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Unimodal and log-concave sequences

Def. Let {ag,a1,...} be a sequence of nonnegative numbers.
It is unimodal (UM) if ag < - < apm_1 < Gy > Qg1 > -
e m is called a mode of the sequence.

It is log-concave (LC) if a;_1a;11 < a? for all i > 0.

o LC — {‘“H} |— UM.

Ex. (7),(}),-.-,(}) has a mode n/2 or two modes (n =+ 1)/2.

Combinatorialists love to prove that counting sequences are unimodal.

— D.Zeilberger



Generating functions
Newton Inequality Suppose that f(z) =Y. ,a;x* € RZ. Then

(t+1)(n—i+1)

(%)

2
a; 2> Q; 10541

If a; > 0, then ag,...,a, is LC and UM with at most two modes.
e Euler version: f(z)=>"_(")aiz’ € RZ = ai > a;_1a;41.
2
Proof. (x) = —iy > A=l ikl
F = 2 )
e Denote by RZ the set of real polynomials with only Real Zeros.
(Such polynomials are called hyperbolic.)
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Darroch Thm. |If f(z) = Y1 jaix* = an[[._ (z + ;) € RZ,
where 7; > 0, then

Imode (a;) — M| < 1,

where

e Benoumhani version: |M | < mode (a;) < [M|.

Ex. >, ,(M)z'=(x+1)" M=2

()



Zeros of the derivative
Prop. If f(z) =ag+ a1z + asz® + -+ - + a,x" € RZ, then

Df := f'(x) = a1 +2asx + -+ + na,x" 1 € RZ.
Proof. (1) (z —7)™||f(z) = (=)™ f'(=).
(2) (Rolle) f(a) = f(b) =0= f'(c) =0 for some c € (a,b). [

e Gauss-Lucas Thm. The convex hull of the zeros of a polynomial
f(x) contains all the zeros of its derivative f'(x).

Ex. Let f(z)=(z+1)*(x+5), ri=ro=r3=—1,r4= -5
Then fl(x) =4(x+1)%*(x+4), s1=s=—1,83=—4.
r4 S 83 =73 = 52 S T2 < 51 ST
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Proof of Newton Inequality.

f(x) =a, 2"+ - +aj 12 faxt a2 4+ Faix+ag € RZ
_|_

pli—1) (z—l—l)

*

— (i — 1)!ai_1aj”_i+1 +ila;x™ "t + @aiﬂxn_i_l + ... € RZ

(n=i=1) (1 VI(n—; ! : 1 l(n—i—1)!
P U 1)!(2 +1)'ai_1az2—|—z!(n—1)!aix—l—( +1)'(2 1)'a¢+1 c RZ

— a? > ai_laHl(iﬂ)(”_.Hl). (discriminant > 0) L]

i(n—1)

o If f(x) =a,z"+---+ar1x+ag € RZ, then its reciprocal polynomial

A (x) = 2" f(1/x) = apz™ + ayz" " +--- + a, € RZ.



Prop. Let f(x) =a¢o+ a1z + -+ a,x™ € RZ, where ag, a, # 0.
Then for 0 <1 < n,

ia? > (i + 1)ai_1ai41.
So no two consecutive coefficients of f can be equal to zero.

Proof. Let r1,...,7r, be all zeros of f. Then
mn
aj — 2apas = ag Z 7“,{_2 > 0.
k=1

The statement follows by applying this inequality to

- , 2! 1+ 1)!
D’ 1f:(z—1)!ai_1+iaix+( 51 )ai+1:1;2—|—..., L]
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Lemma |If g(x) € RZ, then for any r € R,
(D —1)g:=¢'(x) —rg(z) € RZ.

Proof. Apply Rolle theorem to ¢'(z) — rg(z) = €™ [e "%¢(z)]. LI
Hermite-Poulain Thm. If f(2) = ag+aix+asx*+---+a,z" € RZ,
then for arbitrary g(z) € RZ,

f(D)g := aog(x) + arg'(x) + azg”(x) + - - + ang™(z) € RZ.

Proof. Let f(x) =ay, |[[(x —1r;). Then f(D)=a, [] (D —1;). [
i=1 i=1



Laguerre Thm. If f(z) = ag+aix+asx®+---+a,z™ € RZ, then

F(x) = ao+ﬁx+%xz+---+%x”€f{z.
1! 2! n!

Proof. Let f*(x) := a™f (%) = Qp + Ay 1T + - + a1z + agz™
and g(x) := g;_?:/ Then by Hermite-Poulain Thm.,

f(x) e RZ= f*(x) e RZ= F(x) = f*(D)g € RZ. [



Composition of polynomials

Schur Thm. Let f(z) =Y ax* € RZ,g(x) = > bz’ € RZ and
zeros of g(x) have the same sign. Then

(f @g Zk'akbkx c RZ.

Malé Thm. (f -9)(x) =" apbrx® € RZ.

Schur-Szego Thm. Let f = Z ( )azaz c RZ,g = i (’Z)bzazz c RZ
1=0

and zeros of g(x) have the same sign. Then

(f *g)(x) := En: (j) a;bix’ € RZ.

1=0



Multiplier sequences

Def. Let {7;}."°° be a sequence of real numbers. Define a linear
operator I on R|x]| by

I'(ap + a1z + -+ apz™) = yoa0 + V1017 + - - - + Ynanz”.

We say that {v;}.-  is a multiplier sequence (MS) (of the first kind)
if f(x) € RZ |mp||es I'(f) € RZ.

Ex. {0,1,2,3,...}: f=>aix'€RZ= zf =) ia;x* € RZ

Ex. {1,%,%,%,...}: S a;x ERZ:>Z—x e RZ.
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Prop. Let~vy,7,...,7%n,... be a multiplier sequence. Then
(1) YeyYea1y---sVkin,--- is also a multiplier sequence;
(2) V7 > vie1vis

(3) Yi—1YVi+1 > 0;
(4) 'Yz‘:O:>%+1:%+2:-~:O.
Proof. (1) Let f(x) =ag+arx+---+ apx™ € RZ. Then

agYVi + 1Yk 1T + - + A Vpan® B = P [azkf(x)] € RZ.
I [ (513 + 1) } (’%’4.15132 + 2v;x + ’}/i_l)ZUi_l € RZ — ’}/ZQ > Yie1Yit1-
[ (! =27 1) = (yip2? = vic1)2' ™" € RZ = 71701 > 0.

(4) (2)+3) = (4).
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Pélya-Schur Thm. (transcendental characterization)

Let {%}Z:S be a sequence of non-negative real numbers and ~g # 0.
Then it is a multiplier sequence if and only if

Z% k

Is a real entire function which can be written as

—+ o0

6(2) = ce= [T (1 + by2),

k=1

where a > 0,b; > 0 and Z:ﬁi br. < +00.
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P6lya-Schur Thm.(algebraic characterization) A sequence {74}, °°
of real numbers is a multiplier sequence if and only if the zeros of

C(14+2)" = Z (Z)”ykxk, n=123,...
k=0

are all real and of the same sign.

Proof. <= Let >.,_,axx"™ € RZ. Then by Schur-Szegd Thm.,
- k — (n n\ k
,;)%akx = ,;) (k)w (k) arr” € RZ. |
A key result on the boundary between algebra and analysis. — Boas
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Totally positive matrices and Pdlya frequency sequencess

Def. An infinite matrix is TP if its minors are all nonnegative. Given
an infinite sequence {ag, a1, as, ...}, define its Toeplitz matrix

( ap a1 as as - \

ap a1 a9
A= (aj-i)ijzo= 1| O ap a1
aop -
A finite sequence {ag,a1,...,an} = {ag,a1,...,a0,,0,0,...}.

Def. The sequence {a;} is PF if the matrix A is TP.
¢ PF—LC=UM.
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Schoenberg-Edrei Thm. Let a; > 0. Then

- <11+ ajz
ag — 1,a1,a2, ... Is PF «— Zaix@ — ‘--:721( J )
1>0 ----jZl(l —ﬁjx)

where v, aj, 3; > 0 and > (a; + ;) < 0.
e Basic PF sequences:

(1) 1+ axz;

2 n
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Aissen-Schoenberg-Whitney Thm. Let a; > 0. Then

n
ag,...,a, 1s PF < Zaixi c RZ.
i=0

Ex. ap, a1, as is PF <— a% > 4agas.

e Kurtz Thm. Let a; > 0. If a? > 4a;_1a;41, then

mn
Z a;x’ € RZ.
i=0
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Interlacing and alternating of polynomials

VAN

Suppose that  f(z) =a][l_(x —1), ™ <---<1r

and g(x):ﬁH;‘ll(x_‘Sj)? Sm < o0 < Sy

We say that g interlaces f if m =n — 1 and

Thn < Sp—1 S Tpo1 < - <1rg <51 <171,

We say that g alternates f if m = n and

Ex. feERZ= f'<iwfi fEPF= f<avaf
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Linear combinations of polynomials
Prop. ¢g(x) X f(x) < af(x) + Bg(z) € RZ for any o, 3 € R.
Def. A polynomial is standard if its leading coefficient is positive.
Thm. (Wang & Yeh, J. Combin. Theory Ser. A, 2005)

Suppose that f, g are standard and g < f. If ad < bc, then
(ax +b)f(z) + (cx + d)g(x) € RZ.
Coro. Suppose that f,g € PF and g <t f. If ad > be, then

(ax +b)f(z) + x(cx + d)g(x) € RZ.
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Polynomial sequences with only real zeros

Ex. The Stirling number of the second kind S(n, k) is the number
of partitions of the set [n] into k£ blocks. Clearly,

S(n,k)=kS(n—1,k)+Sn—1,k—1), S5(0,0)=1.
Define the Stirling polynomial S, (z) = >_7_, S(n, k)z*. Then
Sn(x) = xS, _1(x) + xS, ()

with So(x) = 1. Harper showed that S, (z) € RZ by induction on n.
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Ex. Let m be a permutation in the symmetric group S,, on [n|. An
element ¢ € [n| is called an excedance of 7 if w(¢) > 7. Denote by
exc () the number of excedances of . For example, exc (24351) = 3.
Define the Eulerian polynomial Ag(g) = 1 and

An(q) = ) qoc™Th,

TESH

Then A1(q) = q, A2(q) = q + ¢° and
An(q) = ngAn—_1(q) +q(1 —q)A;,_1(q).

It is well known that A,,(q) € RZ for n > 1.
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Sturm sequences of polynomials

Def. Let {P;(x)} be a sequence of standard polynomials. It is called
a Sturm sequence if P; € RZ and P; Xin¢ P11 for all n.

Prop. {P;(z)} is a Sturm sequence <= P, 1(r)P;11(r) < 0
whenever P;(r) =0 and ¢ > 1.

Ex. The classical orthogonal polynomials sequence {p,,(x)} satisfies

Prnt1(2) = (an + bp)pn(x) — cnpn-1(z)
with p_1(x) = 0 and po(x) = 1, where a,,c, > 0 and b, € R.

A standard result in the theory of orthogonal polynomials is that for
each n > 1, the zeros of p,(x) are real, simple, and strictly interlace
those of p,r1(x). In other words, {p,(x)} forms a Sturm sequence.
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Sturm chains and Sturm theorem

Sturm Thm. Let P be standard. Apply Euclidean algorithm to
Py = P and P; = P’ to obtain {P;} (Sturm chain of P):

P(z) = q(z)Pi(z) — Pa(x)
Pi(z) = q(z)P(z) — P3(x)
Py a(r) = qu1(2)Pr1(x) — Pr(z)
Pk_l(ilj) — qk(CIZ)Pk(CIZ)

Then P € RZ <= P, are standard and deg P, = deg P;,_; — 1.
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Ex. Given P(x) = 2* + Ta® + 172% + 172 + 6, let Py(z) = P(x)
and P (z) = P'(x) = 42° + 212% + 342 + 17. Then

1 1
Py(z) = 1_6(4x +7)Py(z) — 1—6(11332 + 34x + 23)
Py ()
16 128
Ps(x)
121
Py(x) = ¥ 128(11:13 + 23) P3(x)

It follows that P(x) € RZ. Actually, P(z) = (v + 1)*(z + 2)(x + 3).
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F(z) = a(x)f(z) + b(z)g(x)
Thm. (Liu & Wang, Adv. in Appl. Math., 2007a)
Let F(z) = a(x)f(x) + b(x)g(xz). Suppose that
(1) fgeRZand g< f;
(2) F' and g are standard;
(3) degF =deg f or deg f + 1.
If b(r) < 0 whenever f(r) =0, then F'€ RZ and f < F.
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Ex. (1) Orthogonal polynomials: p_1(z) =0,po(x) =1 and
Pn() = (anT + by)pn_1(x) — cnpn_o(x), apn,cn, > 0.
(2) Stirling polynomials: Sp(x) =1 and
Sn(x) = xSp_1(x) + x5, (x).
(3) Eulerian polynomials:  Ag(x) =1 and
Ay () =nzA,_1(2) +2(1 —2)A _{(x).
(4) Narayana polynomials: Ni(z) = x, No(x) = x + 22 and

(n+1)N,(z) = 2n — 1)1 +2)N,_1(2) — (n —2)(1 — 2)°N,_a(2).
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Thm. (Ma & Wang, 2008)

Let f, F' be standard and F(x) = a(x)f(x) + b(x)f'(z). Suppose
that f € RZ and b(r) < 0 whenever f(r) = 0. Then F' € RZ and
f < F. Furthermore, if (x — r)™||f, then (z — 7)*||F’, where

(m—1, ifb(r) 0.
{ =1 m, if b(r) = 0 but a(r) +mb'(r) # 0.
om+1, if b(r) =0 and a(r) + mb'(r) = 0.
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Thm. (Ma & Wang, 2008)

Let f, F' be standard and F(x) = a(x)f(x) + b(x)f'(z). Suppose

) +
that f € RZ and b(r) < 0 whenever f(r) = 0.
(1) Assume that f € RZ(—o0,t], where t is the largest zero of f,
with the multiplicity m. Then F' € RZ(—o0,t| if and only if b(t) =0
and a(t) +mb'(t) > 0.

(2) Assume that f € RZ[s,+00), where s is the smallest zero of
f, with the multiplicity m. Then F € RZ|s,400) if and only if
deg F' = deg f, or b(s) = 0 and a(s) + mb'(s) <0.
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Ex. (Wagner's T-linear transformation)

Llet F=(x —«a)f +xf and f € RZ(—00,0]. Then

(1) F €RZ

(2) Let 2™||f. Then F' € RZ(—o0,0] if and only if a < my.
(3) Furthermore, 2™||F if & # m, and 2™ F if a = m.
Ex. (Brandén's E-linear transformation)

Llet FF = (x —a)f +x(x+1)f". Then f € RZ[—1,0] implies that
F € RZ]-1,0] and f < F.
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Ex. (Alternating Runs)

Rpto(x) = x(nz + 2)Ryy1(z) + o (1 — 2?) Ry 1(x), Ri(z)=1.

z\n—1 n —w
Knuth: R, () = (142)" " (1 4+ w)"+ A4, (52), w
Wilf: R, (z) € RZ[-1,0].

n

Bona: The multiplicity of the zero x = —1 is bJ — 1.
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Ex. A,ii1(x;q9) = (nx+q)An(z;q) + (1 —x)Al (x;q), Ay=1.
Brenti: A,(x,q) € RZforq>0! A,(x,q) € RZ for q € Z77
Brindén: Let E,(z:q) = (1 + 2)"A, (1%? q). Then
Ent1(z;9) = q(1 + 2)En(z59) + 2(1 + 2) B, (75 9).
(1) If ¢ > 0, then A,,(x;q) have nonpositive and simple zeros.
(2) f n+¢q <0, then A,,11(x;q) € RZ[1,400).

(3) If ¢ € Z~, then A,(x;q) € RZ|1,+00) and (x — 1)™||An(x;q)
where m = max{n + ¢, 0}.
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F(z) = a(z)f(z) + bi(z)g1(x) + - - + bp(x) g ()
Thm. (Liu & Wang, Adv. in Appl. Math., 2007a)
Let F(x) = a(x)f(x) +bi(z)g1(x) + - - - + br(z)gr(x). Suppose that
(1) f,g;, € RZ and g; < f for each j.
(2) F and gq,...,gx are standard.
(3) degF =deg f or deg f + 1.

If b;(r) < 0 for each j whenever f(r) =0, then F € RZ and f X F.
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Ex. 1. Matching polynomials:

M(G,z) =2zM(G - {v},z) = > M(G - {v,u},z).

u~v

2. Heilmann-Lieb partition functions: W > 0 and

Q(G,x) =2Q(G — {v}, «x ZWuv QG —{v,u},x).

3. Brenti derangement polynomials: dy(q) = 1,d1(q) =0 and

dn(q) = (n = 1)qdn—1(q) + q(1 — q)d;,_1(q) + (n — 1)qdn_2(q).
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F(z) = a(z)f(z) + b(x)g(x), G(x) = c(z) f(z) + d(z)g(x)
Thm. (Liu & Wang, Adv. in Appl. Math., 2007)
 (2) - (4 ) () =
(1) f,geRZandg<x f.

(2) F,G, f,g are standard.
(3) degF = degG or deg G + 1.
(4) a(x)d(z) — b(z)c(x) > 0 whenever G(z) = 0.

Suppose either that ¢(x) = ¢ > 0 and degG < degg + 1 or that
d(x) =d >0 and degG < deg f. Then F,;G € RZ and G X F.
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Coro. (Wang & Yeh, JCTA, 2005)

Let F(z) = (ax + b)f(x) + (cx + d)g(x). Suppose that
(1) f,geRZand g < f.

(2) f and g are standard.

If ad < bc, then F(x) € RZ.

Proof. Let G(z) = af(x)+cg(x). Then F,G € RZand G X F. [
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Ex. Leta,b,c,dc RT. Suppose that f, g are standard and g < f.

1.

2.

If ad > bc, then cf+dg < af +bg. In particular, g < af+bg < f.

If af — bg is standard, then c¢f + dg < af — bg. In particular,
f)g < Cl,f o bg

. If —af+bg is standard, then —af+bg < cf +dg, and in particular,

If af — bg and c¢f — dg are standard, then ad < bc implies that
cf —dg <af — bg.

35



Ex. Given a finite graph G and a nonnegative integer k, let v(G, k)
denote the number of distinct embeddings of the graph G into an
oriented surface of genus k. Define the genus polynomial

GP(G,x) =) (G, k)z".

Gross-Robbins-Tucker Conjecture. ~(G, k) is log-concave in k.
Stahl Conjecture. GP(G,x) € RZ.

Stahl considered the H-linear family of graphs obtained by consistently
amalgamating additional copies of a graph H. For such a family
{G,}, there is a square matrix M and vector v with entries in Z|x]
such that the genus polynomial of GG, is the first entry of M™v.
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Stahl Example.

4 2 1
1. M1 = (6213 O), V1 = (ZC)
0 4 1
2. M2 — (233 2), Vo = <1)
B 2+3x 1 B 14+
3. M3—4( A 2:1:), U3—2(2x )

3x 3 2
4 M4_6<2:1: 1—|—3x>’ "’4_2(1+x)'

5 A — 192x 96 + 283x B
5T 72419222 2442882/ T\ 64+ 30x

o . _ [ 8+68z  4+162 (24 U4z
' 67 \ 322 + 4822 16x Y67 | 8y + 822
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a C

; d) where a,b, c,d € R|x].

Stahl Question. Let M (x) = (

1. Under what conditions can it be guaranteed that if (f(x), g(x)) is
a pair of polynomials whose zeros interlace, then so do the zeros

of the two components of the vector (f(x),g(x))M (x) interlace?

2. Under what conditions can it be guaranteed that the zeros of each
of the entries of M*(x) are all real for k =1,2,....

ar Ck

k __
o Let M _(bk d,

). Then (agi1,ck11) = (ag, cx) M.
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~ (a(z) c(z) : . .
Coro. Let M = (b(a;) d(x)) be a nice matrix of polynomials:

(1) dega < 1,degb < 2,degd <1 and c is a positive constant.
(2) det(M) >0 for x < 0.

Suppose that f,g € PF and g < f. Then

1. If(F,G)=(f,g)M, then F;G € PF and G X F.

2. If (G, F\)t = M(g, f)!, then F|,G, € PF and G; < F.

3. Each entry of M* has only real zeros for k =1,2,....

Proof. F =af +bgand G = cf + dg.
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Stahl Example. The matrices My, M5, M3, M, are nice and M5, Mg
can decompose into the product of two nice matrices

3 4+ 12z 8 0 1
Ms = 24(1—|—12x 3+8:13> (:1: 0)’

(0 1\ [/8+12z 4
Ms = 4(:1: o) (2—|—17a: 1—|—4az)"

For 1 <1< 6,1}2(1) <0\, so every entry of MFuv; is in RZ.

1
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Open problems

Characterize all real polynomial matrices that can be decomposed
into the product of finite nice matrices and find an algorithm of
decompositions for such matrices.
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