Rn),�k

〈T( f ),ϕ〉 = 〈T(η f ),ϕ〉+ 〈T( f (1−η)),ϕ〉.

mà1��|^·K 1�dÈ©L«,=� f ∈ D(Rn)�ùp�½Â��½Â��.

��,·�5¿�,e T�òÿ� L2 �g��k.�f,Kd·K 1,é?¿ f ∈ L∞ þ

�½Â

〈T( f ), ϕ〉 = 〈T(η f ), ϕ〉+
∫
Rn

∫
Rn

K(x, y)ϕ(x)dx f (y)
(
1−η(y)

)
dy.
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�k�Oª

∣∣∣〈T( f ),ϕ〉
∣∣∣ ≤ ‖T(η f )‖L2‖ϕ‖L2 + Cδ,A,n‖ϕ‖L1‖ f ‖L∞ <∞. (16.12)

ùpé1 2�È© I��O^�
 dist (suppϕ, supp f (1−η)) ≥ R,u´ K(x, y) ≤ AR−n. þ

ª´·�e¡Ò�^�(J.

o Calderón–Zygmund�f�k.5

½n1. � K(x, y) ∈ SK(δ, A), T´'é K(x, y)� Calderón-Zygmund�f,÷v ‖T‖L2→L2 ≤ B

(= T ∈ CZO(δ, A, B)). K

(1) T�òÿ� L1(Rn)→ L1,∞(Rn)�ëY�5�f,

‖T‖L1→L1,∞ ≤ Cn, δ(A + B); (16.13)

(2) T� (p,p). (1 < p <∞),

‖T‖Lp→Lp ≤ Cn,δmax
{

1
p−1

,p
}

(A + B); (16.14)

(3) T� (H1, L1).,

‖T‖
H1→L1 ≤ Cn,δ(A + B); (16.15)

(4) T� (L∞,BMO).,

‖T‖L∞→BMO ≤ C
′

n,δ(A + B). (16.16)

f (1,1).�y²

·�^1Êùy²L� BCP�n:

½n2 (Benedek-Calderon-Panzone�n). � T´��g�5�f,÷v±e^�:

• T ´f (p,p) ., 1 < p <∞, =�3~ê C1 ¦�é?¿ f ∈ Lp, ¤á|{x : |T f (x)| > λ}| ≤

C1
‖ f‖

p
Lp

λp ;
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• �3�u 1�~ê C2,C3, ¦�éu÷v

suppb ⊂ B(x0,r),
∫

B(x0,r)
b(x)dx = 0

�?¿ L1
∩Lp¼ê b,¤á∫

Rn\B(x0,C2r)
|Tb(x)|dx ≤ C3 ‖b‖L1 .

Kéuäk;�|8�k.¼ê f (x),k

|{x : |T f (x)| > λ}| ≤ C

∥∥∥ f
∥∥∥

L1

λ
.

y� f (x) ∈ L∞�äk;|8, supp f ⊂B(x0,r),�
∫

f = 0. e x <B(x0,c2r), (ùp (c2 > 1),

@odc¡·K 1y²�È©L«,

T f (x) =

∫
B(x0,r)

K(x, y) f (y)dy

=

∫
B(x0,r)

(K(x, y)−K(x,x0)) f (y)dy.

u´, ∫
B(x0,c2r)c

|T f (x)|dx

≤

∫
B(x0,c2r)c

∫
B(x0,r)

|K(x, y)−K(x,x0)|| f (y)|dydx

=

∫
B(x0,r)

| f (y)|
(∫

B(x0,c2r)c
|K(x, y)−K(x,x0)|dx

)
dy

≤

∫
B(x0,r)

| f (y)|
(∫

B(x0,c2r)c

A|y−x0|
δ

(|x− y|+ |x−x0|)n+δ
dx

)
dy

(� |y−x0| ≤
1
2

max{|x− y|, |x−x0|}�,þ¡Ø�ª¤á. ¯¢þ,

� c2 = 2,Kk |y−x0| ≤ r ≤
1
2
|x−x0| ≤

1
2

max{|x−x0|, |x− y|})

≤ A
∫

B(x0,r)
| f (y)||y−x0|

δ

(∫
B(x0,c2r)c

(|x−x0|)−n−δdx
)
dy (16.17)

= A
∫

B(x0,r)
| f (y)||y−x0|

δ

(
ωn

∫
∞

2r
s−n−δsn−1ds

)
dy

≤ A
∫

B(x0,r)
| f (y)|rδ

ωn

δ
(2r)−δdy

≤
A
δ

Cn‖ f ‖L1 ,

d BCP�n=� T�f (1,1)..
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(p, p). (1 < p <∞)�y²

y3·�®²�� T´ (2, 2). (ù´½n�^�),f (1,1)., Marcinkiewicz��½

nw�·�, T´ (p, p). (1< p< 2). du T´ Lp (1< p≤ 2)þ�k.�5�f,�§k½Â

3 Lp′ þ����f T∗,ùp 1
p′ +

1
p = 1. 5¿� T∗éA�Ø� K(y,x),� K(y,x) ∈ SK(δ, A)

E�IOØ.q T∗´ (2,2)., ‖T∗‖L2→L2 = ‖T‖L2→L2 = B,¤± T∗ ∈ CZO(δ, A, B). Eþã

?Ø�� T∗´ (p, p). (1 < p ≤ 2). d�2|^ (T∗)∗ = T,�� T´ (p′, p′). (2 ≤ p′ <∞).

nþ��, T´ (p, p). (1 < p <∞),�k�A�f�ê�O.

(H1, L1).�y²

·�I�Xe·K.�·K 1aq,§é f ∈ Lp�� T f �Ñ
,«È©L�ª.

·K2. � T ∈CZO(δ, A, B)'é�IOØ´ K(x, y),K ∀g ∈ Lp(Rn), 1 ≤ p <∞,XJ supp g

´ Rn�ýf8,@oéu a.e. x ∈Rn
\supp g,¤á

(Tg)(x) =

∫
Rn

K(x, y)g(y)dy. (16.18)

y². 1. du suppg $ Rn´48,Ké x ∈Rn
\suppg,¤á

dist(x,suppg) = r > 0.

dÛ5rÝ^� |K(x, y)| ≤ A
|x−y|n � (16.18)¥ K(x, y)k.,l (16.18)màÈ©ýéÂñ.

2. - gk(x) = g(x)χ{|g(x)|≤k}χ{|x|≤k}, K gk(x) ∈ L∞c (Rn),¿� gk(x)÷v suppgk ⊆ suppg,

±93 Lp(Rn) (1 ≤ p <∞)¥ gk→ g (k→∞,|^ Lebesgue��Âñ½n).

3. d·K 1,

Tgk(x) =

∫
Rn

K(x, y)gk(y)dy, x < suppg.

du®y T´f (p, p).,K

∣∣∣∣{x ∈Rn : |T(gk− g)(x)| > λ
}∣∣∣∣ ≤ (

C
‖gk− g‖Lp

λ

)p

,

@o Tgk(x) �ÿÝÂñu Tg(x), k→∞,l�3��f� (Ø��Ò´ Tgk),¦� k→∞

� Tgk(x) A�??Âñu Tg(x).
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4. ,��¡,é�½� x,e 1 < p <∞,

∣∣∣∣∣∫
Rn

K(x, y)(gk(y)− g(y))dy
∣∣∣∣∣

≤

(∫
suppg

|K(x, y)|p
′

dy
) 1

p′
(∫
Rn
|gk(y)− g(y)|p dy

) 1
p

[ùp
1
p

+
1
p′

= 1]

≤ A
(∫

suppg
|x− y|−np′ dy

) 1
p′

‖gk− g‖Lp

≤ ACn,p

(∫
∞

r
s−np′sn−1ds

) 1
p

‖gk− g‖Lp (p′ > 1)

≤ Cn,p,r‖gk− g‖Lp → 0.

é p = 1¤áaq�(Ø (�ÖögC�y). ¤±, Tg(x) =
∫
Rn K(x, y)g(y)dyA�??¤á.

2

e¡m©y² T´ (H1,L1)..

1. � a�H1 ¥� L2 �f (= (1,2)�f),÷v suppa ⊂Q. P CQ ��N Q�¥%,

Q∗ = 2
√

nQ,K

∫
Rn
|Ta(x)|dx =

∫
Q∗
|Ta(x)|dx +

∫
Rn\Q∗

|Ta(x)|dx = I + II.

éu I,¤á

I ≤ |Q∗|1/2
(∫

Q∗
|Ta(x)|2 dx

)1/2

≤ Cn|Q|1/2B‖a‖L2

≤ CnB. [Ï�‖a‖L2 ≤ |Q|−1/2]
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éu II,|^·K 2±9
∫

a = 0,

II =

∫
Rn\Q∗

∣∣∣∣∣∣
∫

Q
K(x, y)a(y)dy

∣∣∣∣∣∣ dx =

∫
Rn\Q∗

∣∣∣∣∣∣
∫

Q
(K(x, y)−K(x,CQ))a(y)dy

∣∣∣∣∣∣dx

≤

∫
Rn\Q∗

∫
Q
|K(x, y)−K(x,CQ)||a(y)|dydx

=

∫
Q
|a(y)|

(∫
Rn\Q∗

|K(x, y)−K(x,CQ)|dx
)

dy

≤

∫
Q
|a(y)|dy

∫
Rn\Q∗

A|y−CQ|
δ

(|x− y|+ |x−CQ|)n+δ
dx


[� |y−CQ| ≤

1
2

max
{
|x− y|, |x−CQ|

}
�, þ¡Ø�ª¤á.

¯¢þ, |y−CQ| ≤

√
n

2
lQ, |x−CQ| ≥

1
2

lQ∗ =
√

nlQ]

≤ A
∫

Q
|a(y)|dy

∫
Rn\Q∗

|y−CQ|
δ

|x−CQ|n+δ
dx

 (^ (16.17)��{)

≤ Cn,δA‖a‖L1 ≤ Cn,δA.

���Ú´du ‖a‖L2 ≤ |Q|−1/2,@o ‖a‖L1 ≤ |Q|1/2(
∫

Q |a|
2dx)1/2

≤ 1.

nþ��,é?¿ (1,2)�f a,Ñ¤á

‖Ta‖L1 ≤ Cn, δ(A + B). (16.19)

2. ∀ f ∈ H1,é?¿�½� ε > 0,� f =

∞∑
j=1

λ ja j (H1Âñ),Ù¥ a j � H
1 ¥� L2 �

f,
∑

j |λ j| ≤
∥∥∥ f

∥∥∥
H1 +ε. 5¿�,duH1

⊆ L19 T´f (1, 1).,K T f ∈ L1,∞(Rn).

·�kb�éA�¤k� x,¤á

(T f )(x) =

∞∑
j=1

λ j(Ta j)(x). (16.20)

dd,5¿� (16.19),Ùm>z��Ñáu L1,�du
∑

j |λ j| <∞,�m>� L1 Âñ,l

T f ∈ L1(Rn). 3 (16.20)ü>� L1�ê,�

‖T f ‖L1 =

∥∥∥∥∥∥∥∥
∞∑
j=1

λ j(Ta j)

∥∥∥∥∥∥∥∥
L1

≤

∞∑
j=1

|λ j|
∥∥∥Ta j

∥∥∥
L1

≤ Cn,δ(A + B)
∞∑
j=1

|λ j|

≤ Cn,δ(A + B)(
∥∥∥ f

∥∥∥
H1 +ε).

d ε?¿�5,Ò�� ‖T‖H1→L1 ≤ Cn,δ(A + B),= T� (H1, L1)..
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3. (16.20)�y². ·�k∣∣∣∣∣∣∣∣
x ∈Rn : |T f (x)−

∞∑
j=1

λ j(Ta j)(x)| > µ


∣∣∣∣∣∣∣∣

≤

∣∣∣∣∣∣∣∣
|T f (x)−

N∑
j=1

λ j(Ta j)(x)| >
µ

2


∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣
|
∞∑

j=N

λ j(Ta j)(x)| >
µ

2


∣∣∣∣∣∣∣∣

≤

∣∣∣∣∣∣∣∣
|T( f −

N∑
j=1

λ ja j)| >
µ

2


∣∣∣∣∣∣∣∣+ 2
µ

∥∥∥∥∥∥∥∥
∞∑

j=N

λ jTa j

∥∥∥∥∥∥∥∥
L1

≤
2
µ
‖T‖L1→L1,∞

∥∥∥∥∥∥∥∥ f −
N∑

j=1

λ ja j

∥∥∥∥∥∥∥∥
L1

+
2
µ

∞∑
j=N

|λ j|
∥∥∥Ta j

∥∥∥
L1

≤
2
µ

‖T‖L1→L1,∞

∥∥∥∥∥∥∥∥ f −
N∑

j=1

λ ja j

∥∥∥∥∥∥∥∥
L1

+ Cn,δ(A + B)
∞∑

j=N

|λ j|

 .
- N→∞,du

N∑
j=1

λ ja j→ f 3 L1ÿÀe�¤á,¤±

∣∣∣∣∣∣∣∣
x ∈Rn : |T f (x)−

∞∑
j=1

λ j(Ta j)(x)| > µ


∣∣∣∣∣∣∣∣ = 0, ∀µ > 0.

ù�Ò´ (16.20).

(L∞, BMO).�y²

1. P L2
0,c� R

n¥äk;|8�È©²þ� 0� L2¼ê�N.´� L2
0,c3H

1¥È�,

�Ï3u: ?¿ L2 �fþáu L2
0,c,l L2 �f�k��5|Ü�áu L2

0,c,Ó� L2 �f

�k�|Ü3H1¥È�.

d	,£Á ∀ f ∈ L∞(Rn), T f ®k½Â,l ∀ϕ ∈ L2
0,c, 〈T f , ϕ〉�k½Â (� (16.12)).

·��I�^�Xe(Ø.

·K3. � f ∈ L∞, ϕ ∈ L2
0,c,K¤á

〈T f ,ϕ〉 =
∫
Rn

Tt(ϕ)(x) f (x)dx. (16.21)

y². Äk, d TÚ Tt´ (H1, L1).�� Ttϕ ∈ L1, Ïd (16.21) m>È©ýéÂñ, =

(16.21)k¿Â.
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y� η ∈ C∞c (Rn)÷v 0 ≤ η ≤ 193 suppϕþ η ≡ 1. d�

(16.21)ªm> =

∫
Rn

Tt(ϕ)η f dx +

∫
Rn

Tt(ϕ)(1−η) f dx

= 〈T(η f ),ϕ〉+
∫
Rn

Tt(ϕ)(1−η) f dx

¤±,d½Â 4,y3�Iy² (5¿
∫
ϕ = 0)∫

Rn
Tt(ϕ)(y)(1−η)(y) f (y)dy

=

∫
Rn

∫
Rn

(K(x, y)−K(x0, y))ϕ(x)dx f (y)(1−η(y))dy, ∀x0 ∈ suppϕ. (16.22)

dþªm>�¢SÈ©«�,�Ø�� y < suppϕ§lS�È©∫
Rn

(K(x, y)−K(x0, y))ϕ(x)dx

ýéÂñ,�,�â·K 2,∫
Rn

(K(x, y)−K(x0, y))ϕ(x)dx =

∫
Rn

Kt(y,x)ϕ(x)dx = Ttϕ(y).

dd (16.22)w,¤á. 2

2. |^ (16.21)ª��

|〈T f ,ϕ〉| ≤ ‖ f ‖L∞‖Ttϕ‖L1 ≤ ‖ f ‖L∞Cn,δ(A + B)‖ϕ‖
H1 ,

= T f ´ L2
0,c(R

n) ⊂H1þ�k.�5�¼.d Banach�¼òÿ½n, T f �òÿ�H1þk

.�5�¼. 2|^ RieszL«½n (= (H1)∗ = BMO),�� ∃b f ∈ BMO,¦�

• 〈T f ,ϕ〉 =
∫
Rn b fϕdx, ∀ϕ ∈ L2

0,c(R
n);

• ‖b f ‖BMO ≤ C‖T f ‖(H1)∗ ≤ Cn,δ(A + B)‖ f ‖L∞ .

1�ªL²D′(Rn)¥2Â¼ê T f Ù¢Ò´ b f ∈ BMO;1�ªL² ‖T f ‖BMO =
∥∥∥b f

∥∥∥
BMO ≤

Cn,δ(A + B)‖ f ‖L∞ , = T´ (L∞, BMO).�f. ½n 1y..
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þ�ù�,��/0�
k' C-Z�fk.5�(Ø,�´éu��� f ∈ Lp, T f ==

´ÏLÄ���fòÿ (��½n)½Â�. ùéuäNO�ÚïÄ T f éØ�B.ù�ùy

²,·��±^�äÈ©�f5:�/%C T f . ùÒI�é�'4��f��k.5�O.

� 4��f�k.5: Cotlar½n

½Â1 (�äØ��ä�f). �½ K ∈ SK(δ, A),é?¿ ε > 0,½Â�äØ

K(ε)(x, y) � K(x, y)χ|x−y|>ε.

�½ëY�5�f T : D(Rn)→D′(Rn),�§'éØ K. é?¿ ε > 0,½ÂÙ�ä�f�

T(ε)( f )(x) �
∫
Rn

K(ε)(x, y) f (y)dy.

½Â�A4��f�

T(∗)( f )(x) � sup
ε>0
|T(ε)( f )(x)|.

5¿ T(ε), T(∗)Ñ´'u f ∈
⋃

1≤p<∞Lp(Rn)ûÐ½Â�.

½n1 (Cotlar). � K(x, y) ∈ SK(δ, A),  T ∈ CZO(δ, A, B) ´'é K(x, y) � Calderón–

Zygmund �f. �½ r ∈ (0, 1),K ∃ C(n,δ,r)¦�é ∀ f ∈
⋃

1≤p<∞

Lp(Rn),k

|T∗ f (x)| ≤ C(n,δ,r)
[
M

(
|T f |r

)
(x)1/r + (A + B)M f (x)

]
,

Ù¥, M´ Hardy–Littlewood4��f.

y². 1. �½ r ∈ (0, 1)±9 f ∈ Lp(Rn), (1 ≤ p <∞). é ε > 0,½Â

f ε,x0 (z) � f (z)χB(x,ε)(z), f ε,x∞ (z) � f (z)χ{(B(x,ε))(z).

ùp9±e {(B)L«8Ü B�Ö8.

227
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2. é?¿�z ∈ B(x,ε/2),du z < supp f ε,x∞ ,|^þ�ù·K 2,

T( f ε,x∞ )(z) =

∫
Rn

K(z, y) f ε,x∞ (y)dy =

∫
|y−x|>ε

K(z, y) f (y)dy = Tε( f )(z).

AO/, T( f ε,x∞ )(x) = Tε( f )(x).

3. é z ∈ B(x,ε/2), k |z− x| ≤ ε/2 ≤ |x− y|/2, l|^È©Ø��K5^�, ±9

|z− y| ≥ ε
2 ,

∣∣∣(T( f ε,x∞ ))(x)− (T( f ε,x∞ ))(z)
∣∣∣ =

∣∣∣∣∣∣
∫
|y−x|≥ε

(
K(z, y)−K(x, y)

)
f (y)dy

∣∣∣∣∣∣
≤ A|z−x|δ

∫
|x−y|≥ε

| f (y)|(
|x− y|+ |z− y|

)n+δ
dy

≤ A
(
ε
2

)δ∫
|x−y|≥ε

| f (y)|(
|x−y|

2 + ε
2

)n+δ
dy

= ACn,δε
δ
∫
|x−y|≥ε

| f (y)|(
|x− y|+ε

)n+δ
dy

≤ Cn,δA(M f )(x).

'u����Ø�Ò,ùp½Â

ϕ(x) �


1(

|x|+1
)n+δ , |x| ≥ 1,

0, |x| < 1,

ϕε(x) =


εδ(

|x|+ε
)n+δ , |x| ≥ ε,

0, |x| < ε,

KòÈØ ϕ(x)k»�é¡ëY4~��È��¼ê

Φ(x) =


1

(1+|x|)n+δ , |x| ≥ 1,

1
2n+δ , |x| ≤ 1.

¤±c¡�Oª�ê1�ª�� A| f | ∗Φε(x) ≤ ACn,δM f (x)��.

4. l, ∀z ∈ B(x,ε/2),k

|(Tε f )(x)| = |T( f ε,x∞ )(x)|

=
∣∣∣T( f ε,x∞ )(x)−T( f ε,x∞ )(z)

∣∣∣+ |T( f ε,x∞ )(z)| (n�Ø�ª)

≤ Cn,δAM f (x) + |T( f ε,x0 )(z)|+ |(T f )(z)|.
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� r ∈ [0, 1]�,é a, b ≥ 0, ¤áØ�ª (a + b)r
≤ ar + br,l

|(Tε f )(x)|r ≤ Cr
n,δA

r(M f (x))r + |T( f ε,x0 )(z)|r + |(T f )(z)|r.

òdª'u z3 B(x,ε/2)þ�È©²þ,Ò��

|(Tε f )(x)|r ≤ Cr
n,δA

r(M f (x))r +
1

|B(x,ε/2)|

∫
B(x,ε/2)

|T( f ε,x0 )(z)|r dz + M|[(T f )|r](x).

l|^ (a + b + c)p
≤ 3p(ap + bp + cp) (p = 1

r ≥ 1, a, b, c > 0),�

|(Tε f )(x)| ≤ 3
1
r

Cn,δAM f (x) +

(
1

|B(x,ε/2)|

∫
B(x,ε/2)

|T( f ε,x0 )(z)|r dz
) 1

r

+
(
M|[(T f )|r](x)

) 1
r

 .
5. y�I��Oþªmà¥m�.kw§� rg���O: 1

1
|B(x,ε/2)|

∫
B(x,ε/2)

|T( f ε,x0 )(z)|r dz =
1

|B(x,ε/2)|
r
∫
∞

0
λr−1dT f ε,x0

(λ)dλ

≤
1

|B(x,ε/2)|

r
∫
∞

N
λr−1
‖T‖L1→L1,∞

∥∥∥ f ε,x0

∥∥∥
L1

λ
dλ+ r

∫ N

0
λr−1
|B(x,ε/2)|dλ


[�ëê N =

r
1− r

‖T‖
∥∥∥ f ε,x0

∥∥∥
L1

|B(x,ε/2)|
¦�)ÒSü���]

=
1

|B(x,ε/2)|

( r
1− r

Nr−1
‖T‖

∥∥∥ f ε,x0

∥∥∥
L1 + Nr

|B(x,ε/2)|
)

=
2

|B(x,ε/2)|

( r
1− r

)r ‖T‖r
∥∥∥ f ε,x0

∥∥∥r
L1

|B(x,ε/2)|r−1
= 2

( r
1− r

)r ‖T‖r
∥∥∥ f ε,x0

∥∥∥r
L1

|B(x,ε/2)|r
.

l

¥m� ≤ 2
1
r

r
1− r

‖T‖
∥∥∥ f ε,x0

∥∥∥
L1

|B(x,ε/2)|

≤ Cn,δ,r(A + B)
1

|B(x,ε/2)|

∫
B(x,ε)

| f (z)|dz

≤ Cn,δ,r(A + B)M f (x).

½ny.. 2

íØ1. T∗´f (1,1).Ú (p,p). (1 < p <∞),= ∃ Cn¦�

‖T∗ f ‖L1,∞ ≤ Cn(A + B)‖ f ‖L1 ,

‖T∗ f ‖Lp ≤ Cn(A + B)max
{

p,
1

p−1

}
‖ f ‖Lp , (1 < p <∞).

1dd�±wÑÚ\ r�^?.



230 1�Ôù �òÈ.ÛÉÈ©�f(�): 4��f�k.5

y². 1. Äk·�äó: e 0 < p, q <∞,K
∥∥∥| f |q∥∥∥Lp,∞ =

∥∥∥ f
∥∥∥q

Lpq,∞ . ù´Ï�

∥∥∥| f |q∥∥∥Lp,∞ = sup
r>0

{
rd| f |q(r)

1
p
}

= sup
r>0

{
r
∣∣∣∣{| f | > r

1
q }

∣∣∣∣ 1
p }

= sup
r>0

{
rq
∣∣∣∣{| f | > r}

∣∣∣∣ 1
p }

=

(
sup
r>0

{
r
∣∣∣∣{| f | > r}

∣∣∣∣ 1
pq })q

=
∥∥∥ f

∥∥∥q
Lpq,∞ .

l,£Á1lù~ 3®²y² H-L4��f3 Lp,∞ (1 ≤ p ≤∞)þk.,|^þã5�,∥∥∥∥[M(|T f |r)]
1
r

∥∥∥∥
L1,∞

=
∥∥∥M(|T f |r)

∥∥∥ 1
r

L
1
r ,∞
≤ Cn,r

∥∥∥|T f |r
∥∥∥ 1

r

L
1
r ,∞

= Cn,r
∥∥∥T f

∥∥∥
L1,∞ ≤ C′n,r(A + B)

∥∥∥ f
∥∥∥

L1 ,

= f 7→ [M(|T f |r)]
1
r ´f (1,1).. (ÜM´f (1,1).,ùÒy²
 T∗ �´f (1,1)..

2. � r = 1
2 ,Ké 1 < p <∞,|^ T� (p,p).,±9∥∥∥∥[M(|T f |
1
2 )]2

∥∥∥∥
Lp

=
∥∥∥∥M(|T f |

1
2 )
∥∥∥∥2

L2p
≤ Cn,p max

{
p,

1
p−1

}∥∥∥∥|T f |
1
2

∥∥∥∥2

L2p

= Cn,p max
{
p,

1
p−1

}∥∥∥T f
∥∥∥

Lp ≤ C′n,r(A + B)max
{
p,

1
p−1

}∥∥∥ f
∥∥∥

Lp .

ùÒy²
 T∗�´ (p,p).. 2

� �ä�f�Âñ5

½n2. � K ∈ SK(δ, A),  T ∈ CZO(δ, A, B)´'é K� C-Z�f. e K÷v^�: éA�

¤k x ∈Rn,4�

lim
ε→0

∫
ε≤|x−y|≤1

K(x− y)dy <∞

�3,Ké?¿ f ∈ Lp(Rn), 1 ≤ p <∞,4�

lim
ε→0

(Tε f )(x) = lim
ε→0

∫
|x−y|≥ε

K(x, y) f (y)dy

A�??�3. ?�Ú,�3 b(x) ∈ L∞(Rn)¦�

T f (x) = b(x) f (x) + lim
ε→0

∫
|x−y|≥ε

K(x, y) f (y)dy

A�??¤á,¿�� 1 < p <∞�þª3 Lp(Rn)¿Âe�¤á.
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y². 1. Äky²,é ϕ ∈ D(Rn),4� Tεϕ(x)A�??�3. d |K(x, y)| ≤ A/|x− y|n ��

È©
∫
|x−y|≥1 K(x, y)ϕ(y)dyýéÂñ,∫

ε≤|x−y|≤1
K(x, y)ϕ(y)dy

=

∫
ε≤|x−y|≤1

K(x, y)[ϕ(y)−ϕ(x)]dy +ϕ(x)
∫
ε≤|x−y|≤1

K(x, y)dy,

Ù¥����â½n^�,éA�¤k xÑÂñ,�c��¥�È¼ê� ‖
∇ϕ‖L∞
|x−y|n−1 ��,Ï

ýéÂñ. ùÒy²
 limε→0(Tεϕ)(x)A�??�3. Pd4�� (T0ϕ)(x),Ù¥ T0´þã

4�L§(½����5�f.

2. du D(Rn) 3 Lp(Rn) ¥È�, |^:�Âñ�4�¼ê{, ��é f ∈ Lp(Rn),

1 ≤ p <∞,Ñ¤á:�Âñ

lim
ε→0

(Tε f )(x) = (T0 f )(x), éA�¤k� x ∈Rn.

ùp T0®�òÿ� Lpþ,�´ (p,p). (1 < p <∞)Úf (1,1)..

3. 2y²3 Lp(Rn) (1 < p <∞)¥�¤á limε→0 Tε f = T0 f ,=

lim
ε→0

∫
Rn
|Tε f (x)−T0 f (x)|p dx = 0.

Äk,�È¼ê:�Âñ�";Ùg,|^T∗ÚT0� (p,p)., |Tε f (x)−T0 f (x)|p ≤ 2p(T∗ f (x)p +

T0 f (x)p)´�È¼ê. ¤±d Lebesgue��Âñ½n=�(Ø.

4. 5¿�� supp( f )∩ supp(g) = ∅�,§��m�ålk��e.,l∫
Rn

T0( f )(x)g(x)dx = lim
ε j→0

∫
Rn

T(ε j)( f )(x)g(x)dx

= lim
ε j→0

∫
Rn

∫
Rn

K(ε j)(x, y) f (y)dyg(x)dx

=

∫
Rn

∫
Rn

K(x, y) f (y)g(x)dydx,

Ïd

T0( f )(x) =

∫
Rn

K(x, y) f (y)dy,

=·�y²
: T0 �´� K'é� C-Z�f. ·�¡ T0 � TéA� Calderón–Zygmund

ÛÉÈ©�f (CZSIO).
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5. ��y² T f (x)−T0 f (x) = b(x) f (x),Ù¥ b ∈ L∞(Rn).

� gk.�k;|8, Q ⊂Rn��N,·�äó¤á

(
T(ε)
−T

)
(gχQ)(x) = χQ(x)

(
T(ε)
−T

)
(g)(x), ∀x < ∂Q, ε¿©�. (17.1)

¯¢þ,e x <Q,K x < supp(gχQ). u´

(
T(ε)
−T

)
(gχQ)(x) =

∫
Rn

(
K(ε)(x, y)−K(x, y)

)
(gχQ)(y)dy

=

∫
|x−y|≤ε

K(x, y)(gχQ)(y)dy (17.2)

→ 0 (ε→ 0)

þª���1¤á´Ï�� ε < dist
(
x,supp(gχQ)

)
�,ª (17.2) o�". l� x <Q�ä

ó (17.1)¤á.

e x <{Q,= x ∈ IntQ� (�Ò´` x´S:),k

(
T(ε)
−T

)
(gχ{Q)(x) =

∫
|x−y|≤ε

K(x, y)(gχ{Q)(y)dy

= 0, (�ε < dist (x,{Q)�)

u´,é x ∈ IntQ,

(
T(ε)
−T

)
(g)(x) =

(
T(ε)
−T

)
(gχ{Q + gχQ)(x)

=
(
T(ε)
−T

)
(gχ{Q)(x) +

(
T(ε)
−T

)
(gχQ)(x)

=
(
T(ε)
−T

)
(gχQ)(x),

=

χQ
(
T(ε)
−T

)
(g) =

(
T(ε)
−T

)
(gχQ),

äó (17.1)E,¤á.

3 (17.1)¥- ε→ 0,��A�??¤á�ª

(T0−T)(gχQ) = χQ(T0−T)(g).
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6. |^ T0−T��5,é?¿{ü¼ê f =
∑
k��

aQχQ,±9k.�k;|8�¼ê

g,A�??¤á

(T0−T)(g f ) = f (T0−T)(g). (17.3)

2d T0−T´ (2,2).±9{ü¼ê3 L2(Rn)¥�È�5,�þªé?¿ f ∈ L2(Rn)9k.

�k;|8� gÑ¤á.

7. ± B(0, j)P±�:�%, j��»�¥. � j ≤ j′�¤á

(T0−T)(χB(0, j)) = (T0−T)(χB(0, j)χB(0, j′)) = χB(0, j)(T0−T)(χB(0, j′)).

ùL²�3��û½Â�¼ê b¦�

b(x) = (T0−T)(χB(0, j)), x ∈ B(0, j).

ò g = χB(0, j)±9| 3 B(0, j)þ�¼ê f �\ (17.3)��

(T0−T)( f ) = f (T0−T)(χB(0, j)) = b(x) f (x).

ddÒ��N� f 7→ b f ´ L2(Rn)þ�k.�5�f�k ‖b‖L2→L2 ≤ ‖T0‖L2→L2 + ‖T‖L2→L2 .

�â1Ôù0�� Fourier¦f5�, ‖b‖L∞ ≤ ‖T0‖L2→L2 + ‖T‖L2→L2 . �d·��¤
½n 2

�y². 2
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1�lù CarlesonÿÝ� BMO¼ê

lù�ùm©·�0�k'�òÈ.ÛÉÈ©�f� L2 k.5�(J.3e�ù�ï

Ä��È�f´�«;.��òÈ.�f. §� L2 k.5´ÏL Carleson ÿÝ�5�y

²�;(Ü�f��A���5±9�È�f� L2k.5,Ò�±y²�y�òÈ.È©

�f L2k.�Í¶� T(1)½n.

� CarlesonÿÝ�½Â

½Â1 (á(). �½ Rn ¥¥ B = B(x0, r), ¡ T(B) = {(y, t) ∈ Rn+1
+ : y ∈ B, 0 ≤ t ≤ r} � B

�Î/á(. aq/, P Q = Q(CQ, l(Q)) ´ Rn ¥, ¥%3 CQ, >�� l(Q) ��N, ¡

T(Q) = Q× [0, l(Q)] ⊂Rn+1
+ � Q�á(.

½Â2 (CarlesonÿÝ� Carleson¼ê). Rn+1
+ þ�ÿÝ µ¡� CarlesonÿÝ,XJ

‖µ‖C , sup
Q⊂Rn

1
|Q|
µ(T(Q)) <∞.

¡¼ê

C(µ)(x) , sup
Q3x

1
|Q|
µ(T(Q))

� Carleson¼ê. w,
∥∥∥µ∥∥∥

C
= ‖C(µ)‖L∞ .

·���½Â

‖µ‖
cylinder
C

, sup
B⊂Rn

1
B
µ(T(B)),

KØJy²: �3 Cn, C
′

n¦� Cn‖µ‖C ≤ ‖µ‖
cylinder
C

≤ C
′

n‖µ‖C.

~1. Rn+1
+ þ LebesgueÿÝØ´ CarlesonÿÝ.

ù´Ï�,d |Q| = (l(Q))n, |T(Q)| = (l(Q))n+1,Ò�� supQ
|T(Q)|
|Q| = supQ l(Q) =∞.

~2. � L´R2þ�^�½���.éR2
+þ��ÿ8A,½Â µ(A)�A

⋂
L��� Lebesgue

ÿÝ,K µ´ CarlesonÿÝ.

235
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y². ´� |T(Q)
⋂

L| ≤
√

2l(Q),l supQ
|T(Q)|
|Q| ≤ supQ

√
2l(Q)
l(Q) ≤

√
2, � µ´ Carlesonÿ

Ý. 2

~3. aq�,� L´ Rn+1 ¥ n��²¡. ∀A ⊆Rn+1
+ ´�ÿ8,½Â µ(A) � ”A

⋂
L� n�

LebesgueÿÝ”,K µ´ CarlesonÿÝ.

� ���4�¼ê� CarlesonÿÝ

� F(x, t)´Rn+1
+ þ��ÿ¼ê. é x ∈Rn,P Γ(x)´± x�º:,m���� 1�IN:

Γ(x) =
{
(y, t) ∈Rn+1

+ : |y−x| < t
}
.

¡ Rnþ¼ê

F∗(x) = sup
(y,t)∈Γ(x)

|F(y, t)| (18.1)

� F ����4�¼ê. ù�Vg·�31lù®²0�L. w, F∗(x) ≡ 0 a.e.x ∈ Rn
⇒

F(y, t) ≡ 0.

ù�!·�ïá���4�¼ê� CarlesonÿÝm�éX.�d,k£Á1�Êù0�

L�Whitney©)½n: �m8 U ⊂ Rn, F = Rn
\U , ∅,K�3���SÜpØ����

?�N {Q j}
∞

j=1÷v: 1) U =
∞⋃
j=1

Q j; 2) ∀k ∈N, k
√

nl(Qk) ≤ dist(Qk,F) ≤ 4
√

nl(Qk); 3) e

ü�N Q j
⋂

Qk , ∅,K 1
5 ≤

l(Q j)
l(Qk) ≤ 5; 4)é�½� Q j,�õk 15n ��N Qk����.

�e5,·��ÑXe(Ø:

½n1. ∃Cn > 0,¦�é Rn+1
+ þ�KÿÝ µ9?Û�� µ-�ÿ¼ê F,Ñ¤á

µ
( {

(x, t) ∈Rn+1
+ : |F(x, t)| > α

} )
≤ Cn

∫
{x∈Rn:F∗(x)>α}

C(µ)(x)dx. (18.2)

ùpb�
 α > 0� {x ∈Rn : F∗(x) > α}´ Rn�ýf8.

y². 1. P Ωα = {x ∈Rn : F∗(x) > α}. ky²§´m8.

� x0 ∈Ωα,K F∗(x0) > α,l ∃(y0, t0) ∈ Γ(x0) ¦� F(y0, t0) > α. d�e� z ∈Rn¦�

Γ(z) 3 (y0, t0), Kk F∗(z) > α. e (y0, t0) ∈ Γ(z),K z÷v |z− y0| < t0,= z ∈ B(y0, t0) ⊂Rn. l
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k(Ø: ∀z ∈ B(y0, t0), F∗(z) > α,= B(y0, t0) ⊂Ωα. ,��¡,d |x0− y0| < t0 �� x0 �

B(y0, t0)�S:,¤±�3 x0�,����¹u Ωα. � Ωα´m8.

2. y3é Ωα � Whitney ©), ���x�?�N {Qk}
∞

k=1. é?¿ x ∈ Ωα, ½Â

δα(x) � dist(x,{Ωα),K ∀z ∈Qk,k

δα(z) ≤
√

nl(Qk) + dist(Qk,{Ωα) ≤ 5
√

nl(Qk).

éu Qk,·�P Bk = B(Ck,
√

n
2 l(Qk))��¹ Qk���¥. é?¿ z ∈Qk,du |z−Ck| ≤

√
n

2 l(Qk)±9 δα(z) ≤ 5
√

nl(Qk),K ∀y ∈ B(z,δα(z)),¤á

|y−Ck| ≤

√
n

2
l(Qk) + 5

√
nl(Qk) ≤ 6

√
nl(Qk).

ùÒ¿�X

B(z,δα(z)) ⊂ 12Bk = B(Ck,6
√

nl(Qk)),

l

T(B(z,δα(z))) ⊂ T(12Bk),

u´
⋃
z∈Qk

T(B(z,δα(z))) ⊂ T(12Bk). ?�Úé¤k k�¿,��

⋃
z∈Ωα

T(B(z,δα(z))) ⊂
⋃

k

T(12Bk).

3. e¡y² {
(x, t) ∈Rn+1

+ : |F(x, t)| > α
}
⊂

⋃
z∈Ωα

T(B(z,δα(z))). (18.3)

¯¢þ,� (x, t) ∈ {(x, t) ∈Rn+1
+ : |F(x, t)| > α},= |F(x, t)| > α. lc¡y²�� F∗(y) > α,

∀y ∈ B(x, t). Ïd, B(x, t) ⊂Ωα⇒ δα(x) ≥ t. dá(�½Â, (x, t) ∈ T(B(x,δα(x))). 2d (x, t)

�?¿5,Ò�� (18.3)¤á.

4. ÏLc¡�?Ø,��
{
(x, t) ∈Rn+1

+ : |F(x, t)| > α
}
⊂

⋃
k T(12Bk). du µ´�KÿÝ,

µ
({

(x, t) ∈Rn+1
+ : |F(x, t)| > α

})
≤

∑
k

µ(T(12Bk)).

�ì Carleson¼ê�½Â C(µ)(x) , sup
Q3x

1
|Q|
µ(T(Q)),��

C(µ)(x) ≥
1
|12Bk|

µ(T(12Bk)), ∀x ∈Qk ⊂ 12Bk.
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Ïd,

µ(T(12Bk)) ≤ |12Bk| inf
x∈Qk

C(µ)(x),

l

µ
({

(x, t) ∈Rn+1
+ : |F(x, t)| > α

})
≤

∑
k

|12Bk| inf
x∈Qk

C(µ)(x)

≤

∑
k

|12Bk|
1
|Qk|

∫
Qk

C(µ)(x)dx

=
∑

k

12n |Bk|

|Qk|

∫
Qk

C(µ)(x)dx

= Cn

∑
k

∫
Qk

C(µ)(x)dx

= Cn

∫
Ωα

C(µ)(x)dx,

½n�y. 2

íØ1. e µ´ CarlesonÿÝ,K

µ
( {

(x, t) ∈Rn+1
+ : |F(x, t)| > α

} )
≤ Cn

∥∥∥µ∥∥∥
C

∣∣∣∣{x ∈Rn : F∗(x) > α
}∣∣∣∣ .

y². � {x ∈Rn : F∗(x) > α
}

=Rn �(Øw,¤á;� {x ∈Rn : F∗(x) > α
}
´ Rn �ýf8

�|^½n 1Ú CarlesonÿÝ�½Â=�. 2

íØ2. é?� CarlesonÿÝ µ9 Rn+1
+ þ?Û�� µ-�ÿ¼ê F,k∫

Rn+1
+

|F(x, t)|p dµ(x, t) ≤ Cn
∥∥∥µ∥∥∥

C

∫
Rn
|F∗(x)|p dx, 0 < p <∞.

y². |^©Ù¼êÚ�ª∫
Rn
| f (x)|p dµ(x) = p

∫
∞

0
λp−1µ({x : | f (x) > λ|})dλ.

2

e¡½n´ù�ù�1��Ì�(J.

½n2. � ϕ´ Rnþ�¼ê,��3 0 < C, δ <∞¦�

|ϕ(x)| ≤
C

(1 + |x|)n+δ
. (18.4)
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� µ� Rn+1
+ þ� CarlesonÿÝ,K ∀1 < p <∞, ∃Cp,n(µ)¦� ∀ f ∈ Lp(Rn),¤á∫

Rn+1
+

|ϕt ∗ f (x)|p dµ(x, t) ≤ Cp,n(µ)
∫
Rn
| f (x)|p dx, (18.5)

Ù¥~ê Cp,n(µ) = C(p,n)‖µ‖C.

��,� ϕ ≥ 0÷v (18.4)ª�
∫
{|x|≤1}ϕ(x)dx > 0. e µ� Rn+1

+ þ��KÿÝ,��3

,� p ∈ (1,∞), ∃Cp,n(µ)¦� (18.5)ªé?� f ∈ Lp(Rn)Ñ¤á,K µ´ CarlesonÿÝ,�

‖µ‖C ≤ Cp,n(µ).

y². 1. � µ´ Rn+1
+ þ� CarlesonÿÝ.é F(x, t) , ϕt ∗ f (x),d1lù,��Ù���4

�¼ê

F∗(x) = sup
t>0

sup
|y−x|<t

|ϕt ∗ f (y)|

U� Hardy–Littlewood 4�¼ê M f (x) ¤��: F∗(x) ≤ CnM f (x). u´d Hardy–

Littlewood4��f´ (p,p). (1 < p <∞)�� ‖F∗‖pLp ≤ C(p,n)‖ f ‖pLp . ldíØ 2,∫
Rn+1

+

|F(x, t)|p dµ(x, t) ≤ Cn‖µ‖C

∫
Rn
|F∗(x)|p dx

≤ Cp,n(µ)‖ f ‖pLp .

2. yy½n1��(Ø.� B = B(x0,r) ⊆Rn,é ∀(x, t) ∈ T(B),k

(ϕt ∗χ2B)(x) =

∫
Rn
ϕt(y)χ2B(x− y)dy

=

∫
y∈x−2B

ϕt(y)dy

≥

∫
B(0,t)

ϕt(y)dy

=

∫
B(0,1)

ϕ(y)dy = C0 > 0

þã7ÚØ�ª^�(Ø: e (x, t) ∈ T(B), K B(0, t) ⊂ x− 2B. ¯¢þ, é ∀z ∈ B(0, t), du

|x− z−x0| ≤ |x−x0|+ |z| ≤ r + t±9 t ≤ r,Òk x− z ∈ 2B = B(x0,2r),= z ∈ x−2B.

Ïd, ∫
Rn+1

+

|ϕt ∗χ2B(x)|p dµ(x, t) ≥
∫

T(B)
|ϕt ∗χ2B(x)|p dµ(x, t)

≥ Cp
0µ(T(B)).
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q

Cp,n(µ)
∫
Rn
|χ2B(x)|p dx ≤ Cp,n(µ)|2B|,

|^ (18.5)ª,� f = χ2BÒk

Cp
0µ(T(B)) ≤ Cp,n(µ)2n

|B|,

l
µ(T(B))
|B|

≤ 2n Cp,n(µ)

Cp
0

. 2d B�?¿5,Ò�� µ´ CarlesonÿÝ,�

‖µ‖C ≤ 2nC−p
0 Cp,n(µ).

2

n BMO¼ê� CarlesonÿÝ

e¡y²�!1��Ì�(J.

½n3. � b ∈ BMO(Rn), ψ´ Rnþ²þ�� 0��È¼ê:∫
Rn
ψdx = 0, |ψ(x)| ≤

A
(1 + |x|)n+δ

. (18.6)

P ψt(x) = t−nψ(x
t ), ∆ j( f ) = f ∗ψ2− j .

a) �

sup
ξ∈Rn

∑
j∈Z

|ψ̂(2− jξ)|2 ≤ B2 <∞, (18.7)

¿P δ2− j(t)´ t = 2− j:� DiracÿÝ,K ∃Cn,δ¦�

dµ(x, t) =
∑
j∈Z

|ψ2− j ∗b(x)|2dxδ2− j(t) (18.8)

´ Rn+1
+ þ� CarlesonÿÝ,� ‖µ‖C ≤ Cn,δ(A + B)2

‖b‖2BMO.

b) �

sup
ξ∈Rn

∫
∞

0
|ψ̂(tξ)|2

dt
t
≤ B2 <∞,

Kþã dµ(x, t)���ëY/ª dυ(x, t):

dυ(x, t) = |ψt ∗b(x)|2dx
dt
t
.
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§´ Rn+1
+ þ� CarlesonÿÝ,� ‖υ‖C ≤ Cn,δ(A + B)2

‖b‖2BMO.

c) � δ,A > 0, {Kt}t>0 � R
n
×Rn þ�¼ê, � ∀t > 0, (x, y) ∈ Rn

×Rn, x , y, ¤á

|Kt(x, y)| ≤ Atδ
(t+|x−y|)n+δ .

P Rt´�5�f

(Rt f )(x) =

∫
Rn

Kt(x, y) f (y)dy, (18.9)

§é?¿ f ∈
⋃

1≤p<∞

Lp(Rn)þk½Â.q� Rt(1) = 0, ∀t > 0, � ∃B > 0¦�

∫
∞

0

∫
Rn
|Rt f (x)|2dx

dt
t
≤ B‖ f ‖2L2(Rn), ∀ f ∈ L2(Rn) (18.10)

K ∀b ∈ BMO,ÿÝ |Rt(b)(x)|2 dx
dt
t
´ CarlesonÿÝ,�Ù��õ� Cn,δ(A + B)2

‖b‖2BMO.

y². 1. Äky a). é µ–�ÿ¼ê F(x, t),¤á∫
Rn+1

+

F(x, t)dµ(x, t) =
∑
j∈Z

∫
Rn

F(x,2− j)|(ψ2− j ∗b)(x)|2 dx. (18.11)

é Rn¥?¿��N Q,P Q∗ = 3Q. � F(x, t) = χT(Q)(x, t),Kl (18.11)Ò��

µ(T(Q)) =
∑

2− j≤l(Q)

∫
Q
|(ψ2− j ∗b)(x)|2 dx =

∑
2− j≤l(Q)

∫
Q
|(∆ jb(x)|2 dx.

2. yò b©)�

b = (b−bQ)χQ∗ + (b−bQ)χ{Q∗ + bQ.

du
∫
ψdx = 0,@o ψ2− j ∗bQ = 0. u´

µ(T(Q)) =
∑

2− j≤l(Q)

∫
Q

∣∣∣ψ2− j ∗ ((b−bQ)χQ∗) +ψ2− j ∗ ((b− bQ)χ({Q∗))
∣∣∣2 dx

≤ 2
∑

2− j≤l(Q)

∫
Q
|ψ2− j ∗ ((b− bQ)χQ∗)|2 dx + 2

∑
2− j≤l(Q)

∫
Q
|ψ2− j ∗ ((b−bQ)χ(Q∗)c)|2 dx

, I + II.

3. ·�k

|bQ∗ −bQ| ≤
1
|Q|

∫
Q
|b−bQ∗ |dx ≤

1
|Q|

∫
Q∗
|b−bQ∗ |dx

=
Cn

|Q∗|

∫
Q∗
|b−bQ∗ |dx

≤ Cn||b||BMO. (18.12)
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d Plancherel½nÚ LeviüNÂñ½n,¿|^^� (18.7),¤á

I ≤ 2
∑

2− j≤l(Q)

∫
Q

∣∣∣∣∆ j
[
(b−bQ)χQ∗

]
(x)

∣∣∣∣2 dx

≤ 2
∑
j∈Z

∫
Rn

∣∣∣∆ j[(b− bQ)χQ∗]
∣∣∣2 dx

≤ 2
∑
j∈Z

∫
Rn

∣∣∣ψ̂(2− jξ)
∣∣∣2 ∣∣∣[(b− bQ)χQ∗]∧

∣∣∣2 dξ

≤ 2B2
∫
Rn

∣∣∣∣[(b−bQ)χQ∗
]∧∣∣∣∣2 dξ

= 2B2
∫
Rn
|(b− bQ)χQ∗ |

2 dx = 2B2
∫

Q∗
|b−bQ|

2 dx

= 2B2
∫

Q∗
|(b−bQ∗) + (bQ∗ − bQ)|2 dx

≤ 4B2
|Q∗|

(
1
|Q∗|

∫
Q∗
|b− bQ∗ |

2 dx
)
+ 4B2

|Q∗||bQ∗ − bQ|
2

≤ CnB2
|Q| ‖b‖2BMO .

����Ø�ªØ
^ (18.12),�^
1�où'u BMO¼ê�d½Â�½n 3.

4. 2�OÈ© II. Äk,|^^� (18.6),·�k

∣∣∣∣ψ2− j ∗

[
(b−bQ)χ(Q∗)c

]∣∣∣∣ =

∣∣∣∣∣∫
Rn
ψ2− j(x− y)[(b− bQ)χ(Q∗)c](y)dy

∣∣∣∣∣
≤ A

∫
(Q∗)c

2− jδ
|b(y)− bQ|

(2− j + |x− y|)n+δ
dy.

5¿�e x ∈Q, y ∈{Q∗,Kdu |y−CQ| ≥ 3
√

nlQ/2, |x−CQ| ≤
√

nlQ/2,Òk

2− j + |x− y| ≥ |x− y| ≥ |y−CQ| − |x−CQ|

≥
1
2
|y−CQ|+

3
√

n
4

lQ−
√

n
2

lQ

=
1
2

(
|y−CQ|+

√
n

2
lQ

)
,
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u´

II ≤ CnA2
∑

2− j≤l(Q)

2−2 jδ
∫

Q

∣∣∣∣∣∣
∫

(Q∗)c

|b(y)−bQ|

(|y−CQ|+ |lQ|)n+δ
dy

∣∣∣∣∣∣2 dx

≤ Cn,δA2(lQ)2δ
∫

Q

(∫
(Q∗)c

|b(y)− bQ|

(|y−CQ|+ lQ)n+δ
dy

)2

dx

= Cn,δA2(lQ)2δ
|Q|

(∫
(Q∗)c

|b(y)−bQ|

(|y−CQ|+ lQ)n+δ
dy

)2

≤ Cn,δA2
|Q| ‖b‖2BMO .

ùp����Ø�Ò|^
1�où�½n 1.

5. �ª·���

µ(T(Q)) ≤ Cn,δ(A2 + B2)|Q|||b||2BMO,

l µ´ CarlesonÿÝ,� ||µ||C ≤ Cn,δ(A + B)2
||b||2BMO.

6. b)�aq/y².

7. é c),P b = (b− bQ)χQ∗ + (b− bQ)χ(Q∗)c + bQ. |^ Rt(1) = 0,�Ié Rt[(b− bQ)χQ∗]

3 Q∗þ� L2�O,é Rt[(b− bQ)χ(Q∗)c]3 {(Q∗)þ� L2�O.[!� a)�y²aq. 2

SK 1. y²: e ψ÷v (18.6)ª� |ψ|+ |∇ψ(x)| ≤ A(1 + |x|)−n−δ,K (18.7)ª¤á. 2
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�È�f´�«AÏ;.��òÈ.ÛÉÈ©�f (�´;.���©�f). ·�

òÏL Carleson ÿÝy²§´ (2,2) ., ¿�y§�Ø´ C-Z Ø. ù�±^5y²���

T(1)½n. �d,�ù��·�O��È�f9Ù�Ý (=�)�f3 1þ��^.

� �È�½Â

�È´ÏLé¼ê� Littlewood–Paley©)½Â�. �d,·�k{�0� L-P©).

1. Littlewood–Paley©)

� ϕ(ξ) ∈ D(Rd) = C∞0 (Rd) ´��»�é¡�üN4~�¼ê,÷v^�

ϕ(ξ) = 1, e |ξ| ≤
1
2
,

0 ≤ ϕ(ξ) ≤ 1, e
1
2
≤ |ξ| < 1,

ϕ(ξ) = 0, e |ξ| ≥ 1.

·�½Â

ψ(ξ) � ϕ(ξ/2)−ϕ(ξ) ≥ 0 Ú ψp(ξ) � ψ(2−pξ), p ∈Z.

N´�y

suppψ ⊂
{1

2
≤ |ξ| ≤ 2

}
, suppψp ⊂

{
2p−1
≤ |ξ| ≤ 2p+1

}
,

suppψp∩ suppψq = ∅, ψpψq = 0, e |p−q| ≥ 2,

±9XeØ�:	::¤á��ª

1 =
∑
p∈Z

ψp(ξ), ξ ∈Rd
\ {0}.

245
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dd��1

1
2
≤

∑
q∈Z

ψq(ξ)2
≤ 1, ∀ξ , 0.

éu u ∈ S(Rd),� ξ , 0�¤á

û(ξ) =
∑
p∈Z

ψp(ξ)û(ξ), (19.1)

Ù¥ û = F (u)´ u� FourierC�.5¿XJb� u3 Rd �È©²þ�",@o û(0) = 0,

K (19.1)éu ξ ∈RdÑ¤á.

½Â L-P�f

4pu(x) = F −1
ξ→x

(
ψp(ξ)û(ξ)

)
, p ∈Z,

·�Ò��2Â¼ê u� àg Littlewood–Paley (L-P)©):

u =

∞∑
p=−∞

4pu.

5¿é u ∈ S′,ùpz�� 4pu Ñ´1w¼ê. é q ∈Z,·�½ÂÜ©Ú�

Squ =

q−1∑
p=−∞

4pu = F −1(ϕ(2−qξ)û).

5¿ suppF (Squ) ⊂ {|ξ| ≤ 2q
}.

d½Â,é?Û u ∈ S′,

F (4qu) = ψqû � F (Squ) = ϕqû,

Ù¥ ϕq = ϕ(2−qξ). y��ü¼ê ΨÚ Φ¦� Ψ̂ = ψ, Φ̂ = ϕ.|^úª (F (Φt))(ξ) = ϕ̂(tξ),

Ù¥ Φt(x) = t−nϕ(x/t), t > 0,Òk

4 ju = Ψ2− j ∗u, S ju = Φ2− j ∗u. (19.2)

du Φ, Ψ Ñ´»�é¡�, ¤± 4 j Ú S j Ñ´é¡�f (�Ù=��f��). ��, du

ψ(0) = 0,l
∫
Rn Ψ(x)dx = 0.

1P I0 =
∑

p=óêψp(ξ), I1 =
∑

p=Ûêψp(ξ), @o 1 = (I0 + I1)2
≤ 2(I2

0 + I2
1). �´ I2

0 =
∑

p=óêψp(ξ)2,

I2
1 =

∑
p=Ûêψp(ξ)2.2d ψp ∈ [0, 1]=�(Ø.
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2. �È

·���,��`5,éü�2Â¼ê u, v ∈ S′(Rd),§��¦È uv ´Ã{Ün½Â�.

,, |^ L-P ©), ·��±3,«Cq�¿Âe½Âü�2Â¼ê�È, ¦�§äk�

Ð�©Û5�.

� u =
∑
∞

p=−∞4pu, v =
∑
∞

q=−∞4qv©O� u, v� L-P©). @o/ªþÒk2

uv =
∑

p,q∈Z

4pu4qv

=

∞∑
p=−∞

p−3∑
q=−∞

4pu4qv +

∞∑
q=−∞

q−3∑
p=−∞

4pu4qv +
∑
|p−q|≤2

4pu4qv

=

∞∑
p=−∞

4puSp−2v +

∞∑
q=−∞

4qvSq−2u +
∑
|p−q|≤2

4pu4qv.

½Â1. �½ g,½Â�È�f Pg( f )�

Pg( f ) =

∞∑
q=−∞

4qgSq−2 f . (19.3)

u´3/ªþ·�kXeé¡�©)

uv = Pv(u) + Pu(v) + R(u,v),

Ù¥{�

R(u,v) �
∑
|p−q|≤2

4pu4qv.

�È½Â�Ün5 �
`²þã�È�½Â´Ün�,·�5w���Ì (ÙFourierC

���|8). 3 ¯¢þ, suppF (4qv) ⊂ {2q−1
≤ |ξ| ≤ 2q+1

}, suppF (Sq−2u) ⊂ {ξ| ≤ 2q−2
},u´

�âòÈ�5�,¤á

suppF (4qvSq−2u) ⊂
{1

4
2q
≤ |ξ| ≤

9
4

2q
}
. (19.4)

ùÒ`²��é u, v ∈ S′(Rd), (19.3)¥�?ê3D′(Rn) 2Â¼ê�¿Âe´Âñ�,l

(19.3)k¿Â.
2¦+=¦� u, v ∈ S′ �cü�Ñk½Â,�Xe�Ï¦� uv��5`vk¿Â.Äk´����=

kk.|8 (|8Ø3�¥);Ùg,ù��ªÛ¹X4��S,ù��´Ø#N�.
3·�5¿�e¡�½ny²¥���'�:,Ò´�	���Ì�|85�.
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� �È�f´ (2,2).

½n1. �½ b ∈ BMO(Rd)Ú f ∈ L2(Rd),K?ê
∑
| j|≤M4 jbS j−2 f �M→∞�3 L2¥Âñ.

Pd4�� Pb( f ). dd½Â��f Pb3 L2þk.,¿�¤á

‖Pb‖L2→L2 ≤ Cd ‖b‖BMO .

y². 1. é b ∈ BMO,½ÂÿÝ

dµ(x, t) =
∑
j∈Z

|4 j(b)(x)|2 dxδ2−( j−2)(t).

dþ�ù�� µ´ Rn+1
+ þ� CarlesonÿÝ,�

∥∥∥µ∥∥∥C ≤ Cn ‖b‖2BMO .é�½� f ∈ L2,·�2

½Â¼ê

F(x, t) = (Φt ∗ f )(x).

5¿é?¿ k ∈Z,¤á F(x,2−k) = Sk( f )(x), ë� (19.2).

2. e¡�Ok�� 4 j(b)S j−2( f )Ú� L2�ê. éM, N ∈Z�M ≥N,d Plancherel½

n,¤á

∫
Rn

∣∣∣∣∣∣∣∣
∑

N≤| j|≤M

4 j(b)(x)S j−2( f )(x)

∣∣∣∣∣∣∣∣
2

dx =

∫
Rn

∣∣∣∣∣∣∣∣
∑

N≤| j|≤M

(
4 j(b)(x)S j−2( f )(x)

)∧
(ξ)

∣∣∣∣∣∣∣∣
2

dξ. (19.5)

duz��½� ξ�õ�¹3o�/X (19.4)��/«�¥,léd ξ,��ª��È©

Úª¥�õko�Ø�". 4 u´ÏL CarlesonÿÝ�5� (þ�ù�íØ 2),��

∫
Rn

∣∣∣∣∣∣∣∣
∑

N≤| j|≤M

(
4 j(b)(x)S j−2( f )(x)

)∧
(ξ)

∣∣∣∣∣∣∣∣
2

dξ

≤ 4
∑

N≤| j|≤M

∫
Rn
|(4 j(b)S j−2( f ))∧(ξ)|2 dξ

≤ 4
∑
j∈Z

∫
Rn
|(4 j(b)S j−2( f ))∧(ξ)|2 dξ

≤ 4
∑
j∈Z

∫
Rn
|4 j(b)(x)S j−2( f )(x)|2 dx

= 4
∫
Rn+1
|F(x, t)|2 dµ(x, t) ≤ Cn ‖b‖2BMO

∫
Rn
|F∗(x)|2 dx.

4|^SÈ� Cauchy–SchwartzØ�ª,¤á (
∑n

k=1 ak)2
≤ n

∑n
k=1 a2

k ,e¡� n = 4.
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?�Ú,£Á Φ ∈ S(Rn),l�3»�é¡�üN4~��È���¼ê: |Φ(x)| ≤ Cn/(1 +

|x|)n+1. u´ F∗(x) ≤ CnM f (x),l∫
Rn
|F∗(x)|2 dx ≤ Cn

∫
Rn
|M f (x)|2 dx ≤ Cn

∫
Rn
| f (x)|2 dx.

·���
Ø�ª

4
∑
j∈Z

∫
Rn
|(4 j(b)S j−2( f ))∧(ξ)|2 dξ ≤ Cn ‖b‖2BMO

∫
Rn
| f (x)|2 dx. (19.6)

3. |^þ¡�Ø�ª,��éu?¿ ε > 0,�3 N0¦��M ≥N ≥N0�

∫
Rn

∣∣∣∣∣∣∣∣
∑

N≤| j|≤M

4 j(b)(x)S j−2( f )(x)

∣∣∣∣∣∣∣∣
2

dx ≤ 4
∑

N≤| j|≤M

∫
Rn
|(4 j(b)S j−2( f ))∧(ξ)|2 dξ ≤ ε.

ùÒ´`S�
{∑
| j|≤M4 j(b)(x)S j−2( f )(x)

}∞
M=1

´ L2¥� Cauchy�. PÙ4�� Pb( f ),w,

§'u f ´�5�. d	,|^Ø�ª (19.5)Ú (19.6),� N = 0,Ò��

∥∥∥Pb( f )
∥∥∥2

L2 = lim
M→∞

∥∥∥∥∥∥∥∥
∑
| j|≤M

4 j(b)S j−2( f )

∥∥∥∥∥∥∥∥
2

L2

≤ Cn ‖b‖2BMO

∥∥∥ f
∥∥∥2

L2 ,

l Pb´ L2þk.�5�f�Ù�f�êØ�u Cn ‖b‖BMO. 2

n �È�f�Ø

é�½� b ∈ BMO, �È�f Pb ´�«;.��òÈ. Calderon–Zygmend È©�

f. ¯¢þ,e¡·�ò`²§� SchwarzØ��3Rn
×Rn

\ {(x,x) : x ∈Rn
}þ´��IO

Ø.

·�Äké�½� j,O��f f 7→ 4 jbS j−2 f �Ø.ØJ��

4 jb(x)S j−2 f (x) =

∫
Rn

L j(x, y) f (y)dy,

Ù¥

L j(x, y) � b ∗Ψ2− j(x)2n( j−2)Φ(2 j−2(x− y))

´�ÛÜ�È¼ê. �
�O§���,·�I�Xe{ü(Ø.
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·K1. é b ∈ BMO,¤á sup j∈Z

∥∥∥∆ jb
∥∥∥

L∞(Rn) ≤ Cn ‖b‖BMO .

y². P Q = Q(x0,2− j)´± x0�¥%,>�� ` = 2− j��N, bQ� b3 Qþ�È©²þ.

duΨ´�ü¼ê,�È©²þ�",·�k

|∆ jb(x0)| =

∣∣∣∣∣2 jn
∫
Rn

b(x0− y)Ψ(2 jy)dy
∣∣∣∣∣

=

∣∣∣∣∣2 jn
∫
Rn

(b(x0− y)− bQ)Ψ(2 jy)dy
∣∣∣∣∣

≤ 2 jn
∫
Rn
|

(
b(x0− y)− bQ

)
||Ψ(2 jy)|dy

≤ `−n
∫
Rn
|(b(x0− y)−bQ)|

Cn

1 + (`−1|y|)n+1
dy

= `

∫
Rn
|(b(z)−bQ)|

Cn

`n+1 + |z−x0|n+1
dz

≤ Cn ‖b‖BMO .

ùp����Ø�ª|^
1�où�½n 1. ·K�y. 2

�âþã·K,±9 Φ��ü5,Ò¤á

|L j(x, y)| ≤ Cn ‖b‖BMO
2 jn

(1 + 2 j|x− y|)n+1
,

¿�é?¿�I αÚ β,�â Leibniz{K,ØJ�y

|∂αx∂
β
yL j(x, y)| ≤ Cn,α,β,N ‖b‖BMO

2 j(n+α+β)

(1 + 2 j|x− y|)n+1+N
,

ùp N ≥ |α|+ |β|.

� x , y�,·�©)∑
j∈Z

2 jn

(1 + 2 j|x− y|)n+1
=

∑
j: 2 j|x−y|≤1

2 jn

(1 + 2 j|x− y|)n+1
+

∑
j: 2 j|x−y|≥1

2 jn

(1 + 2 j|x− y|)n+1
(19.7)

= I + II. (19.8)

é1��,�â�'?ê¦Ú��

I ≤
∑

j: 2 j|x−y|≤1

2 jn
≤ Cn|x− y|−n.

é1��,��

II ≤ |x− y|−n−1
∑

j: 2 j|x−y|≥1

2− j
≤ Cn|x− y|−n.
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u´
∑

j L j(x, y)ýéÂñ,�∣∣∣∣∣∣∣∣
∑
j∈Z

L j(x, y)

∣∣∣∣∣∣∣∣ ≤
∑
j∈Z

∣∣∣L j(x, y)
∣∣∣ ≤ Cn ‖b‖BMO

∑
j∈Z

2 jn

(1 + 2 j|x− y|)n+1
≤ Cn ‖b‖BMO |x− y|−n.

·�P

Lb(x, y) =
∑
j∈Z

L j(x, y).

�c¡aq,é x , y,k∣∣∣∣∣∣∣∣
∑
j∈Z

∂αx∂
β
yL j(x, y)

∣∣∣∣∣∣∣∣ ≤
∑
j∈Z

∣∣∣∣∂αx∂βyL j(x, y)
∣∣∣∣ = Cn,α,β,N ‖b‖BMO

∑
j∈Z

2 j(n+α+β)

(1 + 2 j|x− y|)n+1+N

≤ Cn,α,β ‖b‖BMO |x− y|−(n+|α|+|β|).

u´ Lb(x, y)�Å�¦�,�·��ªy²


∣∣∣∣∂αx∂βyLb(x, y)
∣∣∣∣ ≤ Cn,α,β ‖b‖BMO |x− y|−(n+|α|+|β|). (19.9)

dd,�½ x < supp f ,�� supp f ´;8,Kd Lesbegue��Âñ½n,

(Pb f )(x) =
∑
j∈Z

(4 jb)(x)(S j−2 f )(x) =
∑
j∈Z

∫
Rn

L j(x, y) f (y)dy =

∫
Rn

Lb(x, y) f (y)dy.

¤±�f Pb�ØÒ´ Lb(x, y),�§÷vØ�ª (19.9). ù�·�Òy²


½n2. �È�f Pb�Ø´IOØ,= Pb´ CZO�f.

dd�� Pb �=��f Pt
b �´ C-Z�f,�§�Ø´ Lt

b(x, y) = Lb(y,x). ,��¡,

�â=��f½Â,

(g, Pt
b( f )) = (Pb(g), f ) =

∑
j∈Z

∆ jbS j−2g, f

 =
∑
j∈Z

(
∆ jbS j−2g, f

)
=

∑
j∈Z

(
S j−2g, (∆ jb) f

)
=

∑
j∈Z

(
g, S j−2((∆ jb) f )

)
=

g,
∑
j∈Z

S j−2((∆ jb) f )

 ,
¤± Pt

b( f )) =
∑

j∈ZS j−2((∆ jb) f ). AO/,�ì�8ù½n 1, Pt
b´ (H1, L1)..
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o �È�f3 1þ��^

�
y² T(1)½n,·�I�Xe(Ø.

½n3. �½ b ∈ BMO, Pb´éA��È�f,K Pb(1) = b ∈ BMO, Pt
b(1) = 0 ∈ BMO.

y². 1. �½ ϕ ∈D0(Rn) (È©�"� C∞0 (Rn)¼ê), ±9�x��k.�äk;|8�

1w¼ê {ηN}
∞

N=1, ¦�� N→∞ �, ηN→ 1. Ø���5, ��¤k� ηN 3 B(y0,3R)

þ�� 1.ùp B(y0,R) ⊃ suppϕ. ·��±½Â Pb(1) (� ηN �À�Ã'),¦� ∀N ≥ 1¤

á (ë��8ù (16.10)ª)

〈Pb(1),ϕ〉 =

∫
Rn

∑
j∈Z

∆ jb(x)S j−2(ηN)(x)ϕ(x)dx +

∫
Rn

(∫
Rn

Lb(x, y)ϕ(x)dx
)

(1−ηN(y))dy

� I + II.

2. kwÈ© II.du
∫
ϕdx = 0,|^ (19.9),

|II| =

∣∣∣∣∣∣
∫
Rn

(∫
Rn

(
Lb(x, y)−Lb(y0, y)

)
ϕ(x)dx

)
(1−ηN(y))dy

∣∣∣∣∣∣
≤

∫
|y−y0|≥3R

∫
|x−y0|<R

A|y0−x|
|y0− y|n+1

|1−ηN(y)| · |ϕ(x)|dxdy

≤

∫
|x−y0|≤R

A|x− y0| · |ϕ(x)|dx
∫

|y−y0|≥3R

1−ηN(y)
|y− y0|n+1

dy

≤ AR
∥∥∥ϕ∥∥∥

L1

∫
|y−y0|≥3R

1−ηN(y)
|y− y0|n+1

dy.

du N→∞�
1−ηN(y)
|y− y0|n+1

'u yA�??Âñu",�

1−ηN(y)
|y− y0|n+1

≤
2

|y− y0|n+1
∈ L1({B(y0,3R)),

d Lebesgue��Âñ½n, II→ 0.

3. 2�O I.�Iy² I→
∫
Rn

b(x)ϕ(x)dx (N→∞).

·�5¿¤á S j−2(1) ≡ 1, ∀ j ∈Z.¯¢þ,

S j(1) = 1 ∗Φ2− j =

∫
Φ2− j(y)dy = 1.
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q S jÚ ∆ jÑ´é¡�f,|^òÈ�5�,¤á∫
f S j(g)dx =

∫
gS j( f )dx, ∀ f ∈ L1, g ∈ L∞.

y3,é ϕ ∈ D0(Rn) ⊂H1 (5¿§´� (1,1)�f��ê), ·�k

∫
Rn

∑
j∈Z

(∆ jb)S j−2(ηN)ϕdx

=
∑
j∈Z

∫
Rn

(∆ jb)S j−2(ηN)ϕdx [ηN ∈ L2,¤±?ê3 L2 ¥Âñ,q ϕ ∈ L2]

=
∑
j∈Z

∫
Rn
ηNS j−2((∆ jb)ϕ)dx [S j´é¡�f]

=

∫
Rn
ηN

∑
j∈Z

S j−2((∆ jb)ϕ)dx [?ê3 L1¥Âñ,|^�f Pt
b� (H1,L1) .]

→

∫
Rn

∑
j∈Z

S j−2

(
(∆ jb)ϕ)

)
dx (N→∞) [��Âñ½n]

=
∑
j∈Z

∫
Rn

S j−2(∆ jb(ϕ))dx [?ê3 L1¥Âñ]

=
∑
j∈Z

∫
Rn

S j−2(1)(∆ jb)ϕdx [S j´é¡�f]

=
∑
j∈Z

∫
Rn

(∆ jb)ϕdx =
∑
j∈Z

∫
Rn

b∆ jϕdx =
∑
j∈Z

〈b,∆ jϕ〉

= 〈b,
∑
j∈Z

∆ jϕ〉 = 〈b,ϕ〉.

ùp�����Ò´Ï�
∑
j∈Z

∆ jϕ3H1¥Âñ� ϕ (� [13]¥Äu L-P©)éH1��d

½Â),±9 (H1)∗ = BMO.u´ N→∞�È© I→ 〈b,ϕ〉. ù�·�Òy²
 ∀ϕ ∈ D0(Rn),

¤á 〈Pb(1),ϕ〉 = 〈b,ϕ〉,=3 BMO�m¥ Pb(1) = b.

4. �Xy² Pt
b(1) = 0.d½Â,

〈Pt
b(1),ϕ〉 =

∫
Rn

∑
j∈Z

S j−2(∆ j(b)ηN)(x)ϕ(x)dx +

∫
Rn

(∫
Rn

Lt
b(x, y)ϕ(x)dx

)
(1−ηN(y))dy = I + II.

�1 2Ú��,�±y² N→∞� II→ 0.

5. du ϕ ´ H1 ¥��� (1,1) �f�,��ê, q Pb Ú Pt
b Ñ´ (H1,L1) ., ¤±
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Pb(ϕ) ∈ L1,l N→∞�
∫
ηNPb(ϕ)dx→

∫
Pb(ϕ)dx. u´

I =

∫
Pt

b(ηN)ϕdx =

∫
ηNPb(ϕ)dx→

∫
Pb(ϕ)dx.

¤±e¡�Iy²

∫
Pb(ϕ)dx = 0.

6. du Pb´ (H1,L1)., ϕ ∈H1,¤±?ê
∑
j∈Z

∆ j(b)S j−2(ϕ)3 L1¥Âñ. (ùò3e¡

1 7Ú��y².) dd,∫
Rn

Pb(ϕ)dx =

∫
Rn

∑
j∈Z

∆ j(b)S j−2(ϕ)dx =
∑
j∈Z

∫
Rn

∆ j(b)S j−2(ϕ)dx.

éz�� j ∈Z,|^ ∆ j(b)Ú S j−2(ϕ)� FourierC��|8Ø��,K∫
Rn

∆ j(b)S j−2(ϕ)dx =
(
∆ j(b)S j−2(ϕ)

)∧
(0) = cn∆̂ j(b) ∗ ̂S j−2(ϕ)(0)

= cn

∫
Rn

∆̂ j(b)(y) ̂S j−2(ϕ)(−y)dy = 0.

ùÒy²


∫
Pb(ϕ)dx = 0.

7. e¡y²?ê
∑
j∈Z

∆ j(b)S j−2(ϕ)3 L1(Rn)¥Âñ. du ϕ ∈ L2,·���ù�?ê3

L2¥Âñ.

�¥ B = B(y0,R) ⊃suppϕ,K?ê3 L2(3B) ¥Âñ,l3 L1(3B) ¥Âñ.

�½ x ∈{(3B),q� Z�k�f8 F, K|^é L j9Ù�ê��O(19.9),

∑
j∈F

∣∣∣∣∣∫
Rn

L j(x, y)ϕ(y)dy
∣∣∣∣∣ =

∑
j∈F

∣∣∣∣∣∫
B
(L j(x, y)−L j(x, y0)ϕ(y)dy

∣∣∣∣∣
≤ Cn

∫
B

∑
j∈F

|y− y0|2nj2 j

(1 + 2 j|x− y0|)n+2
|ϕ(y)|dy

≤ Cn
1

|x− y0|n+1

∫
B
|y− y0| · |ϕ(y)|dy [31 8Úy²]

≤ CnR
∥∥∥ϕ∥∥∥

L1

1
|x− y0|n+1

òþªü>'u x ∈{(3B)È©,Ò��

∑
j∈F

‖ ∆ jbS j−2(ϕ) ‖L1((3B)c)≤ Cn ‖ ϕ ‖L1 ,

l
∑
j∈Z

∆ jbS j−2(ϕ)3L1(Rn)¥Âñ.
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8. e¡y²
∑
j∈F

2nj2 j

(1 + 2 j|x− y0|)n+2
≤ Cn

1
|x− y0|n+1

.

- J1 = { j : 2 j
|x− y0| ≥ 1}∩F, J2 = { j : 2 j

|x− y0| < 1}∩F,K�>Úª�©)�
∑
J1

+
∑
J2

ü

Ü©. |^�'?ê¦Ú,Òk

∑
J1

≤

∑
J1

2(n+1) j

2(n+2) j|x− y0|n+2
=

1
|x− y0|n+2

∑
J1

1
2 j

≤
1

|x− y0|n+2 (Cn|x− y0|) =
Cn

|x− y0|n+1
,

±9

∑
J2

≤

∑
J2

2(n+1) j
≤ Cn

(
1

|x− y0|

)n+1

.

lØ�ª�y. 2
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Õáuc¡�SN,ù�ù·�0�NÚ©Û¥ïÄHilbert�m¥�5�fk.5�

~^����{:ò�f©)����f�Ú,|^ù��f���k.59§��m�A

���55¦Ú,y²Ú�f�k.5. ·�Äk0�Äu�¼©Û� Cotlar–Knapp–Stein

A����f�Âñ½n,,�?Ø�a^È©Ø¼ê5��x��f��¦Ú,�öòÚ

�È�f�å,^5y²e�ù�'u C-Z�f L2 k.5� T(1)½n.

� Cotlar–Knapp–SteinA���½n

½n1. � {T j} j∈Z´ Hilbert�m Hþ��xk.�5�f. ��3¼ê γ : Z→R+¦�

∥∥∥∥T∗jTk

∥∥∥∥
H→H

+
∥∥∥T jT∗k

∥∥∥
H→H < γ( j− k), ∀ j, k ∈Z. (20.1)

q� A �
∑
j∈Z

√
γ( j) <∞. K±e(Ø¤á:

a) é Z�?Û��k�f8 Λ,Ñ¤á

∥∥∥∥∥∥ ∑
j∈Λ

T j

∥∥∥∥∥∥
H→H

≤ A;

b) ∀x ∈H,¤á
∑
j∈Z

∥∥∥T j(x)
∥∥∥2

H ≤ A2
‖x‖2H ;

c) ∀x ∈H,� N→∞�S�
∑
| j|≤N

T j(x)3 H¥Âñ�,� T(x).dd½Â��5�f T3

Hþk.,� ‖T‖H→H ≤ A.

T½ny²¥^�
�Åz�g�,�~��'5¬�.

y². 1. ky² a). £��¼©Û(Ø: P S∗ � S ��Ý�f, K ‖S∗‖H→H =

‖S‖H→H , ‖S∗S‖H→H = ‖SS∗‖H→H = ‖S‖2H→H. 3^� (20.1)¥,� j = k,Ò�� 2
∥∥∥∥T jT∗j

∥∥∥∥
H→H

≤

γ(0)⇒
∥∥∥T j

∥∥∥ ≤ √
γ(0). qe S = S∗, K

∥∥∥S2
∥∥∥ = ‖S‖2. ���/, ‖Sm

‖ = ‖S‖m, Ù¥, m = 2k .

u´é S =

 ∑
j∈Λ

T j

 ∑
j∈Λ

T∗j

, du S = S∗,¤á

∥∥∥∥∥∥∥∥
∑
j∈Λ

T j

∥∥∥∥∥∥∥∥
2

=

∥∥∥∥∥∥∥∥

∑

j∈Λ

T j


∑

j∈Λ

T∗j




m∥∥∥∥∥∥∥∥
1
m

=

∥∥∥∥∥∥∥∥
∑

j1,··· , j2m∈Λ

(T j1T∗j2)(T j3T∗j4) · · · (T j2m−1T∗j2m
)

∥∥∥∥∥∥∥∥
1
m

.

257
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·�©ü«�{�OmàL�ª. �´∥∥∥∥(T j1T∗j2)(T j3T∗j4) · · · (T j2m−1T∗j2m
)
∥∥∥∥ ≤ ∥∥∥∥T j1T∗j2

∥∥∥∥∥∥∥∥T j3T∗j4

∥∥∥∥ · · ·∥∥∥∥T j2m−1T∗j2m

∥∥∥∥
≤ γ( j1− j2)γ( j3− j4) · · ·γ( j2m−1− j2m),

2´��∥∥∥∥T j1(T∗j2T j3) · · · (T∗j2m−2
T j2m−1)T∗j2m

∥∥∥∥ ≤ ∥∥∥T j1

∥∥∥ · ∥∥∥∥T∗j2T j3

∥∥∥∥ · · ·∥∥∥∥T∗j2m−2
T j2m−1

∥∥∥∥ · ∥∥∥∥T∗j2m

∥∥∥∥
≤

√
γ(0)γ( j2− j3)γ( j4− j5) · · ·γ( j2m−2− j2m−1)

√
γ(0).

üª�¦2m�,Ò��∥∥∥∥T j1T∗j2 · · ·T j2m−1T∗j2m

∥∥∥∥ ≤ √
γ(0)

√
γ( j1− j2)γ( j2− j3)γ( j3− j4) · · ·γ( j2m−1− j2m).

u´∥∥∥∥∥∥∥∥
∑
j∈Λ

T j

∥∥∥∥∥∥∥∥
2

≤

 ∑
j1, j2,··· j2m∈Λ

√
γ(0)

√
γ( j1− j2) · · ·

√
γ( j2m−1− j2m)


1
m

≤

√γ(0)
∑

j2m∈Λ

∑
j2m−1∈Λ

· · ·
∑

j2∈Λ

∑
j1∈Λ

√
γ( j1− j2)

 √
γ( j2− j3)

 · · · √γ( j2m−1− j2m)




1
m

≤

 ∑
j2m∈Λ

A2m−1
√
γ(0)


1
m

= γ(0)
1

2m A
2m−1

m |Λ|
1
m → A2. (m→∞)

5¿�>� mÃ',ùÒy²


∥∥∥∥∥∥ ∑
j∈Λ

T j

∥∥∥∥∥∥ ≤ A.

2. �Xy² b). ·��^� Rademacher¼ê1

r j(t) = sgn(sin2 jπt), j ∈N∪{0}, t ∈ [0,1].

ØJ�yùx¼ê÷vXe5�:

• ��5:
∫ 1

0
r j(ω)rk(ω)dω =


0 j , k,

1 j = k;

1T¼ê�VÇ¿ÂXe: ò ω ∈ (0,1)L«��?��ê,���� BernoulliÁ����:,�LÃ�

gÝ�qM1Ñy�(J (�¡P� 1,�¡P� 0),K r j(ω)Ò´ ω�1 j �ê,=1 jgÑy�(J.

¤± r j�±w����ÅCþ. r j�m�Õá5¿�X§���¼ê���5.
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• r j(ω)��½� 1, ½� −1.

y3,�½ x ∈H,K∫ 1

0

∥∥∥∥∥∥∥∥
∑
j∈Λ

r j(ω)T j(x)

∥∥∥∥∥∥∥∥
2

H

dω =

∫ 1

0

〈∑
j∈Λ

r j(ω)T j(x),
∑
k∈Λ

rk(ω)Tk(x)
〉

H

dω

=
∑
j∈Λ

∥∥∥T j(x)
∥∥∥2

H +

∫ 1

0

∑
j,k∈Λ, j,k

r j(ω)rk(ω)
〈
T j(x),Tk(x)

〉
H

dω

=
∑
j∈Λ

∥∥∥T j(x)
∥∥∥2

H .

é�½� ω ∈ [0,1],é�fx r j(ω)T j^(Ø a) (5¿^� (20.1)E,¤á,Ï� r j(ω) = ±1),

Ò��
∥∥∥∑ j∈Λ r j(ω)T j(x)

∥∥∥
H
≤ A‖x‖H,l

∑
j∈Λ

∥∥∥T j(x)
∥∥∥2

H =

∫ 1

0

∥∥∥∥∥∥∥∥
∑
j∈Λ

r j(ω)T j(x)

∥∥∥∥∥∥∥∥
2

H

dω ≤ A2
‖x‖2H .

d Λ�?¿5,Ò��
∑

j∈Z

∥∥∥T jx
∥∥∥2

H ≤ A2
‖x‖2H . b)�y.

3. e¡·�^�y{y² c). b�
{∑N

j=−N T j(x)
}
N
Ø´ H¥� Cauchy �,K ∃ε > 0,

1 ≤N1 <N2 < · · · ¦�

‖T̃k(x)‖H ≥ ε,

ùp T̃k(x) =
∑

Nk≤| j|<Nk+1

T j(x).

é�½� ω ∈ [0,1],�Ä S j(x) � rk(ω)T j,Ù¥ Nk ≤ | j| <Nk+1. ´�é S j¤á a),l∥∥∥∥∥∥∥
k∑

l=1

rl(ω)T̃l(x)

∥∥∥∥∥∥∥
H

=

∥∥∥∥∥∥∥∥
k∑

l=1

∑
Nl≤| j|<Nl+1

rl(ω)T j(x)

∥∥∥∥∥∥∥∥
H

≤ A‖x‖H.

òþªü>²�¿'u ω3 [0, 1]þÈ©,K∫ 1

0

∥∥∥∥∥∥∥
k∑

l=1

rl(ω)T̃l(x)

∥∥∥∥∥∥∥
2

H

dω ≤ A2
‖x‖2H.

,��¡, ∫ 1

0

∥∥∥∥∥∥∥
k∑

l=1

rl(ω)T̃l(x)

∥∥∥∥∥∥∥
2

H

dω =

∫ 1

0

〈 k∑
l=1

rl(ω)T̃l(x),
k∑

m=1

rm(ω)T̃m(x)
〉

dω

=

∫ 1

0

k∑
l=1

rl(ω)2
〈T̃l(x), T̃l(x)〉dω

=

k∑
l=1

‖T̃l(x)‖2H,
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Ïd,·�y²

k∑

l=1
‖T̃l(x)‖2H ≤ A2

‖x‖2H,=?ê
∑

l∈N
‖T̃l(x)‖2H Âñ. ù� ‖T̃k(x)‖2H ≥ ε

2gñ�

¤±·���
{∑N

j=−N T j(x)
}
N
´ Hilbert�m H¥� Cauchy�. u´4��3,P�

lim
N→∞

N∑
j=−N

T j(x) = T(x). H ¥Âñ

d®y²�5� a),Òk

‖Tx‖H = lim
N→∞

∥∥∥∥∥∥∥∥
N∑

j=−N

T j(x)

∥∥∥∥∥∥∥∥
H

≤ lim
N→∞

∥∥∥∥∥∥∥∥
N∑

j=−N

T j

∥∥∥∥∥∥∥∥
H→H

‖x‖H ≤ A‖x‖H .

= ‖T‖H→H ≤ A. 2

� È©�f��\5

e¡·�|^Cotlar–Knapp–SteinA���5½n5y²Xe^È©Ø�x��A�

�f�Ú�Âñ�(Ø.e�ù¥ T(1)½n´Äuù�(Øy²�.

½n2. é Rn
×Rn þ��x¼ê K j(x, y) ( j ∈Z),��3~ê 0 < δ, A, γ <∞¦� K j(x, y)

÷v

1) Û5rÝ^�:

|K j(x, y)| ≤
A2nj

(1 + 2 j|x− y|)n+δ
;

2) �K5^�:

|K j(x, y)−K j(x, y′)| ≤ A2γ j2nj
|y− y′|γ, e 2 j

|y− y′| < 1,

|K j(x, y)−K j(x′, y)| ≤ A2γ j2nj
|x−x′|γ, e 2 j

|x−x′| < 1;

3) ��5^�:
∫
Rn K j(x, y)dx = 0,

∫
Rn K j(x, y)dy = 0, ∀ j ∈Z,∀x, y ∈Rn.

½Â T j f (x) =
∫
Rn K j(x, y) f (y)dy, f ∈ L2(Rn). K?ê

∑
j∈ZT j( f )3 L2¥Âñu,�¼ê T f .

dd½Â� T�L2þ�k.�5�f: ‖T‖L2→L2 ≤ Cn,δ,γA.

�y²ù�½n,·�£Á Schur½n:
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½n3 (Schur½n). � K(x, y)´¦ÈÿÝ�m (X×Y,µ×ν)þ�ÛÜ�È¼ê,�

sup
x∈X

∫
Y
|K(x, y)|dν(y) = A <∞, sup

y∈Y

∫
X
|K(x, y)|dµ(x) = B <∞.

K T f (x) =
∫

Y K(x, y) f (y)dν(y) ( f ∈ L∞(Y,ν)äk;|8) �òÿ� Lp(Y,ν) 7→ Lp(X,µ) þ�

k.�5�f,�

‖T‖ ≤ A1− 1
p B

1
p , (1 ≤ p ≤∞).

y². d^�´�

|(T f )(x)| ≤ A‖ f ‖L∞ , ∀x ∈ X,

l�f T´ (∞, ∞).. ey T� (1,1).:

‖T f ‖L1 ≤

∫
X

∣∣∣∣∣∫
Y

K(x, y) f (y)dν(y)
∣∣∣∣∣ dµ(x)

≤

∫
Y

(∫
X
|K(x, y)|dµ(x)

)
| f (y)|dν(y)

≤ B‖ f ‖L1 .

|^ Riesz��½n=�(Ø. 2

d Schur½n´�½n 2¥½Â�z��f T j Ñ´ L2(Y) 7→ L2(X) �k.�5�f.

e¡´½n 2�y².

y². 1. ·��y²

‖T∗jTk‖ ≤ cA22−
1
4

δ
n+δ min(γ,δ)| j−k|, (20.2)

‖T jT∗k‖ ≤ cA22−
1
4

δ
n+δ min(γ,δ)| j−k|. (20.3)

ùp 0 < c = c(n,γ,δ) <∞.

XJª (20.2) (20.3)Ñ¤á,K�½Â¼ê γ( j)�

γ( j) = 2cA22−
1
4

δ
n+δ min(γ,δ)| j|,

§÷v ∑
j∈Z

√
γ( j) =

√

2cA
∑
j∈Z

2−B| j| <∞,

ùp B = 1
8
δ

n+δ min(γ,δ). u´|^ Cotlar–Knapp–SteinA���5½n·�Òy²
(Ø.
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2. ·��Iy² (20.2)ª. ù´Ï��3 (20.2)ª¥ò T j�¤ T∗j, T∗j �È©Ø÷v

� K j(x, y)�Ó�^�.Ïd (20.3)ª�d (20.2)ª��íÑ.

3. é (20.2)ª,·��Iy² j ≥ k��/. ¯¢þ,� j ≤ k�,·�k

‖T∗jTk‖ = ‖(T∗kT j)∗‖ = ‖T∗kT j‖ ≤ cA22−2B|k− j|,

Ó���
 (20.2)ª.

4. e¡é j ≥ k��/y² (20.2)ª. ¯¢þ,d

Tk f (y) =

∫
Rn

Kk(y,z) f (z)dz, T∗j f (x) =

∫
Rn

K j(y,x) f (y)dy,

·���

(T∗jTk)( f )(x) =

∫
Rn

∫
Rn

K j(y,x)Kk(y,z) f (z)dzdy

=

∫
Rn

(∫
Rn

K j(y,x)Kk(y,z)dy
)

f (z)dz,

l T∗jTk�È©Ø´ L jk(x, y) =
∫
Rn K j(z,x)Kk(z, y)dz.

|^ Schur½n��,·��Iy²:

sup
x∈Rn

∫
Rn
|L jk(x, y)|dy ≤ cA22−

1
4

δ
n+δ min(γ,δ)| j−k|,

sup
y∈Rn

∫
Rn
|L jk(x, y)|dx ≤ cA22−

1
4

δ
n+δ min(γ,δ)| j−k|.

5. �d,·�y²: é k ≤ j,¤á∫
Rn

2nj min(1,2kγ
|u|γ)

(1 + 2 j|u|)n+δ
du ≤ Cn,δ2−

1
2 min(γ,δ)( j−k).

¯¢þ,·��Iy² j = 0 (k ≤ 0)��/. ù´Ï�� j , 0�,�- ũ = 2 ju,l

�ª�> =

∫
Rn

min(1,2kγ
|ũ2− j

|
γ)

(1 + |ũ|)n+δ
dũ

=

∫
Rn

min(1,2k̃γ
|ũ|γ)

(1 + |ũ|)n+δ
dũ (k̃ = k− j ≤ 0)

≤ Cn,δ2−
1
2 min(γ,δ)(−k̃) = Cn,δ2−

1
2 min(γ,δ)( j−k),

=����/.
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� j = 0(k ≤ 0)�,k

∫
Rn

min(1,2kγ
|u|γ)

(1 + |u|)n+δ
du

=

∫
|u|≤2−k

min(1, (2k
|u|)γ)

(1 + |u|)n+δ
du +

∫
|u|>2−k

min(1, (2k
|u|)γ)

(1 + |u|)n+δ
du

≤

∫
|u|≤2−k

(2k
|u|)

1
2 min(γ,δ)

(1 + |u|)n+δ
du +

∫
|u|>2−k

1
(1 + |u|)n+δ

du

≤ 2
1
2 min(γ,δ)k

∫
Rn

1
(1 + |u|)n+δ/2

du +

∫
|u|>2−k

1
|u|n+δ

du

= Cn,δ2
1
2 min(γ,δ)k + Cn.δ2kδ

≤ Cn,δ2
1
2 min(γ,δ)k. [5¿ (k ≤ 0)]

ùp1�� ”≤”´Ï� |u|
1
2 min{γ,δ}k

≤ (1 + |u|)
1
2 min{γ,δ}k

≤ (1 + |u|)
δ
2 .

6. £�1 4Ú�¯K.� k ≤ j�,^��5,

|L j,k(x, y)| =

∣∣∣∣∣∫
Rn

K j(z,x)Kk(z, y)dz
∣∣∣∣∣

≤

∣∣∣∣∣∫
Rn

[Kk(z, y)−Kk(x, y)]K j(z,x)dz
∣∣∣∣∣

≤ 2A2
∫
Rn

2nk min(1, (2k
|x− z|)γ)

2nj

(1 + 2 j|z−x|)n+δ
dz.

¯¢þ,� (2k
|x− z|)γ ≤ 1�,|^�K5^�,��

|Kk(z, y)−Kk(x, y)| ≤ A2nk(2k
|x− z|)γ;

� (2k
|x− z|)γ > 1�,|^Û5rÝ^�,��

|Kk(z, y)−Kk(x, y)| ≤ |Kk(z, y)|+ |Kk(x, y)| ≤ 2A2nk;

2é K j(z,x)$^Û5rÝ^�,=���þã'u L j,k(x, y)�Ø�ª.

u´|^1 5Ú¤y�Ø�ª,��

|L j,k(x, y)| ≤ CA22nk2−
1
2 min(γ,δ)( j−k). (20.4)



264 1��ù A�����f�\5

7. ,��¡,é k ≤ j,

|L j,k(x, y)| ≤
∫
Rn
|K j(z,x)||Kk(z, y)|dz

≤

∫
Rn

A2nj

(1 + 2 j|z−x|)n+δ

A2nk

(1 + 2k|z− y|)n+δ
dz

≤ CA2 2nk

(1 + 2k|y−x|)n+δ
. (20.5)

ùp^�
±e¯¢:

Ún1. ∀a, b ∈Rn, ∀µ, ν ∈R, ∀M, N ∈R, M, N > n,¤á

I[a,µ,M,b,ν,N] ,
∫
Rn

2µn

(1 + 2µ|x− a|)M
2νn

(1 + 2ν|x− b|)N dx

≤ C
2min(µ,ν)n

(1 + 2min(µ,ν)|a− b|)min(M,N)
,

Ù¥ C = ωn
(

M4N

M−n + N4M

N−n

)
.

8. |^é L j,k(x, y)�ü��O,= (20.4)Ú (20.5),·���

|L jk(x, y)| ≤
(
CA22nk2−

1
2 min(γ,δ)( j−k)

) δ
2

n+δ

(
CA2 2nk

(1 + 2k|y−x|)n+δ

) n+ δ2
n+δ

=
CA22nk2−

1
4

δ
n+δ min(γ,δ)( j−k)

(1 + 2k|x− y|)n+ δ
2

.

¤±,·�O���∫
Rn
|L jk(x, y)|dy ≤ CA2

∫
Rn

2nk

(1 + 2k|x− y|)n+ δ
2

dy 2−
1
4

δ
n+δ min(γ,δ)( j−k)

≤ cA22−
1
4

δ
n+δ min(γ,δ)( j−k),∫

Rn
|L jk(x, y)|dx ≤ CA2

∫
Rn

2nk

(1 + 2k|x− y|)n+ δ
2

dx 2−
1
4

δ
n+δ min(γ,δ)( j−k)

≤ cA22−
1
4

δ
n+δ min(γ,δ)( j−k).

ùÒ�¤
½n�y². 2

��·��ÑÚn 1�y²V�.

y². 1. Äk·�k ∫
Rn

dx
(1 + |x|)M ≤

ωn

M−n
(M > n).
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ùp ωn´ n−1�ü ¥¡L¡È.

Ø�� ν ≤ µ,±e©ü«�/?Ø.

2. � 2ν|a−b| ≤ 1�,k

2νn

(1 + 2ν|x− b|)N ≤ 2νn
≤

2νn2min(M,N)

(1 + 2ν|a− b|)min(M,N)
,

l

I[a,µ,M,b,ν,N] ≤
2νn2min(M,N)

(1 + 2ν|a−b|)min(M,N)

∫
Rn

2µn

(1 + 2µ|x− a|)M dx

=
2νn

(1 + 2ν|a−b|)min(M,N)
2min(M,N) ωn

M−n
.

3. � 2ν|a−b| > 1�,·�P

Ha � {x ∈Rn : |x− a| < |x−b|}, Hb � {x ∈Rn : |x− b| < |x− a|},

§�©O´�¹ aÚ b�±�ã ab�¥R²¡�©.¡���m. e¡òÈ©©O3 Ha

Ú Hbþ�O.

∀x ∈Hb, 5¿�¤á |x−a|> 1
2 |a−b|,2|^ 2µ−1

|a−b|= 2 ·2ν|a−b|2µ−ν−2
≥ 2µ−ν−2(2ν|a−

b|+ 1),·�k

2µn

(1 + 2µ|x− a|)M ≤
2µn

(2µ 1
2 |a− b|)M

≤
4M2(ν−µ)(M−n)2νn

(1 + 2ν|a−b|)M .

¤±,5¿�·�b� ν ≤ µ, M > n,K∫
Hb

2µn

(1 + 2µ|x− a|)M
2νn

(1 + 2ν|x− b|)N dx ≤
4M2(ν−µ)(M−n)2νn

(1 + 2ν|a− b|)M

∫
Hb

2νn

(1 + 2ν|x− b|)N dx

≤
ωn

N−n
4M2νn

(1 + 2ν|a−b|)M

≤
ωn4M

N−n
2νn

(1 + 2ν|a−b|)min(M,N)
. (20.6)

4. ∀x ∈Ha,�aqy². ¯¢þ,�â

2ν−1
|a− b| = 2 ·2ν|a−b|2−2

≥ 2−2(2ν|a−b|+ 1),

¿5¿ |x−b| ≥ 1
2 |a− b|,��

2νn

(1 + 2ν|x−b|)N ≤
2νn

(2ν 1
2 |a−b|)N

≤
4N2νn

(1 + 2ν|a− b|)N .
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u´

∫
Ha

2µn

(1 + 2µ|x− a|)M
2νn

(1 + 2ν|x− b|)N dx ≤
4N2νn

(1 + 2ν|a− b|)N

∫
Ha

2µn

(1 + 2µ|x− a|)M dx

≤
ωn

M−n
4N2νn

(1 + 2ν|a−b|)N

≤
ωn4N

M−n
2νn

(1 + 2ν|a−b|)min(M,N)
. (20.7)

ò (20.6)Ú (20.7)�\Ò�¤y. 2

n A����f�¦Ú�Ù§(J

e¡0���� Cotlar–Knapp–Stein½n{ü�'uA����f�¦Ú�(J.·

�ò31���ùy²�a[�©�f� L2k.5�^�§.

½n4. � {T j} j∈N´Hilbert�mHþ��xk.�5�f,��3~êAÚ¼êγ : N→R+

¦�
∑

j∈Zγ( j) ≤ A,¿�

1)
∥∥∥T j

∥∥∥
H→H ≤ A;

2) T jT∗k = 0,e j , k;

3)
∥∥∥∥T∗jTk

∥∥∥∥
H→H

≤ γ( j)γ(k),e j , k.

@o T =
∑

j T j�´ Hþ�k.�5�f,� ‖T‖H→H ≤
√

2A.

y². 1. d 2), T∗j ���m R(T∗j)´p����. ¯¢þ, ∀ f , g ∈H, j , k,¤á

〈T∗j f , T∗kg〉 = 〈TkT∗j f , g〉 = 0.

P E j´ H� R(T∗j)�ÝK�f,@o {E j}�p��,�¤á T∗j = E jT∗j,= T j = T jE j. l

∑
j

∥∥∥T j f
∥∥∥2
≤ A2

∑
j

∥∥∥E j f
∥∥∥2
≤ A2

∥∥∥ f
∥∥∥2
.
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2. y3�Ä�f
∑

N<| j|≤M T j. �â∥∥∥∥∥∥∥∥
∑

N≤| j|<M

T j f

∥∥∥∥∥∥∥∥
2

=
∑

N≤|i|<M, N≤| j|<M

〈Ti f ,T j f 〉 =
∑

N≤|i|<M

∥∥∥Ti f
∥∥∥2

+
∑

N≤|i|<M, N≤| j|<M, i, j

〈T∗jTi f , f 〉

≤

∑
N≤|i|<M

∥∥∥Ti f
∥∥∥2

+
∑

N≤|i|<M, N≤| j|<M, i, j

γ(i)γ( j)
∥∥∥ f

∥∥∥2

≤

∑
N≤|i|<M

∥∥∥Ti f
∥∥∥2

+

 ∑
N≤|i|<M

γ(i)


 ∑

N≤| j|<M

γ( j)

∥∥∥ f
∥∥∥2
≤ 2A2

∥∥∥ f
∥∥∥2
,

|^
∑

jγ( j)Âñ,ØJwÑ
∑

N≤| j|<M T j f ´ H ¥� Cauchy�,lÚª
∑

j T j (½
 H

þ��k.�5�f T. � N = 0,lþªÒ��
∥∥∥T f

∥∥∥2
≤ 2A2

∥∥∥ f
∥∥∥2
, = ‖T‖ ≤

√
2A. 2
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1���ù T(1)½n

3ù�ù,·�ò|^c¡�A���5½nÚ�È�f�5�,y²�y�òÈ.Û

ÉÈ©�f (2,2) .� T(1)½n.

� T(1)½n

½Â1. ¡��|83 B(0,10)S� C∞0 (Rn)¼ê ϕ�IO� (bump),e ∀|α| ≤ 2bn
2 c+1,¤á

sup
x
|∂αxϕ(x)| ≤ 1.

£ÁPÒ fR(x) = 1
Rn f ( x

R ), τx0 f (x) = f (x−x0). ·�k

‖τx0 fR‖2L2 =

∫
Rn

1
R2n

∣∣∣∣ f (
x−x0

R
)
∣∣∣∣2 dx

=
1

Rn

∫
Rn

∣∣∣∣∣ f (x−x0

R

)∣∣∣∣∣2 d
( x
R

)
= R−n

‖ f ‖2L2 .

½Â2. ¡ëY�5�f T : S(Rn) 7→ S′(Rn)÷vfk.5^�,XJ ∃C¦�é?¿IO

� f , g, ∀x0 ∈R
n, R > 0,Ñ¤á

|〈T(τx0 fR),τx0 gR〉| ≤ CR−n.

·�P¦þª¤á���� C� ‖T‖WB.

´� C-Z�f÷vfk.5^�.¯¢þ,e T : L2
→ L2� C-Z�f,K

|〈T(τx0 fR),τx0 gR〉| ≤ ‖T(τx0 fR)‖L2‖τx0 gR‖L2

≤ ‖T‖L2→L2R−n
‖ f ‖L2‖g‖L2

≤ Cn‖T‖L2→L2R−n ( f , gþ�IO�),

� ‖T‖WB ≤ Cn‖T‖L2→L2 .

½n1 (T(1)½n). � K ∈ SK(δ, A), T: S(Rn)→S′(Rn)´láu K�ëY�5�f. K T

�òÿ� L2þk.�5�f�¿©7�^�´

‖T(1)‖BMO + ‖Tt(1)‖BMO + ‖T‖WB ≤ B <∞.

269
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d� ‖T‖L2→L2 ≤ Cn,δ(A + B).

£Ád1�8ù½Â 4,ùp� T(1), Tt(1) ∈ D′(Rn)Ñ´k¿Â�.

y². ½n�7�5w,¤á. ¯¢þ,e T´ L2þk.�5�f,K T´ C-Z�f,l

‖T(1)‖BMO, ‖Tt(1)‖BMO, ‖T‖WBþk.. e¡´¿©5�y².

1. é�È�f PT(1)Ú PTt(1),·�k

PT(1)(1) = T(1), PTt(1)(1) = Tt(1), Pt
T(1)(1) = 0, Pt

Tt(1)(1) = 0.

e½Â L = T−PT(1)−Pt
Tt(1)

,K

L(1) = T(1)−PT(1)(1)−Pt
Tt(1)(1) = 0,

Lt(1) = Tt(1)−Pt
T(1)(1)−PTt(1)(1) = 0.

q�â�È�fØ��O,�� LéA�È©ØE÷vÛ5rÝ^�9�K5^�,áua

SK(δ,A + ‖T(1)‖BMO + ‖Tt(1)‖BMO). ùp5¿·�k

‖L‖WB ≤ Cn

(
‖T‖WB + ‖PT(1)‖L2→L2 + ‖Pt

Tt(1)‖L2→L2

)
≤ Cn

(
‖T‖WB + ‖T(1)‖BMO + ‖Tt(1)‖BMO

)
≤ Cn(A + B).

¤±e¡�Iy² L� L2k.�.

2. Ú\�f ∆ jÚ S j. � C∞¥»�é¡¢�¼ê Φ,�

suppΦ ⊆ B(0,1/2), �
∫
Rn

Φ(x)dx = 1.

q½Â

Ψ(x) �Φ(x)−2−nΦ(x/2),

K ∫
Rn

Ψ(x)dx = 0, suppΨ ⊆ B(0,1),

� Φ, Ψþ�IO��~ê�. P

Φ2− j(x) � 2 jnΦ(2 jx), Ψ2− j(x) � 2 jnΨ(2 jx).
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½Â

∆ j(u) = u ∗Ψ2− j , S j(u) = u ∗Φ2− j .

·�k ∆ j(1) = 0, S j(1) = 1,±9 ∆ j = S j−S j−1. 5¿�

S jLS j = S j−1LS j−1 +∆ jLS j + S j−1L∆ j,

lé?¿ N <M,¤á

SMLSM−SN−1LSN−1 =

M∑
j=N

(S jLS j−S j−1LS j−1)

=

M∑
j=N

∆ jLS j +

M∑
j=N

S j−1L∆ j. (21.1)

5¿�â�O2Â¼ê��ü¼ê�òÈ, e f ∈ S(Rn), z�� SMLSM( f ), ∆ jLS j( f ) Ú

S j−1L∆ j( f )Ñ´1w¼ê.

3. �½ f ∈ S(Rn)¦� f̂ 3�:�����S�". |^ Fourier C��5�ØJy

²ù��¼ê3 L2¥´È��. ·�äó

sup
M∈Z

sup
N<M
‖SMLSM( f )−SN−1LSN−1( f )‖L2 ≤ Cn,δ(A + B)‖ f ‖L2 , (21.2)

��M→ +∞, N→−∞�,k�f L̃¦�3 L2¥

SMLSM( f )−SN−1LSN−1( f )→ L̃( f ). (21.3)

��þãØä�y,K7k L̃( f ) = L( f ).

�d, �Iy3 M→ +∞,N→ −∞ �, SMLSM( f )−SN−1LSN−1( f ) 3 L2 ¥fÂñ�

L( f ). - g ∈ S(Rn),K

〈SMLSM( f )−SN−1LSN−1( f ), g〉− 〈L( f ), g〉

=〈SMLSM( f )−L( f ), g〉− 〈SN−1LSN−1( f ), g〉

=I− II.
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Äk`²�M→ +∞�, I→ 0. 5¿�

〈SMLSM( f )−L( f ), g〉

=〈LSM( f ), SM(g)〉− 〈L( f ), g〉

=〈L(SM( f )− f ), SM(g)〉+ 〈L( f ), SM(g)− g〉

=〈L(SM( f )− f ), g〉+ 〈L(SM( f )− f ), SM(g)− g〉+ 〈L( f ), SM(g)− g〉.

Ï� g ∈ S,�M→ +∞� SM(g)3 S¥Âñ� g. Ïdk

〈L( f ),SM(g)− g〉 → 0.

Ó�/ SM( f )→ f (3 S¥),q L´ S(Rn)� S′(Rn)�ëY�5�f,K L(SM( f )− f )→ 0

(3 S′(Rn)¥),l 〈L(SM( f )− f ), g〉 → 0. 2d SchwartzØ½n,� L(½�Ø´W,K

〈L(SM( f )− f ), SM(g)− g〉 = 〈W, (SM( f )− f )⊗ (SM(g)− g)〉 → 0.

ÏdM→ +∞� I→ 0.

4. 2�Ä II. � f , g ∈ S, � f̂ , ĝ �|8Ø¹�:, K� N → −∞ �, ØJy²

SN−1( f )→ 0 (3 S¥),±93 S¥ SN−1g→ 0,u´

∣∣∣〈W, SN−1( f )⊗SN−1(g)〉
∣∣∣

≤C
∑
|α|,|β|≤M

ρα,β(SN−1( f ))
∑
|γ|,|δ|≤Q

ργ,δ(SN−1(g))

→0.

ll

〈SN−1LSN−1( f ), g〉 = 〈LSN−1( f ), SN−1(g)〉 = 〈W, SN−1( f )⊗SN−1(g)〉 → 0.

ù�,·�y²
éu?¿áuS� FourierC��|8Ø¹�:� f ,¤á L̃( f ) = L( f ).

|^ù��¼ê�È�5,·�k L̃ = L,=

SMLSM( f )−SN−1LSN−1( f )→ L( f ), (3L2¥)

2|^ª (21.2)á� ‖L( f )‖L2 ≤ Cn,δ(A + B)‖ f ‖L2 ,l½n�y.
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e¡�Iy² (21.2)Ú (21.3).

5. £�(21.1),P L j � ∆ jLS j, L′j � S j−1L∆ j, j ∈Z. d½Â,È© f ∗Φ2− j � RiemannÚ

3 SÿÀeÂñ,K

L j( f )(x) = L( f ∗Φ2− j) ∗Ψ2− j(x)

=

〈
L
(∫
Rn

f (y)Φ2− j(u− y)dy
)
,τx(Ψ2− j)(u)

〉
=

〈
W,

(∫
Rn

f (y)Φ2− j(u− y)dy
)
⊗τx(Ψ2− j)

〉
=

∫
Rn
〈W, f (y)Φ2− j(u− y)⊗τx(Ψ2− j)〉dy

=

∫
Rn

f (y)〈W,Φ2− j(u− y)⊗τx(Ψ2− j)〉dy

=

∫
Rn

f (y)〈L(Φ2− j(u− y)), τx(Ψ2− j)〉dy

=

∫
Rn

f (y)〈L(τy(Φ2− j), τx(Ψ2− j)〉dy,

l L j�È©Ø K j(x, y)´

K j(x, y) = 〈L(τy(Φ2− j),τx(Ψ2− j)〉.

aq/, L′j�È©Ø K′j(x, y)�

K′j(x, y) = 〈L(τy(Ψ2− j),τx(Φ2−( j−1))〉.

6. ·�äó

|K j(x, y)|+ 2− j
|∇K j(x, y)| ≤ Cn,δ(A + B)2nj(1 + 2 j

|x− y|)−(n+δ). (21.4)

é K′j(x, y)�¤áaq�O.

3y²äó (21.4)�c,·�k|^ (21.4)y²kc�äó (21.2)Ú (21.3). �d,·�

�yþ�ù½n 2�^� (γ = 1 �/). d (21.4),·�k

|K j(x, y)| ≤ Cn,δ(A + B)
2nj

(1 + 2 j|x− y|)(n+δ)
, (Û5rÝ^�)

|K j(x, y)−K j(x′, y)| ≤ |∇K j(x̃, y)||x−x′| ≤ Cn,δ(A + B)
2(n+1) j

|x−x′|
(1 + 2 j|x̃− y|)(n+δ)

≤ Cn,δ(A + B)2nj2 j
|x−x′|,

|K j(x, y)−K j(x, y′)| ≤ Cn,δ(A + B)2nj2 j
|x−x′|. (�K5^�)
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d	,du S j(1) = 1, ∆ j(1) = 0,±9 L(1) = Lt(1) = 0,K

L j(1) = ∆ jLS j(1) = 0, Lt
j(1) = S jLt∆ j(1) = 0;

L′j(1) = S j−1L∆ j(1) = 0, L′tj (1) = ∆ jLtS j−1(1) = 0.

ùL²��5^��¤á. u´dþ�ù½n 2,

M∑
j=N

(L j + L′j) = SMLSM−SN−1LSN−1

�M→ +∞, N→−∞�,3 L2¥rÂñu,� L̃,�k

‖SMLSM( f )−SN−1LSN−1( f )‖L2 ≤ Cn,δ(A + B)‖ f ‖L2 , ∀M ∈Z, N <M.

ùÒy²
äó (21.2)Ú (21.3).

7. e¡y²äó (21.4). ©ü«�/.

�/ a): |x− y| ≤ 5 ·2− j. |^ L�fk.5,Òk

∣∣∣〈L(τy(Φ2− j)),τx(Ψ2− j)〉
∣∣∣

=
∣∣∣∣〈L(τx((τ2 j(y−x)Φ)2− j)),τx(Ψ2− j)〉

∣∣∣∣
≤C2nj

‖L‖WB (y3��u R = 2− j)

≤C(A + B)2nj (1 + 5)n+δ

(1 + 2 j|x− y|)n+δ

=Cn,δ(A + B)2nj(1 + 2 j
|x− y|)−(n+δ).

�/ b): |x− y| > 5 ·2− j. d� τy(Φ2− j)� τx(Ψ2− j) |8pØ��. �

K j(x, y) =

∫
Rn

∫
Rn

Φ2− j(v− y)K(u,v)Ψ2− j(u−x)dudv.

2|^ΨÈ©²þ� 0,K

K j(x, y) =

∫
Rn

∫
Rn

Φ2− j(v− y)(K(u,v)−K(x,v))Ψ2− j(u−x)dudv. (21.5)

5¿�

|u−x| ≤ 2− j, |v− y| ≤ 2− j, |x− y| ≥ 5 ·2− j,
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u´ |u−v| ≥ |x−y|−|y−v|−|x−u| ≥ 3 ·2− j,?k |u−x| ≤ 1
2 |u−v|,±9 |u−v| ≥ |x−y|−2 ·2− j

≥

|x− y| − 2
5 |x− y| = 3

5 |x− y|. dd,|^ K ∈ SK(δ,A),·�k

|K(u,v)−K(x,v)| ≤ A
|x−u|δ

|u−v|n+δ
≤ Cn,δA

2− jδ

|x− y|n+δ
.

òþª�\ (21.5)=�

|K j(x, y)| ≤ Cn,δA
∫
Rn

∫
Rn

2− jδ

|x− y|n+δ
|Φ2− j(v− y)||Ψ2− j(u−x)|dudv

≤ Cn,δA
2− jδ

|x− y|n+δ

≤ Cn,δ(A + B)
2nj

2(n+δ) j|x− y|n+δ

≤ Cn,δ(A + B)
2nj

(1 + 2 j|x− y|)n+δ

(
1 + 2 j

|x− y|
2 j|x− y|

)n+δ

≤ Cn,δ(A + B)
2nj

(1 + 2 j|x− y|)n+δ
.

aq/,du ∂xK j(x, y) = 〈L(τy(Φ2− j)),2 jτx(Ψ̃2− j)〉, ∂yK j(x, y) = 〈L(2 jτy(Φ̃2− j)), τx(Ψ2− j)〉, (ù

p Ψ̃ = −∂xΨ, Φ̃ = −∂xΦ), 1·���y²

2− j
|∇K j(x, y)| ≤ Cn,δ(A + B)2nj(1 + 2 j

|x− y|)−(n+δ)

u´·�y²
äó (21.4).

�d,·��¤
 T(1)½n�y². 2

� A^Þ~

~1. � K ∈ SK(δ,A),� K�é¡: ∀x , y, K(x, y) = −K(y,x). � T�láu K�ëY�5

�f,K T3 L2þk.��=� T(1) ∈ BMO.

1'u y¦�,� L���^�
 (τy+hΦ−τyΦ)/h� h→ 0�3 S¥Âñ±9 L : S→S′�ëY5.



276 1���ù T(1)½n

y². du Tt = −T,¤±�Iy² T÷vfk.5^�:é f , g´IO�,

|〈T(τx0 fR),τx0 gR〉|

=

∣∣∣∣∣12
∫
Rn

∫
Rn

K(x, y)
(
[τx0( fR)](y)[τx0(gR)](x)− [τx0( fR)](x)[τx0(gR)](y)

)
dydx

∣∣∣∣∣ [�é¡]

=

∣∣∣∣∣∣ 1
2R2n

∫
B(x0,10R)

∫
B(x0,10R)

K(x, y)
(

f (
y−x0

R
)g(

x−x0

R
)− f (

x−x0

R
)g(

y−x0

R
)
)
dydx

∣∣∣∣∣∣
=

∣∣∣∣∣∣12
∫

B(0,10)

∫
B(0,10)

K(x0 + Rx,x0 + Ry)
(

f (y)g(x)− f (x)g(y)
)
dydx

∣∣∣∣∣∣ (^Û5rÝ^�)

≤ CnA
1

Rn

∫
B(0,10)

∫
B(0,10)

1
|x− y|n

[|g(x)|| f (y)− f (x)|+ | f (x)||g(x)− g(y)|]dxdy

≤
CnA
Rn

∫
B(0,10)

1
|x− y|n−1

dy
∫

B(0,10)
(| f (x)|+ |g(x)|)dx

≤
C′nA
Rn .

ùp|^
�©¥�½n,l | f (x)− f (y)| ≤ C|x− y|. 2

~2 (Calderon��f). � A(x)´ Rþ�¢� LipschitzëY�¼ê,�

L , sup
x,y

|A(x)−A(y)|
|x− y|

< 1.

@ok?êÐm

1
x− y + i(A(x)−A(y))

=
1

x− y

∞∑
m=0

(
−i

A(x)−A(y)
x− y

)m

.

½ÂCalderon��f�

(Łm f )(x) =
1
iπ

lim
ε→0

∫
|x−y|>ε

(
A(x)−A(y)

x− y

)m f (y)
x− y

dy.

y²: éu?¿ m ≥ 0, Łm Ñ´ L2 þk.�5�f,��3 R > 0¦�¤á ‖Łm‖L2→L2 ≤

CRmLm.ùp C´�ýé~ê.

y². êÆ8B{(Ü T(1)½n.

1. m = 0�, Ł0Ò´ HilbertC� H�,��ê,l ‖Ł0‖L2→L2 ≤ C.

2. ��Oªé m ≥ 0¤á,yy² m + 1�/.

d T(1)½n9 ŁmÈ©Ø��é¡5,¤á

‖Łm+1‖L2→L2 = C1

(
‖Łm+1(1)‖BMO +

∥∥∥Łt
m+1(1)

∥∥∥
BMO + ‖Łm+1‖WB

)
= C1(2‖Łm+1(1)‖BMO + ‖Łm+1‖WB).
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q���y�� Łm�È©Øáua SK(1,16(2m + 1)Lm),ld~ 1,

‖Łm+1‖WB ≤ C316(2m + 3)Lm+1.

25¿�¤á

Łm+1(1) = Łm(A′),

ùp A′ ∈ L∞(R)´ A(x)��ê. (l/ªþO�,¤á∫
|x−y|>ε

(
A(x)−A(y)

x− y

)m+1 1
x− y

dy

=

∫
|x−y|>ε

(A(x)−A(y))m+1

(x− y)m+2 dy

=
1

m + 1

∫
|x−y|>ε

(A(x)−A(y))m+1
(

1
(x− y)m+1

)′
y

dy

=
−1

m + 1

∫
|x−y|>ε

[(A(x)−A(y))m+1]′y

(
1

(x− y)m+1

)
dy

=

∫
|x−y|>ε

(A(x)−A(y))m
(

A′(y)
(x− y)m+1

)
dy

=

∫
|x−y|>ε

(
A(x)−A(y)

x− y

)m A′(y)
x− y

dy.

ùp©ÜÈ©�Ñ
>.�.�lÛÉÈ©�f3 L∞ þ�½Â92Â¼êÑu,�î�y

².) u´

‖Łm+1(1)‖BMO =
∥∥∥Łm(A′)

∥∥∥
BMO ≤ L‖Łm‖L∞→BMO .

q®y

‖Łm‖L∞→BMO ≤ C2(16(2m + 1)Lm + ‖Łm‖L2→L2),

l��

‖Łm+1‖L2→L2 ≤ C1[2LC2(16(2m + 1)Lm + ‖Łm‖L2→L2) + C316(2m + 3)Lm+1]

≤ C1[2C2(16(2m + 1) + CRm + C316(2m + 3)]Lm+1

≤ CRm+1Lm+1.

ùpw,�±��� mÃ'�~ê R¦�

R ≥ 3C1, Rm+1 > (96C1C2/C)(2m + 1), Rm+1 > (48C1C3/C)(2m + 3),

l����Ø�ª¤á. 2
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1���ù [�©�f9Ù Lp ëY5

���òÈ. Calderón-Zygmend È©�fnØ���A^, ù�ù·�0�[�©

�f�Ä�Vg9Ù3 Lp�mþ�ëY5. [�©�f���ü�´§�¤±3 �©�

§¥äk2�A^���Ï,äNSNÖö�±ë�©z [6] [2]½ [8]�N¹.

� [�©�f9Ù��

1. [�©�f�½Â

½Â1. � m ∈R, 0 ≤ ρ, δ ≤ 1.¡¼ê σ(x,ξ) ∈ C∞(Rn
x ×R

n
ξ)� Sm

ρ,δa��,eé?¿�I

α, β,�3~ê Cα,β¦�

|∂αx∂
β
ξ
σ(x,ξ)| ≤ Cα,β(1 + |ξ|)m−ρ|β|+δ|α|. (22.1)

é σ ∈ Sm
ρ,δ,�5�f

Tσ( f )(x) ,
1

(2π)n/2

∫
Rn
σ(x,ξ) f̂ (ξ)eix·ξdξ, f ∈ S(Rn) (22.2)

¡�ä�� σ�[�©�f. �f Tσ ��P� σ(x,D). m¡��� σ½ÙéA�f Tσ �

�.

�
`²þã½Â¥ (22.2)�Ün5,·�I�Xe·K.

·K1. � σ(x,ξ) ∈ C∞,�é?Û�I α, β,Ñ�3~ê Cα,β, mα,β¦�

|∂αx∂
β
ξ
σ(x,ξ)| ≤ Cα,β(1 + |ξ|)mα,β , x,ξ ∈Rn,

@o Tσ´ S(Rn)þ�ëY�5�f.

y². Äk, e f ∈ S(Rn), ØJwÑ σ(x,ξ) f̂ (ξ) �'u ξ ����È¼ê��, ¤±

Tσ f ∈ L∞∩C(Rn). Ùg,|^ FourierC��5�ØJy²Xe�ª:

[σ(x,D), D j] = iσ( j)(x,D), [σ(x,D), x j] = −iσ( j)(x,D).

279
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ùp [A,B] = AB−BA´�f A, B���f, σ(α)
(β) (x,ξ) = ∂α

ξ
∂
β
xσ(x,ξ).dd=� σ(x,D) f ∈

S(Rn),��wÑ� fn3 S(Rn)¥Âñ�"�, σ(x,D) fn�3 S(Rn)¥Âñ�",lëY.

y.. 2

~1. � m, t ∈R,K (1 + |ξ|2)
1
2 (m+it)

∈ Sm
0,0.

~2. é�È�f Pb,Ù ”��” σb(x,ξ) =
∑

j∈Z∆ j(b)(x)ϕ(2−( j−2)ξ) < Sm
ρ,δ.

¯¢þ,l

Pb( f ) =
∑
j∈Z

∆ jbS j−2 f =
∑
j∈Z

∆ jb(x)F −1
ξ→x(ϕ(2−( j−2)ξ) f̂ (ξ))

= F −1
ξ→x

[∑
j∈Z

∆ jb(x)(ϕ(2−( j−2)ξ) f̂ (ξ))
]
,

=� σb(x,ξ). du ∂αx∆ jb(x) = 2 j|α|((∂αΨ)2− j ∗b) v 2 j|α|,±9

∂
β
ξ
ϕ(2−( j−2)ξ) = 2− j|β|(∂βϕ)(2−( j−2)ξ) v 2− j|β|,

2d ϕ�|85�, 2 j v |ξ|,l�� |∂αx∂
β
ξ
σb(x,ξ)| ≤ Cα,β|ξ|−|β|+|α|.du ξ = 0?�Û5, σb

Øáu?Ûa Sm
ρ,δ. �XJ�é j ≥ 0 ¦Ú,K ξk�e.,l σb ∈ S0

1,1.

~3. �Ñ[�©�f��Ý�f.

). �±r (22.2)U��

Tσ( f )(x) =
1

(2π)n

∫
Rn

∫
Rn
σ(x,ξ) f (y)eiξ·(x−y) dydξ.

d�Ý�f�½Â, 〈Tσ f , g〉 = 〈 f , T∗σg〉, (�ÄE L2¥SÈ),�±��

T∗σ(g)(x) =
1

(2π)n

∫
Rn

∫
Rn
σ(z,η)g(z)eiη·(x−z) dzdη.

2

2. (ØVA

ù�ù·�0�k'"�[�©�f3 Lp �mëY5��
(J.ddØJ����

m��f3 Soblev‘�m½ Hölder�mþ�ëY5. é S0
ρ, δ
a��,Ì�k±eA«;.

�/.
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B4�� S0
1,1: ùa��éA�[�©�f� SchwartzØ´ C-ZØ (�e¡½n 3),�

��5`�7 L2k.,¤±�7´ C-Z�f. ùa�f´��©�fnØ�Ä:.

S0
ρ,δ

(0 ≤ ρ < δ ≤ 1) a��: ùa��éA�[�©�f��Ø´ L2þëY�.

ÛÉ�� S0
ρ,ρ (0 ≤ ρ < 1): ùa��éA�[�©�f´ L2k.� (�e¡½n 2),�

Ù SchwartzØ�7´ C-ZØ,¤±��7´ C-Z�f. �k��":´§�'u��

ü��ìCÐm��Ø·^. ùa�fÑy3é9�§9õEC¼ê¥ Cauchy–Szegö

ÝK�f��ïÄ¥.

S0
ρ,δ

(0 ≤ δ < ρ ≤ 1) a��: du S0
ρ,δ
⊂ S0

δ,δ
,ùa��éA�[�©�f´ L2 þëY

�,� ρ < 1��7´ C-Z�f. d	¤á��ü�.

S0
1,δ (0 ≤ δ < 1)a��: du S0

1,δ ⊂ S0
δ,δ
∩S0

1,1,ùa��éA�[�©�f´ C-Z�f.

d	,¤á�f���ü�,¦�·��±|^��m��ê$�ïÄ�fm��Ý,E

Ü�$�.ù�À�´ Fourier¦fnØ�í2.

IO�� S0
1,0: ùa��éA�´�{ü, �´A^�2���a[�©�f. ùa�

f´ C-Z�f.

� S0
1,1a[�©�f� SchwartzØ

·�y² S0
1,1 a[�©�f� SchwartzØ´IOØ.�dkÚ\�àg Littlewood–

Paley©)5©)�f. �1�Êù¥·�®²0��àg Littlewood–Paley©)�',�

´3�:NCØ2^�/|8©).

�½»�é¡�üN4~�¼ê η ∈ C∞0 (Rn) ¦�3ü ¥ B1(0)þ η = 1,3 B2(0)	

η = 0. ½Â¼ê δ(ξ) = η(ξ)−η(2ξ) ≥ 0,@oN´�y¤á

1 = η(ξ) +

∞∑
j=1

δ(2− jξ), ∀ξ ∈Rn.

w, suppδ(2− jξ) ⊂ {2 j−1
≤ |ξ| ≤ 2 j+1

}.

� Φ = η∨ ∈ S, K
∫

Φdx = 1. qP Ψ = δ∨ ∈ S, K
∫

Ψdx = 0. £Á Φ̂2− j(ξ) = η(2− jξ),

Ψ̂2− j(ξ) = δ(2− jξ),KΨ2− j = Φ2− j −Φ2− j+1 .
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½ÂÜ©Ú�f S j( f ) = f ∗Φ2− j ,±9 ∆ j( f ) = S j( f )−S j−1( f ) = f ∗Ψ2− j .@o·�kXe

�àg L-P©): 1

I = S0 +

∞∑
j=1

∆ j.

é f ∈ S′, ØJy²TªÜ©Ú Sl( f )� l→∞�3 S′¥Âñ� f .

e¡´ù�ù�1���(J.

½n1. � σ ∈ S0
1,1,K�3¼ê K(x, y) ∈ C∞(R2n

\ {(x,x) : x ∈Rn
})÷vXe5�:

1) é?Û�I α, β,�3~ê Aα,β¦�

|∂αx∂
β
yK(x, y)| ≤ Aα,β|x− y|−n−|α|−|β|; (22.3)

2) é f ∈ D(Rn)Ú x < supp f ,¤á

(Tσ f )(x) =

∫
Rn

K(x, y) f (y)dy.

y². 1. ·�ò T = Tσ©)�

Tσ = TS0 +

∞∑
j=1

T∆ j ,
∞∑
j=0

Tσ j .

ùp σ0(x,ξ) = σ(x,ξ)η(ξ), σ j(x,ξ) = σ(x,ξ)δ(2− jξ), j = 1, 2, . . . .5¿�é j = 1, 2, · · · , σ j'

u ξ�|83 {2 j−1
≤ |ξ| ≤ 2 j+1

}¥,l�â σ ∈ S0
1,1,ØJ�y

|∂
β
x∂
α
ξσ j(x,ξ)| ≤ Cα,β2 j(|β|−|α|).

2. ·��ò[�©�f Tσ j ��XeÛÉÈ©�f/ª

(Tσ j f )(x) =

∫
k j(x,x− z) f (z)dz.

¯¢þ,du σ j'u ξäk;|8,�'u ξ´1w�,¤±

Tσ j f (x) =
1

(2π)n

"
σ j(x,ξ)e−i(z−x)·ξ f (z)dzdξ

=
1

(2π)n

∫ (∫
σ j(x,ξ)ei(x−z)·ξdξ

)
f (z)dz,

1£Áàg©)´ I =
∑
∞

j=−∞∆ j.
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=

k j(x, y) =
1

(2π)n

∫
σ j(x,ξ)eiy·ξdξ.

3. ·�y²,éM ≥ 0,é?¿�I α, β,�3~ê AM,α,β, ¦�¤áØ�ª

|∂
β
x∂
α
yk j(x, y)| ≤ AM,α,β|y|−M2 j(n−M+|α|+|β|). (22.4)

¯¢þ,5¿��ª

(−iy)γ∂βx∂
α
y[k j(x, y)] = Cn

∫
∂
γ
ξ
[(iξ)α∂βxσ j(x,ξ)]eiξ·y dξ, (22.5)

é j = 1, 2, · · · ,È©«�´ {2 j−1
≤ |ξ| ≤ 2 j+1

},lÈ©«�NÈ�õ´ cn2 jn,�È¼êq

� 2 j(|α|+|β|−|γ|)��,¤±

|yγ||∂βx∂
α
y[k j(x, y)]| ≤ 2 j[n+|α|+|β|−|γ|].

é÷v |γ| = M�¤k�I γ¦Ú,du |y|M ≤ Cn
∑
|γ|=M |yγ|,Ò�� (22.4).

q� j = 0� (22.5)¥�È¼ê|83 {|ξ| ≤ 1}¥,lk.. u´ (22.4)E,¤á.

4. P

k(x, ·) �
∞∑
j=0

k j(x, ·).

·�y² k(x,z) ∈ C∞(Rn
× (Rn

\ {0})),�¤á

|∂
β
x∂
α
z k(x,z)| ≤ Aα,β|z|−n−|α|−|β|, z , 0. (22.6)

�d,�Ié z , 0y²
∞∑
j=0

|∂
β
x∂
α
z k j(x,z)| ≤ Aα,β|z|−n−|α|−|β|.

é÷v 2 j
|z| ≤ 1��ê j,3 (22.4)¥�M = 0,@o5¿� n + |α|+ |β| > 0,Òk∑

j:2 j≤1/|z|

|∂
β
x∂
α
z k j(x,z)| ≤ Aα,β2 j(n+|α|+|β|)

≤ Aα,β|z|−(n+|α|+|β|).

� j÷v 2 j
|z| > 1�,�M¦� n + |α|+ |β| −M < 0,@o∑

j: 2 j>1/|z|

|∂
β
x∂
α
z k j(x,z)| ≤ Aα,β|z|−M2 j(n+|α|+|β|−M)

≤ Aα,β|z|−M
|z|−(n+|α|+|β|−M)

= Aα,β|z|−(n+|α|+|β|).



284 1���ù [�©�f9Ù LpëY5

ùÒy²
 (22.6).

5. é f ∈ D,©) f = S0 f +
∑
∞

j=1 ∆ j f 3 S¥Âñ. l�â·K 1,
∑
∞

j=0 Tσ j f 3 S¥

Âñ� Tσ f . ,��¡,é x < supp f ,
∑

j k j(x,x− z)'u z ∈ supp f ??Âñ�Ü©Ú¼ê

��k.. ¤±l Lebesgue��Âñ½n��

∞∑
j=0

Tσ j f =

∞∑
j=0

∫
k j(x,x− z) f (z)dz =

∫
k(x,x− z) f (z)dz.

ùÒL²

Tσ f (x) =

∫
K(x,z) f (z)dz.

ùp K(x,z) = k(x,x− z). |^EÜ¼ê¦�,l (22.6)Ò�±�� (22.3). 2

n S0
0,0a[�©�f� L2k.5

e¡·�|^ Cotlar-Knapp-Stein�f�A���5½nÚ Schur½n5y² S0
0,0a

[�©�f� L2k.5.

½n2. � σ ∈ S0
0,0,Kä�� σ�[�©�f Tσ �l�Ð½Â3 S(Rn)þòÿ� L2(Rn)þ

�k.�5�f.

y². 1. d Plancherel½n,�Iy²�f

(T̃σ f )(x) ,
∫
Rn
σ(x,ξ) f (ξ)eix·ξdξ

´ L2þk.�.

�½�K C∞0 ¼ê ϕ(ξ),§�|83 Q1 = [−1,1]nþ,� 2

∑
j∈Zn

ϕ(x− j) = 1, ∀x ∈Rn.

é j, k ∈Zn,½Â��

σ jk(x,ξ) = ϕ(x− j)σ(x,ξ)ϕ(x− k)

2ù�� ϕ´�3�. ~X�½���K� ϕ0 ∈ C∞0 (Q1)¦� ϕ03
1
2 Q1þ��´ 1. @o

∑
j∈Zn ϕ0(x− j)

::Âñ��u",´'ugCþ����Ñäk±Ï 1�1w¼ê. u´� ϕ(x) =
ϕ0(x)∑

j∈Zn ϕ0(x) =�.
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9�A��f

(T jk f )(x) ,
∫
Rn
σ jk(x,ξ) f (ξ)eix·ξdξ.

@o¤á

T̃σ =
∑

j,k∈Zn

T jk.

ØJy²dVÚª3 S(Rn)¥�frÂñ,= ∀ f ∈ S(Rn),3 S(Rn)¥¤á

lim
N→∞

∑
| j|,|k|≤N

T jk f = T̃σ f .

2. �
A^ CKSA���5½n,·�Iy²: ∀N ∈Z+,¤á∥∥∥∥T∗jkT j′k′
∥∥∥∥

L2→L2
≤ CN

(
1 + | j− j′|+ |k− k′|

)−2N
, (22.7)∥∥∥∥T jkT∗j′k′

∥∥∥∥
L2→L2

≤ CN
(
1 + | j− j′|+ |k− k′|

)−2N
, (22.8)

Ù¥ CN ��6u NÚ n,� j, j′, k, k′Ã'.

·�5¿� (1 + t)(1 + s) ≤ (1 + t + s)2 (t, s ≥ 0),l� N ≥ 2(n + 1)�,Òk∑
j,k∈Zn

√
1

(1 + | j|+ |k|)2N =
∑

j,k∈Zn

1
(1 + | j|+ |k|)N ≤

∑
j∈Z

∑
k∈Zn

1
(1 + | j|)N/2

1
(1 + |k|)N/2

=

∑
j∈Zn

1
(1 + | j|)N/2


2

≤

(∫
Rn

1
(1 + |x|)N/2 dx

)2

<∞.

u´l CKSA���5½n=�(Ø.

3. e¡y² (22.7)Ú (22.8). ·�k

(T∗jkT j′k′ f )(x) =

∫
Rn

K jk j′k′(x, y) f (y)dy,

Ù¥ØÒ´

K jk j′k′(x, y) =

∫
Rn
σ jk(z,x)σ j′k′(z, y)eiz·(y−x) dz. (22.9)

|^ð�ª

eiz·(y−x) =
(I−∆z)N(eiz·(y−x))

(1 + |y−x|2)N

é (22.9)�©ÜÈ©,Ò��

|K jk j′k′(x, y)| ≤
∫
Rn

ϕ(x− k)ϕ(y− k′)
(1 + |x− y|2)N

∣∣∣∣(I−∆z)N
(
ϕ(z− j)σ(z,x)σ(z, y)ϕ(z− j′)

)∣∣∣∣ dz.
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|^ ϕ�|85�,K� | j− j′| ≥ Cn (�� 4
√

n)� ϕ(z− j)Ú ϕ(z− j′)'u z�|8pØ�

�,l�� K jk j′k′(x, y) ≡ 0.

� | j− j′| < Cn�,2g|^ ϕ�|85�,Bk |x− y| v |k− k′|,l

ϕ(x− k)ϕ(y− k′)
(1 + |x− y|2)N ≤ Cn

ϕ(x− k)ϕ(y− k′)
(1 + |k− k′|2)N ≤ Cn

ϕ(x− k)ϕ(y− k′)
(1 + |k− k′|)2N .

du σ9 ϕ�¤k�ê����Ñ�,�½~ê��,� suppϕ´ÿÝk�8,@o∫
Rn

∣∣∣∣(I−∆z)N
(
ϕ(z− j)σ(z,x)σ(z, y)ϕ(z− j′)

)∣∣∣∣ dz ≤ Cn.

¤±·����O

|K jk j′k′(x, y)| ≤ Cn
ϕ(x− k)ϕ(y− k′)

(1 + |k− k′|)2N .

rþãü«�/nÜå5,Ò��

|K jk j′k′(x, y)| ≤ Cn
ϕ(x− k)ϕ(y− k′)

(1 + | j− j′|+ |k− k′|)2N .

4. y3ØJ�OÑ

sup
x∈Rn

∫
Rn
|K jk j′k′(x, y)|dy ≤

CN

(1 + | j− j′|+ |k− k′|)2N ,

sup
y∈Rn

∫
Rn
|K jk j′k′(x, y)|dx ≤

CN

(1 + | j− j′|+ |k− k′|)2N .

¤±�â Schur½n, ∥∥∥∥T∗jkT j′k′
∥∥∥∥

L2→L2
≤

Cn,N

(1 + | j− j′|+ |k− k′|)2N .

ùÒ´ (22.7). du ρ = δ = 0,� σ¥ x� ξ� ���é¡,K (22.8)�y²´aq�. 2

o S0
ρ,ρa[�©�f� L2k.5

��·�|^1��ù½n 4, Schur½n,±9þ¡ S0
0,0a[�©�f� L2k.5,5

y² S0
ρ,ρ (0 < ρ < 1)a[�©�f� L2k.5.

½n3. � a ∈ S0
ρ,ρ (0 ≤ ρ < 1),Kä�� a�[�©�f Ta �l�Ð½Â3 S(Rn)þòÿ

� L2(Rn)þ�k.�5�f.
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y². 1. ���ä. � γ(x,ξ) ∈ C∞0 (Rn
×Rn)�� |x| ≤ 1, ξ ≤ 1� γ = 1; � |x| ≥ 2, |ξ| ≥ 2

� γ = 0. é ε ∈ (0,1],�

aε(x,ξ) � a(x,ξ)γ(εx,εξ).

@o� |ξ| ≥ 1�,du |ξ| ≥ (1 + |ξ|)/2,±9 aε(x,ξ)�|8 u ε|x| ≤ 2, ε|ξ| ≤ 2,l

|∂
β
x∂
α
ξaε(x,ξ)| ≤ Cα,β

∑
β1≤β

∑
α1≤α

|∂
β1
x ∂

α1
ξ

a(x,ξ)|ε|α|−|α1|+|β|−|β1||∂
β−β1
x ∂α−α1

ξ
γ(εx,εξ)|

≤ Cα,β,γ
∑
β1≤β

∑
α1≤α

(1 + |ξ|)−ρ|α1|+ρ|β1|ε|α|−|α1|+|β|−|β1|

≤ Cα,β,γ
∑
β1≤β

∑
α1≤α

(1 + |ξ|)−ρ|α1|+ρ|β1||ξ|−|α|+|α1|−|β|+|β1|

≤ Cα,β,γ
∑
β1≤β

∑
α1≤α

(1 + |ξ|)−ρ|α1|+ρ|β1|−|α|+|α1|−|β|+|β1|

≤ Cα,β,γ(1 + |ξ|)−ρ|α|+ρ|β|.

� |ξ| ≤ 1�,|^ 1 ≤ 1 + |ξ| ≤ 2,±9 ε ≤ 1,3þª1�1¥���Ñ ε,�������Ø

�ª. ùÒL² aε ∈ S0
ρ,ρ,��'~ê� εÃ'.

d	,é f ∈ S,|^ ε→ 0�:�¤á γ(εx, εξ)→ 0,^ f̂ ��ü5�±9 a(x,ξ)��

O5,|^��Âñ½nØJ�y3 S¥,� ε→ 0�¤á Taε( f )→ Ta( f ).

Ïd,3±ey²¥·�Ñb� a(x,ξ)'u xÚ ξÑäk;|8 (l�^©ÜÈ©�

�P~5�O),���Ñ ε,Ï�¤��Oþ�� εÃ'.

2. �f©). |^ L-P©),·�k

Ta =

∞∑
j=0

Ta j = TaS0 +

∞∑
j=1

Ta∆ j,

Ù¥ a0(x,ξ) = a(x,ξ)η(ξ), |83 |ξ| ≤ 2 ¥, é j ≥ 1, a j(x,ξ) = a(x,ξ)Ψ̂(2− jξ), |83

2 j−1
≤ |ξ| ≤ 2 j+1¥. ddØJ�y a j ∈ S0

ρ,ρ,��'~ê� jÃ'.

3. ±e�|^1��ù½n 4,·�I�y² {Ta j}�A���5Ú��k.5.

�|^ L-P©)�|85�,·�r Ta©)�

Ta =
∑

j´óê

Ta j +
∑

j´Ûê

Ta j .

�Iéz�Úª©Oy² L2k.5. 5¿ù�©)�Ð?´z�Úª¥?Ûü�� Fourier

C��|8Ø��.
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4. A���5. �Ä j´Ûê�¦Úª. Äky²: e j , k,K

Ta jT
∗
ak

= 0.

ù´Ï� Ta jT
∗
ak

= Ta∆ j∆kT∗a,éAu ∆ jÚ ∆k�¦f�|8pØ��.

5. A���5(Y).e¡�O
∥∥∥∥T∗a j

Tak

∥∥∥∥
L2→L2

.du

Ta j( f )(z) = cn

∫
Rn×Rn

a j(z,ξ)eiξ·(z−y) f (y)dydξ,

T∗ak
(g)(x) = cn

∫
Rn×Rn

ak(z,η)eiη·(x−z)g(z)dzdη,

K

(T∗ak
Ta j)( f )(x) =

∫
K(x, y) f (y)dy,

Ù¥

K(x, y) = cn

∫
Rn

∫
Rn

∫
Rn

ak(z,η)a j(z,ξ)ei[ξ·(z−y)−η·(z−x)] dzdηdξ. (22.10)

d Schur½n,�I�O K(x, y).

6. ùp�È©´�«��È©, �c¡½ny²aq,?nÙP~�Ä�E|Ò´é

�È©Cþ z, η, ξÑ�©ÜÈ© (£Á�È¼êk;|8). dué N ∈N¤á

(I−∆z)N

(1 + |ξ−η|2)N ei(ξ−η)·z = ei(ξ−η)·z,

�\ (22.10),©ÜÈ©�Ò��

K(x, y) = cn

∫
Rn

∫
Rn

∫
Rn

1
(1 + |ξ−η|2)N (I−∆z)N[ak(z,η)a j(z,ξ)]

·ei[ξ·(z−y)−η·(z−x)] dzdηdξ. (22.11)

|^

(I−∆η)N

(1 + |x− z|2)N ei(x−z)·η = ei(x−z)·η,

�\ (22.11),©ÜÈ©�Ò��

K(x, y) = cn

∫
Rn

∫
Rn

∫
Rn

1
(1 + |x− z|2)N (I−∆η)N

(
1

(1 + |ξ−η|2)N (I−∆z)N[ak(z,η)a j(z,ξ)]
)

×ei[ξ·(z−y)−η·(z−x)] dzdηdξ. (22.12)
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��,|^
(I−∆ξ)N

(1 + |y− z|2)N ei(z−y)·ξ = ei(z−y)·ξ,

�\(22.12),©ÜÈ©�Ò��

K(x, y) = cn

∫
Rn

∫
Rn

∫
Rn

1
(1 + |x− z|2)N

1
(1 + |y− z|2)N

(I−∆ξ)N
{

(I−∆η)N
(

1
(1 + |ξ−η|2)N (I−∆z)N[ak(z,η)a j(z,ξ)]

)}
×ei[ξ·(z−y)−η·(z−x)] dzdηdξ. (22.13)

7. �	

(I−∆ξ)N
{

(I−∆η)N
(

1
(1 + |ξ−η|2)N (I−∆z)N[ak(z,η)a j(z,ξ)]

)}
.

|^ a j ∈ S0
ρ,ρ,��é ξÚ η�?Û�ê�^¿Ø»�Tª'u ξ, η �P~5 (okP~Ï

f (1 + |ξ−η|2)−N �±�3),é z�z��ê¬��O\��Ïf (1 + |ξ|+ |η|)ρ. u´d

a j�|85�, |ξ| v 2 j, |η| v 2k,u´¤á∣∣∣∣∣∣(I−∆ξ)N
{

(I−∆η)N
(

1
(1 + |ξ−η|2)N (I−∆z)N[ak(z,η)a j(z,ξ)]

)}∣∣∣∣∣∣
≤ CN

(1 + |ξ|+ |η|)2Nρ

(1 + |ξ−η|2)N ≤ CN22max{k, j}Nρ2−2max{k, j}N.

ùp|^


(1 + |ξ−η|)−1 v 2−max{k, j}, (1 + |ξ|+ |η|) v 2max{k, j}.

,	,'u ξ, ηÈ©«�ÿÝþ.©O´´ cn2 jnÚ cn2kn.

8. dd,·�y²
,e k , j,K

|K(x, y)| ≤ CN22max(k, j)Nρ2−2max{k, j}N22max{k, j}n
∫
Rn

Q(x− z)Q(y− z)dz,

Ù¥ Q(x) = (1 + |x|2)−N. P K0(x, y) =
∫
Rn Q(x− z)Q(y− z)dz,@o∫

K0(x, y)dy =

∫
K0(x, y)dx =

∫ (
1

1 + |x|2

)N

dx

2

<∞,

e 2N > n. ù�,�â Schur½n,Òk

∥∥∥T∗ak
Ta j

∥∥∥ ≤ Cn,N22max{k, j}[Nρ−N+n].
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2� N¦� N > n/(1−ρ),¿P ε = N(1−ρ)−n > 0, γ( j) = Cn,N2−ε j,@o

∥∥∥T∗ak
Ta j

∥∥∥ ≤ Cn,N2−2εmax{k, j}
≤ γ( j)γ(k).

q5¿�é j´��Ûê,Úª
∑

jγ
jk�.ùÒ�¤
A���5Ü©�Øy.

9. ��k.5. e¡y² Ta j � L2þ��f�ê��k.. �d,ò��

a j(x,ξ) = a(x,ξ)Ψ̂(2− jξ) ∈ S0
ρ,ρ

�ºÝC�:

ã j(x,ξ) = a j(2− jρx,2 jρξ) = a(2− jρx,2 jρξ)Ψ̂(2− j+ jρξ).

@oØJ�y ã j ∈ S0
0,0��'~ê� jÃ'.3

,	,��f

Λ j( f )(x) � f (2 jρx),

N´�y

Ta j = Λ jTã jΛ
−1
j ,

±9 ∥∥∥Λ j f
∥∥∥

L2 = 2−njρ/2
∥∥∥ f

∥∥∥
L2 ,

∥∥∥∥Λ−1
j f

∥∥∥∥
L2

= 2njρ/2
∥∥∥ f

∥∥∥
L2 ,

¤±d S0
0,0 a[�©�f� L2 k.5,¤á

∥∥∥Ta j

∥∥∥ ≤ ∥∥∥Tã j

∥∥∥ ≤ A <∞,Ù¥ A� jÃ'.ùÒ

y²

∑
∞

k=0 Ta2k+1 ´ L2þk.�5�f.

10. aq�y�
∑
∞

k=0 Ta2k ´ L2þk.�5�f. l Ta´ L2þk.�5�f. 2

35¿d�'u ξ�|8��´ |ξ| v 2 jρ− j.
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1�ù

ù�ù�SN´�~²;�,ë� [10]1 4.3.1!, 5.8.5!. ùpI�AO5¿�´ 

�©�§,[�©�f�nØ¥S.^½Â 1¥��ª½Â FourierC�,NÚ©ÛÖ¥

�õæ^

f̂ (ξ) =

∫
Rn

f (x)e−2πix·ξdx

5½Â FourierC�.dd¬��,
½n½úª (X1��ù¥� RieszC��)����

~êÏf.

1�ù

'up�V.�§|�Ð�¯K½Ð>�¯K�XÚnØ, ëw [8]. �?nCXê

¯K,ÒI�?�ÚÚ\[�©�f/��©�fE|. XÓ·�3ù�ùaÉ��,?nù

a¯KI�é�5�êÚÝ
nØk�Ð�Ýº. ù�J«·� �©�§´��nÜ5

4r�Æ�, I�3¯KÚ�e, ¦þÝºX{êÆõ�¡��£. 'uªÑ��>mä�

0��gØ© [23].

1nù 1où
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Paley-Wiener-Schwartz½n�y²�g [1] 1.3.4!. T½n�Ö�¡Ø¬^�, �´��

�x;|2Â¼ê��½n,´k7�
)�.

1Êù

'uÄ�)��õ0�, �� [1] 2.4 !. ²£ØC�f�òÈL«½n�g [12] 2.5.1

!. SchwartzØ½n9Ùy²�g [16]1 5Ù.

18ù

ùùSNÌ��g [12] 1.3!.
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1lù
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>�����Âñ¯K,��ëw [5] 4.2!.

1Êù

ù´k'òÈ.ÛÉÈ©�f�Ø%SN,�g [12] 4.3.2!Ú 4.4!,±9 [5] 4.2 !

Ú 5.4!. ùp·�AOrNl2Â¼ê�òÈ��Ý½ÂÛÉÈ©�f,;�
ÏL�ä

�/ª½ÂÛÉÈ©�f�U�5�Øî�.

1�ù

4��f�k.5y²�g [12] 4.4.4!. Hörmander–Mihlin¦f½n�y²�g[12]

5.2.3!. 'uMarcinkiewicz¦f½n9Ùy² (^�
 Littlewood-Paley©)),�ë�T

Ö1 5.2.1!Ú 5.2.2!. k' Bochner-Riesz¦f½n,ë� [9]1 8.5!. k'Hörmander–

Mihlin¦f½n�A^,�� [14] 4.2.1!.

1��ù

ùÜ©SN�g [12] 4.1!Ú [5] 5.4!.

1��ù

ù�ùSN�g [5]1 2Ù 5.1Ú 5.2!,±9 [18].

1�nù 1�où

ùÜ©SN�g [5]1 7Ù,±9 [3]. Sharp4�½n�y²�g [13] 7.4.2!.

1�Êù

Whitney©)½n�g [12]N¹ J,Ù{SN�g [3].
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1�8ù 1�Ôù

ùÜ©SN�g [13] 8.1Ú 8.2!.

1�lù

ùÜ©SN�g [13] 7.3!.

1�Êù

ùÜ©SN�g [13] 8.4!.

1��ù

ùÜ©SN�g [13] 8.5.1Ú 8.5.2!;½n 4�g [19]1 7Ù 2.3!.

1���ù

ùÜ©SN�g [13] 8.3.1Ú 8.5.3!.

1���ù

ùÜ©SN�g [13] 8.5.4!Ú [19]1 6Ù,1 7Ù.'u�a[�©�f3�a�m

�k.5(J,�� [19]9 [6]�35P½SK¥�?Ø9¤Ú©z.

�Övk�9��SN

�Övk�9�k'NÚ©Û9 �©�§��SNk:

(�) ¼ê1w5� Littlewood-Paley©)�x9�' Besov�m��nØ.ù´òNÚ©

ÛA^u�auÐ.�§Ð�¯K·½5�Ì��{��,�ë� [7].

(�) [�©�fÚ��©�fnØ,�ë� [6] [2]9 [17]. 'u��È©,ëw [19].

(n) Ap �nØ.ù3\� Sobolev�m,òzý��§��¡kNõA^,ë� [13] [5] [9]

[19]�.
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