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WEIGHTED SUM FORMULA FOR MULTIPLE ZETA VALUES
LI GUO AND BINGYONG XIE

ABSTRACT. The sum formula is a basic identity of multiple zeta values that expresses a
Riemann zeta value as a homogeneous sum of multiple zeta values of a given dimension.
This formula was already known to Euler in the dimension two case, conjectured in the
early 1990s for higher dimensions and then proved by Granville and Zagier independently.
Recently a weighted form of Euler’s formula was obtained by Ohno and Zudilin. We
generalize it to a weighted sum formula for multiple zeta values of all dimensions.

1. INTRODUCTION

Multiple zeta values (MZVs) are special values of the multi-variable analytic function

(1) C(51>"' ,Sk) = Z %sk

n N
ny>-->nE>0 1 k

at integers s > 2,s; > 1,1 < @ < k. Their study in the two variable case went back
to Goldbach and Euler [2I]. The general concept was introduced in the early 1990s, with
motivation from both mathematics [15] [33] and physics [5]. Since then the subject has been
studied intensively with interactions to a broad range of areas in mathematics and physics,
including arithmetic geometry, combinatorics, number theory, knot theory, Hopf algebra,
quantum field theory and mirror symmetry [2 [3, O] 14], 16, 18, 201 23], B0, 32].

A principle goal in the theoretical study of MZVs is to determine all algebraic relations
among them. Conjecturally all such relations come from the so-called extended double
shuffle relations. But there are no definite way to exhaust all of them and new identities of
MZVs are being found steadily [3], 6], 13, 19} 28], 35].

One of the first established and most well-known among these identities is the striking
sum formula, stating that, for given positive integers k and n > k + 1,

(2) > (515, 58) = ((n),

s;21,8122,81++sp=n

suggesting intriguing connection between Riemann zeta values and multiple zeta values.
This formula was obtained by Euler when k& = 2, known as Euler’s sum formula [7]

3) " C(in — i) = C(n)

1
=2

which includes the basic example ((2,1) = ((3). Its general form was conjectured in [16]
and proved by Granville [I0] and Zagier [34]. Since then the sum formula has been gen-
eralized and extended in various directions [4, [0 19, 22 24, 25, 26, 27, 29]. Ohno and

Zudilin [28] recently proved a weighted form of Euler’s sum formula (the weighted Euler
1
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sum formula)

n—1

(4) > 2¢(in—i) = (n+1)¢(n), n>2,

1=2

and applied it to study multiple zeta star values.
In this paper we generalize the weighted Euler sum formula of Ohno and Zudilin to higher
dimensions.

Theorem 1.1. (Weighted sum formula) For positive integers k > 2 andn > k+ 1, we
have

k—1
Z [251—1 + (251—1 o 1)(( Z 25’1'—81—(2'—1)) + 25’1@71—81—(19—2))](’(81’ e ,Sk) = nC(n)’
1=2

s; 21,5122
S1+-+Ssg=n

where S; =s1+---+s; fori=1,--- k—1.

See Theorem for a more concise formulation. When k = 2, this formula becomes

—_

n—

(2" = 1)¢(i,n — i) = nC(n),

||
N

i

which gives Eq. (@) after applying Eq. ([B]).

After introducing background notations and results, we prove our weighted sum formula
in Section 2l by combining sum formulas for the quasi-shuffle product, for the shuffle product,
as well as for MZVs in Eq. ([@). The proofs of the sum formulas for the quasi-shuffle and
shuffle product are given in Section B and Section [ respectively. In the two dimensional
case [28], the sum formula for the shuffle product was derived from Euler’s decomposition
formula. We have generalized Euler’s decomposition formula to multiple zeta values [13].
Instead of applying this generalization directly, we obtain the sum formula for the shuffle
product by induction.

Acknowledgements: Both authors thank the Max Planck Institute for Mathematics
in Bonn for providing them with the environment to carried out this research. They also
thank Don Zagier and Wadim Zudilin for helpful discussions. The first author acknowledges

the support from NSF grant DMS-0505643.

2. DOUBLE SHUFFLE RELATIONS AND THE WEIGHTED SUM THEOREM

After introducing preliminary notations and results on MZVs in Section 2.1 we prove
the weighted sum formula (Theorem [[I]) in Section by applying several shuffle and
quasi-shuffle (stuffle) relations in Section 22l The proofs of these relations will be given in
the next two sections.
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2.1. Double shuffle relations of MZVs. As is well-known, there are two ways to express
a MZV:

(5) C($1>"',Sk)3 = Z ﬁ

ny>-->ng 21

(6) / / / N lfldttll -“fﬁﬁt%

for integers s; > 1 and s; > 1. Here

f(t): 1—tj, j:81781+827"'751+"'—|—8k,
’ ty otherwise.

The product of two such sums is a Z-linear combination of other such sums and the product
of two such integrals is a Z-linear combination of other such integrals. Thus the Z-linear
span of the MZVs forms an algebra

(7) MZV := Z{((s1,- - ,s) | i = 1,51 > 2}.

The multiplication rules of the MZVs reflected by these two representations are encoded
in two algebras, the quasi-shuffle (stuffle) algebra for the sum representation and the shuffle
algebra for the integral representation [16], 20].

For the sum representation, let H* be the quasi-shuffle algebra whose underlying additive
group is that of the noncommutative polynomial algebra

Lz, | s> 1) = ZM(z, | s > 1)

where M (z, | i > 1) is the free monoid generated by the set {z;|s > 1}. So an element of
M(zs | s = 1) is either the unit 1, also called the empty word, or is of the form

Zop sy 1= Zey 2en 85 2 1,1 <<k k> 1.

The product on H* is the quasi-shuffle (also called harmonic shuffle or stuffle) product [2,
[16, [I7] defined recursively by
(8) (zru) * (25,0) = 2ny (u* (26,0)) + 26, (20, 0) % V) + 245, (uk 0), w0 € M(2 [ 52 1)

with the convention that 1 xu = u*1 = u for u € M(zs | s =2 1). In the quasi-shuffle
algebra (H*, %) there is a subalgebra

9) ¥ :zZ@(@Zzsl---zsk> C H~.
s1>1

Then the multiplication rule of MZVs according to their summation representation follows
from the statement that the linear map

(10) T HE— MZV,  zg s, C(s1,- 0, SE).

is an algebra homomorphism.
For the integral representation, let H™ be the shuffle algebra whose underlying additive
group is that of the noncommutative polynomial algebra

Z<LEO, ZL’1> = ZM(SL’O, ZL’l)
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where M (zg,x1) is the free monoid generated by zy and x;. The product on H™ is the
shuffle product defined recursively by

(11) (auw)w (bv) = a(uw (bv)) + b((au) wv),a,b € {xg,x1},u,v € M(xo,x1)

with the convention that uml = lwu = u for u € M(x,x;). In the shuffle algebra H™,
there are subalgebras

(12) }C%l::Z@l'og'cml’lQ}C?Z:Z@}le’lgg{m.

Then the multiplication rule of MZVs according to their integral representations follows
from the statement that the linear map

(13) " HY — MZV, :Bgl_lxl . -x(s]k_latl — ((S1, , Sk)

is an algebra homomorphism.
There is a natural bijection of abelian groups (but not algebras)

14 CHY S HE, 11, 2 ey e
( n ) ) 0 0 1y

that restricts to a bijection of abelian groups
15 CHE S KL, 1ol a8 et ey oo
n 0 0 15758k

Then the fact that MZVs can be multiplied in two ways is reflected by the commutative
diagram

(16)

Hw ! 0k
o~ L

MZV

Through 7, the shuffle product w on H'' and H § transports to a product w, on H* and
H§. That is, for wy, wy € HE, define

(17) wy i, wy = (N~ (wr) my T (ws)).
Then the double shuffle relation is simply the set
{wy my wy — wy *wy | wy, we € Hg}
and the extended double shuffle relation [20, [30] is the set
(18) {wy my wy — wy * Wy, 21w, Wo — 21 kW | wy,wy € Hi}

Theorem 2.1. ([16 20, B30]) Let Igps be the ideal of H§ generated by the extended double
shuffle relation in Eq. (I8). Then Igps is in the kernel of *.

It is conjectured that Igps is in fact the kernel of (*.
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2.2. Proof of the weighted sum theorem. Let £k be a positive integer > 2. For positive
integers t1,--- ,tx_1, denote
k—1
Clty, - ,ty_1) = (Z ghittti=i) gttt —(k=1)
j=1
k—2
_ (Z 2t1+~~~+tj—j> + 2t1+"'+tk71_(k—1)+1.

J=1

(19)

They satisfy the following simple relations that can be checked easily from the definition:

(20) G(tl + 17 t27 T 7tk—1) = Qe(tla t27 T 7tk—1)7
(21) e(1>t27”' atk—l) - e(tQa >tk—1)+1
with the convention that C(ta, -+ ,tx—1) = C(0) = 1 when k = 2.
Using the notation C(t1,--- ,tx_1) we can restate Theorem [[T] as follows.

Theorem 2.2. (Second form of weighted sum formula) For positive integers k and
n>k+ 1, we have

(22) Z [e(tb T atk—l) - e(tZa e atk—l)]g(tla e atk) = nC(n)a
e

with the convention that C(ty, - ,tr_1) = C(0) = 1 when k = 2.

We will prove Theorem and hence the weighted sum formula in Theorem [[.1] by using
the following auxiliary Theorem [2.4] and Theorem 2.6l They are a type of sum formula on
the products * and m, respectively and are interesting on their own right. Their proofs
will be given in Section [B] and Section @] respectively.

We first display the sum formulas on the product *.

Theorem 2.3. For positive integers k > 2 and n > k, we have

(23) Z Zp ¥ Zsy s, = K Z 2oty + (M—k+1) Z Zug o g1 -

r,8; 21 t;>1 u; 21
r+s1+tsp_1=n t14Ftg=n urt-Fug—1=n

This theorem will be applied to MZVs through the following

Theorem 2.4. For positive integers k > 2 and n > k + 1, we have

E Zp K Zsy e spq

r,5i21,5122
r+s1+-+Sp_1=n

24 C Y a0 Y

ti>1t1=1,t2>2 ti21,t122,ta=1

t1+t+tp=n t1++tp=n
+k E 2yt + (TL - k) § : Ry, gy -
t; 21,01 22,12 22 u; 21lug 22

t14-+tp=n U+ tuUg—1=n
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The proofs of these two theorems will be given in Section Bl Similarly for the product
my , we have the following sum formulas.

Theorem 2.5. For positive integers k > 2 and n > k, we have

(25) Z Zp Iy 281,---78)6,1 = Z e(tl, U 7tk2—1)zt1,~“,tk'

rsi2lr+s1++sg_1=n ti21t1+-+t=n

Theorem 2.6. For positive integers k > 2 and n > k + 1, we have

E Ry Wy Zgy e 55 g

r,8; 21,5122
r+81+-+Sg_1=n

(26)
= Z [e(t17 e 7tk—1) - e(t27 e 7tk—1>]zt1,m,tk - Z 2ty ety
t;>1 ti=1ta=1
t1+-+tp=n t1+-+t=n

with the convention that C(tg,- -+ ,tx—1) = C(0) =1 when k = 2.

The proofs of these two theorems will be given in Section 4l Now we derive Theorem
and hence Theorem [[LT] from Theorem 2.4 and Theorem 2.6l

Proof of Theorem[2Z4. Regrouping the sums in Eq. (28) of Theorem [Z4] and applying the

summation relation
> > = > - X

t1=1,t2>2 t>2,ta=1 t1=1 to=1
t14-+tr=n t1+-+tp=n t1+-+tr=n t14+-+t=n

we obtain

E Zp ¥ Zgy,e s

r,8i21,8122
r+s1+F+Sp_1=n

= E : 2ty ety T k E Rty ety T E 2ty gty T (n - k) E Rug, ug_g -

ti21,t1=1 t; 21,6122 t; 21,t2=1 u; 21,u1 22
t14++tpr=n t1+-Ftg=n t1+Ftg=n ul+Fup_1=n

From this equation and Theorem we obtain

E : (ZT Wi Zs,ee 551 Ar ¥ Zslv'”vskfl)

r,8i21,8122
r+s1++Sp_1=n

= Z [e(th e 7tk—1) - e<t27 e 7tk—1> - 1]Zt1,---,tk

t;=>1,t1=1
t14+-Ftp=n

+ Z [e<t17 e 7tk—1) - G(t27 o 7tk—1> - k]ztl,--v,tk

ti =1, 22
1+ ttp=n

—(n—k) Z Zug e g1

u; 21u1 22
Ut U —1=n
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- Z [C(ty, -+ te1) — Clta, -+ 1) — Kz,
ti>1,t1 22
t1+-Ftp=n

—(n—k) Z Zug o g

u; 21u1 22
’U41+'"+’U4k,1:’ﬂ

by Eq. [I)). Since *(2y uy Zgy o s,y — 2r * Zsy e 5,y ) = 0, by Theorem ], this gives
Z [e(tla T atk—l) - e(tQa T >tk—1) - k]C(tla e >tk)

ti 21,6122
ti+ttp=n

= (n—k) Z Clun, -+ ug—1).

u; 2lu1 22
U1+t ug_1=n

The sum formula in Eq. (2) shows that

Z Cltr, -+ te) = Z Clur, -+ uk—1) = ((n).

ti=1,t1 22 u; 21u1 22
t1++t=n U+t up—_1=n
Therefore
Z [e(th 7tk—1) - e(t27 7tk—1)]<-(t17”' 7tk) :nc<n)7
t;>1,t1 22
t1+-Ftp=n
as desired. n

3. PROOFS OF THEOREM [2.3] AND THEOREM [2.4]

In this section we prove the two sum relations of the quasi-shuffle product.

3.1. Proof of Theorem We first consider the case when k = 2. By the basic relation
Zp ok Zg) = Zrsy + Zsir + Zrys, from Eq. (), we have

Z (Zr * 281) = Z Zrs1 + Z Zs1,r + Z sy

r,s121,r+s1=n r,s121,r+s1=n r,s121,r+s1=n r,s121,r+s1=n

= 2 Z Ztl,tz + (n — ]-)Zny

ti=1t1+ta=n

as needed.

In the general case we prove Eq. (23)) by induction on n. If n = 2, then & = 2 and we
are done. For a given integer m > 3, assume that Eq. (23) holds when n < m and consider
Eq. 23) when n = m and k& > 2. Since we have proved the case when k& = 2, we may
assume that k& > 3. By Eq. (®]), we have

Z (ZT * ZSl,"',SkA)

r,8;>1
r+s1+-+Ssg_1=n

= E : Zrsie,sp1 T E : ZSl('ZT*ZSzwwSkq)_'_ E : Rr4s1,82, ,Sk—1"

7,821 7821 7,821
r+s1+F+Sp_1=n r+s1+-+Sp_1=n r+s1++Sp_1=n

(27)
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In the second sum on the right hand side of Eq. ([21), for any fixed s; > 1, by the induction
hypothesis we have

E B K Zsg s

r,s;i =1, r+so++Sp_1=n—s1

=(k-1) Z 2y toy + (M —851 —k+2) Z LA

ti 21t 4+t _1=n—s1 u 2L ur 4 A up_o=n—s1

So the second sum becomes

Z Zs, (2 * 2‘/527“‘75/%—1)

r,s;>1
r+s1+so++Ssp_1=n

- (k - 1) Z Zs1,t1, et + (n G k+ 2) Z Rs1,u1, e Up—2

s1=1,t>1 s12lu; 21
S1+t1++tp_1=n S1tult-tup_o=n
= (l{} — 1) E 2ty by + (n — Uy — k + 2) E Zup e g
t; =1t -+t =n ui Z2Lur 4 Fup_1=n

For the third sum on the right hand side of Eq. ([27)), we have
E Frts1,se, i Sho1 E (w1 = 1)Zuy o s -
r,8i=1,r+s1++sp_1=n ui=1lu1+Fup_1=n

Therefore Eq. ([27]) becomes

E : Br K sy s,

r,8;=>1
r+s1+-+Sp_1=n

— Z 2ty et —+ Z (]{3 — 1)Zt1,m,tk

ti 2Lttt =n tizlti++te=n
+ E (n—uy —k~+2)2u; oy, + E (ur — D)2y ooy,
u; 2l ug+-Fug_1=n u; 2l ui 4 Fug_1=n
=Y ket Y =kt D
ti 21t 4 +tp=n ui 2Luri 4 Fup_1=n

This means that Eq. (23) holds when n = m, completing the inductive proof of Theorem 2.3

3.2. Proof of Theorem [2.4l We now prove Theorem 2.4l by applying Theorem 2.3 When
k = 2 we can verify Eq. (24]) directly by Eq. (8) as in the case of Theorem 23l For k > 3,

applying Eq. ([§) and Eq. (23]), we have

E Zr K Zlsg, spon

r,s;>1
r+so4-+sp_1=n—1

- : : ZT717827...7SI€71 + : : Zl(z/’“ * 2827“. 7Sk71) _l— : : ZT+17827.“ 7Sk71

r,s;>1 r,si>1 r,s;>1
r+so+-+sp_1=n—1 r4so+-+sp_1=n—1 r+so+-+sp_1=n—1
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- zt17...7t,c—|—((k—1) Y e

ti=1to=1 to+-+tp=n—1
t1+-Ftp=n

—l—[(n — ].) - (k - ]-) + 1] Z Zl,u2,~~~,uk1> + Z Zuly"'yuk'fl’

ug+-tug_1=n—1 u;21lur 22
U1+t ug_1=n

where k and n in Eq. (23] are replaced by & — 1 and n — 1. By regrouping, this expression
can be further simplified to

k=1 Y Zhpent D, Zuben

ti21,t1=1 t; 21,t2=1
t1++tp=n t1+-+tg=n
_'_(n —k+ 1) E : Rug g, -1 + E : Rt g, -1
u; 2lu;=1 u; 21,u1 22
ur+-tug_1=n U+ tUp_1=n
= (k - 1) E : Rttty + E : Rty b, e
t;21t1=1,t2>2 ti 21,61 22, ta=1
t1+-+tp=n t1+-+t=n
+k E : Rty to etk + (n —k+ 1) E : Rug g, g1
t;=>1t1=ta=1 u;zlui=1
t1+-t+t=n ul+t-tug_1=n

_'_ z ZUly“Q:"'ﬂkal’

u; 21u1 22
ul+-tug_1=n

Now Eq. (24) follows from this and Eq. (23).

4. PROOFS OF THEOREM AND THEOREM

This sections gives the proofs of the two sum relations of the shuffle product.

4.1. A preparational lemma. In this subsection we provide a lemma that is needed in
the proofs of Theorem and Theorem [2.6]
Let H** be the subring of H* generated by zz with 5 ¢ Z’;l, k > 1. Then
H =ZHT.
Define two operators

et * _
P JFCT — " P(2sy 590 50) = Zs141,59, 5

(28) Q 3 — H*, Qw) = {

2w, w# 1,
2z, w=1.
These operators are simply the transports of the operators

I(] J‘CTJF(@) — }CLF(G), Io(U) = TolU,

riu, u# 1,
ry, u=1.

I HYG) - HNG), ©L(u)= {
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Thus the recursive definition of w in Eq. () gives the following Rota-Baxter relation [I,
111, 12, B31] from [13].

Proposition 4.1. ([I3]) The multiplication w. on H* defined in Eq. (17) is the unique
one such that

P(wy) wy P(ws) = P(wy w, P(ws)) + P(P(wq) my ws), wy, wy € H*T,

(20) Qwy) m, Q(ws2) = Q(wym, Q(w2)) + Q(Q(w1) my ws), wy, wp € H,
P(wy) u, Q(wz) = Q(P(w1) wy ws) + P(wy w, Q(ws)), wy € H* wy € H*,
Q(wy) wy P(ws) = Q(wl 111, P(wg)) + P(Q(wl) 11y wg), wy € H* wy € FH*T.

with the initial condition that 1w, w = ww, 1 = w for w € H*.

Lemma 4.2. For positive integers k > 2 and n > k, we have

AR E 281, Sp_1

s; 21,5122
s1+-+sp_1=n—1

(30)
= > EARIRRAE Y S SR (R § R N A
t; 21,t1=1t22>2 ti 21,01 22,6, =1 t; 21,t1,t, 22
t1+-+t=n t1+-+tr=n t1+-+t=n
and
(31) Z1 Wy E 281, Sy — k E 2ty b -+ (l{? — 1) E 2ty by
521 ti 21tp=1 t; 21,8, 22
S14-+sp_1=n—1 t1+-+t=n t1+-+t=n

Both sides of Eq. [B0) are zero when n = k.

Proof. We prove Eq. (B0) and (3] by induction on n. If n = 2,3, Eq. (30) and B can
be verified directly. Let m > 4 be an integer. Assume that Eq. [B0) and (BI) hold when
n < m. Now assume that n = m.

By Eq. (28), Eq. (29) and the induction hypothesis, the left hand side of Eq. (30) becomes

27 My Z 1y k1 Q(l) [T P( Z Zsy, ,Sk71>

s;>1,81>2 s;izl,s14+sp_1=n—2
S1++sp_1=n—1

= Q Z Zoy e sny) T P21 my Z Zey o spi)

821,81 22 s;21
S1+-+sp_1=n—1 s1++Ssg_1=n—2
= E : Rt st + P<k E 2ty ity T (k - 1) E Ztl,“',tk)
ti 21,1222 t; 21,tp=1 ti 21t 22
ottty =n—1 tittp=n—1 tit ot tp=n—1
= ) Aoty TE D et B=1) Dz,
ti 21,1222 t; 21,61 22t =1 ti21,t1,t 22
to+- A+t 1=n—1 t1+-+t=n t1+-+t=n

which shows that Eq. [B0) holds when n = m.
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By a similar argument, we have
<1 iy E : 21,89, ,Sk—1
Sso+-+Sp_1=n—2
= Q( E : 21782,"',81@71) + Q(zl [ E : ’2827'"781@71)
S+ Fsp_1=n—2 S+t dsp_1=n—2
= § : R1,1,89, 8p—1
si=l,s04+sp_1=n—2
+Q<(k - 1) E 2ty b1 + (k - 2) E Ztly“‘ytk—1>
tizltp1=1 ti 21t 122
t1+m+tk,1:n—1 t1+---+tk,1:n—1
= E 2ty o, oty T (k - 1) E 2ty ,ta,e oty T (k - 2) E Rty ot
ti21t1=ta=1 ti 21t =tp=1 ti 21 t1 =1t 22
t bt =n td ot =n Lt ti=n
Adding this with Eq. (30) we obtain
21 iy § Zs1, 81
si=>1
S1+-Fsg_1=n—1
= ) et FE Y e+ (k=1) Yz
ti 21t =1t22>2 t; 21,61 22t =1 ti 21,t,t 22
b+ t+tp=n G+ ttp=n ti+ttp=n
+ E Rty o, b + (k - 1) E Rty ta, oty + (k - 2) E Rty oty
t;21t1=t2=1 ti 2l t1=tp=1 ti21t1 =1t 22
t1 4t =n t 4t =n t+-ttp=n
= k E 2ty T (k - 1) E 2ty st
i1t 22t =1 ti =1t 22
t1++Htp=n ti++tp=n
+ E Rty ta, ety + (k - 1) E Rty o, by + (k - 2) E Rty ta, oty
t; 21,61=1 t; 2161 =t =1 ti 21 t1=1t), 22
14 tp=n t14-Htp=n f14-+tp=n
= k E 2y, ity T (k - 1) E Bty st
ti 21,01 22,6, =1 t; 21,t1,t, 22
t1++tp=n ti++tp=n
+k E Rty ta, by + (k - 1) E Rty ta, ety
ti 21t =tp=1 ti 21, t1=1t, 22
t1+-+tp=n t1+t+tp=n
= k E : 2ty gty T (k - 1) E Ry, st
t; 21,t=1 t; 21,6, 22
t14-Hip=n t14-+tp=n
which shows that Eq. ([BI) holds when n = m. This completes the induction.

11
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4.2. Proof of Theorem [2.5. For the proof of Theorem 2.5 we first consider the case of
k = 2. In this case we have Euler’s decomposition formula [8] [13]

t1—1 t1—1
Ry lly Zgy = E + Rty tg-
r—1 s1—1

t121,ta21,t1+ta=n

So

- tl_l) - <t1_1)> t
Zp iy Zg, = + z =2"z
7“21781221;4-81:71 ' h t1>17t2>21;1+t2=n <TZ:; <T_1 512::1 st e e
as required.

For the general case we prove Eq. (28) by induction on n. If n = 2, then k = 2 and so we
are done by the above argument. Let m be a positive integer > 3 and assume that Eq. (25)
holds for n < m. Now assume that n = m. Since we have dealt with the case of k = 2, we
may assume that k& > 3.

We decompose the left hands side of Eq. (28] into three disjoint parts when r = 1,s; > 1,
when r > 2,51 > 2 and when r > 2, s; = 1:

E Zp Wy Zgy e 51 — E 21 Wy Zgq e ,Sp_1

r,8; 21 s;21
r+s1+-+sp_1=n s1++sp_1=n—1

+ Zp Wy Zgy e 5
(32) Z 1, Sk—1

s;zl,r,5122
r+si1+-+Sg_1=n

+ E Zp Wy 21 59, Sp_1

r>2,5; 21
r4so4-+sp_1=n—1

We denote the three sums by &1, G5 and G5 respectively with the given order.
For the sum &,, by Eq. ([28) and (29), we have

E Rp Wy Zsy e s g

s;zl,r,5122
r+si1+-+Sg_1=n

= Z P(Zr_l) Il P(Zsl_17...7sk71)

s;zl,r,5122
r+si1+-+Sg_1=n

= P( Z Zp—1 Ul P(ZS1—17"',51971)) + P( Z P(Zr—l) Ml Zsl,m,sk,l)

sizl,r,s122 si21,r,5122
r+si1+-+Sp_1=n r+si1++Sp_1=n
= P( E Zp_1 e Zsy sy ) + P E Zp ity Zgy 1, sy )-
sizl,r,s122 si21,r,5122
r+s1+-+sp_1=n r+sittsp_1=n

We will denote G4 ; and G, 5 for the first and second sum respectively in the last expression.
Similarly for the sum &3, we have

E : Zp W 21,859, 851

r>2,5;2>1
r+so+-+sp_1=n—1
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= Z P(Zr—l) My Q(zsz,“' 75k71)

r>2,8;,>1
r+so4-+sp=n—1

= P Z Zp_1 1 Q(Zsz7~~~,sk,1) +Q Z P(Zr_l) Wy Zgo oo sy

r>2,5;21 r>2,5i21
r4so+-+sp_1=n—1 r4so4-4sp_1=n—1
= P( E : Zr—1 My z17327"'73k71) + Q( E : o My ’282,"'781@71)
r>2,8;>1 r>2,8;>1
r+so+-4sp_1=n—1 r+so+-+sp_1=n—1

We let &3, and G332 to denote the first and the second sum respectively in the last
expression.
By Lemma [£.2] we have

(33) S =k > Zty ety T > 2ty ety
ti 21t 4+t =n t; 21t 22,61+ +tp=n

We also have

62,1 + 63,1 = P( E Zp—1 lix 281,82,"'7%71)

r>2,8;>1
r+s1+F+Sp_1=n

= P( Z Zp Ul 281,82,"'7%71)

r,8;=>1
r+si+-+sp_1=n—1
(34) = P( Z C(tq, - ,tk_l)ztl,...,tk> (by the induction hypothesis)
t;>1

L4+ tp=n—1

= Z G(tl, tee 7tk—1>zt1+1,m,tk

ti=21lt1++tp=n—1

= Z G(tl — 1, tg, e atk—l)zt1,~~~,tk'

ti 21,61 22, t1++tp=n
For the sum &, 5, we have

62,2 = P( Z ZTm*Zsly"'73k—1)

r>2,8;21,r+s1++sp_1=n—1

= P( E Zp My Zgy oo sy E R1 U Zsy oo ,Sk71>

rsi=2lr+s1++sp_1=n—1 si=l,81++sp_1=n—2
- P( Z G(tlv e 7tk—1)zt1,"',tk —k Z Rty ity
ti=>lt1+-+tp=n—1 tizlty=1t1++tp=n—1
(35) —(k—1) Z ztl,...,tk> (by the induction hypothesis and Eq. (1))

ti 21t 22
t14-Ftp=n—1

= > Clt, - te1)2t i e — k) Gttt D Pl

t;>1 t; 21 t; 21t 22
t1+-Ftg=n—1 t1+-Ftpg=n—1 t1+-+tp=n—1
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= Z <G(t1 — 1, cee atk—l) — k’) 2ty ot + Z 2t et e

t; 21,6122 ti =1, 22,8, >2
t1+-+tp=n t1+-+tp=n

For the sum &35, we have

) = "9k —1 - 3" 990k —
63 2 Q( E Zp My Zgg Sk E 21 Uy Zgy Sk 1)

rsi=2lr+so+~4sp_1=n—1 So4F5sp_1=n—2
= Q( Z G(t27 o 7tk—1>zt2,~~~,tk - |: Z (k - 1>Zt2,---,tk
t; =1 to++tp=n—1 t; 21 tp=1,ta++tp=n~—1
(36) + Z (k — 2)Zt2,---,tk}> (by the induction hypothesis and Eq. (31]))

121,122
ot tty=n—1

- Q( > [Clta, -+ temr) — (k= D]z, + ztg,...,tk)

t;>1ta++tp=n—1 [ZE NP
tot-Atp=n—1

= Z [C(tr, - s th1) — k]Ztl,tg,---,tk + Z Rty ta, ety

ti21,t1=1 ti=21,t1=1,1,2>2
it tt=n t1+-+tp=n

by Eq. 1.
Adding Eq. ([34) and (35) we obtain

G211+ 622+ 63,1 = Z (2C(t1 =1, tg1) = k)2ey 0y + Z 2ty b

ti=1,t1 >2 ti21t1,t, 22
t1+-+tp=n t1+-+t=n
(37)
= E (G(tlv T 7tk—1> - k)ztl,"',tk + E : 2ty ot
ti 21,6122 ti 21t 22
t14-+tp=n t1++tp=n

by Eq. 20). Next adding Eq. (80 and ([B1) together, we get
(38) Go1+ 622+ 631+ 63, = Z (G(tl, s tmy) — k) 2ty et F Z 2ty ety

t;>1 ti>1,t, >2
t1+-+tp=n t1+-+t=n

Finally adding Eq. (33)) and (B8], we obtain Eq. 25]). This completes the inductive proof
of Theorem

4.3. Proof of Theorem 2.6l The proof of Theorem 2.0lis similar to that of Theorem 2.5
First we prove that Eq. (26]) holds when & = 2. This follows from

DJETIEID SHID DI () B () ) 8%

r>1,5122 rzl,s122 1,221
r4+s1=n r+s1=n ti+ta=n
min(t1,n—2) t
t1—1 t1—1
- > >
r—1 s1—1
t1,ta=21t1+ta=n r=1 s1=2
n—2

- (Z(Qtl - 1)Zt1,n—t1> + (2" = 2)z 10

t1=1
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n—1

— <Z(2t1 — 1>Zt1,n—t1> - Zn_171.

t1=1

For the general case we prove Eq. (26]) by induction on n. If n = 3, then & = 2 and we
are done. Let m > 4 be an integer. Assume that Eq. (26]) holds when n < m — 1. We
will prove that it holds when n = m. Since we have dealt with the case of kK = 2, we may
assume that k > 3 without loss of generality.

By Eq. ([29) the left hand side of Eq. (26]) is equal to

E Zp Uy Zgy e 551

r,8;21,8122
r+si1+-+Sg_1=n

= ziw (Y Zaees) T > P(2r—1) my P(Zg, 1,59 5, )

si21,8122 r>2,5; 21,5122
s1++Sp_1=n—1 r+si+-+sg_1=n
= 27 ui ( E Zsl,~~~,sk,1) + P( E Zp—1 Hx 2817827"'7%71)
si=1,5122 r>2,5;21,51 22
$1+-+Sp_1=n—1 r+s14-+sg_1=n

_'_P( Z Zyp Uiy 231—1,82,"',Sk—1)

722,51 21,5122
r4+s1+-+Spg_1=n

= 2w (Y Zaees) P > Zp ity Zsy s 5 t)

s; 21,5122 r=1,8;21,5122
S1+-Fsp_1=n—1 r4+s14-4sp_1=n—1
+P( E Zp My 2817527"'781@71)'
r>2,5;2>1

r4+s1+-+sp_1=n—1

We denote the three sums in the last expression by &1, &5 and &3 respectively with the
given order.

By Eq. (80) and (21I]), we have

61 = Z 2ty o, b + k Z 2ty ety + (]f — 1) Z 2ty oty

t; 21 t1=1,t2>2 t; 21,1 22t =1 t;21t1,t, 22
t1+-+tp=n t1+-+tp=n t1+-+t=n
(39> = E [e(tlv e 7tk) - e(t27 e 7tk—1>]zt1,"',tk - E : Rty ety
ti21,t1=1 ti21lt1=ta=1
t1+-+tp=n t1+-+tp=n
+koD e+ (R=1) ) 2ty by
ti 21t 22t =1 t; 21,61 22t 22
t1+-Ftp=n t+-Ftp=n

By the induction hypothesis, we have

62 - P( Z Zrm*zsl,sz,---,sk,l)

rzl,s;21,5122
r+s1+-+sp_1=n—1
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= P( > Bt ter) = Clba, - tea)]2 i — Zztl,---,tk)

t;>1 ti=1ta=1
t1+-Ftpg=n—1 t1+-Ftpg=n—1
= g (C(t1, -+ s th—1) — Clta, -+ s toe1)] 2t 41,0t — g 2ty 41, b,
t;>1 t;21,t2=1
t1+-Ftp=n—1 t1+-Ftpg=n—1
= § : [e(tl -1, >tk—1) - e(t2> e ’tk—l)]ztlf“ytk - E : Rty
t;>1,t1 22 t; 21,61 22,ta=1
t1+-Ftp=n t14-Ftp=n

By Theorem and Eq. (31), we have

Gy = P( Z Zp 281782,“‘75/%71)

r>2,8;>1
r4+s1+-+sp_1=n—1

= P( E : R Wk Bs1,89, ,8p—1 E : 21 iy 281782,"',81@71)

r>1l,s;>1 si=1
r+s1+-+sp_1=n—1 S1++sp_1=n—2
= P( E e(tb e atk—l) —k E Ry ety (k - 1) E Zth"wtk)
ti>1 ti21,t=1 t; 21,6, 22
t14+Ftp=n—1 t1+-Ftpg=n—1 t14-Ftp=n—1
= P( E [e(tlv e 7tk—1) - k] 2ty gty T E Ztl,'",tk>
t; 21t 4+ +tp=n—1 ti 21,6, 22

b4t =n—1

= Z [C(t, - s tr1) — K] 201,00y, + Z Rty 1, b,

t; 21t 4+t =n—1 ti 21,8, 22
t+o ot =n—1

= Z [G(tl — 1,t2, s 7tk—1) — ]{7] 2ty b + Z 2ty b

t; 21,61 22,1+t =n ti 21ty 22
ti+-ttp=n

Hence, using Eq. (20]) we obtain

G+ 63 = g (28(751 — 1, tg, -+ ,tg—1) — Cltg, -+ ,ty—1) — k>zt1,---,tk
tiz1,t12>22
4 t—n
(40) - E 2ty + E 2ty st
t; 21,61 22,t2=1 t; 21,t1,t, 22
ftFtp=n 10t =n

- Z (e(th t27 e 7tk> - G(t27 te 7tk—1) - k) ztl,---,tk

t; 21t 22

t1tttp=n
- E 2ty ity T E 2ty e st
t; 21,1 22,ta=1 t; 21,t1,t 22

14+ Ftp=n t1+-+tr=n
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Adding Eq. (B9) and ({Q) together we obtain

61 + 62 + 63 = § [e(th e 7tk) - e(t27 o 7tk—1>]zt1,---,tk - E 2ty ity
t;21t1=1 t; 21,t1=t2=1
t14-+tp=n 14t =n
—|—]€ E 2ty b + (l{? - 1) E 2ty b
ti 21t 22t =1 t; 21,61 22t 22
[ t1+ttp=n

+ Z [e(tlatQa"' >tk) - e(t2> atk—l) - k]ztl,---,tk

ti 21,11 22

ti+-ttp=n
- E Rty by + E 2yt
ti 21,61 22, ta=1 t; 21,t1,t 22
{14 Ftr=n ti 4t =n
= E [e(tb e ’tk) - e(t2a T >tk—1)]zt1,'“,tk - § : Rty by
tiz1t1=1 ti=1t1=ta=1
ti+-Ftp=n t1 4 Ftp=n
+ § [e(tla lo, - >tk) - e(t2> e atk—l)]ztl,m,tk - § 2ty et
121,61 22 t; 21,61 22,t2=1
t14-Htp=n ti+-Htpg=n
= § : [e(tb lg, - >tk) - e(t2> T ’tk—l)]ztlf“ytk - § : Rty sty
ti>1 t; 21,t2=1
t14-+tp=n titHtp=n

as desired. This completes the inductive proof of Theorem 2.6l
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