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In this article, we establish a new mixed finite element procedure, in which the mixed element system is
symmetric positive definite, to solve the second-order hyperbolic equations. The convergence of the mixed
element methods with continuous- and discrete-time scheme is proved. And the corresponding error esti-
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I. INTRODUCTION

Hyperbolic equations describe the wave phenomena in the nature. They are very significant for
many practical problems, e.g., hydrodynamics, displacement problems in porous media and vibra-
tions of a membrane, acoustic vibrations of a gas, electromagnetic processes in nonconducting
media.

Various numerical methods have been established for solving second-order hyperbolic prob-
lems. Continuous or discrete time Galerkin finite element methods are analyzed for linear or
nonlinear second-order hyperbolic equations in several spaces, see [1–4]. The classical mixed
element methods for the hyperbolic equations have been studied in [5–7]. However, the technique
of the classical mixed method leads to some saddle point problems whose numerical solutions
have been quite difficult because of losing positive definite properties.

The purpose of this article is, using the splitting technique as in [8], to formulate a new mixed
element procedure to solve the second-order hyperbolic equation, in which the coefficient matrix
of the mixed element system is symmetric positive definite.
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2 ZHANG AND YANG

To illustrate our method, we consider our model as the following second-order hyperbolic
problem: 

c(x, t)
∂2u

∂t2
(x, t) − ∇ · (A(x, t)∇u(x, t)) = f (x, t) (x, t) ∈ � × (0, T ]

u(x, t) = 0, x ∈ ∂�, t > 0.
(1.1)

with initial conditions {
u(x, 0) = u0(x), x ∈ �,
ut(x, 0) = q0(x), x ∈ �,

(1.2)

where � is a bounded domain in R
d with boundary ∂�. c(x, t) > 0 and A = (aij )d×d the

uniformly symmetric positive definite matrix function, i.e., there exists a constant a0 > 0 such
that

a0

d∑
i=1

ξ 2
i ≤

d∑
i,j=1

aij (x, t)ξiξj ∀ξ ∈ R
d , x ∈ �. (1.3)

The outline of this article is as follows. In Section II we give the continuous-time splitting pos-
itive definite finite element procedure for the model (1.1)–(1.2). Then we shall state and prove the
convergence for this case. In Section III the discrete-time mixed element scheme will be defined
and analyzed. In Section IV some numerical results are presented.

II. CONTINUOUS-TIME ESTIMATES

Throughout this article, usual definitions, notations, and norms of Sobolev spaces as in [9,10] are
used. K , with or without subscripts, denote generic positive constant, which may be different at
their occurrences.

A. Formulation of Splitting Positive Definite Mixed Element

Introduce the function space H(div; �) = {ω ∈ [L2(�)]d ; divω ∈ L2(�)} and the inner products
in L2(�) or [L2(�)]d

(u, v) =
∫

�

uvdx, ∀u, v ∈ L2(�), (σ , ω) =
d∑

i=1

∫
�

σiωidx, ∀σ , ω ∈ [L2(�)]d .

By introducing an unknown σ = −A∇u. Let β(x, t) = 1/c(x, t) and Ã = A−1, a mixed weak
form of (1.1) can be given by

{
(a) (utt , v) + (β(x, t)∇ · σ , v) = (β(x, t)f , v) ∀v ∈ L2(�),
(b) (Ãσ , ω) − (u, ∇ · ω) = 0 ∀ω ∈ H(div; �).

(2.1)

From (2.1b) we derive(
∂2(Ãσ )

∂t2
, ω

)
−

(
∂2u

∂t2
, ∇ · ω

)
= 0 ∀ω ∈ H(div; �). (2.2)
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By the definition of σ , we can define the following initial conditions:


(Ãσ )(x, 0) = −∇u0(x),

∂(Ãσ )

∂t
(x, 0) = −∇q0(x).

Using the above initial conditions, we can easily show that the Eq. (2.2) is equivalent to the Eq.
(2.1b).

Taking v = ∇ · ω in (2.1a) for ω ∈ H(div; �) and then substituting it into (2.2), we derive an
equivalent mixed variational form of the system (2.1):


(a)

(
∂2(Ãσ )

∂t2
, ω

)
+ (β∇ · σ , ∇ · ω) = (βf , ∇ · ω) ∀ω ∈ H(div; �),

(b)

(
∂2u

∂t2
, v

)
+ (β∇ · σ , v) = (βf , v) ∀v ∈ L2(�).

(2.3)

Let Thu and Thσ be two families of quasi-regular partitions of the domain, which may be the
same one or not, such that the elements in the partitions have the diameters bounded by hu and
hσ , respectively. Let Mhu ⊂ L2(�) and Vhσ ⊂ H(div; �) be finite element spaces defined on the
partitions Thu and Thσ . Now we formulate a new mixed finite element procedure based on (2.3).

SPDME Scheme: Given an initial approximation (u0
h, ∂uh

∂t
(x, 0), σ 0

h , ∂σh

∂t
(x, 0)) ∈ Mhu ×Mhu ×

Vhσ × Vhσ such that

(a)
(
u0

h, vh

) = (u0, vh), ∀vh ∈ Mhu ,
(b)

(
Ãσ 0

h , ω
) = (u0, ∇ · ωh), ∀ωh ∈ Vhσ ,

(c)

(
∂uh

∂t
(x, 0), vh

)
= (q0, vh), ∀vh ∈ Mhu ,

(d)

(
∂(Ãσh)

∂t
(x, 0), ω

)
= (q0, ∇ · ωh), ∀ωh ∈ Vhσ .

(2.4)

Seek (uh, σh) ∈ Mhu × Vhσ such that

(a)

(
∂2(Ãσh)

∂t2
, ωh

)
+(β∇ · σh, ∇ · ωh) = (βf , ∇ · ωh),

∀ωh ∈ Vhσ , 0 < t ≤ T ,

(b)

(
∂2uh

∂t2
, vh

)
+(β∇ · σh, vh) = (βf , vh),

∀vh ∈ Mhu , 0 < t ≤ T .

(2.5)

It is easily seen that the Eq. (2.5a) is separated from the Eq. (2.5b) so that σh can be solved
independently from the Eq. (2.5a) and then uh, if required, can be obtained from the Eq. (2.5b)
almost explicitly.

Theorem 2.1. Assume that (1.3) holds. Then the system (2.5) with initial values defined by (2.4)
has one unique solution.

Proof. Let {ωh,i}N
i=1 and {vh,i}N

i=1 be basis functions of Vhσ and Mhu , respectively, such that for
each σh(x, t) ∈ Vhσ and uh(x, t) ∈ Mhu there exist linear expressions σh(x, t) = ∑N

i=1 ai(t)ωh,i
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4 ZHANG AND YANG

and uh(x, t) = ∑N

i=1 bi(t)vh,i . Define vector-valued function a(t) = (a1(t), . . . , aN(t))�,
b(t) = (b1(t), . . . , bN(t))�, f 1 = ((βf , ∇ · ωh,1), . . . , (βf , ∇ · ωh,N))�, f 2(a) = ((β(f −
∇ · σh), vh,1), . . . , (β(f − ∇ · σh), vh,N))�, and matrix functions

B = (Ã(i)ωh,i , ωh,j )N×N , C = (β∇ · ωh,i , ∇ · ωh,j )N×N , D = (vh,i , vh,j )N×N

where Ã(i) is the ith row-vector of the matrix Ã.
The system (2.5) may be rewritten as an equivalent matrix form:

(a) d2

dt2
(Ba(t)) + Ca(t) = f 1,

(b) D d2b

dt2
= f 2(a),

(c) a(0) = a0, da

dt
(0) = q0,

(d) b(0) = b0, db

dt
(0) = q1(q0).

(2.6)

It is clear that matrixes B, C, and D are symmetric positive definite. Let ã = Ba. The system
(2.6) is rewritten as

(a)
d2ã

dt2
= −CB−1ã + f 1,

(b)
d2b

dt2
= D−1f 2(B

−1ã),

(c) ã(0) = Ba0,
dã

dt
(0) = Bq0 + dB

dt
a0,

(d) b(0) = b0,
db

dt
(0) = q1(q0).

(2.7)

The system (2.7) is an initial value problem of a system linear second-order ordinary differen-
tial equations. By virtue of the theory of ordinary differential equations, the system (2.7) has a
unique solution, and so the system (2.5) has one unique solution. The proof of Theorem 2.1 is
complete.

It is clear that the matching relation (i.e., LBB-condition ) between the mixed element spaces
Vhσ and Mhu , which is required by the classical mixed element spaces defined in [11–15], now
is not necessary. From the viewpoint of computation, one can chose the usual continuous finite
element spaces as Vhσ .

In the following part of this section, we will analyze the convergence of the SPDME Scheme
and give the error estimate under the assumption that Vhσ is one of the classical mixed elements
in [11–15].

B. Convergence Analysis and Error Estimate

We assume that finite element spaces Vhσ and Mhu have the inverse property (see [16]) and
approximate properties (see [11–15]) that there exist some integers r , r1, k > 0, such that, for
1 ≤ q ≤ ∞ and ∀ ω ∈ H(div; �) ∩ [Wr+1,q(�)]d ,

inf
ωh∈Vhσ

‖ω − ωh‖Lq(�) ≤ Khr+1
σ ‖ω‖Wr+1,q (�);

inf
ωh∈Vhσ

‖∇ · (ω − ωh)‖Lq(�) ≤ Khr1
σ ‖∇ · ω‖Wr1,q (�);

inf
vh∈Mhu

‖v − vh‖Lq(�) ≤ Khk+1
u ‖v‖Wk+1,q (�) ∀v ∈ L2(�) ∩ Wk+1,q(�), (2.8)
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where r1 = r in cases of BDFM elements and BDM elements, or r1 = r + 1 in cases of Nedelec
elements and RT elements.

To analyze the convergence of the approximate solution determined by the SPDME scheme,
we introduce some operators. It is well known that, in any one of the classical mixed finite ele-
ment spaces, there exists an operator �h from H(div; �) onto Vhσ , see [11–16], such that, for
1 ≤ q ≤ ∞,

(a) (∇ · (σ − �hσ ), ϕh) = 0,
∀ϕh ∈ div(Vhσ ) = {ϕh = ∇ · ωh, ωh ∈ Vhσ };

(b) ‖σ − �hσ‖Lq(�) ≤ Khr+1
σ ‖σ‖Wr+1,q (�);

(c) ‖∇ · (σ − �hσ )‖Lq(�) ≤ Kh
r1
σ ‖∇ · σ‖Wr1,q (�).

(2.9)

We also define the L2-project operator PM from L2(�) onto Mhu such that

(a) (u − PMu, vh) = 0 ∀u ∈ L2(�), vh ∈ Mhu ;
(b) ‖u − PMu‖L2(�) ≤ Khk+1

u ‖u‖Hk+1(�) ∀ u ∈ Hk+1(�).
(2.10)

By use of the definitions of the operators �h and PM , we can easily obtain the following lemma.

Lemma 2.1. Suppose that the solution of system (2.3) has regular properties that ∂2u/∂t2 ∈
L2(Hk+1(�)), ∂2σ/∂t2 ∈ L2(H r+1(�)), ∂u/∂t ∈ L2(Hk+1(�)), ∂σ/∂t ∈ L2(H r+1(�)), then
we have the following estimate

(a) ‖∇ · (σ − �hσ )t‖Lq(�) ≤ Kh
r1
σ ‖∇ · σt‖Wr1,q (�),

(b) ‖(σ − �hσ )t‖Lq(�) ≤ Khr+1
σ ‖σt‖Wr+1,q (�),

(c) ‖(σ − �hσ )tt‖Lq(�) ≤ Khr+1
σ ‖σt t‖Wr+1,q (�), (2.11)

(d) ‖(u − PMu)t‖L2(�) ≤ Khk+1
u ‖ut‖Hk+1(�),

(e) ‖(u − PMu)tt‖L2(�) ≤ Khk+1
u ‖utt‖Hk+1(�).

Set θ = σh − �hσ , ρ = σ − �hσ , ξ = uh − PMu, and η = u − PMu. Subtracting (2.3) from
(2.5), we get the residue equations:

(a)

(
∂2(Ãθ)

∂t2
, ωh

)
+ (β∇ · θ , ∇ · ωh)

=
(

∂2(Ãρ)

∂t2
, ωh

)
+ (β∇ · ρ, ∇ · ωh), ∀ωh ∈ Vhσ , 0 < t ≤ T , (2.12)

(b)

(
∂2ξ

∂t2
, vh

)
+ (β∇ · (σh − σ ), vh) =

(
∂2η

∂t2
, vh

)
,

∀vh ∈ Mhu , 0 < t ≤ T .
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Theorem 2.2. Suppose that the finite element space Vhσ is one of classical mixed elements in
[11–15], that approximate properties (2.8) hold, that coefficients c, A in system (1.1) have the
first- and second-order continuous derivatives on t , and the solution of system (2.3) has regu-
lar properties that ∂2u/∂t2 ∈ L2(Hk+1(�)), ∂2σ/∂t2 ∈ L2(H r+1(�)), ∂u/∂t ∈ L2(Hk+1(�)),
∂σ/∂t ∈ L2(H r+1(�)), u ∈ L∞(Hk+1(�)) and σ ∈ L∞(H r+1(�)). Then we have the estimate

(a)
‖σ − σh‖L∞(L2(�)) +

∥∥∥∥ ∂

∂t
(σ − σh)

∥∥∥∥
L∞(L2(�))

+ ‖∇ · (σ − σh)‖L∞(L2(�)) ≤ Khr1
σ ,

(2.13)

(b) ∥∥∥∥ ∂

∂t
(u − uh)

∥∥∥∥
L∞(L2(�))

≤ K
{
hr1

σ + hk+1
u

}

where K is a constant independent of hu, hσ .

Proof. Take ωh = θt in (2.12a), we have

(
∂2(Ãθ)

∂t2
, θt

)
+ (β∇ · θ , ∇ · θt ) =

(
∂2(Ãρ)

∂t2
, θt

)
+ (β∇ · ρ, ∇ · θt ). (2.14)

Note that (
∂2(Ãθ)

∂t2
, θt

)
= 1

2

d

dt
(Ãθt , θt ) + 3

2
(Ãt θt , θt ) + (Ãt t θ , θt )

and

(β∇ · θ , ∇ · θt ) = 1

2

d

dt
(β∇ · θ , ∇ · θ) − 1

2
(βt∇ · θ , ∇ · θ).

Hence, we have

∫ t

0

[(
∂2(Ãθ)

∂τ 2
, θτ

)
+ (β∇ · θ , ∇ · θτ )

]
dτ

= 1

2

∫ t

0

d

dτ
[(Ãθτ , θτ ) + (β∇ · θ , ∇ · θ)]dτ + 3

2

∫ t

0
(Ãτ θτ , θτ )dτ

+
∫ t

0
(Ãττ θ , θτ )dτ − 1

2

∫ t

0
(β∇ · θ , ∇ · θ)dτ

≥ 1

2

[‖Ã 1
2 θt (t)‖2

L2(�)
+ ‖β 1

2 ∇ · θ(t)‖2
L2(�)

]
− 1

2

[‖Ã 1
2 θt (0)‖2

L2(�)
+ ‖β 1

2 ∇ · θ(0)‖2
L2(�)

]
− K

∫ t

0

[‖θτ‖2
L2(�)

+ ‖θ‖2
L2(�)

+ ‖∇ · θ‖2
L2(�)

]
dτ .
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Integrating (2.14) over τ in (0, t], and using the above estimate, we can obtain

‖Ã 1
2 θt (t)‖2

L2(�)
+ ‖β 1

2 ∇ · θ(t)‖2
L2(�)

≤ ‖Ã 1
2 θt (0)‖2

L2(�)
+ ‖β 1

2 ∇ · θ(0)‖2
L2(�)

+ 2
∫ t

0
(β∇ · ρ, ∇ · θτ )dτ

+ K

∫ t

0

[‖θτ‖2
L2(�)

+ ‖∇ · θ‖2
L2(�)

+ ‖θ‖2
L2(�)

+ ‖ρ‖2
L2(�)

+ ‖ρτ‖2
L2(�)

+ ‖ρττ‖2
L2(�)

]
dτ .

We know that∫ t

0
(β∇ · ρ, ∇ · θτ )dτ

=
∫ t

0

d

dτ
(β∇ · ρ, ∇ · θ)dτ −

∫ t

0
(βτ∇ · ρ, ∇ · θ)dτ −

∫ t

0
(β∇ · ρτ , ∇ · θ)dτ

≤ (β(t)∇ · ρ(t), ∇ · θ(t)) − (β(t)∇ · ρ(0), ∇ · θ(0))

+ K

∫ t

0

[‖∇ · ρ‖2
L2(�)

+ ‖∇ · ρτ‖2
L2(�)

+ ‖∇ · θ‖2
L2(�)

]
dτ .

Therefore, we can get

‖θt (t)‖2
L2(�)

+ ‖∇ · θ(t)‖2
L2(�)

≤ K0

[‖θt (0)‖2
L2(�)

+ ‖∇ · θ(0)‖2
L2(�)

+ ‖∇ · ρ(t)‖2
L2(�)

+ ‖∇ · ρ(0)‖2
L2(�)

]
+ K

∫ t

0

[‖θτ‖2
L2(�)

+ ‖∇ · θ‖2
L2(�)

+ ‖θ‖2
L2(�)

+ ‖ρ‖2
L2(�)

+ ‖∇ · ρ‖2
L2(�)

+ ‖ρτ‖2
L2(�)

+ ‖∇ · ρτ‖2
L2(�)

+ ‖ρττ‖2
L2(�)

]
dτ

≤ K

{
h2r1

σ +
∫ t

0

[‖θτ‖2
L2(�)

+ ‖∇ · θ‖2
L2(�)

+ ‖θ‖2
L2(�)

dτ

}
.

Adding ‖θ‖2
L2(�)

to the above inequality and using the fact that θ(0) = 0, ‖θ(t)‖2
L2(�)

≤
T

∫ t

0 ‖θτ‖2
L2(�)

dτ , we can obtain

‖θ(t)‖2
L2(�)

+ ‖θt (t)‖2
L2(�)

+ ‖∇ · θ(t)‖2
L2(�)

≤ K

{
h2r1

σ +
∫ t

0

[‖θτ‖2
L2(�)

+ ‖∇ · θ‖2
L2(�)

+ ‖θ‖2
L2(�)

dτ

}
.

Using Gronwall’s lemma, we can obtain

‖θ‖L∞(L2(�)) + ‖θt‖L∞(L2(�)) + ‖∇ · θ‖L∞(L2(�)) ≤ Khr1
σ . (2.15)

By use of (2.9) and Lemma 2.1, we get the estimate (2.13a).
Now we show that the estimate (2.13b) holds.

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Taking vh = ξ in (2.12b), we have

1

2

d

dt
‖ξt‖2

L2(�)
= −(β∇ · (σh − σ ), ξt ) +

(
∂2η

∂t2
, ξt

)
. (2.16)

Integrating (2.16) over τ in (0, t], we can obtain

‖ξt (t)‖2
L2(�)

≤ ‖ξt (0)‖2
L2(�)

+ K

∫ t

0

[‖∇ · (σh − σ )‖2
L2(�)

+ ‖ηττ‖2
L2(�)

+ ‖ξτ‖2
L2(�)

]dτ .

By use of Lemma 2.1, (2.13a) and Gronwall’s lemma, we get

‖ξt‖L∞(L2(�)) ≤ K
{
hr1

σ + hk+1
u

}
. (2.17)

Using Lemma 2.1 again, we easily get the estimate (2.13b). This ends the proof of Theorem
2.2.

III. DISCRETE-TIME ESTIMATES

A. Formulation of Fully-discrete Scheme

Let J be a positive integer and let τ = T /J denote the time increment. For any function r defined
at the times nτ , n = 0, . . . , J , denote by rn the function at t = tn = nτ ; We shall use this notation
for functions defined for all time as well as those defined only at t = nτ . Some other notations
we shall use are

rn+ 1
2 = (rn+1 + rn)/2,

rn,θ = θrn+1 + (1 − 2θ)rn + θrn−1,

∂t r
n+ 1

2 = (rn+1 − rn)/τ ,

∂2
t r

n = (rn+1 − 2rn + rn−1)/τ 2,

δt r
n = (rn+1 − rn−1)/2τ . (3.1)

The Eq. (2.3) has the following equivalent formulation


(a)
(
∂2

t (Ãσ )n, ω
) + ((β∇ · σ )n, 1

4 , ∇ · ω)

= ((βf )n, 1
4 , ∇ · ω) + (

Rn
1 , ω

) ∀ω ∈ H(div; �),

(b)
(
∂2

t u
n, v

) + ((β∇ · σ )n, 1
4 , v) = ((βf )n, 1

4 + Rn
2 , v) ∀v ∈ L2(�),

(3.2)

where

Rn
1 =

(
∂2

t (Ãσ )n − ∂2(Ãσ )

∂t2

)
= O

(
τ 2 ∂4(Ãσ )

∂t4

)
,

Rn
2 = ∂2

t u
n − ∂2u

∂t2
= O

(
τ 2 ∂4u

∂t4

)
.

Numerical Methods for Partial Differential Equations DOI 10.1002/num



SPLITTING POSITIVE DEFINITE MIXED ELEMENT METHOD 9

Now we formulate a fully-discrete splitting positive definite mixed element procedure based
on (3.2).

Fully-discrete SPDME Scheme: Given initial value (u0
h, σ 0

h ) ∈ Mhu × Vhσ such that

(a)
(
u0

h, vh

) = (u0, vh), ∀vh ∈ Mhu , (3.3)

(b)
(
Ã(x, 0)σ 0

h , ωh

) = (u0, ∇ · ωh), ∀ωh ∈ Vhσ .

and (u1
h, σ 1

h ) ∈ Mhu × Vhσ such that

(a)

(
u1

h − u−1
h

2τ
, vh

)
= (q0, vh), ∀vh ∈ Mhu , (3.4)

(b)

(
Ã(x, τ)σ 1

h − Ã(x, 0)σ−1
h

2τ
, ωh

)
= (q0, ∇ · ωh), ∀ωh ∈ Vhσ .

For n = 1, 2, 3, . . . , J − 1, seek (un+1
h , σ n+1

h ) ∈ Mhu × Vhσ such that

(a)
(
Ãn∂

2
t σ

n
h , ωh

) + (
βn∇ · σ

n, 1
4

h , ∇ · ωh

) = (
(βf )n, 1

4 , ∇ · ωh

)
, ∀ωh ∈ Vhσ , (3.5)

(b)
(
∂2

t u
n
h, vh

) + (
βn∇ · σ

n, 1
4

h , vh

) = (
(βf )n, 1

4 , vh

)
, ∀vh ∈ Mhu .

It is easily seen that the following result holds.

Theorem 3.1. Assume that (1.3) holds. Then the system (3.5) with initial values defined by (3.4)
and (3.4) has one unique solution.

B. Convergence Analysis and Error Estimate

Similar to Lemma 2.1, we have the following lemma.

Lemma 3.1. Suppose that the solution of system (2.3) has regular properties that ∂2u/∂t2 ∈
L2(Hk+1(�)), ∂2σ/∂t2 ∈ L2(H r+1(�)), ∂u/∂t ∈ L2(Hk+1(�)), ∂σ/∂t ∈ L2(H r+1(�)), then
we have the following estimate

(a) ‖∂t (σ − �hσ )‖L̃∞(Lq (�)) ≤ Khr+1
σ , (3.6)

(b) ‖∂t (u − PMu)‖L̃∞(Lq (�)) ≤ Khk+1
u ,

where for functions γ with values at discrete times,

‖γ ‖L̃∞(X ) = max
0≤n<J

‖γ n+1/2‖X . (3.7)
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Theorem 3.2. Suppose that ∂4u/∂t4 ∈ L2(L2(�)), ∂4σ/∂t4 ∈ L2([L2(�)]d), ∂2u/∂t2 ∈
L2(Hk+1(�)), ∂2σ/∂t2 ∈ L2(H r+1(�)), u ∈ L∞(Hk+1(�)), and σ ∈ L∞(H r+1(�)). Let (uh, σh)

denote the solution of the fully-discrete SPDME scheme given by (3.5). Then there exists a constant
K such that

(a) ‖∂t (σ − σh)‖L̃∞(L2(�))

+ ‖∇ · (σ − σh)‖L̃∞(L2(�)) ≤ K
{
hr1

σ + τ 2
}
,

(3.8)

(b) ‖∂t (u − uh)‖L̃∞(L2(�)) ≤ K
{
hr1

σ + hk+1
u + τ 2

}
.

Proof. Set θn = σ n
h − �hσ

n and ρn = σ n
h − �hσ

n. Subtracting (3.2a) from (3.5a), we can
easily obtain

(
Ãn∂

2
t θ

n, ωh

) + (βn∇ · θn, 1
4 , ∇ · ωh)

= (
Ãn∂

2
t ρ

n, ωh

) + (βn∇ · ρn, 1
4 , ∇ · ωh)

+ (
∂2

t (Ãσ )n − Ãn∂
2
t σ

n, ωh

) − (
Rn

1 , ωh

)
+ (βn∇ · σ n, 1

4 − (β∇ · σ )n, 1
4 , ∇ · ωh). (3.9)

Taking ωh = 2δtθ
n in (3.9), we can obtain

(
Ãn(∂tθ

n+ 1
2 − ∂tθ

n− 1
2 ), ∂tθ

n+ 1
2 + ∂tθ

n− 1
2
)

+ (βn(∇ · θn+ 1
2 + ∇ · θn− 1

2 ), ∇ · θn+ 1
2 − ∇ · θn− 1

2 )

= τ
(
Ãn∂

2
t ρ

n − Rn
1 , ∂tθ

n+ 1
2 + ∂tθ

n− 1
2
)

+ 2(βn∇ · ρn, 1
4 , ∇ · θn+ 1

2 − ∇ · θn− 1
2 )

+ τ
(
∂2

t (Ãσ )n − Ãn∂
2
t σ

n, ∂tθ
n+ 1

2 + ∂tθ
n− 1

2
)

+ 2(βn∇ · σ n, 1
4 − (β∇ · σ )n, 1

4 , ∇ · θn+ 1
2 − ∇ · θn− 1

2 ). (3.10)

Note that

(Ãn(∂tθ
n+ 1

2 − ∂tθ
n− 1

2 ), ∂tθ
n+ 1

2 + ∂tθ
n− 1

2 )

= ∥∥Ã
1
2
n ∂tθ

n+ 1
2
∥∥2

L2(�)
− ∥∥Ã

1
2
n−1∂tθ

n− 1
2
∥∥2

L2(�)
− τ

∥∥∂tÃ
1
2

n− 1
2
∂tθ

n− 1
2
∥∥2

L2(�)

and

(βn(∇ · θn+ 1
2 + ∇ · θn− 1

2 ), ∇ · θn+ 1
2 − ∇ · θn− 1

2 )

= ∥∥β
1
2
n ∇ · θn+ 1

2
∥∥2

L2(�)
− ∥∥β

1
2
n−1∇ · θn− 1

2
∥∥2

L2(�)
− τ

∥∥∂tβ
1
2

n− 1
2
∇ · θn− 1

2
∥∥2

L2(�)
.
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Substituting these equations into (3.10) and summing from 1 to n, we can obtain

∥∥Ã
1
2
n ∂tθ

n+ 1
2
∥∥2

L2(�)
+ ∥∥β

1
2
n ∇ · θn+ 1

2
∥∥2

L2(�)

= ∥∥Ã
1
2
0 ∂tθ

1
2
∥∥2

L2(�)
+ ∥∥β

1
2

0 ∇ · θ
1
2
∥∥2

L2(�)

+ τ

n∑
k=1

[∥∥∂tÃ
1
2

k− 1
2
∂tθ

k− 1
2
∥∥2

L2(�)
+ ∥∥∂tβ

1
2

k− 1
2
∇ · θk− 1

2
∥∥2

L2(�)

]

+ τ

n∑
k=1

(
Ãk∂

2
t ρ

k − Rk
1 , ∂tθ

k+ 1
2 + ∂tθ

k− 1
2
)

+ 2
n∑

k=1

(βk∇ · ρk, 1
4 , ∇ · θk+ 1

2 − ∇ · θk− 1
2 )

+ τ

n∑
k=1

(
∂2

t (Ãσ )k − Ãk∂
2
t σ

k , ∂tθ
k+ 1

2 + ∂tθ
k− 1

2
)

+ 2
n∑

k=1

(βk∇ · σ k, 1
4 − (β∇ · σ )k, 1

4 , ∇ · θk+ 1
2 − ∇ · θk− 1

2 )

= ∥∥Ã
1
2
0 ∂tθ

1
2
∥∥2

L2(�)
+ ∥∥β

1
2

0 ∇ · θ
1
2
∥∥2

L2(�)
+

5∑
i=1

Ei . (3.11)

Now, we estimate the bounds of Ei , i = 1, 2, . . . , 5.
Firstly, we estimate the bound of E1. We can easily obtain

E1 ≤ Kτ

n∑
k=1

[∥∥∂tθ
k− 1

2
∥∥2

L2(�)
+ ‖∇ · θk− 1

2 ‖2
L2(�)

]
.

And then, using the inequality τ
∑

k ‖Rk
1‖2

L2(�)
≤ Kτ 4‖ ∂4(Ãσ )

∂t4
‖2

L2(L2(�))
and (2.11c), we can derive

E2 ≤ Kτ

n∑
k=1

(∥∥∂2
t ρ

k
∥∥

L2(�)
+ ∥∥Rk

1

∥∥
L2(�)

)
(‖∂tθ

k+ 1
2 + ∂tθ

k− 1
2 ‖L2(�))

≤ Kτ

n∑
k=1

[∥∥∥∥∂2ρk

∂t2

∥∥∥∥
2

L2(�)

+ ∥∥Rk
1

∥∥2

L2(�)
+ ‖∂tθ

k+ 1
2 ‖2

L2(�)
+ ‖∂tθ

k− 1
2 ‖2

L2(�)

]

≤ K

{
h2r+2

σ + τ 4 + τ

n∑
k=1

[‖∂tθ
k+ 1

2 ‖2
L2(�)

+ ‖∂tθ
k− 1

2 ‖2
L2(�)

]}
.
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For E3, we have the following estimate

E3 = 2
n∑

k=1

(βk∇ · ρk, 1
4 , ∇ · θk+ 1

2 − ∇ · θk− 1
2 )

=
n∑

k=1

[(βk∇ · ρk+ 1
2 , ∇ · θk+ 1

2 ) − (βk−1∇ · ρk− 1
2 , ∇ · θk− 1

2 )]

− τ

n∑
k=1

(
βk−1∇ · ρk+1 + ρk − ρk−1 − ρk−2

τ
, ∇ · θk− 1

2

)

= (βn∇ · ρn+ 1
2 , ∇ · θn+ 1

2 ) − (β0∇ · ρ
1
2 , ∇ · θ

1
2 )

− τ

n∑
k=1

(
βk−1∇ · ρk+1 + ρk − ρk−1 − ρk−2

τ
, ∇ · θk− 1

2

)

≤ ε‖∇ · θn+ 1
2 ‖2

L2(�)
+ K

{
τ

n∑
k=1

‖∇ · θk− 1
2 ‖2

L2(�)
+ h2r1

σ

}

where we have used Lemma 2.1 in the last inequality.
In addition, we know that

E4 = τ

n∑
k=1

[(
∂2

t (Ãσ )k − Ãk∂
2
t σ

k , ∂tθ
k+ 1

2
) − (

∂2
t (Ãσ )k−1 − Ãk−1∂

2
t σ

k−1, ∂tθ
k− 1

2
)]

− τ

n∑
k=1

((
∂2

t (Ãσ )k − Ãk∂
2
t σ

k
) − (

∂2
t (Ãσ )k−1 − Ãk−1∂

2
t σ

k−1), ∂tθ
k− 1

2
)

≤ ε‖∂tθ
n+ 1

2 ‖2
L2(�)

+ Kτ

{
n∑

k=1

‖∂tθ
k− 1

2 ‖2
L2(�)

+ τ 4

}

and

E5 = 2
n∑

k=1

(βk∇ · σ k, 1
4 − (β∇ · σ )k, 1

4 , ∇ · θk+ 1
2 − ∇ · θk− 1

2 )

= 2
n∑

k=1

[(βk∇ · σ k, 1
4 − (β∇ · σ )k, 1

4 , ∇ · θk+ 1
2 )

− (βk−1∇ · σ k−1, 1
4 − (β∇ · σ )k−1, 1

4 , ∇ · θk− 1
2 )]

− 2
n∑

k=1

(βk∇ · σ k, 1
4 − (β∇ · σ )k, 1

4 − (βk−1∇ · σ k−1, 1
4

− (β∇ · σ )k−1, 1
4 ), ∇ · θk+ 1

2 )

≤ ε‖∇ · θn+ 1
2 ‖2

L2(�)
+ Kτ

{
n∑

k=1

‖∇ · θk− 1
2 ‖2

L2(�)
+ τ 4

}
.
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Therefore, substituting these estimates into (3.10), for sufficiently small ε, we can obtain the
estimate

‖∂tθ
n+ 1

2 ‖2
L2(�)

+ ‖∇ · θn+ 1
2 ‖2

L2(�)

≤ K

{
τ

n∑
k=1

[‖∂tθ
k− 1

2 ‖2
L2(�)

+ ‖∂tθ
k+ 1

2 ‖2
L2(�)

+ ‖∇ · θk− 1
2 ‖2

L2(�)

+ ‖∇ · θk− 1
2 ‖2

L2(�)

] + h2r1
σ + τ 4

}
. (3.12)

Using Gronwall’s lemma, we get the estimate

‖∂tθ‖L̃∞(L2(�)) + ‖∇ · θ‖L̃∞(L2(�)) ≤ K
{
hr1

σ + τ 2
}
. (3.13)

Hence, by use of (2.9) and Lemma 3.1 again, we can obtain the estimate (3.8a).
Finally, we show that the estimate (3.8b) holds.
Set ξn = un

h −PMun and ηn = un −PMun. Subtracting (3.2b) from (3.5b), using the definition
of operator PM and (2.10a), we have

(
∂2

t ξ
n, vh

) = −(
βn∇ · (σh − σ )n, 1

4 + Rn
2 , vh

) − ((β∇ · σ )n, 1
4 − βn∇ · σ n, 1

4 , vh). (3.14)

Taking vh = 2δtξ
n in (3.14), we have

‖∂tξ
n+ 1

2 ‖2
L2(�)

− ‖∂tξ
n− 1

2 ‖2
L2(�)

= −τ(βn∇ · (σh − σ )n, 1
4 + Rn

2 , ∂tξ
n+ 1

2 + ∂tξ
n− 1

2 )

− τ((β∇ · σ )n, 1
4 − βn∇ · σ n, 1

4 , ∂tξ
n+ 1

2 + ∂tξ
n− 1

2 )

≤ Kτ
{‖∇ · (σh − σ )n, 1

4 ‖2
L2(�)

+ ‖(β∇ · σ )n, 1
4 − βn∇ · σ n, 1

4 ‖2
L2(�)

+ ∥∥Rn
2

∥∥2

L2(�)
+ ‖∂tξ

n+ 1
2 ‖2

L2(�)
+ ‖∂tξ

n− 1
2 ‖2

L2(�)

}
(3.15)

Summing from 1 to n, and using the estimate (3.8a), we can get

‖∂tξ
n+ 1

2 ‖2
L2(�)

≤ K

{
τ

n∑
l=1

[‖∂tξ
l+ 1

2 ‖2
L2(�)

+ ‖∂tξ
l− 1

2 ‖2
L2(�)

] + h2r1
σ + τ 4

}
. (3.16)

Using Gronwall’s lemma and Lemma 3.1, we can obtain the estimate (3.8b). Hence we complete
the proof of Theorem 3.2.

IV. NUMERICAL EXAMPLE

In this section, we give some numerical results to confirm our theoretical analysis. Consider the
following hyperbolic equation{

∂ttu − �u = f , in � × (0, T ],
u(x, t) = 0, on ∂�, t > 0.

(4.1)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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TABLE I. T = 1.0, h = τ .

h = 1
10 h = 1

20 h = 1
40 h = 1

80 Rates

L∞(L∞) 9.0785 e−002 2.4725 e−002 6.7232 e−003 3.2995 e−003 –
L∞(L2) 4.0631 e−002 1.0580 e−002 2.6749 e−003 7.6396 e−004 1.9110
L̃∞(L2) 2.3521 e−001 6.3949 e−002 1.6368 e−002 4.1383 e−003 1.9429
� 2.4321 e−000 1.3122 e−000 6.8146 e−001 3.4722 e−001 0.9361

Using fully-discrete SPDME scheme, we compute the finite element approximate value σh of the
exact solution σ = −∇u.

In this experiment, � = [0, 1] × [0, 1]. The right-hand side, initial conditions of the system
(4.1) are selected by the exact solution u = e−t sin2(πx) sin2(πy) and σ = −∇u. We choose
the finite element space of piecewise linear polynomials. The following numerical results can be
obtained (see Table 1) where � denote the error ‖∂t (σ − σh)‖L̃∞(L2(�)) + ‖∇ · (σ − σh)‖L̃∞(L2(�)).

From Table I, we can see that the convergence rates of L∞(L2)-norm and L̃∞(L2)-norm errors
can nearly reach the optional order under the condition h = τ . The numerical results denoted
by “�” suggest that the error convergence order is approximate one, which is coincided with our
theoretical analysis.

The authors would like to express their sincere thanks to the referees for their very helpful
comments and suggestions, which greatly improved the quality of this paper.
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