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f(λ) = a0λ

m + a1λ
m−1 + · · ·+ am−1λ + amUV

f(A ) = a0Am + a1Am−1 + · · ·+ am−1A + amE = 0,WX E YZ[\℄^_`, ab f(λ)
 A defghi. jQkldmnRSTbo A dpqghi, romA(λ).sfA �tuTvwx5�� A�tuTvw. �yzÆ §64=�,�tuTvw�\9{fa|.�� 1.1 } A d~lRST
mA(λ) = (λ − λ1)

k1(λ − λ2)
k2 · · · (λ − λt)

kt ,�� λi���\, a�� V d���	
V = Wλ1

⊕ Wλ2
⊕ · · · ⊕ Wλt

,��
Wλi

= {α ∈ V | (A − λiE)ki(α) = 0}, i = 1, 2, · · · , t,
A d�_
��, bo
Æ��� λid���� (root subspace).��: S���Wλi
5?�;:b. J α ∈ Wλi

, �
(A − λiE)ki(A (α)) = A ((A − λiE)ki(α)) = 0,GH A (α) ∈ Wλi

, 6}Wλi
5A �S);:b.�" α ∈ V . ��

mA(λ)

(λ − λ1)
k1

, · · · ,
mA(λ)

(λ − λt)
kt5���Tvw (IJλi�S'5), 6}�LTvwu1(λ), · · · , ut(λ)34 (�yÆ"p 3.8)

u1(λ)
mA(λ)

(λ − λ1)
k1

+ · · ·+ ut(λ)
mA(λ)

(λ − λt)
kt

= 1.�A A� λ,  !+7"5)2, #�L$% αn4=
α = α1 + α2 + · · ·+ αt,
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αi=ui(A )(A−λ1E)k1 · · ·(A−λi−1E)ki−1(A−λi+1E)ki+1 · · ·(A−λtE)kt(α),

i = 1, · · · , t.��
(A − λiE)ki(αi) = ui(A )mA(A )(α) = 0, i = 1, · · · , t,'$ αi ∈ Wλi

, �H/ V = Wλ1
+ · · ·+ Wλt

.7��<, J α ∈ Wλ1
∩ (Wλ2

+ · · · + Wλt
). �� (λ − λ1)

k1 (
(λ − λ2)

k2 · · · (λ − λt)
kt ��, �L v1(λ), v2(λ)34

v1(λ)(λ − λ1)
k1 + v2(λ)(λ − λ2)

k2 · · · (λ − λt)
kt = 1.�A A� λ, #�L$% αn4=

α = v1(A )(A − λ1E)k1(α) + v2(A )(A − λ2E)k2 · · · (A − λtE)kt(α),�� α ∈ Wλ1
, 4 (A − λ1E)k1(α) = 0, )6 α ∈ Wλ2

+ · · ·+ Wλt
, G4

(A−λ2E)k2 · · · (A−λtE)kt(α) = 0,6}α = 0. *(+G�Wλi
∩(Wλ1

+

· · ·+ Wλi−1
+ Wλi+1

+ · · ·+ Wλt
) = 0. '$ V = Wλ1

⊕ · · · ⊕ Wλt
. �$B� 1.1r,;:bWλi

�"#G$*-, 4';:b5xA .&/"�. 05B� 1.1�:d1G$�2. $4=(���������:d.J��A�3J6;45
(λ − λ1)

k1 , · · · , (λ − λs)
ks ,&r λiG$w#. '��������7

J = T−1AT = diag(Jk1
(λ1), · · · , Jks

(λs)), T ∈ GL(n, C).�G5�� T #.)2:

(η′
1 η′

2 · · ·η
′
n) = (η1 η2 · · ·ηn)T, (1.1)=>?�)2A ,�. η′

1, · · · , η′
n���x5������J . 7/,-*6, i. η′

1, · · · , η′
n7������?w8B97

η′
11, · · · , η′

1k1
, η′

21, · · · , η′
2k2

, · · · , η′
s1, · · · , η′

sks
,
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i1) = λiη

′
i1,A (η′

i2) = λiη
′
i2 + η′

i1,

. . . . . . . . . . . . . . . . . . .A (η′
ij) = λiη

′
ij + η′

i.j−1,

. . . . . . . . . . . . . . . . . . .A (η′
iki

) = λiη
′
iki

+ η′
i.ki−1,

i = 1, · · · , s, (1.2)nwG$x;<+
η′

i,ki−1 = (A − λiE)η′
iki

,

η′
i,ki−2 = (A − λiE)η′

i,ki−1 = (A − λiE)2η′
iki

,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

η′
i,j = (A − λiE)η′

i,j+1 = (A − λiE)ki−jη′
iki

,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

η′
i1 = (A − λiE)η′

i,2 = (A − λiE)ki−1η′
iki

,

(A − λiE)kiη′
iki

= 0.

(1.3)$ (1.3)wG$*- η′
i1, · · · , η′

iki
x η′

iki
W=/". >

Vi = L(η′
i1, · · · , η′

iki
), i = 1, · · · , s.

Vi5A �S);:b, >x η′
iki
W=/". � Vi�"#G4�<:dw

V = V1 ⊕ · · · ⊕ Vs.S�*-, 'a���5&o	?� c� ViF<x5,;:bWc. $P�"p 1.2mAn5�yzÆ §5�\9�6&BCD.�� 1.2 �� V EA d�_
��d���	
V = V1 ⊕ · · · ⊕ Vs, (1.4)UV A FG�HI ViJdKLM
NOPQ. �&HGR, "p 1.2�:dS5.&�.
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11, · · · , η′

sks
. `/"4o.�,a5_-$% η′

iki
, >�b
de

(A − λiE)ki(η′
iki

) = 0, (A − λiE)ki−1(η′
iki

) 6= 0. (1.5)6}L/"/��A�3J6;4Y,G\�de (1.5)/"$%η′
iki

,�fa'5	?��3J6;Sg&oN,�7h!�I=i�hj,E/"h! kiI� η′
iki

, k�lw (1.3)m-&n�.$% η′
i1, · · · , η′

i,ki−1.L0h!oi�3J6;���.$% η′
jkj
N, �Lb
de (1.5)�$%r�"(QR0-�.$%?�p,�$%. ZYi4'$%�qr#7s$%tG<-�� T .� 1.1 Q^��

A =





4 −1 2

−9 4 −6

−9 3 −5



�3J6;5 λ− 1, (λ− 1)2. 0)2�� T 3 T−1AT 5������.�: 67uo3J6;��5&o	?�1, 6}E0(h!oI�3J6;��� η′
22. ><�b
 (1.5), 06tuTvw mA(λ) =

(λ − 1)2, v (A − E)2 = 0, qOP&ode:

(A − E)η′
22 =





3 −1 2

−9 3 −6

−9 3 −6



 η′
22 6= 0.Sw" η′

22 = (1, 0, 0)T. m- η′
21 = (A − E)η′

22 = (3,−9,−9)T.

η′
11�xb


(A − E)η′
11 =





3 −1 2

−9 3 −6

−9 3 −6



 η′
11 = 0,`y�( η′

21?�p,. G" η′
11 = (1, 3, 0)T. 6}

T =





1 3 1

3 −9 0

0 −9 0



 .
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T−1AT =





1 0 0

0 1 1

0 0 1



 . ��5&o	?����3J6;gTN, zm�v'�#{.�zB*35��d*+. i T−1AT = J |+AT = TJ , $��
T � n2o}�#7~^%, 4=&o?�*+4, fY0d. &rvaS�e�~^%. 4B*3qt�� ngu���.��B*35\�Tvw���3J)2Ei	?�� λE − A|+�%� (S&"|+���):

P1(λ)(λE − A)Q1(λ) = D(λ),�k�P)2��Q1(λ). $�%��D(λ)xt4=��A�3J6;4 (�yzÆB� 4.3). fY<-'�������� J . k��3J)2i J �	?��.|+ D(λ):

P2(λ)(λE − J)Q2(λ) = D(λ).�5
λE − J = [P2(λ)−1P1(λ)](λE − A)[Q1(λ)Q2(λ)−1].k0-Q1(λ)Q2(λ)−1x λE − J  �'4=�nw Q0 ∈ Mn(C):

Q1(λ)Q2(λ)−1 = U(λ)(λE − J) + Q0.,:�yzÆ�p 3.2, Q0.G�$P*304: iQ1(λ)Q2(λ)−1	�+��Tvw:

Q1(λ)Q2(λ)−1 = C0λ
k + C1λ

k−1 + · · ·+ Ck, C0, · · · , Ck ∈ Mn(C).�
Q0 = C0J

k + C1J
k−1 + · · ·+ Ck.�5,:�yzÆ"p 3.3��H, a

Q−1
0 AQ0 = J.
�8[�)2��k�PR,C�L��Æ §8QR�=�4B��. P7��;��/fu�*3, 
��eÆd�40��p�.
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A =





4 −1 2

−9 4 −6

−9 3 −5



�������%)2��.�: E#3J)2i	?�� λE −A|7�%� (rb�+�, P5):


















λ − 4 1 −2

9 λ − 4 6

9 −3 λ + 5

1 0 0

0 1 0

0 0 1



















−→



















1 0 0

0 λ − 1 0

0 0 (λ − 1)2

0 0 1

1 2 −λ − 2

0 1 −3



















.n7�zmGC�7
(

P1(λ) 0

0 E

)(

λE − A

E

)

Q1(λ) =

(

P1(λ)(λE − A)Q1(λ)

Q1(λ)

)

.6}A�3J6;5 λ − 1, (λ − 1)2. &������7
J =





1 0 0

0 1 1

0 0 1



 .k#3J)2i	?�� λE − J |7(n7'5��%�:


















λ − 1 0 0

0 λ − 1 −1

0 0 λ − 1

1 0 0

0 1 0

0 0 1



















−→



















1 0 0

0 λ − 1 0

0 0 (λ − 1)2

0 1 0

0 0 1

1 0 λ − 1



















.n7�zmGC�7
(

P2(λ) 0

0 E

)(

λE − J

E

)

Q2(λ) =

(

P2(λ)(λE − J)Q2(λ)

Q2(λ)

)

.70Q1(λ)Q2(λ)−1, C�3�$P�:?���3:
(

Q2(λ)

Q1(λ)

)

Q2(λ)−1 =

(

E

Q1(λ)Q2(λ)−1

)

.
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

















0 1 0

0 0 1

1 0 λ − 1

0 0 1

1 2 −λ − 2

0 1 −3



















−→



















1 0 0

0 1 0

0 0 1

0 1 0

2 −2λ − 1 1

1 −3 0



















.�5
Q1(λ)Q2(λ)−1 =





0 0 0

0 −2 0

0 0 0



λ +





0 1 0

2 −1 1

1 −3 0



 .� J$ �A� λt4
Q0 =





0 0 0

0 −2 0

0 0 0









1 0 0

0 1 1

0 0 1



 +





0 1 0

2 −1 1

1 −3 0



 =





0 1 0

2 −3 −1

1 −3 0



 .R��/ma
Q−1

0 AQ0 = J. �4�B*3�a��. !F3J6;�h!�I, fa5&o	?��3J6;�T, zm.�#{, �o*3�&0. �fZ� �5
zm!m, G���yzÆ §5�n!m�.Ld?�89:*+Nv�=�������)2��. )8L0&o���Ih*"N, #$������G%%&�zm%.� 1.3 J
A =

(

−1 −4

1 3

)

,zmA100.�: E0- A �3J6;5 (λ − 1)2. 6}������5 J =
(

1 1

0 1

)

. 6A − E =

(

−2 −4

1 2

)

, G" η′
2 = (1, 0)T, η′

1 = (A − E)η′
2 =
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(−2, 1)T. 6})2��5 T =

(

−2 1

1 0

)

. '$
A100 = (TJT−1)100 = TJ100T−1

=

(

−2 1

1 0

)(

1 100

0 1

) (

0 1

1 2

)

=

(

−199 −400

100 201

)

. �� � 13–1

1. �����A, ����� T , � T−1AT �������:

(1)

0

B

@

1 −3 4

4 −7 8

6 −7 7

1

C

A
; (2)

0

B

@

3 −2 1

2 −2 2

3 −6 5

1

C

A
;

(3)

0

B

B

B

B

@

3 −4 0 2

4 −5 −2 4

0 0 3 −2

0 0 2 −1

1

C

C

C

C

A

; (4)

0

B

B

B

B

@

1 −3 0 3

−2 −6 0 13

0 −3 1 3

−1 −4 0 8

1

C

C

C

C

A

.

2. � : !"#$� A%&'� A = B + C, () B�%�*+��, C�,-�, .BC = CB.

3. / J0123� 1� n4���5, 6�� g(J)789 J�:;< g(λ)�=>�?&�ABC.
∗
4. � : !"#$�%&'�D"#�E���FG, H.()�I"0%J�. �2 ����4&��,-�F�58[i# ! f(λ)'(+��)%� !

f(A)? � f(λ)5#)!TvwN, 4oF�*Qd+. ,L���&H# !���.DE�-���? J = Jk(c)���. � J = cEk + H , 4;
H =

















0 1 0 · · · 0

0 0 1 · · · 0
...

...
. . .

. . .
...

0 0 0
. . . 1

0 0 0 · · · 0

















,
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H fa$P�.: Hk = 0, Hk−1 6= 0. C�i-o*"J�0���/70eUV (nilpotent matrix), 6}H5&o k1"2��.89 f(λ)L c34a"5!	�w

f(c + h) = f(c) + f ′(c)h +
f ′′(c)

2!
h2 + · · · ,C�gef+6="# f(λ)L���? J = cE + H��7

f(J)
def
= f(c)E + f ′(c)H +

f ′′(c)

2!
H2 + · · ·+

f(k−1)(c)

(k − 1)!
Hk−1

=































f(c) f ′(c)
f ′′(c)

2!
f ′′′(c)

3!
· · ·

f(k−1)(c)
(k − 1)!

0 f(c) f ′(c)
f ′′(c)

2!
· · ·

f(k−2)(c)
(k − 2)!

0 0 f(c) f ′(c) · · ·
f(k−3)(c)
(k − 3)!

...
...

...
. . .

. . .
...

0 0 0 0
. . . f ′(c)

0 0 0 0 · · · f(c)































.

(2.1)�� 2.1 }KLA ∈ Mn(C)d���
 λ1, · · · , λs, 7dNOP89: J = diag(J1, · · · , Jt) = T−1AT . LMO;Q f(λ)�����<MN=>Q?�T, aAB AdUVCD (matrix function)o
f(A) = T diag(f(J1), · · · , f(Jt))T

−1. (2.2)G$�H�� !�"#()2��T�"3p,,6EoF{`�
. G2HIlw (2.1)G$J,, �����? Jk(c), "# f(Jk(c))q�=/ f(c), f ′(c), · · · , f(k−1)(c)��. 89�� A�tuTvw
mA(λ) = (λ − λ1)

k1(λ − λ2)
k2 · · · (λ − λs)

ks ,=>7//"�� ! f(A), <��=
f(λ1), f

′(λ1), · · · , f(k1−1)(λ1), · · · , f(λs), f
′(λs), · · · , f(ks−1)(λs). (2.3)$ (2.3)G$*-, A�'a	?�$%Ko	?�LtuTvwr�w!L/" A��� !N�L,a��#�. 6}i A�'a	?�$%Ko	?�LtuTvwr�w!/7��A�M (spectrum),



�2 ��KL · 329 ·k7ΛA. i (2.3)r�!/7 ! f(λ)LA�Nn��, k7 f(ΛA). 40C�x4=/$PB�.�� 2.1 ;Q f(λ)�KLA<dKL;Q f(A)O f �PJd�
f(ΛA)QRSA. �lw (2.1)< (2.2)"#��� ! f(A)G$x;<+

f(A) =

s
∑

i=1

ki−1
∑

j=0

f(j)(λi)Zij ,4;� Zij 5x�� A .&/"�#��, ( ! f(λ) p,. Zij Ta deg mA(λ)o, >��#�*(�UVWXY�Tvwr�.
Y�Tvw li(x) (���yÆ� 7.1). C�G$���"()�Tvw !
f(λ)iZij/"PR. $YzmA��� !xg*6/.� 2.1 Q^��

A =





1 9 −4

4 −24 11

10 −66 30



 ,�3J6;5 λ − 3, (λ − 2)2, 0�� ! A5% exp(A).�: A�tuTvw5 mA(λ) = (λ − 3)(λ − 2)2. 6}
f(A) = f(3)Z10 + f(2)Z20 + f ′(2)Z21.:
" f(λ) = 1, λ% λ2, 4=











E = Z10 + Z20,

A = 3Z10 + 2Z20 + Z21,

A2 = 9Z10 + 4Z20 + 4Z21.d4
Z10 = 4E − 4A + A2 =





−3 21 −9

2 −14 6

6 −42 18



 ,

Z20 = −3E + 4A − A2 =





4 −21 9

−2 15 −6

−6 42 −17



 ,
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Z21 = −6E + 5A − A2 =





2 −12 5

2 −12 5

4 −24 10



 .6}
A5 = 35Z10 + 25Z20 + 5 · 24Z21 =





−441 3471 −1499

582 −3882 1666

1586 −10782 4630



 ,

exp(A) = e3Z10 + e2Z20 + e2Z21

=





−3e3 + 6e2 21e3 − 33e2 −9e3 + 14e2

2e3 −14e3 + 3e2 6e3 − e2

6e3 − 2e2 −42e3 + 18e2 18e3 − 7e2



 . �ZY, C�,-�� !�3J6;. $lw (2.2)G$^Z, f(A)�3J6;45�o?f(Ji)�3J6;4�[\w#6;��. 6}F�℄\7/"���?��� !�3J6;.�� 2.2 NOPQdKL;Qf(Jk(c))d^_`
aNb
defg:

(1) P k = 1h k > 1, f ′(c) 6= 0i, f(Jk(c)) jNRI^_`

(λ − f(c))k ;

(2) P k > 1, f ′(c) = · · · = f(h−1)(c) = 0, f(h)(c) 6= 0 (1 < h < k)i, f(Jk(c))d^_`
ak h− rI (λ− f(c))q , rI (λ− f(c))q+1lm,WX k = hq + r, 0 6 r < h;

(3)P k > 1, f ′(c) = · · · = f(k−1)(c) = 0i, f(Jk(c))d^_`
ak kI λ − f(c)lm.��: �� f(Jk(c))8 (2.1)w'�. 45&on�%���, >qa&o	?� f(c). 6} k = 1�\-5sf�. � k > 1, f ′(c) 6= 0N,�� f(Jk(c)) − f(c)E �nJ� k − 1, '$ f(Jk(c))����?qta&o, .x5G>�.&�3J6;5 (λ − c)k. 40x�H/ (1). \- (3).5sf�. \- (2)��Ho7#{, 4;�
/. �
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1. /A =

0

B

@

0 1 1

1 0 1

1 −1 1

1

C

A
, �A100, exp A, 3

√
A.

2. /A =

0

B

@

1 −3 3

−2 −6 13

−1 −4 8

1

C

A
, 6���B, �B2 = A.

3. / n4M��A�123N0OML. � : PQM��B, �B2 = A.

4. /A�123N�±1, � : A�A−178.

5. R���KL, �STUL�
D1, D2, · · · , Dn, · · · , Dn = 3Dn−1 − 3Dn−2 + Dn−3 (n > 3)�V;W<Dn = f(D1, D2, D3).

(XY: Z[\℄ A =

0

B

@

0 1 0

0 0 1

1 −3 3

1

C

A
)�3 �������
�%$YvR8�=������. 7*6��, i k1"2��k7

Hk
def
=

















0 1 0 · · · 0

0 0 1 · · · 0
...

...
. . .

. . .
...

0 0 0
. . . 1

0 0 0 · · · 0

















∈ Mk(C).�5���?
Jk(c) = cEk + Hk.opAX = XBJA ∈ Mm(C), B ∈ Mn(C). 3A, B'(�������:

JA = U−1AU, JB = V −1BV.
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UJAU−1X = XV JBV −1,t

JA(U−1XV ) = (U−1XV )JB . (3.1)6}*+ (3.1)(q*+�'5��w. 89*+ (3.1)�d��5 X̃,=> UX̃V −1x5q*+�d.,LC�J A< B �5������. �yJ A �3J6;5
(λ−λ1)

e1 , · · · , (λ−λs)
es , B�3J6;5 (λ−µ1)

f1 , · · · , (λ−µt)
ft . �5

A = diag(λ1Ee1
+ He1

, · · · , λsEes
+ Hes

),

B = diag(µ1Ef1
+ Hf1

, · · · , µtEft
+ Hft

).iX<+'��:?��:

X = (Xij), Xij ∈ Mei,fj
(C), i = 1, · · · , s, j = 1, · · · , t.A�q*+Y, 4=Jr� sto*+:

(λiEei
+ Hei

)Xij = Xij(µjEfj
+ Hfj

).nD*+)G)�7
(µj − λi)Xij = Hei

Xij − XijHfj
. (3.2)���""� i, j, G:uB�s,-*+ (3.2).

(1) λi 6= µj. w#��lw (3.2) m− 1h, G4
(µj − λi)

mXij =

m
∑

p=0

(−1)m−pCp
mHp

ei
XijH

m−p
fj

. (3.3)��
Hei

ei
= H

fj

fj
= 0,�m = ei + fjN, L (3.3)wr p > eitm− p > fju�uv&&. '$

(3.3)w !J�2. $`Xij = 0.

(2) λi = µj. 4N (3.2)w)+
Hei

Xij = XijHfj
. (3.4)
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















x21 x22 x23 · · · x2,fj

x31 x32 x33 · · · x3,fj

x41 x42 x43 · · · x4,fj

...
...

...
. . .

...

0 0 0 · · · 0

















=

















0 x11 x12 · · · x1,fj−1

0 x21 x22 · · · x2,fj−1

0 x31 x32 · · · x3,fj−1

...
...

...
. . .

...

0 xei,1 xei,2 · · · xei,fj−1

















.S�4=}��*+�d.� ei = fj N:

Xij =

















x1 x2 x3 · · · xei

0 x1 x2 · · · xei−1

...
...

. . .
. . .

...

0 0 0
. . . x2

0 0 0 · · · x1

















,� ei < fj N:

Xij =











0 · · · 0 x1 x2 · · · xei

0 · · · 0 0 x1 · · · xei−1

...
. . .

...
...

...
. . .

...

0 · · · 0 0 0 · · · x1











,� ei > fj N:

Xij =



























x1 x2 · · · xfj

0 x1 · · · xfj−1

...
...

. . .
...

0 0 · · · x1

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0



























.w14uB�s, G$^ZdXij'xa��!�o!J�:
{

0, λi 6= µj ,

min{ei, fj}, λi = µj .
(3.5)i4'Xij1L&�, x4=dX = (Xij).
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C(A, B)

def
= {X ∈ Mm,n(C) | AX = XB}5Mm,n(C)r�&o?�;:b. >�K!x5&HdX r'x�!�o!. � (3.5)wG$4=$P\-.�� 3.1 } A ∈ Mm(C), B ∈ Mn(C), A, B d^_`
a�z
 (λ − λ1)

e1 , · · · , (λ − λs)
es { (λ − µ1)

f1 , · · · , (λ − µt)
ft . aKL|}

AX = XBd	�� C(A, B)d~Q

dimC(A, B) =

s
∑

i=1

t
∑

j=1
µj=λi

min{ei, fj}. �
� 3.2 KL|}AX = XBN�m	d������
A{BN��d���. �� 3.1 d��*+










1 1

1

1

2











X = X











2

1 1

1 1

1











.�:

X =











0 0 a b

0 0 0 a

0 0 0 c

d 0 0 0











, a, b, c, d ∈ C. �UVW��f�(&o�� A ∈ Mn(C)G	2����y1/7 A���f�
(centralizer), k7 C(A). t

C(A) = {X ∈ Mn(C) | AX = XA}.

C(A)5Mn(C)r�&o?�;:b. �/" C(A)r���'��d��*+ AX = XA. ,����rC|;�K!a$P\-.
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a
 (λ − λ1)
e1 , · · · , (λ −

λs)
es . aKLAd�
n
 C(A)d~Q


dimC(A) =

s
∑

i=1

s
∑

j=1
λj=λi

min{ei, ej}. � (3.6)$lw (3.6)G$4- n 6 dimC(A) 6 n2. C�HIuot!���.
� 3.4 (1) dimC(A) = n2, �C(A) = Mn(C)d������

Ao�
KL aE;

(2) dimC(A) = n PÆ�P A d^_`
����, PÆ�P
χA(λ) = mA(λ).��: (1)73 dimC(A)�=t%, DEA�'a	?���'J,4N dimC(A) 6 s(e1 + · · ·+ es) = sn. 6` s = n, tKo ei = 1. 34
A+7r%��. 
\-��:�5sf�.

(2) ,:lw (3.6), dimC(A) = n = e1 + · · ·+ es�y��A��3J6;faS5�	?�, .x5uu��. 4Jr� A�tuTvwJ�'a3J6;���, Y�x5 A�	?Tvw. �UVghiopC�4;q,-Z()���. J
f(λ) = a0λ

m + a1λ
m−1 + · · ·+ am−1λ + am ∈ C[λ],0d��*+

f(X) = 0, X ∈ Mn(C).sf f(λ) 5 X �|2Tvw, 6} f(X) = 0�y�� mX(λ) | f(λ).

f(λ)��[6w�G$#7X �tuTvw. ��Ko""�tuTvw)G$/"X �'aGt�3J6;4. ��Ko�"�3J6;4G$<->������� J . *+ f(X) = 0�'aGt�d�fa�w TJT−1, T ∈ GL(n, C). nD,-G$℄�+$PB�.�� 3.5 }
f(λ) = a0(λ − λ1)

k1(λ − λ2)
k2 · · · (λ − λt)

kt,
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�:L
(λ − λi)

ei (ei 6 ki, i = 1, · · · , t). �� 3.2 0d��*+
(X − E)2(X − 2E) = 0, X ∈ M3(C).�: f(λ) = (λ − 1)2(λ − 2), 6}dy5&''(*��y, 4''(*�3J6;45: (1) λ − 1, (λ − 1)2; (2) λ − 1, λ − 1, λ − 1;

(3) λ − 2, λ − 2, λ − 2; (4) (λ − 1)2, λ − 2; (5) λ − 1, λ − 1, λ − 2; (6)

λ − 1, λ − 2, λ − 2. �/.Æ( $#!N�H���9�4���� ��IN�Q"V%&(*,./nj,d'&W" � ������04������ "%�*,l��
WIMS

�	
� WIMS ��a<b
)dI"e�“fg7F” (Cross

multiplication), hS��AiC, Aj���$`AB −BA = C�'
B. 66j'��$`�klm.� � 13–3

1. /
A = U

0

B

B

B

B

B

B

B

@

−1 1 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 2 1 0 0 0
0 0 0 2 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

1

C

C

C

C

C

C

C

A

U
−1

, B = V

0

B

B

B

B

B

@

−1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 2 1 0
0 0 0 0 2 1
0 0 0 0 0 0

1

C

C

C

C

C

A

V
−1

.�'AX = XB.

2. /
A =

0

B

B

B

B

B

@

1 1 0 0 0 0
0 1 1 0 0 0
0 0 1 0 0 0
0 0 0 1 1 0
0 0 0 0 1 0
0 0 0 0 0 2

1

C

C

C

C

C

A

.�C(A)no dimC(A).

3. pS��$`
X

2 − 2X − 3E = 0, X ∈ M3(C),�'�qrstu.

4. v�wx 3.1�$y� z� 3.2.



�4 ���{�J · 337 ·�4 ��� �!Ja?�*+4
AX = B, A ∈ Mm,n(C), B ∈ Mm,1(C), (4.1)� m = n, AG5N. (4.1)a.&d X = A−1B. `� m 6= n, t�a

m = n, 0A�|N, *+ (4.1)S&"ad, t3ad.S&".&. S�C�G$�i�0, �_��G ∈ Mn,m(C), 34� (4.1)adNGB&"5&od. 40���xx/7(#5.�C�:�&P. B 3 (4.1) ad�y���L C ∈ Mn,1(C) 34 B = AC. 6}��ad� B 34 GB 5dJr������ C ∈

Mn,1(C), G(AC)5d, 4)Jr�AGAC = AC����C+�. ZY&odeJr� AGA = A. 6}a$P"#.�� 4.1 }A ∈ Mm,n(C), LMKL G ∈ Mn,m(C) !
AGA = A,abG
AdRI {1}"�# (generalized inverse), $b {1}%.�AG5N, sfG = A−1. 6}(#5/m55���'(.P7C���� {1}(#55&�L$%�LN8[zm.EiA|+Jr���

PAQ =

(

Er 0

0 0

)

, P ∈ GL(m, C), Q ∈ GL(n, C).�AGA = AJr�
P−1

(

Er 0

0 0

)

Q−1GP−1

(

Er 0

0 0

)

Q−1 = P−1

(

Er 0

0 0

)

Q−1,k
Q−1GP−1 =

(

X11 X12

X21 X22

)

, X11 ∈ Mr(C), X22 ∈ Mn−r,m−r(C),A�℄wG4
(

Er 0

0 0

) (

X11 X12

X21 X22

)(

Er 0

0 0

)

=

(

Er 0

0 0

)

.
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G = Q

(

Er U

V W

)

P ∈ Mn,m(C).40x4=/$PB�.�� 4.1 }A ∈ Mm,n(C)
(_Æ rdKL, ÆN
PAQ =

(

Er 0

0 0

)

, P ∈ GL(m, C), Q ∈ GL(n, C).aAd {1}%
b
:TdKL:

Q

(

Er U

V W

)

P ∈ Mn,m(C),�� U ∈ Mr,m−r(C), V ∈ Mn−r,r(C), W ∈ Mn−r,m−r(C)
)*dKL. $4oB�G$*-��A� {1}5&"�L, `y&HS.&.�y�� A5G5��N, A� {1}5.&, x55�� A−1.� r = m, tA5�bn��N, A� {1}5fa�w
G = Q

(

Em

V

)

P,�5
AG = P−1(Em 0)Q−1Q

(

Em

V

)

P = Em,tG5A� 5.� r = n, tA5sbn��N, A� {1}5fa�w
G = Q(En U)P,�5

GA = Q(En U)PP−1

(

En

0

)

Q−1 = En,tG5A�'5.n7�,-a&o℄+, t*+AX = Bad. =>L*+S&"adN)/>,-? C�efv6��Zuz�d (����Æ §6)#7*+�Z.4(d. 6}au�/%(#5����0,t_-��
G, 34GB+7*+ AX = B�Zuz�d. C�ELm! D,-.



�4 ���{�J · 339 ·�� 4.2 }A ∈ Mm,n(R), G ∈ Mn,m(R). ab
�I^1
_2d:

(1) 3)*d4KLB ∈ Mm,1(R), X = GBRA
AX = Bdkl56	;

(2) AGA = A, (AG)T = AG.��: (1)⇒ (2)67�AX = BadN,Zuz�dx5*+�d,6}G�x5A� {1}5,tb
AGA = A. kJW 5A�s$%7+� Rmr�?�;:b (����Æ §6), W⊥5W ��	8:b. �Zuz�dX = GBb
AX = AGB ∈ W , B − AX = B − AGB ∈ W⊥.k P = AG. 6}�����s�� Y, Z ∈ Mm,1(R), a PY ∈ W ,

(Em − P )Z ∈ W⊥. �5
(PY )T(Em − P )Z = 0 =⇒ P T − P TP = 0,

[(Em − P )Z]TPY = 0 =⇒ P − P TP = 0.$` P T = P TP = P .

(2)⇒ (1) JX = GB. �
ATAX = ATAGB = [(AG)TA]TB = [AGA]TB = ATB.,:��Æ §6�,-, X 5AX = B�Zuz�d�y��ATAX =

ATB, 6}GB/5&oZuz�d. �89��^~�9:b (�:Æ §6)�;, x^Z<=;4:b�D�G$'(=#! n, $`L#?�:br.G$"#$%��&<%&. 40�#?�:b/79:b. 9:bruos�� X, Y ∈

Mm,1(C) b�D�5 X
T
Y , (<=;4:b�D�'E, T/&oT>. 6}��#���?�*+4AX = B, 50G$"#>�Zuz�d. '$B� 4.2��#��.2�, .&�;)5ide (2)r�

(AG)T = AG;7 (AG)
T

= AG. $YC�xL?(��#���0D,-(#5.,:$n,-, kA�&Bde, xt4=$P?CV�(#5�"#.�� 4.2 }A ∈ Mm,n(C). LMKL G ∈ Mn,m(C) !b
��:
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(1) AGA = A;

(2) GAG = G;

(3) (AG)
T

= AG;

(4) (GA)
T

= GA;DbG
AdRIMoore-Penrose"�#, $bM-P%.7/�HM-P5��L�, C�E���#bn:d.	� 4.3 }KL A ∈ Mm,n(C)d(_Æ r, aRA��KL U ∈

Mm,r(C), V ∈ Mr,n(C), UV
A = UV.WI�	bo AdEFG�.��: ���L P ∈ GL(m, C), Q ∈ GL(n, C), 34

PAQ =

(

Er 0

0 0

)

=

(

Er

0

)

(Er 0 ) ,'$
A =

[

P−1

(

Er

0

)]

[

(Er 0 )Q−1
]

. ��fmA#:dNS&"�H�p�H=0E|+�%�k:d.q�"A�s$%�t%p,4#7��U , kiA�s$%�4ot%p,4?�C�,$C�)!#7s$%I+���x5V . �f.G$J�R, iA��$%�t%p,4#7�� V , km- U .� 4.1 #-$P��
A =











1 −1 −3 1

−2 3 8 −1

3 1 −1 7

−1 0 1 −2









�bn:d.�: i A�s$%4k7 α1, α2, α3, α4, α1, α254o$%4�t%p,4, y
α3 = −α1 + 2α2, α4 = 2α1 + α2,



�4 ���{�J · 341 ·6} rank A = 2. $ α1, α2#7s$%G4��U , $ A�'�s$%,�4ot%p,4�C�)!#7s$%G4�� V :

A = UV =











1 −1

−2 3

3 1

−1 0











(

1 0 −1 2

0 1 2 1

)

. ��� 4.4 3Æ)*dKLA ∈ Mm,n(C), AdM-P%��ÆQR,roA+. 3ÆAd)* (�	 A = UV , N
A+ = V

T
(V V

T
)−1(U

T
U)−1U

T
. (4.2)��: E�.&�. JG, H�5A�M-P5. �

G = (GA)G = A
T
G

T
G = (A

T
H

T
A

T
)G

T
G

= HAA
T
G

T
G = HAGAG = HAG,

H = H(AH) = HH
T
A

T
= HH

T
(A

T
G

T
A

T
)

= HH
T
A

T
AG = HAHAG = HAG,$`G = H .��U�s$%?�p,, ��U

T
UG$x*+9:br?�p,$%4�VUK�� (����Æ~� 5–3�� 10�), 6`�swSJ� 0. 5p��V V

T��sw.SJ� 0. '$4uo���G5, lw (4.2)5a�#�. ��A+b
"# 4.2� 4d�.\L��#7M~. �$B� 4.2G$^Z, �M-P5N-�A+B &"5*+AX = B�&oZuz�d. 4o\-mAnq�=/"# 4.2r�de (1)(
(3). �Zuz�dS.&N, �M-P5N-�dq5&r�&od. mAnde (4)[�/A+B5Zuz�dr�&Zu�d.� 4.2 � Im,nC�}�=71�m × n��. � rank Im,n = 1, &bn:d7

Im,n = Im,1I1,n.'$
I+
m,n = In,1(I1,nIn,1)

−1(I1,mIm,1)
−1I1,m =

1

mn
In,m. �
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Æ� ������������� 4.3 Ja:?��
A =

(

A1 0

0 0

)

∈ Mm,n(C), A1 ∈ GL(r, C).� rank A = r, &bn:d A = UV 7
U =

(

A1

0

)

, V = (Er 0 ) .�
U

T
U = A1

T
A1, V V

T
= Er,G4

A+ = V
T
(V V

T
)−1(U

T
U)−1U

T
=

(

A−1
1 0

0 0

)

. �� 4.4 JA = diag(a1, a2, · · · , an), �
A+ = diag(a+

1 , a+
2 , · · · , a+

n ),4;��&o! a, k
a+ =

{

0, � a = 0;

a−1, � a 6= 0.4<i! a�+ 1 × 1��N�M-P5W=&0. �/.Æ( $#!N�H���9�4���� ��IN�Q"V%&(*,./nj,d'&W" � ������04������ "%�*,l��
WIMS

�	
� WIMS��a<b
)dI"“=|&'” (Rankmult),Aj�SI"���=|&'<.� � 13–4

1. /A ∈ Mm,n(C), G0A�{1}J.}~�9B ∈ Mm,1(C),$`AX = Bd'. �
X = GB + (En − GA)Z() Z ∈ Mn,1(C)0�
����. ��X0AX = B�'. j�� $`��d'������	�<
?

2. �� (4.2)<���A+�M0A�M-PJ.

3. � M-PJ�n�
Æ:

(1) (A+)+ = A;

(2) (AA+)2 = AA+;
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(3) (A+A)2 = A+A;

4. ��
A =

0

B

@

1 −1 2 0

−1 2 −3 1

0 1 −1 1

1

C

A�M-PJ.

5. R�M-PJ�n�$`u����F':
8

>

>

<

>

>

:

x1 − x2 + 2x3 = 3

−x1 + 2x2 − 3x3 + x4 = 6

x2 − x3 + x4 = 0.

6. /
A = U

 

diag(a1, · · · , ar) 0

0 0

!

V ∈ Mm,n(R), U ∈ O(m, R), V ∈ O(n, R).� 
A

+ = V
T

 

diag(a+

1 , · · · , a+
r ) 0

0 0

!

U
T
.

7. ��� (AB)+ = B+A+vI�O�.�5 ��"#$��%C�E�H&oO
��G5��P�Q (Jacques-Salomon Hada-

mard, 1865–1963,3RS)O�.�� 5.1 LMKL A = (aij) ∈ Mn(C) !b
dTUV��:

Hi
def
= |aii| −

n
∑

j=1
j 6=i

|aij| > 0, i = 1, · · · , n,aKLA�Wn.��: 89�sw det A = 0, ��LS=7 0� x1, · · · , xn ∈ C+7$PXh?�*+4�d:
n

∑

j=1

aijxj = 0, i = 1, · · · , n.
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Æ� ������������J |xi| = max{|x1|, · · · , |xn|} > 0, �
|aii||xi| 6

n
∑

j=1
j 6=i

|aij||xj| 6 |xi|

n
∑

j=1
j 6=i

|aij|.6}
|aii| 6

n
∑

j=1
j 6=i

|aij|,4(P�QdeYZ. �deHi > 0�[L�%} aii �\CV%�� i�&n}��\F<. 40�}� aii /7℄^W (dominant). P�Qde�0���'a��%}�5_`�. 4B��./7�%ab�.
� 5.2 LMKL A !TUV��, a
| detA| > H1H2 · · ·Hn > 0.��: ��
$�� B = (bij), &r
bij =

aij

Hi

, i, j = 1, · · · , n.sfa
|bii| −

n
∑

j=1
j 6=i

|bij| = 1, i = 1, · · · , n.� λ0 C��� B ���	?�, λ0 ���	?$%J7 (x1, · · · , xn),&r\Z%�J7 |xk| > 0, �
λ0xk =

n
∑

j=1

bkjxj.�5
|λ0||xk| > |bkk||xk| −

n
∑

j=1
j 6=i

|bkj||xj| > |xk|









|bkk| −

n
∑

j=1
j 6=i

|bkj|









= |xk|.�$ |xk|YG4
|λ0| > 1.



�5 ��123��� · 345 ·`�sw detB��J� B�'a	?����, 4'	?��\�%�J� 1, 6}
| detB| > 1.6&*7, �"#a

det B =
detA

H1H2 · · ·Hn

,'$
| detA| > H1H2 · · ·Hn. �Lb
P�Qded ya'5�H1, · · · , Hn�����*r, nDez5Zf�. q<"A = diag(H1, · · · , Hn)xG*-.6&*7��detA = detAT, C�G$4=,�s�P�Qde:

Gi
def
= |aii| −

n
∑

j=1
j 6=i

|aji| > 0, i = 1, · · · , n,

| detA| > G1G2 · · ·Gn.\�P�QO�, G$4=���	?��ez.�� 5.3 (ghij (Gershgorin) klAm) } λ0 
KL A =

(aij) ∈ Mn(C)d���, a��nI 1 6 i 6 nUV
|aii − λ0| 6

n
∑

j=1
j 6=i

|aij|.� λ0o�nIb aiiok
dkp, Wqdkborstuv.��: 67 |A − λ0E| = 0, '$�4o��,P�Qde
�a&oS+�. 4x5"p�\-. �\�,�s�P�QSJw, G46w nox:

|aii − λ0| 6

n
∑

j=1
j 6=i

|aji|, i = 1, · · · , n.	
���A5m�/��N, >�	?��5m!, 4Nyz{|x+7m!}n�~b.
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Æ� ������������� � 13–5

1. � : }~�E��A = (aij) ∈ Mn(R)=>BC
aii >

n
X

j=1

j 6=i

|aij | > 0, i = 1, · · · , n,�A0O���.

2. /
A =

0

B

B

B

B

B

B

B

B

B

@

n2

2
1 2 · · · n − 2 n − 1

n − 1 n2

2
1 · · · n − 3 n − 2

n − 2 n − 1 n2

2
· · · n − 4 n − 3

...
...

...
. . .

...
...

1 2 3 · · · n − 1 n2

2

1

C

C

C

C

C

C

C

C

C

A

,� : det A >
“

n
2

”n

.


