THE BATALIN-VILKOVISKY STRUCTURE OVER THE HOCHSCHILD
COHOMOLOGY RING OF A GROUP ALGEBRA

YUMING LIU AND GUODONG ZHOU*

ABSTRACT. We realize explicitly the well-known additive decomposition of the Hochschild coho-
mology ring of a group algebra. As a result, we describe the cup product, the Batalin-Vilkovisky
operator and the Lie bracket in the Hochschild cohomology ring of a group algebra.

1. INTRODUCTION

Let k be a field and G a finite group. Then the Hochschild cohomology ring of the group algebra
kG admits an additive decomposition:

HH*(kG) = @ H*(Cq(x), k)
reX

where X is a set of representatives of conjugacy classes of elements of G and Cg(x) is the centralizer
of x € G. The proof of this isomorphism can be found in [1] or [9]. The usual proof is abstract
rather than giving an explicit isomorphism. For example, one of the key steps is to use the so-called
Eckmann-Shapiro Lemma, one need to construct some comparison maps between two projective
resolutions in order to write it down explicitly, and this is usually difficult. In [9], Siegel and
Witherspoon used techniques and notations from group representation theory to interpret the above
additive decomposition explicitly. For our purpose, we need to give an explicit isomorphism in the
elements level.

A priori, the additive decomposition gives an isomorphism of vector spaces. The left handed side
has a graded commutative algebra structure given by the cup product, a graded Lie algebra structure
given by the Gerstenhaber Lie bracket ([6]), and a Batalin-Vilkovisky (BV) algebra structure given
by the A operator ([10]). It would be interesting to describe these structures in terms of pieces from
the right handed sided.

For graded algebra structure, it was done by Holm for abelian groups using computations ([7]),
then Cibils and Solotar gave a conceptual proof in ([3]). The general case was dealt with by Siegel and
Witherspoon ([9]), they described the cup product formula by notations from group representation
theory. Our goal in the present paper is to represent the cup product, the Lie bracket and the BV
operator in the Hochschild cohomology ring in terms of the additive decomposition. This is based
on the explicit construction of an isomorphism in the additive decomposition (although there is no
canonical choice for such an isomorphism).

The main obstruction in realizing an isomorphism in the additive decomposition comes from the
fact that, it is usually difficult to construct the comparison map between two projective resolutions
of modules. There is a surprising way to simplify such construction, namely, one can reduce it
to construct a set-like self-homotopy over one projective resolution, which is often much easier.
This method was already used in a recent paper by the second author jointly with Le ([8]). For
convenience, we shall give here a brief introduction to this idea.

This article is organized as follows. In the second section, we review the definitions of Hochschild
cohomology and cup product, using normalized bar resolutions. We use the normalized bar resolution
since it is easy to describe and can greatly simplify the computations. We also recall the graded

* Corresponding author.

Mathematics Subject Classification(2010): 16E40, 18G10, 20C05.

Keywords: Additive decomposition; Batalin-Vilkovisky structure; Cup product; Group cohomology; Hochschild
cohomology ring; Reduced bar resolution; Set-like self-homotopy.

Date: version of July 6, 2012.

The first author is supported by ..... The second author is supported by ......

1



2 YUMING LIU AND GUODONG ZHOU™

Lie algebra structure and the BV algebra structure (in case that A is a symmetric algebra) over the
Hochschild cohomology ring HH*(A) of an algebra A. In the group algebra case, we will state the
relationship of the Hochschild cohomology and the usual group cohomology.

In Section 3, we give a way to realize explicitly the additive decomposition of the Hochschild
cohomology of a group algebra. The main line of our method follows from [9]. In Section 4, we shall
use some idea from [3] to give another way to realize the additive decomposition.

We give the cup product formula in Section 5.

We deal with the A operator and the graded Lie bracket in the next two sections.

In the final section, we use our formulas to compute several concrete examples.

2. HOW TO CONSTRUCT COMPARISON MORPHISMS
Definition 2.1. Let A be an algebra over a field k. Let

dn dn, _
c*:o — ot o Sy ot

be a chain complex of A-modules. If there are maps (just as maps between sets) s, : C, — Cpryq
such that sp—1dy, + dpt15n = idon for all m, then the maps {sn} are called a set-like self-homotopy
over the complex C*.

Remark 2.2. There is a set-like self-homotopy over a complex C® of A-modules if and only if C*®
is an exact complex, that is, C'* is a zero object in the derived category D(ModA). Compare this
with the usual self-homotopy, which is equivalent to saying that C'® is a zero object in the homotopy
category K(ModA).

We will show how to use a set-like self-homotopy to construct a comparison map. Let M and N be
two A-modules, and let f: M — N be an A-module homomorphism. Suppose that P* = (P;,0;)
is a free resolution of M, and that Q* = (Q;,d;) is a projective resolution of N. Suppose further
that there is a set-like self-homotopy s = {s,,}:

d d d,
- Qo —2+> Q1 —1> Qo—2~

A AL

Qe @/~ " N

For each i > 0, choose a basis X; for the free A-module P; (the i-th term of P*®). We define
inductively the maps f; : X; — @Q; as follows: for x € Xy, fo(x) = s_1f0(x); for « > 1 and
for x € X, fi(x) = s;_1fi—10:;(z). Extending A-linearly the maps f; we get A-homomorphisms
fi : Pi — @Q;. It is easy to verify that {f;} gives a chain map between the complexes P* and Q°.
We illustrate the above procedure in the following diagram:

[ 0 A

- P - P, —1» P, - M - 0
P T
0, dy O dy Qo do N 0
I / I / h / i
Q2 @~ Ms @ = N 0

We shall use the following standard homological fact.

Lemma 2.3. Let A and B be two rings and let F' : ModA — ModB be an additive contravariant
functor. If C* and D® are two projective resolutions of an A-module M, then the cochain complexes
FC® and FD*® of B-modules are homotopic. In particular, if ¢ : C* — D® and ¢ : D®* — C*® are
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two chain maps inducing identity maps 1py : M — M, then Fy : FD®* — FC® and F¢ : FC* —
FD*® are inverse homotopy equivalences.

3. REMAINDER ON HOCHSCHILD COHOMOLOGY

In this section, we recall the definitions of various structures over Hochschild cohomology. For
the cup product and the Lie bracket in the Hochschild cohomology ring, we refer to Gerstenhaber’s
original paper [6]; for the Batalin-Vilkovisky algebra structure, we refer to [10].

Let k be a field and A an associative k-algebra with identity 14. Denote by A the quotient space
A/(k - 14). We shall write ® for ®; and A®™ for the n-fold tensor product A ® --- ® A. The
normalized bar resolution (Bar.(A),d,) of A is a free resolution of A as A-A-bimodules, where

Bar_1(A) = A, and for n >0, Bar,(4)=A A" ® A,
do: Barg(A)=A® A — A, ag® a; — apa(multiplication map), and for n > 1,

n
dy, : Bar,(A) — Bar,—1(4), ay®a1 Q- Q apy1 — Z(fl)iao ® - ®aiGi41 @ R Cpg1-
i=0

The exactness of the normalized bar resolution is an easy consequence of the following fact: there is
a set-like self-homotopy s, : Bar,(A) — Bar,4+1(A) over Bar,(A) given by

Sn(ap®a1 @ Rapy1) =1QRa®a; @+ @ apy1-
Notice that here each s, is just a right A-module homomorphism.

Let 4M4 be an A-A-bimodule. Remember that any A-A-bimodule can be identified with a left
module over the enveloping algebra A¢ = A ® A°P?. We have the Hochschild cohomology complex
(C*(A, M),6%):

C™(A, M) = Homue(Bar,(A), M) = Homy(A°", M), for n >0,
6" C™(A, M) — C" YA, M), f+—— 8"(f), where 6"(f) sends a1 ® -+ ® apyq to

i flaz® @ ane) + D (-1 f(a1 @ @ dii1 © - anar) + (-1 f (a1 @ - @ ag)ans.
=1

For n > 0, the degree-n Hochschild cohomology group of the algebra A with coefficients in M is
defined to be
HH"(A,M)=H"(C*(A,M)) 2 Ext’.(A, M).
If in particular, A = kG the group algebra of a finite group G, then the Hochschild cohomology
complex (C*(A, M), 0*) has the following form:

C"(kG,M) ~ Homk(mgm,M) ~ Map(G", M), forn >0,

where G = G — {1} and Map(G~", M) denotes all the maps between the sets G*" and M, and the
differential is given by

6" C"(kG, M) — C" TN (kG, M), f+— 6"(f), where 6"(f) sends (g1, -+ ,gns1) € G to

g1 (g2, gni1) + D (1) F (g1, gigiets o gnrr) + (DT (g1, gn)gnias
1=1

When M = A with the obvious A-A-bimodule structure, we write C™(A) (resp. HH™(A)) for
C™(A, A) (resp. HH™(A, A)). Let f € C™"(A), g € C™(A). Then the cup product f Ug € C"T™(A)
is defined as follows:

FUg: A% A @ © - © g — (01 © - 00)9(ans1 © - @ ).

This cup product is associative and induces a well-defined product over
HH*(A) =@ HH"(A) = @ Ext}i. (A, A),
n>0 n>0

which is called the Hochschild cohomology ring of A. Moreover, HH*(A) is graded commutative,
that is, a U8 = (-1)""Sf U« for « € HH™(A) and g € HH™(A).
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The Lie bracket is defined as follows. Let f € C"(A,M), g € C™(A). If n,m > 1, then for
1 < i < n, the so-called brace operation f o; g € C"T™~1(A, M) is defined by
foiglar® anim—1)=fla®@ - ®a;i1®9(a; @ @ Aitm—1) D Cym @+ @ Aptm—1);
if n>1and m =0, then g € A and for 1 < i < n, set
foiglar® - an1)=fla1 Q@ ®a;-1 VIR ® - @ ap_1);

for any other case, set f o; g to be zero. Define

n

fog=>Y (1) VDo, g et (A, M)

i=1
and for f € C"(A), g € C™(A), define
[f7 g] =fog— (_]_)(n—l)(m—l)g ofe Cn-ﬁ-m—l(A).
The above [, ] induces a well-defined (graded) Lie bracket in Hochschild cohomology
[,]: HH"(A) x HH™(A) — HH" ™™~ 1(A)
such that (HH*(A),U, [, ]) is a Gerstenhaber algebra, that is, the following three conditions hold:
e (HH*(A),U) is an associative algebra and it is graded commutative;
e (HH*(A),[,]) is a graded Lie algebra;
e Possion rule: [fUg, h] = [f,h]Ug+ (—D)IFIUP=D £ U [g, h], where | - | denotes the degree.
We now assume that A is a symmetric k-algebra, that is, A is isomorphic to its dual D(A) =
Homy (A, k) as A°-modules, or equivalently, if there exists a symmetric associative non-degenerate
bilinear form (, ) : A x A — k. This bilinear form induces a duality between the Hochschild
cohomology and the Hochschild homology. In fact, for any n > 0 there is an isomorphism between
HH"(A) and HH,(A) induced by the following canonical isomorphisms
Homy (A ® 4 Bar,(A), k) = Hom 4. (Bar,, (A), D(A)) = Hom 4. (Bar,,(4), A).

Via this duality, we have, for n > 1, an operator A : HH"(A) — HH" '(A) which corresponds
to the Connes’ B-operator on the Hochschild homology. More precisely, for any f € C™(A), A(f) €
C"~1(A) is given by the equation

n
(A ar® - ®an-1) Z D (f(a;® @ an-1 ®an a1 ® - @ a;1),1).

Then the Gerstenhaber algebra (HH* (A), ,[, ]) together with the operator A is a Batalin- Vilkovsky
algebra (BV-algebra), that is, (HH*(A),A) is a complex and

[, 8] = =(=1){I* VAU ) = Ala) U B — (=1)*lau A(B))

for all homogeneous elements «, 5 € HH*(A).

4. REMAINDER ON GROUP COHOMOLOGY

Let G be a finite group and U a left kG-module. The group cohomology of G with coefficient
in U is defined to be H"(G,U) = Exty(k,U). The complex Bar.(kG) ke ®Fk is the standard
resolution of the trivial module k. In fact, as the set-like homotopy s, over Bar,(kG) are right
module homomorphisms, Bar.(kG) ®gc k is exact and thus a projective resolution of kG ®pq k ~ k.
We write the complex C*(G,U) = Homyg(Bar,(kG) ®rg k,U). Therefore, for n > 0,

C™(G,U) ~ Homuc((kG @G " @ kG) ®ng k,U) ~ Hompe(kG @ kG, U)
~ Homk(m@m, U) ~ Map(G™",U),
where G = G — {1} and Map(G"",U) denotes all the maps between the sets G and U, and the

differential is given by o
do(z)(g) =gr —x (for x € U and g € G)
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and (for gp:@m —Uand g1, - ,gns1 € G)

n+1(p(gl7 e agn)

n
dn(@)(gla o vgn+1) = gl(p(g% T 7gn+1)+2(_1)z()0(gla 5 9ili 1, 7gn+1)+(_1)
i=1

Of particular interest to us are the following two cases which relate group cohomology to Hochschild
cohomology and in fact which underly our two realisations of the additive decomposition of the
Hochschild cohomology of a group algebra.

Let kG be a group algebra and U a kG-kG-bimodule. Note that we have an algebra isomorphism
(kG)® = k(G x G) given by g1 ® go — (91,95 '), for g1,92 € G. Thus we can also identify each
kG-kG-bimodule M as a left k(G x G)-module: (g1,92) - * = gizg, *. In the sequel, we shall write
the Hochschild cohomology complex for the group algebra kG in terms of k(G x G)-modules.

Case 1. M = kG, the module kG with the obvious kG-kG-bimodule, or equivalently, the k(G x G)-
module kG with action: (g1,¢2) - @ = gla:ggl for g1,92 € G. It is easy to verify that there is a
k(G x G)-module isomorphism IndS*“k = k(G x G) @xa k = kG ((91,92) ® 1 — g1g5 '), where
the right kG-module structure over k(G x G) is given by diagonal action. So we have

HH"(kG, kG) Ext} ¢ ) (kG kG) = Ext ) (IndG™“k, kG)
Ext}? o (k, ResS*“kG) = Ext} (k, kG®)
H™(G, kG°),
where the third isomorphism is given by the adjoint equivalence and kG¢ is considered as a left
kG-module by conjugation: g -z = grg~! for g,x € G. This verifies a well-known fact observed by
Eilenberg and Mac Lane ([4]): the Hochschild cohomology HH"(kG, kG) of kG with coefficients in
kG is isomorphic to the ordinary group cohomology H"(G, kG) of G with coefficients in kG under
the conjugation.

Case 2. M = k, the trivial kG-kG-bimodule, or equivalently, the k(G x G)-module k with action:
(91,92) - 1 =1 for g1, g2 € G. Since we have

HH"(kG, k) ~ Eth(GxG)(kG, k)~ Eth(GxG)(k;(G x G) ®@rg k, k) = Extio(k, k) = H"(G, k),

the Hochschild cohomology HH™(kG,k) of kG with coefficients in k is isomorphic to the ordi-
nary group cohomology H"(G, k). Another way to see this iies in the fact that the two complexes
C*(kG, k) and C*(G, k) coincide.
et kG be a group algebra. Then kG is a symmetric algebra with the bilinear form
(,):kGx kG — k,
1 ifg=ht
{9, ) = { 0 otherwise

for g, h € G. So there is a well-defined BV-algebra structure on HH*(kG). On the other hand, since
the ordinary group cohomology H"(G, k) is isomorphic to the Hochschild cohomology HH"(kG, k)
of kG with coefficients in the trivial module k, we can define a cup product on the group cohomology

H*(G.k) = H"(G. k)

n>0

12

in a similar way:

—Xn+m

p1Ups: G —k, (91, Gnam) > 01(91, 5 Gn)@2(Gnt1s 0 s Gnkm)s

where ¢ € Map(éxn, k), and g € Map(éxm, k). By [5, Corollary 2.2], H"(G, k) is a Gerstenhaber
subalgebra of HH*(kG). In fact, as in [5, Proof of Theorem 1.8], there is a chain map at the
cohomology complex level:

Hompg(Bar,(kG) @ra k, k) = Homyxa)(Bar.(kG), kG),

— X —X
(0: G — k) — (: G — kG, (g1, 9n) = (g1, Gn)g1 - Gn-
This inclusion map preserves the brace operations in the following sense:
Let ¢1,p2 € C"(kG, k) = Map(éxn,k), and @1,P2 € C™(kG) be the corresponding elements
under the above inclusion map. Then @1 o; Po = 1 0; Po € C"TM™L(EkQ).
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Notice that if G is an abelian group, then there is an isomorphism of graded rings (see [7] or [3]):
HH*(kG,kG) = kG @ H* (G, k).

5. AN REALIZATION OF THE ADDITIVE DECOMPOSITION

Let k be a field and G a finite group. Then the Hochschild cohomology ring of the group algebra

kG admits an additive decomposition:
HH*(kG) = @) H*(Ca(), k)
zeX

where X is a set of representatives of conjugacy classes of elements of G and C(x) is the centralizer
subgroup of G. In this section, we give an explicit construction of the additive decomposition. The
main technique we used here is to construct comparison maps based some set-like self-homotopys.
(cf. Section 1: Introduction.)

By definition, H H*(kG) = H*(Hom,g)- (Bar.(kG), kG)). Since there is an algebra isomorphism
(kG)® = k(G x G) by g1 ® g2 — (91,95 "), we can identify H*(Homg)e (Bar«(kG), kG)) with
H*(Homygxa)(Bar«(kG), kG)), where the k(G x G)-module structure over kG is given by (g1, g2) -

x = gixg, " (the same applies to the terms in Bar,(kG)). Since we always use the normalized bar
resolutions, we have

Homygxg)(Bary(kG), kG) = Homk(mgm, kG) = Map(éX
It follows that HH*(kG) is the cohomology of the following cochain complex:

n

kG).

0 — kG -2 Map(G,kG) 25 - — Map(G™", kG) =5 ...,
where the differential is given by
do(z)(g) = gr —xg (for z € kG and g € G)
— kG and g1, ,gns1 € G)
Ont1) = 919(92, 5 gnar)F

n

> (=D%(gr, 1 gigists e gnr1) + (1) 0(g1, - gn)gnta-
=1

and (for ¢ : G~
dn () (91

n
5"

The main line of our method follows from [9], there the formula is given between cohomology
groups using standard operations like restriction, induction, conjugation, etc., while we choose some
special projective resolutions and construct maps directly on the cohomology complex level. We will
divide our construction into six steps.

The first step. Let kG be the k(G x G)-module in HH*(kG) = Homygxa)(Bar.(kG), kG). Then
we have a k(G x G)-module isomorphism k(G x G) @xg k = kG given by (g1,g2)®1 +— g195 ', where
kG operates diagonally on k(G x G) from the right. Moreover, k(G x G) ®xc Bar.(kG) kg k is also a

free resolution of the above k(G x G)-module kG. Notice that here and in the following we still view
the terms in Bar,(kG) as the usual kG-kG-bimodules. If we identify k(G x G) ®rg Bar, (kG) Qi k

with kG ® kG ® m@“’ﬁ then the differential is as follows:
kG ® kG — kG, zQy+— xy Y
EGR kG @ kG — kG REkG, 2@y®g — 91 QYgr — T D Y;

EGREGRRG " — kGRkGRRG !, 20yYRg @ @ gy —
n—1
91 ®Ygu ®92®'"®gn+Z(—1)l$®y®91®"'®9i9i+1®'"®gn+(—1)n$®y®91®"'®9n71-
i=1
We also have

Hompaxa) (k(G x G) @ra Bar, (kG) @ka k, kG) = Homy (kG ", kG) = Map(@*", kG).
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Using this identification, H*(Homygxc)(k(GXG)@raBar.(kG)@rak, kG)) is given by the following
cochain complex:

’

0 — kG 25 Map(@,kG) 25 ... — Map(@ " kG) s ... |
where the differential is given by
dy(z)(g9) = grg~' —x (for z € kG and g € G)
and (for ¢ : G*" — kG and g1, > gns1 € G)
d (@) (g1, s gnt1) = 910(9g2, -+ s Gns1)g7 '+

n

> (=D'(gr, - gigivt, e gngr) + (1) o(gr, -+ gn)-
i=1

By standard homological algebra, we know that

(1) H*(Homyexag)(Bari(kG), kG)) = H* (Homygxa) (k(G X G) ®re Bar.(kG) @kc k, kG)).

Notice that there is no canonical choice for the isomorphism in (1). However, we can always choose
a “natural” one and fix it in this paper. We will give an explicit isomorphism in (1) and its inverse,
based on the construction of the comparison maps between the two free resolutions Bar.(kG) and
k(G x G) kg Bar.(kG) Qka k of the above k(G x G)-module kG. As explained in Introduction,
this is reduced to construct set-like self-homotopys over these resolutions. Our principle here is to
choose those set-like self-homotopys so that the computations and results are simple.

We choose a set-like self-homotopy over Bar,(kG) as

un kGO RG" ® kG — kG R RG @ kG,
GRGLO @ gni1— (=1)" g1 © - @ g1 ® 1.
Using {u,} we can construct a comparison map
a: k(G x G) @rg Bar«(kG) @rc k — Bar.(kG)
as follows (we only write down the maps on basis vectors):
a_y: kG — kG, x — x,
ag: kG kG — kG kG z@y— z@y ™,
a1 kG @ kG @ kG — kG R KGR kG, 20y @ g1 — —291 © g, @y 7,

n(n+1)

o - kGREGRRG"" — kGRRG" " 9kG, 2@YRGI® - -Bgn > (—1) 7 21 -+ gu gy ' ® - g7 Ty
Similarly, we choose a set-like self-homotopy over k(G x G) Qrg Bar.(kG) Qg k as
vn kGO RGO KRG — kGO KGO EKG

TRQYURI D Qn— 2y Q1 QYR G D @ gn.
Using {v,} we can construct a comparison map

B : Bar.(kG) — k(G x G) ®rg Bar.(kG) ®q k

as follows (we only write down the maps on basis vectors):

-1

B_1:kG — kG, x — x,
Bo: kGREG — kGREkG,x@y— 2@y L,
B kGROKGRKG — kGRKGRKG, 2@ g1 @y — —xg1 Oy~ ' @ g7},

(n+1)

By : kGRRG " @kG — kGREGREG ", 20018 - @gn®y — (—1)" 2 2g1 - gu @y ®g; '@ - @g7 .
It is easy to check that the chain maps {«,,} and {8, } are inverse to each other, and therefore we
get an isomorphism

Homk(gxg) (Bar* (ij), k)G) — Homk(gxg)(k(G X G) Rra Bar, (kG) Rra k, kiG),

n(n+1)

(p: G = kG) s (p1: G — kG, 01(91, 2 gn) = (1) 2 g gnplgnts g Y.
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Its inverse is given by
Homk(gxg)(k’(G X G) KRG Bar*(kG) Rra k, kG) — Homk(GXg) (Bar* (lﬂG), kG),

n(n+1)

(p1:G " kG (p: G " kG, 091, 90) = (1) 7 gigapr(gn g0,
Passing to the cohomology, we realize an isomorphism in (1) and its inverse.

The second step. Since (k(G x G) ®ra —, Homygxa)(k(G x G),—)) is an adjoint pair, we have
an isomorphism (Note that k(G x G) is viewed as a right kG-module by diagonal action)

Homygxq)(k(G x G) ®rg Bar.(kG) ®ra k, kG) = Homyg(Bar.(kG) @ra k, kG),
where the kG-module structure on the last kG is given by conjugation: g -z = gxg~! for g € G.
Passing to the cohomology, we get an isomorphism
(2) H*(Hompaxa)(k(G x G) ®rg Bar.(kG) ®ra k, kG)) = H*(Homya(Bar«(kG) @ra k, kG)).

Remind that the right hand side is just the ordinary group cohomology H*(G, kG) of G with coeffi-
cients in kG under the conjugation (cf. Case 1 of Example ??7). We also have

Homyg(Barn (kG) ®1c k, kG) = Homie (kG @ kG° ", kG) = Homy(BG ", kG) = Map(G ™", kG).
Using this identification, H*(G, kG) = H*(Homyg(Bar.(kG) ®kc k, kG)) is given by the following

cochain complex:

0 — kG 2% Map(G,kG) 2 - — Map(G*" kG) 2= ...,

where the differential is given by
do(z)(g) = grg™' —x (for x € kG and g € G)
and (for ¢ : G " — kG and g1, -+ , gny1 € G)
dn(9)(91,7 s gnt1) = 919092, + 1 gnr1)97  +

n

Z(—l)i@(gh'“ 1 9iGi+1, 5 gnt1) + (—1)n+1@(917"' s Gn)-
i=1
So formally the left hand side and the right hand side in (2) are identical,though they have different
meaning. It is also easy to check that under the above identifications, the adjoint isomorphisms are
identity maps:

Homygxq)(k(G x G) @rg Bar.(kG) kg k, kG) — Hompg(Bar.(kG) @ra k, kG),

(p1: G = kG) > (p2: G " — kG), 02(91, - 1 9n) = 01(g1," 1 Gn)-
Its inverse is given by

Homyg(Bar.(kGQ) ®kc k, kG) — Homk(gxg)(k(G X G) kg Bary(kG) Qi k, kG),

(p2: G —kG) — (01 G " — kG),01(g1, 1 9n) = 2(91, 1 gn).
Passing to the cohomology, we realize an isomorphism in (2) and its inverse.

The third step. We choose a complete set X of representatives of the conjugacy classes in the
finite group G. Take z € X. Then C, = {grg~!lg € G} is the conjugacy class corresponding
to x and Cg(z) = {g € G|grg~! = z} is the centralizer subgroup. Clearly the k-space kC,
generated by the elements in C, is a left kG-module under the conjugation action. We choose a right
coset decomposition of Cg(z) in G: G = Cg(x)y1,2 U Ca(2)y2,: U - U Cq(T)Yn, « (equivalently,
G= vi;Cg(m) UWQT;Cg(x) U---Unx, 1. Ca(x) is a left coset decomposition of C(x) in G), and such
that C,, = {z = fyl_’;x'ylyx,’yi;x’ygyz, e ,’y;j@x’ynm’m}. (We will always take v1 , = 1, and we write
z; for 7, ; 2;,5-) Then we have the following kG-module isomorphisms:

kCy 2 kG Orcg@) ks i —> %—}1 ®rCe(z) 1,
kCy = Hompoy (o) (kGLE), i — 7 : kG — k,vi(7V5,2) = d4j,
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where in the first isomorphism, the left kG-module structure on kG is the usual left multiplication and
the right kCq(z)-module structure on kG is given by restriction, and k is the trivial kCg(z)-module,
and the similar as in the second isomorphism.

In the second step, we have arrived at the ordinary group cohomology H*(G,kG) of G with
coefficients in kG, where the kG-module structure over kG is given by the conjugation. This kG has
a kG-module decomposition:

kG = P kC..

rzeX
Denote by m, : kG — kC, and i, : kC,, — kG the canonical projection and the canonical injection,
respectively. Then we have the following isomorphism

Homya(Bar.(kG) ®xa k, kG) — Homya(Bar.(kG) @xa k, €D kC.),
zeX
(2 : G — kG)
Its inverse is given by

Homya(Bar.(kG) ®@xa k, @ kCs) — Homra(Bar.(kG) @xc k, kG),
rzeX

w3 ={p34: [els " kC, |z € X} — (2 = szng G" —>/<:G)
rzeX

, Where @3, = Tz : [EA kCy.

Passing to the cohomology, we realize an isomorphism:

(3) H*(G,kG)= P H*(G,kCs)
zeX
where the kG-module structure over kG is given by the conjugation.

The fourth step. We have stated in the third step the following kG-module isomorphism
kCy = Hompog (2) (KRG, k), i vt kG — k,vi(V),2) = 64y
Therefore we have the following isomorphism
Homypg(Bar.(kG) @xa k, kCy) — Homypa(Bar.(kG) ®rg k, Homycg, (o) (kG k)),

(P30 : G " = kCy) r— (pap: G — Homypcg () (kG k),

where if we write ¢3 ,(91,92, - ,9n) = Z?ﬁl a; i, then @4 (91,92, - ,gn) Maps v o to a; 5 for
any ¢. The inverse isomorphism is given by

Homyg(Bar«(kG) Qka k, Homkcc(w)(kG, k)) — Homyg(Bar,(kG) Qg k, kCy),

(pae: G " — Hompep(n)(kGLE)) — (930 : G — kCy),

where if @4 .(g1,92, -+, gn) maps v to a;y for any i, then ¢3.(g1,92, . 9n) = D221 Qias
Passing to the cohomology, we realize an isomorphism:

(4) H*(G,kC;) = H*(Homypg(Bar,(kG) ®ra k, Homycy (2) (kG k))).
The fifth step. Since (kG ®rg —, Homycy () (kG, —)) is an adjoint pair, we have the following
isomorphism
Homypg(Bary(kG) @ka k, Homyog (2) (kG k) — Hompcg, () (Bar«(kG) @ra k, k).
Passing to the cohomology, we get an isomorphism
(6) H*(Hompg(Bar.(kG) ®rg k, Hompcg (o) (kG k))) = H* (Homycy, () (Bar« (kG) @ra k, k),

where the right hand side is isomorphic to the ordinary group cohomology H*(Cq(z), k) of Cg(x)
with coeflicients in the trivial module k. Since there are kCq(x)-module isomorphisms

Bar,.(kG) Qg k = @ kCa(x)vie @ G
i=1
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we have

Homycy, (z)(Bary (kG) @ra k, k) = Homk(@ kviz ® kGO, k) = Map(S, x G " k),
i=1
where Sy = {14, , Vn.,a} (cf. The third step). Using this identification, the adjoint isomorphism
is given by
Homkg(Bar*(kG) Qra k, HOkaG(Z)(kG, k)) — HO’ITL]CCG(I) (Bar*(k‘G) Qra k, k‘),

(pa0: G — Homicy (o) (kG ) — (p5.0: Se x G — k),
where if ©4.5(g1, 92, , gn) MapPs v, » to a; 5 for any 4, then @5 o (Vi.z, 91,92, - ,gn) = Gi 5 for any
1. The inverse isomorphism is given by

HO’/TL;CCG(I)(BG,T’*(]CG) KRG k’, ]{3) — Homkg(Bar*(kG) (S ¥el k, Homkcc(w)(kG, k)),

(P50 82 X G = k) — (pap: G " — Homye () (kG k),
where if 05 4 (Viz, 91,92, ,gn) = @i for any 4, then ¢4 4(91,92, -, gn) Maps 7y, 4 t0 a; , for any
i. Passing to the cohomology, we realize an isomorphism in (5) and its inverse.

The sixth step. In the fifth step, we have arrived at the ordinary group cohomology H*(Cq(x), k)
of Cg(x) with coefficients in the trivial module k, where H*(Cg(z), k) is computed by the cochain
complex Homycy, (z)(Bar«(kG) ®ra k, k). By the identification in fifth step, this is given by the
following cochain complex:

0 — kX" -2 Map(S, x G, k) -2 -+ — Map(Sy x G ", k) 225 ...,

where the differential is given by do({ai})((Vjz,91)) = as, .« — @j2, and as, , is determined as
follows: for {a; ,} € k™, 7,4 € Sz, g1 € G, we have

Vjxg1 = Nj17s,,2 for some hj1 € Cg(z) and for some 1 < 55 < nyg.
and by (for ¢ : S, x G " — k, Yjz € Se, 91, » gnp1 € G such that ;g1 = hj17s;.e)
dn(@)(f}/j,wmglv e agn-‘rl) = <P(’Ys,-,z7g2a T agn-‘rl)—i—

Z(*l)%(%}m g1, 5, 9i9i+1," ,gn+1)+(71)n+1§0(7j,m,91, te 7gn)
i=1
(Remark that for a fixed g1 € G, {s1,82, -, 8n, } is a permutation of {1,2,--- ,n,}.)
The above computation for H*(Cg(x), k) uses the projective resolution Bar,(kG) Qi k of the
trivial kCg(z)-module k, which is identified as the following complex (It is in fact a projective
resolution of the trivial kG-module k, but we view it as a complex of kC¢(z)-modules by restriction)

S RCORGT My L EGREG M kG Dy k0,

where the differential is given by
do(go) =1 (for go € G)
and (for go € G, g1, ,g9n € G)

dn (90,91, 1 Gn) = G0g1®G2®: - ®gn+
n—1 )
D ()'g® - ®Gigi1 @D gn+ (—1)"g Qg1 @ @ gn1.
i=1
We now use another projective resolution Bar.(kCq(z)) @kcy(2) k of the trivial kCq(x)-module k,
which is identified as the following complex
s kCa(x) @ RCa(@) " s kCa(x) @ KOG (@) - kCa(x) 2% k — 0,

where the differential is given by

do(ho) =1 (fOl“ ho € Cg(ai»
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and (for hg € G,hy,--+ ,hy € Ca(x))
dn(hos hiy- -+ hin) = hoh1®he®- - - @hy,+

n—1
S (=D)'ho® -+ @ hihis1 @+ @ by + (—=1)"ho @ by @ -+ @ hp_1.
i=1
We have
7® J—
Homypcy, (z)(Bar«(kCq(x)) @kcg (z) ki k) = Homy (kCa(x) @ kCq(x) n, k) = Map(Cg(:v)Xn, k),

so H*(Cg(z), k) can also be computed by the following cochain complex
—XnN dn

0— k2% Map(Ca(z),k) 2 - — Map(Ca(z) " k) 2 -

where the differential is given by

do(a)(h1) =0 (for a € k,hy € Ci(x))

and (for ¢ : Cg(x)xn — k, h1, -+ Jhpt1 € Ca(z))
dn(cp)(hh e ahn-‘rl) = Qo(h% o ahn+1)+

n

Z(—l)iﬁﬂ(hl"" chihiit, - hg1) + (=D (b, - -+ hy).
im1

Clearly, we have
(6) H*(Homycg(x)(Bar.(kG) ®kg k, k)) = H*(Homycg (z)(Bar.(kCa(2)) ®rcg (x) ks k))-

To give an explicit isomorphism in (6), we need to construct the comparison maps between two
projective resolutions Bar,(kG) ®rg k and Bar.(kCg(x)) ®pcg (2) k of the trivial kCq(z)-module k.
The comparison map from Bar,(kCq(z)) ®rcg(z) k to Bar.(kG) ®rg k is just the inclusion map

t:kCq(z) ® kCg(m)®n S kGREG .

To construct the comparison map on the reverse direction, we use a set-like self-homotopy over

kCq(z) ® kCg(x)®n as follows (for hg € Cq(x),h1, -, hn € Ca(x))

kCo(2) ® KCa(@) " — kCa(z) @ kCa(@) ',

ho@h1 @ - @hy —1Qhy@h1 @+ @ hy,.
Then we get a comparison map

p: Bari(kG) ®rg k — Bar«(kCa(x)) @rcg(z) k

as follows (we only write down the maps on basis vectors):
p_1:k—Fk1—1,

po : kG — kCq(z), by, o — h, where hv, , belongs to the right coset Cq ()i z,

pP1 kG@m — kCG(I)®kCG($)7 h’Yz,x ®g1 — h®hi71, where Yi,xg1 = hi71’)/37’7x for hi,l S Cg(l‘),

—Qn ®
pn:kG®kG® — kCg(z) ® kCq(x) n7h%,m®g1®'--®gn»—>h®hi,1®---®hi,n,

where for x € X, h; 1, -+ ,hin € Ca(x) are determined by the sequence {g1,- -, gn} as follows:
Vi1t = M1 Vst o Vst ag2 = i2Ve2 a5 Vert o0 = RinVsy o
It follows that we have two homomorphisms:

Hompcg (o) (Bar«(kG) ®ra k, k) — Homycg (z) (Bar«(kCa () @rcg () ks k),
(SOB,:E . S:E X éxn — k) — (SDG,QE : CG(x)Xn — k)7<p6,z(h17 e uhn) = 905,96(]-7}"17 T 7hn) = a1z,
where a1 , is the cofficients of = in @3 5 (h1, -, hy) = Zamvga}x%w;
i=1

and
Homypcg(z)(Bar«(kCa(x)) @kcg(z) ks k) — Hompcs () (Bar«(kG) @ra k, k),
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——Xn —Xn
(06,0 : (@) — k) — (p50: 82 X G " — k), 5.0 (Viuws 915+ 1 9n) = 6,0 (Rits -+ hin),
where for © € X, h;1,--+ ,hin € Cg(x) are determined by the sequence {g1,-- -, gn} as follows:
Yi,x g1 = hi,175§,m775g,192 = hi,QVs%,zv e 375:"*111971 = hi,n’)/s;”,z-

Since both ¢ and p induce the identity map 1 : kK — k, by Lemma 2.3, we have inverse isomorphisms
between H*(Homycy (z)(Bar.(kG)@rck, k)) and H*(Homycy, (o) (Bar«(kCg (7)) @rog (2)k, k). The
correspondence is induced by @5, +— ©¢.4, as we stated above. So we realize an isomorphism in
(6) and its inverse.

Summarizing the above six steps, we get the following main result in this section.

Theorem 5.1. Let k be a field and G a finite group. Consider the additive decomposition of
Hochschild cohomology ring of the group algebra kG:

HH*(kG) = P H*(Ca(x
rzeX
where X is a set of representatives of conjugacy classes of elements of G and Cg(x) is the centralizer
subgroup of G. We compute the Hochschild cohomology HH* (kG) = H*(Homygxa)(Bar.(kG), kG))
by the classical normalized bar resolution, and we compute the group cohomology H*(Cg(x), k) by
H*(Homypc,, () (Bar«(kCq () ®rcg () k. k). Then, we can realize an isomorphism in additive de-
composition as follows:
HH*(kG) — €D H*(Ca(x), k),

zeX
xn

lp: G — kG] — 3] = PBa), @a : Calz)  — k,
rzeX

Gp(h1, -+ hy) = a1,,, where mp((—1 )W(nﬂ) hi--hpo(hyt, - hih)) = Zamxi.

n(n+1)

In other word, @, (hy,- - , hy) is just the coefficient of x in (—1) hy---hpp(hyt, - ,hl_l) € kG.
The inverse of the above isomorphism is given as follows:

P H*(Co(x), k) = HH*(kG),

reX
R 1~ XT —xn
@ = P8l 8x: Cala) — kr—[p: G " — kG,
zeX
(n+1) -
So(gla"' 7gn):(71) 2 glgnzzar(h;h ah;7n)$i7
zeX i=1
where for x € X,k .-+ hj, € Ca(x) are determined by the sequence {g,,*,- - 91 '} as follows:
’Yi,zgyzl = hg,ﬂsi ) Vs},wg;il = h;,Z’st,m M) 73?*1,1-9171 = h;,n'Ys;H:v

Proof This is a direct consequence by applying the above isomorphisms from (1) to (6) and their in-
verses. For an element ¢ : G —» kG in the n-th term C"™(kG) = Map(G ", k@) of the Hochschild
cohomology complex, [¢] denotes the corresponding element in the Hochschild cohomology group
HH"(kG). Note that the elements hj ;,--- ,h;, depend on x € X and the sequence (g1, ,gn)-

For the simplicity of notations, we avoid to write them down explicitly.
O

Remark 5.2. (a) The correspondence in Theorem 5.1 can be illustrated as follows:
D~ (2 )(
HH*(kG) W2y H*(G, kG) @H* G, kC,) v @H* kCq(x), k).
rxeX rzeX
This is just the same line used by Siegel and Witherspoon in [9]. The difference is: they realize each
step between cohomology groups using standard operations like restriction, induction, conjugation,
etc., while we construct maps directly in each step on the cohomology complex level.
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(b) Since we have
HH*(kG) = H*(Homyxa)(Bary(kG), kG))
= H*(Homk(GXg)(k(G X G) Rra Bar, (kG) Rra k, kG)),
we can choose either cohomology complex when discuss the ring structure of HH*(kG), it is not
harm to the result up to isomorphism. If we compute H H*(kG) by the projective resolution (k(G x
G) ®ra Bar.(kG) @i k, then the correspondence in Theorem 5.1 become simpler:

HH*(kG) = €D H*(Ca(x), k),
zeX

—XnNn

lo: G — kGl — 3] = PB:). a : Calz)  — k,
zeX
@z(hi, -+, hy) = a1, the coefficient of = in ¢(hq,--- , hy,) € kG;

P H*(Co(x). k) = HH*(kG),

reX
. i o~ ——xn —xn
[l = P@:].7x: Cala) " — k—lp: G " — kG,
zeX
@(g17 e 7971) = Z Z @I(hi,lv Tty hi,n)xiv
rzeX 1=1
where for x € X, h;1,--- ,hin € Cg(x) are determined by the sequence {g1,-- -, gn} as follows:

Yi,xd1 = hi,llys%,xvfys},zg2 = hi,Q’ysf,z, e a’ys:’/—l’zgn = hi,n’)’sf,:v

6. ANOTHER WAY TO REALIZE THE ADDITIVE DECOMPOSITION

In [3], Cibils and Solotar constructed a subcomplex of the Hochschild cohomology complex for each
conjugacy class, and then they showed that for a finite abelian group, the subcomplex is isomorphic
to the complex computing group cohomology. We will generalize this to any finite group: for each
conjugacy class, this complex computes the cohomology of the corresponding centralizer subgroup.
As a result, we give a second way to realize the additive decomposition.

As before, let k be a field and G a finite group. Recall that the Hochschild cohomology H H*(kG)
of the group algebra kG can be computed by the following (cochain) complex:

(H*) 0 — kG 2% Map(G, kG) 25 - — Map(G",kG) =5 ...

where the differential is given by
do(z)(9) = gr —xg (for x € kG and g € G)
and (for ¢ : G " — kG and g1, -+ , gny1 € G)
dn (@) (g1, s gnt1) = 919(92, -+ gny1)+

n

Z(*l)lﬁp(gla s Gigirts s Gnrr) T (1) (g1, gn) g

i=1
We keep the following notations in Section 3: X is a complete set of representatives of the conjugacy
classes in the finite group G. For z € X, C, = {grg~'|g € G} is the conjugacy class corresponding
to # and Cg(r) = {g € G|gzg~! = x} is the centralizer subgroup. Now take a conjugacy class C,
and define

HO = kC,, and for n > 1,
_x _
H ={¢: G " — kGlo(g1,- gn) € kg1 gnCa] C kG, Vg1, ,gn € G},

where ¢; - -+ g,C, denotes the subset of G by multiplying g; - - - g, on C, and klg; - - - g,Cy] is the

k-subspace of kG generated by this set. Let Hj = €P,,~,Hy. Cibils and Solotar ([3, Page 20, Proof
of the theorem]) observed that H} is a subcomplex of H* and H* = P, x H;.
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Lemma 6.1. H} is canonically isomorphic to the complex Homypa(Bar.(kG) Qka k, kCy), which
computes the group cohomology H*(G,kC,) of G with coefficients in kC,, where kC, is a left kG-
module under conjugation.

Proof We know from Section 3 that the complex Homyg(Bar«(kG) ®kq k, kC;) is identified as the
following complex:

0 — kC, -2 Map(G, kC,,) NN Map(G™", kC,) n

where the differential is given by

do(z)(g9) = grg~' —x (for x € kC,, and g € G)

and (for ¢ : G — kCyand g1, ,gns1 € G)
dn() (91,7 s Gns1) = G19(92, -+ Gny1)g1 '+

n

> (D91, 5 gigivrs - gnrn) + (D" (g1, gn).
i=1
A direct computation shows that the following map is an isomorphism of complexes:
Hr — Hompg(Bar.(kG) ®ic k, kC,),

(p1: G " = kG) — (92 : G " = kCL), 02(g1, 7+ 1 9n) = 1(g1, -+ 1 Gn) g+ g7

Its inverse is given by
Homkg(Bar*(kG) Qra k, k‘CI) — H;,
(p2:G " = kC)— (01 : G = kG),01(g1,-++ 1) = @2(g1,-++ 1 Gn)G1*** Gn-
Passing to the cohomology, we have H*(H%) = H*(G, kC,,).
O

On the other hand, we have shown that the complex Homyg(Bar.(kG) ®kc k, kC) is isomor-
phic to the complex Homycy, (o) (Bar.(kCg (7)) @k (2) k, k), which computes the group cohomology
H*(Cg(x),k) of the centralizer subgroup Cg(x) with coefficients in the trivial module k. (cf. Sec-
tion 3, from the fourth step to the six step.) Therefore we get another realization to the additive
decomposition:

Theorem 6.2. Let k be a field and G a finite group. Consider the additive decomposition of
Hochschild cohomology ring of the group algebra kG:

HH*(kG) = P H* (Ca(x), k)
zeX
where X 1is a set of representatives of conjugacy classes of elements of G and Cg(x) is the centralizer
subgroup of G. We compute the Hochschild cohomology H H*(kG) = H*(Homygxa)(Bar.(kG), kG))
by the classical normalized bar resolution, and we compute the group cohomology H*(Cq(x), k) by

H*(Hompc(z)(Bar«(kCa () @kcg(a) Ky k). Then, we can realize an isomorphism in additive de-
composition as follows:

HH*(kG) = €D H*(Ca(2), k),

zeX

[0 : G " — kG, 00 € H — [Pr : Ca(x)  — K],
Gr(ha, -+ hn) = are, where pu(hy,-  ho)hy ' hit = a; 21 € kCy.
=1

In other word, p,(h1,--- ,hy) is just the coefficient of x in @i (hy,- -+ hp)hyt--- hfl € kC,. The
inverse of the above isomorphism is given as follows:

P H*(Co(x).k) = HH*(kG),

zeX

(G0 : Ca(z)  — k] — [0 : G " — kG, pp € H”,
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n.T,
@x(g1, 7+, gn) = Z(ﬁaz(huh o hin)Tig1 Gn,
i=1

where h; 1, -+, hin € Cq(z) are determined by the sequence {g1,--- ,gn} as follows:
Yi,xg1 = hi,l’YS%,J;a,YS},J:QQ = hiﬂ’ys?,x? e a’ysyfl,xgn = hi,n’)/s?,m-

Proof This is a combination of Lemma 6.1 and the correspondence from the fourth step to the six
step in Section 3.

d

Remark 6.3. Comparing Theorem 5.1 with Theorem 6.2 we see that the two realizations of the
additive decomposition are very close to each other. In the sequel, we prefer to the second realization
since it is simpler.

7. THE CUP PRODUCT FORMULA

We keep the notations of the previous sections: k is a field, and G is a finite group, and so on.
We describe the cup product formula for the Hochschild cohomology ring H H*(kG) in terms of the
additive decomposition.

Theorem 7.1. With the notations in Theorem 6.2, the cup product in the Hochschild cohomology
ring HH*(kG) = H*(Homygxa) (Bar.(kG), kG)) is given as follows. Let [0,](Py : Cg(x)xn — k)
and [y](Py : Cg(y)xm — k) be two elements in H"(Cg(z),k) and in H™(Cg(y), k), respectively.

—Xm

Denote by [py : G — kG)(p, € H™) and oy : G — kG|(py € Hy') be the corresponding

elements in HH*(kG), and denote by ¢, U ¢, : gxntm)

z € X, we have the following cup product formula:

— kG the cup product. Then, for any

(psU): @ " KG. (0 Uepy). €I,
(91, 2 Gns s Gnm) ZZ@w(hi,l, i) By (R hym) 2k,
k=1 (i.5)

where the second sum takes over all pairs (i,7) such that ;g1 - gn¥Yjgn+1 - Gntm = 2k. In partic-
ular, we have the following formula:

_— —X(n+m)

(pz Uy): : Ca(z) — k,
(@xuwy)Z(hh"' N 7hn+771) = i,z Uy,
(4.9)
where pg(hi, -+ hn) = Y i2 i 2®iys Qy(Rngt, s hngm) = Z;Li1 a;4Y;, and where the sum takes

over all pairs (i, ) such that x;(h1---hy)y;(h1 - hy) ' =21 = 2.

Proof This is obvious from the correspondence in Theorem 6.2. Notice that h; 1, -+, hipn € Ca(z)
depend on the sequence {g1,- - ,gn} by the following steps:

Yi,xd1 = hi,l’Ys},m’)’s},xg2 = hi,Q’YSE,zv T u’ysf—lyxgn = hi,n’)’s;b,zv
and that hj1, -+, hjm € Ca(y) depend on the sequence {gn41,- - ; gn+m} by the following steps:
Yi,yIn+1 = hj,lst},yv ’Ys;,ygnJrQ = hj,2’75?7y) t ’73771,y9n+m = hj,m’)/sg”',y-
O
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Theorem 7.2. With the notations in Theorem 5.1, the cup product in the Hochschild cohomology
ring HH*(kG) = H*(Homygxa)(Bar«(kG), kG)) is given as follows. Let [0,](Py : mxn — k)
and [P,](By :mxm — k) be two elements in H"(Cg(z),k) and in H™(Cg(y), k), respectively.
Denote by [pq G — kC3] and [py - [l kC,] be the corresponding elements in HH*(kG),

and denote by v, U @, : éx(n+m)

following cup product formula:

— kG the cup product. Then, for any z € X, we have the

(0 Upy)s - Tt ke,
n24m24ntm e R R
(915 3 Gns s Gnym) — (=1) 2 Zz@x(h;,lv"' 7h;,n)90y( ;‘,17"' 7h;',m)zka
k=1 (i,5)

where the second sum takes over all pairs (i,7) such that g1 - Gn®ign+1 - Gn+my; = 2k. In partic-
ular, we have the following formula:
—_— X (n+m)
(SDI U ‘Py)z : CG<Z) — k7
— (ntm+1)(n+m)
(‘quﬁoy)z(hh ,hna"' 7hn+m) = (_1) 2 Za/i7waj,y7
(i,5)

where goz(h;}rm, e ,hfjm) = > @i T, py(hyt Jhih) = Z?L ajyyj, and where the sum
takes over all pairs (i,j) such that hy ---hy - - hppm@Tiy; = 21 = 2.

Proof This is obvious from the correspondence in Theorem 5.1. Notice that h; ;,--- ,hi, € Cg(z)
depend on the sequence {g; 1, - ,gfl} by the following steps:
Viedn =P Vet VslaInir = WiV s Vg1 91 = haYer e
and that h},--- R}, € Cc(y) depend on the sequence {g,{,,, * ,9n+1} by the following steps:
’Yj,yg;j_m = h;—,ﬂs},yv ’Ys},yg;imq = h;,2’ys§,ya Ty ’YS;n—l,ygrzil = h;,m%;ﬂ,y

O

Remark 7.3. (1) We prefer to the cup product formula in Theorem 7.1 since it is simpler.

(2) By Remark 5.2 (a), our cup product formula in Theorem 7.2 is consistent with Siegel and
Witherspoon’s formula in [9, Theorem 5.1].

8. THE /A OPERATOR

Let k be a field and G a finite group. Recall that the group algebra kG is a symmetric algebra
with the bilinear form
(,): kG x kG — K,

[ 1 ifg=ht
{g:h) = { 0 otherwise

for g,h € G. For n > 1, the operator A : HH™(kG) — HH"~'(kG) on the Hochschild cohomology
is induced by the following equation:

<A(§0)(g17 e 79”—1)7gn> = Z(i]‘)’b(nil) <<)0(g1? 5y 9n—1,9n5,91, " 7gi—1)5 1>
1=1

—Xn

for p € C"(kG) = Map(éxn,kG), A(p) € C"YHkG) =2 Map(G _1,kG). This operator together
with the cup product U and the Lie bracket [, | define a BV algebra structure on HH*(kQG).

We know from Section 4 that, for a conjugacy class C, of G, Hi = P,,~, H} is a subcomplex of
the Hochschild cohomology complex H*, where B

Hy = {(p:éxn — kGlp(g1,-++ ,9n) € klg1 -+ 90.Cs] C kG, Vg1, ,gn € G}.
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Lemma 8.1. The operator A : H"™ —s H" 1 restricts to /N, : H? — HZ™L for each conjugacy
class Cy.

Proof We need to show that A(p) € H~" for each ¢ € H. Suppose that A(¢)(g1,- -+ gn-1) # 0
for some g1,--- ,gn—1 € G. Notice that g, € G with (A(®)(g1, " ,9n-1),gn) # 0 if and only
if the coefficient of g ' in A(¢)(g1, -+ ,gn_1) is nonzero. For each such g,, there exists some i

such that (¢(gi, s gn—1,9n, g1, ,gi-1), 1) # 0. This implies that 1 € g; - gn—19n91 - gi-1Cx,
or equivalently, g1 € g;+--9iCugi* gn-1 = g1 gn_1Cx. It follows that A(¢)(g1, *+ ,gn_1) €

k[gl t 'gn—lox}-

O

Now we can determine the behavior of the operator A under the additive decomposition.
Theorem 8.2. Let k be a field and G a finite group. Consider the additive decomposition of
Hochschild cohomology ring of the group algebra kG:
HH*(kG) = @ H*(Co(x
zeX

where X is a set of representatives of conjugacy classes of elements of G and Cg(x) is the centralizer
subgroup of G. Let A, : H"(Cg(x),k) — H" Y(Cq(x),k) be the map induced by the operator
N, HH"(kG) — HH" Y(kG). Then Az is defined as follows:

n

Aaj(dj)(h17 7h’n71) - Z(_l)i(n_l)d](hi)“' hn 1y My — 1 hll -1 hla' : 7hi71)

i=1
for - Cg(x)xn — k and for hy,--+ ,hp—1 € Ca(x).

Proof We have the following commutative diagram

H™ (M) —— 25 B L ()

Take an element ¢ : Cg(x )Xn — k in Homyc, () (Barn(kCq(2)) ®kcg(z) k, k) and denote by

xXn

¢ : G~ — kG the corresponding element in H”. By Theorem 6.2, for any hy,--- ,h, € Cg(x),
Y(h1,- -+, hy) is equal to the coefficient of 2 in @(hy,--- ,hy)h ' -hi' € kC,. On the other hand,
N (@) (g1, ygn-1) € kg1 - - gn—1C4] is defined by the following equation:

n

<A1(§0)(gl, T 79”—1)7gn> = Z(_l)l(nil) <S0(glv s 9n—1,9n591, ¢ agi—l)a 1>7

i=1
where g,, € G. Under the vertical isomorphism, A, (¢) corresponds to A (). Forany hy, -+ ,h,—1 €
Cea(z), Aw(w)(h1,~- ,hn—1) is the coefficient of = in A, (p )(h1,~-~ chn_1)h by hTt € KOy, or
equivalently, the coefficient of xhy -+ hp—1 in Ag(@)(h1, - ,hn—1) € k[h1 -+ hp_ 103:]. This coeffi-
cient is equal to

<A ( )(hlﬂ‘" b — )7h7: 1’ h;1$_1>

_ Z DY o(hiy - b1, byt by e by hiy), 1),

We also know that ¢(h;, - - 7hn—1, LoohyteT kg, -+ ki) is equal to the coefficient of z in

w(hzv vhnfhhil hfl -1 hl,"' hlfl)h;_llhlill'hlhn,lh;ilh;l
= @(hi, N S 1 -h 1,1 h, - hi—l)x € kC,,
which is again equal to (@(hi, -+ A1, bty hy e hy, -+ hi_q),1). Tt follows that

n

A1('(/))(}1115 ,hn,]_) = Z<_1)1(n_1),¢)(h27 7hn,17 ';ilh -1 hla" 7, 1)

i=1
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O

Remark 8.3. By [5, Corollary 2.2], we know that H™(G,k) is a Gerstenhaber subalgebra of
HH*(kG) under the inclusion map (cf. Remark ?7?):

Homyg(Bar.(kG) @rg k, k) — Homycxa)(Bar«(kG), kG),

((10 : éxn — k) — (d) :éxn — kG)7’l/)(gla o agn) = 80(917 T 79n)91 *Gn-
Notice that by notations in Section 4, ¢ € H}. So motivated by Theorem 8.2, we can similarly define
an operator Ay : H"(G, k) — H" (G, k) in the group cohomology H*(G, k) as follows:

n

Al(sp)(glv e 7g7l—1) = Z(_l)l(n_l)w(gla T agn—hg;il o '91_17.917 e agi—l)
=1

for gp:éxn — kand for g1,--- ,gn—1 € G.
We prove that H™(G, k) is in fact a BV subalgebra of HH*(kG).

Proposition 8.4. Let k be a field and G a finite group. Then H™(G,k) — HH*(kG) is a BV
subalgebra.

Proof Suppose that under the above inclusion map H"(G, k) — HH*(kG), ¢ : G —> k cor-
responds to 3 : G —» kG, where ?(g1, 9n) = ©(g1,"** ,9n)g1 -+~ gn- We need to show that
Al((p) = A(@) For 91,7 ,9n—1 € év A(@)(le T 7gn71)

(_1)l(n_1);0\(glv e agn—lvg;il o gl_lagla e 7gi—1)

|

i=1

(_1)i(n_1)90(gi> e ,gn*hg;il o '9;17913 e 791‘71)

I
[M]=

1

—

= A1) (915 s gn—1)-

.
Il

O
Now let G be an abelian group. In this case, the Hochschild cohomology ring HH*(kG) of the
group algebra kG is isomorphic to the tensor product algebra of kG and the group cohomology
ring H*(G, k): HH*(kG) = kG ® H*(G, k). According to [3], this isomorphism is given as follows.
For G an abelian group, conjugacy classes are elements of G, hence a cochain ¢, of H} for x € G
attributes a scalar multiple of ¢y - - - g,x for each (g1, -+ ,gn) € G™"; we denote by D2(91, " s 9n)
the corresponding scalar and we obtain in this way a map @, : G*" — k. It is not difficult to
verify that the map ¢ — Y cq(2 ® P5) defines a ring isomorphism C*(kG) — kG ® C*(kG, k)
compatible with the differentials, and therefore it induces the above isomorphism.

Proposition 8.5. Let k be a field and G a finite abelian group. Under the above isomorphism
HH*(kGQ) = kG®y H* (G, k), the operator /\ : HH™(kG) — HH" 1 (kG) corresponds to the sum of
operators 1@/, : t@H™(G, k) — 2@ H" (G, k), wherex € G and A, : H(G, k) — H" (G, k)
is defined as follows:

E(@)(glv e 7gn*1) = Z(_l)l(nil)a(gw T 7gn71ag7;E1 te 'glilxilvglv T ,gifl)
i=1
for@:axn — k and for g1, ,gn_1 € G.

Proof The proof is similar to Theorem 8.2. According to Lemma 8.1, the operator A : H® — H"?~!
restricts to A, : H? — H?~! for each 2 € G. Let p € H"(G, k) corresponds to ¢ € H™. It suffices

to show that A.(¢) = AL(®). For g1, -+ ,gn-1 € G, Do(¢)(91,++ ,gn_1) is the coefficient of
91 Gn-1x in Dg(0)(g1,* ,gn-1), and it is equal to

(Da(@)(91, -+ s gn1)sx gty - oY)
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n
= Z(il)Z(nil) <<)0(gz7 e agn—lywilg;il o 'gl_lagla T 7gi—1)7 1>
:/,L:
= Z(_l)l(n_l)«o(g’h e agnfhx_lg;ll o '9;15917 e agifl)xa $_1>
= Z(il)l(nil)a(gla oy 9n—1, 'Tilg'r:il e gl_lﬂ g1, 7gi—1)

n
= Z(_I)Z(n_l)a(giu T 7gn71u97;i1 o 'gfl‘r—17gla e 791‘71)

- Az(@)(glv e 7gn71)~

9. THE LIE BRACKET

Then the Gerstenhaber algebra (HH*(A),U,[, ]) together with the operator A is a Batalin-
Vilkovsky algebra (BV-algebra), that is, (HH*(A), A) is a complex and

[, 8] = =(=D)=DA(aU ) = Al@) U — (-1)*la U A(B))
for all homogeneous elements «, 8 € HH*(A).

10. SOME EXAMPLES
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