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1 | Definition
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Let g and f be two integer-valued functions defined on V' (G). A span-
ning subgraph F of G is called a (g, f)-factor if g(x) < dp(z) < f(z)
holds for all z € V(F). A (g, f)-factor is called a f-factor,k-factor if
g(x) = f(x),9(x) = f(x) = k. In particular, 1-factor is also called
perfect matching. Go Back
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e fractional factor of graph Let 1 : £(G) — [0, 1] be a function. A func-
tion £ is called a fractional (g, f)-factor if and only if g(z) < h(E,) < e
f(z) holds for any vertex x € V(G), where h(E,) = >  p h(e), Tilo Page |
E, = {e € E(G)le isincident with x in £(G)}. If g(z) = f(x) or S| >
g(z) = f(x) = k, then a fractional (g, f)-factor is called a fractional f-
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factor or a fractional k-factor. In particular, a fractional [0,1]-factor is _< ||
also called a fractional matching and a fractional 1-factor is also called Page 30/ 16|
a fractional perfect matching GoBack |
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e toughness
A graph is t-tough if for any S C V(G) and w(G — S) > 1, we have

S| > tw(G - 5)
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holds where w(G — S) denotes the number of components of G — S.
A complete graph is ¢-tough for any positive real number ¢. If GG is not

complete, there exists a largest ¢ such that G is ¢-tough. This number is L]
called the toughness of G and denoted by ¢(G). < |0
We define ¢(K,,) = oco. If G is not complete, Page 4016 |
‘ ‘ S| Go Back |
t(G) = ——|SC V(G G—95)>2}
( ) mln{w(G —_ S) | - ( )’ CU( ) - } Full Screen |
The toughness of a graph was first introduced by Chvatal. e
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2 Some results

e Since then a lot of research has been done. mainly relating
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e toughness conditions to the existence of cycle structure. Most of these
are still open.
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e Another stream involved finding toughness conditions for the existence ||

of certain factors of graphs. Page 5o 16|
| oo |

Go Back

e Research on toughness has also focused on computational complexity Futswen_|
issues. We now know that it is NP-hard to compute the toughness of a
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* main reSUItS Home Page

[ stz |
e Theorem 1(H.Enomoto) Let G be a graph. If G is k-tough, |V (G)| > k+1 Tile Page |

and k|V (G)| is even, then G has a k-factor. « | »
The result was originally a conjecture by Chvatal and is sharp since for <« | »

any positive real number ¢, there exists a graph G that has no k-factor
With t(G) Z k = Ec Page 6 of 16 |
oot |
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* Another toughness
Another toughness was Defined
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if G is not complete. Otherwise 7/(G) = co. RN

7(G) = min{w

- » |
|
ObViOllSly T/(G) > t(G) Page 7 of 16
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H.Enomoto improved Th for £ = 1, 2 and sufficiently large number of ver-
tices for k.
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* Theorem 2 (Katerinis) Let a < b and G be a graph .
(b—a)®+2(b—a) _
1) Suppose that ¢(G) > T when b = a(mod2) and t(G) >
(b+a)2+fa(b_a)+1 otherwise. If f is an integer-valued function such that
a < f(z) <band f(V(G)) = 0(mod2). then G has an f-factor.

2) If a < bor bn is even, hen G has an [a, b]-factor if ¢(G) > a + § — 1.
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Progress has also been made on the relationship between toughness and (k, n)-

factor critical graphs for £ = 1, 2, 3.
Also t-edge toughness was introduced by Katona.
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* toughness and fractional factors Recently many authors are studying frac-
tional factors. G.Liu and L. Zhang discussed the sufficient condition of
fractional k-factors with k£ > 1 related to toughness.

Theorem 3(Liu and Zhang) Let G be a graph with |V (G)| > 2. Then G
has a fractional 1-factor if t(G) > 1.

Theorem 4(Liu and Zhang) Let k > 2 be an integer. A graph G has a

fractional k-factor if t(G) > k — %
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They also give two important lemmas.
Lemma 1 Let G be a graph and let H = G[T] such that dg(x) = k—1 for every
x € V(H) and no component of H is isomorphic to Ky where T' C V(G) and
k > 2. Then there exists an independent set I and the covering set C =V (H)\ I
of H satisfying

1 1

< (i < (k— 1 =]
V)| < (k= =DM, 101 < (k=1= =l

Lemma 2 Let G be a graph and let H = G|T] such that 6(H) > 1 and
1 < dg(xr) < k—1foreveryx € V(H) where T C V(G) and k > 2. let
Ty, -+, Tx_1 be a partition of the vertices of H satisfying da(x) = j for each
x € T; where we allow some T} to be empty. If each component of H has a
vertex of degree at most k — 2 in GG, then G has a maximal independent set |

and a covering set C' =V (H) \ I such that

k—1 k—1
Z(k—j)cj <) (k=2)(k-5)i;

where c; = |C NT}j| and i; = |I NT}| foreveryj =1,--- k — 1.
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we consider the relationship between the toughness and the existence of frac-
tional f-factors.

Theorem 5 Let G be a graph and f an integer-valued function on V (G) sat-
isfying a < f(x) < bwithl < a < bandb > 2 foral x € V(G). If
t(G) > % — bJ“Tl then G has a fractional f-factor.

Obviously, we can obtain the above results witha = f(z) = bforall x € V(G).
Our result is also sharp in the sense of f(z) = k forall x € V(G).
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* Liu and Ma’s isolated toughness G. Liu and Y. Ma defined a parameter
isolated toughness of a graph
|51

I(G) = min{m : S CV(G),i(G—95) > 2},

if G is not complete, where i(G — S') denotes the number of isolated vertices
of G — S; I(G) = oo, if G is complete. Obviously, I(G) > t(G).
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* An isolated toughness in Bipartite graph
we defined a new isolated toughness in Bipartite graph
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I(G) = min{—121 . 5 C XorY,i(G—9) > 2} e
! | » |

||
_Page 40116
_ codaok |

(G =5)

where G is not a complete bipartite graph. Otherwise /'(G) = cc.

We apply this parameter to characterize (g, f)-factors in bipartite Page 14 of 16
graph and obtain some sufficient conditions related to the new tough-
ness for a bipartite graph to have (g, f)-factors.
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Our main results are as follows.
Theorem 6 Let G = (X, Y, E(G)) be a bipartite graph and g, f be two positive
integer-valued functions defined on V(G) such that a < g(z) < f(z) < b

for all x € V(G), where a,b are integers and 2 < a < b. Let | X| = |Y]| =
n > WDl 5(G) > band f(X) = f(Y), 9(X) = g(Y). ¥f

I'(G) > W=Dl ypen G has a (g, f)-factor:

an

Theorem 7 Let G = (X, Y, E(G)) be a bipartite graph and g, f be two positive
integer-valued functions defined on V (G) such that a < g(x) < f(x) < b for
all v € V(G), where a,b are integers and 1 < a < b. Let | X| =|Y| =n >

(a+b+2§é&—|—b—2), f(X) — f(Y) andg(X) — g<Y) IJC ]/(G) > W_ll—a—b’ then

G has a (g, f)-factor.
Furthermore, these results are proved to be sharp in some sense.
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