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UNBOUNDED LADDERS INDUCED BY GORENSTEIN ALGEBRAS

PU ZHANG, YUEHUI ZHANG, GUODONG ZHOU, LIN ZHU

ABSTRACT. The derived category D(ModA) of a Gorenstein triangular matrix algebra A admits an
unbounded ladder; and this ladder restricts to D~ (Mod) (resp. D®(Mod), D’(mod), K°(proj)). A
left recollement of triangulated categories with Serre functors sits in a ladder of period 1; as an
application, the singularity category of A admits a ladder of period 1.

Recollements ([BBD]) provide a powerful tool for studying problems in triangulated categories and alge-
braic geometry. To study mixed categories, ladders have been introduced ([BGS], [AHKLY]). Recollements
are ladders of height 1; while ladders of height > 2 give more information ([AHKLY], [HQ]). A fundamental
question is when unbounded ladders occur naturally in representation theory. This essentially deals with
the existence of infinite adjoint sequences. It is known that if A is an algebra of finite global dimension,
then any recollement of derived category D(ModA) sits in an unbounded ladder ([AHKLY, 3.7]).

Let A:= (B %) with M a C-B-bimodule. An algebra A is of this form if and only if A has an idempotent
e with (1 — e)Ae = 0. It is well-known that there is a recollement (D(ModB), D(ModA), D(ModC)) of
derived categories ([AHKL], [Han]); and in fact, it sits in a ladder of height 2 ([AHKLY, 3.4]). We further
claim that it sits in an unbounded ladder, provided that A, B and C are Gorenstein algebras. This
unbounded ladder enjoys pleasant properties in the sense that it restricts to D~ (Mod) (resp. D°(Mod),
D*(mod), K*(proj)).

For an adjoint pair (F,G) of categories with Serre functors, F' (resp. G) always has a left (resp. right)
adjoint. So a left recollement of triangulated categories with Serre functors sits in a ladder of period 1.
As an application, the singularity category ([B], [O]) of a Gorenstein triangular matrix algebra admits a
ladder of period 1 (Thm. B2]), via the stable category of Gorenstein-projective modules ([EJ], [B], [H2]).

1. Preliminaries

1.1. Let C’, C and C” be triangulated categories. A recollement (C',C,C",i*,ix,',51,7",4x) of C relative
to C" and C” ([BBD]) is a diagram of triangle functors

i* Ji
¢—i>Cc——C" (1.1)

satisfying the following conditions:
(R1)  (i*,ix), (ix,4'), (41, 7) and (57, j«) are adjoint pairs;
(R2) 4,71 and j. are fully faithful;
(R3) j%i. =0 (and thus i*ji = 0 = i'j.);
(R4) for X € C there are distinguished triangles jij*X =% X %5 i,i* X — (ji7* X)[1] and i.i' X =5

X X §x3* X — (ixi' X)[1], where the marked morphisms are the counits and the units of the adjunctions.

A left (resp. Tight) recollement of C relative to C’ and C” is the upper (resp. lower) two rows of (1.1)
satisfying the same conditions involving only these functors ([P], [K&]. For other or related names see e.g.
[BGS], [M], [BO], [Kr], [IKM]). An opposed recollement of C relative to C’ and C” is a diagram
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i1 J—1
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such that (C"”,C,C’,j_1,%0,j1,i—1,jo,%1) is a recollement of C relative to C" and C’.

Lemma 1.1. (1) Given the upper two rows of (1.1), the following are equivalent:
(i) 1t is a left recollement,
i) (¢%,ix) and (j1,7%) are adjoint pairs, i« and ji are fully faithful, and Imi, = Kerj™;
iii) (i*,4+) and (j1,7") are adjoint pairs, i« and ji are fully faithful, and Imj, = Keri*.

2) (see e.g. [IKM, 1.7]) Given diagram (1.1) of triangle functors, the following are equivalent:
i) 4t is a recollement;

it) it satisfies (R1) and (R2), and Imi. = Kerj*, Imji = Keri* and Imj, = Keri';

iii) it satisfies (R1) and (R2), and any one of the equalities in (2)(ii).

(i
(
(
(
(
(

1.2. A ladder ([BGS, 1.2], [AHKLY, Sect. 3]) is a finite or an infinite diagram of triangle functors:

J—1 —
¢ —p— C —3—~ " (1.2)

such that any two consecutive rows form a left or right recollement (or equivalently, any three consecutive
rows form a recollement or an opposed recollement) of C relative to C' and C”. Tts height is the number of
rows minus 2. Ladders of height 0 (resp. 1) are exactly left or right recollements (resp. recollements or

opposed recollements). A ladder is unbounded if it goes infinitely both upwards and downwards.

A two-sided infinite sequence (---,F_1, Fo, F1,---) of additive functors is an infinite adjoint sequence,
if (Fn, Frn+1) is an adjoint pair for each n € Z. In such a sequence if some Fj is a triangle functor then so
are all Fy,’s (see e.g. [Kel, 6.7]).

Lemma 1.2. Recollement (1.1) sits in an unbounded ladder if and only if there is an infinite adjoint

. . -1
sequence (---, F_1, i*, ix, i, F1, ---).

1.3.  An equivalence of left recollements ([PS, 2.5], [FP]) is a triple (F', F, F"") of triangle-equivalences
such that i il

¢ _i=, C 34", C"

iD iP

-~

D i D i D'
e —_—
commutes. Similarly we have an equivalence of (right, opposed) recollements.

We call (C',C,C", jat—1,12t, Jot+1,92¢—1, jot, 92¢+1) in ladder (1.2) the t-th recollement, (C',C,C", iat, jot+1,
12t42, Jot, 12t+1, jot+2) the t-th opposed recollement, and the left (right) recollement sitting in the ¢-th rec-
ollement the t-th left (right) recollement. An unbounded ladder (1.2) is periodic, if there is an integer ¢ > 1
such that the ¢-th left recollement is equivalent to the O-th one. Such a minimal ¢ is called the period. The
following describes the period via the associated TTF tuple, and justifies the terminology.

Lemma 1.3. (1) Given recollements (C',C,C") and (D', D,D"), the following are equivalent:

(i) they are equivalent;

(ii) there is a triangle-equivalence F : C — D such that F(Imj)) = ImjP, F(Imi,) = Imi? and
F(Imj.) = Tmj?;
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(iii) there is a triangle-equivalence F : C — D such that one of the equalities in (ii) holds.

(2) Given a ladder of period t, then the (qt 4+ 1)-th (left, right, opposed) recollement is equivalent to the
l-th (left, right, opposed) recollement for ¢ € Z and 1 =0,--- ,t — 1, under the same equivalence.

(3) Given an unbounded ladder (1.2), the following are equivalent:

(1) it is of period t;

(ii) t is the minimal positive integer such that there is a triangle-equivalence F : C — C satisfying
F(Imig¢41) = Imiy, F(Imiz:) = Imio and F(Imizi—1) = Imi_q;

(iii) t is the minimal positive integer such that there is a triangle-equivalence F : C — C satisfying one

of the equalities in (ii).

1.4. If no specified, modules are right modules. For algebra A over a field, denote by ModA (resp. A-Mod)
the category of right (resp. left) A-modules. If A is finite-dimensional, then we denote by modA (resp.
A-mod) the category of finitely generated right (resp. left) A-modules, and by GP(A) the full subcategory
of modA consisting of Gorenstein-projevtive modules ([EJ]). Then GP(A) is a Frobenius category whose
projective-injective objects are exactly projective modules ([Be]), and hence the stable category GP(A) is

triangulated ([H1]). A finite-dimensional algebra A is Gorenstein if inj.dim 4 A < co and inj.dimA4 < co.

Let K®(projA) (resp. K°(injA)) be the homotopy category of bounded complexes of finitely generated
projective (resp. injective) right A-modules, D(ModA) (resp. D~ (ModA), D?(ModA)) the unbounded
(resp. upper bounded, bounded) derived category of ModA, and D®(modA) the bounded derived category
of modA. Note that D(ModA) is compactly generated by Aa (see [S]; also [BN]).

For a triangulated category 7 with coproducts, denote by 7° the full subcategory of 7 consisting of
compact objects. Then D®(ModA) = K®(projA) ([N1]).

2. Main results

Theorem 2.1. Let B and C be Gorenstein algebras and cMp a C-B-bimodule, such that A= (£ %) is
Gorenstein. Then there is an unbounded ladder (D(ModB), D(ModA), D(ModC)) of derived categories.

Remark 2.2. For the Gorensteinness of A := (5 %) we refer to [C] and [Z, Thm. 2.2]. If B and C are
Gorenstein, then A is Gorenstein if and only if proj.dimcM and proj.dimMp are finite ([C, Thm. 3.3]).
Also note that gl.dimA > max{gl.dimB, gl.dimC'}.

©. 6.0

For example, let A be the algebra given by quiver o — " o o' <> o  and relations X2, A3, A%, ala—

co0o
Aa, Bz — M. Then A = (11, &) = (%88), where C' := k[z]/(z®), B := T2(C) := (§2) and
cMp = c(0,C)p,c). Since proj.dimyM = 0 and proj.dimMrp, ¢y = 1, A is Gorenstein of gl.dimA = oo.

2.1. Let A= (CJ\BJB &). A right A-module is given by (Xp,Yc)s, where X5 € mod B, Yo € mod C,
and ¢ : Y ®c Mp — Xp is a right B-map. A right A-map (Xp,Yc)e — (Xp, YY) is given by (f, g)
with f € Homp(Xp,X5) and g € Home (Yo, YY), such that f¢ = ¢'(g ®p Idam). A left A-module is
given by (g§)¢’ where pX € B-mod, ¢Y € C-mod, and ¢ : ¢ M ®@p X — ¢Y is a left C-map. A left

A-map (‘gif) — (i};:) is given by (f,g) with f € Homp (X, 5X’) and g € Homc(c¢Y, ¢Y’), such
¢ 4
that g¢ = ¢'(Idym @5 f). The projective right A-modules are exactly (Pg,0) and (Q ®c M, Q¢ )14, where

Pp € projB and Q¢ € projC. The projective left A-modules are exactly ( M%I; P) and ( COQ), where
1d
BP € B-proj and ¢@Q € C-proj. See [ARS, p.73].

2.2. Let A be an algebra over a field with idempotent e. The ideal AeA is stratifying ([CPS, 2.1.1]), if the
multiplication map m : Ae ®cae eA — AeA is injective and Torg,.(Ae,eA) =0 for n > 1. As pointed out



4 P. ZHANG, Y. H. ZHANG, G. D. ZHOU, L. ZHU

by S. Konig and H. Nagase [KN, Rem. 3.2], 4(AeA) (resp. (AeA)a) is projective if and only if cac(eA)
(resp. (Ae)eae) is projective and the map m is injective. Thus, if AeA is projective either as a left or a

right A-module, then AeA is a stratifying ideal.

Lemma 2.3. (see e.g. [AHKL, 4.5], [Han, 2.1]) If AeA is a stratifying ideal, then there is a recollement

i* Ji

D(ModA/AeA) —%— D(ModA) —I— D(Mod eAe)

J*

where L L )
7:* :_®A A/A6A7 i*:_®A/AeA A/A€A7 A :RHOmA(A/A€A7—)7

L L
Ji = — ®ecse €A, JT=— Qa4 Ae, J«» = RHomeae(4e, —).

2.3. Let T be a triangulated category compactly generated by So. Denote by (Sp) the smallest triangu-
lated subcategory of T containing Sy and closed under coproducts. Brown representability (A. Neeman
[N2, Thm. 3.1]) claims that every cohomological functor F': 7°? — Ab which sends coproducts to products
is representable (i.e., F = Hom7(—, X) for some X € T), and that 7 = (So). And, Brown representability
for the dual (H. Krause [Kr, Thm. A]) claims that 7 has products, and that every cohomological functor
F : T — Ab which sends products to products is representable (i.e., F' = Hom7 (X, —) for some X € T).

Using Brown representability one has

Lemma 2.4. ([N2, Thm. 4.1 and 5.1]) Let F': C — D be a triangle functor between compactly generated
triangulated categories, with a right adjoint G. Then the following are equivalent:

(i) G admits a right adjoint,

(ii) F preserves compact objects,

(iii) G preserves coproducts.
Using Brown representability for the dual one has

Lemma 2.5. Let I': C — D be a triangle functor between triangulated categories, where C is compactly
generated. Then F admits a left adjoint if and only if F' preserves products (we are not assuming that D

has products).

Proof. The “only if” part is well-known. For the “if” part, applying Brown representability for the dual
to functor Homp (Y, F—) : C — Ab, for each object Y € D, we then see that F' admits a left adjoint. M

We need the following result due to P. Balmer, I. Dell’ambrogio and B. Sanders.

Lemma 2.6. ([BDS, Lemma 2.6(b)]) Let F': C — D be a triangle functor between compactly generated
triangulated categories, with a right adjoint G. Assume that I preserves compacts, and the restriction

Flce : C° — D¢ admits a left adjoint. Then F preserves products.

2.4. Let A be a finite-dimensional algebra over field k. Using a hoprojective (resp. hoinjective) resolution
of a complex in D(ModA) ([S]; [BN]) one has the characterizations:
K" (projA) = {P € D(ModA) | dimy (€5 Homp ean) (P, Yi])) < 00, VY € D°(modA)},
=
and
K" (injA) = {I € D(ModA) | dimy, () Homp nean) (Y[i], I)) < 00, ¥ Y € D’(modA)}.
=
One has also the characterization:
D’(modA) = {X € D(ModA) | dimy (€ Hompeas) (P, X[i])) < 00, ¥ P € K*(projA)}.
=

See L. Angeleri Hiigel, S. Konig, Q. H. Liu and D. Yang [AHKLY, Lemma 2.4]. Using these one has
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Lemma 2.7. Let A and B be finite-dimensional algebras, and F : D(ModA) — D(ModB) a triangle
functor with a right adjoint G. Then

(i) ([AHKLY, Lemma 2.7]) F preserves K°(proj) if and only if G preserves D®(mod).

(i) ([HQ, Lemma 1]) F preserves D°(mod) if and only if G preserves K°(inj).

2.5. Let C be a Hom-finite category over field k. A k-linear functor S : C — C is a right Serre functor,
if for any objects X and Y there is a k-isomorphism Home (X, Y) 2 Home (Y, SX)* which is natural in X
and Y, where (—)* = Homy(—, k). We say that C has a Serre functor if C has a right Serre functor which is
an equivalence, or equivalently, C has both a right and left Serre functor ([BK], [RV]). If C is a Hom-finite
Krull-Schmidt triangulated category over an algebraically closed field k, then C has a Serre functor if and
only if C has Auslander-Reiten triangles (note that the assumption that k is algebraically closed is only
used in the “only if” part. See I. Reiten and M. Van den Bergh [RV, Thm. 2.4]).

The following observation will play an important role in this paper.

Lemma 2.8. Let C and D be categories with Serre functors, F': C — D an additive functors with a right
adjoint G. Then F admits a left adjoint SglGSD, and G admits a right adjoint SDFSEI, where S¢ and
Sp are the right Serre functors of C and D, respectively.

Proof. For X € C and Y € D we have
Home (S; 'GSpY, X) = Home (X, GSpY)* = Homp(FX,SpY)* 2 Homp(Y, FX).
Similarly (G, SDFSgl) is an adjoint pair. |
We also need the following result due to D. Happel.

Lemma 2.9. ([Hap2, Lemma 1.5, Thm. 3.4]) Let A be a finite-dimensional algebra. Then A is Gorenstein
if and only if K®(projA) = K°(injA) in D*(modA). In this case K®(projA) has a Serre functor.

2.6. Proof of Theorem [2.I1 Put e:= (§9) € A. Then AeAd = () &) =2 (M,C) is a projective right
A-module, and hence AeA is stratifying. Since A/AeA = B and eAe = C as algebras, and

A(AJAeA)p = 4(8)y, B(AJAeA)a= p(B,0)a, c(ed)a™= c¢(M,C)a, a(Ae)c= a(d)c

as bimodules, it follows from Lemma [2.3] that there is a recollement

i* g
D(ModB) ——» D(ModA) —i— D(ModC) (2.1)

L L 1 _ L . L _
where = —®4(B), i» = —®p(B,0), i = RHoma((B,0)a,—), i = —®c(M,C), j* = -®a(2), j» =
RHomc((&)e s —)-

Claim 1. There is an infinite sequence (--- , F_3, F_2, F_1,i*) such that any two consecutive functors
form an adjoint pair.

Since the right adjoint i. of i* admits a right adjoint i', it follows from Lemma [Z4] that i* preserves

compacts (this could be also seen directly: since (£) is projective as a right B-module, it follows that

L
i* = — ®a (B) preserves compacts). Since (B,0) is projective as a right A-module, it follows that

i = — (§L§B (B,0) preserves compacts. Thus (i"|gbproja), %x|xb(projm)y) 18 an adjoint pair. Since A and
B are Corenstein algebras, by Lemma 0, K®(projA) and K®(projB) have Serre functors, and hence
| b (proja) has a left adjoint, by Lemma 28 Applying Lemma to the adjoint pair (i*,i.) we know
that ¢* preserves products, and hence by Lemma [Z5] i* admits a left adjoint, denoted by F_;.

Repeating the above arguments we get Claim 1.
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Claim 2. There is an infinite sequence (i!, G1,G2,Gs3,--+) such that any two consecutive functors

form an adjoint pair.

Since 4. preserves compacts, it follows from Lemma [Z4] that i' admits a right adjoint, denoted by Gj.

Since i* preserves compacts, i.e., i* preserves K°(proj), it follows from Lemma [Z7(i) that i. preserves
D*(mod), and hence i' preserves K°(inj) by Lemma[27(ii). Since we are dealing with Gorenstein algebras,
by Lemma [2.9] this is exactly to say that i' preserves K° (proj), i.e., i' preserves compacts. It follows from
Lemma [2.4] that G admits a right adjoint, denoted by Ga.

By the same argument we know that G1 preserves compacts, and hence by Lemma 24 G5 admits a
right adjoint, denoted by G3. Also, G2 and G3 preserve compacts. Repeating these arguments we get
Claim 2.

Now Theorem 2] follows from Lemma [ ]
Remark 2.10. The unbounded ladder in Theorem [Z1 restricts to D~ (Mod), D?(Mod), D®(mod) and
K®(proj). In fact, since A, B and C are Gorenstein, all the functors in recollement (2.1) restrict to
D~ (Mod) (resp. D*(Mod), D®(mod), K*(proj)); then by LemmasZ4 and 21 we see that all the functors

in the ladder restrict to K°(proj)) and D®(mod), respectively. By [AHKLY, Prop. 4.11] and [AHKLY,
Coroll. 4.9], we also see that all the functors in the ladder restrict to D™ (Mod) and D”(Mod), respectively.

3. Ladders of period 1
3.1. We have
Proposition 3.1. (1) Let C’, C and C" be triangulated categories with Serre functors. Then

(i) Any left (right) recollement (C',C,C") sits in a ladder of period 1.
(i) Any recollement (C',C,C") sits in a ladder of period 1.

(2) Any recollement of triangulated category C with Serre functor sits in a ladder of period 1.

Proof. (1)(i) Let Sc/, Sc and Scr be the right Serre functors of C’,C and C”, respectively. Let

< b1

o io C jo c

be a left recollement. Applying Lemma 2.8 to adjoint pair (j—-1,%0) we know that j_; admits a left adjoint
— SglioSC/ : C' — C, and that io admits a right adjoint j; = sc,j,lsgl : C — C'. Similarly, i_1

admits a left adjoint j_o = Sg,,ljosc7 and jo admits a right adjoint i1 = Sci_1 Sg,,l By induction we have
19n—1 = 5317155/7 : C” — C7 190 = SSZOSCT" : C, — C7
Jon—1=29883j-1Sz": C—C',  jan = SenjoSc": C—C".

By Lemma [[LTY2) (C',C,C",j-1,%0,%1,i-1,jo,71) is a recollement, and hence by Lemma we get the

desired unbounded ladder. Since (Sc/, Sc, Scr/) is an equivalence from the 1st left recollement to the 0-th

left recollement, this ladder is of period 1.
(ii) follows from (i) and the fact that one functor in an adjoint pair uniquely determines another.

(2) Let (C',C,C",i* ix,i', 51,5, =) be a recollement, and S a right Serre functor of C. Then C’ has a
right Serre functor S/ = i*Si. with Sg,l = 3*S7Yi.; and C” has a right Serre functor Ser = j*Sj with
Soit =5*S7"j. (see P. Jorgensen [J]. We stress that this result does not hold for left recollements). Then

from (1)(ii) the assertion follows. [ |
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3.2. If Ais Gorenstein, then GP(A) is triangle-equivalent to the singularity category D®(modA)/K®(projA)
([B, 4.4.1]). So the following gives a ladder of singularity categories of period 1.

Theorem 3.2. Let B and C be Gorenstein algebras and ¢ Mp a C-B-bimodule, such that A = (1@ 8) 18
Gorenstein. Then we have a ladder (GP(B), GP(A), GP(C)) of period 1.

Proof. First, by dévissage each of GP(A), GP(B) and GP(C) has a Serre functor. In fact, since A is
Gorenstein, GP(A) is a resolving contravariantly finite subcategory of A-mod ([EJ, Thm. 11.5.1]; also [AR,
Prop. 5.1]), and hence GP(A) is a resolving functorially finite subcategory of A-mod ([KS, Corol. 0.3]).
Then by [AS, Thm. 2.4] GP(A) has relative Auslander-Reiten sequences. While GP(A) is a Frobenius
category, by a direct argument we see that GP(A) has Auslander-Reiten triangles, and hence by [RV, Thm.
I 2.4] GP(A) has a Serre functor.

Second, there is a left recollement

gP(B) T gP(4) T gp(C)

In fact, c Mp is compatible ([Z, Thm. 2.2(iv)]), and hence by [Z, Thm. 1.4], an A-module (XB,Yc)y is
in GP(A) if and only if ¢ : Y ®c M — X is injective, Coker¢p € GP(B), and Y € GP(C). So by [Z, Thm.
3.3] we get the left recollement above, where i* sends (X,Y), to Cokerg, i, sends X to (X,0), 7 sends
Y to (Y ®c M,Y )14, and 5* sends (X,Y)s to Y.

Now the assertion follows from Proposition BI(1)(i). |

3.3. Recollement (1.1) is splitting, if i' 2 i* and j. = ji. A splitting recollement clearly induces a ladder of
period 1. The product C’ x C"' of triangulated categories (C',£’,T') and (C",£",T") is again triangulated,
where the shift 7 x T" is given by (T' x T")(C',C") := (T'C',T"C"), and & x £" is the collection
of triangles of C’ x C" of the form (X', X") (L) Y,y (/) (Z',2") () (T"X', T"X"), where
X 2yt 2 70 2 T X belongs to €, and X7 s v 2y 77 2 T X belongs to €. Then
(c',c'xc",C",p1,01,p1,02,p2,02) is a splitting recollement, where p1 and p2 are the projections, and o1

and o2 are the embeddings. As we see below, this gives all the splitting recollements, up to equivalences.

Proposition 3.3. Let (C',C,C",i*,ix, i, j1,5",j«) be a recollement of triangulated categories. Then the
following are equivalent:
(1) it is splitting,

.1 %

IR

N

(i) ¢ =i
(i) . 2 ji

(iv) There is an equivalence (Id¢r, F, Iden) : (C',C,C") — (C',C" x C",C") of recollements.

A stable t-structure ([M]) on triangulated category C is a pair (U, V) of triangulated subcategories such
that it is a ¢-structure ([BBD]), i.e., Hom(U,V) = 0, and for X € C there is a distinguished triangle
U—X —V - U[l] withU €Y and V € V. We call this triangle the t-decomposition of X, and U and

V' the t-part and the t-free part of X, respectively.

Lemma 3.4. (1) ([M], IKM]) (i) Given a diagram of triangle functors C' __ix , C such that
(3*,1x) is an adjoint pair and is is fully faithful, then (Keri*, Imi.) is a stable t-structure on C, and
Vo X X500 X Y'[1] is the t-decomposition of X, where n : Ide¢ — ix4" is the unit.

(ii) Given a diagram of triangle functors C' it C  such that (ix,i') is an adjoint pair and i.
is fully faithful, then (Imi., Keri') is a stable t-structure on C, and i.i'X XX 57— (ii' X)[1] is the

t-decomposition of X, where € : i.i' — Idc is the counit.
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(2) Let (Y, Z) be a stable t-structure on C with Hom(Z,Y) = 0. Then F : C — Y x Z given by
FX = (Y,Z) is a triangle-equivalence, where Y % X — Z — Y[1] is the t-decomposition.

Proof. (2) By assumption Home (Z[—1],Y) = 0. By the exact sequence Home (X, Y) Hom(tY) Home (Y,Y)
— Home (Z[—1],Y) = 0 we see that u is a splitting monomorphism. Thus X 2 Y ¢ Z ([H1, p.7]). It is
straightforward that F : C — Y x Z given by FX = (Y, Z) is a triangle-equivalence. |

Proof of Proposition 3.3l (i) = (ii) and (iv) = (i) are obvious.
(ii) = (iii) : Suppose ' = i*. For X € C and Y” € C" applying Hom¢(—, 71Y") to the recollement
triangle 717° X — X — 4.4" X — (517" X)[1] we get the exact sequence

Hom(i.i* X, 5#1Y") — Hom(X, 51Y") — Hom(jij* X, 7#Y") — Hom((i.i* X)[-1], 7#iY"").

By Hom(i.i* X, 7Y") = Hom(i*X,i' 7Y") = Hom(:*X,i*5Y") = 0 and Hom((.i* X)[—1], #Y") = 0
we have Home (X, 5Y"”) = Home (5i5* X, 5Y") & Homen (55 X,Y"), ie., (j,7) is an adjoint pair. While
(4%, j«) is also an adjoint pair, so j« & ji.

(iif) = (ii) can be similarly proved.

(i) = (iv) : Assume that i' 2 i* and j. = ji. Since (ix,4') is an adjoint pair, so is (ix,4*), and hence
by LemmaB.4(1)(ii) (Imi., Keri*) is a stable ¢-structure. Since Hom(Keri*, Imi.) = 0 and the recollement
triangle 7.3’ X — X — j.j*X — (i+i'X)[1] is the t-decomposition (since j.j*X € Imj. = Keri' = Keri*
by the assumption), by Lemma [3.4]2) F : C — Imi. x Keri* given by FX = (ixi' X, juj*X) is a triangle-
equivalence. Since Imi, = C’ and Keri* = Imji = C”, we get a triangle-equivalence F : C — C’ x C”
with FX = (4'X,7*X). Now it is straightforward that (Ide/, F,Ider) : (C',C,C") — (C',C’ x C",C") is an

equivalence of recollements. We omit the details. |

Remark 3.5. (i) A Hom-finite k-triangulated category (C,[1]) is a d-Calabi-Yau category ([Ke2]), if
there is a nonnegative integer d, such that the d-th shift [d] is a right Serre functor of C.
By LemmalZ:8 any left (right) recollement of Calabi-Yau category C sits in a splitting recollement. Thus

any recollement of Calabi-Yau category is splitting.

(ii) If (C',C,C") is a recollement with C Calabi-Yau, then obviously so are C' and C". However, the
converse is not true: otherwise, (C',C,C") is splitting by (i); but there are a lot of examples of non-splitting
recollements (C',C,C"), where C' and C" are Calabi-Yau. For ezample, let A= (% Q) with k a field. Then
one has a recollement (D°(k-mod), D®(A-mod), D®(k-mod)) ([PS, Exam. 2.10]). Note that D®(k-mod) is
0-Calabi-Yau and that (D°(k-mod), D (A-mod), D®(k-mod)) is not splitting (otherwise, D’(A-mod) is the
product of two Calabi-Yau categories, and hence again Calabi-Yau; but Db(A-mod) is not Calabi-Yau).

Appendix: Proofs of lemmas in Section 1

We include proofs of lemmas in Section 1 only for convenience (although they are well-known, it seems

that explicit proofs are not available in the literature).

Proof of Lemma [I.Il Since a right recollement of C relative to C’ and C” is a left recollement of C
relative to C" and C’, it follows that (2) can be deduced from (1). We include a proof of (ii) = (i) of (1).

Since (i*,4+) is an adjoint pair and 4. is fully faithful, by Lemma B4(1)(i) ¥ — X I it X o
Y[1] is the t-decomposition of X respect to the t-structure (Keri*, Imi,). Similarly, by Lemma [B4)(1)(ii)
Jiit X XX 2 (jij* X)[1] is the t-decomposition of X respect to the ¢-structure (Imj;, Kerj*). Since
both (Keri*, Imi.) and (Imj, Kerj*) are t-structures and Imi. = Kerj*, it follows that Keri* = Imj,
and the two t-decompositions above are isomorphic. From this one easily deduces that jij* X X, x X
13" X — (5177 X)[1] is a distinguished triangle. [ ]

Lemma A.1. (see e.g. [BBD], [M], [N3], IKM]) Let (U,V) be a stable t-structure on C. Then
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(i) there is a triangle-equivalence Vv o oy : U — C/V, where oy : U — C is the embedding, and
Vo : C — C/V is the Verdier functor. A quasi-inverse of Vi o oy sends object X € C/V to its t-part.

(ii) there is a triangle-equivalence Viy o oy : V — CJ/U, where oy : V — C is the embedding, and
Vi : C — CJU is the Verdier functor. A quasi-inverse of Viy o oy sends object X € C/U to its t-free part.

Lemma A.2. ([AHKLY, Lemma 2.2]) Let C' - C 95" be a sequence of triangle functors, such that
F is fully faithful, ImF = KerG, and G induces a triangle-equivalence C/KerG =2 C". Then F has a right
(resp. left) adjoint F' if and only if so does G.

In this case, the right (resp. left) adjoint G’ of G is also fully faithful, ImG’ = KerF’, and F’' induces

a triangle-equivalence C/KerF' =2 C'.

Proof. Using the opposite category, we only need to prove the right version.

By the universal property, G is the composition of the Verdier functor C — C/KerG with the equiva-
lence C/KerG =2 C”. Thus, for simplicity, without loss of the generality we may assume that C/KerG = C”
and G is just the Verdier functor C — C/KerG.

<=: Assume that G has a right adjoint pair G’, i.e., a Bousefield localization functor exists for the
pair KerG C C. Thus for X € C, by A. Neeman [N3, Prop. 9.1.8] there is a distinguished triangle
Z = X % G'GX — Z[1] with Z € KerG = ImF, where 7 : Ide — G'G is the unit. Thus (ImF, ImG")
is a t-structure on C, which induces an adjoint pair (o, IVV’)7 where ¢ : ImF' — C is the embedding, and
F’ : C — ImF sends X to its t-part Z. Since Z € ImF and F is fully faithful, there is a unique object
(up to isomorphism) Z' € C’ such that Z = FZ’'. Define F' : C — C’ to be the functor given by
X +— Z'. Since (o, F) is an adjoint pair and F is fully faithful, it is easy to see that (F, F’) is an adjoint
pair. By construction we have ImG’ = KerF”. Since (ImF, ImG’) is a t-structure, it follows from Lemma
A.1(i) that X — Z gives an triangle-equivalence C/ImG’ — ImF; together with ImF = C’ we see that F’
induces a triangle-equivalence C/KerF' = C'. Since G(Z) = 0, G(nx) is an isomorphism, and hence by
ecx o G(nx) = Ider (where € : GG’ — Ider is the counit) we see that egx is an isomorphism for each
X € C. Since by assumption G is dense, € : GG’ — Id¢r is a natural isomorphism of functors, and thus G’
is fully faithful.

=—>: Assume that F has a right adjoint pair F'. Then by Lemma BA(1)(ii) (ImF, KerF’) is a t-
structure on C, with t-decomposition FF'X <% X — Y — (FX')[1] of X € C, where w : FF' — Idc is
the counit. This ¢-structure induces an adjoint pair (é, o), where G : C — KerF’ sends X to its t-free
part Y, and o : KerF’ — C is the embedding. By Lemma A.1(ii) the functor G C/ImF — KerF’, which
sends each object X to its t-free part Y, is a triangle-equivalence. Thus G = ’Gv’ilé. Put G’ = oG’ :
C/ImF — C,ie., G':C" — C. By construction G’ is fully faithful and ImG’ = KerF'. By Lemma A.1(i)
C/KerF' — ImF given by X + FF’'X is an triangle-equivalence; together with ImF = C’ we see that F’
induces C/KerF’' 2 C'. For X € C and C" € C", since (G, o) is an adjoint pair, we have

Hom(GX, ") = Hom(G' ' GX,C") 2 Homge s (GX, G'C") 2 Home (X, 0G'C”") = Hom(X, G'C"),

i.e., (G,G") is an adjoint pair. [ |

Proof of Lemmal[l.2} Tt suffices to prove the “if” part. We denote the recollement (1.1) by (C’,C,C",
Jj—1,%0,71,%-1, Jo,%1) (this labeling coincides with (1.2)), and assume that there is an infinite adjoint se-
quence (---,i-2, j—1,%0,71,%2," ). Since 41 is fully faithful and j; has a right adjoint pair iz, by applying
Lemma A.2 to the sequence C” —% C % €’ we get an adjoint pair (1, 72), such that the right adjoint
of ji is fully faithful (i.e., iz is fully faithful), Imis = Kerjz, and that j2 induces a triangle-equivalence
C/Kerjs =2 C". Applying Lemma A.2 to the sequence C’ BENVNELN C”, and continuing this process we then
get a ladder going downwards infinitely, by Lemma [T}
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Going upwards, and by the same argument we get a ladder going upwards infinitely. Putting together

we get an unbounded ladder containing recollement (C’,C,C”,j_1,%0,j1,%-1,j0,%1)- [ |

Proof of Lemma[l.3l (1) We only prove (ii) = (i). Any recollement (C’,C,C",i*,ix, ', 51, 5%, j«) in-
duces an equivalence (ix, Ide, jx) : (C',C,C" 3" in,i', 1, 5%, jx) = (Imin, C, Iy, iai*, 01, tni', J1, juj”, 02)
of recollements, where ix : C' — Imi, and ﬂ : C"” — Imj, are the equivalences induced by i. and j., respec-
tively, o1 and o3 are embeddings, and j; : Imj. — C is given by j.C” — jC”, ¥ C" € C". By restriction

we get F': Tmiy, = Imi? and Fr . Imj. — ImjP. Thus, it suffices to prove that there is an equivalence

iei* gt
. o1 Gei* .
Imi, —— ¢ —27 » Tmj.
Tl o2
iPip iP
‘ D B o .
ImiP __°t D I Im;?
;D ;! o
<D 2

i.e., for C € C and j.C" € Imj. with C” € C”, there are natural isomorphisms: Fi,i*C = iPi5FC, Fi.i'C =
iPinFC, FjC" = jPFj.C", Fj.j*C = jPj5FC. By the recollement triangle i.i'C' — C' — j.j*C —
(i+i'C)[1] we get distinguished triangles

Fi,i'C — FC — Fj.j"C — (Fi.i'C)[1], and iZinFC — FC — jPjinFC — (iPip FC)[1].

By the assumption, they are both the t-decompositions of F'C respect to the t-structure (Imif, Imj*D),
hence Fi.i'C = iPi{, FC and Fj.j*C = jP 5 FC. Similarly, by j15*C — C' — i.i*C — (jij*C)[1] we get
Fj1j*°C = jPjsFC and Fi.i*C 2 iPi%FC. It remains to prove FjC" = FFJO By C” = j*§.C" the
functor j; reads as j1j.C" = jij*j.C". Since Fj.C" € ImjP, we have jAlﬁFj*C’” = jP 5 Fj.C". It follows
that FjiC" = Fjij*j.C" 22 jPjn Fj.C" = jPFj.C".

(2) We claim that the t-th recollement is equivalent to the 0-th one. In fact, by assumption there is
equivalence (F', F, F"") : (C',C,C", jot—1,%2¢,92t—1,52¢) — (C',C,C",j-1,%0,i-1,jo) of left recollements. It
remains to prove that there are natural isomorphisms F”jo;11 = j1 F and Figip1 =241 F”. Since (i2¢, jot+1)
and (joi, 42:41) are adjoint pairs, it suffices to prove (iz;, F'~ 51 F) and (joi, F~ i1 F") are also adjoint

pairs. Indeed, the first adjoint pair can be seen from (and the second one is similarly proved)
Hom (X', F'"'j1FY) = Hom(F'X’', 1 FY) = Hom(io F' X', FY) = Hom(Fi» X', FY) = Hom(i2: X', Y).

Going downwards (resp. upwards) step by step, by the similar argument we see the assertion.

(3) follows from (1) and (2). [ |
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