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§1. ÝÝÝþþþ���mmmÚÚÚ§§§���­­­���fff888aaa

[1◦ ÝÝÝþþþ���mmm] 3©ÛÆ¥§<�'5¤ïÄé��%C§Ý"Ï~ù«%C§Ý^¤¢�båle5�x"
·�Ú\��ål£Ýþ¤�Vg§§´<�F~)¹¥ü:�mål�Ä�ÚV)"

½½½ÂÂÂ 1 �8ÜXþ���¼êµd : X ×X → R"XJ÷vXeo�^�µ

(1) £�K5¤éu?¿�u, v ∈ X§d(u, v) ≥ 0"

(2) £�5¤d(u, v) = 0⇔ (u = v)"

(3) £é¡5¤éu?¿�u, v ∈ X§d(u, v) = d(v, u)"

(4) £n�Ø�ª¤éu?¿�u, v, w ∈ X§¤ád(u,w) ≤ d(u, v) + d(v, w)"

K¡¼êd(·, ·)�Xþ���ål½Ýþ"8ÜëÓ§þ¡��ål�å§P�(X, d)§¡�Ýþ�m½ål

�m"Ýþ�m¥���Ï~�¡��þ½:"

~1. 3?¿�8ÜXþ§é?¿�x, y ∈ X§½Â¼êµ

ddisc(x, y) :=

{
0, x = y;

1, x 6= y.

ù�¼ê½Â
Xþ���Ýþ§¡�Xþ�lÑÝþ"ù�Ýþ�1�'�Û%"

·�Þ�
~^Ýþ�m�~f"

~2. ëY¼ê�mC0[a, b]þ§é?¿ü�ëY¼êfÚg§½Âµ

dC(f, g) = max
x∈[a,b]

|f(x)− g(x)|.

ù´ëY¼ê�mþ��«Ýþ½ål§§�Nü�¼ê�m����C§Ý"

~3. Riemann�È¼ê�mR[a, b]þ§é?¿ü�Riemann�È¼êfÚg§½Âµ

dp(f, g) =
(∫ b

a

|f(x)− g(x)|pdx
) 1

p

, 1 ≤ p < +∞.

ù´Riemann�È¼ê�mþ��«Ýþ½ål§§�Nü�¼ê�m�m�«²þ¿Â��C§Ý"

[2◦ ÝÝÝþþþ���mmmRm] �Ù¥·�Ì�?Øäkk��©þ�8ÜRm"

½½½ÂÂÂ 2 ^RmL«dm�¢êxi ∈ R (i = 1, 2, · · · .m) |¤�¤kkSê|�8Üµ

Rm =
{
x = (x1, · · · , xm)

∣∣∣ xi ∈ R, 1 ≤ i ≤ m.
}

Ùþål½Â�µ

d(x1,x2) =

√√√√ m∑
i=1

|xi1 − xi2|2.

·�òkSê|^����þL«§çNi1xL«���þ§xiL«�þx�1i��I"·�æ^þ

IL«�þ�1A�©þ"eIL«�þ��U�IÒ"
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lål�½ÂwÑ

max
1≤j≤m

|xj1 − x
j
2| ≤ d(x1,x2) ≤

√
m max

1≤j≤m
|xj1 − x

j
2|.

�Ò´`§3Rmü:x1Úx2�m�ålé�§��=�éA��I��é�"

~1. m = 1�§R1 = R=�¢ê8Ü"3R1þ§d(x, y) = |x− y| ´��Ýþ"m = 2�§R2 ´��²

¡8Ü"m = 3�§R3 �n�áN�m"m ≥ 4=�Ä�áN�m"

~2. 3Rmþ�±½ÂÃ�õÝþ"éu?¿1 ≤ p < +∞§·�½Âµ

dp(x,y) =
( m∑
i=1

|xi − yi|p
) 1

p

Ú

d∞(x,y) = max
1≤i≤m

|xi − yi|.

þã¼êþ�¤Rmþ�Ýþ"

[3◦ ÝÝÝþþþ���mmm¥¥¥���mmm888���444888] ·�3��Ýþ�m¥Ú\m8Ú48�Vg"

½½½ÂÂÂ 3 �(X, d)´��Ýþ�m"é?¿a ∈ XÚδ > 0§¡8Ü

B(a, δ) = {x ∈ X | d(a, x) < δ}

�±a�%§δ��»�¥§½:a ∈ X�δ��"

½½½ÂÂÂ 4 �(X, d)´��Ýþ�m"8ÜG ⊂ X¡�X¥�m8§XJé?¿a ∈ G§�3���

�B(a, δ)§¦�B(a, δ) ⊂ G"

~1. �(X, d)´��Ýþ�m"X´X¥�m8"

~2. �(X, d)´��Ýþ�m"�8∅Ø�¹?¿:§�±À�÷vm8½Â§Ïd�8∅´X¥�m
8"

~3. �(X, d)´��Ýþ�m"X¥�¥B(a, r)´X¥�m8§Ïd¡§�m¥"

~4. �(X, d)´��Ýþ�m"8ÜG = {x ∈ X | d(a, x) > r}§=X¥�:aål�ur�¤k:�¤�
8Ü§´X¥�m8"

½½½ÂÂÂ 5 �(X, d)´��Ýþ�m"8ÜF ⊂ X¡�X¥�48§XJF3X ¥�{8X\G´X¥�m
8"

~5. �(X, d)´��Ýþ�m"B̄(a, r) = {x ∈ X | d(a, x) ≤ r}§=X¥�:aålØ�ur�¤k:�
¤�8Ü§´X¥�48"

~6. �(X, d)´��Ýþ�m"XÚ�8∅´48"ù´ü�AÏ�Q´m8�´48�8Ü"

~7. 3Ýþ�m(X, ddisc)¥§é?¿a ∈ X§ü:8Ü{a}Q´m8�´48"

···KKK 1 �(X, d)´��Ýþ�m"e¡(Ø¤áµ

(a) XJ{Gα;α ∈ A}´X¥?¿õ�m8�¤�8Üx§K§�¿8
⋃
α∈A

Gα´X¥�m8"
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(b) X¥k�õ�m8{Gi}ni=1��8
n⋂
i=1

Gi´X¥�m8"

(c) XJ{Fα;α ∈ A}´X¥?¿õ�48�¤�8Üx§K§��8
⋂
α∈A

Gα´X¥�48"

(d) X¥k�õ�48{Fi}ni=1�¿8
n⋃
i=1

Fi´X¥�48"

y²µ(a) XJa ∈
⋃
α∈A

Gα§�3α0 ∈ A ¦�a ∈ Gα0"duGα0´m8§�3a���δ��B(a, δ) ⊂

Gα0"u´B(a, δ) ⊂
⋃
α∈A

Gα"¤±§
⋃
α∈A

Gα ´m8"

(b) XJa ∈
n⋂
i=1

Gi§Ka ∈ Gi, i = 1, 2, · · · , n"duz�Gi´m8§�3a���δ��B(a, δi) ⊂ Gi,

i = 1, 2, · · · , n"�δ = min{δ1, δ2, · · · , δn} > 0§KB(a, δ) ⊂ Gi, i = 1, 2, · · · , n"u´B(a, δ) ⊂
n⋂
i=1

Gi"¤

±§
n⋃
i=1

Gi´m8"

(c) d48½Â§�Iy²
⋂
α∈A

Fα�{8´m8"dDe MorganÆ§

X\
⋂
α∈A

Fα =
⋃
α∈A

(X\Fα).

=,Fα´48§u´X\Fα´m8"¤±�â(a)�
⋃
α∈A

(X\Fα)´m8"

(d) d48½Â§�Iy²
n⋃
i=1

Fi�{8´m8"dDe Morgan Æ§

X\
n⋃
i=1

Fi =

n⋂
i=1

(X\Fi).

=,Fi´48§u´X\Fi´m8"¤±�â(b)�
n⋂
i=1

(X\Fi)´m8"y.

···KKK 2 �(X, d)´��Ýþ�m§F´X¥���8Ü"F´X¥48�¿©7�^�´F = F̄"�é

{`§F´X¥48��=�F¹k§�¤k4�:"

y²µ£7�5¤�F´X¥48§KÙ{8X\F´m8"u´§é?¿a 6∈ F§�3��B(a, δ) ⊂
X\F§d��Ø¹F¥?Û:§¤±aØ´F�4�:"ÏdF̄ ⊂ F"qd½ÂF ⊂ F̄§�U´F = F̄"

£¿©5¤�F = F̄"d½Â§�IyG = X\F´X¥m8"é?¿a ∈ G§Ka 6∈ F"duF =

F̄"Ïd§aØ¬´4�:"�3:a�����O(a)§=�¹F¥�k��:{xi}ni=1 ⊂ F ∩ O(a)"d

ua 6= xi¦�d(a, xi) > 0§�3a�δ��B(a, δi) ⊂ O(a) (0 < δi < d(a, xi))§¦�xi 6∈ B(a, δi)"�δ =

min{δ1, δ2, · · · , δn} > 0"KB(a, δ) ⊂ O(a)Ø¹F¥?Û:§=B(a, δ) ⊂ X\F"ùy²
G ´m8"y.

§2. õõõCCCþþþ¼¼¼êêê���444���

[4◦ õõõCCCþþþ¼¼¼êêê���444���½½½ÂÂÂ] �!¥·��	½Â38ÜXþ
��3Rnþ�¼êf : X → R�4�nØ"
·�l��½Âm©"

½½½ÂÂÂ 6 �X´��8Ü§B´X¥��xÄ":A ∈ Rn¡�N�f : X → Rn'uÄB�4�§XJé
uA�?���V (A)§�3B ∈ B§¦�f(B) ⊂ V (A)"{ó�§

lim
B
f(x) = A := (∀V (A)∃B ∈ B(f(B) ⊂ V (A)).
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½��

(lim
B
f(x) = A ∈ Rn) := (∀ε > 0∃B ∈ B(∀x ∈ B(d(f(x), A) < ε))).

½��

(lim
B
f(x) = A ∈ Rn) := (lim

B
d(f(x), A) = 0).

½½½ÂÂÂ 7 N�f : X → Rn¡�k.N�§XJf(X) ⊂ Rn3Rn¥k."

½½½ÂÂÂ 8 �8ÜB´8ÜX¥�Ä§N�f : X → Rn ¡�´éÄB�ªk.N�§XJ�3B ∈ B§¦
�f3Bþk."

···KKK 3 �B´X�ÄÚ¼êf : X → Rn"¤á(Øµ

(a) ¼êf'uÄB�õk��4�"

(b) e¼êf'uÄBk4�§KféuÄB´�ªk.�"

[5◦ NNN���f : X → Rn���AAA���] N�N�f : X → Rn��þ´½Â38ÜXþ��þ�¼êµ

f(x) = (f1(x), f2(x), · · · , fn(x)) f i(x) : X → R, 1 ≤ i ≤ n.

l¥wÑ§

lim
B
f(x) = A⇔ lim

B
f i(x) = Ai (i = 1, 2, · · · , n).

�Ò´`§¼êf : X → Rn3R�Âñ´U�IÂñ"

[6◦ CauchyÂÂÂñññOOOKKK] �X = N§¼êf : N→ Rn �µ

f = (y1
k, y

2
k, · · · , ynk ) k = 1, 2, · · · · · · .

¼êf : N→ Rn��±À�Rn¥�:�{yk}∞k=1"

½½½ÂÂÂ 9 Rn¥:�{yk}∞k=1¡�Ä�:�£�¡�Cauchy :�¤§XJé?¿ε > 0§�3N ∈ N§¦
�é?¿k1, k2 ≥ N§7kd(yk1 ,yk2) < ε"

w
´�§Rn¥:�{yk}∞k=1�Ä�:���=�§�z��I�{yik}∞k=1 (1 ≤ i ≤ n)´Ä��"

dê��CauchyÂñOKQ�Rn¥�:�Âñ��=�§´Rn¥�Ä��£½Cauchy:�¤"�é{

`§CauchyÂñOK3R¥´�(�"

½½½ÂÂÂ 10 ��Ýþ�m§XJÙ¥z�Ä��Ñ3T�mk4�§K¡ù�Ýþ�m���Ýþ�

m"

···KKK 4 é?¿n ∈ N§Ýþ�mRn´��Ýþ�m"

½½½ÂÂÂ 11 �E ⊂ XÚN�f : X → Rn§þ

ω(f ;E) := d(f(E))

¡�¼êf3Eþ��Ì§Ù¥d(f(E))´8Üf(E) ⊂ Rn��»"

�Rn���5�'§¤áe¡�CauchyÂñOK"
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½½½nnn 1 �X´��8Ü§B´X¥�Ä§¼êf : X → Rn'uBk4�§��=�éu?¿ε > 0§�

3B ∈ B§¦�ω(f ;B) < ε§�Ò´

∃ lim
B
f(x)⇔ ∀ε > 0∃B ∈ B(ω(f ;B) < ε).

éu¼ê�3Rn¥�¼ê§'uEÜ¼ê4��­�½n�¤á"

½½½nnn 2 �Y´��8Ü§BY´Y¥�Ä§N�g : Y → Rn'uBYk4�"

�X´q��8Ü§BX´X¥�Ä§f : X → Y´lX�Y �N�§
�éu?¿�BY ∈ BY§�
3BX ∈ BX§¦�f(BX) ⊂ BY"

3ù
^�e§N�fÚg�EÜN�g ◦ f : X → Rn'uBk4�§�

lim
BX

(g ◦ f)(x) = lim
BY

g(y). (1)

[7◦ ¼¼¼êêêf : Rm → Rn���444���] ·�Äka,��´X��mRm�f�m��/"

·��½µ

U(a) —— :a ∈ Rm���¶

Ů(a) —— :a ∈ Rm��%��§=Ů(a) := U(a)\a¶

UE(a) —— :a3E���§=UE(a) := U(a) ∩ E¶

ŮE(a) —— :a3E��%��§=ŮE(a) := Ů(a) ∩ E¶

x→ a —— :a��%��|¤�Rm¥�Ä"

x→∞ —— Ã¡�:��|¤�Ä§=d8ÜRm\B(0, r)|¤�Ä"

x→ a§x ∈ E½(E 3 x→ a) —— :a3E ¥��%��|¤�Ä§�a´E�4�:"

x → ∞§x ∈ E½(E 3 x → ∞) —— Ã¡�:3E¥���|¤�Ä§=d8ÜE\B(0, r)|¤�

Ä§�E´Ã.8"

|^þ¡ÎÒ§�¦�a4�äNz"

( lim
E3x→a

f(x) = A) := (∀ε > 0∃Ů(a)∀x ∈ ŮE(a)(d(f(x), A) < ε).

�du

( lim
E3x→a

f(x) = A) := (∀ε > 0∃δ > 0∀x ∈ E(0 < d(x, a) < δ ⇒ d(f(x), A) < ε)),

Ù¥d(x, a)Úd(f(x), A)©OL«RmÚRn�Ýþ"

( lim
x→∞

f(x) = A) := (∀ε > 0∃B(0, r)∀x ∈ Rm\B(0, r)(d(f(x), A) < ε)).

�½

(lim
B
f(x) =∞) := (∀B(0, r)∃B ∈ B(f(B) ⊂ Rn\B(0, r))).

�N�π : Rm → R§π(x) = xi§i = 1, 2, · · · ,m"XJx = (x1, x2, · · · , xm) → a = (a1, a2, · · · , am)§

Kπi(x)→ ai§i = 1, 2, · · · ,m"XJm > 1§�x→∞ �§k
m∑
i=1

(πi(x))2 →∞,
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�πi(x)�UÃ4�§��UØªuÃ��"

[8◦ ­­­444������\\\ggg444���] éuõ�¼ê
ó§dugCþ�Ý�O\§Ù4���¹�~E,"ÄkgCþ

ªu,�4���ªÚ´»õ�z"���{ü��ª´gCþU,«^S�g�4�§P�

lim
zi1→xi1

lim
zi2→xi2

· · · lim
zim→xim

f(z1, · · · , zm),

ùpi1, i2, · · · , im´1, 2, · · · ,m�,�ü�"ù«4��ª§·�¡��\g4�§�déA§�©�4�
¡�­4�§P�

lim
(z1,··· ,zm)→(x1,··· ,xm)

f(z1, · · · , zm),

·�ÏL±e~f5w�4���ªØÓ§�U�)�(J´Ä�Ó"

~1. �¼êf : R2 → R�

f(x, y) =


xy

x2 + y2
, x2 + y2 6= 0;

0, x2 + y2 = 0.

Kf(0, y) = f(x, 0) = 0§= lim
y→0

lim
x→0

f(x, y) = lim
x→0

lim
y→0

f(x, y) = 0"
�y = ax 6= 0�§f(x, ax) =
a

1 + a2
"

u´�(x, y)→ (0, 0)�§ù�¼ê�ü�\g4��3���§��­4�Ø�3"

~2. �¼êf : R2 → R�

f(x, y) =


x2 − y2

x2 + y2
, x2 + y2 6= 0;

0, x2 + y2 = 0.

k

lim
y→0

lim
x→0

f(x, y) = −1, lim
x→0

lim
y→0

f(x, y) = 1.


�y = ax 6= 0�§f(x, ax) =
1− a2

1 + a2
"u´�(x, y)→ (0, 0)�§ù�¼ê�ü�\g4��3�Ø��§

�­4��Ø�3"

~3. �¼êf : R2 → R�

f(x, y) =

x+ y sin
1

x
, x 6= 0;

0, x = 0.

k

lim
(x,y)→(0,0)

= 0, lim
x→0

lim
y→0

f(x, y) = 0.

u´�(x, y) → (0, 0)�§ù�¼ê��­4�Ú\g4� lim
x→0

lim
y→0

f(x, y)�3§�\g4� lim
y→0

lim
x→0

f(x, y)

Ø�3"

~4. �¼êf : R2 → R�

f(x, y) =


x sin

1

y
+ y sin

1

x
, xy 6= 0;

0, xy = 0.

Q, ∣∣∣x sin
1

y
+ y sin

1

x

∣∣∣ ≤ |x|+ |y|,
6



u´¤á

lim
(x,y)→(0,0)

f(x, y) = 0.

¤±�(x, y)→ (0, 0)�§ù�¼ê��­4��3§�ü�\g4�þØ�3"

þ¡~fL²§3���/§õ�¼ê�­4��\g4�vk(½'X"�3�½^�e§õ�¼ê

�­4�Ú\g4��3�½�'é5"

½½½nnn 3 e¼êf : Rm → R3(x1, · · · , xm)�3­4�

lim
(z1,··· ,zm)→(x1,··· ,xm)

f(z1, · · · , zm)

�\g4�

lim
zi1→xi1

lim
zi2→xi2

· · · lim
zim→xim

f(z1, · · · , zm),

ùpi1, i2, · · · , im´1, 2, · · · ,m�,�ü�§K­4��\g4�7��"

y²µ� lim
(z1,··· ,zm)→(x1,··· ,xm)

f(z1, · · · , zm) = A"é?¿ε > 0§�3δ > 0§��0 <

√
m∑
i=1

|zi − xi|2 <

δ§7k

|f(z1, · · · , zm)−A| < ε.

d½n^� lim
zi1→xi1

lim
zi2→xi2

· · · lim
zim→xim

f(z1, · · · , zm)�3§K�g�4��

| lim
zi1→xi1

lim
zi2→xi2

· · · lim
zim→xim

f(z1, · · · , zm)−A| ≤ ε.

dε�?¿5§y²
 lim
zi1→xi1

lim
zi2→xi2

· · · lim
zim→xim

f(z1, · · · , zm) = A"y.

íííØØØ 1 �¼êf3:(x1, · · · , xm)�­4��3"XJ3T:ü�\g4��3§Kùü�\g4��

�"

AO§3­4�Ú¤k\g4�Ñ�3�^�e§\g4��¦4�gS���"ùéu4��O�´

�~k^�§k�éu,«^S�\g4�N´O�"

íííØØØ 2 e¼êf3:(x1, · · · , xm)�ü�ØÓ�\g4�þ�3�Ø��§K¼êf 3T:�­4�7

Ø�3"

�íØ�^5�ä­4��Ø�35"

½n39ÙíØw�·�§XJ­4�Ú\g4�Ó��3§K§�7��"�ØUd­4��3§(

½\g4��3"��½,"��ù§ù´��(J�¯K"e¡�½n3��¼ê�/�Ñ
�
k'

(J"

½½½nnn 4 XJ¼êf3:(x0, y0)?��­4��3§�3y0�,���S§ lim
x→x0

f(x, y) = ϕ(y)�3§

K\g4� lim
y→y0

lim
x→x0

f(x, y)�3§� lim
y→y0

lim
x→x0

f(x, y) = lim
(x,y)→(x0,y0)

f(x, y).

��§XJ3y0�,���S§f(x, y)��Âñ�ϕ(y)§�\g4� lim
y→y0

lim
x→x0

f(x, y)�3§K�­4

� lim
(x,y)→(x0,y0)

f(x, y)�3§� lim
(x,y)→(x0,y0)

f(x, y) = lim
y→y0

lim
x→x0

f(x, y)"

7



y²µ� lim
(x,y)→(x0,y0)

f(x, y) = A"é?¿ε > 0§�3δ > 0§��0 <
√
|x− x0|2 + |y − y0|2 < δ§7

k

|f(x, y)−A| < ε

2
.

d½n^� lim
x→x0

f(x, y) = ϕ(y)�3§K-x→ x0§

|ϕ(y)−A| ≤ ε

2
< ε.

ùL²µ lim
y→y0

lim
x→x0

f(x, y) = A"

��§�f(x, y)3y0�,���S§��Âñ�ϕ(y)§�\g4� lim
y→y0

lim
x→x0

f(x, y) = A§Ké?

¿ε > 0§�3y0�����B(y0, b) (b > 0)Úδ1 > 0§é?¿y ∈ B(y0, b) Ú0 < |x − x0| < δ§7

k|f(x, y)−ϕ(y)| < ε/2Ú�3δ2 > 0§��0 < |y− y0| < δ2§7k|ϕ(y)−A| < ε/2"�δ = min{δ1, δ2, b}§
K�0 <

√
|x− x0|2 + |y − y0|2 < δ�§

|f(x, y)−A| ≤ |f(x, y)− ϕ(y)|+ |ϕ(y)−A| < ε

2
+
ε

2
= ε.

ùy²
 lim
(x,y)→(x0,y0)

f(x, y) = A"y.

[9◦ õõõCCCþþþëëëYYY¼¼¼êêê999ÙÙÙ555���] �E´Rm¥�8Ü"

½½½ÂÂÂ 12 ¼êf : E → Rn¡�3:a ∈ E´ëY�§XJéu¼ê�f(a)�?¿��V (f(a)§�3

:a3E¥���UE(a)§¦�f(UE(a)) ⊂ V (f(a))§=

(f : E → Rn3a ∈ EëY) := (∀V (f(a))∃UE(a)(f(UE(a)) ⊂ V (f(a)))),

�du

(f : E → Rn3a ∈ EëY) := (∀ε > 0 ∃δ > 0 ∀ x ∈ E(d(x,a) < δ ⇒ d(f(x),f(a)) < ε)).

���¤

(f : E → Rn3a ∈ EëY) := ( lim
E3x→a

f(x) = f(a)).

···KKK 5 ¼êf : E → Rn§f = (f1, · · · , fn)§3,:ëY��=�z�©þ¼êf i§i = 1, 2, · · · , n§
3T:ëY"

½½½ÂÂÂ 13 �E ⊂ Rm,a ∈ E,BE(a; r) := E ∩B(a; r)"þ

ω(f ;a) := lim
r→0+

ω(f ;BE(a; r))

¡�¼êf : E → Rn3:a ∈ E��Ì"

···KKK 6 £ëY¼ê�ÛÜ5�¤

(a) ¼êf : E → Rn3:a ∈ EëY��=�ω(f ;a) = 0.

(b) ¼êf : E → Rn3:a ∈ EëY§K3d:�,���UE(a)þk."

(c) e8ÜY ⊂ Rnþ�N�g : Y → Rk3:y0 ∈ YëY§8ÜX ⊂ Rmþ�N�f : X → Y3

:x0 ∈ X ëY§�f(x0) = y0§KEÜN�g ◦ f : X → Rk�3�3:x0 ∈ X ëY"

(d) ¼êf : E → R3:a ∈ EëY�f(a) > 0 (f(a) < 0)§K�3:a3E¥�,���UE(a)§¦�

é?¿x ∈ UE(a)§f(x) > 0 (f(x) < 0)"

(e) e¼êf : E → RÚg : E → Rþ3:a ∈ EëY§K§���5|Üαf + βg : X → R§Ù

¥α, β ∈ R§¦Èf · g : X → RÚû
f

g
: X → R, Ù¥�x ∈ E�g 6= 0§þ3:a ∈ EëY"
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e¡=\ëY¼ê��Û5�ïÄ"Ú\A�Vg"

½½½ÂÂÂ 14 XJ¼êf : E → Rn3E¥�z�:ëY§K¡¼êf 3E þëY"

e¼êf : E → Rn3EþëY§Ẽ´E���f8§@o¼êf3f8Ẽþ���f |Ẽ3ẼþëY"

½½½ÂÂÂ 15 l8ÜE ⊂ Rm�Rn�N�f : E → Rn¡�3Eþ��ëYN�§XJé?¿ε > 0§�

3δ > 0§é?¿x1,x2 ∈ E§��d(x1,x2) < δ§7kd(f(x1),f(x2)) < ε"

½½½ÂÂÂ 16 �I ⊂ R´«m§¼êΓ1(t), · · · ,Γn(t)3I þëY§¡d

t 7→ Γ = (Γ1(t), · · · ,Γn(t))

½Â�N�Γ : I → Rn�Rn¥��´"

½½½ÂÂÂ 17 8ÜE ⊂ Rn¡�´ëÏ�§XJéuE¥?¿�é:x0�x1§o�3�^±x0�x1�à:

��´Γ : I → E§¿�§�«1f3E ¥"�é{`§lE¥?�:x0ÑuØ�ÑE����±��E¥

,	�?�:x1"

½½½ÂÂÂ 18 ¡�mRm¥�´ëÏm8�Rm¥�«�"

~1. Rn¥�¥B(a, r) (r > 0)�«�"

~2. d�§(x1)2 + (x2)2 = r2�Ñ��±£��¥¡¤´R2¥�´ëÏf8§�Ø´R2¥�«�"

···KKK 7 £ëY¼ê��N5�¤�K ⊂ Rm"

(a) XJK´;8�¼êf : K → Rn3KþëY§K§3Kþ��ëY"

(b) XJK´;8�¼êf : K → Rn3KþëY§K§3Kþk."

(c) XJK´;8�¼êf : K → R3KþëY§K§3Kþ�����Ú���"

(d) XJK´´ëÏ8�¼êf : K → R3KþëY§�3a, b ∈ K¦f(a) = AÚf(b) = B§K

éAÚB�m�?¿�C§�3c ∈ K§¦�f(c) = C"

9



111lllÙÙÙõõõCCCþþþ¼¼¼êêê���©©©ÆÆÆ

§1. Rm������555(((���

[1◦ ���þþþ���mmmRm]

38ÜRm¥éu?¿ü���x1 = (x1
1, · · · , xm1 )�x2 = (x1

2, · · · , xm2 )Ú\\{

x1 + x2 = (x1
1 + x1

2, · · · , xm1 + xm2 );

éu?¿��x = (x1, · · · , xm)�¢êλ ∈ R½Âê¦$�µ

λx = (λx1, · · · , λxm).

@oRmB¤�¢ê�Rþ��5�m"§����±¡�:½�þ"

Rm¥�þ|

ei = (0, · · · , 0, 1
i
, 0, · · · , 0) i = 1, 2, · · ·m;

Ù¥ê1=31i� �Ñy§|¤Rm�4��5Ã'|§¡�Rm���Ä.§Ïd¡Rm�m ��þ�
m"

Rm¥?¿�þx�±UìÄ.{ej}mj=1Ðm

x = x1e1 + · · ·+ xmem =

m∑
i=1

xiei = xiei,

ùpP
m∑
i=1

xiei = xiei¡�Einstein�½µÓ���I3þ�Úe�þÑy§Ò¿�X'uù��I3§�

Cz��S¦Ú"

[2◦ ���555NNN���] Ú\����5C�½Â"

½½½ÂÂÂ 19 �XÚY´ü�8Ü§N�µL : X → Y¡��5�§XJé?¿�x1, x2 ∈ XÚλ1, λ2 ∈
R¤á

L(λ1x1 + λ2x2) = λ1L(x1) + λ2L(x2).

�Ù¥§·�'%lRm�Rn��5N�L : Rm → Rn"5¿�µL(x) = (L1(x), · · · , Ln(x))§u´N

�L : Rm → Rn´�5N���=�z�Li : Rm → R, i = 1, 2, · · · , n§´�5N�"

·��	�5N�L �L«/ª"�{ei}mi=1Ú{ẽj}nj=1©O´RmÚRn�Ä."�

L(ei) = a1
i ẽ1 + · · ·+ ani ẽm = aji ẽj , i = 1, 2, · · · ,m;

=®�Ä.{ei}mi=13�5N�L : Rm → Rn 3Rn¥��§dN�L��55§éuRm¥?¿�þh =

(h1, · · · , hm)§¤á

L(h) = L(hiei) = hiL(ei) = hiaji ẽj , (2)

�¤�I/ª

L(h) = (L1(h), · · · , Ln(h)) = (a1
ih
i, · · · , ani hi). (3)
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···KKK 8 �5N�L : Rm → Rn �±L«¤Ý
/ªµ

L(h) =


L1(h)

...

Ln(h)

 =


a1

1 · · · a1
m

...
...

an1 · · · anm




h1

...

hm

 = Ah (4)

ùpA´n×mÝ
"��§é?¿n×mÝ
A§Ah½Â
Rm�Rn����5N�"

�·KL²§3�½RmÚRn�Ä.�§�±ïá�5N�L : Rm → Rn�n×m�Ý
���éA"

é?¿�5N�A : Rm → RnÚB : Rm → Rn§½Â�5|Üµ

(αA+ βB)(x) = αA(x) + βB(x).

αA+ βB�,´Rm�Rn ��5N�"ÏdRm�Rn��5N��N|¤�8Ü�´�5�m"αA+ βBé
A�Ý
T�N�AÚBéAÝ
AÚB��5|ÜαA+ βB"

é?¿�5N�A : Rm → RnÚB2 : Rn → Rk§½ÂEÜN�µ

(B ◦ A)(x) = B(A(x)).

§´A : Rm�Rk��5N�§éAÝ
�C = BA§ùpBA´Ý
B �A�¦È"

[3◦ DDD������555���mmm]

½½½ÂÂÂ 20 �8ÜV´���5�m§��¼ê‖ · ‖ : V → R§XJ÷ve¡o�^�µ

(1) £�K5¤é?¿v ∈ V§‖v‖ ≥ 0;

(2) £�½5¤(‖v‖ = 0)⇔ (v = 0);

(3) £àg5¤é?¿v ∈ VÚλ ∈ R§‖λv‖ = |λ|‖v‖;

(4) £n�Ø�ª¤é?¿u, v ∈ V§‖u+ v‖ ≤ ‖u‖+ ‖v‖;

K¡‖ · ‖�Vþ����ê"�5�mVëÓÙþ��ê‖ · ‖�å§(V, ‖ · ‖)§¡���D��5�m"

n�Ø�ª�±í2�?¿k���þ�\��/µ

‖v1 + · · ·+ vk‖ ≤ ‖v1‖+ · · ·+ ‖vk‖.

�(V, ‖ · ‖)´��D��5�m§½Â

d(x,y) := ‖x− y‖.

Kd(·, ·)÷vÝþ�½Â§¡�d�ê�Ñ�Ýþ½ål"3d¿Âe§��D��5�m7´��Ýþ�
m"

3Rmþ§½Â¼ê

‖x‖ =
√

(x1)2 + · · ·+ (xm)2, ∀ x = (x1, · · · , xm) ∈ Rm.

K‖x‖´Rmþ����ê"3ù��ê¿Âe§Rm´��D��5�m"

þã�ê�6u�m�½Â§�«O½²(�m��O§3�ê�PÒme�IP�m�PÒ§~

X‖ · ‖Rm"�3�m9Ù�ê�¹Â31©¥�~²(�§��Øù��"
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é?¿x,y ∈ Rm§½Âd(x,y) := ‖x− y‖"T�Rm¥ü:�m�ål"

�x→ x0�§^�d(x,x0)→ 0�^�‖x− x0‖ → 0�d"AO/§‖x‖ = d(0,x)"

�ê��3§�±'�¼ê�m��"

½½½ÂÂÂ 21 �¼êf : X → Rm�¼êg : X → Rn"B ´X¥�Ä"XJ

lim
B

‖f(x)‖Rm

‖g(x)‖Rn

= 0.

=3Be‖f(x)‖Rm = o(‖g(x)‖Rn)§KP�f(x) = o(g(x))§½f = o(g)"

½½½ÂÂÂ 22 �¼êf : X → Rm�¼êg : X → Rn"B ´X¥�Ä"XJ‖f(x)‖Rm/‖g(x)‖RnéuÄB�
ªk.§KP�f(x) = O(g(x))§½f = O(g)"

XJòN�f : X → Rm�¤�I/ªf(x) = (f1(x), · · · , fm(x))§Kk(Øµ

(éuÄB, f = o(g))⇔ (éuÄB, f i = o(g), i = 1, · · · ,m) (5)

(éuÄB, f = O(g))⇔ (éuÄB, f i = O(g), i = 1, · · · ,m) (6)

···KKK 9 �L : Rm → Rn´�5N�§h = x1e1 + · · ·+ xmem´Rm¥?��þ§K

‖L(h)‖Rn ≤
m∑
i=1

‖L(ei)‖|hi| ≤
( m∑
i=1

‖L(ei)‖
)
‖h‖. (7)

···KKK 10 �5N�L : Rm → Rn3?�:x0 ∈ Rm´��ëY�"

y²µé?¿x,x0 ∈ Rm§dþ¡·K�µ

‖L(x)− L(x0)‖ = ‖L(x− x0)‖ ≤
( m∑
i=1

‖L(ei)‖
)
‖x− x0‖.

é?¿ε > 0§�δ = ε/(1 +
m∑
i=1

‖L(ei)‖)§��‖x− x0‖ < δ§7k‖L(x)− L(x0)‖ < ε"y.

[4◦ SSSÈÈÈ���mmm] �ã0�SÈ�m��
Ä:�£"

½½½ÂÂÂ 23 �8ÜH´���5�m§��¼ê〈·, ·〉 : H ×H → R§XJ÷ve¡o�^�µ

(1) £�K5¤é?¿v ∈ H§〈v, v〉 ≥ 0;

(2) £�½5¤(〈v, v〉 = 0)⇔ (v = 0);

(3) £é¡5¤é?¿u, v ∈ H§〈u, v〉 = 〈v, u〉;

(4) £�55¤é?¿u, v, w ∈ HÚα, β ∈ R§〈αu+ βv,w〉 = α〈u,w〉+ β〈v, w〉;

K¡〈·, ·〉�Hþ���SÈ"�5�mHëÓÙþ�SÈ〈·, ·〉�å§(H, 〈·, ·〉)§¡���SÈ�m"

|^é¡5Ú�55§��SÈ'u1������55µ

(4’) £�55¤é?¿u, v, w ∈ HÚα, β ∈ R§〈w,αu+ βv〉 = α〈w, u〉+ β〈w, v〉"
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½½½nnn 5 £Cauchy-SchwarzØ�ª¤�〈·, ·〉´�5�mHþ���SÈ§K¤áØ�ªµ

〈u, v〉2 ≤ 〈u, u〉〈v, v〉. (8)

�Ò¤á�¿©7�^�´µ�3λ ∈ R§¦�u = λv½v = λu "

y²µ|^SÈ��55Ú�K5§·���

0 ≤ 〈λu+ v, λu+ v〉 = λ2〈u, u〉+ 2λ〈u, v〉+ 〈v, v〉.

u´§Ø�¤kXê�"£d�Ø�ªg,¤á¤§�A����g�§λ2〈u, u〉 + 2λ〈u, v〉 + 〈v, v〉 = 0Ø

�Ukü�ØÓ�¢�§Ïd§7k〈u, v〉2 − 〈u, u〉〈v, v〉 ≤ 0"Ø�ª�y"

�e5y²�Ò��/"£7�5¤�〈u, v〉2 = 〈u, u〉〈v, v〉"XJu = 0§Ku = 0v§�〈u, v〉2 =

0〈v, v〉2 = 0"XJu 6= 0§Ké?¿λ ∈ R§

0 ≤ 〈λu+ v, λu+ v〉 = λ2(u, u)± 2λ
√
〈u, u〉〈v, v〉+ 〈v, v〉 = (λ

√
〈u, u〉 ±

√
〈v, v〉)2.

�λ = ∓
√
〈v, v〉/

√
〈u, u〉§K〈u+ λv, u+ λv〉 = 0"dSÈ��5§v = −λu"

£¿©5¤�u = λv§K〈u, v〉2 = λ2〈v, v〉2 = 〈λv, λv〉〈v, v〉 = 〈u, u〉〈v, v〉"=�ª¤á"y.

|^Cauchy-SchwarzØ�ª§·���e¡·K"

···KKK 11 �(H, 〈·, ·〉)´��SÈ�m§K¼ê‖v‖ =
√
〈v, v〉 ½Â
���ê§¡�SÈp�Ñ��

ê"3ù��ê¿Âe§(H, ‖ · ‖)´��D��5�m"Cauchy-SchwarzØ�ªC/�

|〈u, v〉| ≤ ‖u‖‖v‖. (9)

y²µ·��y‖v‖ =
√
〈v, v〉÷v�ê^�"w,‖v‖ ≥ 0 �‖v‖ = 0 �¿�^�´v = 0"q‖λv‖ =√

〈λv, λv〉 = |λ|
√
〈v, v〉 = |λ|‖v‖"���yn�Ø�ªµ

‖u+ v‖2 = ‖u‖2 + 2〈u, v〉+ ‖v‖2 ≤ ‖u‖2 + 2‖u‖‖v‖+ ‖v‖2 = (‖u‖+ ‖v‖)2.

=n�Ø�ª¤á"y.

···KKK 12 �(H, 〈·, ·〉)´��SÈ�m"é?¿u, v ∈ H§�3ϕ ∈ [0, π]§¦�

〈u, v〉 = ‖u‖‖v‖ cosϕ, (10)

ϕ¡��þuÚv�Y�"

½½½ÂÂÂ 24 �(H, 〈·, ·〉)´��SÈ�m"H¥ü��þuÚv ¡�´���§P�u⊥v§XJ〈u, v〉 = 0"

···KKK 13 �(H, 〈·, ·〉)´��SÈ�m§K

‖u+ v‖2 = ‖u‖2 + ‖v‖2, ∀ u, v ∈ H� 〈u, v〉 = 0. (11)

~. 3Riemann�È¼êaR[a, b]þ§½Â¼ê

〈f, g〉 =

∫ b

a

f(x)g(x)dx, ∀ f, g ∈ R[a, b].
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�¤R[a, b]þ���SÈ§p�Ñ��ê�‖f‖ =

√∫ b

a

f2(x)dx"¼êfÚg��¿�X

∫ b

a

f(x)g(x)dx =

0"Cauchy-SchwarzØ�ª�µ∣∣∣ ∫ b

a

f(x)g(x)dx
∣∣∣2 ≤ ∫ b

a

f2(x)dx

∫ b

a

g2(x)dx.

[5◦ Rm���Euclid(((���] �ã0�Rmþ�SÈ"�ê¥§3�þ�mRm¥Ú\
êþÈ�$�

x · y := xyT =

m∑
i=1

xiyi, ∀ x,y ∈ Rm,

Ù¥xyT´Ý
�¦È"N´�yêþÈ½Â�lRm × Rm�R�¼ê÷vSÈ½Â"

½½½ÂÂÂ 25 3Rmþ½ÂSÈµéRm¥?¿:x = (x1, · · · , xm)Úy = (y1, · · · , ym),

〈x,y〉 :=

m∑
i=1

xiyi.

RmëÓþãSÈ§(Rm, 〈·, ·〉)§¡���Euclid�m"

N´�y§þã½Â�¼ê〈·, ·〉 : Rm → R÷vSÈ^�§Ï
´��SÈ"p�Ñ��ê�µ

‖x‖ =

√√√√ m∑
i=1

(xi)2.

T�þ!Ú\�Rmþ��ê"Cauchy-SchwarzØ�ª�µ∣∣∣ m∑
i=1

xiyi
∣∣∣2 ≤ ( m∑

i=1

(xi)2
)( m∑

i=1

(yi)2
)
.

3Euclid�m¥§?Û���5¼êL : Rm → RÑUL�¤

L(x) = 〈ξ,x〉, ∀ x ∈ H

�/ª§Ù¥ξ ∈ Rm´d¼êL��(½��þ"

�5�mRm¥�þ�À�3m��m¥�þ3,�Ä.þ��I|¤��þ"þãSÈ´d�I½
Â�SÈ§¢S¯K¥§Ó��:3ØÓ�Ä.þ��I´ØÓ�§g,����¯K§ÄuØÓ��

IX§*	Ó�¯Ô§(J¬ÄØÓº·�ïÄ3ØÓÄ.e�SÈL�ª"�{ai}mi=1´Rm��|Ä
.§xÚy´Äu{ai}mi=1*	¼���I§K

x̄ = x1a1 + · · ·+ xmam, ȳ = y1a1 + · · ·+ ymam,

u´

〈x̄, ȳ〉 =

m∑
i,j=1

〈ai,aj〉xiyj

½½½ÂÂÂ 26 Ä.{ai}mi=1¡�5���Ä§XJ

〈ai,aj〉 = δij =


1, i = j;

0, ı 6= j.
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XJ{ai}mi=1´5���Ä§K

〈x̄, ȳ〉 = 〈x,y〉.

þªL²µXJÀJ�Ä.´5���Ä§KdØÓÄ.*	���SÈ/ªÚ(JÑ�Ó"�Ä.Ø´

5���Ä�§���(Øò¬ØÓ"

35���Xe§SÈäk�Ó�/ªµ〈x,y〉"��½,"äkù«SÈ/ª��IX¡�Descartes�

IX§�A�I¡�Descartes�I"

�±½Â��/ª�SÈµ

〈x,y〉A = 〈Ax, Ay〉,

Ù¥§A´?¿���ÛÉ�m×mÝ
"N´�y§〈x,y〉A�¤SÈ"3ù�SÈ¿Âe§〈x,y〉A = 0Ø

�½¿�XxÚy 3Ï~¿Âe�R�"ïá3ù�SÈ¿Âe�AÛÆòØ´EuclidAÛÆ"

§2. õõõCCCþþþ¼¼¼êêê������©©©

[6◦ õõõ���������¼¼¼êêêÚÚÚ���©©©]

½½½ÂÂÂ 27 �E ⊂ Rm§x ∈ E´4�:"¡¼êf : E → Rn3x��§XJ

f(x+ h)− f(x) = L(x)(h) +α(x;h), ∀ x+ h ∈ E,

Ù¥µL(x) : Rm → Rn´�6ux�'uh ��5¼ê¶�h → 0�§α(x;h) = o(h)"�5¼êL(x) :

Rm → Rn¡�¼êf3:x?���©§�¡��N�"

Ú\PÒµ

gCþOþµ ∆x(h) := (x+ h)− x = h, {P�µ ∆x;

¼êOþµ ∆f(x;h) := f(x+ h)− f(x), {P�µ ∆f(x);

¼ê��©µ df(x)(h) := L(x)(h), {P�µ df(x).

�â·K8§éu�5¼êL(x)(h)§�3n×mÝ
A(x)¦�L(x)(h) = A(x)h"|^ù
PÒ§·�k

∆f(x;h) = df(x)(h) +α(x;h) = A(x)h+α(x;h).

(�½�©�'�´¦ÑÝ
A(x)"

���¼ê��©¿Â�Ó§f3x ∈ E:���©´¼êf3x:C��Oþ∆f(x)��5Ì�Ü©µ

�5—– df(x)(h) = A(x)h'uh´�5�§´uO�"

Ì�Ü©—– ∆f(x;h)−A(x)h°(�'h→ 0 p���þ"

5¿�h = (x + h) − x´��å:3x§ª:3x + h ��þ§�±)º�9b3:x ∈ Rm��þ�
N§PÙ�N�TRmx§¡�;b:x���m"

A(x)h´3:xC��¼êf;�bÜ��²¡§�¡òw�§´f3x��²¡§PTRnf(x) = {A(x)h;

h ∈ Rm}§¡�Rn¥¼êf3f(x)?���m"

[7◦ ¢¢¢���¼¼¼êêê���   ���êêêÚÚÚ���©©©] ·�m©í�õ�¼ê��©�L�ª"

···KKK 14 �E ⊂ Rm"¼êf = (f1, · · · , fn) :→ Rn3:x ∈ E��§��=�z��I¼êf i : E →
R§i = 1, 2, · · · , n§3x ∈ E��§�

df(x) = (df1(x), · · · , dfn(x)). (12)

15



Äu±þ·K§·�k�Ä¢�¼ê��©"�f : E → R§¦

df(x)(h) = a1(x)h1 + · · ·+ amh
m,

Ù¥ai(x)´�6ux�¼ê"�h = (0, · · · , 0, hi, 0, · · · , 0)§=h = hiei§K

f(x+ hiei)− f(x) = ai(x)hi + αi(x;h).

u´§

lim
hi→0

f(x+ hiei)− f(x)

hi
= ai(x).

½½½ÂÂÂ 28 �f : E → R"é1 ≤ i ≤ m§XJ4�

lim
hi→0

f(x+ hiei)− f(x)

hi

�3k�4�§K¡¼êf3:x'uCþxi��§4�¡�¼êf3:x'uCþxi� �ê§P�µ

lim
hi→0

f(x+ hiei)− f(x)

hi
=
∂f(x)

∂xi
.

e¡PÒÑL« �êµ
∂f

∂xi
(x), ∂if(x), Dif(x), f ′xi(x).

 �ê�=À��CþCz§Ù§Cþ�~þ�õ�¼êf�CzÇ½�ê§Ïd'u��¼ê�¦�{K

Ú(Jéu �êÑ¤á"

~1. �¼êf(u, v) =
u3

v2
+ v2 sinu"K

∂f

∂u
=

3u2

v2
+ v2 cosu,

∂f

∂v
= −2u3

v3
+ 2v sinu.

�âþ¡�©Û§·���e¡(Ø"

···KKK 15 �E ⊂ Rm§¼êf : E → R3E�S:��§Kf 3:x'u¤kCþ� �ê�3§¿�Ù
�©d �ê��(½µ

df(x)(h) =
∂f(x)

∂x1
h1 + · · ·+ ∂f(x)

∂xm
hm. (13)

[7◦ õõõ���NNN������JacobiÝÝÝ


ÚÚÚ���©©©] �ãí�õ�N���©"

½½½ÂÂÂ 29 �f : E → Rn3x ∈ E���� �ê�3§dÙ �ê|¤�Ý
§
∂1f

1(x) · · · ∂mf
1(x)

...
...

∂1f
n(x) · · · ∂mf

n(x)


¡�f3:x�JacobiÝ
§P�Df§f ′"

�â�©�½Â§éf(x) = x§·�k

∆x(h) = h = dx

16



½½½nnn 6 �E ⊂ Rm§¼êf : E → Rn3E�S:��§Kf3:x�JacobiÝ
�3§¿�Ù�

©df(x) : TRmx → TRnf(x)d �ê��(½µ

df(x)(h) =


∂1f

1 · · · ∂mf
1

...
...

∂1f
n · · · ∂mf

n




h1

...

hm

 (14)

{P�

df(x) = f ′(x)dx. (15)

3þ¡�L�ª¥§õ�¼ê��©äk���¼ê�Ó�/ª§«O3uf ′´JacobiÝ
§dx´��

�þ"

[8◦ õõõ���¼¼¼êêê���ëëëYYY555!!!������555ÚÚÚ������555] 3��¼ê�/§¼ê��7ëY§�����´�d�"�3

õ�¼ê�/§�¹´E,�"

···KKK 16 �E ⊂ Rm"¼êf(x) : E → Rn3:x��§K¼êf3:xëY"

y²µ�¼êf(x) : E → Rn3:x��§K

f(x)− (x0) = f ′(x0)(x− x0) +α(x0;x− x0)→ 0, x→ x0.

=f3xëY"y.

aqu��¼ê�/§õ�¼ê�´��7ëY"�3õ�¼ê�/§NõÙ§5�¿Ø�Ó"

~2. �Ä¼ê

f(x, y) =


0, xy = 0;

1, xy 6= 0.

5¿�µf(0, y) = 0Úf(x, 0) = 0§¤±∂xf(0, 0) = ∂yf(0, 0) = 0"�´¼êf3:(0, 0)mä§l
�Ø�

�"ù�~fL²§éuõ�¼ê
ó§�����Ø2�d§¿����Ø�yëY"Ù�Ï3u§ 

�ê=�Nõ�¼ê÷�I¶���Cz�¹§
õ�¼ê�ëY5Ú��5��ûu¼ê÷����C

z�¹§=÷�I¶���CzØU��Ù§���Czª³"

[9◦ õõõCCCþþþ¼¼¼êêê������555���¿¿¿©©©^̂̂���] éuõ�¼ê§��Ø�½��"�ã?Øä½��5�¿©^�"

½½½nnn 7 �x ∈ RmÚU(x) ⊂ Rm´:x�����"¼êf : U(x)→ R3U(x)�z�: �ê∂1f, · · · ,
∂mfÑ�3�ëY"Kf3:x��"

y²µdux´S:§�3m¥B(x, δ) ⊂ U(x)§�x+ h ∈ B(x, δ)§K�â��¼ê¥�½n§

f(x+ h)− f(x)

=

m∑
i=1

(f(x1, · · · , xi−1, xi + hi, · · · , xm + hm)− f(x1, · · · , xi, xi+1 + hi+1, · · · , xm + hm))

=

m∑
i=1

∂if(x1, · · · , xm)hi +

m∑
i=1

(∂i(f(x1, · · · , xi−1, xi + θih
i, · · · , xm + hm)− ∂if(x1, · · · , xm))hi

d �ê�ëY5�µ

m∑
i=1

(∂i(f(x1, · · · , xi−1, xi + θih
i, · · · , xm + hm)− ∂if(x1, · · · , xm))hi = o(h), h→ 0.

17



ùy²
µ

f(x+ h)− f(x) =

m∑
i=1

∂if(x1, · · · , xm)hi + o(h).

=f3:x��"y.

§3. ���©©©{{{���ÄÄÄ���½½½ÆÆÆ

[10◦ ¼¼¼êêêoooKKK$$$���������©©©]

½½½nnn 8 �E ⊂ Rm"¼êf : E → RnÚg : E → Rn3:x ∈ E��§K§���5|Üαf + βg : E →
Rn3:x ∈ E��§�k

d(αf + βg)(x) = αdf(x) + βdg(x), (16)

�d/

(αf + βg)′(x) = αf ′(x) + βg′(x). (17)

y²µd�©�½Âµ

(αf + βg)(x+ h)− (αf + βg)(x) = α(f(x+ h)− f(x)) + β(g(x+ h))− βg(x))

= α(df(x) + a(x;h)) + β(dg(x) + b(x;h)) = αdf(x) + βdg(x) + αa(x;h) + βb(x;h).

(16)¼y",��¡§d
∂1(αf1 + βg1) · · · ∂m(αf1 + βg1)

...
...

∂1(αfn + βgn) · · · ∂m(αfn + βgn)

 = α


∂1f

1 · · · ∂mf
1

...
...

∂1f
n · · · ∂mf

n

+ β


∂1g

1 · · · ∂mg
1

...
...

∂1g
n · · · ∂mg

n

 .

(17)¼y"y.

½½½nnn 9 �E ⊂ Rm"¼êf : E → RÚg : E → R3:x ∈ E��"

(a) §��¦Èfg : E → R 3:x ∈ E��§�k

d(fg)(x) = g(x)df(x) + f(x)dg(x), (18)

�d/

(fg)′(x) = g(x)f ′(x) + f(x)g′(x). (19)

(b) �g(x) 6= 0�§§��û
f

g
: E → R 3:x ∈ E ��§�k

d
(f
g

)
(x) =

1

g2(x)
(g(x)df(x)− f(x)dg(x)). (20)

�d/ (f
g

)′
(x) =

1

g2(x)
(g(x)f ′(x)− f(x)g′(x)). (21)

[11◦ EEEÜÜÜ¼¼¼êêê���   ���êêêÚÚÚ���©©©] ·�Äk�Äü�õCþ¼ê�EÜ¼ê� �ê"

½½½nnn 10 �X ⊂ RmÚY ⊂ Rn"XJN�f : Y → R3y = g(x)��ÚN�g : X → Y3:x ∈ X�
�§KEÜN�f ◦ g : X → R3:x��§�

∂f(x)

∂xi
=

n∑
j=1

∂f(y)

∂yj

∣∣∣
y=g(x)

∂gj(x)

∂xi
= ∂jf(g(x)∂ig

j(x), i = 1, 2, · · · ,m. (22)

18



y²µ�â�©½Â§·���µ

f(g(x+ hei))− f(g(x)) =

n∑
j=1

∂f(y)

∂yj

∣∣∣
y=g(x)

(gj(x+ hei)− gj(x)) +α(x; g(x+ hei)− g(x)).

q�â �ê½Â§·�k

∂f(x)

∂xi
= lim
h→0

f(g(x+ hei))− f(g(x))

h
=

n∑
j=1

∂f(y)

∂yj

∣∣∣
y=g(x)

lim
h→0

gj(x+ hei)− gj(x)

h

ù=�(22)"y.

úª(22)�Ñ
õCþ¼ê¦��óª{K"3þ¡½n¥§¼êf���5´I��"

½½½nnn 11 �X ⊂ RmÚY ⊂ Rn"XJN�f : Y → Rk 3y = g(x)��ÚN�g : X → Y3:x ∈ X�
�§KEÜN�f ◦ g : X → Rk3:x��§�

(f ◦ g)′(x) = f ′(g(x))g′(x), (23)

=ü�¼ê�EÜ¼ê�JacobiÝ
�uü�¼ê�JacobiÝ
�¦È"

y²µ�âJacobiÝ
�½Â§·���µ

(f ◦ g)′ =


∂1(f1 ◦ g) · · · ∂m(f1 ◦ g)

...
...

∂1(fk ◦ g) · · · ∂m(fk ◦ g)



=


n∑
j=1

∂jf
1(g(x))∂1g

j(x) · · ·
n∑
j=1

∂jf
1(g(x))∂mg

j(x)

...
...

n∑
j=1

∂jf
k(g(x))∂1g

j(x) · · ·
n∑
j=1

∂jf
k(g(x))∂mg

j(x)



=


∂1f

1(g(x)) · · · ∂nf
1(g(x))

...
...

∂1f
k(g(x)) · · · ∂nf

k(g(x))




∂1g
1(x) · · · ∂mg

1(x)
...

...

∂1g
n(x) · · · ∂mg

n(x)

 .

½n¼y"y.

~1. �z = ln(u2 + v), u = ex+y2 , v = x2 + y. ¦ �ê∂xzÚ∂yz"

)µæ^EÜ¼ê¦�{K"
∂z

∂u
=

2u

u2 + v
,

∂z

∂v
=

1

u2 + v
,

∂u

∂x
= ex+y2 ,

∂u

∂y
= 2yex+y2 ,

∂v

∂x
= 2x,

∂v

∂y
= 1.

u´
∂z

∂x
=
∂z

∂u

∂u

∂x
+
∂z

∂v

∂v

∂x
=

2uex+y2

u2 + v
+

2x

u2 + v
=

2(e2(x+y2) + x)

e2(x+y2) + x2 + y
,

∂z

∂y
=
∂z

∂u

∂u

∂y
+
∂z

∂v

∂v

∂y
=

4uyex+y2

u2 + v
+

1

u2 + v
=

4ye2(x+y2) + 1

e2(x+y2) + x2 + y
.

~2. �y = xx. ¦�ê"
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)µ-y = uv, u = x, v = x"K

y′ = ∂uy∂xu+ ∂vy∂xv = uvv−1 + uv ln v = xx(1 + lnx).

~3. �f(x, y)3R2��§÷v�§yfx(x, y) = xf(x, y). ¦yµ34�I¥§f=´r�¼ê"

y²µ·��y²
∂f

∂θ
= 0"�x = r cos θ, y = r sin θ"K

∂f

∂θ
=
∂f

∂x

∂x

∂θ
+
∂f

∂y

∂y

∂θ
= −fxr sin θ + fyr cos θ == −yfx + xfy = 0.

y.

½½½nnn 12 �X ⊂ RmÚY ⊂ Rn"XJN�f : X → Y3:x ∈ X��§N�g : Y → Rk3y = f(x)�

�§EÜN�g ◦ f : X → Rk3:x��§�EÜN��©d(g ◦ f) : TRmx → TRkg(f(x))�u�©df(x) :

TRmx → TRnf(x)Ú�©dg(y) : TRny → TRkg(y)�EÜdg(f(x)) ◦ df(x)§=

d(g ◦ f)(x)(h) = dg(f(x))(df(x)(h)). (24)

�d/

d(g ◦ f)(x) = g′(f(x))f ′(x)dx. (25)

5¿�df(x) = f ′(x)dx§·�k

(g(f(x)))′d(x) = g′(f)df = g′(f(x))f ′(x)dx. (26)

=ÃØÀ¼ê�¥mCþ�´�ªCþ�¼ê§Ù��©/ªØC§¡���©�/ªØC5"ù���

©O��5�B§�±ké¥mCþ¦��©§2é¥mCþ¦��©"

~4. �z = exy sin(x+ y)"¦z���©dz"

)µ-u = xy, v = x+ y"Kz = eu sin v.

dz = eu sin vdu+ eu cos vdv, du = ydx+ xdy, dv = dx+ dy

u´

dz = eu sin v(ydx+ xdy) + eu cos v(dx+ dy) = exy(sin vydx+ sin vxdy + cos(x+ y)(dx+ dy)

= exy((y sin(x+ y) + cos(x+ y))dx+ (x sin(x+ y) + cos(x+ y))dy).

[12◦ ___NNN���������©©©]

½½½nnn 13 �x,y ∈ Rm§U(x) ⊂ Rm ÚV (y) ⊂ Rm©O´xÚy���"f : U(x) → V (y)´òU(x)N

�V (y)�N�§�y = f(x)"f 3x ëY§��3_N�f−1 : V (y) → U(x)§
�_N�3:yëY"X

JN�f3:x��§Ù_N�f−1:y��§K

(f−1)′(y) = [f ′(x)]−1, y = f(x). (27)

ùp[f ′(x)]−1´JacobiÝ
f ′(x)�_Ý
"¿�f−13:y��§¤á

d(f−1)(y) = [f ′(x)]−1dy. (28)
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y²µ5¿�éuz ∈ V (y)§z = f(f−1(z))§KdEÜ¼ê¦�{Kµ

I = z′ = (f ◦ f−1(z))′ = f ′(f−1(z))(f−1)′(z),

Ù¥I´ü Ý
"ùL²µÝ
f ′(f−1(y))�(f−1)′(y) p�_Ý
§u´3y = f(x)?§(f−1)′(y) =

(f ′(x))−1"(27)¤á"

ey(28)"�y = f(x)§z = f(x+ h)− f(x)Úf(x+ h) = y + z"Kf−1(y) = x§h = f−1(y + z)−
f−1(y)Úf−1(y + z) = x+ h"·��	f−1(y + z)− f−1(y)"Ï�f3x��§¤±

z = f(x+ h)− f(x) = f ′(x)h+ o(h) (h→ 0).

u´h = (f ′(x))−1z + o(h) (h→ 0)§¦�

f−1(y + z)− f−1(y) = (f ′(x))−1z + o(h).

,��¡§·�w�

‖(f ′(x))−1z‖ ≥ ‖h‖ − ‖o(h)‖ = ‖h‖
(

1− ‖o(h)‖
‖h‖

)
.

=,‖o(h)‖/‖h‖ → 0§�3δ > 0§�‖h‖ < δ�§1− ‖o(h)‖/‖h‖ ≥ 1/2§l


‖h‖ ≤ 2‖(f ′(x))−1z‖ = O(‖z‖) (‖z‖ → 0).

Ïd

lim
‖z‖→0

‖o(h)‖
‖z‖

≤ 2 lim
‖h‖→0

‖o(h)‖
‖h‖

lim
‖z‖→0

‖(f ′(x))−1z‖
‖z‖

= 0.

ùL²

f−1(y + z)− f−1(y) = (f ′(x))−1z + o(z).

ùy²
f−13y��§�(28)¤á"y.

[13◦ õõõ���¼¼¼êêê������������êêêÚÚÚFFFÝÝÝ] 3A^¥§<�Ø='%¼ê÷�I¶����Cz�¹§=��� 

�ê§�²~'%÷,��Ù§��½�þ�Cz�¹"

½½½ÂÂÂ 30 �¼êf½Â3:x ∈ Rm���S§v ∈ TRmx´3:x��þ§XJ

Dvf(x) := lim
t→0

f(x+ tv)− f(x)

t
, (29)

4��3§¡�¼êf3:x÷�þv��ê"

½½½ÂÂÂ 31 XJl´ü �þ§=‖l‖ = 1§K¡Dlf(x)�÷�½��l ����ê§P�

∂f(x)

∂l
= Dlf(x).

AO§XJli = ei§K
∂f(x)

∂li
=
∂f(x)

∂xi
§i = 1, 2, · · · ,m"

���ê´¼ê÷��ü �þ�CzÇ§Ïd´��÷,�þ��ê§�÷,�þ��ê��Ø´�

��ê"�ö�«O3u§�÷,�þ��êØ��6u�þ¤����§
��T�þ��Ýk'§


���ê=���k'£�þ�ü �Ý¤"���ê�N
¼ê÷T���CzÇ"é?¿�þv§�A

ü �þ�v̄ = v/‖v‖§Kv = ‖v‖v̄"Pf�v̄ ���ê�∂f(x)

∂v̄
§K

Dvf(x) = ‖v‖∂f(x)

∂v̄
. (30)
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þª�Ñ
÷�þ��ê�T�þ(½�������ê�'X"

õ�¼êkÃ�õ����ê§<��'%CzÇýé������±9éA�CzÇ"duù���

ÚCzÇ��ýé�3nØïÄÚA^¥�­�5§Ú\FÝ�Vg"

½½½ÂÂÂ 32 �f3:x ∈ Rm�3¤k������ê"���þ¡�¼êf3:x�FÝ§P�gradf(x)§

XJ÷v±eü�^�µ

(a) gradf(x)��¼êfO��¯���§=T������ê�¤k���ê����"

(b) gradf(x)��Ý‖gradf(x)‖T�¤k���ê����"

=§ePg = gradf(x)/‖gradf(x)‖´÷FÝ���ü �þ§K÷g����ê

∂f(x)

∂g
= ‖gradf(x)‖ = max

{∣∣∣∂f(x)

∂l

∣∣∣; ‖l‖ = 1, ∀ l ∈ TRmx
}
. (31)

FÝ��´¼êfO��¯���§ÙK��=�¼êfeü�¯���"ù3A^¥´�~k^�§

¯õ`z¯K��{�FÝk'"e¡?Ø���êÚFÝ�O��{"

��/§÷�þ�êDvf(x)��35Ø�6uf33:x��5§�¹éE,"�XJf3:x��§K

�¹�~{ü"

···KKK 17 XJf3:x��§Ké?¿v ∈ TRmx§Dvf(x)7�3§�

Dvf(x) = df(x)(v) = ∂1f(x)v1 + · · ·+ ∂mf(x)vm. (32)

y²µd��5§f(x+ tv)− f(x) = tdf(x)(v) + o(tv)§u´

lim
t→0

f(x+ tv)− f(x)

t
= df(x)(v).

y.

íííØØØ 3 XJf3:x��§@oé?¿�þv1,v2 ∈ TRmxÚ?¿�¢êλ1, λ2 ∈ R§¼êf3:x0÷�

þλ1v1 + λ2v2 ∈ TRmx k�ê§�

Dλ1v1+λ2v2f(x) = λ1Dv1f(x) + λ2Dv2f(x). (33)

···KKK 18 �f3:x ∈ Rm��§gradf(x) ´f 3:x �FÝ§K

gradf(x) = (∂1f(x), · · · , ∂mf(x)). (34)

y²µPξ = (∂1f(x), · · · , ∂mf(x))§Ké?¿ü �þl§∣∣∣∂f(x)

∂l

∣∣∣ = |Dlf(x)(l)| = |〈ξ, l〉| ≤ ‖ξ‖‖l‖ = ‖ξ‖,

,��¡§Pξ̄ = ξ/‖ξ‖�ξ���ü �þ§K

∂f(x)

∂ξ̄
= 〈ξ, ξ

‖ξ‖
〉 = ‖ξ‖.

u´

‖ξ‖ = max
{∣∣∣∂f(x)

∂l

∣∣∣; ‖l‖ = 1, ∀ l ∈ TRmx
}
.
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dFÝ�½Â§ξ = (∂1f(x), · · · , ∂mf(x))´f3:x�FÝ"

ey��5"e�3,��η�÷vFÝ^�§-η̄ = η/‖η‖§K

‖ξ‖ = max
{∣∣∣∂f(x)

∂l

∣∣∣; ‖l‖ = 1, ∀ l ∈ TRmx
}

= ‖η‖ =
∂f(x)

∂η̄
= 〈ξ, η

‖η‖
〉.

u´

〈ξ,η〉 = ‖ξ‖‖η‖.

7kξ = η"y.

é?¿ü �þl = (l1, · · · , lm)§du|li| ≤ 1, ¤±�3θi ∈ [0, π]¦�cos θi = li§¡�lÚ��ei���

{u§��l = (cos θ1, · · · , cos θm)"

íííØØØ 4 �f3:x ∈ Rm��§gradf(x) ´f 3:x �FÝ§Ké?¿v ∈ TRmx§

Dvf(x) = 〈gradf(x),v〉 = gradf(x) · v. (35)

AO§é?¿ü �þl = (cos θ1, · · · , cos θm)§

∂f(x)

∂l
= gradf(x) · l = ∂1f(x) cos θ1 + · · ·+ ∂mf(x) cos θm. (36)

þ¡�úªL²§¼ê÷���þ��ê�uFÝ��þ�êþÈ"

§4. õõõCCCþþþ¢¢¢���¼¼¼êêê���©©©ÆÆÆ���ÄÄÄ���¯̄̄¢¢¢

[14◦ ¥¥¥���½½½nnn]

½½½nnn 14 �àm«�G ⊂ Rm§f : G → R3G�¤kS:Ñ��§Ké?¿x ∈ GÚx + h ∈ G§�
30 ≤ θ ≤ 1§¦�

f(x+ h)− f(x) =

m∑
i=1

∂if(x+ θh)hi = f ′(x+ θh)h. (37)

y²µÚ\��¼ê

Φ(t) = f(x+ th), 0 ≤ t ≤ 1.

Kf(x+ h)− f(x) = Φ(1)− Φ(0). �â��¼ê¥�½n§�30 ≤ θ ≤ 1¦�

Φ(1)− Φ(0) = Φ′(θ).

|^÷�þ¦�úª��µ

Φ′(θ) =

m∑
i=1

∂if(x+ θh)hi.

(37)¼y"y.

íííØØØ 5 �«�G ⊂ Rm"XJf : G → R3G¥��§�∂if = 0§i = 1, 2, · · · ,m§Kf(x)3Gþ´~

ê¼ê"

[15◦ ppp���   ���êêê] õ�¼ê� �êE,´õ�¼ê§�±UY÷��I��¦?¿� �ê§

∂xi1 ···xik f(x) := ∂xi1 (∂xi2 ···xik f(x))
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��±þ� �êÚ¡�p� �ê"��P�µ

∂xi1 ···xik f(x) = ∂i1···ikf(x) =
∂kf(x)

∂xi1 · · · ∂xik
, 1 ≤ i1, · · · , ik ≤ m.

3p��ê¥§¦�^S�U´ØU?¿���"

~1. �¼ê

f(x, y) =

xy
x2 − y2

x2 + y2
, x2 + y2 6= 0;

0, x2 + y2 = 0.

�Ä �ê"

fx(x, y) =


y(x4 + 4x2y2 − y4)

(x2 + y2)2
, x2 + y2 6= 0;

0, x2 + y2 = 0.

fy(x, y) =


x(x4 − 4x2y2 − y4)

(x2 + y2)2
, x2 + y2 6= 0;

0, x2 + y2 = 0.

?
3:(0, 0)¦ü�ØÓ^S�·Ü�ê"

fxy(0, 0) = lim
x→0

fy(x, 0)− fy(0, 0)

x
= lim
x→0

x

x
= 1,

fyx(0, 0) = lim
y→0

fx(0, y)− fx(0, 0)

y
= lim
y→0

−y
y

= −1,

u´fxy(0, 0) 6= fyx(0, 0)"

e¡�½n�Ñ
p��ê�¦�^S����^�"

ÚÚÚnnn 1 �«�G ⊂ Rm§¼êf : G→ R3G þ�3 �ê

∂2f(x)

∂xi∂xj
,
∂2f(x)

∂xj∂xi
,

XJ§�3:x ∈ GëY§K§�3ù:´���"

y²µduþã�ê=�9ü�CþxiÚxj§Ø�b�¼ê´��¼êf(x, y)"�Ä¼ê

F (h, t) = f(x+ h, y + t)− f(x+ h, y)− f(x, y + t) + f(x, y).

d��¼ê�¥�½n§·���

F (h, t) = (f(x+ h, y + t)− f(x+ h, y))− (f(x, y + t)− f(x, y))

= h∂x(f(x+ ξh, y + t)− f(x+ ξh, y))

= ht∂yxf(x, y) + ht(∂yxf(x+ ξh, y + ηt)− ∂yxf(x, y)).

,��¡

F (h, t) = (f(x+ h, y + t)− f(x, y + t))− (f(x+ h, y)− f(x, y))

= t∂y(f(x+ h, y + η′t)− f(x, y + η′t))

= ht∂xyf(x, y) + ht(∂xyf(x+ ξ′h, y + η′t)− ∂xyf(x, y)).
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¤±
∂xyf(x, y) + (∂xyf(x+ ξ′h, y + η′t)− ∂xyf(x, y))

= ∂yxf(x, y) + (∂yxf(x+ ξh, y + ηt)− ∂yxf(x, y)).

-h, t→ 0§K

∂xyf(x, y) = ∂yxf(x, y).

�ª¼y"y.

�G ⊂ Rm§½Â8ÜCk(G)�8ÜGþäk��k�ëY �ê�¼êf : G→ R�N"

½½½nnn 15 XJf ∈ Ck(G)§K �ê∂xi1xi2 ···xik f(x)Ø�6uéCþxi1 , · · · , xik�¦�^S§�Ò´
`§?¿ü��Ii1, i2, · · · , ik�j1, j2, · · · , jk§Ø¬UC �ê��§=

∂xi1xi2 ···xik f(x) = ∂xj1xj2 ···xjk f(x). (38)

y²µép� �ê��ê�êÆ8B"k = 2�§dÚn1=�é��·Ü �ê§¦�gS��

�"�1 ≤ s ≤ k§s� �ê∂xi1xi2 ···xis f(x) �¦�gSÃ'"éuk + 1� �ê∂xi1xi2 ···xik+1 f(x)"

��I�j1, j2, · · · , jk+1´�I�i1, i2, · · · , ik+1���­#ü�"XJi1 = j1§d8B{b�§k� 

�ê∂xi2 ···xik+1 f(x) = ∂xj2 ···xjk+1 f(x)§?
∂xi1 ···xik+1 f(x) = ∂xj1 ···xjk+1 f(x)"XJi1 6= j1§�js = i1

(2 ≤ s ≤ k + 1)§d8B{b�§k � �ê∂xj2 ···xjk+1 f(x) = ∂xjsxj2 ···xjs−1xjs+1 ···xjk+1 f(x)"?�Ú

∂xj1xjsxj2 ···xjs−1xjs+1 ···xjk+1 f(x) = ∂xj1xjs (∂xj2 ···xjs−1xjs+1 ···xjk+1 f(x))

= ∂xjsxj1 (∂xj2 ···xjs−1xjs+1 ···xjk+1 f(x)) = ∂xi1xj1xj2 ···xjs−1xjs+1 ···xjk+1 f(x).

£�
1k + 1g �ê���Ó��/"(Øék + 1� �ê�¤á"�â8B{�n§(Øé?¿g,

ê¤á"y.

[16◦ Taylorúúúªªª]

½½½nnn 16 (Taylor½n) e¼êf3:x = (x1, · · · , xm)�,�à��U(x) þk��n + 1��ëY �

ê§KéU(x)¥?¿:x+ h ∈ U(x)§¤á

f(x1 + h1, · · · , xm + hm) = f(x1, · · · , xm)

+

n∑
k=1

1

k!
(h1∂x1 + · · ·+ hm∂xm)kf(x1, · · · , xm) + rn+1(x;h),

(39)

Ù¥µ

rn+1(x;h) =
1

n!

∫ 1

0

(1− t)n(h1∂x1 + · · ·+ hm∂xm)n+1f(x1 + th1, · · · , xm + thm)dt. (40)

úª(43)Ú(40)�å¡�äkÈ©/ª{��Taylorúª"

y²µ�Ä9Ï¼ê

ϕ(t) = f(x+ th).

düCþ¼ê�Taylorúª§·���

ϕ(1) = ϕ(0) +

n∑
k=1

ϕ(k)(0)

k!
+

1

n!

∫ 1

0

ϕ(n+1)(τ)(1− t)ndt.
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,��¡§·�k

ϕ(k)(0) = (h1∂1 + · · ·+ hm∂m)kf(x), i = 1, 2, · · · , n;

ϕ(n+1)(t) = (h1∂1 + · · ·+ hm∂m)n+1f(x+ th).

�\þª=�(43)Ú(40)"y.

aqu��¼ê§·�kÙ§/ª�{�"

.�KF{�: rn+1(x,h) =
1

(n+ 1)!
(h1∂1 + · · ·+ hm∂m)n+1f(x+ θh), 0 < θ < 1. (41)

�æì{�: rn+1(x,h) = o(‖h‖n). (42)

�
{$�L«p� �ê§·�Ú\õ­�IPÒ"Pα = (α1, · · · , αm)§§d�K�êαi (i =

1, 2, · · · ,m)|¤§¡�õ­�Iα"qP

|α| = α1 + α2 + · · ·+ αm, α! = α1!α2! · · ·αm!.

ea = (a1, · · · , am)§KP

aα = aα1
1 aα2

2 · · · aαm
m .

Pp� �ê�µ

Dαf(x) :=
∂|α|f(x)

(∂x1)α1 · · · (∂xm)αm
.

¦^ù
PÒ§·�k

(a1 + · · ·+ am)k =
∑

α1+···+αm=k

k!

α1! · · ·αm!
aα1

1 · · · aαm
m =

∑
|α|=k

k!

α!
aα

Taylorúª���µ

f(x) = f(x0) +

n∑
k=1

∑
|α|=k

1

α!
Dαf(x0)(x− x0)α +

∑
|α|=n+1

1

α!
Dαf((1− θ)x0 + θx)(x− x0)α. (43)

§5. õõõCCCþþþ¢¢¢���¼¼¼êêê���444���

[17◦ 444���ÚÚÚ444���:::���777���^̂̂���]

½½½ÂÂÂ 33 �E ⊂ RmÚ¼êf : E → R"XJéuE�S:x0§�3��U(x0) ⊂ E§�x ∈ U(x0)�§

kf(x ≤ f(x0) (f(x) ≥ f(x0))§K¡¼êf3E�S:x0kÛÜ���£ÛÜ���¤"

XJéx ∈ U(x0)\x0�§kî�Ø�ªf(x < f(x0) (f(x) > f(x0))¤á§K¡¼êf3E�S:x0kî

�ÛÜ���£î�ÛÜ���¤"

½½½ÂÂÂ 34 ¼ê�ÛÜ4��ÚÛÜ4��Ï¡�¼ê�ÛÜ4�"

½½½nnn 17 �x0 ∈ RmÚU(x0) ⊂ Rm´x0�����§¼êf : U(x0) → R3:x0'uz�Cþx
1, · · · ,

xm�3 �ê§XJ¼êf3:x0kÛÜ4�§Kk

∂f(x0)

∂x1
= 0, · · · , ∂f(x0)

∂xm
= 0. (44)
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½n17L²µ¼ê3§�ÛÜ4�:½´Ø��§XJ��Kf ′ = 0§=^�(44)¤á"3��^�

e§^�(44)´4�:�7�^�§�Ø´4�:¿©^�"

½½½ÂÂÂ 35 ¢�¼ê÷v(44)�:¡�T¼ê��.:§�¡­½:"

[18◦ 444���:::���¿¿¿©©©^̂̂���] �ãïÄ¼ê�4��¿©^�"

½½½ÂÂÂ 36 é?¿�x1, · · · , xm�‖h‖ 6= 0§

a) XJ�g.
m∑

i,j=1

aijx
ixj > 0§¡T�g.´�½��g."

b) XJ�g.
m∑

i,j=1

aijx
ixj < 0§¡T�g.´K½��g."

c) XJ�g.
m∑

i,j=1

aijx
ixj ≥ 0§¡T�g.´��½��g."

d) XJ�g.
m∑

i,j=1

aijx
ixj ≤ 0§¡T�g.´�K½��g."

e) XJ�g.
m∑

i,j=1

aijx
ixjQØ��½§�Ø�K½¡§=�g.�����ü�ÎÒ����"�§

¡T�g.´Ø½��g."

½½½nnn 18 �x0 ∈ Rm§U(x0) ⊂ Rm ´x0�����Ú¼êf : U(x0) → R"f ∈ C(2)(U(x0))"

:x0´f�­½:§XJ¼êf3:x0�TaylorÐmª

f(x1
0 + h1, · · · , xm0 + hm) = f(x1

0, · · · , xm0 ) +
1

2

m∑
i,j=1

∂2f(x0)

∂xi∂xj
hihj + o(‖h‖2) (45)

¥��g.
m∑

i,j=1

∂2f(x0)

∂xi∂xj
hihj (46)

a) ��g.(46)�½�§¼êf3x0��î�ÛÜ4��"

b) ��g.(46)K½�§¼êf 3x0��î�ÛÜ4��"

c) ��g.(46)Ø½�§K¼êf3x0vk4�"

y²µ�‖h‖ 6= 0Úx0 + h ∈ U(x0)§ò(45)U��

f(x0 + h) = f(x0) +
‖h‖2

2

( m∑
i,j=1

∂2f(x0)

∂xi∂xj
hi

‖h‖
hj

‖h‖
+ o(1)

)
(47)

Ù¥o(1)�h→ 0�´Ã¡�þ"

5¿��þ(
h1

‖h‖
, · · · , h

m

‖h‖
) ��ê�1"�g.(47)3Rm¥�ü ¥¡

S(0; 1) = {x ∈ Rm| ‖x‖ = 1}

þëY�k."�¥¡S(0; 1)´k.48§u´�g.(46)3S(0; 1)�����MÚ���m"

XJ�g.(46)�½§KM ≥ m > 0§u´�3δ > 0§¦�‖h‖ ≤ δ�§k|o(1)| < m§ù�(47)�à�

þ�±�Ò§l
�‖h‖ ≤ δ �§f(x0 +h) > f(x0)§=f(x0)´î�ÛÜ4��§x0´fî�4�:"a)¤

á"
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XJ�g.(46)K½§Km ≤ M < 0§u´�3δ > 0§¦�‖h‖ ≤ δ�§k|o(1)| < |M |§ù�(47)�à

�þ�±KÒ§l
�‖h‖ ≤ δ �§f(x0 + h) < f(x0)§=f(x0)´î�ÛÜ4��§x0´fî�ÛÜ4�

:"b)¤á"

e�g.(46)kØÓ�ÎÒ§Km < 0 < M§(47)�à�þäkØÓ�ÎÒ"f(x0)Ø´ÛÜ4�"c)¤

á"y.

½n18L²µõ�¼ê�ÛÜ4�:��O§û½u�g.(46)��½5½K½5��½"'u�g.

�5�·�ke¡�Sylvester½n"

½½½nnn 19 (SylvesterOK) �¢Xê�g.
m∑

i,j=1

aijx
ixj§÷vaij = aji (1 ≤ i, j ≤ m), PXê�Ý



a11 · · · a1m

...
...

am1 · · · amm

 .

(a) �g.�½§��=�§�Ý
�¤k^SÌfª�u"§=

Ak =

∣∣∣∣∣∣∣∣
a11 · · · a1k

...
...

ak1 · · · akk

∣∣∣∣∣∣∣∣ > 0, 1 ≤ k ≤ m.

(b) �g.K½§��=�µa11 < 0§�z�^SÌfª�e��^SÌfªÉÒ§=�ÜÛê�^S

Ìfª�u"§
¤kóê�^SÌfª�u""

~. �¼ê

f(x, y) =

{
xy ln(x2 + y2), x2 + y2 6= 0;

0, x2 + y2 = 0.

¦¼ê�4�"

). �y = x2§Kf(x, x) = x3 ln(x2 + x6)'ux = 0´Û¼ê§¤±§�:Ø´4�:"éu(x, y) 6=
(0, 0)§)�§| 

∂f(x, y)

∂x
= y ln(x2 + y2) +

2x2y

x2 + y2
= 0;

∂f(x, y)

∂y
= x ln(x2 + y2) +

2xy2

x2 + y2
= 0.

��¼ê�¤k­½:µ

(0,±1), (±1, 0),
(
± 1√

2e
,± 1√

2e

)
,
(
± 1√

2e
,∓ 1√

2e

)
.

5¿�µf(x,±1) = ±x ln(x2 + 1)Úf(±1, y) = ±y ln(1 + y2)´'ux½y�Û¼ê§w,Ø´4�:"�Ä

���êµ
∂2f(x, y)

∂x2
=

6xy

x2 + y2
− 4x3y

(x2 + y2)2
,

∂2f(x, y)

∂x∂y
= ln(x2 + y2) + 2− 4x2y2

(x2 + y2)2
,

∂2f(x, y)

∂y2
=

6xy

x2 + y2
− 4xy3

(x2 + y2)2
,

28



¤±§�g.
2∑

i,j=1

∂ijf(x, y)hihj3:
( 1√

2e
,

1√
2e

)
Ú
(
− 1√

2e
,− 1√

2e

)
�Ý
�

(
2 0

0 2

)
.

§´�½�§l
¼ê3:
( 1√

2e
,

1√
2e

)
Ú
(
− 1√

2e
,− 1√

2e

)
�ÛÜ4��f

(
± 1√

2e
,± 1√

2e

)
= − 1

2e
"

�g.
2∑

i,j=1

∂ijf(x, y)hihj3:
( 1√

2e
,− 1√

2e

)
Ú
(
− 1√

2e
,

1√
2e

)
�Ý
�

(
−2 0

0 −2

)
.

§´K½�§l
¼ê3:
( 1√

2e
,− 1√

2e

)
Ú
(
− 1√

2e
,

1√
2e

)
�ÛÜ4��f

(
± 1√

2e
,∓ 1√

2e

)
=

1

2e
"

~. £���¦�{¤�ÏL*ÿ½¢�����êâ{(xi, yi)}ni=1"<�F"¼�§�÷v�°(­�

�Cq)§�dßÿCq­��/ª§~Xf(x)�U´,«õ�ª¼ê§ÙXê�½§·��±ÏL¦�Ù

�*ÿ��Ø�f(xi)− yi²�Ú��5(½�½�Xê"ù«�{¡����¦{"·�ÏL�f��5¼
ê��/`²�{"

). �¤¦���§�µy = ax+ b§Ù¥aÚb´�½Xê"�ÄØ��²�Úµ

J(a, b) =

n∑
i=1

(axi + b− yi)2.

·��Ä`z¯Kµ

J(ā, b̄) = min
a,b

J(a, b).

�d§-

J ′a = 2

n∑
i=1

xi(axi + b− yi) = 0, J ′b = 2

n∑
i=1

(axi + b− yi) = 0.

�n�µ

a

n∑
i=1

x2
i + b

n∑
i=1

xi =

n∑
i=1

xiyi, a

n∑
i=1

xi + nb =

n∑
i=1

yi.

)Ñ­½:µ

ā =

n
n∑
i=1

xiyi − (
n∑
i=1

xi)(
n∑
i=1

yi)

n
n∑
i=1

x2
i − (

n∑
i=1

xi)2

, b̄ =

(
n∑
i=1

x2
i )(

n∑
i=1

yi)− (
n∑
i=1

xiyi)(
n∑
i=1

xi)

n
n∑
i=1

x2
i − (

n∑
i=1

xi)2

.

ùp©1n
n∑
i=1

x2
i − (

n∑
i=1

xi)
2 = 0§��=�x1 = x2 = · · · = xm"ë��Ù½n5"

�(½4��5�§O��� �êµ

J ′′aa = 2

n∑
i=1

x2
i > 0, J ′′ab = 2

n∑
i=1

xi, J ′′bb = 2

n∑
i=1

1 = 2n > 0.

Ý
�µ  2
n∑
i=1

x2
i 2

n∑
i=1

xi

2
n∑
i=1

xi 2n


29



��^SÌfª�2
n∑
i=1

x2
i > 0§��Ìfª�4n

n∑
i=1

x2
i − 4(

n∑
i=1

xi)
2 > 0"¤±éA�g.´�½�"J(a, b)

3(ā, b̄)�����"�Z�¼êÀJ�y = āx+ b̄"

[19◦ :::���²²²¡¡¡���ååålll] ��õ�¼ê4����A^§�ã?Ø�m�:�²¡�ål"¼ê

zm+1 = D +A1z
1 + · · ·+Amz

m (48)

½Â
Rm+1¥���²¡Π"�x ∈ Rm+1. :x �²¡Π�ål�µ

dist(x,Π) = min
Q∈Π
‖P −Q‖.

·�ke¡�(Ø"

···KKK 19 ��²¡d(48)�Ñ§KRm+1¥:(x0, x
m+1)�²¡Π�ål�µ

dist(x,Π) =

∣∣xm+1 −D −A1x
1 − · · · −Amxm

∣∣√
1 +A2

1 + · · ·+A2
m

(49)

y²µPP = (x1, · · · , xm+1)´Rm+1¥�:§Q = (z1, · · · , zm, D + A1z
1 + · · · + Amz

m)´²¡Πþ?

¿:§K

‖P −Q‖2 =

m∑
i=1

(xi − zi)2 + (xm+1 −D −
m∑
i=1

Aiz
i)2

¦­½:µ

∂zj‖P −Q‖2 = −2(xj − zj)− 2Aj(x
m+1 −D −

m∑
i=1

Aiz
i) = 0

=

(xj − zj) +Aj(x
m+1 −D −

m∑
i=1

Aiz
i) = 0, 1 ≤ j ≤ m.

�n�

xm+1 −D −
m∑
i=1

Aix
i = (1 +

m∑
i=1

A2
i )(x

m+1 −D −
m∑
i=1

Aiz
i).

£��

xi − zi = −Ai(x
m+1 −D −A1x

1 − · · · −Amxm)

1 +A2
1 + · · ·+A2

m

, 1 ≤ i ≤ m.

�	�� �ê

∂zizj‖P −Q‖2 = 2δij + 2AiAj

�g.
m∑

i,j=1

(δij +AiAj)h
ihj = 2‖h‖2 + 2(A1h

1 + · · ·+Amh
m)2 > 0, ∀ ‖h‖ 6= 0

�½"­½:�4��:"u´

min
Q∈Π
‖P −Q‖ =

|xm+1 −D −A1x
1 − · · · −Amxm|√

1 +A2
1 + · · ·+A2

m

.

y.

[20◦ ������©©©���AAAÛÛÛ¿¿¿ÂÂÂ] �ãïÄ¼ê��5�AÛ¿Â"
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a. ���²²²¡¡¡���{{{���þþþ 3RmL:x0��²¡Π���/ª�

A1(x1 − x1
0) + · · ·+Am(xm − xm0 ) = 0.

PA = (A1, · · · , Am)§Kþª�±L«�

〈A,x− x0〉 = 0, ∀ x ∈ Π.

ùL²�þAÚ�þx − x0��½R�"�x ∈ Π�§x − x0���3Πþ����þ§u´AÛþ§dª

L²µ�þA��½R�u�²¡Π§�ó�§�²¡´L��½:�{�þR�����¤�"3R3¥§

ùÚ<��~£¬Ü�"

½½½ÂÂÂ 37 �Rm´L:x0��²¡Πµ

A1(x1 − x1
0) + · · ·+Am(xm − xm0 ) = 0.

�þA = (A1, · · · , Am)¡��²¡Π�{�þ"

3Rm�½���"�þA��{�þÚ�� �:x0§=(½
��L:x0��²¡"

b. ­­­¡¡¡���{{{���þþþ �G ⊂ RmÚ¼êf : G → R"Ùã��¤
Rm+1¥��¡�­¡S : {(x, f(x))|x ∈
G}"e¼êf(x) 3:x0��§�	L:x0��²¡µ

xm+1 = f(x0) + ∂1f(x0)(x1 − x1
0) + · · ·+ ∂mf(x0)(xm − xm0 ).

�¤IO/ªµ

∂1f(x0)(x1 − x1
0) + · · ·+ ∂mf(x0)(xm − xm0 )− (xm+1 − f(x0)) = 0. (50)

=�Rm+1¥��²¡§Ù{�þ�µ

(∂1f(x0), · · · , ∂mf(x0),−1) (51)

¡�­¡S3:(x0, f(x0))?�{�þ"

­¡SL:(x0, f(x0))�{��§�µ

x1 = x1
0 + t∂1f(x0), · · · , xm = xm0 + t∂mf(x0), z = f(x0)− t,

½�d/
x1 − x1

0

∂1f(x0)
= · · · = xm − xm0

∂mf(x0)
=
z − f(x0)

−1
.

c. ­­­¡¡¡���������þþþÚÚÚ���²²²¡¡¡XJSþ��^d:x0Ñu��´Γ : I → S§ÙL�ª(x1(t), · · · , xm+1(t))´

��¼ê§@o�þ(
.
x1(0), · · · , .xm+1(0))´��t = 0��Ý�þ§d�Ý���²L:(x0, f(x0))(½�

��3:(x0, f(x0))��´(½�S þ­���§T��¡�­¡S3:(x0, f(x0))��^��"ddÚ\

��þ½Â"

½½½ÂÂÂ 38 XJd�þa = (a1, · · · , am+1)Ú²L:(x0, f(x0))(½���3:(x0, f(x0))?�­¡Sþ

Ld:�,��­Ü§Ka¡�­¡S3:(x0, f(x0))?���þ"

·��	��þ�5�"
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···KKK 20 �f3:x0�,�+�S��§S´d(x, f(x)))¤�­¡"���þξ´S3:(x0, f(x0))�

��þ§��=�µξ�S3:(x0, f(x0))�{�þ(51)��"

y²µ�­¡Sþ�^d:(x0, f(x0))Ñu��´Γ : I → S§ÙL�ª�(x1(t), · · · , xm(t), f(x1(t), · · · ,
xm(t)))§K3t = 0��§Ù��þ�µ( .

x1(0), · · · , .xm(0), ∂1f(x0)
.
x1(0) + · · ·+ ∂mf(x0)

.
xm(0)

)
.

w,§ù��þ�S3:(x0, f(x0))?�{�þ�SÈ�"§=ü�þ��"XJξ´S3:(x0, f(x0))��

�þ§KL:(x0, f(x0))÷ξ ������Sþ,^�´x(t)3T:)¤���­Ü§l
ξ = λ
.
x(0)§Ù

¥λ ∈ R"Ïdξ��S3:(x0, f(x0))?�{�þ��"

��§��þξ�S3:(x0, f(x0))?�{�þ��§=

∂1f(x0)ξ + · · ·+ ∂mf(x0)ξm − ξm+1 = 0.

�ÄL:(x0, f(x0))÷��ξ���µ

x1 = x1
0 + ξ1t, · · · , xm = xm0 + ξmt, xm+1 = f(x0) + ξm+1t.

·�y²µ§�L:(x0, f(x0))�,^��­Ü"��´µ

x1 = x1
0 + ξ1t, · · · , xm = xm0 + ξmt, xm+1 = f(x1

0 + ξ1t, · · · , xm0 + ξmt).

K
.
x1(0) = ξ1, · · · , .

xm(0) = ξm,
.
xm+1(0) = ∂1f(x0)ξ1 + · · ·+ ∂mf(x0)ξm.

§�T:?{�þ��§=

∂1f(x0)
.
x1(0) + · · ·+ ∂mf(x0)

.
xm(0)− .

xm+1(0) = 0

Q,
.
x1(0) = ξ1, · · · , .

xm(0) = ξm"u´ξm+1 =
.
xm+1(0)"ùy²
T����^��"¤±ξ´��þ"

y.

íííØØØ 6 �f(x)3:x0�,�+�S��"K(x0, f(x0))?�²¡(50)þ�?¿���þÑ´­¡S3

:(x0, f(x0))?���þ"

�â±þ¯¢d(50)(½��²¡´­¡S3:(x0, f(x0))?��²¡"¼ê3�:���du3T:

�3�²¡"��©�AÛ¿Â3u^T:?��²¡ÛÜCq­¡"

e¡?Ø��©�A^µCqO�ÚØ��O"

~. CqO�1.083.96�Cq�"

). �f(x, y) = xy"-x = 1§y = 2§∆x = 0.08Ú∆y = −0.04"u´

1.083.96 = f(x+ ∆x, y + ∆y) ' f(1, 4) + fx(1, 4)∆x+ fy(1, 4)∆y

= xy + yxy−1∆x+ xy lnx∆y = 14 + 4 · 13 · 0.08 + 14 · ln 1 · (−0.04) = 1.32

~. A^úªS =
1

a
b sinCO�n�/¡È"yÿ�a = 12.50, b = 8.30, C = 30◦"eÿþa, b�Ø�

�±0.01§C�ÿþØ��±0.1◦"¦^dúªO�n�/¡È��ýéØ����éØ��"
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). �âK¿§ÿþ¥a, b, C�ýéØ��©O�

|∆a| = 0.01, |∆b| = 0.01, |∆C| = 0.1◦ =
π

1800
.

du
|∆S| ' |dS| =

∣∣∂aS∆a+ ∂bS∆b+ ∂CS∆C
∣∣

≤ 1

2

(
|b sinC|∆a|+ |a sinC||∆b|+ |ab cosC||∆C|

)
ýéØ���µ

|∆S| ' 0.13.

Ï�S = 0.5 · 12.50 · 8.330 · 0.5 ' 25.94§¤±�éØ���∣∣∣∆S
S

∣∣∣ ' 0.13

25.94
≈ 0.5%.

§6. ÛÛÛ¼¼¼êêê½½½nnn

[21◦ ÛÛÛ¼¼¼êêê���ÄÄÄ���VVVggg] äk/ªy = f(x)�¼ê¡�w¼ê§{¡�¼ê"d���§ªF (x, y) = 0(½

�CþéA{K§¡�Û¼ê"·�±��¼ê�~§�ÑÛ¼ê��
Ä�Vg"

�E ⊂ R2§¼êF : E → R"éu�§
F (x, y) = 0 (52)

XJ�38ÜI × J ⊂ E§é?¿x ∈ I§k��(½�y ∈ J§¦�(x, y) ∈ E§�÷v�§(52)§K¡�

§(52)(½
½Â3Iþ§��¹uJ�Û¼ê§eò§P�

y = f(x), x ∈ I, y ∈ J,

K¤áð�ªµ

F (x, f(x)) = 0.

Ûª�§(½�¼ê  ´ÛÜ�"Ûª�§�U(½y�gCþx�¼ê§��Ux�gCþy�¼

ê"

Ûª�§(½�¼ê�±´õ)�"Û¼ê��3��5´ÛÜ5�§=3ÛÜ�½�«�þ�3�

�"~Xµ�Ä��§x2 + y2 = 1"§3«m[−1, 1]þ(½ü�¼êy =
√

1− x2Úy = −
√

1− x2"�XJ

©O�½3[−1, 1]× [0, 1)Ú[−1, 1]× [0,−1]þ§K)��"

¿Ø´?�Ûª�§ªÑU(½ÑÛ¼ê§~X�§ªx2 + y2 + c = 0§�c > 0�§Òvk¢�)"ï

Ä3�o^�§Ûª�§ªU
(½ÑÛª¼ê§ù´�!�?Ö"

1eÛª�§ªU
(½ÑÛ¼ê§��ù�Ø�½Ul�§¥)Ñy = f(x)§ùpf(x)^Ð�¼êÚ

§��EÜL�"~Xéu�§

y − x− 1

2
sin y = 0

(¢�3��½Â3(−∞,+∞)þ�¼ê§�ù�¼ê%Ã{^Ð�¼êÚ§��EÜL�Ñ5"

[22◦ ÛÛÛ¼¼¼êêê½½½nnn������{{{üüü���///] ·�Äk�ÄÛª�§=¹ü�Cþ��{ü��/"

½½½nnn 20 e¼êF (x, y)÷vXe^�µ

(1) �3:(x0, y0)§¦�F (x0, y0) = 0;

(2) F (x, y)3±(x0, y0)�S:�,�«�D ⊂ R2þëY¶
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(3) F (x, y)3DS�3ëY� �êF ′y(x, y)¶

(4) F ′y(x0, y0) 6= 0¶

K

1◦ 3:(x0, y0)�,��(x0−α, x0+α)×(y0−β, y0+β) ⊂ D þ§�§F (x, y) = 0��/(½
��½

Â3(x0−α, x0+α)þ§��3(y0−β, y0+β)�Û¼êy = f(x)§¦��x ∈ (x0−α, x0+α)�§F (x, f(x)) ≡
0Úy0 = f(x0)"

2◦ f(x)3(x0 − α, x0 + α)þëY"

y²µkyÛ¼êf��3��5"d^�(4)§Ø��F ′y(x0, y0) > 0£eF ′y(x0, y0) < 0§K�Ä�

§−F (x, y) = 0)"3d^�(3)§F ′y(x, y)3DþëY§dëY¼ê�ÛÜ�Ò5§�3(x0, y0)����

��(x0 − α′, x0 + α′) × (y0 − β, y0 + β) ⊂ D§3ÙþF ′y(x, y) > 0"é(x0 − α′, x0 + α′)¥z��x§¼

êF (x, y)'uy3(y0 − β, y0 + β)´î�üNO¼ê"d^�(1)§·�k

F (x0, y0 − β) < F (x0, y0) = 0 < F (x0, y0 + β)

2g|^F3Dþ�ëY5§�30 < α ≤ α′§¦�

F (x, y0 − β) < 0 < F (x, y0 + β), ∀ x ∈ (x0 − α, x0 + α).

éz��x ∈ (x0−α, x0+α)§|^'uy���¼êF (x, y)�ëY5Ú0�½n§�3y0−β < y < y0+β§

¦�F (x, y) = 0"qdF (x, y)'uy�î�üNO5�§3[y0 − β, y0 + β] ¥§ù��(x, y)´���"ù

���(½�'XP�y = f(x)§§�½Â��(x0 − α, x0 + α)§���¹3(y0 − β, y0 + β)"K�

�(x0 − α, x0 + α)× (y0 − β, y0 + β)÷v1◦ ¤k(Ø"

2y²Û¼êf�ëY5"�x̄ ∈ (x0 − α, x0 + α)"é?¿ε > 0§�÷v

y0 − β ≤ ȳ − ε < ȳ < ȳ + ε ≤ y0 + β.

dF (x̄, y)�î�üNO5§

F (x̄, ȳ − ε) < F (x̄, ȳ) = 0 < F (x̄, ȳ + ε).

dF�ëY5§�3δ > 0§¦��x ∈ (x̄− δ, x̄+ δ)�§

F (x, ȳ − ε) < 0 < F (x, ȳ + ε).

2dF�'uy�ëY5Ú0�½n§�3ȳ− ε ≤ y ≤ ȳ+ ε§¦�F (x, y) = 0"�dF�'uy�ÛÜî�ü

NO5§3(y0 − β, y0 + β)¥÷vF (x, y) = 0�y´���§
F (x, f(x)) = 0�f(x) ∈ (y0 − β, y0 + β)§u

´7ky = f(x)§ùL²µ

|f(x)− f(x̄)| = |y − ȳ| < ε, ∀ x ∈ (x̄− δ, x̄+ δ).

ùy²
f3:x̄�ëY5"2dx̄�?¿5§�yf3(x0 − α, x0 + α)�ëY5"y.

5551 ^�(3)Ú(4)==^5�y3:(x0, y0)�,���S¼êF (x, y)'uy´î�üNO�§Ïdùü

�^��±~f�”F3:(x0, y0)�,���S'uy´î�üNO�”"

5552 XJ^�(3)Ú(4)U�Fx(x, y)ëYÚFx(x0, y0) 6= 0§K(Ø��3���ÛÜëY¼êx = g(y)"

½½½nnn 21 �½n20�^�¤á§q�3Dþ��3ëY� �êFx(x, y)§Kd�§ªF (x, y) = 0(½

�Û¼êy = f(x)3Ù½Â�(x0 − α, x0 + α)þkëY��ê§�

f ′(x) = −F
′
x(x, f(x))

F ′y(x, f(x))
. (53)
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?�Ú§XJF ∈ C(p)(D)§Ù¥p ≥ 1§KÛ¼êf ∈ C(p)(x0 − α, x0 + α)"~X

f ′′(x) = −
F ′′xx + 2F ′′xyf

′(x) + F ′′yy(f ′(x))2

F ′y

=
F ′x(F ′′xy + F ′′yyf

′(x))− F ′y(F ′′xx + F ′′xyf
′(x))

(F ′y)2

=
2F ′xF

′
yF
′′
xy − (F ′x)2F ′′yy − (F ′y)2F ′′xx

(F ′y)3
,

(54)

Ù¥F ′x, F
′
y, F

′′
xx, F

′′
xy, F

′′
yy´3:(x, f(x))��"

y²µé?¿x, x+ ∆x ∈ (x0 − α, x0 + α)§5¿�

F (x, f(x)) = F (x+ ∆x, f(x+ ∆x) = 0.

dõ�¼ê�¥�½n§�

0 = F (x+ ∆x, f(x+ ∆x))− F (x, f(x)) = F ′x(x+ θ∆x, f(x) + θ(f(x+ ∆x)− f(x))∆x

+ F ′y(x+ θ∆x, f(x) + θ(f(x+ ∆x)− f(x))(f(x+ ∆x)− f(x)), 0 < θ < 1.

u´
f(x+ ∆x)− f(x)

∆x
= −F

′
x(x+ θ∆x, f(x) + θ(f(x+ ∆x)− f(x)))

F ′y(x+ θ∆x, f(x) + θ(f(x+ ∆x)− f(x)))
,

?


f ′(x) = lim
∆x→0

f(x+ ∆x)− f(x)

∆x
= −F

′
x(x, f(x))

F ′y(x, f(x))
.

é�ª

F ′x(x, f(x)) + F ′y(x, f(x))f ′(x) = 0

þªüà'ux|^EÜ¼ê¦��óª{K2¦�§�

F ′′xx(x, f(x)) + 2F ′′xy(x, f(x))f ′(x) + F ′′yy(x, f(x))(f ′(x))2 + F ′y(x, f(x))f ′′(x) = 0

�n=����ê:

f ′′(x) = −
F ′′xx + 2F ′′xyf

′(x) + F ′′yy(f ′(x))2

F ′y

�gaí§���p��ê"y.

5553 ½n�^�(3)Ú(4)==´¿©�"~X�§y3 − x3 = 03:(0, 0)§Fy(0, 0) = 0§�EU(½��

�ëY¼êy = x"�Fy(0, 0) = 0  ��½n(ØØ¤á"~XVÝ��§

F (x, y) = (x2 + y2)2 − x2 + y2 = 0.

3�:(0, 0)?F ′x(0, 0) = F ′y(0, 0) = 0§�3�:(0, 0)?Ø�U�3���ëY���Û¼ê§Ï�L�

:§VÝ�kü����©{§ÃØþe�´�m©m§3�:ÑØ��"

[23◦ F (x1, · · · , xm, y) = 0���///���ÛÛÛ¼¼¼êêê½½½nnn] éN´òÛ¼ê½ní2�F (x1, · · · , xm, y) = 0��¹"

½½½nnn 22 e¼êF (x1, · · · , xm, y)÷vXe^�µ

(1) �3(x1
0, · · · , xm0 , y0)§¦�F (x1

0, · · · , xm0 , y0) = 0¶
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(2) F (x1, · · · , xm, y)3±(x1
0, · · · , xm0 , y0)�S:�,�«�D ⊂ Rm+1þëY¶

(3) F (x1, · · · , xm, y)3DS�3ëY� �êF ′y(x1, · · · , xm, y)¶

(4) F ′y(x1
0, · · · , xm0 , y0) 6= 0¶

K�3m+ 1�«mI = Imx × Iy§Ù¥

Imx = {(x1, · · · , xm) ∈ Rm
∣∣ |xi − xi0| < αi, i = 1, 2, · · · ,m},

Iy = {y ∈ R
∣∣ |y − y0| < β},

÷vµI ⊂ D§��3¼êy = f(x1, · · · , xm)§é?¿:(x1, · · · , xm, y) ∈ Imx × Iy§¤á

F (x1, · · · , xm, y) = 0 ⇔ y = f(x1, · · · , xm). (55)

¿�y = f(x1, · · · , xm)3Imx þëYÚy0 = f(x1
0, · · · , xm0 )"Ó�§y = f(x1, · · · , xm)� �ê�UeªO�

∂f(x1, · · · , xm)

∂xi
= −

F ′xi(x1, · · · , xm, f(x1, · · · , xm))

F ′y(x1, · · · , xm, f(x1, · · · , xm))
, i = 1, 2 · · · ,m. (56)

?�Ú§XJF (x1, · · · , xm, y) ∈ C(p)(D)§(p ≥ 1)§Kf ∈ C(p)(Imx )"

[24◦ üüü���¼¼¼êêêÛÛÛ¼¼¼êêê½½½nnn���AAA^̂̂] ·��Ñ3ü�¢�¼ê�/�Û¼ê½n��
A^"

a. ÛÛÛ¼¼¼êêê¦¦¦���

~1. ��§

F (x, y) = y − x− 1

2
sin y = 0.

¼êF9Ù �êFxÚFy3²¡R2þ?¿:ëY§�F (0, 0) = 0ÚFy(x, y) = 1 − 1

2
cos y ≥ 1

2
> 0§¤

±�§��3�:(0, 0)�C�(½
��ëY���¼êy = f(x)"?�Ú�òù�¼ê'Xmÿ�ù

�(−∞,+∞)"Ù�ê�

f ′(x) = −F
′
x(x, y)

F ′y(x, y)
=

2

2− cos y
.

3ù�~f¥§·�Ã{|^Ð�¼ê�EÜw«/L«Ñy = f(x)"

~2. �¼êz = z(x, y)d�§F (x− z, y − z) = 0(½§Ù¥Fäk�����ëY �ê"¦yµ

z′′xx + 2z′′xy + z′′yy = 0.

y²µ5¿�F̃ (x, y, z) = F (u, v)§Ù¥u = x− zÚv = y − z"|^EÜ¼ê¦�úªµ

F̃ ′x = F ′u, F̃ ′y = F ′v, F̃ ′z = −(F ′u + F ′v).

2|^Û¼ê¦�úªµ

z′x = − F̃
′
x

F̃ ′z
=

F ′u
F ′u + F ′v

, z′y = −
F̃ ′y

F̃ ′z
=

F ′v
F ′u + F ′v

,

¤±z′x + z′y = 1"u´

z′′xx + z′′xy = 0, z′′xy + z′′yy = 0.

�ª�\��µ

z′′xx + 2z′′xy + z′′yy = 0.
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~3. ¦d�§

F (x, y, z) = xyz3 + x2 + y3 − z = 0

3:(01, 1)NC¤(½���¼êz = z(x, y)3(01, 1):?���©"

)µduF (0, 1, 1) = 0§F ′x = yz3 + 2x§F ′y = xz3 + 3y2ÚF ′z = 3xy2 − 1§F ′x§F ′yÚF
′
zëY§

�F ′z(0, 1, 1) = −1 < 0§�âÛ¼ê�3½n§�§F (x, y, z) = 03:(0, 1, 1)C���(½ëY��Û¼

êz = z(x, y)§Ù �ê�µ

∂z

∂x
= −F

′
x

F ′z
=

yz3 + 2x

1− 3xyz2
,

∂z

∂x
= −

F ′y
F ′z

=
xz3 + 3y2

1− 3xyz2
.

3:(0, 1, 1)?§∂xz(0, 1) = 1Ú∂yz(0, 1) = 3"¤±§Û¼êz = z(x, y)3:(0, 1)C����©�

dz
∣∣
(0,1)

= dx+ 3dy.

b. ÛÛÛ¼¼¼êêê���444���¯̄̄KKK ����~f§·��Äe¡¯K"

~4. ?ØDecartes�/�

x3 + y3 − 3axy = 0 (a > 0)

¤(½�Û¼êy = f(x)�4�¯K"

)µ- F (x, y) = x3 + y3 − 3axy"K

F ′x = 3(x2 − ay), F ′y = 3(y2 − 3x).

3:(0, 0)Ú( 3
√

4a, 3
√

2a)?§F ′(0, 0) = F ′( 3
√

4a, 3
√

2a) = 0"Øùü:	§3Ù§:C�§�§F (x, y) =

0 þ�(½Û¼ê y = f(x)§�Ù���ê�µ

y′ = −F
′
x

F ′y
=
ay − x2

y2 − ax
.

qdF ′′xx = 6x§F ′′xy = −3aÚF ′′yy = 6y¦�

2F ′xF
′
yF
′′
xy = −54a(x2 − ay)(y2 − ax), (F ′x)2F ′′yy = 54y(x2 − ay)2, (F ′y)2F ′′xx = 54x(y2 − ax)2.

u´

y′′ =
2F ′xF

′
yF
′′
xy − (F ′x)2F ′′yy − (F ′y)2F ′′xx

(F ′y)3
= − 2a3xy

(y2 − ax)3
.

éá�§

x3 + y3 − 3axy = 0,
ay − x2

y2 − ax
= 0,

)Ñ­½:A = ( 3
√

2a, 3
√

4a)"3­½:§y′′|A = −4/( 3
√

2a) < 0"¤±Û¼êy = f(x)3:( 3
√

2a, 3
√

4a)�Û

Ü4�� 3
√

4a"

d. ���¼¼¼êêê������333555999ÙÙÙ���êêê ·�A^õ��§�Û¼ê½nïÄ�¼ê��359Ù�ê"�¼

êy = f(x)3:x0�,���SkëY��êf
′(x)�y0 = f(x0)"�Ä�§µ

F (x, y) = y − f(x) = 0.

duF (x0, y0) = 0§F ′y(x, y) = 1ÚF ′x(x, y) = −f(x)"¤±§��f ′(x0) 6= 0, �âÛ¼ê½n§3(x0, y0)�

,���S(x0 − α, x0 + α)× (y0 − β, y0 + β)þ�3ëY����¼êx = g(y)§��¼ê��ê´µ

g′(y) = −
F ′y
F ′x

=
1

f ′(g(y))
.
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d=��¼ê��¼ê¦�úª"

c. ÛÛÛ¼¼¼êêê(((½½½���²²²¡¡¡­­­���������������{{{��� �­�d�§

F (x, y) = 0

�Ñ§·��	²¡­�����§Ú{��§"�F (x, y)3:(x0, y0)�,���S÷vÛ¼ê�3½

n"Ø��F ′y(x0, y0) 6= 0"u´�§F (x, y) = 03(x0, y0)�,���S��(½ëY��¼êy = f(x)§

¦�F (x, f(x)) = 0§y0 = f(x0)�
dy

dx
= −F

′
x(x, y)

F ′y(x.y)
.

3(x0, y0):C�§²¡­�L�(x, y(x))§Ù���§�µ

���§µy − y0 = −F
′
x(x0, y0)

F ′z(x0.y0)
(x− x0). (57)

�¤é¡�/ª

���§µ F ′x(x0, y0)(x− x0) + F ′y(x0, y0)(y − y0) = 0. (58)

{��§�µ

{��§µ y − y0 =
F ′y(x0, y0)

F ′x(x0, y0)
(x− x0). (59)

�¤é¡�/ª

{��§µ
x− x0

F ′x(x0, y0)
=

y − y0

F ′y(x0, y0)
. (60)

d. ÛÛÛ¼¼¼êêê(((½½½���­­­¡¡¡������²²²¡¡¡���{{{��� �­¡d�§

F (x, y, z) = 0

�Ñ§·��	­¡�{��§Ú�¡�§"�F (x, y, z)3:(x0, y0, z0)�,���S÷vÛ¼ê�3

½n"Ø��F ′z(x0, y0, z0) 6= 0"u´�§F (x, y, z) = 03(x0, y0, z0)�,���S��(½ëY��¼

êz = z(x, y)§¦�F (x, y, z(x, y)) = 0�

∂z

∂x
= −F

′
x(x, y, z)

F ′z(x.y, z)
,

∂z

∂y
= −

F ′y(x, y, z)

F ′z(x.y, z)
.

3(x0, y0, z0):C�§­¡S�(x, y, z(x, y))§Ù�²¡�§�µ

z − z0 = −F
′
x(x0, y0, z0)

F ′z(x0.y0, z0)
(x− x0)−

F ′y(x0, y0, z0)

F ′z(x0.y0, z0)
(y − y0).

�¤é¡�/ª

�²¡�§µF ′x(x0, y0, z0)(x− x0) + F ′y(x0, y0, z0)(y − y0) + F ′z(x0.y0, z0)(z − z0) = 0. (61)

{��§�µ

{��§µ
x− x0

F ′x(x0, y0, z0)
=

y − y0

F ′y(x0, y0, z0)
=

z − z0

F ′z(x0.y0, z0)
(62)

½

x = x0 + tF ′x(x0, y0, z0), y = y0 + tF ′y(x0, y0, z0), z = z0 + tF ′z(x0.y0, z0), −∞ < t ≤ +∞. (63)
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~5. ¦ý¥¡x2 + 2y2 + 3z2 = 63:(1, 1, 1)?��²¡Ú{��§"

)µ-F (x, y, z) = x2 + 2y2 + 3z2 − 6§KF ′x = 2x§F ′y = 4yÚF ′z = 6z"§�3��m??ëY"3

:(1, 1, 1)?§F (1, 1, 1) = 0§�F ′x(1, 1, 1) = 2§F ′y(1, 1, 1) = 4ÚF ′z(1, 1, 1) = 6§Ù�²¡�

2(x− 1) + 4(y − 1) + 6(z − 1) = 0

=

x+ 2y + 3z = 6.

{����µ
x− 1

1
=
y − 1

2
=
z − 1

3
,

=

x = 1 + t, y = 1 + 2t, z = 1 + 3t, −∞ < t < +∞.

~6. y²µ­¡f(
x− a
z − c

,
y − b
z − c

) = 0�?¿�²¡ÑL,�½:§Ù¥f ´ëY��¼ê"

y²µ-F (x, y, z) = f(
x− a
z − c

,
y − b
z − c

)"Pf = f(u, v)§Ù¥u =
x− a
z − c

, v =
y − b
z − c

"�3:P0 =

(x0, y0, z0)§¼êF (P0) = 0§�

F ′xP0) =
f ′u(P0)

z0 − c
, F ′y =

f ′v(P0)

z0 − c
, F ′z = − (x0 − a)f ′u(P0) + (y0 − b)f ′v(P0)

(z0 − c)2
,

�²¡�§�µ

(x− x0)f ′u(P0) + (y − y0)f ′v(P0)− (z − z0)
(x0 − a)f ′u(P0) + (y0 − b)f ′v(P0)

z0 − c
= 0.

w,§�:(x, y, z) = (a, b, c)§�\þª=�ð�ªµ

(a− x0)f ′u(P0) + (b− y0)f ′v(P0)− (c− z0)
(x0 − a)f ′u(P0) + (y0 − b)f ′v(P0)

z0 − c
≡ 0.

ùL²µ?¿:��²¡ÑL:(a, b, c)"y.
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