
The quantum Schur superalgebra

Jie Du (with Hebing Rui)

University of New South Wales

July 21, 2009

J. Du (UNSW) The quantum Schur superalgebra July 21, 2009 1 / 27



Quantum Schur superalgebras Motivation

The quantum Schur-Weyl theory investigates three levels of duality
relations:

J. Du (UNSW) The quantum Schur superalgebra July 21, 2009 2 / 27



Quantum Schur superalgebras Motivation

The quantum Schur-Weyl theory investigates three levels of duality
relations:

quantum Schur-Weyl duality for the quantum enveloping algebra
U(gln) and Hecke algebras H(Sr ) via the tensor space V⊗r which is a
U(gln)-H(Sr )-bimodule. The algebra S(n, r) = EndH(V⊗r ) is called a
quantum Schur algebra.

J. Du (UNSW) The quantum Schur superalgebra July 21, 2009 2 / 27



Quantum Schur superalgebras Motivation

The quantum Schur-Weyl theory investigates three levels of duality
relations:

quantum Schur-Weyl duality for the quantum enveloping algebra
U(gln) and Hecke algebras H(Sr ) via the tensor space V⊗r which is a
U(gln)-H(Sr )-bimodule. The algebra S(n, r) = EndH(V⊗r ) is called a
quantum Schur algebra.
category equivalences between certain categories of H-modules and
S(n, r)-modules—a going-up approach.

J. Du (UNSW) The quantum Schur superalgebra July 21, 2009 2 / 27



Quantum Schur superalgebras Motivation

The quantum Schur-Weyl theory investigates three levels of duality
relations:

quantum Schur-Weyl duality for the quantum enveloping algebra
U(gln) and Hecke algebras H(Sr ) via the tensor space V⊗r which is a
U(gln)-H(Sr )-bimodule. The algebra S(n, r) = EndH(V⊗r ) is called a
quantum Schur algebra.
category equivalences between certain categories of H-modules and
S(n, r)-modules—a going-up approach.
realization and presentation problems

J. Du (UNSW) The quantum Schur superalgebra July 21, 2009 2 / 27



Quantum Schur superalgebras Motivation

The quantum Schur-Weyl theory investigates three levels of duality
relations:

quantum Schur-Weyl duality for the quantum enveloping algebra
U(gln) and Hecke algebras H(Sr ) via the tensor space V⊗r which is a
U(gln)-H(Sr )-bimodule. The algebra S(n, r) = EndH(V⊗r ) is called a
quantum Schur algebra.
category equivalences between certain categories of H-modules and
S(n, r)-modules—a going-up approach.
realization and presentation problems Quantum groups are defined in
terms of generators and relations, while quantum Schur algebras are
defined as a certain vector space of linear maps. The realization
problem for quantum groups is to reconstruct them as vector spaces
with an explicit multiplication on elements of a basis, while the
presentation problem for quantum Schur algebras is to find their
generators and defining relations.

J. Du (UNSW) The quantum Schur superalgebra July 21, 2009 2 / 27



Quantum Schur superalgebras Motivation

The quantum Schur-Weyl theory investigates three levels of duality
relations:

quantum Schur-Weyl duality for the quantum enveloping algebra
U(gln) and Hecke algebras H(Sr ) via the tensor space V⊗r which is a
U(gln)-H(Sr )-bimodule. The algebra S(n, r) = EndH(V⊗r ) is called a
quantum Schur algebra.
category equivalences between certain categories of H-modules and
S(n, r)-modules—a going-up approach.
realization and presentation problems Quantum groups are defined in
terms of generators and relations, while quantum Schur algebras are
defined as a certain vector space of linear maps. The realization
problem for quantum groups is to reconstruct them as vector spaces
with an explicit multiplication on elements of a basis, while the
presentation problem for quantum Schur algebras is to find their
generators and defining relations.

Beilinson-Lusztig-Macpherson’s relization

J. Du (UNSW) The quantum Schur superalgebra July 21, 2009 2 / 27



Quantum Schur superalgebras Motivation

The quantum Schur-Weyl theory investigates three levels of duality
relations:

quantum Schur-Weyl duality for the quantum enveloping algebra
U(gln) and Hecke algebras H(Sr ) via the tensor space V⊗r which is a
U(gln)-H(Sr )-bimodule. The algebra S(n, r) = EndH(V⊗r ) is called a
quantum Schur algebra.
category equivalences between certain categories of H-modules and
S(n, r)-modules—a going-up approach.
realization and presentation problems Quantum groups are defined in
terms of generators and relations, while quantum Schur algebras are
defined as a certain vector space of linear maps. The realization
problem for quantum groups is to reconstruct them as vector spaces
with an explicit multiplication on elements of a basis, while the
presentation problem for quantum Schur algebras is to find their
generators and defining relations.

Beilinson-Lusztig-Macpherson’s relization

Doty-Giaquinto, Du-Parshall,...
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M(m|n, r) = {(aij) ∈ M(m + n, r) : aij ∈ Z2 if î + ĵ = 1},

M(m|n) =
⋃

r≥0

M(m|n, r). (1.0.2)

Let Λ(m + n, r) be the set of compositions of r with m + n-parts, and
Λ+(m + n, r) the subset of partitions. Let

Λ(m|n, r) =
⋃

r1+r2=r

Λ(m, r1) × Λ(n, r2).
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




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TiTj = TjTi , for 1 ≤ i < j ≤ r − 1,

TiTi+1Ti = Ti+1TiTi+1, for 1 ≤ i ≤ r − 2.

(1.0.3)

For any commutative ring R which is a Z-algebra, let HR be the
algebra obtained by base change to R . Let v , q be the images of υ,q
in R , respectively.

For each λ|µ ∈ Λ(m|n, r), define in HR

xλ =
∑

w∈Sλ∗

Tw , yµ =
∑

w∈S∗µ

(−q)−l(w)Tw

where l(w) is the length of w .
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Quantum Schur superalgebras Definition

Definition

Let
S(m|n, r ;R) := EndHR

(⊕λ|µ∈Λ(m|n,r)xλyµHR)

and define a Z2-grading by setting

S(m|n, r)i =
⊕

λ|µ,ξ|η
|µ|+|η|≡i(mod2)

Hom(xλyµHR , xξyηHR). (1.0.4)
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We simply write S(m|n, r) for S(m|n, r ;Z).

Let T (n, r) = ⊕λ|µ∈Λ(m|n,r)xλyµHR .

There is a Z2 grading on T (n, r) with

T (n, r)0 =
⊕

λ|µ
|µ|≡0(mod2)

xλyµHR , T (n, r)1 =
⊕

λ|µ
|µ|≡1(mod2)

xλyµHR .

J. Du (UNSW) The quantum Schur superalgebra July 21, 2009 6 / 27



Quantum Schur superalgebras Tensor spaces

Let V (m|n) be a free R-module of rank m + n with basis
e1, e2, . . . , em+n. There is a Z2-grading on V (m|n) = V0 ⊕ V1 where
V0 is spanned by e1, e2, . . . , em and V1 by em+1, em+2, · · · , em+n.
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e1, e2, . . . , em+n. There is a Z2-grading on V (m|n) = V0 ⊕ V1 where
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Following (e.g.) Mitsuhashi, let Ř : V (m|n)⊗2 → V (m|n)⊗2 be
defined by
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


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(−1)ĉ d̂ed ⊗ ec + (v − v−1)ec ⊗ ed , if c > d ,

(−1)ĉ d̂ed ⊗ ec , if c < d .

Via Ř, V (m|n)⊗r becomes a right H-module where is action of
T̃i = υ

−1Ti is given by 1⊗i−1 ⊗ Ř ⊗ 1r−i−1.

Proposition

There is a (graded) HR -module isomorphism T (n, r) ∼= V (m|n)⊗r . In
particular, S(m|n, r) ∼= EndH(V (m|n)⊗r ).
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Quantum Schur superalgebras Quantum coordinate superalgebras

Definition (Manin ’89)

Let Av(m|n) be the associative superalgebra over Z generated by xij ,
1 ≤ i , j ≤ m + n subject to the following relations:

x2
i ,j = 0, for î + ĵ = 1,

xijxik = (−1)(̂i+ĵ)(̂i+k̂)v (−1)î+1
xikxij , for j < k,

xijxkj = (−1)(̂i+ĵ)(k̂+ĵ)v (−1)ĵ+1
, for i < k,

xijxkl = (−1)(̂i+ĵ)(k̂+l̂)xklxij , for i < k and l < j ,

xijxkl = (−1)(̂i+ĵ)(k̂+l̂)xklxij + (−1)k̂ ĵ+k̂ l̂+ĵ l̂(v−1 − v)xilxkj , for i < k
and j < l .
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m+n
∑

j=1

xij ⊗ xjk , and ε(xij) = δij ,∀1 ≤ i , j , k ≤ m + n,

Av(m|n) becomes a superbialgebra.
There is an superalgebra isomorphism Av (m|n, r)∗ ∼= S(m|n, r).
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Quantum Schur superalgebras Super-representatives of double cosets

Let Sr be the symmetric group on r letters, and let S be the subset
of basic transpositions {(1, 2), (2, 3), . . . , (r − 1, r)}.
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ν ) be the set of right Sν -coset representatives of

minimal (resp., maximal) length. Thus, for ρ |= r , the set

Dν,ρ = Dν ∩ D−1
ρ (resp.,D+

ν,ρ = D+
ν ∩ (D+
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Let Dν (resp. D+
ν ) be the set of right Sν -coset representatives of

minimal (resp., maximal) length. Thus, for ρ |= r , the set

Dν,ρ = Dν ∩ D−1
ρ (resp.,D+

ν,ρ = D+
ν ∩ (D+

ρ )−1))

consists of minimal (resp. maximal) double coset representatives of
double cosets in Sν\Sr/Sρ.

For λ|µ, ξ|η ∈ Λ(m|n, r), define

D
+,−
λ|µ,ξ|η = D+

λ,ξ ∩ Dµ,η =

{

x ∈ Sr :
sx < x , tx > x , ∀s ∈ λ, t ∈ µ

xs < x , xt > x , ∀s ∈ ξ, t ∈ η

}

D
−,+
λ|µ,ξ|η = Dλ,ξ ∩ D+

µ,η =

{

x ∈ Sr :
sx > x , tx < x , ∀s ∈ λ, t ∈ µ

xs > x , xt < x , ∀s ∈ ξ, t ∈ η

}

.
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Quantum Schur superalgebras Super-representatives of double cosets

Lemma

Let λ|µ, ξ|η ∈ Λ(m|n, r). For any d ∈ Dλ|µ,ξ|η,

D
+,−
λ|µ,ξ|η ∩ Sλ|µdSξ|η 6= ∅

(resp.,D−,+
λ|µ,ξ|η ∩ Sλ|µdSξ|η 6= ∅)

if and only if
Sλ∗ ∩ dSη∗d−1 = {1}

S∗µ ∩ dS∗ξd−1 = {1}.

Moreover, |D+,−
λ|µ,ξ|η ∩ Sλ|µdSξ|η| ≤ 1 (resp., |D−,+

λ|µ,ξ|η ∩ Sλ|µdSξ|η| ≤ 1).
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Let λ|µ, ξ|η ∈ Λ(m|n, r). For any d ∈ Dλ|µ,ξ|η,

D
+,−
λ|µ,ξ|η ∩ Sλ|µdSξ|η 6= ∅

(resp.,D−,+
λ|µ,ξ|η ∩ Sλ|µdSξ|η 6= ∅)

if and only if
Sλ∗ ∩ dSη∗d−1 = {1}

S∗µ ∩ dS∗ξd−1 = {1}.

Moreover, |D+,−
λ|µ,ξ|η ∩ Sλ|µdSξ|η| ≤ 1 (resp., |D−,+

λ|µ,ξ|η ∩ Sλ|µdSξ|η| ≤ 1).

Let J(m|n, r)±,∓ =
⋃

λ|µ,ξ|η∈Λ(m|n,r)

{(λ|µ,w , ξ|η) : w ∈ D
±,∓
λ|µ,ξ|η}.
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λ|µ,ξ|η ∩ Sλ|µdSξ|η 6= ∅

(resp.,D−,+
λ|µ,ξ|η ∩ Sλ|µdSξ|η 6= ∅)

if and only if
Sλ∗ ∩ dSη∗d−1 = {1}

S∗µ ∩ dS∗ξd−1 = {1}.

Moreover, |D+,−
λ|µ,ξ|η ∩ Sλ|µdSξ|η| ≤ 1 (resp., |D−,+

λ|µ,ξ|η ∩ Sλ|µdSξ|η| ≤ 1).

Let J(m|n, r)±,∓ =
⋃

λ|µ,ξ|η∈Λ(m|n,r)

{(λ|µ,w , ξ|η) : w ∈ D
±,∓
λ|µ,ξ|η}.

Proposition

There are bijections
+,− : J(m|n, r)+,−−→M(m|n, r)

−,+ : J(m|n, r)−,+−→M(m|n, r)

such that, if A = +,−(λ|µ,w , ξ|η) = −,+(λ|µ,w ′, ξ|η), then ro(A) = λ|µ
and co(A) = ξ|η.
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Quantum Schur superalgebras Super-representatives of double cosets

Example

Let A =





2 0 1
1 2 0
1 2 1



 .
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Quantum Schur superalgebras Super-representatives of double cosets

Example

Let A =





2 0 1
1 2 0
1 2 1



 . Form A− =





(1, 2) ∅ 3
4 (5, 6) ∅
7 (8, 9) 10



 to obtain

w−
A = (1, 2, 4, 7, 5, 6, 8, 9, 3, 10);
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Example

Let A =





2 0 1
1 2 0
1 2 1



 . Form A− =





(1, 2) ∅ 3
4 (5, 6) ∅
7 (8, 9) 10



 to obtain

w−
A = (1, 2, 4, 7, 5, 6, 8, 9, 3, 10); form A+ =





(3, 2) ∅ 1
6 (5, 4) ∅
10 (9, 8) 7



 to obtain

w+
A = (10, 6, 3, 2, 9, 8, 5, 4, 7, 1).
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Quantum Schur superalgebras Super-representatives of double cosets

Example

Let A =





2 0 1
1 2 0
1 2 1



 . Form A− =





(1, 2) ∅ 3
4 (5, 6) ∅
7 (8, 9) 10



 to obtain

w−
A = (1, 2, 4, 7, 5, 6, 8, 9, 3, 10); form A+ =





(3, 2) ∅ 1
6 (5, 4) ∅
10 (9, 8) 7



 to obtain

w+
A = (10, 6, 3, 2, 9, 8, 5, 4, 7, 1).

Assume A ∈ M(m|n, 10) for m = 1 and n = 2, ro(A) = λ|µ = (3)|(3, 4),
co(A) = ξ|η = (4)|(4, 2). Form

A+,− =





(3, 2) ∅ 1
4 (5, 6) ∅
7 (8, 9) 10



 , A−,+ =





(1, 2) ∅ 3
6 (5, 4) ∅
10 (9, 8) 7





Then w+,−
A = (7, 4, 3, 2, 5, 6, 8, 9, 1, 10), w−,+

A = (1, 2, 6, 10, 9, 8, 5, 4, 7, 3).
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Quantum Schur superalgebras Standard bases

Lemma

Let λ|µ ∈ Λ(m|n, r).

(1) The right HR -module xλyµHR is free with basis {xλyµTd}d∈Dλ|µ
.

(2) xλyµHR = {h ∈ H : Tsh = qh,Tth = −h, ∀s ∈ λ, t ∈ µ}.

(3) (HRxλyµ)∗ := HomR(HRxλyµ,R) ∼= xλyµHR .
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(1) The right HR -module xλyµHR is free with basis {xλyµTd}d∈Dλ|µ
.

(2) xλyµHR = {h ∈ H : Tsh = qh,Tth = −h, ∀s ∈ λ, t ∈ µ}.

(3) (HRxλyµ)∗ := HomR(HRxλyµ,R) ∼= xλyµHR .

For D = (λ|µ,w , ξ|η) ∈ M(m|n, r), we identify D = Sλ|µwSξ|η.
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Quantum Schur superalgebras Standard bases

Lemma

Let λ|µ ∈ Λ(m|n, r).

(1) The right HR -module xλyµHR is free with basis {xλyµTd}d∈Dλ|µ
.

(2) xλyµHR = {h ∈ H : Tsh = qh,Tth = −h, ∀s ∈ λ, t ∈ µ}.

(3) (HRxλyµ)∗ := HomR(HRxλyµ,R) ∼= xλyµHR .

For D = (λ|µ,w , ξ|η) ∈ M(m|n, r), we identify D = Sλ|µwSξ|η. If
d ∈ Dλ|µ,ξ|η ∩ D is the shortest element in D, then every w ∈ D can
be uniquely written as w = x .y .d .u.v with x |y ∈ Sλ|µ and
u|v ∈ Sξ|η ∩ Dα|β, where α = α(D), β = β(D) are compositions of
|λ| and |µ|, respectively, defined by

Sα(D)∗ = d−1Sλ∗d ∩ Sξ∗ and S∗β(D) = d−1S∗µd ∩ S∗η,

where ν∗ = ν ∨ (1r−|ν|) and ∗ν = (1r−|ν|) ∨ ν.
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Quantum Schur superalgebras Standard bases

Lemma

Let λ|µ ∈ Λ(m|n, r).

(1) The right HR -module xλyµHR is free with basis {xλyµTd}d∈Dλ|µ
.

(2) xλyµHR = {h ∈ H : Tsh = qh,Tth = −h, ∀s ∈ λ, t ∈ µ}.

(3) (HRxλyµ)∗ := HomR(HRxλyµ,R) ∼= xλyµHR .

For D = (λ|µ,w , ξ|η) ∈ M(m|n, r), we identify D = Sλ|µwSξ|η. If
d ∈ Dλ|µ,ξ|η ∩ D is the shortest element in D, then every w ∈ D can
be uniquely written as w = x .y .d .u.v with x |y ∈ Sλ|µ and
u|v ∈ Sξ|η ∩ Dα|β, where α = α(D), β = β(D) are compositions of
|λ| and |µ|, respectively, defined by

Sα(D)∗ = d−1Sλ∗d ∩ Sξ∗ and S∗β(D) = d−1S∗µd ∩ S∗η,

where ν∗ = ν ∨ (1r−|ν|) and ∗ν = (1r−|ν|) ∨ ν.

Define
TD =

∑

u|v∈Sξ|η∩Dα|β

(−q)−l(v)xλyµTdTuTv (= hxξyµ).
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Quantum Schur superalgebras Standard bases

Let
M(m|n, r)λ|µ,ξ|η = {A ∈ M(m|n, r) : ro(A) = λ|µ, co(A) = ξ|η}.
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Quantum Schur superalgebras Standard bases

Let
M(m|n, r)λ|µ,ξ|η = {A ∈ M(m|n, r) : ro(A) = λ|µ, co(A) = ξ|η}.

Proposition

If H+,−
λ|µ,ξ|η denotes the free R-submodule of HR spanned by TD for all

D ∈ M(m|n, r)λ|µ,ξ|η, then

H+,−
λ|µ,ξ|η = xλyµHR ∩HRxξyη

= {h ∈ H : Ts1h = hTt1 = qh,Ts2h = hTt2 = −h,

∀s1 ∈ λ, s2 ∈ µ, t1 ∈ ξ, t2 ∈ η}.
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Let
M(m|n, r)λ|µ,ξ|η = {A ∈ M(m|n, r) : ro(A) = λ|µ, co(A) = ξ|η}.

Proposition

If H+,−
λ|µ,ξ|η denotes the free R-submodule of HR spanned by TD for all

D ∈ M(m|n, r)λ|µ,ξ|η, then

H+,−
λ|µ,ξ|η = xλyµHR ∩HRxξyη

= {h ∈ H : Ts1h = hTt1 = qh,Ts2h = hTt2 = −h,

∀s1 ∈ λ, s2 ∈ µ, t1 ∈ ξ, t2 ∈ η}.

For D = (λ|µ,w , ξ|η) ∈ M(m|n, r), define φA = φd
λ|µ,ξ|η ∈ S(m|n, r)

by
φd

λ|µ,ξ|η(xαyβh) = δξ|η,α|βTSλ|µdSξ|η
h,

for all α|β ∈ Λ(m|n, r) and h ∈ HR .
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Quantum Schur superalgebras Standard bases

Let
M(m|n, r)λ|µ,ξ|η = {A ∈ M(m|n, r) : ro(A) = λ|µ, co(A) = ξ|η}.

Proposition

If H+,−
λ|µ,ξ|η denotes the free R-submodule of HR spanned by TD for all

D ∈ M(m|n, r)λ|µ,ξ|η, then

H+,−
λ|µ,ξ|η = xλyµHR ∩HRxξyη

= {h ∈ H : Ts1h = hTt1 = qh,Ts2h = hTt2 = −h,

∀s1 ∈ λ, s2 ∈ µ, t1 ∈ ξ, t2 ∈ η}.

For D = (λ|µ,w , ξ|η) ∈ M(m|n, r), define φA = φd
λ|µ,ξ|η ∈ S(m|n, r)

by
φd

λ|µ,ξ|η(xαyβh) = δξ|η,α|βTSλ|µdSξ|η
h,

for all α|β ∈ Λ(m|n, r) and h ∈ HR .
Observe

Hom(xξyηHR , xλyµHR) ∼= xλyµHR ∩HRxξyη.
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Quantum Schur superalgebras Standard bases

Proposition

For any commutative ring R which is a Z-module, S(m|n, r ;R) is R-free
of rank |M(m|n, r)|. Moreover, the set

{φA : A ∈ M(m|n, r)}

forms a basis for S(m|n, r ;R). Thus, S(m|n, r) ⊗ R ∼= S(m|n, r ;R).
Moreover, there is an algebra anti-involution
τ : S(m|n, r ;R) → S(m|n, r ;R) satisfying τ(φA) = φAT .
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Proposition

For any commutative ring R which is a Z-module, S(m|n, r ;R) is R-free
of rank |M(m|n, r)|. Moreover, the set

{φA : A ∈ M(m|n, r)}

forms a basis for S(m|n, r ;R). Thus, S(m|n, r) ⊗ R ∼= S(m|n, r ;R).
Moreover, there is an algebra anti-involution
τ : S(m|n, r ;R) → S(m|n, r ;R) satisfying τ(φA) = φAT .
Call this basis the standard basis.
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Quantum Schur superalgebras Standard bases

Proposition

For any commutative ring R which is a Z-module, S(m|n, r ;R) is R-free
of rank |M(m|n, r)|. Moreover, the set

{φA : A ∈ M(m|n, r)}

forms a basis for S(m|n, r ;R). Thus, S(m|n, r) ⊗ R ∼= S(m|n, r ;R).
Moreover, there is an algebra anti-involution
τ : S(m|n, r ;R) → S(m|n, r ;R) satisfying τ(φA) = φAT .
Call this basis the standard basis.

If A = (λ|µ, d , ξ|η), we put Â = |µ| + |η|(mod 2).
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Quantum Schur superalgebras Standard bases

Proposition

For any commutative ring R which is a Z-module, S(m|n, r ;R) is R-free
of rank |M(m|n, r)|. Moreover, the set

{φA : A ∈ M(m|n, r)}

forms a basis for S(m|n, r ;R). Thus, S(m|n, r) ⊗ R ∼= S(m|n, r ;R).
Moreover, there is an algebra anti-involution
τ : S(m|n, r ;R) → S(m|n, r ;R) satisfying τ(φA) = φAT .
Call this basis the standard basis.

If A = (λ|µ, d , ξ|η), we put Â = |µ| + |η|(mod 2).

The supermultiplication is given by

φAφB = (−1)ÂB̂φA ◦ φB , for all A,B ∈ M(m|n, r),
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Quantum Schur superalgebras Canonical bases

We use a canonical basis for xλyµHR ∩HRxξyη and the isomorphism
Hom(xξyηHR , xλyµHR) ∼= xλyµHR ∩HRxξyη to define the canonical basis
for S(m|n, r).

Let − : H → H be the Z-linear involution on H such that υ = υ
−1

and Tw = T−1
w−1 .
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Quantum Schur superalgebras Canonical bases

We use a canonical basis for xλyµHR ∩HRxξyη and the isomorphism
Hom(xξyηHR , xλyµHR) ∼= xλyµHR ∩HRxξyη to define the canonical basis
for S(m|n, r).

Let − : H → H be the Z-linear involution on H such that υ = υ
−1

and Tw = T−1
w−1 .

For D ∈ M(m|n, r)λ|µ,ξ|η, let d∗ ∈ D+
λ∗,ξ∗ ∩ Sλ∗dSξ∗ and

∗d ∈ D+
∗µ,∗η ∩ S∗µdS∗η.
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Quantum Schur superalgebras Canonical bases

We use a canonical basis for xλyµHR ∩HRxξyη and the isomorphism
Hom(xξyηHR , xλyµHR) ∼= xλyµHR ∩HRxξyη to define the canonical basis
for S(m|n, r).

Let − : H → H be the Z-linear involution on H such that υ = υ
−1

and Tw = T−1
w−1 .

For D ∈ M(m|n, r)λ|µ,ξ|η, let d∗ ∈ D+
λ∗,ξ∗ ∩ Sλ∗dSξ∗ and

∗d ∈ D+
∗µ,∗η ∩ S∗µdS∗η.

Define
TD = υ

−l(d∗)
υ

l(∗d)−l(d)TD .

Lemma

The restriction of the bar involution − on H induces a bar involution − on
H+,−

λ|µ,ξ|η. Moreover, for D,C ∈ M(m|n, r)λ|µ,ξ|η, there exist rC ,D ∈ Z such
that rD,D = 1 and

T D =
∑

C∈M(m|n,r)λ|µ,ξ|η
C≤D

rC ,DTC .
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Quantum Schur superalgebras Canonical bases

Proposition

There exists a unique Z-basis {CD}D∈M(m|n,r)λ|µ,ξ|η
for H+,−

λ|µ,ξ|η such that

CD = CD and CD =
∑

C≤D pC ,DTC , where pD,D = 1 and

pC ,D ∈ υ
−1Z[υ−1] if C < D. Moreover, if D = Sλ|µ, then CD = TSλ|µ

.
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Quantum Schur superalgebras Canonical bases

Proposition

There exists a unique Z-basis {CD}D∈M(m|n,r)λ|µ,ξ|η
for H+,−

λ|µ,ξ|η such that

CD = CD and CD =
∑

C≤D pC ,DTC , where pD,D = 1 and

pC ,D ∈ υ
−1Z[υ−1] if C < D. Moreover, if D = Sλ|µ, then CD = TSλ|µ

.

Theorem

The bar involution − : Z → Z can be extended to a ring homomorphism
− : S(m|n, r) → S(m|n, r) defined by linearly extending the action:

ϕD =
∑

C

rC ,DϕC .

In particular, there is a unique basis {ΘD}D∈M(m|n,r) satisfying

ΘD = ΘD , ΘD − ϕD ∈
∑

C<D

υ
−1Z[υ−1]ϕC .
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Quantum Schur superalgebras Canonical bases

Proposition

There exists a unique Z-basis {CD}D∈M(m|n,r)λ|µ,ξ|η
for H+,−

λ|µ,ξ|η such that

CD = CD and CD =
∑

C≤D pC ,DTC , where pD,D = 1 and

pC ,D ∈ υ
−1Z[υ−1] if C < D. Moreover, if D = Sλ|µ, then CD = TSλ|µ

.

Theorem

The bar involution − : Z → Z can be extended to a ring homomorphism
− : S(m|n, r) → S(m|n, r) defined by linearly extending the action:

ϕD =
∑

C

rC ,DϕC .

In particular, there is a unique basis {ΘD}D∈M(m|n,r) satisfying

ΘD = ΘD , ΘD − ϕD ∈
∑

C<D

υ
−1Z[υ−1]ϕC .

Note that ΘD is the element satisfying ΘD(TS
co(D)

) = CD .
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Quantum Schur superalgebras Canonical bases

Let y ′
µ = υ

l(w0,µ)yµ = Bw0,µ
.
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Quantum Schur superalgebras Canonical bases

Let y ′
µ = υ

l(w0,µ)yµ = Bw0,µ
. For D = +,−(λ|µ,w , ξ|η), let

T ′
D = y ′

µTD∗y ′
η,

where D∗ = Sλ∗wSξ∗ and TD∗ = υ
−l(w)

∑

x∈D∗ Tx .
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Quantum Schur superalgebras Canonical bases

Let y ′
µ = υ

l(w0,µ)yµ = Bw0,µ
. For D = +,−(λ|µ,w , ξ|η), let

T ′
D = y ′

µTD∗y ′
η,

where D∗ = Sλ∗wSξ∗ and TD∗ = υ
−l(w)

∑

x∈D∗ Tx .

Clearly,
T ′

D = υ
l(w0,β)PSβ

(q−1)TD , (1.8.1)

where PSβ
(q) is the Poincaré polynomial of Sβ with β = β(D).
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Quantum Schur superalgebras Canonical bases

Let y ′
µ = υ

l(w0,µ)yµ = Bw0,µ
. For D = +,−(λ|µ,w , ξ|η), let

T ′
D = y ′

µTD∗y ′
η,

where D∗ = Sλ∗wSξ∗ and TD∗ = υ
−l(w)

∑

x∈D∗ Tx .

Clearly,
T ′

D = υ
l(w0,β)PSβ

(q−1)TD , (1.8.1)

where PSβ
(q) is the Poincaré polynomial of Sβ with β = β(D).

Let L+,−
λ|µ,ξ|η be the Z-span of T ′

D , D ∈ M(m|n, r)λ|µ,ξ|η. This is a

Z-submodule of H+,−
λ|µ,ξ|η.
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Quantum Schur superalgebras Canonical bases

Proposition

For any C ,D ∈ M(m|n, r)λ|µ,ξ|η, there exist r∗C ,D ∈ Z such that r∗D,D = 1
and

T
′
D =

∑

C∈M(m|n,r)λ|µ,ξ|η
C≤D

r∗C ,Dy ′
λTC∗y ′

η.

Moreover, if {C′
D}D∈M(m|n,r)λ|µ,ξ|η

denotes the associated canonical basis

for L+,−
λ|µ,ξ|η, then C′

D := y ′
λCd∗y ′

η, where d∗ is the longest element in D∗.
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Quantum Schur superalgebras Canonical bases

Proposition

For any C ,D ∈ M(m|n, r)λ|µ,ξ|η, there exist r∗C ,D ∈ Z such that r∗D,D = 1
and

T
′
D =

∑

C∈M(m|n,r)λ|µ,ξ|η
C≤D

r∗C ,Dy ′
λTC∗y ′

η.

Moreover, if {C′
D}D∈M(m|n,r)λ|µ,ξ|η

denotes the associated canonical basis

for L+,−
λ|µ,ξ|η, then C′

D := y ′
λCd∗y ′

η, where d∗ is the longest element in D∗.

Let S(m|n, r) = S(m|n, r) ⊗ Q(υ).
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Quantum Schur superalgebras Canonical bases

Proposition

For any C ,D ∈ M(m|n, r)λ|µ,ξ|η, there exist r∗C ,D ∈ Z such that r∗D,D = 1
and

T
′
D =

∑

C∈M(m|n,r)λ|µ,ξ|η
C≤D

r∗C ,Dy ′
λTC∗y ′

η.

Moreover, if {C′
D}D∈M(m|n,r)λ|µ,ξ|η

denotes the associated canonical basis

for L+,−
λ|µ,ξ|η, then C′

D := y ′
λCd∗y ′

η, where d∗ is the longest element in D∗.

Let S(m|n, r) = S(m|n, r) ⊗ Q(υ).
For every D ∈ M(m|n, r) with ro(D) = λ|µ, co(D) = ξ|η, define
Θ′

D ∈ S(m|n, r) by setting

Θ′
D(x ′

ξy
′
η) = y ′

µCd∗y ′
η.

Corollary

The set {Θ′
D}D∈M(m|n,r) forms a Q(υ)-basis for S(m|n, r).
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Quantum Schur superalgebras Standard tableaux

For a partition λ ∈ Λ+(r), define tλ, tλ as follows (for λ = (4, 3, 1))

tλ =
1 2 3 4
5 6 7
8

, tλ =
1 4 6 8
2 5 7
3

.
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, tλ =
1 4 6 8
2 5 7
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.

Let Ts(λ) be the set of all standard λ-tableaux.

Robinson-Schensted correspondence:

Sr −→
⋃

λ∈Λ+(r)

Ts(λ) × Ts(λ), w
RS
−→ (P(w),Q(w));
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For a partition λ ∈ Λ+(r), define tλ, tλ as follows (for λ = (4, 3, 1))

tλ =
1 2 3 4
5 6 7
8

, tλ =
1 4 6 8
2 5 7
3

.

Let Ts(λ) be the set of all standard λ-tableaux.

Robinson-Schensted correspondence:

Sr −→
⋃

λ∈Λ+(r)

Ts(λ) × Ts(λ), w
RS
−→ (P(w),Q(w));

Proposition

Suppose x , y ∈ Sr . Then

x ∼L y if and only if Q(x) = Q(y).

x ∼R y if and only if P(x) = P(y).

x ∼LR y if and only if P(x) and P(y) have the same shape.
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Quantum Schur superalgebras Semi-standard tableaux

For λ ∈ Λ+(n, r) and µ ∈ Λ(n, r), a λ-tableau S of content µ is the
tableau obtained by inserting each box of the Young diagram with
numbers i , 1 ≤ i ≤ n, such that the number i occurring in S is µi .
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For λ ∈ Λ+(n, r) and µ ∈ Λ(n, r), a λ-tableau S of content µ is the
tableau obtained by inserting each box of the Young diagram with
numbers i , 1 ≤ i ≤ n, such that the number i occurring in S is µi .
If the entries in S are weakly increasing in each row (resp., column)
and strictly increasing in each column (resp. row), S is called a row
(resp., column) semi-standard λ-tableau of content µ.
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tableau obtained by inserting each box of the Young diagram with
numbers i , 1 ≤ i ≤ n, such that the number i occurring in S is µi .
If the entries in S are weakly increasing in each row (resp., column)
and strictly increasing in each column (resp. row), S is called a row
(resp., column) semi-standard λ-tableau of content µ.
Let Tss(λ, µ) (resp., T(λ, µ)) be the set of all semi-standard
λ-tableaux (resp., λ-tableau) of content µ. (Thus,
Ts(λ) = Tss(λ, (1r )))
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tableau obtained by inserting each box of the Young diagram with
numbers i , 1 ≤ i ≤ n, such that the number i occurring in S is µi .
If the entries in S are weakly increasing in each row (resp., column)
and strictly increasing in each column (resp. row), S is called a row
(resp., column) semi-standard λ-tableau of content µ.
Let Tss(λ, µ) (resp., T(λ, µ)) be the set of all semi-standard
λ-tableaux (resp., λ-tableau) of content µ. (Thus,
Ts(λ) = Tss(λ, (1r )))
For w ∈ Sr and T ∈ T(λ, µ). Define wT ∈ Sr by letting wT (tµ) be
the row standard tableau such that the integers in the ith row of
wT (tµ) are the entries of w(tλ) whose positions are the same as those
of the µi entries in T equal to i .
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For λ ∈ Λ+(n, r) and µ ∈ Λ(n, r), a λ-tableau S of content µ is the
tableau obtained by inserting each box of the Young diagram with
numbers i , 1 ≤ i ≤ n, such that the number i occurring in S is µi .
If the entries in S are weakly increasing in each row (resp., column)
and strictly increasing in each column (resp. row), S is called a row
(resp., column) semi-standard λ-tableau of content µ.
Let Tss(λ, µ) (resp., T(λ, µ)) be the set of all semi-standard
λ-tableaux (resp., λ-tableau) of content µ. (Thus,
Ts(λ) = Tss(λ, (1r )))
For w ∈ Sr and T ∈ T(λ, µ). Define wT ∈ Sr by letting wT (tµ) be
the row standard tableau such that the integers in the ith row of
wT (tµ) are the entries of w(tλ) whose positions are the same as those
of the µi entries in T equal to i .

Proposition

Suppose µ ∈ Λ(m|n, r) and λ ∈ Λ(r)+. Let Γλ be the right cell of Sr ,
which contains w0,λ. We have

D+
λ,µ ∩ Γλ = {(w0,λ)Tw0,µ | T ∈ Tss(λ, µ)}.
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Quantum Schur superalgebras Young supertableaux

Fix two non-negative integers m, n with m + n > 0, and define
Λ+(r)m|n = {λ ∈ Λ+(r), λm+1 ≤ n}
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Quantum Schur superalgebras Young supertableaux

Fix two non-negative integers m, n with m + n > 0, and define
Λ+(r)m|n = {λ ∈ Λ+(r), λm+1 ≤ n}

Each partition λ ∈ Λ+(r)m|n uniquely determines a pair of partitions
λ′ and λ′′ with

λ′ = (λ1, . . . , λm), λ′′ = (λm+1, λm+2, . . .)
t ,
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Quantum Schur superalgebras Young supertableaux

Fix two non-negative integers m, n with m + n > 0, and define
Λ+(r)m|n = {λ ∈ Λ+(r), λm+1 ≤ n}

Each partition λ ∈ Λ+(r)m|n uniquely determines a pair of partitions
λ′ and λ′′ with

λ′ = (λ1, . . . , λm), λ′′ = (λm+1, λm+2, . . .)
t ,

The map λ 7→ (λ′, λ′′) is an injective map from Λ+(r)m|n to Λ(m|n, r).

Definition

For λ ∈ Λ+(r)m|n, µ|ν ∈ Λ(m|n, r), a λ-tableau S of content µ ∨ ν is
called semi-standard λ-supertableau of content µ|ν if

the entries in S are weakly increasing in each row and each column of
S;

the subtableau obtained by removing all rows below row m is row
semistandard;

the subtableau obtained by removing all rows above row m + 1 is
column semistandard.
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Quantum Schur superalgebras Semi-standard supertableaux

Let Tsss(λ, µ|ν) be the set of all semi-standard λ-supertableaux of content
µ|ν.
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Quantum Schur superalgebras Semi-standard supertableaux

Let Tsss(λ, µ|ν) be the set of all semi-standard λ-supertableaux of content
µ|ν.

Lemma

Let λ ∈ Λ+(r). The following are equivalent:

(1) Tsss(λ, µ|ν) 6= ∅ for some µ|ν ∈ Λ(m|n, r);

(2) there exist µ ∈ Λ(m, r1) with r1 ≤ |λ′|, ν(1) ∈ Λ(n, |λ′| − r1) and
ν(2) ∈ Λ(n, |λ′′|) such that Tss(λ′, µ∨ν(1)) 6= ∅ and Tss(λ′′, ν(2)) 6= ∅;

(3) there exist µ ∈ Λ(m, r1) with r1 ≤ |λ′|, ν(1) ∈ Λ(n, |λ′| − r1) and
ν(2) ∈ Λ(n, |λ′′|) such that λ′ D µ ∨ ν(1) and λ′′ D ν(2) under the
dominance order D;

(4) λ ∈ Λ+(r)m|n.
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Quantum Schur superalgebras Semi-standard supertableaux

Proposition

Suppose µ|ν ∈ Λ(m|n, r) and λ ∈ Λ(r)+. Let Γλ be the right cell of Sr ,
which contains w0,λ. We have

D
+,−
λ,µ|ν ∩ Γλ = {(w0,λ)Tw0,µ | T ∈ Tsss(λ, µ|ν)},

where λ = λ|0.
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Quantum Schur superalgebras Semi-standard supertableaux

Proposition

Suppose µ|ν ∈ Λ(m|n, r) and λ ∈ Λ(r)+. Let Γλ be the right cell of Sr ,
which contains w0,λ. We have

D
+,−
λ,µ|ν ∩ Γλ = {(w0,λ)Tw0,µ | T ∈ Tsss(λ, µ|ν)},

where λ = λ|0.

Corollary

(1) For µ|ν ∈ Λ(m|n, r), D
+,−
ω,µ|ν is a union of left cells. If Kλ denotes the

two-sided cell containing w0,λ, where λ ⊢ r , then the number mλ,µ|ν of left

cells in Kλ ∩ D
+,−
ω,µ|ν is |Tsss(λ, µ|ν)|.

J. Du (UNSW) The quantum Schur superalgebra July 21, 2009 23 / 27



Quantum Schur superalgebras Semi-standard supertableaux

Proposition

Suppose µ|ν ∈ Λ(m|n, r) and λ ∈ Λ(r)+. Let Γλ be the right cell of Sr ,
which contains w0,λ. We have

D
+,−
λ,µ|ν ∩ Γλ = {(w0,λ)Tw0,µ | T ∈ Tsss(λ, µ|ν)},

where λ = λ|0.

Corollary

(1) For µ|ν ∈ Λ(m|n, r), D
+,−
ω,µ|ν is a union of left cells. If Kλ denotes the

two-sided cell containing w0,λ, where λ ⊢ r , then the number mλ,µ|ν of left

cells in Kλ ∩ D
+,−
ω,µ|ν is |Tsss(λ, µ|ν)|.

(2) For any µ|ν ∈ Λ(m|n, r), we have

xµyνHQ(υ)
∼= S µ̃∗

Q(υ) ⊕
⊕

λ∈Λ+(r)m|n,λ⊲µ̃∗

mλ,µ|νS
λ
Q(υ).
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Quantum Schur superalgebras Supercells

Definition

For A,B ∈ M(m|n, r) with A = +,−(α|β, y , γ|δ) and
B = +,−(λ|µ,w , ξ|η), define

A ≤L B ⇐⇒ y ≤L w and ξ|η = γ|δ (or co(A) = co(B)).

Define A ≤R B if AT ≤R BT . Let ≤LR be the preorder generated by ≤L

and ≤R . The relations give rise to three equivalence relations ∼L,∼R and
∼LR . Thus, A ∼X B if and only if A ≤X B ≤X A for all X ∈ {L,R ,LR}.
The corresponding equivalence classes in M(m|n, r) with respect to
∼L,∼R and ∼LR are called left cells, right cells and two-sided cells,
respectively.
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The corresponding equivalence classes in M(m|n, r) with respect to
∼L,∼R and ∼LR are called left cells, right cells and two-sided cells,
respectively.

In particular, we have

(1) A ∼L B ⇐⇒ y ∼L w and co(A) = co(B);
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Quantum Schur superalgebras Supercells

Definition

For A,B ∈ M(m|n, r) with A = +,−(α|β, y , γ|δ) and
B = +,−(λ|µ,w , ξ|η), define

A ≤L B ⇐⇒ y ≤L w and ξ|η = γ|δ (or co(A) = co(B)).

Define A ≤R B if AT ≤R BT . Let ≤LR be the preorder generated by ≤L

and ≤R . The relations give rise to three equivalence relations ∼L,∼R and
∼LR . Thus, A ∼X B if and only if A ≤X B ≤X A for all X ∈ {L,R ,LR}.
The corresponding equivalence classes in M(m|n, r) with respect to
∼L,∼R and ∼LR are called left cells, right cells and two-sided cells,
respectively.

In particular, we have

(1) A ∼L B ⇐⇒ y ∼L w and co(A) = co(B);

(2) A ∼R B ⇐⇒ y ∼R w and co(A) = co(B);
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Quantum Schur superalgebras Supercells

Definition

For A,B ∈ M(m|n, r) with A = +,−(α|β, y , γ|δ) and
B = +,−(λ|µ,w , ξ|η), define

A ≤L B ⇐⇒ y ≤L w and ξ|η = γ|δ (or co(A) = co(B)).

Define A ≤R B if AT ≤R BT . Let ≤LR be the preorder generated by ≤L

and ≤R . The relations give rise to three equivalence relations ∼L,∼R and
∼LR . Thus, A ∼X B if and only if A ≤X B ≤X A for all X ∈ {L,R ,LR}.
The corresponding equivalence classes in M(m|n, r) with respect to
∼L,∼R and ∼LR are called left cells, right cells and two-sided cells,
respectively.

In particular, we have

(1) A ∼L B ⇐⇒ y ∼L w and co(A) = co(B);

(2) A ∼R B ⇐⇒ y ∼R w and co(A) = co(B);

for A,B ∈ M(m|n, r), if Θ′
AΘ′

B =
∑

C∈M(m|n,r) fA,B,CΘ′
C , then

fA,B,C 6= 0 implies C ≤L B .
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Quantum Schur superalgebras RSK supercorrespondence

Suppose w ∈ D
+,−
λ|µ,ξ|η with w

RS
−→ (P(w),Q(w)) = (s, t). Let νt be

the shape of s where νt is the partition dual to ν.
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Suppose w ∈ D
+,−
λ|µ,ξ|η with w

RS
−→ (P(w),Q(w)) = (s, t). Let νt be

the shape of s where νt is the partition dual to ν.
Define x , y ∈ Sr such that P(x−1) = s, Q(x−1) = tνt , P(y) = tνt

and Q(y) = t.
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Quantum Schur superalgebras RSK supercorrespondence

Suppose w ∈ D
+,−
λ|µ,ξ|η with w

RS
−→ (P(w),Q(w)) = (s, t). Let νt be

the shape of s where νt is the partition dual to ν.
Define x , y ∈ Sr such that P(x−1) = s, Q(x−1) = tνt , P(y) = tνt

and Q(y) = t.
Then w0,ν ∼L x−1 ∼R w and w0,ν ∼R y ∼L w . Thus,
R(x) = L(w)(= R(w−1)) and R(y) = R(w)(:= {s ∈ S | ws < w})
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Quantum Schur superalgebras RSK supercorrespondence

Suppose w ∈ D
+,−
λ|µ,ξ|η with w

RS
−→ (P(w),Q(w)) = (s, t). Let νt be

the shape of s where νt is the partition dual to ν.
Define x , y ∈ Sr such that P(x−1) = s, Q(x−1) = tνt , P(y) = tνt

and Q(y) = t.
Then w0,ν ∼L x−1 ∼R w and w0,ν ∼R y ∼L w . Thus,
R(x) = L(w)(= R(w−1)) and R(y) = R(w)(:= {s ∈ S | ws < w})
This implies that x ∈ D

+,−
ν,λ|µ ∩ Γν and y ∈ D

+,−
ν,ξ|η ∩ Γν , where Γν is the

right cell of Sr which contains w0,ν .
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Quantum Schur superalgebras RSK supercorrespondence

Suppose w ∈ D
+,−
λ|µ,ξ|η with w

RS
−→ (P(w),Q(w)) = (s, t). Let νt be

the shape of s where νt is the partition dual to ν.
Define x , y ∈ Sr such that P(x−1) = s, Q(x−1) = tνt , P(y) = tνt

and Q(y) = t.
Then w0,ν ∼L x−1 ∼R w and w0,ν ∼R y ∼L w . Thus,
R(x) = L(w)(= R(w−1)) and R(y) = R(w)(:= {s ∈ S | ws < w})
This implies that x ∈ D

+,−
ν,λ|µ ∩ Γν and y ∈ D

+,−
ν,ξ|η ∩ Γν , where Γν is the

right cell of Sr which contains w0,ν .
There is a pair of semi-standard ν-tableaux
(Sw ,Tw ) ∈ Tsss(ν, λ|µ) × Tsss(ν, ξ|η), which are determined uniquely
by x and y , respectively.

Lemma

The maps ∂+,−
λ|µ,ξ|η, for any λ|µ, ξ|η ∈ Λ(m|n, r), are bijection which induce

a bijective correspondence

M(m|n, r) −→
⋃

λ|µ,ξ|η∈Λ(m|n,r)

ν∈Λ+(r)m|n

Tsss(ν, λ|µ)×Tsss(ν, ξ|η), A 7−→ (S(A),T(A)).
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Quantum Schur superalgebras RSK supercorrespondence

For ν ∈ Λ+(r)m|n, let

I (ν) =
⋃

λ|µ∈Λ(m|n,r)

Tsss(ν, λ|µ)

.
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Quantum Schur superalgebras RSK supercorrespondence

For ν ∈ Λ+(r)m|n, let

I (ν) =
⋃

λ|µ∈Λ(m|n,r)

Tsss(ν, λ|µ)

.

By the Robinson–Schensted-Knuth supercorrespondence, if

A
RSKs
−→ (S,T) ∈ I (ν), we relabel the basis element Θ′

A as

Θ′
S,T = Θ′ ν

S,T := Θ′
A.

Theorem

The basis {Θ′ ν
S,T | ν ∈ Λ+(r)m|n,S,T ∈ I (ν)} = {Θ′

A | A ∈ M(m|n, r)} is a
cellular basis.
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Quantum Schur superalgebras RSK supercorrespondence

For each ν ∈ Λ+(r)m|n, let

C(ν) = S(m|n, r)Dν,Tν /S(m|n, r)⊲ν,Tν ,

where S(m|n, r)Dν,Tν is the Q(υ)-space spanned by S(m|n, r)⊲ν and
Θ′ ν

S,Tν
, S ∈ I (ν), and Tν is the unique element in Tsss(ν, ν ′|ν ′′).

These are called cell modules.
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where S(m|n, r)Dν,Tν is the Q(υ)-space spanned by S(m|n, r)⊲ν and
Θ′ ν

S,Tν
, S ∈ I (ν), and Tν is the unique element in Tsss(ν, ν ′|ν ′′).

These are called cell modules.

Theorem

The set {C(ν) | ν ∈ Λ+(r)m|n} is a complete set of pair-wise
non-isomorphic irreducible S(m|n, r)-supermodules.
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For each ν ∈ Λ+(r)m|n, let

C(ν) = S(m|n, r)Dν,Tν /S(m|n, r)⊲ν,Tν ,

where S(m|n, r)Dν,Tν is the Q(υ)-space spanned by S(m|n, r)⊲ν and
Θ′ ν

S,Tν
, S ∈ I (ν), and Tν is the unique element in Tsss(ν, ν ′|ν ′′).

These are called cell modules.

Theorem

The set {C(ν) | ν ∈ Λ+(r)m|n} is a complete set of pair-wise
non-isomorphic irreducible S(m|n, r)-supermodules.

Applications:

Category equivalence
Realization problem?
....
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