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Optimal error estimate for the locking-free least-squares method on linear

elasticity
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WE:

Cai [SIAM J. Numer. Anal., 42 (2004), pp. 826-842] proposed a Least-Squares
Finite Element Method (LSFEM) for solving linear elastic problems involving nearly
incompressible materials, and established optimal error estimates for the energy norm
of the displacement vector and the L? norm of the stress tensor under the explicitly
specified RT k/P {k+1} space pairing, but this fixed pairing inherently lacks
flexibility. However, the L* error estimate for the vector has remained unestablished.
In this paper, we streamline the coercivity analysis of the least-squares functional and
develop a unified framework for comprehensive error analysis. We first follow the
optimal error estimates of the stress tensor and then derive the supercloseness
estimate for the divergence of the tensor. For general linear elasticity with constitutive
equations featuring non-vanishing right-hand sides, we note that its equilibrium
equations share a fundamental mathematical structure with the Stokes system. Guided
by the well-documented regularity theory for the Stokes equations on convex domains,
we present a novel decouple result for the tensor with matched boundary conditions.

Leveraging this, we then establish a new regularity result for the general linear



elasticity. Finally by constructing suitable duality arguments, we rigorously prove the
optimal L? error estimate for the vector. Notably, our locking-free formulation
inherently possesses flexible space matching capabilities for both RT k and BDM_k
elements. Numerical experiments are presented to support and validate theoretical

findings.

Discontinuity-capturing random feature method for interface problems
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WE:

This report introduces the Discontinuity-capturing Random Feature Method
(DC-RFM), a novel framework for interface problems in computational science.
DC-RFM utilizes augmented variables to distinguish subdomains and explicitly
capture discontinuities. It discretizes governing equations at collocation points,
yielding a linear system in which a least-squares loss enforces partial differential
equation (PDE) residuals, initial/boundary conditions, and interface jump conditions.
This approach reduces geometric complexity to point sampling while preserving the

robustness of mesh-free methods.



Unconditionally energy-stable, and fully discrete finite element schemes for the

Rosensweig model
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WE:

Ferrohydrodynamics (FHD) describes the motion of a magnetic fluid, usually
called a ferrofluid. A ferrofluid is a stable colloidal fluid consisting of nanoscale
ferromagnetic particles suspended in a carrier fluid. A colloidal ferrofluid can keep
magnetization and fluidity under the action of an external magnetic field.The
constitutive equation we consider, proposed by Rosensweig, models fluid dynamics,
spins of ferromagnetic particles, magnetic polarization, and a magnetic induction field.
The corresponding model incorporates the Navier-Stokes equations, the angular
momentum equation, the magnetization equation, and the magnetostatic equation. In
this talk, we propose linear, unconditionally energy-stable, and fully discrete finite
element schemes for the model. We obtain the existence and uniqueness of the
numerical solutions by the Leray-Schauder fixed point theorem, and prove the

unconditional convergence through the Aubin-Lions-Simon lemma. Numerical



experiments verify the effectiveness and accuracy of the schemes, and simulate the

controllability of the magnetic fluid driven by an applied magnetic field.

How does Tspan4 shape migrasomes?
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WE:

Migrasomes are membrane-bound organelles whose mechanics remain poorly
understood. Here, we develop a phase-field model to reveal how Tspan4 regulates
migrasome behavior via membrane tension redistribution. We show that
growth-induced membrane stretching generates tension gradients and stiffness
heterogeneity, driving vertical elongation and a strong correlation between geometry
and stiffness. By varying Tspan4 expression, we demonstrate that increased Tspan4

enhances bending rigidity and accelerates tension redistribution, stabilizing
migrasomes, whereas Tspan4 depletion leads to central tension accumulation and
higher rupture susceptibility. These findings identify membrane tension redistribution

as a key mechanism linking Tspan4 expression to migrasome mechanics and stability.



A hybrid iterative method based on MIONet for PDEs: Theory and numerical

examples
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WE:

We propose a hybrid iterative method based on MIONet for PDEs, which
combines the traditional numerical iterative solver and the recent powerful machine
learning method of neural operator, and further systematically analyze its theoretical
properties, including the convergence condition, the spectral behavior, as well as the
convergence rate, in terms of the errors of the discretization and the model inference.
We show the theoretical results for the frequently-used smoothers, i.e. Richardson
(damped Jacobi) and Gauss-Seidel. We give an upper bound of the convergence rate
of the hybrid method w.r.t. the model correction period, which indicates a minimum
point to make the hybrid iteration converge fastest. Several numerical examples
including the hybrid Richardson (Gauss-Seidel) iteration for the 1-d (2-d) Poisson

equation are presented to verify our theoretical results, and also reflect an excellent



acceleration effect. As a meshless acceleration method, it is provided with enormous

potentials for practice applications.

Self-supervised neural operator for solving PDE problems
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WE:

Neural operators (NOs) have emerged as a new paradigm for efficiently solving
partial different equations (PDEs) in various scientific and engineering disciplines.
However, the training of NOs relies on large numbers of high-fidelity data generated
by conventional numerical methods, which restricts the applications of NOs in
complex physical systems due to prohibitive computational cost of data generation. In
this study, we propose a novel self-supervised neural operator (SNO) which is able to
generate diverse and highly accurate training data on the fly at low cost, without using
any numerical solvers. We demonstrate the effectiveness of SNO using examples of
one-dimensional steady/unsteady nonlinear reaction-diffusion equations, and a
two-dimensional nonlinear PDE with different geometries. We also apply the SNO to
a vortex-induced vibration of a flexible cylinder, which is widely investigated in fluid
dynamics and ocean engineering. We are able to achieve relatively high accuracy in

all the test cases. Furthermore, we showcase that with a light-weight finetuning of



SNO (the number of trainable variables is at the order O(100)), we are capable of
obtaining better accuracy with a few hundred finetuning steps on top of the zero-shot
predictions. These results suggest that the proposed approach offers a new pathway
for overcoming the data bottleneck in training neural operators and for building
pretrained foundation models that serve as efficient surrogate solvers for a broad class

of PDEs.

Stability and convergence of multi-product expansion splitting methods for

semilinear parabolic problems
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WE:

The operator splitting method has been widely used to solve differential
equations by splitting the equation into more manageable parts. In this work, we
resolves a long-standing problem — how to establish the stability of multi-product
expansion (MPE) splitting methods with negative weights. In particular, we take the
semilinear parabolic equation as a typical model and establish the stability of
arbitrarily high-order MPE splitting methods with positive time steps but possibly
negative weights. Rigorous convergence analysis is subsequently obtained from the
stability result. Extensive numerical experiments validate the stability and accuracy of
various high-order MPE splitting methods, highlighting their efficiency and

robustness.
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A JKO approach for gradient flows
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WE:

In this talk, I will present a novel numerical approach based on minimizing
movement (JKO) schemes for a class of gradient flows arising widely in applications
in material science and biology such as porous medium, tumor growth, phase
separation, crystal defects migration, solid-state wetting/dewetting, and thin film
surfactant dynamics. By leveraging the variational structure, along with the dynamical
characterization of optimal transport distances, we construct fully discrete JKO
scheme that ends up with a minimization problem with convex objective function and
linear constraint, which can be solved by primal dual operator splitting schemes. Our
method has built-in positivity or bounds preserving, mass conservation, and entropy
decreasing properties, and overcomes stability issue due to the strong nonlinearity and
degeneracy. I will show a suite of simulation examples to demonstrate the

effectiveness of our algorithm.
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WE:

Reduced-Order Modelling (ROM) is a computational technique used to reduce
the complexity of mathematical models and is able to conduct real-time simulation
while preserving their essential behavior. This talk will present recent developments
of data driven reduced order modelling methods, such as: Nonlinear Model Reduction
by Probabilistic Manifold Decomposition, Non-intrusive reduced order modeling of
fluid flows via finite element inspired graph neural network and quantum machine

learning based reduced order modelling.
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Continuum models for structures and dynamics of interfaces in crystalline

materials
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WE:

Interfaces in crystalline materials are planar defects across which grains have
different orientations (grain boundaries), or the material composition and/or crystal
lattice structure changes (hetero-interfaces). Structural and dynamic properties of
interfaces play essential roles in the mechanical and plastic behaviors of the materials.
These properties of interfaces strongly depend on their microscopic structures. We
present continuum models for the structures and dynamics of interfaces in crystalline
materials based on the continuum distribution of the line defects (dislocations or
disconnections) on them. Numerical simulations based on our models are performed
and compared with experiments and atomistic simulations, which shows the excellent

predictions.

A lattice Boltzmann method and its convergence analysis for nonlocal nonlinear

aggregation-diffusion equations
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WE:

In this work, we propose a lattice Boltzmann method (LBM) for the nonlocal
nonlinear aggregation-diffusion equation (ADE) and analyse its convergence. Our
starting point is to rewrite the ADE as a convection-diffusion equation (CDE) with a
nonlocal flux and variable diffusion coefficient. Then the classical LBM is applied to

the CDE, by using a nonlocal equilibrium distribution and variable relaxation time.



To compute the equilibrium distribution, we approximate the nonlocal spatial
convolution with second-order midpoint rule. In this way, we obtain a simple LBM
for the ADE. By combining the stability structure of the collision operator and an
auxiliary distribution function obtained with asymptotic expansion, we prove the
second-order convergence of the proposed method. In the proof, the main difficulty
arises from the discrete convolution, which is overcome by formulating a fundamental
decomposition for the quadratic error term. A variety of numerical experiments are
conducted to demonstrate the efficiency of the LBM. The second-order convergence
of the method is verified and the numerical results of some challenging problems are

comparable to those of the existing methods.
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Numerical analysis of spatiotemporal high-index saddle dynamics
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WE:

The high-index saddle dynamics method is an efficient tool for computing
multiple solutions and constructing solution landscapes in complex systems. In this
talk, we present recent advances in the numerical analysis of high-index saddle
dynamics. In particular, we focus on addressing the challenges arising from the
coupling and nonlinearity of the numerical scheme, as well as the influence of

manifold constraints. Theoretical findings are supported by numerical experiments.
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Deep learning methods for singular variational problems with Lavrentiev

phenomena
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WE:

Deep learning has gained significant development in the field of scientific
computing, especially in its application to solve problems related to differential
operators using deep neural networks. However, the utilization of neural networks to
solve problems involving singularities still faces challenges. In this talk, we discussed
the failure of deep learning methods for the singular variational problems exhibiting
the Lavrentiev phenomenon. For such problems, we show that the standard deep Ritz
method and some variants fail to detect the singular minimizers. We then introduce a
guiding term that renders the neural network to explore solutions as desired during
training. Numerical experiments demonstrate that the method achieves much better
approximations than the previous methods. Furthermore, we apply the same algorithm
to solve problems with regular solutions to show the robustness of the proposed

method.
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