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quantum Schur algebra.

@ category equivalences between certain categories of H-modules and
S(n, r)-modules—a going-up approach.

o realization and presentation problems Quantum groups are defined in
terms of generators and relations, while quantum Schur algebras are
defined as a certain vector space of linear maps. The realization
problem for quantum groups is to reconstruct them as vector spaces
with an explicit multiplication on elements of a basis, while the
presentation problem for quantum Schur algebras is to find their
generators and defining relations.
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Quantum Schur superalgebras Motivation

@ The quantum Schur-Weyl theory investigates three levels of duality
relations:

@ quantum Schur-Weyl duality for the quantum enveloping algebra
U(gl,,) and Hecke algebras H(S,) via the tensor space V®" which is a
U(gl,)-H(S,)-bimodule. The algebra S(n, r) = Endy(V®") is called a
quantum Schur algebra.

@ category equivalences between certain categories of H-modules and
S(n, r)-modules—a going-up approach.

o realization and presentation problems Quantum groups are defined in
terms of generators and relations, while quantum Schur algebras are
defined as a certain vector space of linear maps. The realization
problem for quantum groups is to reconstruct them as vector spaces
with an explicit multiplication on elements of a basis, while the
presentation problem for quantum Schur algebras is to find their
generators and defining relations.

@ Beilinson-Lusztig-Macpherson’s relization
o Doty-Giaquinto, Du-Parshall,...
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Quantum Schur superalgebras = Some notation

@ Let m, n be nonnegative integers, not both zero. Let Zy = Z /27 be
the set of integers modulo 2. Fix the map

L2, mm+1....m+n} — Zp (1.0.1)

such that 1 = 0 if 1 <i<mand 7 =1 otherwise.

o Let M(m+ n,r) be the set of (m+ n) x (m+ n) matrices A = (a; )
with a;j € Nand ) ajj = r, and let M(m + n) = U,>oM(m+ n,r).
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M(min,r) ={(aj) € M(m+n,r): aj € Zp if i +] =1},
M(m|n) = U M(m|n,r).
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Quantum Schur superalgebras = Some notation

@ Let m, n be nonnegative integers, not both zero. Let Zy = Z /27 be
the set of integers modulo 2. Fix the map

L2, mm+1....m+n} — Zp (1.0.1)

such that 1 = 0 if 1 <i<mand 7 =1 otherwise.
o Let M(m+ n,r) be the set of (m+ n) x (m+ n) matrices A = (a; )
with a;j € Nand ) ajj = r, and let M(m + n) = U,>oM(m+ n,r).

@ Define
M(m|n,r) = {(a;j) € M(m+ n,r): a; € Zo if i + ] = 1},
M(m|n) = () M(m|n,r). (1.02)

r>0

@ Let A(m+ n, r) be the set of compositions of r with m + n-parts, and
AT (m + n, r) the subset of partitions.
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@ Let m, n be nonnegative integers, not both zero. Let Zy = Z /27 be
the set of integers modulo 2. Fix the map

L2, mm+1....m+n} — Zp (1.0.1)

such that 1 = 0 if 1 <i<mand 7 =1 otherwise.
o Let M(m+ n,r) be the set of (m+ n) x (m+ n) matrices A = (a; )
with a;j € Nand ) ajj = r, and let M(m + n) = U,>oM(m+ n,r).
@ Define
M(min,r) = {(a;) € M(m+n,r): a; € Zo if i +] = 1},
= U M(mi|n,r). (1.02)

r>0

@ Let A(m+ n, r) be the set of compositions of r with m + n-parts, and
At(m+ n, r) the subset of partitions. Let

A(m|n,r) U A(m,r1) x N(n, rp).

n+nrn=r
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Quantum Schur superalgebras = The Hecke algebra of type A
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Quantum Schur superalgebras = The Hecke algebra of type A

Let Z = Z[v,v~!] be the ring of Laurent polynomials in indeterminate v.

@ The Hecke algebra H = H(r) associated to the symmetric group &,
is an associative Z-algebra generated by T;,1 < i < r — 1 subject to
the relations (where q = v?)

T2=(q—- 1T +q, forl1 <i<r—1.
T,T,=T,T for 1<i<j<r—1, (1.03)
TiTiJr]_ T,' = T,'+1 T,'T,'+1, for 1 < i <r— 2.
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Let Z = Z[v,v~!] be the ring of Laurent polynomials in indeterminate v.
@ The Hecke algebra H = H(r) associated to the symmetric group &,
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@ For any commutative ring R which is a Z-algebra, let Hg be the
algebra obtained by base change to R. Let v, g be the images of v, q
in R, respectively.
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Let Z = Z[v,v~!] be the ring of Laurent polynomials in indeterminate v.

@ The Hecke algebra H = H(r) associated to the symmetric group &,
is an associative Z-algebra generated by T;,1 < i < r — 1 subject to
the relations (where q = v?)

T2=(q—- 1T +q, forl1 <i<r—1.

T =TT, for1<i<j<r—1, (1.0.3)
T,' T,'+1 T,' = T,'+1 T,' T,'+1, for 1 < i <r— 2.
@ For any commutative ring R which is a Z-algebra, let Hg be the

algebra obtained by base change to R. Let v, g be the images of v, q
in R, respectively.

@ For each Al € A(m|n, r), define in Hg

X\ = Z Tw, Yu= Z (—q)~'™T,

WEG)\* WE@*H

where /(w) is the length of w.
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Quantum Schur superalgebras Definition

Let
S(m|n, r; R) := Endue(@uen(mlnn 2 YuHR)

and define a Zy-grading by setting

S(m|n,r); = @ Hom(xxy, Hr, XeynHR)- (1.0.4)

Alp€ln
[1l+|n|=i(mod2)
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Let
S(m’m r R) = EndHR(@)\|u€/\(m|n,r)x)\yHHR)
and define a Zy-grading by setting

S(m|n,r); = @ Hom(xxy, Hr, XeynHR)- (1.0.4)
Alw,€ln
||+ |n] =i(mod2)
We call the R-algebra S(m|n, r; R) with supermultiplication the quantum
Schur superalgebra (or q-Schur superalgebras) over R.
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Let
S(m’m r R) = EndHR(@)\|u€/\(m|n,r)x)\yMHR)
and define a Zy-grading by setting

S(m|n,r); = @ Hom(xxy, Hr, XeynHR)- (1.0.4)
Alw,€ln
||+ |n] =i(mod2)
We call the R-algebra S(m|n, r; R) with supermultiplication the quantum
Schur superalgebra (or q-Schur superalgebras) over R.
We simply write S(m|n, r) for S(m|n, r; Z).

o Let T(n,r) = @A\MEA(m\n,r)X)\yMHR-
@ There is a Z; grading on T(n, r) with

T(n,r)o= @ x\YuHR, T(n,r); = @ x\yu Hr-
Ap Ap
| ] =0(mod2) || =1(mod2)
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Quantum Schur superalgebras ~ Tensor spaces

@ Let V(m|n) be a free R-module of rank m + n with basis
€1,€,...,€men. Thereis a Zp-grading on V(m|n) = Vo @ Vi where
Vo is spanned by e1,e,...,en and Vi by ent1, €mi2, -, €men-
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Quantum Schur superalgebras ~ Tensor spaces

@ Let V(m|n) be a free R-module of rank m + n with basis
€1,€,...,€men. Thereis a Zp-grading on V(m|n) = Vo @ Vi where

Vo is spanned by e1,e,...,en and Vi by ent1, €mi2, -, €men-
@ Following (e.g.) Mitsuhashi, let R : V(m|n)®2 — V(m|n)®2 be
defined by
ve: Q ec, ifc=d<m,
y —vle.®e fm+1<c=d,
(ec®ed)R = Aac ¢ _1 . -
(—-1)%eyg®@e.+(v—v e ®eqy, ifc>d,
(—1)%%eq ® e, if ¢ < d.
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Quantum Schur superalgebras ~ Tensor spaces

@ Let V(m|n) be a free R-module of rank m + n with basis
€1,€,...,€men. Thereis a Zp-grading on V(m|n) = Vo @ Vi where

Vo is spanned by e1,e,...,en and Vi by ent1, €mi2, -, €men-
@ Following (e.g.) Mitsuhashi, let R : V(m|n)®2 — V(m|n)®2 be
defined by
ve: Q ec, ifc=d<m,
y —vle.®e fm+1<c=d,
(ec®ed)R = Aac ¢ _1 . -
(—-1)%eyg®@e.+(v—v e ®eqy, ifc>d,
(—1)%%eq ® e, if ¢ < d.

e Via R, V(m|n)®" becomes a right H-module where is action of
Ti=v 1T isgven by 191 @R @17~

Proposition

There is a (graded) Hg-module isomorphism T(n,r) = V(m|n)®". In
particular, S(m|n, r) = Endy(V/(m|n)®").
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Quantum Schur superalgebras =~ Quantum coordinate superalgebras
5_ono 5 0
Definition (Manin '89)

Let A,(m|n) be the associative superalgebra over Z generated by xjj,
1 <i,j < m+ n subject to the following relations:

) xi2’j:0, for?—i—j:l,

71)(7+J)(?+i<) VD i, for j < k,
(DD (1P for i < k.

(*] XijXijk =

(’+J)(k+l)xklxu, for i < k and I <,

(’+J)(k+l)Xk/X +( 1)kJ+kI+JI( -1 V)X,'/ij, for i < k

|_n
~— ~— ~—
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Definition (Manin '89)

Let A,(m|n) be the associative superalgebra over Z generated by xjj,
1 <i,j < m+ n subject to the following relations:

) x,.'{jzo, for?—i—j:l,

o xjxi = (—1)FDER I for j < k,

1) (DR | (~1y , for i < k,

(=
=(-1)
o xjixp = (— 1)( i+) k+’)xk/xu, for i < k and | < J,
= (- 1) i+) k+l)Xk/X + (- 1)"J‘H‘H‘Jl(v_1 v)Xjxij, for i < k
/

@ Equipped with comultiplication A and co-unit € defined by
m-+n
A(xik) = ZXU(X))(Jk, and e(xjj) = 65, V1 < i, j, k < m+n,
j=1

A,(m|n) becomes a superbialgebra.
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Definition (Manin '89)

Let A,(m|n) be the associative superalgebra over Z generated by xjj,
1 <i,j < m+ n subject to the following relations:

) x,.'{jzo, for?—i—j:l,

o xjxi = (—1)FDER I for j < k,

1) (DR | (~1y , for i < k,

(=
=(-1)
o xjixp = (— 1)( i+) k+’)xk/xu, for i < k and | < J,
= (- 1) i+) k+l)Xk/X + (- 1)"J‘H‘H‘Jl(v_1 v)Xjxij, for i < k
/

@ Equipped with comultiplication A and co-unit € defined by
m-+n
A(xik) = ZXU(X))(Jk, and e(xjj) = 65, V1 < i, j, k < m+n,
j=1

A,(m|n) becomes a superbialgebra.
@ There is an superalgebra isomorphism A, (m|n, rY*= S(m|n;r).
2l
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Quantum Schur superalgebras ~ Super-representatives of double cosets

@ Let &, be the symmetric group on r letters, and let S be the subset
of basic transpositions {(1,2),(2,3),...,(r—1,r)}.
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Quantum Schur superalgebras ~ Super-representatives of double cosets

@ Let &, be the symmetric group on r letters, and let S be the subset
of basic transpositions {(1,2),(2,3),...,(r—1,r)}.

@ For v |=r, let &, be the standard Young subgroup associated with v.
For notational simplicity, we will identify v with the set 6, N S.
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Quantum Schur superalgebras ~ Super-representatives of double cosets

@ Let &, be the symmetric group on r letters, and let S be the subset
of basic transpositions {(1,2),(2,3),...,(r—1,r)}.

@ For v |=r, let &, be the standard Young subgroup associated with v.
For notational simplicity, we will identify v with the set 6, N S.

o Let ©, (resp. D, ) be the set of right G,-coset representatives of
minimal (resp., maximal) length. Thus, for p |= r, the set

Dy, =2,ND," (resp., D}, =D} N (D))

consists of minimal (resp. maximal) double coset representatives of
double cosets in 5,\&,/6,,.
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Quantum Schur superalgebras ~ Super-representatives of double cosets

@ Let &, be the symmetric group on r letters, and let S be the subset
of basic transpositions {(1,2),(2,3),...,(r—1,r)}.

@ For v |=r, let &, be the standard Young subgroup associated with v.
For notational simplicity, we will identify v with the set 6, N S.

o Let ©, (resp. D, ) be the set of right G,-coset representatives of
minimal (resp., maximal) length. Thus, for p |= r, the set

Dy, =2,ND," (resp., D}, =D} N (D))

consists of minimal (resp. maximal) double coset representatives of
double cosets in 5,\&,/6,,.

@ For Au,&|n € N(m|n, r), define
Alp€ln

_ <X, tx > x, Vse A\t €
oF :’D}\Lgﬂ@u,n:{XEG,:SX iRl ”}

xXs < x,xt>x, Vse & ten
sx > X, tx < X, VSG)\,tE,LL}

Dy ey =DaeND), = x € &,
Alp,€ln A€ pm Txs>x,xt<x, Vsc&ten
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Quantum Schur superalgebras ~ Super-representatives of double cosets

Lemma

Let Au,&ln € N(m|n,r). For any d € Dy, ¢,
+7_ —_—
Dinely N ONudSGen 20 Gy NdG,d L = {1}
o+ if and only if .y N dSed—1 — {1}
(resp., B3 en N Gx1udGely 7 0) N dScd™t = {1}.
Moreover, Z)j\rllt_,iln N G udSepy| <1 (resp., leiﬁln N6 dS¢y| < 1)
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Quantum Schur superalgebras ~ Super-representatives of double cosets

Lemma

Let Au,&ln € A(m|n,r). For any d € Dlpelns
DT NGy ,dS 0 «NdG«d~t={1
A|u,§|n+ MudSely 7 if and only if Sx- N dS, 1 t
(resp'7 @M,‘u’g'n N 6)\|“d6§|n £ Q)) G*M N d@*ﬁd = {1}
Moreover, Z);;;ﬂﬁ N leudgéln‘ <1 (resp., ©;|7lj:€|77 N 6>\|ud6§|7}‘ <1)
~ j:,
et I(mln,)=F = [J  A{Qlpw.&ln): we DT, )

Alpg|nen(mln,r)
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Quantum Schur superalgebras ~ Super-representatives of double cosets

Lemma

Let Au,&ln € N(m|n,r). For any d € Dy, ¢,

+7_ —
9/\‘“&" : 6A|#d6£|n 70 if and only if G- Nd&,d 11 = {1}
(resp., D} ey, N ExudSey # ) SN dG-ed 1 = {1}.

Moreover, [D}/ 7. 1 65, dGey| < 1 (resp., [Dy, N 6x,dSepy| < 1).

et J(mn,)tF = ) A w,&n): weD T b
Alp,€lmeN(m|n,r)

There are bijections

75 3(mln, 1y —M(mln, 1)
]77+ : 3(m|na r)7’+—)M(m|na r)

such that, if A= 75~ (Nu, w,&n) = 577 (Alu, w',€[n), then ro(A) = A|u
and co(A) = ¢n.
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Quantum Schur superalgebras ~ Super-representatives of double cosets

1
Let A = 0
1

== N
NN O
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Quantum Schur superalgebras ~ Super-representatives of double cosets

2 0 1 (1L,2) 0 3
let A= |1 2 0| .FomA_=| 4 (5,6) 0 | to obtain
121 7 (8,9 10

WA_ = (17 2’ 47 75 57 6; 8, 9, 3, 10),

v
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Quantum Schur superalgebras ~ Super-representatives of double cosets

2 0 1 (1L,2) 0 3
Let A= (1 2 O|.ForomA_=| 4 (56) 0 | to obtain
121 7 (8,9) 10
32 0 1
w, =(1,2,4,7,5,6,8,9,3,10); form A, = 6 (5,4) 0] to obtain
10 (9,8) 7

wi =(10,6,3,2,9,8,5,4,7,1).
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Quantum Schur superalgebras ~ Super-representatives of double cosets

2 01 (1L,2) 0 3
Let A=|1 2 0|.FormA_ = 4 (5,6) 0 | to obtain
12 1 7 (8,9) 10
32 0 1
w, =(1,2,4,7,5,6,8,9,3,10); form A, = 6 (5,4) 0] to obtain
10 (9,8) 7

wi =(10,6,3,2,9,8,5,4,7, 1).
Assume A € M(m|n,10) for m =1 and n =2, ro(A) = Au = (3)[(3,4),
co(A) = ¢ln = (4)[(4,2). Form

32 0 1 12 0 3
A+7— = 4 (57 6) @ ) A—,+ = 6 (574) @
7 (8,9) 10 10 (9,8) 7

Then wi™ = (7,4,3,2,5,6,8,9,1,10), w,"" = (1,2,6,10,9,8,5,4,7,3).
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Quantum Schur superalgebras ~ Standard bases

Lemma

Let N € N(m|n, r).

(1) The right Hr-module x\y, Hr is free with basis {x\y,, Td}d‘E@Am'
(2) xa\yuyHr ={he€ H: Tsh=qh, Tth=—h,Vs € \;t € u}.

(3) (Hrxayu)* == Homp(Hrxayu, R) = xayu Hr.

J. Du (UNSW) The quantum Schur superalgebra July 21, 2009 12 /27



Quantum Schur superalgebras ~ Standard bases

Lemma

Let N € N(m|n, r).

(1) The right Hr-module x\y, Hr is free with basis {x\y,, Td}d‘E@Am'
(2) xa\yuyHr ={he€ H: Tsh=qh, Tth=—h,Vs € \;t € u}.

(3) (Hrxayu)* == Homp(Hrxayu, R) = xayu Hr.

@ For D = j(Alp, w,&|n) € M(m|n,r), we identify D = &y, w&¢,.
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Quantum Schur superalgebras ~ Standard bases

Lemma

Let N € N(m|n, r).

(1) The right Hr-module x\y, Hr is free with basis {x\y,, Td}dé@km'
(2) xa\yuyHr ={he€ H: Tsh=qh, Tth=—h,Vs € \;t € u}.

(3) (Hrxayu)* == Homp(Hrxayu, R) = xayu Hr.

@ For D = j(A|pu, w,&|n) € M(m|n,r), we identify D = &, ,w&¢,. If
d € D¢y N D is the shortest element in D, then every w € D can
be uniquely written as w = x.y.d.u.v with x|y € &, and
ulv € &¢,, N D43, where a = a(D), 8 = 3(D) are compositions of
|A| and ||, respectively, defined by

Gupyr = d 'Gd NG and G.gpy=d 'Guud NGy,

where v* = vV (1r_“’|) and v = (1f—|V\) N
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Quantum Schur superalgebras ~ Standard bases

Lemma

Let N € N(m|n, r).

(1) The right Hr-module x\y, Hr is free with basis {x\y, Td}deo,,,,-
(2) xayuHr = {h€H: Toh=qh, Tth=—h Vs € A\ t € p}.

(3) (Hrxayu)* == Homp(Hrxayu, R) = xayu Hr.

@ For D = j(A|pu, w,&|n) € M(m|n,r), we identify D = &, ,w&¢,. If
d € D¢y N D is the shortest element in D, then every w € D can
be uniquely written as w = x.y.d.u.v with x|y € &, and
ulv € &¢,, N D43, where a = a(D), 8 = 3(D) are compositions of
|A| and ||, respectively, defined by

Supy = d G d NG and Gugpy = d ' S+,d N Gy,
where v* = v Vv (1) and v = (1" I") v v.
@ Define —i(v
| Tp= Z (—q) 1 )XAYM TaTuTu(= hxeyp).
u|v€6§‘nﬂga‘ﬁ
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Quantum Schur superalgebras ~ Standard bases

Let
€ M(mi|n, r)/\\uyﬁ\n ={A € M(m|n,r) : ro(A) = \|u,co(A) = &|n}.
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Quantum Schur superalgebras ~ Standard bases

Let
€ M(mi|n, r)/\\uyﬁ\n ={A € M(m|n,r) : ro(A) = \|u,co(A) = &|n}.

Proposition

If Hj—\l,u_fln denotes the free R-submodule of Hr spanned by Tp for all

D € M(mi|n, r)kluvfln' then
i = s
— {h cH: Tslh = hTt1 = qh, Ts2h = hTt2 = —h,
Vs €\ s € u, bty €§7t2 € 77}'
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Quantum Schur superalgebras ~ Standard bases

Let
€ M(mi|n, r)/\‘%ﬂ?7 ={A € M(m|n,r) : ro(A) = \|u,co(A) = &|n}.

Proposition

If Hj—\l,u—fln denotes the free R-submodule of Hr spanned by Tp for all

D € M(mi|n, r)kluvfln' then
i = s
— {h cH: Tslh = hTt1 = qh, Ts2h = hTt2 = —h,
Vs €\ s € u, bty €§7t2 € 77}'

@ For D = j(A|p, w,&|n) € M(m|n,r), define pa = ¢§|u7£|n e S(min,r)
by
d
P tln(XaYsh) = Oein.alp Tey),de, s
for all «|B € A(m|n, r) and h € Hg.
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Let
M(m|na r))x\u,f\n = {A € M(m|n’ r) : I‘O(A) = )‘|:u’a CO(A) = £|77}

Proposition

If Hj—\l,u—fln denotes the free R-submodule of Hr spanned by Tp for all

D € M(mi|n, r)kluvfln' then
i = s
— {h cH: Tslh = hTt1 = qh, Ts2h = hTt2 = —h,
Vs €\ s € u, bty €§7t2 € 77}'

@ For D = j(A|p, w,&|n) € M(m|n,r), define pa = ¢§|u7£|n e S(min,r)
by
d
Pgln(Xa¥h) = Oin.als Tey,deq, b
for all |3 € A(m|n,r) and h € HR.
@ Observe

Hom(xeynHr, XaYuHr) = xayuHr N Hrxeyy.
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Quantum Schur superalgebras ~ Standard bases

For any commutative ring R which is a Z-module, S(m|n, r; R) is R-free
of rank [M(m|n, r)|. Moreover, the set

{pa: A€ M(m|n,r)}

forms a basis for S(m|n, r; R). Thus, S(m|n,r) ® R = S(m|n, r; R).
Moreover, there is an algebra anti-involution
7 :8(m|n,r; R) — S(min, r; R) satisfying T(¢a) = Par-
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Quantum Schur superalgebras ~ Standard bases

For any commutative ring R which is a Z-module, S(m|n, r; R) is R-free
of rank [M(m|n, r)|. Moreover, the set

{pa: A€ M(m|n,r)}

forms a basis for S(m|n, r; R). Thus, S(m|n,r) ® R = S(m|n, r; R).
Moreover, there is an algebra anti-involution

7 :8(m|n,r; R) — S(min, r; R) satisfying T(¢a) = Par-

Call this basis the standard basis.
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Quantum Schur superalgebras ~ Standard bases

For any commutative ring R which is a Z-module, S(m|n, r; R) is R-free
of rank [M(m|n, r)|. Moreover, the set

{pa: A€ M(m|n,r)}

forms a basis for S(m|n, r; R). Thus, S(m|n,r) ® R = S(m|n, r; R).
Moreover, there is an algebra anti-involution

7 :8(m|n,r; R) — S(min, r; R) satisfying T(¢a) = Par-

Call this basis the standard basis.

o If A= j(Alu, d,€l), we put A= ] + [n](mod 2).
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Quantum Schur superalgebras ~ Standard bases

For any commutative ring R which is a Z-module, S(m|n, r; R) is R-free
of rank [M(m|n, r)|. Moreover, the set

{pa: A€ M(m|n,r)}

forms a basis for S(m|n, r; R). Thus, S(m|n,r) ® R = S(m|n, r; R).
Moreover, there is an algebra anti-involution

7 :8(m|n,r; R) — S(min, r; R) satisfying T(¢a) = Par-

Call this basis the standard basis.

o If A= )(Apu,d, €[n), we put A= |pu] + [n](mod 2).
@ The supermultiplication is given by

dads = (~1)*Bppo g, forall A, B € M(m|n,r),
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We use a canonical basis for x,y, Hr N Hrxcy;, and the isomorphism
Hom(xeynHr, XaYuHr) = xayuHr N Hrxeyy to define the canonical basis
for S(m|n, r).
o Let = : H — H be the Z-linear involution on H such that T = v~!
and T, = T 1.
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We use a canonical basis for x,y, Hr N Hrxcy;, and the isomorphism
Hom(xeynHr, XaYuHr) = xayuHr N Hrxeyy to define the canonical basis
for S(m|n, r).
@ Let ~— : H — H be the Z-linear involution on H such that o = v!
and T, = T 1.
o For D &€ M(m|n,r)y.en let d* € D . N G)-dSe- and
+
d €D, . NG dGSy.
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We use a canonical basis for x,y, Hr N Hrxcy;, and the isomorphism
Hom(xeynHr, XaYuHr) = xayuHr N Hrxeyy to define the canonical basis
for S(m|n, r).
o Let = : H — H be the Z-linear involution on H such that T = v~!
and T, = T 1.
o For D € M(m|n,r)\juely let d* € ’D;\Z’g* N &\-dG¢ and
+
d € D N G+, dGx,.
@ Define
TD o ,U—/(d*),vl(*d)—/(d) TD-

Lemma

The restriction of the bar involution = on 'H induces a bar involution ~ on
H =, . Moreover, for D, C € M(m|n, F)uéln there exist rc p € Z such

Alp€ln
that I'b,p = 1 and

TD = Z rC7DTc.

CEMmImn\|u,gln
c<D

v
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Quantum Schur superalgebras Canonical bases

Proposition

There exists a unique Z-basis {CD}DGM(’"WJ))\W,&M for Hj\rlﬁéln such that

Cp=Cp andCp = ZCgD pc.pZc, where pp p =1 and
pc,p € v Z[v~Y if C < D. Moreover, if D = Sy, then Cp = TG)\W'
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Quantum Schur superalgebras Canonical bases

There exists a unique Z-basis {CD}DEM(’"\"J)Am,gm for Hj\r"/;gm such that

Cp=CpandCp = ZCSD pc,pZc, where pp p =1 and
pc,p € v Z[vTY] if C < D. Moreover, if D = &, then Cp = Ts,,-

The bar involution ~— : Z — Z can be extended to a ring homomorphism
=~ :S8(min,r) — S(m|n, r) defined by linearly extending the action:

Yp = Z re,ppc-
C

In particular, there is a unique basis {©p}pepm(mn,r) Satisfying

©p=6p, Op—ppe > v Zv Ypc.
Cc<D

J. Du (UNSW) The quantum Schur superalgebra July 21, 2009 16 / 27



Quantum Schur superalgebras Canonical bases

There exists a unique Z-basis {CD}DEM(’"\"J)Am,gm for Hj\r"/;gm such that

Cp=CpandCp = ZCSD pc,pZc, where pp p =1 and
pc,p € v Z[vTY] if C < D. Moreover, if D = &, then Cp = Ts,,-

The bar involution ~— : Z — Z can be extended to a ring homomorphism
=~ :S8(min,r) — S(m|n, r) defined by linearly extending the action:

Yp = Z re,ppc-
C

In particular, there is a unique basis {©p}pepm(mn,r) Satisfying

©p=6p, Op—ppe > v Zv Ypc.
Cc<D

Note that ©p is the element satisfying ©p(Zs_ ) = Cp-




Quantum Schur superalgebras Canonical bases

o lety, = vy, = B

WO, -

J. Du
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Quantum Schur superalgebras Canonical bases

o Let y, =v/("uly, = B, . For D=7t (A|u, w,&n), let
Té = Y;/LTD*}G;a

where D* = G,-w&¢ and Tp: = v~/ . T,.
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Quantum Schur superalgebras Canonical bases

o Let y, =v/("uly, = B, . For D=7t (A|u, w,&n), let
Té = )’;LTD*%;a

where D* = G,-w&¢ and Tp: = v~/ . T,.

o Clearly,
T, = v'"8) pg (q71)Tp, (1.8.1)

where Pg,(q) is the Poincaré polynomial of &5 with 8 = 3(D).
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Quantum Schur superalgebras Canonical bases

o Let y, =v/("uly, = B, . For D=7t (A|u, w,&n), let
Té = Y;/LTD*%;a

where D* = G wG¢ and Tp« = v~/ . T,
o Clearly,
T, = v'"8) pg (q71)Tp, (1.8.1)
where Pg,(q) is the Poincaré polynomial of &5 with 8 = 3(D).
o Let L1~ be the Z-span of 7/, D € M(m|n, )lpgln- Thisis a

M€ln

Z-submodule of Hj\r\;:&\n'
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Quantum Schur superalgebras Canonical bases

For any C,D € M(mi|n, r)/\luiln' there exist r¢ , € Z such that rj 5 =1
and

—/
Tp= > r& oA Tc Y-

CEM(m|n,r)>\|H’€|n
D

denotes the associated canonical basis

Moreover, ’.f{CID}DEM(mImr)Am,gm
+- : : -
for Ef\lu,iln’ then C, := y} Cy+y;,, where d* is the longest element in D*.
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Quantum Schur superalgebras Canonical bases

For any C,D € M(mi|n, r)/\luiln' there exist r¢ , € Z such that rj 5 =1
and

—/
Tp= > r& oA Tc Y-

CEM(m|n,r)>\|H’€|n
D

denotes the associated canonical basis

Moreover, ’.f{CID}DEM(mImr)Am,gm
+- : : -
for Ef\lu,iln’ then C, := y} Cy+y;,, where d* is the longest element in D*.

v

o Let S(m|n,r) = S(m|n, r) ® Q(v).
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Quantum Schur superalgebras Canonical bases

For any C,D € M(m|n, r)y ¢y there exist r¢ € Z such that rp p =1
and

=
Tp = Z ré,oyiTc*y,’,-

CEMmIm x| u,gln
D

denotes the associated canonical basis

Moreover, ’.f{CID}DEM(mImr)Am,gm
+,- : : .
for Ef\lu,iln' then C, := y} Cy+y;,, where d* is the longest element in D*.

v

o Let S(m|n,r) = S(m|n, r) ® Q(v).
@ For every D € M(m|n, r) with ro(D) = A|u, co(D) = &|n, define
'h € S(m|n, r) by setting

Op(xeyn) = ¥,,Cax -

The set {©/5} pem(min,r) forms a Q(v)-basis for S(m|n, r).
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@ For a partition A € A*(r), define t*, t, as follows (for A = (4,3,1))

2]3]4]

1 416]8]
t'=5/6]7] , th=
18]

57

|oo|\3»—-
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@ For a partition A € A*(r), define t*, t, as follows (for A = (4,3,1))

1/2]3]4]
t'=/5[6l7] . t=
18

416]8]
507] -

|oo|\3»—-

@ Let T°()\) be the set of all standard A-tableaux.
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@ For a partition A € A*(r), define t*, t, as follows (for A = (4,3,1))

1/2]3]4]
t'=/5[6l7] . t=
18

416]8]
507] -

|oo|\3»—-

@ Let T°()\) be the set of all standard A-tableaux.
@ Robinson-Schensted correspondence:

& — |J TOxT),  w> (P(w), Qw));
AEA*(r)
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@ For a partition A € A*(r), define t*, t, as follows (for A = (4,3,1))

2]3]4]
67| - th=

416]8]
5/7] -

t)\

|ooo-|.—n
|oo|\3»—-

@ Let T°()\) be the set of all standard A-tableaux.
@ Robinson-Schensted correspondence:

& — |J TOxT),  w> (P(w), Qw));
AEA*(r)

Proposition

Suppose x,y € &,. Then
@ x ~y y if and only if Q(x) = Q(y).
@ x ~g y if and only if P(x) = P(y).
® x ~r y if and only if P(x) and P(y) have the same shape.

v
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Quantum Schur superalgebras = Semi-standard tableaux

@ For A € AT(n,r) and u € A(n, r), a A\-tableau S of content y is the
tableau obtained by inserting each box of the Young diagram with
numbers /,1 < i < n, such that the number i occurring in S is ;.
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Quantum Schur superalgebras = Semi-standard tableaux

@ For A € AT(n,r) and u € A(n, r), a A\-tableau S of content y is the
tableau obtained by inserting each box of the Young diagram with
numbers /,1 < i < n, such that the number i occurring in S is ;.

@ If the entries in S are weakly increasing in each row (resp., column)
and strictly increasing in each column (resp. row), S is called a row
(resp., column) semi-standard A-tableau of content p.
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Quantum Schur superalgebras = Semi-standard tableaux

@ For A € AT(n,r) and u € A(n, r), a A\-tableau S of content y is the
tableau obtained by inserting each box of the Young diagram with
numbers /,1 < i < n, such that the number i occurring in S is ;.

@ If the entries in S are weakly increasing in each row (resp., column)
and strictly increasing in each column (resp. row), S is called a row
(resp., column) semi-standard A-tableau of content p.

o Let T*°(\, 1) (resp., T(\, 1)) be the set of all semi-standard
A-tableaux (resp., A-tableau) of content p. (Thus,

T2(A) = T=(X, (1))
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Quantum Schur superalgebras = Semi-standard tableaux

@ For A € AT(n,r) and u € A(n, r), a A\-tableau S of content y is the
tableau obtained by inserting each box of the Young diagram with
numbers /,1 < i < n, such that the number i occurring in S is ;.

@ If the entries in S are weakly increasing in each row (resp., column)
and strictly increasing in each column (resp. row), S is called a row
(resp., column) semi-standard A-tableau of content p.

o Let T*°(\, 1) (resp., T(\, 1)) be the set of all semi-standard
A-tableaux (resp., A-tableau) of content p. (Thus,

T2(A) = T=(A, (1))

@ For we &, and T € T(\, ). Define wr € S, by letting wr(t*) be
the row standard tableau such that the integers in the ith row of
wr(t*) are the entries of w(t}) whose positions are the same as those
of the u; entries in T equal to i.
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Quantum Schur superalgebras = Semi-standard tableaux

@ For A € AT(n,r) and u € A(n, r), a A\-tableau S of content y is the
tableau obtained by inserting each box of the Young diagram with
numbers /,1 < i < n, such that the number i occurring in S is ;.

@ If the entries in S are weakly increasing in each row (resp., column)
and strictly increasing in each column (resp. row), S is called a row
(resp., column) semi-standard A-tableau of content p.

o Let T*°(\, 1) (resp., T(\, 1)) be the set of all semi-standard
A-tableaux (resp., A-tableau) of content p. (Thus,

T2(A) = T=(A, (1))

@ For we &, and T € T(\, ). Define wr € S, by letting wr(t*) be
the row standard tableau such that the integers in the ith row of
wr(t*) are the entries of w(t}) whose positions are the same as those
of the u; entries in T equal to i.

Proposition

Suppose pn € N(m|n,r) and A € N(r)*™. Let T\ be the right cell of &,,
which contains wy x. We have

D, N1 = {(woa)Two, | T € T, 1)}
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Quantum Schur superalgebras Young supertableaux

@ Fix two non-negative integers m, n with m -+ n > 0, and define
A+(r)m|n = {A e AT(r), Amp1 < n}
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Quantum Schur superalgebras Young supertableaux

@ Fix two non-negative integers m, n with m -+ n > 0, and define
N () mpn = {X € AT(r), Amy1 < n}
@ Each partition \ € /\*(r)m|,, uniquely determines a pair of partitions
N and \ with
)\,: ()\]_,...,)\m), )\” = ()\,7-,4_17)\,7-,_’_2,...)t7
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Quantum Schur superalgebras Young supertableaux

@ Fix two non-negative integers m, n with m -+ n > 0, and define
N (P mjn = {X € AT (r), Amgr < n}
@ Each partition \ € /\*(r)m|,, uniquely determines a pair of partitions
N and \ with
)\,: ()\17---7)\m)7 )\” = ()\m_i_:[,)\,7-,_’_2,...)t7

@ The map X +— (X, \") is an injective map from A* (), to A(m|n, r).

For X € AT (r)min, ulv € A(m|n, r), a M-tableau S of content yuV v is
called semi-standard A-supertableau of content p|v if
@ the entries in S are weakly increasing in each row and each column of
S
@ the subtableau obtained by removing all rows below row m is row

semistandard;

@ the subtableau obtained by removing all rows above row m+ 1 is
column semistandard.

o
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Quantum Schur superalgebras Semi-standard supertableaux

Let T*%°(\, u|v) be the set of all semi-standard A-supertableaux of content
plv.
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Quantum Schur superalgebras ~ Semi-standard supertableaux

Let T*%°(\, u|v) be the set of all semi-standard A-supertableaux of content
plv.

Lemma

Let A € A*(r). The following are equivalent:
(1) T=5(\, ulv) # O for some plv € N(m|n,r);
(2) there exist u € N(m, r1) with rp < |X|, v@) € A(n, |N| — 1) and
v e A(n, |N'|) such that TSN, u\V D)) £ @ and T=5(N', 1)) £ (;
(3) there exist u € N(m, r) with rp < |X|, v®) € A(n, |N| — 1) and

v € N(n,|N"|) such that N > v M) and X' > v(®) under the
dominance order >

(4) X € A*(F) -
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Quantum Schur superalgebras ~ Semi-standard supertableaux

Suppose p|v € N(m|n,r) and X € A(r)*. Let Ty be the right cell of &,,
which contains wy . We have

ij\L,}jy Ny ={(wor)Two, | T € T*(X, plv)},

where A = A|0.
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Quantum Schur superalgebras ~ Semi-standard supertableaux

Suppose p|v € N(m|n,r) and X € A(r)*. Let Ty be the right cell of &,,
which contains wy . We have

Dy rgw N = {(wop)Two, | T € T=(A, plw)},

where A = A|0.

Corollary

(1) For plv € N(ml|n,r), ®*~ "is a union of left cells. If Ky denotes the

w,plv

two-sided cell containing wo \, where A - r, then the number my, ,,, of left
cells in Ky N @~ is | T55(\, p|v)|.

w,plv

o
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Quantum Schur superalgebras ~ Semi-standard supertableaux

Suppose p|v € N(m|n,r) and X € A(r)*. Let Ty be the right cell of &,,
which contains wy . We have

Z))\ v N F)\ = {(WO,)\)TW(),;L ‘ Te TSSS()\,M’I/)},

where A = A|0.
Corollary
(1) For plv € N(ml|n,r), ®*~ "is a union of left cells. If Ky denotes the

w, |y
two-sided cell containing wo \, where A - r, then the number my, ,,, of left

cells in Kx D[ is [T5(, ul)].
(2) For any M]y e A(mi|n, r), we have

XuYv How) = 56(1,) ® @ mAvM\Vsa(U)'
AEA () |y D"
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Quantum Schur superalgebras ~ Supercells
Definition

For A, B € M(mln, r) with A= y*~(a]8,y,7/9) and
B = 75~ (A|lp, w, €&|n), define

A< B < y </ wand &|n =6 (or co(A) = co(B)).

Define A<g B if AT <g BT. Let <, be the preorder generated by <;
and <g. The relations give rise to three equivalence relations ~;, ~g and
~[R- Thus, A~x Bif and only if A <x B <x Afor all X € {L, R, LR}.
The corresponding equivalence classes in M(m|n, r) with respect to
~y,~gr and ~; g are called left cells, right cells and two-sided cells,
respectively.
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Quantum Schur superalgebras ~ Supercells
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For A, B € M(mln, r) with A= y*~(a]8,y,7/9) and
B = 75~ (A|lp, w, €&|n), define

A< B < y </ wand &|n =6 (or co(A) = co(B)).

Define A<g B if AT <g BT. Let <, be the preorder generated by <;
and <g. The relations give rise to three equivalence relations ~;, ~g and
~[R- Thus, A~x Bif and only if A <x B <x Afor all X € {L, R, LR}.
The corresponding equivalence classes in M(m|n, r) with respect to
~y,~gr and ~; g are called left cells, right cells and two-sided cells,

respectively.

In particular, we have
(1) A~y B <= y ~; w and co(A) = co(B);
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Quantum Schur superalgebras ~ Supercells
Definition

For A, B € M(mln, r) with A= y*~(a]8,y,7/9) and
B = 75~ (A|lp, w, €&|n), define

A< B < y </ wand &|n =6 (or co(A) = co(B)).

Define A<g B if AT <g BT. Let <, be the preorder generated by <;
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In particular, we have
(1) A~ B <= y ~; w and co(A) = co(B);
(2) A~gr B <= y ~g w and co(A) = co(B);
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Quantum Schur superalgebras ~ Supercells
Definition

For A, B € M(mln, r) with A= y*~(a]8,y,7/9) and
B = 75~ (A|lp, w, €&|n), define

A< B < y </ wand &|n =6 (or co(A) = co(B)).

Define A<g B if AT <g BT. Let <, be the preorder generated by <;
and <g. The relations give rise to three equivalence relations ~;, ~g and
~[R- Thus, A~x Bif and only if A <x B <x Afor all X € {L, R, LR}.
The corresponding equivalence classes in M(m|n, r) with respect to
~y,~gr and ~; g are called left cells, right cells and two-sided cells,

respectively.

In particular, we have
(1) A~y B <= y ~; w and co(A) = co(B);
(2) A~gr B <= y ~g w and co(A) = co(B);
o for A,B € M(m|n,r), if ©,05 = 3" ccpp(minr) fa.8,cO¢, then
fA,B,C # 0 implies C </ B.
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@ Suppose w € Q;\FILL_EIU with w 25, (P(w), Q(w)) = (s,t). Let vt be
the shape of s where vt is the partition dual to v.
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Quantum Schur superalgebras RSK supercorrespondence

@ Suppose w € Q;\FILL_EIU with w 25, (P(w), Q(w)) = (s,t). Let vt be
the shape of s where vt is the partition dual to v.
o Define x,y € &, such that P(x71) =s, Q(x71) =t,¢, P(y) =ty

and Q(y) =t.
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Quantum Schur superalgebras RSK supercorrespondence

@ Suppose w € Q;\FIZEIU with w 25, (P(w), Q(w)) = (s,t). Let vt be
the shape of s where vt is the partition dual to v.

@ Define x,y € &, such that P(x71) =s, Q(x71) = t,r, P(y) =t
and Q(y) =t.

@ Then wy, ~; xt~gw and wo, ~R Y ~L w. Thus,
R(x) = L(w)(= R(w™1)) and R(y) = R(w)(:={s € S| ws < w})
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@ Suppose w € ©>\| £y With w BS, (P(w), Q(w)) = (s,t). Let vt be
the shape of s where vt is the partition dual to v.

@ Define x,y € &, such that P(x71) =s, Q(x71) = t,t, P(y) =t
and Q(y) =

® Then wy, ~r xt~gw and wo, ~R Y ~L w. Thus,
R(x) = L(w)(= R(w™?! )) and R(y) = R(w )( {seS|ws<w})
@ This implies that x € ’D _‘ Nl,and y € ’}3 | NT,, where I, is the
right cell of &, which contalns wWo, -
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Niely With w B, (P(w), Q(w)) = (s,t). Let vt be
the shape of s where vt is the partition dual to v.

@ Define x,y € &, such that P(x71) =s, Q(x71) = t,t, P(y) =t
and Q(y) =

® Then wy, ~r xt~gw and wo, ~R Y ~L w. Thus,
R(x) = L(w)(= R(w™ )) and R(y) = R(w )( ={seS|ws<w})

@ This implies that x € ’D _‘ Nl,and y € ’}3 £ ., where I, is the
right cell of &, which contalns wWo, -

@ There is a pair of semi-standard v-tableaux
(Sw, Tw) € T*°(v, M) x T*°(v,&|n), which are determined uniquely
by x and y, respectively.

o Suppose w € D,

Lemma

The maps 8;;;5'7,, for any A, &|n € N(m|n, r), are bijection which induce
a bijective correspondence

M(min,r) — U T (v, \p)x T (v, &|n), A— (S(A), T(A)).

X, &lm€N(m|n,r)

V€A+(r) .
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Quantum Schur superalgebras RSK supercorrespondence

o For v € AT(r)mjn, let

)= U T

AlpEN(m|n.r)
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Quantum Schur superalgebras RSK supercorrespondence

o For v € AT(r)mjn, let

)= U T

AlpEN(m|n.r)

@ By the Robinson—Schensted-Knuth supercorrespondence, if

A BEKs (S, T) € I(v), we relabel the basis element ©, as

/ _ v .__ /
S,T — ¥YS, T -— eA'

The basis {05 | v € N (r)mn, S, T € 1(v)} = {© | A€ M(m|n,r)} is a
cellular basis.
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Quantum Schur superalgebras RSK supercorrespondence

o For each v € AT(r)pn, let
C(v) = S(mln,r)="T /S(m|n, r)>"T,
where S(m|n, r)2% T is the Q(v)-space spanned by S(m|n, r)>" and

©¢r,, S € I(v), and T, is the unique element in T**(v, v/ |1").
These are called cell modules.
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o For each v € AT(r)pn, let

C(v) = S(mln,r)="T /S(m|n, r)>"T,

where S(m|n, r)2% T is the Q(v)-space spanned by S(m|n, r)>" and
©¢r,, S € I(v), and T, is the unique element in T**(v, v/ |1").
These are called cell modules.

The set {C(v) | v € NT(r)mjn} is a complete set of pair-wise
non-isomorphic irreducible S(m|n, r)-supermodules.
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Quantum Schur superalgebras RSK supercorrespondence

o For each v € AT(r)pn, let

C(v) = S(mln,r)="T /S(m|n, r)>"T,

where S(m|n, r)2% T is the Q(v)-space spanned by S(m|n, r)>" and
©¢r,, S € I(v), and T, is the unique element in T**(v, v/ |1").
These are called cell modules.

The set {C(v) | v € NT(r)mjn} is a complete set of pair-wise
non-isomorphic irreducible S(m|n, r)-supermodules.

@ Applications:

o Category equivalence
@ Realization problem?
o ...
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