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Abstract

Two least-squares mixed finite element schemes are formulated to solve the initial-
boundary value problem of a nonlinear parabolic partial differential equation and the con-
vergence of these schemes are analyzed.
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1. Introduction

A large number of physical phenomena are modeled by partial differential equations or
systems of parabolic type in an evolutionary or elliptic type at steady state. It is frequently
the case that a good approximation of some function of the gradient of the solution to the
differential equation (which may represent, for example, a velocity field or electric field ) is at
least as important as an approximation of the solution itself ( which may represent, respectively,
a pressure or an electric potential). Many mixed element methods compute simultaneously the
solution and the gradient of the solution with the same or higher order of accuracy than the
solution itself. The mixed methods were described and analyzed by many authors. It has been
observed that in many cases mixed finite element methods give better approximations for the
flux variable than elassical Galerkin methods. However, a mixed formulation is more difficult to
be handled and, in general, is more expensive from a computational point of view because it loses
positive definite property. Recently, there has been an increasing interest in the applications
of least-squares finite element algorithms to various problems steady or evolutionary. Many
works on least-squares finite element schemes and their applications to various boundary value
problems of elliptic equations or systems have been done and some systematic theories on
ellipticity and error estimates have been also estabished, e.g., see [2], [3], [7]-[12], [15]-[18],
[22] and [23]. In recent years, the least-squares finite element methods have been extended to
time-dependent problems, e.g., see [13], [21] and [25], and several numerical results showed that
least-squares finite element methods are also very effective to evolutionary problems. However,
the theory on convergence of least-squares finite element methods for time-dependent problems
has not been obtained.

The purpose of this paper is to analyze the least-squares mixed finite element methods for
nonlinear parabolic problems written as a first-order system. Let € be an open bounded domain
in RY, d = 2,3, with a Lipschitz continuous boundary I'. As a model problem, we consider the
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following initial-boundary value problem of a nonlinear parabolic equation

@ - ¥ (a)dL) = fw), n® 0<t<T;

ij=

d 1.1

(b) u=0, on I'p; z aij(u)g—;u,- =0, on I'y; 0Zt<T; .1)
1,7=1
(e) uw=1ug, inf, t=0,

where the coefficients ¢(v) > ¢. > 0 is a continuous positive functions, A(v) = (ai;(v))axd is a
uniformly positive definite matrix function and v = (1q,+--,14)" is the unit vector normal to
I'y. In general, the coefficients e(v), a;;(v) (1 < 4,7 < d) and f(v) are also dependent upon
(x,t). For convenient sake and without loss of the generality, we assume that these coefficients
only depend upon the unknown function.
The nonlinear parabolic problem (1.1) may be rewritten as a nonlinear first-order system of

form

(a) c'(fu)%—t‘£ —dive = f(u), nQ, 0<t<T;

(b) o=Au)Vu, nQ, 0<t<T;

(¢) u=0 onlp; oc-v=0 only; 0<t<T;

(d) u=wug, InQ, t=0,

(1.2)

where V is the gradient operator and div is the divergence operator.

The paper is organized in the following way. Two least-squares mixed finite element schemes
and their split parallel forms are formulated in section 2 and the theory on convergence of these
schemes are established in section 3.

2. Least-Squares Mixed Element Schemes for Nonlinear Parabolic
Problem

In this section, we formulate two least-squares mixed element schemes to solve (1.2). We
consider a first-order mixed system equivalent to the nonlinear parabolic first-order system (1.2)

(a) %—uJ:O, nQ, 0<t<T,

(b) %(ﬁ(u}o)—Vw:O, inf, 0<t<T;

(¢) eclww—dive= f(u), nQ, 0<t<T; (2.1)
(dy u=0, onl'p; e-v=0, onTyx; 05t <T;

(e) wu=mup, in, t=0,

where A denotes the inverse matrix of A.

We introduce usual Sobolev spaces W*P(Q) (k > 0, 1 < p < o0) defined on © with usual
norms || - ||y as in [1]. Let H*(Q) = WH2(Q). We define inner products in L*(f2) and
(L3(Q))* as follows

d
(u,v) = /”u(x)v(:r.)d:c. Vau,ve L), (ow)= Z(ai,wi). Vo,w € (L3()%;
i=1

and the spaces H = {w € (L*(Q))% divw € L*(Q), w-v=00nTy.},S={ve H'(Q);v =
OonI'p.}. Let Ty, and Ty, be two families of finite element partitions of the domain §2, where
hy and h, are mesh parameters, which generally denote the largest of diameters of elements in
partitions Tj_ and T}, , respectively. In practical applications, the partitions T}, and Ty, are
same. Here, we wish to emphasize their independence in calculation and convergence analysis.
Construct the finite element function spaces Hy, € H on Ty and S;, € S on Tj,. Let
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¥(u) = e(u)~! and take a time step size 7 and set t,, = n7 and u"(z) = u(z,t,). Define a
three-variate form

A(z' (o,w), (w,v)) _
(v(2)(e(z)w — 7div o), e(z)v — 7div w) + 7(A(2)(c — A(z)Vuw),w — A(z)Vv).

For the bilinear form A(z; -, - ), we have the following results.
Theorem 2.1. For any (w,v) € H x S, there holds an equality

Az (@, ), (w,v))

= (e(2)v,v) + 7] (A(2)w,w) + (A(2) Vv, Vo) | + 72(7(2)divw, divw). (2:2)

Proof. 1t is clear that

Az (w,v), (w,v))
= (e(2)v,v) + 7] (A(2)w,w) + (A(2) Vv, V) | + 72(7(2)divw, divw)
=27 (v,divw) + (w Vu) |.

Since (v,divw) = —(Vv,w) for each (w,v) € H x S, hence (2.2) holds. The proof of theorem
2.1 is completed.

By using the backward difference technique with first-order accuracy to discretize the non-
linear parabolic first-order system (2.1), we can define a least-squares mixed finite element
scheme.

Scheme I. Give an initial approximation (o}, uj) € Hy, x Sy,,. Seek (o}},u}) € Hy, xSy,
such that

A4 (crh uh) (why i)
=!((a] uh) b b flay), e(al oy, — vdiv wy)

2.3
—I—T(A(uh )(af,‘ Lo Aluy, ™ l)Vu”,: LY, g = Alag)Vuy), (2.3)
v (an Uh) € Hh... X Sh..;
where
iy =up +Ty(up)] f(u}) +divey | @ = 2wt —up 7, n>2 (2.4)
forn=1, 2, -+« - .

By virtue of theorem 2.1 and Lax-Milgram theorem we have conclusion that the scheme I
has unique solution at each time step for any 7 > 0. Scheme I may be rewritten a split parallel
scheme.

Scheme I,. Give an initial approximation (crﬂ,ug) € Hy, x 8y,. Seek uj} € 83, and
oy € Hy, simultaneously such that

(@) (e(@R)up,on) + ,(A Uy )Vuy, Vor)
= (e(@M)up =" + (@), vn) — (A(u;’ Nop=! — Vul =t A(a]) Vo),
N Yooy, € Sh“; {2.5)
() (Alap)op,wn) + T(y(ag )dive, div wp)
R vty — A P div ), Vo € Bl

form=1, 2, 3, =« «+= .
Define a new Four-variate form

B{ 1»32’(‘7 w) ("" U)}
= (y(z)(e(z0)w — Fdiv @), ¢(z1)v — Fdiv w)

+5(A(22) (0 — A(22) Vi), w — A(22) V).

Similarly to theorem 2.1, we have the following result.
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Theorem 2.2. For each (w,v) € H x S there holds an equality

B(zy, 295 (w,v), (w, v))

= (e(z1)v,v) + F[ (A(z2)w,w) + (A(22) Vv, Vv) | + 5 ('y(zl)dlvw divw). (2:6)

By using Crank-Nicolson difference technique with second-order accuracy to discretize the
nonlinear parabolic first-order system (2.1), we can define another least-squares mixed finite
element scheme with second-order accuracy with respect to the time step size 7.

Scheme II. Give an initial approximation (¢, u)) € Hy_ xS, . Seek (o}, u}) € Hy, xS,
such that

ﬁf,ﬁi,(ah,uh) (whyvn)) . 1
= (y(a) (el + 5divoR +7f(R)), el o — gdiv w) \BF)
+Z( Do — A(ud )Vul), wy — A(H%)Vl’h)v

A(u
v (wh,vh) € Hh X Sh :

where 1
1 "
@, = i+ Ty(uf)[ F(R) +divel |, a7 = S (uh + @), (28)

Seek (o}, ult) € Hy,, xS, such that

n—%
B(ﬂh ) g’(%suh} (whyvn)) .
= (y(a, )(C(uh Tup ™t + gdivep T 7 (i, ), eyt n— 3div wp) (2.9)
+Z(A ( (cr” 1 A(uE_I)Vu;f LYy — Alup ™ NWVay),
4 (w.'n vh.) € HJ‘L,,- X Sh‘ug

where
“n—3 _ 3.on—1_ 1 2
(a) &, *=jw" —gupt, n2Z . s (2.10)
()  af =y, +7y(up)[f(up) +divey], af =3up™ — 3wy +up %, n>3.

form=2,3, --- --- :

It follows from theorem 2.2 and Lax-Milgram theorem that scheme IT has unique solution
at each time step. Scheme II can also be rewritten as a split parallel form.

Scheme IL;,. Give an initial approximation (ag,uﬂ) € Hy, x Sp,. Seek rf}1 € Hy, and
u}, € Sy, simultaneously such that

(@) (clif yuh,vn) + F(A(E) Vuh, Vun)
= (c(ad )ul + Tdive? + 7f(if ) on) — Z(AW)od — Vud, A@GS) Von),
Yoy, € Sh..s
(b) (.A(uh)a,],wh) + % ('y(uh )dwoh, div wy,)
= (A (uh)oh,wh) T('y(uh)( diva} +'r_f(uh)) div wy), YVwp e Hy,;

(2.11)

Seek uj € Sy, and o} € Hj,, simultaneously such that

(@)  (e(m, 2)“},,Uh}+;(A(QH)VUH,VU;J 1
({uli ~E g 1+%divaﬁ’l+rf(ﬁ:_5),vh)
£ (Al yon 1 — VUi, A ) V0); Vo € S (2.12)
(0) (-Z(ﬂﬁ)ff wwn) + T(y(@) " F )dive], div wn)

(A(u" Yop twn) = T(y(@, 2)f(u.h )dlv wy), Ywy€Hy;
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forn=2, 3, -+ ++: 1
In next section we will analyze the convergence of scheme I and II.

3. Convergence Analysis

In this section, K denotes a generic constant dependent on T and the some norms of the
solution (u, o) of (1.2) but independent of mesh parameters h,, h, and 7 and § denotes a small
positive constant. Assume that there exist some integers k; > k& > 0 and m > 1 such that the
finite element spaces Hj, and S, satisfy the following approximate properties in [4], [5], [6],
[14], [19] and [20]

(a) » iéli llw — whllz2yye < KRET |wll arwsrayye;
(b) wh-}enfg; l|div(w — wa)llL2) < Kh§ lwllzearayyas (3.1)
(C) - lEnSfp, {“U == 'UhHLQ(n) i hul'V(’U = Uh)“('Lz"ﬂ))d} p K'hﬂ“+1||v||ﬂm+ 1)

for any w € (H***1(Q))?H and v € H™'(£2) NS, where k; = k + 1 in the cases of Raviart-
Thomas mixed elements in [20] and Nedelec mixed elements in [19] and ky = k > 1 in the cases
of CY-elements in [14] and other classical mixed elements in [4], [5] and [6].

Assume that the solution (¢, u) of nonlinear first-order system (2.1) is smooth and that the
initial approximation satisfies the estimate

luo — w2y < KRy ugllgmsrmy,  lloo — opllizy < Khi ool merryye,  (3.2)

where oy = A(ug)Vup. We will prove that scheme I and scheme II lead to the approximate
solutions with accuracy optimal in H(div; ) x H!(Q) in the case that the space H;_ is any
subspace of H(div; ) and with the accuracy optimal in L2(€) if the space H, is any one of
the classical mixed elements with the index k) =k + 1.

Theorem 3.1. Let (of ,u}) be the solution of the scheme I. Assume that the coefficients
c(v) and f(v) of the problem (1.1) have continuous first-order derivatives, a;;(v) (1 <1i,j < d)
have continuous first-order and second-order derivatives and that mesh parameters hy,, h, and
T salisfy the relation

" d d
ki =iothd), ©=a0lhs). (3.3)
Then there holds the a priort error estimate
max |lo™ — o} nax |[u® —uf < BTk Rt . 3.4
US”;‘T/TH illza ey +US{JL_§T/T I wyllp2e) £ K{hg' + 7T + 71} (3.4)

Proof. Introduce an operator Q from H'(f2) to Sy, such that

(A(w)V(Qu —v), Vup) + A(Qu —v,v,) =0, Yu, €8y, vES; (3.5)

w?

where A is a positive constant. The operator Q is a standard elliptic projection and satisfies a
standard error estimate, see [14] and [24],

(a)  lut) — Quit)|| 2y + hull V(u(t) — Quit)) | (2@ys < KR |w(t)|| rmir(a); (3.6)
(0)  lue(t) = (Qu)o(t)l| 2y < KRZT )| ggm i1y + ()| zmsr ())- ‘

From the approximate property (3.1) we know there exists g, € Hj, such that

(@) |lo(t) = en(O)llzzaye + 1@ (t) — on(t))ell 20y
< KRS o ()l arw+2apye + o) aresr e 1;
(b)  [|div(e(t) = en(t))l L2y + [|divie(t) — on(t))ellz2(a
< KRB [ Nlo(6)l zrs +2cayya + lloe@)llara vy 1-

(3.7)
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Let 0" = (Qu)" —u}, p" = u" — (Qu)", 7" = g — oy, €" = " — gji. We have to estimate
(m™,8"), which satisfies an error equation

A(ag; (7, 6™ — gm1), (x™, 6" — 6"71))
= 1'(.¢41(11L’{L D=1 o) 4 r{diva™1,6™ — 97-1)

Hv(ap) (c(up ™) (Pt = o) + T(dive™ + RY)), c(ap ) (0" — ") — rdiva™)
—T(A( nhE L (AxaR) = A(uy 1)V (0™ — 6m1) (3.8)
—T(A( ”)a — Al 1)5“ Lo rFp, " — A(G)V(" — 0"71))
+7((A(@") — A )) V" — (A=) — A(up "))Vt V(6" — 9771))
—T((A(ﬂ") — A(u™))Vp™, V(0" — ")) + 1(V(p" — p" 1), 7")
+A7(p" = p" 1, 0" — 0",

where d;u™ = (u" — u"~1)/7 and
(a) R} = c(uf )[ggu' — ug |+ [e(ay) — e(u™ Nl + f(u™) — f(aR);
(b) FI'= o"(A(u")- A(H"))/T+3r0"(ﬂ(u") A(u ) (3.9)
oI (i) - Aag) ~ (A=) - K ™) I/

Estimate the terms in the error equation (3.8). We make an inductive hypothesis that for
cach n > 0 and hy, h,, 7 sufficiently small, there holds an uniform estimate

4
2

T N . s
po fim_ 0[ 167 || L () + min(he 2, ho 2 )7 ||(L2gayye | =0, YO<j<n (3.10)

It is clear that
A(ﬁﬁ§ (ﬂ.n,gn . 911—1), (,',Tn’g-u _ gn—l)) T(.}i(uz_l)w"_l,'ﬂ'"‘)
= ( (A ‘)(Bﬂ 9”_1) gr — gn— l)+T[(A ﬁ-;:)V(G" gn— 1) (9" 911 1))
+7(y( ] )dw'n'“ d1v7r“)]+ [(A(u )71' ) — {.A('&;: D1, gn—1)

+<A(Un)(fl(uw) = ALy, Aag)e — A (3.11)
+(A~ =1 (A(ﬂ;:‘) ( n— l))A( u—l)ﬂ,n— ,ﬂ_n—l)
+((A(ﬂ;: 1) A(u;’: 1)),n.n 1 R 1)]
T[ KA u;: L (l"A(u' ) Etb;: 1_))1_,1(11,}11 l)ﬂ-”v 1 11.n--]N
HIAGER™) — Al ™)mm w1 | (3.12)

<I\‘r2{m1n(hu*, o )“Wﬂ 1“(1,2(!2) [“dﬁ” L” Q)‘l"laﬂe" 2“12(9)
+|8ep~ 1“ L2y T [y 2[ L) J 4[| ” (L2(2))d |8
Tﬂ{’)f(:i")(_t(*&}i)@]p" = di\f.‘:""‘ — RY), e(@)0,6™)|
< K2 00" By + IRy + 1dive 22y | (3.13)
+d‘(c(,&;‘:)(9n . gn—l) gn — 911—1)‘

rl(Afup )"t (AG) = Alup )V =" 1))
< Kr{ |7~ L”(L-(n))d + min(hg?, hg ) lm™ [P qyya (118667 |72q) (3.14)
| ”?ﬁ(n))} + or||V(6" — 6"~ I)H(LL’(Q))J-
o |(Aap)e" — Afup~1)em ! = TF, 7 — A®R) V(0" — 0"1))| + [(V(p" — p" 1), 7™)]
+H((A(@") = Aag))Vp" — (A(u") — A(u;;“l))Vp"_i,V(B” — 0" 1))
HIA@™) — A Tp, W(6n — 0m1)| + X(p = pnt,n — o1 |
< K72 7|a.6" 1” L2(52) + || “(Lz(n))t + Jle™ 1“(1,2(9))«1 + | Bee™ ”(Lz Q))4
+”a e IH 2() + ”fjtP “L2(51) +7 HVB;[) “ (L2(2))4 +7(|Vp" “{L (ﬂ)}d}
+48[ [l 1—9” ey + 16" = 072 gy “H"(HV (6™ = 6" )[[F2q
|| diva”|[F2 ) + TleFl"”?LE(Q))d J.
(3.15)
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”R?”iz(gz) I ”F{L”(zm((_z))d _
< K{lllen_lniim) + “at 1“,[,2 (Q) + ”pn IH + ”3tpn_1”i'3(m (3'16)
+T-2|lun _ ﬂ“L.,(Q) S ||6fu —uf “L"’ ) }

Substituting (3.11) - (3.16) into the error equation (3.8) and then summing it from 1 to n,
we get

noo_
”W””a[,z{n))d +T Z ||3t9-7 ”i2(n)

B (3.17)
< K{r z: (179 1By + 718687 2 ] + h25 + Bl 1) 4 72},
Applying a known mequahty
10" 120y < 116°11720 + 07 D 186671320y + K7D 11671320y (3.18)
) (
i=1 i=1
to (3.17) we have
7™ Pz qayye + 161200y + 7 Z 18:67 1220
- (12 2 2% 2Am+1) | 2 (3.19)
< K{r Zl[”WJH(LB(g))d + |6 1 Lo T 7'”3‘60]”[,2(9)] + RS+ by +74}.
j=
By using the discrete Gronwall’s lemma to (3.19), we derive
167 | L2(g2) + max, M lezzgape < K {hl: + Rt + 7). (3.20)

U<1<T/ 0<n

We have proved the error estimate (3.20) under the inductive hypothesis (3.10). Now we
check it. We will prove that (3.10) holds under the condition (3.3) by using the mathematical
inductive principle. From the inverse property of the finite element space we see that

_d
onllL=(qy < Khu ® |lopll2), ¥ v € Sh,- (3.21)

We start from n=1 to check (3.10). From (3.2) and (3.21) we see that

—d —d —d
16°| oo () + min(ha ®, b * )||7°| z2qayye < K[ AD 4+ hE Ty —0, as hy — 0.

(3.10) is truth for n=1. Suppose that (3.10) is also truth for each 1 < j < n — 1. Then there
holds an estimate
16" |20y + 17" [ (z2ayye < K{hg T + R + 7} (3.22)

Under the condition (3.3), we know from (3.21) and (3.22) that

_d _d
10" | o= () +min(hy 2, ko 2 )| 1200y

o (3.23)
< K[ RPH 4+ b+ 7]ha® =0, as by, by, 7 — 0.

This shows that (3.10) is also truth for j = n. This implies that the inductive hypothesis (3.10)
is truth for each 0 < n < T'/7 so that the error estimate (3.20) holds under the condition (3.3).
The proof of theorem 3.1 is completed.

Corollary 3.1. If the index ki of the mized element space Hy, satisfies ky = k + 1, such
as Raviart-Thomas elements and Nedelec elements, then there holds the optimal a priori error
estimate

k41
o 2x, llo™ = ofliceagans + o2x, llu" —uillzay < Kk, +hPT T ) (3.24)
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Now we consider the error estimate of scheme II.

Theorem 3.2. Let (o}},u}) be the solution of the scheme II. Assume that the coefficients
c(v) and f(v) of the problem (1.1) have continuous first-order derivatives, a;;(v) (1 < ,j < d)
have continuous first-order and second-order derivatives and that mesh parameters h,, h, and
T satisfy the relation

hb = o(h%) R o(min(h4 K2 m=1), 7= hi
T — u )y = Oy a oy Ty = ) = 0( " ) (3.25)
Also assume that u) = Qug if m < 2. Then there holds the a priori error estimate

ax n o __ .n y no__.mn < K ’kl ’.m+1 2 ) 26
0513:‘57'/7”6 i ll 22y +051;.L§¥/1—”u up ey < K{hg* + by +77 } (3.26)

Proof. Similarly, we only have to estimate 7™ and ", which satisfy an error equation

l.——

(v(@;, )(C(”’h 2)(6" — 6m1) — Fdiv(m" + 7)), e(@, *)un — Fdivews)
2[ (A(@p)m™ — VO™, wy, — ("”)th)
—(A(up~ 1)7r"‘ = V6"t wn = A(uwy )Ve) ]
— —r(y(a ¥ )(e(iy *)Fp" — diven~F — Ry),c( o, — divwn)
—'_L( (uh) Vp _F2 yWh A(u.‘u)vvh)
—(A(up)ent = Vprot — B wn — Al ") V) |,

(3.27)

for each (wy,vy) € Hy, x Sy, where

() By = ety B — ¥+ [o(@ %) —elwr Dl + ) = 1@
(b) Fp= (A(u")—A(ap))e”, Fy = (A1) - Aup="))om!
(3.28)
and £°~% = (e™ 4 e 1)/2.
Taking wy, = #" and v;, = 0 in (3.27), we obtain an equality that

. Alag)m, ) = (A~ a) + 3@, 2)div(n + 77, dive®)
= 7(7(@, 5)(c(uh })ap" — dive*~t — Ry), diva™) (3.29)

(.A( H en A(u;‘ 1)6" 1 Vp”'+Vp‘"‘1 —Fz’"-i-Fn,Ti‘").

-..1

Estimate the terms in the error equation (3.29). We introduce an inductive hypothesis that
for any 0 < j < n there holds an uniform estimate

lim (167 [ gy + IV Lo 2y

ha e, 7—0 . 4 g Wi . —_— (330)
+ mm(hu 1 ha’ )(“T’TJ |I(L2(ﬂ))" + T”dlv"'rjll,[,z([l))] =0.

Firstly, we have

(A(u;,’)ﬂ"* ) = (A~ Hr=1, 7"

~ 3[4 M"ﬂ%%AW'U“‘w"W

+(.A(u J(A u,,,) A(u;l 1)'.rr’l by, A(u")n‘" —A(u}: Bypr—1)

—((Alag) — A(up= ) Alup et Ay~

+((Aliy ") = Afup )=t w1 (3.31)
_2[(A(~..)7f"-77) (A(ap~ a1, "'_I)

+(10”.A(ﬂh) .A(u" l) e 1” (L2 S}) IfT{ |(§¢p“71'”i-. 51] i “31,0"—2”%2(“}

+[|p™ ’ILL2(52}+[1+1111!1 h‘“' hyY||w™ ‘||(L,, anllm™ " 72y b

—51‘[”31.9“ | iL"(n) =t ”ai‘ﬁ’1 2” L2(Q) + Har HLB([Z)]
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Then

(v(a,~ z)chv(?r” -1-7r” L), divn™)

> r(v(@y, 2)chv'n'” 1, divi™?)
+Z[(v (@) z)dlwr” divn™) — (7(u;: 2)dw':r" L dive™1)] (3.32)
_Kf.r-z{[1+n1u1(h,u ,ho 4| diva 1|2, n)]”dIV?T ”LZLQ)
+“() g~ 1”1,2 Q) * HatgL 2”1_,2(51) s HBIP ”Lz[n) + ”atp"ﬂli?(sn}'

(Aap)e — Aup=1)ent — Vgt 4 VL — By + By, o)

< KT{““’"”(Lz a)e T 16712y + 1167~ 2“1.2 @ T ||P"_l||%,2(sz)
"2z "‘ 18ep™ 720y + €™ I r2 (e + ”5 Iz ayye
+“dtf ”(Lz(g))l} Lo 67—[ Hatﬂ" 1”[,”({2) # ”af ILZ(Q)I

(3.33)

(@™ %) (e(i) 2 )Bup" — dive"~4 — Rg),divr")

< 5L (o *)(el@y *)Bup™ — dive™~4 — Bg), div)
—(y(a ) (el@y 2)B,pm — diver—3 — RyY), diva ) |
"‘K"'{Hsﬂ‘flniz[n) + 16721122 gy + 10" ) (3.34)
Hilo" 212 () + lldive™=2 (17 2qy + 1REI72 (0
+7( “atgn 1||2= (@) iy [|Bt6' 2” 2t Hdivé—hs —%”Lz(n)
+“8tR“”L2(gz) F ||‘932P |I2”(Q) |} + dr||diva™ : ”Lf(ﬂ)

Substituting (3.31) - (3.34) into (3.29) and then summing it from 1 to n, we get an estimate

[|=" “2[,2 (o)) + 7| diva™ “Ls(n)
+Z[||A(u,)frw-4<u, I R gy + AV 2 [ ]

- 3.35
< A{T Z[ ”9"“ L) T |iTTJ||(L2(ﬂ))d +7( ”dWWJH[,:'(n) + “dtgjllm(n)) ] ( )

hi" FBEE 4} T L 19667 725
=

On the other hand, taking v, = 6™ — 6" and wy, = 0 in (3.27), we obtain another equality
that

(el " %)B,0m, 8,8") + T-(A()VE6", VE,6")
=T(div7r""] d,0™) — g((A(u,l)—A(u;; hywver-1,va,em)
—7(e(iy, )a,p —d1v¢““ R3,8,0™) + 5 (8,e", V,0™) . (3.36)
—Z[ (A(a)Fy — A(up™) ,Vatﬂ")-l-((ﬁ(u")—A(ﬂ"))Vp‘j,VB;G"‘)]
=3[ ((Au") - A(u,))vp“(A(u““‘) Alug™1))Vpm 1, V,0m) |
+,\r( "2, 8,0m).

Estimate the terms on the right-hand side of (3.36).

(diva—t 9% — 1)
(dw"“* on — 9"_l)+ l( n_gnt, V(@" o 1))
< (‘y(uh )dl.V?T 3 dw‘"‘?)-|— 3; (c( ;: 2)6;9” 39") (3.37)
A Al — A= )r), A - A ety
+'."2(1 +5)(A( ")V&G ,Va,6m)
+KT° {Hﬂ'" 1”(,[,2(;1))! + ”659" 1||‘i-2(”) i Hatpn_lll.iz“z)}-

va-' e
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"§|((Agu n) — Alu 5_1))%9" ' Vatf"”
< Kr2{IV0" 1Ty ayyel Ha,gn 2 + 11067 2”1,2(9) 4““3*:" e (3.38)
HOe™ 2122y 1+ VO™ Gy} + 672 [Va.6m ||(L=

7l(e(@ "% )ypm — dive"~ — RE,5:6™)| + = (Be™, va,,ann
< Kr{[|80" 13- o T |diven ”LZ(Q + ”Rél”iz(n) + T||at'5n||(21,2(n))d} (3.39)
+872||VO,6m || (L2 (ay)e-
%|(A(ﬂmF" A(up 1) Fy,V8,6m)|
< Kr{[|o:" ||L2(ﬂ + Hatgn 2” 2t [|8:p™ 1”1,2 Q) (3.40)

+H‘§fP ”Lz +75)j0™| Lz(g))d}+57' [Va.6m ”(L?(Q))d

2L I((A(u™) — A@™)Vp™, V3,0™)| + 2] (5" %,8,6")|
+((A(u™) — A(ﬂﬂ'))VP" —_(A(u"*l) - A(“ﬁ‘*l))VP”_l, Vo.M |

< K{r? ”31‘9"_1” L2y T |8,6m2 ”'m(n) 1+ 7" '1,2(52) (3.41)
+lo" 1“1,2(9) +[|8ep™ IHLZ(Q + [|8ep™ )Hm@ ]
+70IVp" (17 2 qyya} + 07] 18:6™ 132y + TIIVOE™ 1 1202yya |-

Substituting (3.37) - (3.41) into (3.36) and then summing it from 1 to n, it is seen that

T Z 1866732 g) +7° z V8087 2,2 g
< K{‘ZIHA(uh}wJ (i L +r\|div7-rj—§||izm) (3.42)
+72( (1889|220 + IV |12 qyye)] + A2R + RAHD 4 4y
1t follows from (3.35) and (3.42) that

||7r ||(1,~ Q) i THdiVﬁ'"”iz(g)

3 L1868 12 2 gy + TNV B |22y + 1 dIVAT 2 (|2 ]
:—_ » . _ (3.43)
£ K{# E[ 167113 20y + 17 L2 qpye + TC N0 172y + IV I 2 )

J—
+||d1v7r-7||L2(m-) ] + h2ks 4 pam+D) 4 ™}
An application of the known inequality that
™ n
790" B izzapa S TIVEIGaqaye + 67 DIV |y + KT 3 IVE Rpaayye (3:44)
3=0 =0

and (3.18) to (3.43) lead to an estimate

1167117 2y T I H2{ 2qyyd T T(Hvenn(m(g))i + “dw"rn”mmﬂ T Z ||5t9j”‘}2,2(g)

< K{r 2 1691220y + 77122 gy + 718687 By + V67 By (8:45)
=
v (|32 ) ] + B2t + BETY 474y,
Applying the discrete Gronwall’s lemma to (3.45) we obtain an error estimate
”9"Hiz(n) + ”Wn”‘fLE{n))d I T(HW”II(Lz e T+ ||diV7ru“i=(n)) ¥ TJZ:I Haii-g‘f”ia(n) (3.46)

< K{h2% 4 p2mHD 4 py,
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(3.46) implies (3.26). It is not difficult to check the inductive hypothesis (3.30) under the
condition (3.25). The proof of theorem 3.2 is completed.

Corollary 3.2. If the index ki of the mived eclement space H;,_ satisfies ky = k + 1, such
as Raviart-Thomas elements and Nedelec elements, then there holds the optimal a priori error

estimate
o — gt ; . ‘U-“ . un <K hk-l—l hm—!—l 2 . 3.47
[agﬁ’f?ﬁ/f” 0’h||(u(s1))f+051}112§ﬁ I wllzze) < K{h™ + Ay +7° } (3.47)
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