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Definitions

. a sequence of real numbers.

® unimodal:
ag < a1 << Qp 2 Qa1 = G2 = 00

® |og-concave:

® |og-convex:
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g-Log-concavity

f(q),g(q): Two polynomials over R
fla) —g(q) 240 if f(q) — g(q) € RT[q]
(frn)n>0- @ sequence of polynomials over R
® ¢-log-concave:—[Stanley]

Fl(@)* = fms1(q) frn—1(q) >4 0,m > 1

® strongly ¢-log-concave:

(@) (@) = fm+1(q) fn—1(q) 24 0,m >n > 1



g-Log-convexity

® (-log-convex:—[Liu and Wang, 2006]

F(@)* = fms1(q) frn—1(q) <4 0,m > 1

® strongly ¢-log-convex:
fm (@) fn(@) = frmr1(@) fo-1(q) <q0,m =>n >1

Examples on ¢-Log-concavity and ¢-Log-convexity:
® ¢-binomial coefficient: Butler(1990), Krattenthaler(1989)
® -Stirling number: sagan(1992), Leroux(1990)

® Bell polynomial, Eulerian polynomial: Liu and wang(2006)



Narayana numbers

Catalan number: C;, = —-(*")
Narayana number: N(n, k) =+ (}) (1))
Narayana polynomial: N, (q) = >_7_q N(n, k)qg~

g-Catalan number: ﬁ [zﬂ

g-Narayana number: N,(n, k) ﬁ m [kiﬂ qk2+k

]!

_ qk
[k] — <1 q )7 [k]' _ [1”2][16], [

(1 -4 j] GIET



Two conjectures

Liu and Wang (2006) have shown that for a given positive
real number ¢ the sequence (N, (q))»>0 IS log-convex.

Liu and Wang’s Conjecture |: The Narayana polynomials
Ny, (q) form a ¢-log-convex sequence.

Liu and Wang’s Conjecture IlI: If the positive sequence
(an)n>0 IS log-convex, then the sequence (b,),>o defined
by b, = >, _y N(n, k)ay is log-convex.



Main Results

The Narayana polynomials N, (q) are strongly
g-log-convex.

The Narayana transformation preservers
log-convexity.

Given k, the polynomial sequence (N, (n, k))n>0 IS
strongly ¢-log-concave.

Given n, the polynomial sequence (N, (n, k))r>0 IS
strongly ¢-log-concave.



Main Tools

Symmetric Functions

Young tableaux

Schur functions
Littlewood-Richardson’s rule
Hook-content formula
Brandén’s formula



Partition and Young diagram

A. a partition with components A1 > Ao > ... > )\,
AEniif SF N=n

¢(\): the number of nonzero components \;
Par(n): the set of all partitions of n

w C X if A\; > u; holds for each .

The Young diagram of X Is an array of squares in the
plane justified from the top and left corner with /() rows
and )\; squares in row q.



Partition and Young diagram

When . C )\, a skew partition A/u Is the diagram obtained
from the diagram of A by removing the diagram of ;. at
the top-left corner.

Fig 1: The diagram (3,3,1)/(2,1)
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Semistandard Young Tableau

A semistandard Young tableau (SSYT) of shape \/u Is
an array 1' = (7;;) of positive integers of shape \/u that is
weakly increasing in every row and strictly increasing in
every column.

type(T') = a: «; IS the number of i's In 7.

1
14

3
Fig 2: SSYT of shape (3,3,1)/(2,1)




Schur Function

If T has type type(T') = «, then we write

T a1 A2
i —331 £I?2 c

The skew Schur function s, ,,(z) of shape A/u Is defined
as the generating function

S/u(® Zaz

summed over all semistandard Young tableaux T' of
shape \/u. We set sy(x) = 1.
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Hook-content Formula

For a symmetric function f(x), define

ps,(f) = f(l,q,...,¢" %),
psu(f) = psu(f)]g=1 = f(1").

Given a partition A and a square (¢, 7) in row ¢ and
column 7, let

h(i,j) = Xi + X; —i — j + 1, (hook length)

c(i,7) = 7 — i, (content)



Hook-content Formula

Theorem: (Stanley, Enumerative Combinatorics)
For any partition A and n > 1, we have

— n+ c(z, 7
PS,(Sy) = qzl@l(l~C LAk H | ( J)]
(2,7) €A

H n—I—C(ZZ,]').

Py (5) n(i )

(4,7)EA



Littlewood-Richardson Tableau

Lattice permutation wiws - - - wy,:
#i's > #i+ 1's in wiwy - - - w;, forany i, j.
Littlewood-Richardson tableau T
reverse reading word 77V Is a lattice permutation,

17V = 112213312, T5% = 11221213

*x

DO
DO|—

DO|—
DO|—

O] *

DO % | *
QU] % | *
DO[—

Fig 3: Skew Littlewood-Richardson tableaux
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Littlewood-Richardson’s Rule

Littlewood-Richardson coefficients cjw can be defined by
the following relation

. A
SH/SV — CHJ/S)\.

A

Theorem: (Stanley, Enumerative Combinatorics)
The Littlewood-Richardson coefficient cﬁ,j IS equal to the

number of Littlewood-Richardson tableaux of shape A\/u
and type v.
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Pieri’'s Rule

Horizontal strip: no two squares in the same column
Vertical strip: no two squares in the same row

Theorem: (Stanley, Enumerative Combinatorics)

SuS(n) = D 5x

A

summed over all partitions A\ such that \/u Is a horizontal
strip of size n, and

Sus(1n) = ) 5

A

summed over all partitions A such that A/ Is a vertical
strip of size n.
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Brand én’s formula

Theorem: (Brandén, 2004)
For all n, k£ € N, we have

Ny(n, k) = s@ny(a, @, q" 7). (1)

In particular,

N(n, k) = psp_1(s(2r))- (2)

Nu(q) = N(n, k)" =) psy_1(sr)q"
k=0 k=0



The g-Log-convexity of N, (q)

- To prove:

Nm+1(q)Nn—-1(q) — Nim(q)Nn(q) >q¢0,m=>n=>1.

For any » > 0, let

C1 = ¢ |Nm+1(q ZPS (5(2r—k)) ;

Co = [qr Zpsm 1 711 1 (8(27"_’“)) :

It suffices to prove that 'y — Cy > 0.



The g-Log-convexity of N, (q)

Note that

Z psylz—Q(5(2k—b,1b—a))PSf,1n_n+2(S(za,1b—a)),

0<a<b<m—n-+2

DS (S(2#))

PSf,ln—1 (5(2k)) — Z PS;L—Q(5(2k—b,1b—a))PSf,1n—n+1(5(2a,1b—a))a
0<a<b<m—n+1

pS,}L_l (8(2r—k)) — pSiL_Q (S(Qr—k) + 8(27“—1-6—1’1) + S(Qr—k—l)) ;

Theorem [Stanley, Enumerative Combinatorics:

SA/M(ZC, y) = Z SA/u(x)Sv/u(y)a

v

ranging over all partitions v satisfying © C v C .



The g-Log-convexity of N, (q)

Thus
C1 —Ca =
D k=0 220<a<b<m-—n+2 psoln—n+2(S(2a,1b—a))psvlz—2(S(2k—b,1b—a)8(2r—k))
— 2 k=0 20<a<b<m—n+1PSm_nt1(S(2a,16-0))PSy_o(S(2k—b 16-a)S(ar—k))
= o e e i A psqln—n+1(8<2a,1b—a))pS}z—2(S(2k—b,1b—a)8<2r—’f—1,1))
—3r Zogagbgm—n—H pS,}n_n_i_l(8<2a’1b_a,))pS?17’_2(S(Qk;—b71b—a)8<2r—k—1)).

Let d = m — n + 1. By simplifying, we obtain

C1—C; = psk_y(Tocacscat Psh(S(aa,1041-0y) Tmo D(a;b,k, 7))
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D(a,b, k,r)

Givena,b,re Nand 0 <k <r, let

D1 (CL, b, /f, 7“) — S(Qk—b—l’1b—|—2—a)8(2r—k—1),
DQ(CL, b, /€, 7“) — S(Qk—b’lb—a)S(Qr—k:—l),

Dg(CL, b, /€, 7“) — S(Qk—b—l’lb—l—l—a)S(Qr—k—l’l).
and let
D(a,b, k,r) = Dy(a,b, k,r)+ Dy(a,b, k,r) — Ds(a,b, k,r),

where s, ;) = 0fori <0 or j <0. Itis easy to see that
D(a,b,r,r) = 0.
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The g-Log-convexity of N, (q)

Note that

Ci —Cy, = psib2< Z PSq(S(2a 1p+1-a)) D(a,b,k,r))

0<a<b<d-1 k=0

It suffices to prove:

r

Z pscli(S(Qa,lb—l—l—a)) Z D(a,b, k,r) is s-positive.

0<a<b<d—-1 k=0
Given a symmetric function f = > |, axsy,

f Is s-positive Iff ay > 0 for any A
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Schur Positivity

Theorem I:
For any b > a > 0 and r > 0, the symmetric function
S i_o D(a,b,k, ) is s-positive.

Theorem Il: [fora =0,b = 0,r = m]
For any m > 0, we have

ZZO (S(Qi—l)S(Qm—i) T S(2i-2,12)S(gm—i) — 8(21—1,1)8(2m—¢—171))
— Z)\EP&I‘{2,4} (2m—2) SX;

where Par, 41 (2m — 2) denotes the set of partitions of
2m — 2 whose parts belong to {2,4}.
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Schur Positivity

Taking m = 3,4, 5 and using the Maple packages:
SF (Stembridge,1995); ACE (Veigneau, 1998)

we observe that

D ko (81 80) + S(r2a2)5@ik) — St )51 1))
= S(4) T 5(2,2)-

D ko (52-1)Simt) + S(2-2,12)8(2-0) = S(2k1 1) S(2-51,1))
= S(4,2) T 5(2,2,2)

D ko (Sr-1)s(@) + S(@r-2.2)8(@4) = S(r-1,1S(-+-1,1))

— 5(474) —+ 8(47272) + 5(2,2,2,2)'
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Proof of Theorem I

For a symmetric function f, suppose that f has the
expansion f = ), ays), and then the action of A* on f is

given by
A'u(f) — Z AXSAUp-

A
Exam:

J o= Sas2) 135021 + 250
ABDf — 5(4,3,32,1) T 35(322.1.1) T 25(5,3.1)-
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Proof of Theorem I

Givenm e Nand 0 <7 <m, let

D(l) — S(zi)S(zm—i—l),

m,i

2
D7(n,)z — 8(22’—1,12) S(Zm—z’—l) .

3
DY = st 1)S@e- )

and let
Duni = DY)+ D, — D

m,’

where sy 1) = s(2: 12) = 0 for < < 0 by convention. Itis
clear that D, ,, = 0.

27



Proof of Theorem I

. we have

> k> 1

For any n
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Proof of Theorem I

- Foranyn >k > 1, we have

snsee) = AP (snsen),
S(2k-1,12)S(2n+1) = A(2)(3(2k—1,12)3(2n)),
S(2k)S(2n+112) = A(2)(5(2k)<9(2n 12))7
S(2k-1,1)S(2n+11) = A(2)(3(2’~f—1,1)3(2n,1))-



Proof of Theorem I

Let m = 2k + 1 for some k£ € N.

() We have
Dm,k — S(gk)8(1k>,
Dm,k—l—l — S(4kz) — S(3k)8(1k) — A(z)(S(gk)Sl(k—z)).

(i) Forany 0 <i: <k — 1, we have

Dpi = A(2)(Dm—1,i)a
Dm,m—i — A(2)(l)m—1,m—1—7j)-

K{0)



Proof of Theorem I

Let m = 2k for some k£ € N.
() We have

Dij—1 = S@oysar-2y + AP (sgro1ysqe1y),
Dk = =s@9sar-2)
(i) Forany 0 <i <k — 2, we have
Dpi = AP(Dy,_1)),
Dim—i = AP (Dpqm-1-4),
Dimiir = AP (Dy g0 ).

Sl



Dy for m=7

m=7T
D7 o SJOL
D71 S(4,24) T 8(32 23) T 8(3,24 1)
D72 | 532 92 12) + 54,32 2) T 542 22) +5(33 2,1) +5(4,3,22,1)
D7 3 S(4,32,12) 1 5(33,13) T 5(42,3,1) T S(43)
D74 —5(4,32,2) — 5(4,32,12) — 5(33,2,1) T 9(33,13) — 5(42,3,1)
D75 —5(32,23) 7 5(32,22,12) — 5(4,3,22,1)
D76 —8(3,24 1)
Dr 7 0
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Dy, i for m =8

m = 8
DS,O S(27)
Ds,1 S(4,25) 1 8(32,24) T 8(3,25 1)
Ds, 2 (32,23 ,12) T S(4,32 22) T S(42 23) T 8(33 22 1) T S(4,3,23 1)
Dsg 3 5(4,32,2,12) T 5(33,2,13) T 5(42.3,2,1) T 5(43,2)
15(34,12) T 542 32) T S(4,33 1)
Dsg 4 —5(84,12) 7 5(42,32) 7 5(4,33,1)
Dsg,s5 —542,3,2,1) 7 5(33,22,1) — 5(33,2,13) — 5(4,32,2,12) — 5(4,32,22)
Ds,6 —5(32,24) — 5(32,23,12) — 5(4,3,23,1)
Dg,7 —5(3,25,1)
Dsg g 0
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D, for m =9

m =9
D9,0 8(28)
D9,1 S(4,26) + 5(32,25) + 5(3,26,1)
Do, 2 $(32,24,12) T S(4,32 23) T S(42 24) T (33 23 1) T S(4,3,24 1)
Do 3 $(4,32,22,12) T S(33,22,13) T $(42,3,22,1) T $(43,22)
+5(34,2,12) T 5042 32 2) T 504,33 2,1)
Dg 4 S(4,33,13) + $(42,32,12) + S(44) + $(43,3,1) + S(34,14)
Dy 5 —5(4,33,13) — 5(42,32,12) — S(44) — 5(43,3,1) — 5(34,14)
—5(34,2,12) 7 5(42,32 2) — 5(4,33,2,1)
Dg 6 —5(42,3,22,1) 7 S(33,23,1) — 9(33,22,13) T 5(4,32,22,12) — 5(4,32,23)
D977 —8(32725) - 8(32724712) - 8(473724,1)
Dg g —8(3,26 1)
Dg 9 0
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Proof of Theorem I

Recurrence relation:

mz—l—:l AP (S5 D) if m=2k—1
Dipy1, =
i—0 S(4k) + A2) (Z:’io Dm,z’) . 1fm =2k

The end of the proof for Theorem II.



Proof of Theorem |

Recall that

( ) — S(2k—b—1,1b+2—a)8(2r—k—1)7
( ) — S(2k—b)1b—a)8(2r—k—1),
Dg(CL, b, k‘, T) — S(Qk—b—l,1b+1—a)8(2r—k—1,1),
{ ) = Di(a,b,k,r)+ Ds(a,b,k,r) — Ds(a,b, k,r).

Fori=1,2,3, 1tis clear that
Di(a,b,k,r)=D;(a—1,b—1,k—1,r—1),
hence

D(a,b,k,r)=D(a—1,b—1,k—1,r —1).
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Proof of Theorem |

Given a pair (A, ) of partitions and a pair (f1, f2) of

symmetric functions, suppose that

AA(fl) — Z AySy,

v

Z b,S,.

AH(f2)

Define

o



Proof of Theorem |

Lemma:

Foranyr>k>b>a>0and:=1,2,3, we have the
following recurrence relations

Di(a,b,k,7) = AM)G)(D;(a,b—1,k—1,7—1),Di(a,b— 1,k — 1,7 — 2)).
In particular, for : = 1, we have

S(zk—b—l,1b+2—a)8(2r_k_1) —

Z&<1>K3)(S(Qk—b—l’1b+1—a>S(Qr—k—1>,S(Qk—b—l’1b+1—a>8<2r—k—2>).
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Proof of Theorem |

shape /L/(er—k—l) and type (2/@—6—17 1b—|—1—a)

Y
shape ;U (1)/(2"=*~1) and type (2¥-0~1 10+2-a)

OB ]WIND] -

()N Gy I IS NOVN I Ol

|| ¥ | > | *] %] *] %] *

OB W x| x| %] %] X% %] *

=l X %] *] ¥ %] %] %
QO] % | %k | %] %] %] % | *

=1
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Proof of Theorem |

Induct on the difference b — a. When a = b, note that

27": D(a,b,k,r) = 27": D(0,0,k —a,r —a) = rz_:aDr_a,q;.
k=0 1=0

k=a

The negative terms of D(a, b, k,r) come from either
AD(D(a,b—1,k—1,r —1))

or
AB(D(a,b—1,k—1,r —2)).
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The Narayana Transformation

Theorem:

If the sequence (ag)x>o Of positive real numbers is
log-convex, then the sequence

I ZN(n,k)ak, n >0
k=0

IS log-convex.



The Narayana Transformation

Foranyn >1,0<r<2nand 0 < k < | 5], let
an,r k) = Nn+1,kE)Nn—1,r—k)+ Nn+1,r—k)

N(n—1,k) —2N(n,r — k)N(n, k).

Forany n,r, k > 0, let

C a(n,r, k)/2, ifrisevenandk =r/2,

o/ (n,r, k) = 4

\ a(n,r k), otherwise.



The Narayana Transformation

Note that for n > 1

r=0 k=0

on [ L3
bp_1bpyr — b2 = S: (S: o (n,r, k)aya,_g

2n L5 ]
Np-1(@)Nny1(q) — Na(g)? = S:( _d(n,r, k)) q"

r=0 k=0

The g-log-convexity of N,,(q) implies that for any » > 0

15
Zo/(n,fr, k) > 0.
k=0

)
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The Narayana Transformation

Since the sequence (ag)x>0 IS l0g-convex , we obtain that
ApQr = A10r_1 = A2Qp_9 = * - .

There exists an integer k' = £'(n,r) such that

3] |5
Zo/(n,fr, k)aga,_j > ch’(n,fr, k)ag a,_g > 0.

Therefore, (b,,),>0 IS log-convex. .
Lemma:

For given n and r, there always exists an integer

k' = k'(n,r) such that a(n,r, k) > 0 for £ < k' and

a(n,r k) <0fork > k.
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The Narayana Transformation

Clearly, if k <r—n—-1,thenn < (r— k) — 1 and
a(n,r, k) = 0. We only need to determine the sign of
a(n,r.k)forr —n—1<k < [5].

an,r,k) = Nn+1,kE)Nn—1,r—k)+Nn+1,r—k)

N(n—1,k) —2N(n,r — k)N(n, k).

Note that N (m, k) = ps;,_;(s(or)) for any m € N.
By Hook-content formula we find that
(n—1)(n—-2)---(n—r4+k) -nn=1)---(n—r+k+1))

N(m, k) = kl(k + 1)! |
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The Narayana Transformation

Let
filg) = (+D@m-z+1)(n-2)*(n-—z-1),
fa() = (m+@n—(r-2)+L)n-(r—2)(n—(-z)-1),
falz) = (-—1Ln-z)n-—c+1)(n—(r—z))(n—(—=2z)+1),

fl@) = fi(@)+ fo(z) — 2f3(2).
C = (n—1)n-2°n-3)2% - (n—k+2)?*n—-—k+1),
C' = n—-1Dn-22%*n=-3)2-(n—(r—k)+2)%(n—(r—k)+1).

Then we have

C C’
olmr k) = Qs =R —krD )




g-Log-concavity of (N,(n, k))r>o

Theorem: Given a positive integer n, the sequence
(Ny(n, k))r>0 IS strongly g-log-concave.

Proof. Forany k£ > [ > 1, we get
Ng(n,k)Ng(n,l) — Nq(n,k + 1)Ng(n,l — 1) = S(2k)S(2l) T S(2k+1)S(2l-1);

where each Schur function on the righthand side is over
the variable set {q,q¢%,...,¢"'}. Note that

S(2k)S(21) ~ S(2k+1)S(ai=1) = AP (sar1)S(at) = S(2m)8(21-1)):

By induction on the difference k& — I,
S(2k)S(2t) — S(2k+1)S(21-1) IS s-positive.
Bergeron and McNamara (2004); Kleber (2001)
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g-Log-concavity of (N,(n, k)),>0

Theorem:

Given a positive integer £, the sequence (N, (n,k))n>0 IS
strongly ¢-log-concave.
Lemma: [Lam-Postnikov-Pylyavaskyy (2007)]

Let &k be a positive integer. If I, J are partitions with
I C (2 Y and J C (2¥71,1), then both
S(2k=1)S(2k) /] — S(2k—1)/[S(2k) ©))
and
S(2k=1 1)S(2k)/J — S(2k=11)/J5(2¥) (4)
are s-positive.
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g-Log-concavity of (N,(n, k)),>0

Lemma (using hook-content formula):
Forany r > 1, let

X, ={¢.¢....d ", X' ={c"q? gL
Forany m >n >1and k > 1, we have
¢ s gk—1.1) (Xn—1)5(0k) (Xm) — @™ 5(2h—1 1y (Xm)s(aky (Xn_1)
= 7 (s(arm1 ) (Kn-1)5(0) (Xm) = (a1 1) (Xm)sa1) (Xn-1)

and

2(n—1)

q 8(2k—1) (Xn—l)s(gkz) (Xm) — q2m3(2k—1) (Xm)3(2k) (Xn—l)

Kt (s 1y (X )s(om) (Xim) = s(ar-1y (XD samy (X 2) )



g-Log-concavity of (N,(n, k)),>0

Forany m >n > 1, let
Am.n(q) = Ng(m, k)Ny(n, k) — Ny(m + 1,k)Ng(n — 1, k).
By Brandén’s formula, we have
Amin(@) = 8(ory(Xm)3(any (Xn) = 8(g0) (Xmt1)5 o0y (Xn—1),
which equals
(2 (Xm) (5(aky (Xn-1) + " L5011y (Xn—1) + " Vs gr1y (Xn-1))

— (S(Qk)(Xm) + " sak—1 1)(Xm) + q2m3(2k—1)(Xm)) S(2k)(Xn—1)

= (qn_ls(gk_l,l) (Xn—l)S(Qk:) (Xm) — qu(Qk_l,l) (Xm)8<2k) (Xn—l))

+ (q2(”_1)8<2k—1)(Xn—1)5(2k)(Xm) - q2m5(2k—1)(Xm)S@’“)(X”—l)) '

51



g-Log-concavity of (N,(n, k)),>0

Therefore, A,, »(q) equals

gt 1 (S(zk—1,1)(Xn—l)S(zk)(Xm) — 3(2k—1,1)(Xm)3(2k)(Xn—1)>
+q2k(m+n_1) (S(zk—l)(X;_ll)S(Qk)(X;zl) - 5(2k—1)(Xn_11)5(2k)(X;—11))
= ¢" s (or—1 1) (Xn—1)8(2k)(2)
+¢* ! 2_5C(2k—1,1) 87(2) (S(Qk—1,1)5(2k)/J - 3(2k—1,1)/J5(2k)) (Xn—1)
+g2kmAn=Dg 1y (X, 11808y (Z271)
+q2Rm A= o1y (X1 1)sak-1,1) (27 )51y (X 11)

PR 57 (or—1y 51(2) (S(Qk—1)5(2k)/1 - 3(2k—1)/15(2k)) (X0,

where z = {¢»1,...,q71yand z-1 = {¢'-",..., ¢~ ™}.

52



Thank You!
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