ASIAN J. MATH. © 2003 International Press Vol. 7, No. 4, pp. 001–018, December 2003 026

EFFECTIVE BEHAVIOR OF MULTIPLE LINEAR SYSTEMS^∗

SHENG-LI TAN^†

Dedicated to Prof. Yum-Tong Siu on his 60th birthday

1. Introduction. It is a fundamental problem in algebraic geometry to understand the behavior of a multiple linear system |nD| on a projective complex manifold X for large n. For example, the well-known Riemann-Roch problem is to compute the function

n −→ h^0(O_X (nD)) := dim_C H^0(X, O_X (nD)).

In the introduction to his collected works [33], Zariski cited the Riemann-Roch problem as one of the four “difficult unsolved questions concerning projective varieties (even algebraic surfaces)”. The other natural problems about |nD| are to find the fixed part and base points (see [32]), the very ampleness, the properties of the associated rational map and its image variety, the finite generation of the ring of sections, · · · .

For a genus g curve X, Riemann-Roch theorem gives good and effective solutions to these problems.

• Assume that deg D > 0. If n ≥^{2g−1}_{deg D} , then h^1(O_X (nD)) = 0. So, in general,

h^0(nD) = � � � n deg D + 1 − g, if n deg D > 2g − 2, a periodic function of n, if deg D = 0, 0, if deg D < 0.

• If n ≥^{2g}_{deg D} , then |nD| is base point free. • If n ≥^{2g+1}_{deg D} , then |nD| is very ample.

When X is a surface, the Riemann-Roch problem is also equivalent to the computation of h^1(O_X (nD)). This problem was studied first by the Italian geometers in the 19th century. Castelnuovo [9] proved that if |D| is a base point free linear system of dimension ≥ 2, then there is a constant s such that

h^0(O_X (nD)) = χ(O_X (nD)) + s

for n sufficiently large, i.e., h^1(O_X (nD)) is a constant.

In [32], Zariski established the fundamental theory on the behavior of an arbitrary multiple linear system |nD| on an algebraic surface (see the next section for the details.) By using Zariski decomposition, he showed that one only needs to know the behavior of |nA + T |, where A is a nef divisor and T is a fixed divisor (see Theorem 2.3). Zariski proved the boundedness of h^1(O_X (nA + T )), the fixed part B_n and the

∗Received July 20, 2003; accepted for publication November 5, 2003.

†Department of Mathematics, East China Normal University, Shanghai 200062, P. R. of China (sltan@math.ecnu.edu.cn). The author would like to thank the hospitality and financial support of The Institute of Mathematical Sciences in The Chinese University of Hong Kong during this research. This work is also supported by 973 Science Foundation, the Doctoral Program Foundation of EMC and the Foundation of Shanghai for Priority Academic Discipline. Partially supported by “DFG-Schwerpunktprogramm Globale Methoden in der Komplexen Geometrie” and the DFG-NSFC Chinese-German project “Komplexe Geometrie”. 1

2 S.-L. TAN

isolated base points of |nA + T | when n is sufficiently large. An important conjecture on the periodicity was proved later by Cutkosky and Srinivas [10] in 1993. However, all of these results are ineffective on n.

In the language of Beltrametti and Sommese [4], these problems are about the k -very ampleness.

Definition 1.1. (1) Let k be a nonnegative integer. A divisor D (or the linear system |D|) on X is called k-very ample if any k + 1 points (not necessarily distinct) give k + 1 independent conditions on |D|. Precisely, for any zero dimensional subscheme Δ ⊂ X with deg Δ := h^0(O_Δ) ≤ k + 1,

h^0(I_Δ(D)) = h^0(O_X (D)) − deg Δ,

where I_Δ is the ideal sheaf of Δ.

(2) D is called (−1)-very ample if H^1(O_X (D)) = 0.

The Riemann-Roch problem is about (−1)-very ampleness; “0-very ample” is equivalent to “base point free”; “1-very ample” is just “very ample”.

If X is a curve of genus g, k ≥ −1 and D is a divisor satisfying

deg D ≥ k + 2g,

then D is k-very ample. In particular, if deg D > 0, then |nD| is k-very ample provided n ≥ k + 2g deg D . In recent years, the effective version of some important theorems attracted much attention. For example, Fujita’s conjecture and the effective Matsusaka’s big theorem (see, for example, [1, 26, 27, 28, 12, 13, 15, 17, 19] ...). They are about the 0- and 1- very ampleness of the adjoint linear system |nH + K_X | and |nH| for an ample divisor H, here K_X is the canonical divisor of X. I would like to mention the latest bounds of Angehrn-Siu [1] and Siu [28] for a d-dimensional complex manifold: |K_X + nH| is base point free if n ≥ 1 2 (d^2 + d + 2).

(The power 2 in the bound is improved to^4_3 by Siu’s student Heier [18].) |nH| is very ample if n ≥ � 2^{3d−1}5d

�_4d−1 � 3(3d − 2)^dH^d + K_X H^{d−1}

�_4d−1_{3d}

(6(3d − 2)^d − 2d − 2)^{4d−1d− 23} (H^d)^{4d−13(d−1)} . If X is a surface, then there are also nice solutions: |nH + K_X | is (n − 3)-very ample (Reider [23], Beltrametti and Sommese [4]). |nH| is very ample when n > 1 2 � (H(K_X + 4H) + 1)^2 H^2 + 3 � , (1.1)

(Fernandez del Busto [16]). This bound is improved by Beltrametti and Sommese [5] n > 1 2 � (H(K_X + 2H) + 1)^2 H^2 + 7 � . (1.2)

EFFECTIVE BEHAVIOR OF MULTIPLE LINEAR SYSTEMS 3

But the optimal effective Matsusaka’s theorem for a surface is still open (Ein [14], Open Problem 4).

It is also of great interest to find the effective behavior of a multiple linear system |nD|. The purpose of this note is to give effective version of some well-known theorems on multiple linear systems due to Zariski [32], Castelnuovo [9], Artin [2, 3], Benveniste [6], Cutkosky and Srinivas [10, 11]. We also try to find the effective behavior of the rational map defined by |nD|.

For two divisors A and T , let

M(A, T ) =

((K_X − T )A + 2)^2 4A^2 − (K_X − T )^2 4 , m(A, T ) = min{ n ∈ Z | n > M(A, T )}.

Now we state our main result.

Theorem 1.2. Let A be a nef and big divisor on an algebraic surface X, let T be any fixed divisor, and let k be a nonnegative integer. Assume that either n > k+M(A, T ), or n ≥ M(A, T ) when k = 0 and T ∼ K_X +λA for some λ ∈ Q. Suppose |nA + T | is not (k − 1)-very ample, i.e., there is a zero dimensional subscheme Δ on X with minimal degree deg Δ ≤ k such that it does not give independent conditions on |nA + T |. Then there is an effective divisor D ≠ 0 containing Δ such that � T D − D^2 − K_X D ≤ k, DA = 0.

(1.3)

The effective version of the theorems in [32, 2, 3, 6, 9, 10, 11] are obtained by direct applications of this theorem for various T . For example, if A = H is ample, then (1.3) has no solution D ≠ 0. Thus we get an effective version of Serre’s theorem.

Corollary 1.3. If H is ample and n > k + M(H, T ) for some integer k ≥ 0, then |nH + T | is (k − 1)-very ample. Equivalently, |nH + T | is (n − m − 1)-very ample when n ≥ m.

The bound in this corollary is optimal in many cases. If T = K_X , then

M(A, K_X ) = 1 A^2 . So m(A, K_X ) = 2 (or 1 if A^2 > 1). Thus the corollary implies also that |nH + K_X | is (n − 3)-very ample (or (n − 2)-very ample if H^2 > 1).

If T = 0, then

M(A, 0) =

(K_X A + 2)^2 4A^2 − K^2_X 4 , and this corollary for k = 2 is an effective version of Matsusaka Big Theorem. Our bound is better than (1.1) and (1.2). We will present an example to show that this bound is the best possible.

In general, we set

τ(A, T ) = � min_D { T D − K_X D − D^2 }, if A is not ample,

+∞, if A is ample,

4 S.-L. TAN

where D runs over all effective divisors D ≠ 0 such that DA = 0. τ is well defined (Lemma 4.2). Then we have

Corollary 1.4. Assume that τ = τ(A, T ) ≥ 1 and n ≥ m = m(A, T ). Then |nA + T | is

min{ τ − 2, n − m − 1 }

very ample.

Some well-known conditions on linear systems are those satisfying τ ≥ 1 (see § 2). For example, τ(A, K_X ) = min{ −D^2 } ≥ 1 (Fujita’s condition). τ(A, 0) = 2 if and only if p_a(D) ≤ 0 for any D (Artin’s condition). Laufer-Ramanujan’s condition is that T D ≥ K_X D for any D (reduced and irreducible), which implies also that τ ≥ 1.

As a consequence, the behavior of |nA| is controlled by the curves C_i orthogonal to A, namely AC_i = 0. If Artin’s condition is satisfied, then the behavior of |nA| is quite similar to that of the canonical multiple linear system |nK_X | of a minimal surface of general type.

I would like to thank the referee for the valuable suggestions for the correction of the original version.

2. Zariski’s results and generalizations. In this section, we recall Zariski’s fundamental results and their generalizations. In our language, these results are essentially about (−1)- and 0-very ampleness.

Let X be a smooth projective complex surface, K_X be its canonical divisor and D be any divisor on X.

Definition 2.1. D is called nef (numerically effective) if for any curve C on X, DC ≥ 0. D is called big if D^2 > 0. D is called pseudo-effective if for any ample divisor H, DH ≥ 0.

Theorem 2.2. (Zariski decomposition [32]). Let D be a pseudo-effective divisor on X. There exist uniquely Q-divisors A and F on X, such that D = A+F satisfying the following conditions:

(1) F = 0 or the intersection matrix of the irreducible components of F is negative definite;

(2) A is nef and F is effective;

(3) each irreducible component C of F satisfies AC = 0.

The decomposition is called Zariski decomposition. The following basic theorem has been used to reduce the general case |nD| to the case |nA + T |, where T is any fixed divisor on X.

Theorem 2.3. (Zariski [32]). As in Theorem 2.2, D = A + F is the Zariski decomposition.

(1) κ(D) = 2 if and only if A^2 > 0. (2) If D is effective, then for all n ≥ 0,

h^0(O_X (nD)) = h^0(O_X ([nA]))

(3) If sA is an integral divisor, and n = as + b with 0 ≤ b < s, then

h^0(O_X (nD)) = h^0(O_X (asA + bD)).

EFFECTIVE BEHAVIOR OF MULTIPLE LINEAR SYSTEMS 5

(4) As in (3), if κ(D) ≥ 0, then

h^1(O_X (nD)) = h^1(O_X (asA + bD)) −

F^2 2 n^2 +

F K_X 2 n − � b F K_X 2 − b^2

F^2 2 � . Theorem 2.4. (Zariski [32]). As in Theorem 2.3, assume that T is any divisor on X.

(1) h^1(O_X (nA + T )) is bounded.

(2) Let D be effective and let B_n be the fixed part of |nD|. Then

B_n = ~B_n + nF,

where ~B_n is a bounded (rational ) effective divisor.

(3) If |D| has no fixed part and n ≫ 0, then |nD| has no base point and h^1(O_X (nA + T )) is a constant.

Shafarevich [25] gave a new proof of the base point freeness in (3).

Theorem 2.5. (Zariski [32], Cutkosky-Srinivas [10, 11]). h^1(O_X (nA + T )) and ~B_n are periodic when n ≫ 0.

This theorem has been proved by Zariski [32] for the case A^2 = 0 and by Cutkosky and Srinivas [10, 11] for the case A^2 > 0.

For a fixed D, we let

R_m = R_m[D] = H^0(X, O_X (mD)), R[D] = ⊕^∞_{m=0}R_m[D].

R[D] is a graded ring.

Zariski gave in [32] a criterion for R[D] to be finitely generated.

Theorem 2.6. (Zariski [32]) R[D] is finitely generated if and only if κ(D) ≤ 1, or κ(D) = 2 and some multiple |h(D − F )| has no fixed part.

Definition 2.7. (1) A curve C = C_1 + · · · + C_r on an algebraic surface X is called negative definite if the intersection matrix (C_iC_j ) of C is negative definite.

(2) A curve C is called rational if for any effective divisor D = n_1C_1 +· · ·+n_rC_r ≠ 0, we have p_a(D) ≤ 0.

(3) If A^2 > 0, then the maximal reduced divisor C = C_1 + · · · + C_r with CA = 0 is called the exceptional curve of A. We denote it by E(A) = C.

Theorem 2.8. (Artin [2, 3]) Let C = C_1+· · ·+C_r be a negative definite connected curve on an algebraic surface X.

(1) There is a unique effective divisor Z = n_1C_1 + · · · + n_rC_r such that ZC_i ≤ 0 and Z is minimal. (Z is called the fundamental cycle of C). In fact, Z ≥ C.

(2) p_a(Z) ≥ 0, and p_a(Z) = 0 if and only if C is rational.

Theorem 2.9. (Artin’s projective contraction theorem [2, 3]) A negative definite curve C = C_1 + · · · + C_r on a projective surface X is rational if and only if C can be contracted to rational singular points on a projective surface Y . (The singular points on Y are called rational if χ(O_X ) = χ(O_Y )).

Benveniste [6] generalized a result of Zariski ([32], Theorem 6.1).

Theorem 2.10. (Benveniste [6]) Suppose C = C_1 + · · · + C_r is a connected component of E(A) for some nef and big divisor A. If C is rational and n ≫ 0, then C can not be a fixed component of |nA|.

6 S.-L. TAN

3. Some technique results. Reider’s method is usually used to study the adjoint linear system |K_X +L| for a nef and big divisor L. In our case, L is not necessarily nef. Because there is no reference of this method for the general case, we shall present in this section the generalization of Reider’s method so that Bogomolov’s inequality can be used in the general case.

We use the notion “k points” for any zero-dimensional subscheme of length k, not requiring the points to be distinct.

Given a subscheme Z^′ ⊂ Z, the “complement” Z^{′′} of Z^′ in Z is the canonical closed subscheme Z^{′′} ⊂ Z with an ideal sheaf I_Z′′ = [I_Z : I_Z′ ], i.e., for any open set U ⊂ X,

I_Z′′ (U) := {g ∈ O_X (U) | gI_Z′ (U) ⊂ I_Z (U)}.

We call Z^{′′} the residual subscheme of Z^′ in Z and denote it by

Z^{′′} = Z − Z^′.

Assume that Z is a local complete intersection, and Z^{′′} is the residual of Z^′ ⊂ Z in Z. Then Z^′ is the residual of Z^{′′} in Z. Furthermore, we have

deg Z^′ + deg Z^{′′} = deg Z.

Note that in the surface case, the 4 equivalent conditions in the following theorem imply that Δ is a local complete intersection.

Theorem 3.1. Let Δ be a zero-dimensional subscheme of X (including empty set) and let L be a divisor on X. Then the following conditions are equivalent.

(1) There is a rank two vector bundle E with a non zero global section δ satisfying

Z(δ) = Δ, det E = L. (A)

(2) There are 3 curves F_1, F_2 and F_3 such that F_1 and F_2 have no common components, and � Δ = F_1 ∩ F_2 − F_1 ∩ F_2 ∩ F_3, L ≡ F_1 + F_2 − F_3. (B) (3) There exists a rank two vector bundle E with a global section s such that dim Z(s) = 0 and � Δ = Z(s) − Z(s) ∩ F, L ≡ det E − F. (C) (4) Either Δ = ∅ or there is an element η in H^1(I_Δ(K_X + L))^∨ such that for any subscheme (including empty set) Δ^′ ⊊ Δ, η is not in the image of the following natural inclusion map:

H^1(I_Δ′ (K_X + L))^∨ → H^1(I_Δ(K_X + L))^∨.

Equivalently, � Δ^′⊊Δ

H^1(I_Δ′ (K_X + L))^∨ ⊊ H^1(I_Δ(K_X + L))^∨. (D)

EFFECTIVE BEHAVIOR OF MULTIPLE LINEAR SYSTEMS 7

(See [31] for the details of the proof).

Remark 3.2. In the above correspondence, if Δ = ∅, then the following trivial cases correspond to each other:

(1) E = O_X ⊕ O_X (L);

(2) f = af_1 + bf_2 for some sections a and b of line bundles;

(3) f ∈ im(s) is in the image of s (we do not go to the details of this condition); (4) η = 0.

We would like to mention the implication from (2) to (1) which will be used in the proof of Lemma 4.9. Denote by f_i the global section of O_X (F_i) defining F_i. Let F be the syzygy sheaf of (f_1, f_2, f_3),

0 −→ F −→ ⊕^3_{i=1}O_X (−F_i)^f−→ O_X , (3.1)

where f is defined by f(x, y, z) = f_1x + f_2y + f_3z, and let E = F(F_1 + F_2). One can prove that det E = F_1 + F_2 − F_3 = L and E has a global section δ such that

Z(δ) = F_1 ∩ F_2 − F_1 ∩ F_2 ∩ F_3 = Δ.

Definition 3.3. We say that Δ satisfies Cayley-Bacharach property with respect to |K_X + L| if for any F in |K_X + L| and for any subscheme Δ^′ ⊂ Δ with deg Δ^′ = deg Δ − 1, F contains Δ^′ implies that F contains Δ. Equivalently, for any such Δ^′,

dim H^1(I_Δ′ (K_X + L))^∨ < dim H^1(I_Δ(K_X + L))^∨. (D^′)

(D) implies (D^′).

Lemma 3.4. If Δ is reduced or deg Δ ≤ 2, then (D^′) is equivalent to (D).

Proof. In the two cases, Δ admits at most a finite number of subschemes Δ^′ with deg Δ^′ = deg Δ − 1, so (D^′) implies (D). Indeed, if Δ is reduced, the finiteness is obvious. If Δ is a non-reduced zero-dimensional scheme of degree 2, and if p is a point on Δ, then it is easy to prove that I_Δ = (x, y^2), where x and y are some local coordinates of X near p = (0, 0). So Δ contains only one subscheme p of degree 1.

Corollary 3.5. Let L be a fixed divisor on X and k ≥ 1 a fixed integer. Then the following conditions are equivalent.

(1) (A) (equivalently (B) or (C)) has no solution for any Δ ≠ ∅ with deg Δ ≤ k. (2) For any zero dimensional subscheme Δ ≠ ∅ of degree ≤ k,

H^1(O_X (K_X + L))^∨ = H^1(I_Δ(K_X + L))^∨.

(3) Any zero dimensional subscheme Δ ≠ ∅ of degree ≤ k gives deg Δ independent conditions on |K_X + L|. Namely, |K_X + L| is (k − 1)-very ample.

The author and E. Viehweg ([29, 31, 30]) prove that the Cayley-Bacharach theorem for an n-dimensional projective manifold is equivalent to the k-very ampleness of |K_X + L|.

Theorem 3.6. (Bogomolov [7]) Let E be a rank two vector bundle on an algebraic surface X. If c_1(E)^2 > 4c_2(E), then there is an invertible subsheaf O_X (M) ⊂ E such that

8 S.-L. TAN

(1) (2M − c_1(E))H > 0 for any ample divisor H; (2) (2M − c_1(E))^2 ≥ c^2_1(E) − 4c_2(E); (3) for any nef divisor A,

MA ≥ 1 2 c_1(E)A + 1 2 √ A^2 � c^2_1(E) − 4c_2(E) .

(3) follows from (2) and Hodge index theorem.

Lemma 3.7. Let E be a rank two vector bundle on X, and let M_1 and M_2 be two different maximal invertible subsheaves of E. Then there exists an effective divisor D on X such that

c_1(E) − c_1(M_1) − c_1(M_2) ≡ D.

Furthermore, D = 0 if and only if E = M_1 ⊕ M_2.

See [29] for the proof of this lemma.

Theorem 3.8. Let L be a divisor on X such that L^2 > 0 and LH ≥ 0 for some ample divisor H. Assume that Δ is empty or a zero dimensional subscheme of X satisfying one of the equivalent conditions of Theorem 3.1. If L^2 > 4 deg Δ, then either

(1) η = 0 (and so Δ = ∅, this corresponds to the trivial cases, see Remark 3.2 ); or (2) η ≠ 0, and there exists an effective divisor D ≠ 0 passing through Δ such that for any nef and big divisor A,

DL − deg Δ ≤ D^2 < ℓ 2 DA ≤ ℓ 4 � AL − √ A^2 � L^2 − 4 deg Δ � , where ℓ = AL/A^2 > 0.

Proof. From the assumption and Hodge index theorem, we see that LH > 0. By Riemann-Roch theorem, we can prove easily that for a sufficiently large n, h^0(nL) > 0. Hence for any nef and big divisor A, LA ≥ 0. Since L^2 > 0, LA > 0.

We assume that the equivalent condition (1) of Theorem 3.1 is true. Namely there is a rank two vector bundle E with a non zero global section δ such that Z(δ) = Δ, and det E = L. Thus E admits a maximal invertible subsheaf M_1 ∼= O_X ,

0 −→ O_X −→ E −→ I_Δ(L) −→ 0.

From the assumption, c^2_1(E) = L^2 > 4 deg Δ = 4c_2(E). Hence E is not semistable. By Theorem 3.6, E admits a new maximal invertible sheaf M_2 = O(M) satisfying the three inequalities in Theorem 3.6. From Theorem 3.6 (1) and LH > 0 for any ample divisor, we see that M ≢ 0, so M_1 ≠ M_2. Now by Lemma 3.7, there exists an effective divisor D ≡ L − M passing through Δ. Substitute M = L − D into the second and third inequality of Theorem 3.6, we get

DL − deg Δ ≤ D^2,

DA ≤ 1 2 � LA − √ A^2 � L^2 − 4 deg Δ � .

EFFECTIVE BEHAVIOR OF MULTIPLE LINEAR SYSTEMS 9

By Lemma 3.7, if η ≠ 0, then D ≠ 0. In fact, we only need to prove that

D^2 < ℓ 2 DA. If DA = 0, then D^2 < 0 = ℓ 2 DA by Hodge index theorem. If DA > 0, also by Hodge index theorem and (2),

D^2A^2 ≤ (DA)^2 < DA · LA/2,

so D^2 < ℓDA/2.

Corollary 3.9. (Beltrametti and Sommese [4]) As in Theorem 3.8, if L is nef and big and Δ ≠ ∅, then we have

DL − deg Δ ≤ D^2 < 1 2 DL < deg Δ,

Lemma 3.10. Let C = C_1 + · · · + C_r be a negative definite curve on X. (1) The classes of the C_i are independent in NS(X) ⊗ Q.

(2) Let E = x_1C_1 + · · · + x_rC_r. If EC_i ≤ 0 (resp. < 0) for any i, then all x_i are nonnegative (resp. positive). (Hence E is an effective divisor).

(3) If A^2 > 0, then the number of curves C satisfying AC = 0 is finite. Hence E(A) is well-defined.

(4) There is a nef and big divisor A such that E(A) = C.

Proof. (1) The proof is well-known.

(2) Write E in the form E = A − B, where A and B are effective divisors, without common components. We have EB ≤ 0 by assumption, hence AB − B^2 ≤ 0. Since AB ≥ 0 and B^2 ≤ 0, it follows that B^2 = 0, and hence B = 0 since the subspace generated by C_1, · · · , C_r is negative definite.

(3) By Hodge index theorem, these curves span a negative subspace of NS(X)⊗Q. Thus the number is less or equal to the dimension of NS(X) ⊗ Q.

(4) Let H be a very ample divisor on X. Then we can find integers x_1, · · · , x_r such that

| det(C_iC_j )| · HC_k + (x_1C_1 + · · · + x_rC_r)C_k = 0, for k = 1, · · · , r.

By (2), x_i are positive. Let A = | det(C_iC_j )|H + x_1C_1 + · · · + x_rC_r. Then A is nef and big and E(A) = C.

4. Effective bounds. In this section, we fix a nef and big divisor A and an arbitrary divisor T . Denote by C_1, · · · , C_r the exceptional curves of A.

Theorem 4.1. Let A be a nef and big divisor, let T be any fixed divisor, and let k be a nonnegative integer. Assume that either n > k + M(A, T ), or n ≥ M(A, T ) when k = 0 and T ∼ K_X + λA for some λ ∈ Q. Suppose |nA + T | is not (k − 1)- very ample, i.e., there is a zero dimensional subscheme Δ on X with minimal degree deg Δ ≤ k such that it does not give independent conditions on |nA + T |. Then there is an effective divisor D ≠ 0 containing Δ such that � D^2 + K_X D + k ≥ T D, DA = 0.

(4.1)

Proof. Let L = nA + T − K_X , i.e., |nA + T | = |K_X + L|. We claim that if n > k + M(A, T ), or k = 0, n = M(A, T ) and T ∼ K_X + λA, then

L^2 > 4k, 0 ≤ 1 2 � AL − √ A^2 � L^2 − 4k � < 1. (4.2)

10 S.-L. TAN

Indeed,

L^2 − 4k = A^2n^2 + 2A(T − K_X )n + (T − K_X )^2 − 4k,

the bigger root of the above quadratic polynomial of n is

n_k = � −A(T − K_X ) + � (A(T − K_X ))^2 − (T − K_X )^2A^2 + 4kA^2 � /A^2.

Let h := (A(T − K_X ))^2 − A^2(T − K_X )^2. By Hodge index theorem, h ≥ 0, with equality if and only if there is a rational number λ such that T ∼ K_X + λA. Since

k + M(A, T ) − n_k = 1 A^2 · � 1 − 1 2 � h + 4kA^2

�_2 ≥ 0,

we have L^2 > 4k when n > k + M(A, T ) ≥ n_k. Let f(x) = x^2 − AL · x + h 4 + k · A^2.

The smaller root of f(x) is

x_1 = 1 2 � AL − √ A^2 � L^2 − 4k � . On the other hand,

f(0) ≥ 0, f(1) = A^2 · (k + M(A, T ) − n) < 0 when n > k + M(A, T ),

so 0 ≤ x_1 < 1 when n > k + M(A, T ).

Note that if k = 0, h = 0 and n = M(A, T ), then M(A, T ) > n_0 and f(0) = f(1) = 0. So x_1 = 0 and (4.2) is also true. (In fact, this is the unique case where x_1 < 1 and f(1) ≥ 0.) This proves the claim.

If |nA+T | is not (k −1)-very ample, then there exists a minimal zero dimensional subscheme Δ (may be empty) with deg Δ ≤ k satisfying the conditions of Theorem 3.1 corresponding to the non-trivial cases (see Remark 3.2). Apply Theorem 3.8 (2) to Δ and L = nA + T − K_X , we get an effective divisor D ≠ 0 containing Δ such that

DL − deg Δ ≤ D^2,

0 ≤ DA ≤ 1 2 � AL − √ A^2 � L^2 − 4 deg Δ � ≤ x_1 < 1.

It implies DA = 0 and D^2 + K_X D + k ≥ T D.

In general, if x > 0 and f(x) < 0, i.e.,

n > n_k + 1 A^2 � x + f(0) x − 2 � f(0) � = − A(T − K_X ) A^2 + x A^2 + f(0) xA^2 , then x_1 < x, so DA < x.

The following are natural conditions on A or E(A) such that (4.1) has no nonzero solutions D:

(A) A is ample (see Corollary 1.3). (Matsusaka’s condition, τ = +∞).

EFFECTIVE BEHAVIOR OF MULTIPLE LINEAR SYSTEMS 11

(B) T C_i ≥ K_X C_i + k, for any i = 1, · · · , r. (Laufer-Ramanujam’s condition, τ ≥ k + 1).

(C) E(A) is a rational curve. (Artin’s condition, τ(A, 0) = 2).

Lemma 4.2. For any integer k ≥ 0, there are at most a finite number of effective divisors D satisfying (4.1).

Proof. Let C_1, · · · , C_r be all of the curves satisfying AC_i = 0. We have known that these curves span a negative definite subspace W of NS(X)⊗Q. It is easy to see that the first inequality in (4.1) gives a bounded domain in W . Thus if D =

�_r i=1 n_iC_i satisfies the conditions in the lemma, then (n_1, · · · , n_r) must be in a bounded domain of Q^n. This implies the lemma since n_i are integers.

Corollary 4.3. Assume that A is nef and big, and k ≥ 0.

(1) If Laufer-Ramanujam condition is true for k and n > k + M(A, T ), then |nA + T | is (k − 1)-very ample.

(2) If E(A) is a rational curve, then h^1(nA) = 0 for n > M(A, 0), and |nA| is base point free for n > 1 + M(A, 0).

Proof. This follows from Corollary 1.4.

In general T may not satisfy Laufer-Ramanujam condition. We will modify it such that Laufer-Ramanujam condition is true.

Let σ_i = max{KC_i − T C_i + k, 0} for i = 1, · · · , r. Because (C_iC_j ) is a negative definite matrix, we can find an integral divisor

E_k = E_k(A, T, C_1 + · · · + C_r) = x_1C_1 + · · · + x_rC_r

such that E_kC_i = −| det(C_iC_j )| · σ_i. By Lemma 3.10, E_k is effective. Let T^′ = T − E_k. Then Laufer-Ramanujam condition for k is true for T^′, i.e.,

(T − E_k)C_i ≥ K_X C_i + k, i = 1, · · · , r. (4.3)

By the previous corollary, when n > k + M(A, T − E_k), |nA + T − E_k| is (k − 1)-very ample.

Theorem 4.4. Assume that A is nef and big. Let T be any divisor. (1) If n > M(A, T − E_0), then

h^1(nA + T ) = h^1(O_{E0} (nA + T )).

Because O_{E0} (A) is a numerically trivial bundle, by ([10], Theorem 8 ), h^1(O_{E0} (nA + T )) is a periodic function of n.

(2) If n > 1 + M(A, T − E_1), then the fixed part B_n of |nA + T | is bounded by E_1, and B_n is a periodic divisor of n by [11].

(3) Let C^′ be a connected component of E(A) = C^′ + C^{′′}, and let E_1 = E^′_1 + E^{′′}_1 be the corresponding decomposition (here T = 0). If C^′ is rational and n > 1 + M(A, −E^{′′}_1 ), then C^′ can not be the fixed part of |nA|. Namely, the fixed part of |nA| is contained in E^{′′}_1 . (See Theorem 2.10 or [6]).

Proof. (1) Since n > M(A, T − E_0), by the above corollary, |nA + T − E_0| is (−1)-very ample, i.e., H^1(nA + T − E_0) = 0. In fact, if n > M(A, T − E_0), then (K_X − nA − T + E_0)A < 0, so

H^2(nA + T − E_0) ∼= H^0(K_X − nA − T + E_0)^∨ = 0.

12 S.-L. TAN

From the long exact sequence of the following

0 −→ O(nA + T − E_0) −→ O(nA + T ) −→ O_{E0} (nA + T ) −→ 0,

we can see that

h^1(nA + T ) = h^1(O_{E0} (nA + T )).

Note that E_0 is supported on these C_i with C_iA = 0. It has been proved in [10] that h^1(O_{E0} (nA + T )) is a periodic function of n. This completes the proof.

(2) We take k = 1. If n > 1 + M(A, T − E_1), then |nA + T − E_1| is 0-very ample, so it has no fixed component. Thus the fixed part B_n of |nA + T | is contained in E_1, i.e., E_1 − B_n is effective. This completes the proof.

(3) If E^′_1 = 0 or E^{′′}_1 = 0, then (3) follows from (2) and the previous corollary (2). Otherwise, we claim that |nA − E^{′′}_1 | is 0-very ample. Thus the fixed part of |nA| is contained in E^{′′}_1 .

Indeed, with the notations of Theorem 4.1, if we write D = D^′ + D^{′′} and let T = 0, then from

(−E_1)C_j ≥ K_X C_j + 1, for all j

and D^′ ∩ D^{′′} = ∅, we get � � � E^{′′}_1 D^{′′} + K_X D^{′′} + 1 ≤ 0, if D^{′′} ≠ 0, D^{′2} + K_X D^′ = 2p_a(D^{′′}) − 2 ≤ −2, if D^′ ≠ 0, D^{′′2} ≤ −1, if D^{′′} ≠ 0.

Since D = D^′ + D^{′′} ≠ 0,

D^2 + DK_X + 1 − (−E^{′′}_1 )D = (D^{′2} + D^′K_X ) + D^{′′2} + (D^{′′}K_X + 1 + E^{′′}_1 D^{′′}) < 0.

Now the claim is a consequence of Theorem 4.1.

Theorem 4.5. Assume that A^2 > 0 and |A| has no fixed part. Let T be any divisor.

(1) If n > 1 + M(A, 0), then |nA| has no base points. (Zariski [32].) (2) If n > 1 + M(A, 0) and n > 1 + M(A, T − E_1), then h^1(nA + T ) = h^1(O_{E1} (T )) is a constant, and h^2(nA + T ) = 0. So

h^0(nA + T ) = χ(nA + T ) + s,

where s = h^1(O_{E1} (T )) is a constant. (Castelnuovo [9]). (3) The fixed part B_n of |nA + T | is a fixed divisor for n ≫ 0.

Proof. (1) Because |A| has no fixed part, A is nef. If p is a base point of |nA|, then there is a curve D passing through p such that DA = 0. Because |nA| has also no fixed part, this means that we can find a curve in |nA| disjoint with D because DA = 0. This is impossible since p should be their common point.

(2) In this case, we can find a divisor D in |nA| such that D is disjoint with the exceptional curve E(A) of A. Thus O_{E1} (D) = O_{E1} . As in the proof of Theorem 4.4,

h^1(nA + T ) = h^1(O_{E1} (nA + T )) = h^1(O_{E1} (D) ⊗ O_{E1} (T )) = h^1(O_{E1} (T )).

EFFECTIVE BEHAVIOR OF MULTIPLE LINEAR SYSTEMS 13

Note that n > 1+M(A, T −E_1) implies n > −A(T −E_1 −K_X )/A^2 = −A(T −K_X )/A^2, so A(K_X − nA − T ) < 0. Thus h^2(nA + T ) = h^0(K_X − nA − T ) = 0.

(3) Let M_n be the moving part of |nA+T |. Because |A| has no fixed part, |M_n +A| has also no fixed part. Since (n + 1)A + T = M_n + A + B_n, we have B_{n+1} ≤ B_n. It implies that when n ≫ 0, B_n is a fixed divisor.

Zariski’s criterion (Theorem 2.6) for the finite generation of R[D] gives a criterion for projective contractability of a negative definite curve (see also [24]).

Corollary 4.6. (Criterion for Projective Contractability) Let C = C_1 +· · ·+C_r be a negative definite curve. Then C can be contracted to (normal singular) points on a projective surface if and only if there is a nef and big divisor A such that C = E(A) and |nA| has no fixed part for some n.

Corollary 4.7. (Artin [2]) A negative definite and rational curve C on an algebraic surface can be contracted projectively.

Proof. By Lemma 3.10, there is a nef and big divisor A such that E(A) = C. By Corollary 4.3, |nA| is base point free for large n. Thus C can be contracted projectively.

Theorem 4.8. Let A be a nef and big divisor with exceptional curve E(A) = C_1 + · · · + C_r, and let T = 0. Denote by E_1, · · · , E_s the connected components of E(A). Let E_{0,i} = E_0(A, 0, E_i), let Z_i be the fundamental cycle of E_i, and let

~E_{0,i} = � E_{0,i}, if E_{0,i} ≠ 0, Z_i, if E_{0,i} = 0.

~E_0 =^s � i=1 ~E_{0,i}.

Assume that either |A| has no base point, or E(A) is rational. If

n > 2 + M(A, 0),

then

(1) Φ_{nA} is a birational morphism onto a projective surface Σ_n = Φ_{nA}(X). (2) On X \ ∪^r_{i=1}C_i, Φ_{nA} is an isomorphism.

(3) Φ_{nA} contracts the curves E(A) to some (singular) points of Σ_n. (4) Furthermore, if E(A) is rational, then Φ_{nA} has connected fibers. In general, if n > M(A, − ~E_0), then Φ_{nA} has also connected fibers.

Proof. In fact, we only need to prove (4) that Φ_{nA} has connected fibers. The locus over which |nA| is not very ample is contained in E(A), so we only need to prove that Φ_{nA}(E_i) ≠ Φ_{nA}(E_j ) when i ≠ j.

By construction, E_{0,i} = E_0(A, 0, E_i) = 0 if and only if E_i consists of (−1)- and (−2)-curves. By definition, ~E_{0,i} ≠ 0, and

− ~E_0C_j ≥ K_X C_j , for j = 1, · · · , r.

So |nA − ~E_0| satisfies Laufer-Ramanujian condition for k = 0. Hence it is (−1)-very ample, i.e., H^1(nA − ~E_0) = 0.

Now we consider the exact sequence

0 → O(nA − ~E_0) → O(nA) → O_{~E0} (nA) → 0. (4.4)

14 S.-L. TAN

Since |nA| has no base point and A · E(A) = 0, the generic divisor B ∈ |nA| does not contain any C_i, and hence disjoint with E(A). We obtain

O_{~E0} (nA) = O_{~E0} (B) = O_{~E0} = s� i=1 O_{~E0,i} .

The long exact sequence of (4.4) gives us a surjective map

H^0(nA) → s� i=1 H^0(O_{~E0,i} ),

so for each i ≠ j, there is a section s in H^0(nA) such that s( ~E_{0,i}) ≠ 0, s( ~E_{0,j} ) = 0. Hence |nA| separates E_i and E_j , which means that Φ_{nA}(E_i) ≠ Φ_{nA}(E_j ).

If E(A) is rational, then one can prove similarly that H^1(nA − Z_i − Z_j ) = 0 and Φ_{nA}(E_i) ≠ Φ_{nA}(E_j ) provided

n > M(A, −Z_i − Z_j ) = 2 + M(A, 0) − m_i + m_j 4 for any i ≠ j, (4.5)

where m_i = −Z^2_i is the multiplicity of the normal rational singular point with exceptional curve E_i. On the other hand, condition (4.5) follows from our assumption n > 2 + M(A, 0).

Let A be a divisor on X, and let

R_m := H^0(X, O_X (mA)), R[A] := ∞� m=0 R_m.

R[A] admits naturally a graded ring structure. The generation of this ring was studied by Zariski [32] for any divisor A, and by Mumford [22], Kodaira [20, 21] and Bombieri [8] for the canonical divisor of surfaces of general type.

Lemma 4.9. Assume that A^2 > 0, ℓ and p are two positive integers such that |ℓA| has no base point, and H^1(mA) = V is fixed for any m ≥ p. Let k = ℓ^2A^2 and let

N(A, ℓ, p) := � � � max � 2ℓ + p − 1, 3ℓ +

K_X A A^2 � , if V = 0,

max { 2ℓ + p − 1, k + M(A, 0) + ℓ } , if V ≠ 0,

If m > N(A, ℓ, p), then we have

R_m = R_ℓR_{m−ℓ}. (4.6)

Proof. Note first that A is nef and big. Let E(A) = C_1 + · · · + C_r. We choose three generic curves F_1, F_2 and F_3 in |ℓA| such that they have no common zero point and do not contain any C_i. Then we see that E(A) is disjoint with all F_i. We denote by f_i the global section defining F_i. Let F be the syzygy sheaf of (f_1, f_2, f_3) (see (3.1)),

0 −→ F −→ ⊕^3_{i=1}O_X (−F_i) −→ O_X −→ 0, (4.7)

EFFECTIVE BEHAVIOR OF MULTIPLE LINEAR SYSTEMS 15

and let E = F(F_1 + F_2). We have known that det E = F_1 + F_2 − F_3 = ℓA and E has a global section δ such that Z(δ) = F_1 ∩ F_2, 0 −→ O −→ E −→ I_{F1∩F2} (ℓA) −→ 0. (4.8) From the conditions, we claim that a) H^1((m − ℓ)A) = H^1((m − 2ℓ)A) = V if m > 2ℓ + p − 1; b) H^2((m − 3ℓ)A) = H^0(K_X − (m − 3ℓ)A) = 0 if m > 3ℓ +

K_X A A^2 ; c) H^1(I_{F1∩F2} ((m − ℓ)A)) = V if V = 0 or m > ℓ + k + M(A, 0).

Indeed, we only need to prove c). From the long exact sequence of

0 −→ O_X ((m − 3ℓ)A) −→ O_X ((m − 2ℓ)A)^{⊕2 (f1,f2)}−→ I_{F1∩F2} (m − ℓ) −→ 0, we obtain

V^{⊕2} = H^1((m − 2ℓ)A)^{⊕2} −→ H^1(I_{F1∩F2} ((m − ℓ)A)) −→ H^2((m − 3ℓ)A) = 0. Thus if V = 0, then H^1(I_{F1∩F2} ((m − ℓ)A) = 0. Now we consider the case V ≠ 0. Suppose V = H^1(O_X ((m − ℓ)A)) ⊊ H^1(I_{F1∩F2} ((m − ℓ)A)).

Then F_1 ∩ F_2 violates the (k − 1)-very ampleness of (m − ℓ)A (k = deg(F_1 ∩ F_2)), so there exists a minimal non empty subscheme Δ ⊂ F_1 ∩ F_2 violating the (k − 1)-very ampleness. Because m − ℓ > k + M(A, 0), by Theorem 4.1 we have a curve D ≠ 0 passing through Δ such that (4.1) is true, hence the support of Δ is contained in both F_1 and E(A), which contradicts the choice of F_1. This completes the proof of c).

Similarly, consider the long exact sequence of (4.8)⊗O((m − 2ℓ)A), we get V = H^1((m − 2ℓ)A) → H^1(E((m − 2ℓ)A)) → H^1(I_{F1∩F2} ((m − ℓ)A)) = V. So h^1(F(mA)) = h^1(E((m − 2ℓ)A)) ≤ 2 dim V. (4.9) The long exact sequence of (4.7)⊗O_X (mA) gives us the following

⊕^3_{i=1} H^0((m − ℓ)A)^{(f1,f2,f3)}−→ H^0(mA) −→ H^1(F(m)) → α→ ⊕^3_{i=1} H^1((m − ℓ)A) −→ H^1(mA) −→ H^2(F(m)).

We can see by (4.9) that α is injective, equivalently (f_1, f_2, f_3) is surjective, namely R_m = f_1R_{m−ℓ} + f_2R_{m−ℓ} + f_3R_{m−ℓ}.

This completes the proof.

The following theorem is about the projective normality of Φ_{mA}(X) (see [8], Theorem 3A).

Theorem 4.10. Let A be a nef divisor with A^2 > 0 such that either |A| has no fixed part or E(A) is rational. Let

ℓ = 1 + m(A, 0), p = � m(A, 0), if E(A) is rational, 1 + max{m(A, 0), m(A, −E_1)}, if |A| has no fixed part.

16 S.-L. TAN

Assume that

2m > � � � max � 2ℓ + p + 1, 3ℓ + 3 +

K_X A A^2 � , if E(A) is rational,

max { 2ℓ + p + 1, k + M(A, 0) + ℓ + 1 } , if |A| has no fixed part.

Then for any n ≥ 1,

R_{nm} = R^n_m.

Proof. Under the conditions, |ℓA| and |(ℓ+1)A| have no base point, and h^1(mA) = V is fixed when m ≥ p. By the previous lemma, if m > N(A, ℓ + 1, p), then we have

R_m = R_ℓR_{m−ℓ}, R_m = R_{ℓ+1}R_{m−ℓ−1}.

Now we claim that for any n ≥ 1,

R_{nm} = R^n_m.

Indeed, we can write m = sℓ + t(ℓ + 1) for some non negative s and t, (e.g., s = �_m ℓ � (ℓ+1)−m and t = m−

�_m ℓ � ℓ). We can assume that n ≥ 2. From the assumption nm ≥ 2m > N(A, ℓ + 1, p), so the previous lemma gives us that

R_{nm} = R_{(n−1)m+sℓ+t(ℓ+1)} = R_{(n−1)m}R^s_ℓ R^t_{ℓ+1} = R_{(n−1)m}R_m.

By induction on n, we have R_{nm} = R^n_m for any n ≥ 1.

Example 4.11. Let π : X → P^2 be a double cover ramified over a smooth curve B of degree 2d, and let H = π^∗(O_P2 (1)) be the pullback divisor of a line. Then nH is very ample if and only if n ≥ d. (Note that if n < d, then |nH| = π^∗|O_P2 (n)|, which implies that the map defined by |nH| factorizes through the double cover π, so nH is not very ample). On the other hand, K_X ≡ (d − 3)H and H^2 = 2. Thus M(H, 0) = d −^5_2 , hence m(H, 0) = d − 2. In particular, n > 2 + M(H, 0) iff n ≥ d. Therefore, our bound in Corollary 1.3 can not be improved for X and H.

REFERENCES

[1] U. Angehrn, Y.-T. Siu, Effective freeness and point separation for adjoint bundles, Invent.

Math., 122 (1995), pp. 291–308.

[2] M. Artin, Some numerical criteria for contractibility of curves on algebraic surfaces, Amer.

J. Math., 84 (1962), pp. 485–496.

[3] M. Artin, On isolated rational singularities of surfaces, Amer. J. Math., 88 (1966), pp. 129– 136.

[4] M. C. Beltrametti, A. J. Sommese, Zero cycles and the k-th order embeddings of smooth projective surfaces, (with an appendix by L. Göttsche), in: Problems in the Theory of Surfaces and Their Classification, (eds: F. Catanese, C. Ciliberto and M. Cornalba), Sympos. Math. vol. 32 (1991), Academic Press, London, pp. 33–48.

[5] M. C. Beltrametti, A. J. Sommese, Sharp Matsusaka-type theorems on surfaces, Math.

Nachr., 191 (1998), pp. 5–17.

[6] X. Benveniste, On the fixed part of certain linear systems on surfaces, Compositio Math., 51:2 (1984), pp. 237–242.

[7] F. Bogomolov, Holomorphic tensors and vector bundles on projective varieties, Math. USSR, Izv., 13 (1979), pp. 499–555.

[8] E. Bombieri, Canonical models of surfaces of general type, Publ. Math., I.H.E.S., 42 (1972), pp. 171–219.

EFFECTIVE BEHAVIOR OF MULTIPLE LINEAR SYSTEMS 17

[9] G. Castelnuovo, Alcune proprietà fondamentali die sistemi lineari di curve tracciate sopra una superficie algebraica, Ann. Mat. Pura Appl., II s., 25 (1897).

[10] S. D. Cutkosky, V. Srinivas, On a problem of Zariski on dimensions of linear systems, Ann.

of Math., 137 (1993), pp. 531–559.

[11] S. D. Cutkosky, V. Srinivas, Periodicity of the fixed locus of multiples of a divisor on a surface, Duke Math. J., 72:3 (1993), pp. 641–647.

[12] J.-P. Demailly, A numerical criterion for very ample line bundles, J. Diff. Geom., 37 (1993), pp. 323–374.

[13] J.-P. Demailly, Effective bounds for very ample line bundles, Invent. Math., 124 (1996), pp.

243–261.

[14] L. Ein, Adjoint linear systems, in: Complex Algebraic Geometry, MSRI Publications, 28 (1995), pp. 87–95.

[15] L. Ein, R. Lazarsfeld, Global generation of pluricanonical and adjoint linear series on smooth projective threefolds, J.A.M.S., 6 (1993), pp. 875–903.

[16] G. Fernández del Busto, A Matsusaka-type theorem on surfaces, J. of Algebraic Geometry, 5:3 (1996), pp. 513–520.

[17] T. Fujita, Remarks on Ein-Lazarsfeld criterion of spannedness of adjoint bundle of polarized threefolds, preprint 1993.

[18] G. Heier, Effective freeness of adjoint line bundles, Doc. Math., 7 (2002), pp. 31–42 (electronic). [19] Y. Kawamata, On Fujita’s freeness conjecture for 3-folds and 4-folds, Math. Ann., 308:3 (1997), pp. 491–505.

[20] K. Kodaira, Pluricanonical systems on algebraic surfaces of general types, Proc. Natl. Acad.

Sci. USA, 58 (1967), pp. 911–915.

[21] K. Kodaira, Pluricanonical systems on algebraic surfaces of general type, J. Math. Soc. Japan, 20 (68), pp. 170–192.

[22] D. Mumford, The canonical ring of an algebraic surface, Ann. of Math., 76 (1962), pp. 612– 615.

[23] I. Reider, Vector bundles of rank 2 and linear systems on algebraic surfaces, Ann. of Math., 127 (1988), pp. 309–316.

[24] S. Schröer, On contractible curves on normal surfaces, J. Reine Angew. Math., 524 (2000), pp. 1–15.

[25] I. R. Shafarevich, Algebraic surfaces, Proc. of the Steklov Inst., 75, Nauka, Moscow, 1965.

English translation: Amer. Math. Soc., Providence, R.I. (1967).

[26] Y.-T. Siu, An effective Matsusaka big theorem, Ann. de l’institue Fourier, tome 43 (1993), pp.

1387–1405.

[27] Y.-T. Siu, Effective very ampleness, Invent. Math., 124 (1996), pp. 563–571. [28] Y.-T. Siu, A new bound for the effective Matsusaka big theorem, Houston J. of Math., 28:2 (2002), pp. 389–409.

[29] S.-L. Tan, Cayley-Bacharach property of an algebraic variety and Fujita’s conjecture, J. of Algebraic Geometry, 9 (2000), pp. 201–222.

[30] S.-L. Tan, Cayley-Bacharach property and k-very ampleness, AMS/IP Studies in Advanced Mathematics, 20 (2001), pp. 241–250.

[31] S.-L. Tan, E. Viehweg, A note on Cayley-Bacharach property for vector bundles, in: Complex Analysis and Algebraic Geometry, (eds Thomas Peternell and Frank-Olaf Schreyer), de Gruyter, Berlin (2000), pp. 361–373.

[32] O. Zariski, The theorem of Riemann-Roch for higher multiples of an effective divisor on an algebraic surface, Ann. of Math., 76 (1962), pp. 560–616.

[33] O. Zariski, Collected Papers, M. Artin and D. Mumford, eds., M.I.T. Press, Cambridge, 1973.

18 S.-L. TAN